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Summary

In this thesis, we conduct high-dimensional analysis on the problem of low-rank
and sparse matrix decomposition with fixed and sampled basis coefficients. This
problem is strongly motivated by high-dimensional correlation matrix estimation
coming from a factor model used in economic and financial studies, in which the
underlying correlation matrix is assumed to be the sum of a low-rank matrix and
a sparse matrix respectively due to the common factors and the idiosyncratic com-

ponents, and the fixed basis coefficients are the diagonal entries.

We consider both of the noiseless and noisy versions of this problem. For the
noiseless version, we develop exact recovery guarantees provided that certain stan-
dard identifiability conditions for the low-rank and sparse components are assumed
to be satisfied. These probabilistic recovery results are especially in accordance
with the high-dimensional setting because only a vanishingly small fraction of
samples is already sufficient when the intrinsic dimension increases. For the noisy
version, inspired by the successful recent development on the adaptive nuclear
semi-norm penalization technique for noisy low-rank matrix completion [98, 99],

we propose a two-stage rank-sparsity-correction procedure and then examine its
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Summary xiii

recovery performance by establishing, for the first time up to our knowledge, a

non-asymptotic probabilistic error bound under the high-dimensional scaling.

As a main application of our theoretical analysis, we specialize the aforemen-
tioned two-stage correction procedure to deal with the correlation matrix estima-
tion problem with missing observations in strict factor models where the sparse
component is known to be diagonal. By virtue of this application, the specialized
recovery error bound and the convincing numerical results show the superiority of

the two-stage correction approach over the nuclear norm penalization.



List of Notations

Let IR" be the linear space of all n-dimensional real vectors and IR, be the
n-dimensional positive orthant. For any x and y € IR”, the notation x > 0

means that x € R}, and the notation x > y means that x —y > 0.
n Y

Let IR™*"2 be the linear space of all n; X ny real matrices and 8™ be the

linear space of all n x n real symmetric matrices.

Let V™ *™2 represent the finite dimensional real Euclidean space IR™*™2 or
S"™ with n := min{ny,ny}. Suppose that V"1*"2 is equipped with the trace
inner product (X,Y) := Tr(XTY) for X and Y in V"*"2 where “Tr” stands

for the trace of a squared matrix.

Let 87 denote the cone of all n x n real symmetric and positive semidefinite
matrices. For any X and Y € 8", the notation X = 0 means that X € S%,
and the notation X > Y means that X —Y > 0.

Let O™*" (where n > r) represent the set of all n x r real matrices with

orthonormal columns. When n = r, we write O"*" as O" for short.
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e Let I, denote the n x n identity matrix, 1 denote the vector of proper dimen-
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the sign vector of z, i.e., [sign(z)]; = sign(x;), for i = 1,...,n. For any X €
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Chapter

Introduction

High-dimensional structured recovery problems have attracted much attention in
diverse fields such as statistics, machine learning, economics and finance. As its
name suggests, the high-dimensional setting requires that the number of unknown
parameters is comparable to or even much larger than the number of observations.
Without any further assumption, statistical inference in this setting is faced with
overwhelming difficulties — it is usually impossible to obtain a consistent estimate
since the estimation error may not converge to zero with the dimension increas-
ing, and what is worse, the relevant estimation problem is often underdetermined
and thus ill-posed. The statistical challenges with high-dimensionality have been
realized in different areas of sciences and humanities, ranging from computational
biology and biomedical studies to data mining, financial engineering and risk man-
agement. For a comprehensive overview, one may refer to [52]. In order to make
the relevant estimation problem meaningful and well-posed, various types of em-
bedded low-dimensional structures, including sparse vectors, sparse and structured
matrices, low-rank matrices, and their combinations, are imposed on the model.
Thanks to these simple structures, we are able to treat high-dimensional problems

in low-dimensional parameter spaces.
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1.1 Problem and motivation

This thesis studies the problem of high-dimensional low-rank and sparse matrix
decomposition with fixed and sampled basis coefficients. Specifically, this problem
aims to recover an unknown low-rank matrix and an unknown sparse matrix from a
small number of noiseless or noisy observations of the basis coefficients of their sum.
In some circumstances, the sum of the unknown low-rank and sparse components
may also have a certain structure so that some of its basis coefficients are known

exactly in advance, which should be taken into consideration as well.

Such a matrix decomposition problem appears frequently in a lot of prac-
tical settings, with the low-rank and sparse components having different inter-
pretations depending on the concrete applications, see, for example, [32, 21, 1]
and references therein. In this thesis, we are particularly interested in the high-
dimensional correlation matrix estimation problem with missing observations in
factor models. As a tool for dimensionality reduction, factor models have been
widely used both theoretically and empirically in economics and finance. See, e.g.,
(108, 109, 46, 29, 30, 39, 47, 48, 5]. In a factor model, the correlation matrix
can be decomposed into a low-rank component corresponding to several common
factors and a sparse component resulting from the idiosyncratic errors. Since any
correlation matrix is a real symmetric and positive semidefinite matrix with all
the diagonal entries being ones, the setting of fixed basis coefficients naturally oc-
curs. Moreover, extra reliable prior information on certain off-diagonal entries or
basis coefficients of the correlation matrix may also be available. For example, in a
correlation matrix of exchange rates, the correlation coefficient between the Hong
Kong dollar and the United States dollar can be fixed to one because of the linked
exchange rate system implemented in Hong Kong for the stabilization purpose,

which yields additional fixed basis coefficients.

Recently, there are plenty of theoretical researches focused on high-dimensional
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low-rank and sparse matrix decomposition in both of the noiseless [32, 21, 61, 73,
89, 33, 124] and noisy [135, 73, 1] cases. To the best of our knowledge, however, the
recovery performance under the setting of simultaneously having fixed and sampled
basis coefficients remains unclear. Thus, we will go one step further to fill this gap

by providing both exact and approximate recovery guarantees in this thesis.

1.2 Literature review

In the last decade, we have witnessed a lot of exciting and extraordinary progress
in theoretical guarantees of high-dimensional structured recovery problems, such
as compressed sensing for exact recovery of sparse vectors [27, 26, 43, 42|, sparse
linear regression using the LASSO for exact support recovery [95, 133, 121] and
analysis of estimation error bound [96, 13, 102], low-rank matrix recovery for the
noiseless case [105, 106] and the noisy case [24, 100] under different assumptions,
like restricted isometry property (RIP), null space conditions, and restricted strong
convexity (RSC), on the mapping of linear measurements, exact low-rank matrix
completion [25, 28, 104, 68] with the incoherence conditions, and noisy low-rank
matrix completion [101, 79] based on the notion of RSC. The establishment of these
theoretical guarantees depends heavily on the convex nature of the corresponding
formulations of the above problems, or specifically, the utilization of the ¢;-norm
and the nuclear norm as the surrogates respectively for the sparsity of a vector and

the rank of a matrix.

Given some information on a matrix that is formed by adding an unknown
low-rank matrix to an unknown sparse matrix, the problem of retrieving the low-
rank and sparse components can be viewed as a natural extension of the afore-
mentioned sparse or low-rank structured recovery problems. Enlightened by the

previous tremendous success of the convex approaches in using the ¢/;-norm and



4 Chapter 1. Introduction

the nuclear norm, the “nuclear norm plus ¢;-norm” approach was first studied by
Chandrasekaran et al. [32] for the case that the entries of the sum matrix are
fully observed without noise. Their analysis is built on the notion of rank-sparsity
incoherence, which is useful to characterize both fundamental identifiability and
deterministic sufficient conditions for exact decomposition. Slightly later than the
pioneered work [32] was released, Candes et al. [21] considered a more general
setting with missing observations, and made use of the previous results and anal-
ysis techniques for the exact matrix completion problem [25, 104, 68] to provide
probabilistic guarantees for exact recovery when the observation pattern is chosen
uniformly at random. However, a non-vanishing fraction of entries is still required
to be observed according to the recovery results in [21], which is almost meaning-
less in high-dimensional setting. Recently, Chen et al. [33] sharpened the analysis
used in [21] to further the related research along this line. They established the
first probabilistic exact decomposition guarantees that allow a vanishingly small
fraction of observations. Nevertheless, as far as we know, there is no existing liter-
ature that concerns about recovery guarantees for this exact matrix decomposition
problem with both fixed and sampled entries. In addition, it is worthwhile to
mention that the problem of exact low-rank and diagonal matrix decomposition
without any missing observation was investigated by Saunderson et al. [112], with
interesting connections to the elliptope facial structure problem and the ellipsoid

fitting problem, but the fully-observed model is too restricted.

All the recovery results reviewed above focus on the noiseless case. In a more
realistic setting, the observed entries of the sum matrix are corrupted by a small
amount of noise. This noisy low-rank and sparse matrix decomposition problem
was first addressed by Zhou et al. [135] with a constrained formulation and later
studied by Hsu et al. [73] in both of the constrained and penalized formulations.

Very recently, Agarwal et al. [1] adopted the “nuclear norm plus ¢;-norm” penalized
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least squares formulation and analyzed this problem based on the unified framework
with the notion of RSC introduced in [102]. However, a full observation of the sum
matrix is necessary for the recovery results obtained in [135, 73, 1], which may not

be practical and useful in many applications.

Meanwhile, the nuclear norm penalization approach for noisy matrix com-
pletion was noticed to be significantly inefficient in some circumstances, see, e.g.,
98, 99] and references therein. The similar challenges may yet be expected in the
“nuclear norm plus ¢;-norm” penalization approach for noisy matrix decomposi-
tion. Therefore, how to go beyond the limitation of the nuclear norm in the noisy

matrix decomposition problem also deserves our researches.

1.3 Contributions

From both of the theoretical and practical points of view, the main contributions

of this thesis consist of three parts, which are summarized as follows.

Firstly, we study the problem of exact low-rank and sparse matrix decomposi-
tion with fixed and sampled basis coefficients. Based on the well-accepted “nuclear
norm plus ¢;-norm” approach, we formulate this problem into convex programs,
and then make use of their convex nature to establish exact recovery guarantees
under the assumption of certain standard identifiability conditions for the low-
rank and sparse components. Since only a vanishingly small fraction of samples
is required as the intrinsic dimension increases, these probabilistic recovery results
are particularly desirable in the high-dimensional setting. Although the analysis
involved follows from the existing framework of dual certification, such recovery

guarantees can still serve as the noiseless counterparts of those for the noisy case.

Secondly, we focus on the problem of noisy low-rank and sparse matrix de-

composition with fixed and sampled basis coefficients. Inspired by the successful
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recent development on the adaptive nuclear semi-norm penalization technique for
noisy low-rank matrix completion [98, 99], we propose a two-stage rank-sparsity-
correction procedure, and then examine its recovery performance by deriving, for
the first time up to our knowledge, a non-asymptotic probabilistic error bound
under the high-dimensional scaling. Moreover, as a by-product, we explore and
prove a novel form of restricted strong convexity for the random sampling operator
in the context of noisy low-rank and sparse matrix decomposition, which plays an

essential and profound role in the recovery error analysis.

Thirdly, we specialize the aforementioned two-stage correction procedure to
deal with the correlation matrix estimation problem with missing observations in
strict factor models where the sparse component turns out to be diagonal. In this
application, we provide a specialized recovery error bound and point out that this
bound coincides with the optimal one in the best cases when the rank-correction
function is constructed appropriately and the initial estimator is good enough,
where by “optimal” we mean the circumstance that the true rank is known in
advance. This fascinating finding together with the convincing numerical results
indicates the superiority of the two-stage correction approach over the nuclear norm

penalization.

1.4 Thesis organization

The remaining parts of this thesis are organized as follows. In Chapter 2, we in-
troduce some preliminaries that are fundamental in the subsequent discussions,
especially including a brief introduction on Bernstein-type inequalities for inde-
pendent random variables and random matrices. In Chapter 3, we summarize the
performance in terms of estimation error for the Lasso and related estimators in

the context of high-dimensional sparse linear regression. In particular, we propose
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a new Lasso-related estimator called the corrected Lasso. We then present non-
asymptotic estimation error bounds for the Lasso-related estimators followed by a
quantitative comparison. This study sheds light on the usage of the two-stage cor-
rection procedure in Chapter 5 and Chapter 6. In Chapter 4, we study the problem
of exact low-rank and sparse matrix decomposition with fixed and sampled basis
coefficients. After formulating this problem into concrete convex programs based
on the “nuclear norm plus ¢;-norm” approach, we establish probabilistic exact re-
covery guarantees in the high-dimensional setting if certain standard identifiability
conditions for the low-rank and sparse components are satisfied. In Chapter 5, we
focus on the problem of noisy low-rank and sparse matrix decomposition with fixed
and sampled basis coefficients. We propose a two-stage rank-sparsity-correction
procedure via convex optimization, and then examine its recovery performance
by developing a novel non-asymptotic probabilistic error bound under the high-
dimensional scaling with the notion of restricted strong convexity. Chapter 6 is
devoted to applying the specialized two-stage correction procedure, in both of the
theoretical and computational aspects, to correlation matrix estimation with miss-
ing observations in strict factor models. Finally, we make the conclusions and point

out several future research directions in Chapter 7.



Chapter 2

Preliminaries

In this chapter, we introduce some preliminary results that are fundamental in the

subsequent discussions.

2.1 Basics in matrix analysis

This section collects some elementary but useful results in matrix analysis.
Lemma 2.1. For any X, Y € 8%, it holds that
X =Y < max{|lX]|, [[Y][}.

Proof. Since X = 0and Y > 0, we have X — Y < X and Y — X <Y. The proof
then follows. ]

Lemma 2.2. Assume that Z € V™*"2 haqs at most ki nonzero entries in each
row and at most ke nonzero entries in each column, where ki and ko are integers

satisfying 0 < k1 < ny and 0 < ky < ny. Then we have

1Z]] < v kiks[| Z]] -



2.2 Bernstein-type inequalities 9

Proof. Notice that the spectral norm has the following variational characterization
1Z]| = sup {z" Zy [ ||z[l2 = lyll: = 1, = € R™, y € R"™}.

Then by using the Cauchy-Schwarz inequality, we obtain that

ni n2

1Z]| = > Zimiy;

||{E||2 1 ||y||2 1 i=1 j=1

(55 ) (5570

HJ»‘||2 1 llyll2=1

i=1 j:Z;;#0 i=1 j=1
ng %
< (X5 #) wo (T 30) W = VERIZIL.
Hx”2 N §:2:;70 llyll2=1 2570 j=1
where the last equality is due to the assumption. This completes the proof. O

2.2 Bernstein-type inequalities

In probability theory, the laws of large numbers state that the sample average of
independent and identically distributed (i.i.d.) random variables is, under certain
mild conditions, close to the expected value with high probability. As an exten-
sion, concentration inequalities provide probability bounds to measure how much
a function of independent random variables deviates from its expectation. Among
these inequalities, the Bernstein-type inequalities on sums of independent random
variables or random matrices are the most basic and useful ones. We first start

with the classical Bernstein’s inequality [11].

Lemma 2.3. Let zq,...,z, be independent random variables with mean zero.
Assume that |z < K almost surely for all i = 1,...,m. Let ¢ := E[z?] and
¢2 = % S 2. Then for any t > 0, we have

/2

m

>

=1
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Consequently, it holds that

3 t2 2
2 exp (———2) ,af t< o )
meg

n 8 K
i=1 3¢ , me?
2 exp —gg , if t> 7

The assumption of boundedness in Lemma 2.3 is so restricted that many
interesting cases are excluded, for example, the case when random variables are
Gaussian. In fact, this assumption can be relaxed to include random variables with
at least exponential tail decay. Such random variables are called sub-exponential.

Given any s > 1, let ¢4(z) := exp(x®) — 1, for z > 0. The Orlicz ¥s-norm (see,

e.g., [118, pp. 95] and [81, Appendix A.1]) of any random variable z is defined as

|21

v, = Inf {t > 0| Ev(|2]/t) < 1} =inf {t > 0|Eexp(|2]*/t°) <2} . (2.1)

It is known that there are several equivalent definitions to define a sub-exponential
random variable (cf. [120, Subsection 5.2.4]). One of these equivalent definitions

is based on the Orlicz ¥;-norm, which is also called the sub-exponential norm.

Definition 2.1. A random wvariable z is called sub-exponential if there exists a

constant K > 0 such that |2y, < K.

The Orlicz norms are useful to characterize the tail behavior of random vari-
ables. Below we state a Bernstein-type inequality for sub-exponential random

variables [120, Proposition 5.16].

Lemma 2.4. Let zq, ..., 2z, be independent sub-exponential random variables with
mean zero. Suppose that ||zi||y, < K for all i = 1,....,m. Then there ezists a

constant C > 0 such that for every w = (wy,...,w,)T € R™ and every t > 0, we

t? t
P §2exp{—0min( , )}
[ K2[lwl]|3” KJw]]o

have

m

i=1
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Next, we introduce the powerful noncommutative Bernstein-type inequalities
on random matrices, which play important roles in studying low-rank matrix re-
covery problems [104, 68, 115, 81, 83, 82, 101, 79]. The goal of these inequalities
is to bound the tail probability on the spectral norm of the sum of independent
zero-mean random matrices. The origin of these results can be traced back to the
noncommutative version of the Chernoff bound developed by Ahlswede and Winter
2, Theorem 18] based on the Golden-Thompson inequality [64, 113]. Within the
Ahlswede-Winter framework [2], different matrix extensions of the classical Bern-
stein’s inequality were independently derived in [104, 68, 115] for random matrices
with bounded spectral norm. The following standard noncommutative Bernstein

inequality with slightly tighter constants is taken from [104, Theorem 4] .

Lemma 2.5. Let 7y, ..., Z,, € R"*" be independent random matrices with mean
zero. Denote 7 := max{||E[Z;Z]||, |E[Z] Z]||} and * := =37 Z. Suppose

that || Z;|| < K almost surely for alli=1,...,m. Then for every t > 0, we have

= t2/2
P ;Zi > t] < (nq + ng) exp (_—mgQ —|—Kt/3> :

As a consequence, it holds that

3 t? ‘ me?

m (nl + n?) €xXp (___2) ; Zf t S %7
P>z >t < s

i1 Z 3t _ me?

(m + 712) exp —g? , Zf t> 7

Very recently, the noncommutative Bernstein-type inequalities were extended
by replacing the assumption of bounded spectral norm with bounded Orlicz ),-

norm [81, 83, 82, 101, 79]. The next lemma is tailored from [81, pp. 30].

Lemma 2.6. Let 7y, ..., Z, € R™*™ be independent random matrices with mean

zero. Suppose that maX{HHZi||H¢ : QE%[HZZ-Hz]} < K, for some constant Ks; > 0
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and for all 1 =1,...,m. Define

2

|

=1

1 m
¢ := max HE ;E[ZZZZT}

Then there exists a constant C' > 0 such that for allt > 0, with probability at least
1- eXp(_t)z

m

1
2

i=1

1
s

ngax{g\/t+log<nl+n2), K. (logé) t—i—log(nl—i-ng)}.
S

m m

As noted by Vershynin [119], the following slightly weaker but simpler noncom-
mutative Bernstein-type inequality can be established under the bounded Orlicz
Y-norm assumption. Its proof depends on a noncommutative Chernoff bound
[104, Theorem 10] and an upper bound of the moment generating function of sub-

exponential random variables [120, Lemma 5.15].

Lemma 2.7. Let Z1, ..., 72, € R™*™ be independent random matrices with mean
zero. Suppose that H||ZZ||H¢1 < K for some constant K > 0 and for all i =

1,...,m. Then there exists a constant C > 0 such that for any t > 0, we have

, 12 t
>t] < (nl—l—ng)exp{—len (m, E)}

Proof. Define the independent symmetric random matrices by

m

D 7

=1

P

0 Z :
W; == , t=1,....,m.
ZT 0
Since || Z;|| = ||[W;]], it holds that H||Z,||||w1 = H||VVZ||H¢17 for all i = 1,...,m.

Moreover, the spectral norm of > " Z; is equal to the maximum eigenvalue of

> Wi. By using [104, Theorem 10], we have that for all 7 > 0,

m

>

=1

P

. t] _p lz W, £ uwm] < (m+na) exp(—rt) [ IE [exp(riV)]|

i=1 i=1
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Since 0 =< exp(TW;) =< exp(7||W;l|) Ln, +n,, we know that
[E [exp(rWi)]ll < Eexp(r|Wil]).

According to [120, Lemma 5.15], there exists some constants ¢y, ¢y > 0 such that

for |7| < ¢;/K, it holds that
Eexp(r|[Wil) < exp (e [IW[},) < exp (@r*K?), i=1,..,m

Putting all these together gives that

m

>

i=1

P

> t] < (ny + ng) exp (—tT + 02m72K2) )

The optimal choice of the parameter 7 is obtained by minimizing —t7 + com72K?
as a function of 7 subject to the bound constraint 0 < 7 < ¢;/K, yielding that
7% = min{t/(2comK?),c;/K} and

- - £ ot
P ;Zz >t]§(n1+n2)exp{—m1n(m, ﬁ)}

The proof is then completed by choosing the constant C' = min{1/(4¢3),¢;/2}. O

2.3 Random sampling model

In the problem of low-rank matrix recovery from randomly sampled entries, the
model of uniform sampling without replacement is a commonly-used assumption
for the recovery results established in [25, 28, 23, 76, 77, 104, 68, 21]. As its
name suggests, sampling is called without replacement if each sample is selected at
random from the population set and it is not put back. Moreover, a subset of size
m obtained by sampling uniformly at random without replacement from the set of
size d (assuming that m < d) means that this sample subset is chosen uniformly

at random from all the size-m subsets of the population set.
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Evidently, samples selected from the model of sampling without replacement
are not independent of each other, which could make the relevant analysis compli-
cated. Therefore, in the proof of recovery results given in [25, 28, 23, 76, 77, 21], a
Bernoulli sampling model, where each element from the population set is selected
independently with probability equal to p, was studied as a proxy for the model
of uniform sampling without replacement. The theoretical guarantee for doing so
relies heavily on the equivalence between these two sampling models — the failure
probability of recovery under the uniform sampling model without replacement
is closely approximated by the failure probability of recovery under the Bernoulli
sampling model with p = % (see, e.g., [26, Section IL.C]). Due to this equivalence,

Bernoulli sampling was also directly assumed in some recent work related to the

problem of low-rank matrix recovery from randomly sampled entries [89, 33].

Another popular proxy is the model of uniform sampling with replacement,
where a sample chosen uniformly at random from the population set is put back
and then a second sample is chosen uniformly at random from the unchanged pop-
ulation set. In this sampling model, samples are independent, and any element
of the population set may be chosen more than once in general. Just similar to
Bernoulli sampling, with the same sample size, the failure probability of recovery
under uniform sampling without replacement is upper bounded by the failure prob-
ability of recovery under uniform sampling with replacement (cf. [104, Proposition
3] and [68, Section II.A]). This makes the novel techniques for analyzing the matrix
completion problem in [104, 68] via the powerful noncommutative Bernstein-type
inequalities possible. In addition, it is worth mentioning that sampling with re-
placement is also widely used for the problem of noisy low-rank matrix recovery in

the statistics community [107, 83, 82, 101, 79].

Lastly, it is interesting to note that a noncommutative Bernstein-type inequal-

ity was established by [70] in the context of sampling without replacement.
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2.4 Tangent space to the set of rank-constrained

matrices

Let X € V"*"2 he given and admit a reduced singular value decomposition (SVD)
given by X = U; XV, where r is the rank of X, U; € O"*" V; € O™*" and ¥ €
IR™" is the diagonal matrix with the non-zero singular values of X being arranged
in the non-increasing order. The tangent space to the set of rank-constrained
matrices {Z € V" *"2 |rank(Z) < r} at X is the linear span of all matrices with
either the same row-space as X or the same column-space as X (cf. [32, Section
3.2] and [31, Section 2.3]). Specifically, the tangent space 7 and its orthogonal

complement 7+ can be expressed as

{UlBT +AVI|Ae R"*" B e ]R”QX’“}, if ymxnz — [Rmxn2
T = (2.2)
{U,AT + AUT | A € R}, if Yrixnz = gn
and
{C eV |UTC =0,CV; =0}, if Vmxme = Rmxm,
{CGV’”X”? |U1TC:O}, if ymxnz — gn,
Moreover, choose U, and V, such that U = [Uy,Us] and V = [V, V5] are both
orthogonal matrices. Notice that U =V when X € S7. For any Z € V">"2,
Z = [Uh UZ} [Ula UQ]TZ[‘/h ‘/2] [‘/17 ‘/Q]T

UTZVi UTZV, . 0 0 .
= [Uh UZ} [‘/17 ‘/2] + [Ulu UQ] [‘/17 ‘/2]
UrZvi 0 0 ULZV,

= (DLWULZ + 2n Vi — U U Zn V) + UUY ZVa Vi
Then the orthogonal projections of any Z € V*"2 onto 7 and T+ are given by

Pr(Z) =0 ULZ + 2V — Ul 2z vyE (2.4)
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and

Pri(2) = UsUy ZVaVy (2.5)
This directly implies that for any Z € V"1 x"2
IPrZ) <212l and [Pr(2)] < 1121 (26)

Note that Py and P71 are both self-adjoint, and ||Pr|| = |[|Pr.|| = 1. With these
definitions, the subdifferential of the nuclear norm || - ||, at the given X (see, e.g.,

[122]) can be characterized as follows

O Xl ={Z e V"2 | Pr(Z) = U1V} and ||Pro(2)|| < 1}.



Chapter

The Lasso and related estimators for

high-dimensional sparse linear regression

This chapter is devoted to summarizing the performance in terms of estimation
error for the Lasso and related estimators in the context of high-dimensional sparse
linear regression. In particular, we propose a new Lasso-related estimator called
the corrected Lasso, which is enlightened by a two-step majorization technique for
nonconvex regularizers. We then present non-asymptotic estimation error bounds
for the Lasso-related estimators under different assumptions on the design matrix.
Finally, we make a quantitative comparison among these error bounds, which sheds
light on the two-stage correction procedure later studied in Chapter 5 and applied
in Chapter 6.

3.1 Problem setup and estimators

In this section, we start with the problem of high-dimensional sparse linear regres-

sion, and then introduce the formulations of the Lasso and related estimators.

17
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3.1.1 The linear model

Suppose that £ € IR™ is an unknown vector with the supporting index set S :=
{jlz; #0,j =1,...,n}. Let s be the cardinality of S, i.e., s := |S|. Suppose
also that  is a sparse vector in the sense that s < n. In this chapter, we consider
the statistical linear model, in which we observe a response vector of m noisy

measurements y = (y1,...,Ym)’. € R™ of the form
y = AT + &, (3.1)

where A € IR™" is referred to as the design matrix or covariate matrix, and
E=(&,...,&,)" € R™ is a vector containing random noises. Given the data y
and A, the problem of high-dimensional sparse linear regression seeks an accurate
and sparse estimate of Z based on the observation model (3.1), where there are

much more variables than observations, i.e., n > m.

For convenience of the following discussion, we assume that the noise vector
¢ are of i.i.d. zero-mean sub-Gaussian entries. In particular, the class of sub-
Gaussian random variables contains the centered Gaussian and all bounded random
variables. The definition for a sub-Gaussian random variable is borrowed from [18,

Definition 1.1 in Chapter 1], [62, Section 12.7] and [120, Subsection 5.2.3].

Definition 3.1. A random variable z is called sub-Gaussian if there exists a con-

stant ¢ € [0, +00) such that for allt € R,

Efexp(t2)] < exp (?) .

The exponent (z) of the sub-Gaussian random variable z is defined as
s(z) :=inf {¢ > 0| E[exp(tz)] < exp (¢**/2) for all t € R}.

Assumption 3.1. The additive noise vector & € IR™ has i.i.d. entries that are

zero-mean and sub-Gaussian with exponent v > 0.
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Since sub-Gaussian random variables are sub-exponential, a tighter version of
the large deviation inequality in Lemma 2.4 is satisfied (cf. [18, Chapter 1], [62,
Section 12.7] and [120, Subsection 5.2.3]).

Lemma 3.1. Under Assumption 3.1, for any fired w € IR™, it holds that,

t2

202 |wlf3

Pn<w,s>\zﬂszexp(— ) VS0

3.1.2 The Lasso and related estimators

In the high-dimensional setting, the classical ordinary least squares (OLS) esti-
mator usually fails, because it may not be well-defined, and most importantly, it
does not take the structural assumption that z is sparse into account. In order to
effectively utilizes the sparsity assumption, the /;-norm penalized least squares es-
timator, also known as the least absolute shrinkage and selection operator (Lasso)

[114], is defined as
xearggg%?my z||5 + pmllx||1, .

where p,, > 0 is a penalization parameter that controls the tradeoff between the
least squares fitting and the sparsity level. The Lasso is very popular and powerful
for sparse linear regression in statistics and machine learning, partially owing to
the superb invention of the efficient LARS algorithm [45]. Under some conditions
[59, 95, 133, 136, 126, 121, 22, 116, 44], the Lasso is capable of exactly recovering
the true supporting index set, which is a favorable property in model selection.
However, it is well-known that the ¢;-norm penalty can create unnecessary bi-
ases for large coefficients, leading to a remarkable disadvantage that the optimal

estimation accuracy is hardly achieved [4, 51].

For the purpose of reducing or removing biasedness, nonconvex penalization

methods were suggested and studied, see e.g., [49, 4, 51, 56, 91, 127, 131, 55, 129,
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132]. To facilitate the following analysis, we focus on a concise form of nonconvex

penalized least-squares given by

min, 2y — A0l + 5 3 Al ). (33)

zeR™ 2m
7j=1

where h : IR, — IR, is a non-decreasing concave function with h(0) = 0. Let
the left derivative and the right derivative of h be denoted by A’ and A/ , and
set ' (0) = K/ (0). Clearly, the monotonicity and concavity of h implies that
0 < B\ (t) < A (t2) < B\ (t1) < A (t1) for any 0 < t; < t. By utilizing the
classical Majorization-Minimization (MM) algorithm [35, 36, 72, 84, 75, 125], the
nonconvex problem (3.3) may be solved iteratively via certain multi-stage convex
relaxations. In particular, a two-stage procedure has been shown to enjoy the
desired asymptotic oracle properties, provided that the initial estimator is good
enough [136, 137]. In this chapter, we consider two majorization techniques using

the Lasso as the initial estimator.

The first one is to majorize the concave penalty function based on a separable

local linear approximation [137]:
Zh (lz;51) <Z (15]) + w;(|2;] = ] :Zh(|£j|)+<wa|l’|_|i|>a
j=1

z;|), h_(|z;])]. Note that the weight vector w > 0. This ma-

where w; € [h/ (

jorization results in a convex relaxation of the nonconvex problem (3.3) given as
1
. i . A 2 - M 4
z € arg min oy — Azlf; + pu (a0, []), (3.4)
which we call the weighted Lasso. The weighted Lasso includes the adaptive Lasso

136] as a special case, where #; is automatically set to 0 if w; = +o0.
J J

The second one is the two-step majorization initiated by [98], in which the

first step is in accordance with a nonseparable local linear approximation:

Zh ;1) < Z[ (12[5) + w;(Jaf; = |l;)] = Zh(lﬂ?j\) + (@, |zl — |5]*),

Jj=1
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o

2

|)] satisfying that w; = wj if |:v|j = ]93|j, Then

where w; € [hﬂr(|£l?|j)7 h( J

w = @' > 0, and thus (w,|z|*) is in general not a convex function about z.
In this case, we further assume that 0 < A’ (0) < +oo. Define p := R/ (0) and
w:=1—w/p e IR" Observe that

(@, |2*) = (u1 = (p1 — @), [2[) = p(lllh - ll=(l.),

n

where || - ||, is the w-weighted function defined by ||z, = >, wj|$|j¢< for any
r € IR". The w-weighted function is indeed a norm because w = w* > 0. This
shows that (w, | - [¥) is a difference of two convex functions. Therefore, the second

step is to linearize the w-weighted function as follows:
2]l = 2]l + (0, 2 = 2),

for any w € 9|z

w, Where 9| - ||, is the subdifferential of the convex function || ||,
and its characterization can be found in [98, Theorem 2.5]. A particular choice of
the subgradient w is

W = sign(z) o wy-1,

o

T

where 7 is a permutation of {1,...,n} such that |z[¥ = |Z|, ie., \x|j = |Z|(j)
for j = 1,...,n, and 7! be the inverse of 7. Note that sign(w) = sign(z) and
0 < |w| < 1. Finally, the two-step majorization yields another convex relaxation

of the nonconvex problem (3.3) formulated as
i € axg iy — el + (el — (0,) (35
zeR" 2m 2 m 1 ) ) :

where p,, := ppmpt. Since 0 < |w] < 1, the penalization term ||x||; — (w0, z) is indeed
a semi-norm. Similar to the terminologies used in [98, 99], we refer to this estimator
as the corrected Lasso, the linear term —(w, x) as the sparsity-correction term, and
the penalization technique as the adaptive ¢; semi-norm penalization technique.

To our knowledge, there is not yet any study on the corrected Lasso before.
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Another remedy to deal with the biasedness issue is a simple two-stage proce-
dure: apply the OLS estimator to the model, i.e., the supporting index set, selected
by the Lasso (see, e.g., [22, 134, 117, 10]). This two-stage estimator is called the
thresholded Lasso, which is specifically defined by

1
Iz carg min_ |y —Agszz|; and Iz =0, (3.6)
z7€RIT| 2

where J = {j||z|; > T, j = 1,...,n} for a given threshold 7" > 0, and Ay €
IR™* is the matrix consisting of the columns of A indexed by J. For the case
when the index set J turns out to be the true supporting index set S, we call
this estimator the oracle thresholded Lasso. Obviously, the estimation error bound
for the oracle thresholded Lasso is the best that can be expected. Other similar

two-stage procedures can be found in [94, 130].

In the rest of this chapter, under different assumptions on the design matrix,
we derive non-asymptotic estimation error bounds for the Lasso (3.2), the weighted
Lasso (3.4), the corrected Lasso (3.5) and the oracle thresholded Lasso (3.6) by
following the unified framework provided in [102] for high-dimensional analysis of
M-estimators with decomposable regularizers. Through a quantitative comparison
among these error bounds, we verify the estimation performance of the weighted
Lasso and the corrected Lasso by revealing that both of them are able to reduce the
estimation error bound significantly compared to that for the Lasso and get very
close to the optimal estimation error bound achieved by the oracle thresholded
Lasso. This comparison sheds light on the two-stage correction procedure later

studied in Chapter 5 and applied in Chapter 6.

3.2 Deterministic design

In this section, we consider estimation error bounds for the aforementioned Lasso-

related estimators when the design matrix is deterministic or non-random.
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In the beginning, we make two assumptions on the design matrix. The first
one is essentially equivalent to the restricted eigenvalue (RE) condition originally
developed in [13]. For a given index subset J C {1,...,n} and a given constant

a > 1, define the set

C(T;a) = {6 € R"| |6

1 < afloglh}-

Assumption 3.2. There exists a constant \g, > 0 such that
1
—[Ad]15 = Asklldllz, V0 € CS; ),

where a,, := (k+1)/(k—1) for some given constant k > 0. In this case, we say that
the design matriz A € IR™*" satisfies the RE condition over the true supporting

index set S with parameters (o, As.x)-

Various conditions, other than the RE condition, for analyzing the recovery or
estimation performance of /;-norm based methods include the restricted isometry
property (RIP) [27], the sparse Riesz condition [128], and the incoherent design
condition [96]. As shown in [13], the RE condition is one of the weakest and hence
the most general conditions in literature imposed on the design matrix to establish
error bounds for the Lasso estimator. One may refer to [116] for an extensive study
of different types of restricted eigenvalue or compatibility conditions.

The second assumption is the column-normalized condition for the design
matrix. This condition does not incur any loss of generality, because the linear
model (3.1) can always be appropriately rescaled to such a normalized setting. For

Jj =1,...,n, denote the j-th column of A by A;.

Assumption 3.3. The columns of the design matriz A are normalized such that

| Al < v/m forallj=1,...,n.

Under Assumption 3.1, 3.2 and 3.3, we first derive an estimation error bound

for the Lasso according to the unified framework by [102]. This kind of estimation
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performance analysis has been theoretically considered by the statistics community.

See, e.g., [19, 20, 80, 96, 13, 22, 102].

Lemma 3.2. Consider the linear model (3.1) under Assumption 3.2 with a given

constant k> 1. If pn, > k|| =AT€||s, then the Lasso estimator (3.2) satisfies the

bound
. L\ Vspm
[T §2(1+—> Vspm,
KR )\S,n
Proof. Let § := & — Z. Since # is an optimal solution to problem (3.2) and z

satisfies the linear model (3.1), we have that
1 2 L7, ¢ = L8 7
Sl A3I3 < ( —ATE,8) — pun(I7 + 311 — [17]1). (3.7)
Since p, > k|| ZATE||o with £ > 1, it holds that

<%AT§,5> < H%A%Hmnéul < BR8] = B2 (|18 + 155

1) (3.8)

From the characterization of 0|Z||;, we derive that

|lz+0ll — (12l > (sign(Zs),05)+  sup  (n,d5e) = =[]+ 0se - (3.9)
neR™=2, [In]loc <1
Then by substituting (3.8) and (3.9) into (3.7), we obtain that
S ABIE < 22 (sl + sll) + o (16511 = -]
2m T K
1 o 1 o
= oo (143 )1l = o (1= 3 Y13 (3.10)
K K

Thus, 6 € C(S; ). Since x> 1, Assumption 3.2 and (3.10) yield that

1 o 1 ° 1 o
3sl018 < o (1411l < Vo (14 %) Bl

which completes the proof. O
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Proposition 3.3. Let k > 1 and ¢ > 0 be given constants. Consider the linear

model (3.1) under Assumption 3.1, 3.2 and 3.3. If the penalization parameter

1
pm = rV/2+ 20\ 22,
m

then with probability at least 1 —2n~¢, the Lasso estimator (3.2) satisfies the bound

2v/2v slogn
)\Sﬂ m .

|z —Z|2 < V1+c(l+ k)

Proof. In light of Lemma 3.2, it suffices to show that p,, = kvv/2 + 20\/log n/m >
k|| 5 ATE| o with probability at least 1 — 2n~¢. By using Assumption 3.1, Lemma
3.1 and Assumption 3.3, for j = 1,...,n, we have the tail bound

(A, )] m2e? mit?
P20 > ¢ <2 _ 1 <2 — .
[ m = =P\ T ) =T T2

Choose t* = vy/2 + 20\/10g n/m. Then taking the union bound gives that
1 t? 2
P H‘—ATf > t*} < 2nexp (_m ) = —.
m o0

202 ne
This completes the proof. n

We next derive an estimation error bound for the weighted Lasso in a similar
way to that for the Lasso. Analogous results for the adaptive Lasso can be found

n [117]. Define

y,max v min

Wg™ = max and wWg" := minw;. (3.11)

Lemma 3.4. Consider the linear model (3.1) under Assumption 3.2 with a given
constant k > 1. Suppose that WE™ > 3™ and p,WE" > k|| ZATE||«. Then the
weighted Lasso estimator (3.4) satisfies the bound
g™ ) NI

K

- a1k <2 (g + ) R
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Proof. Let & := & — Z. Since & is an optimal solution to problem (3.4) and z

satisfies the linear model (3.1), we have that

SIS < (S ATE ) — pulGafo 4 8) — o lal). (312)

Since p, W > k|| L AT¢|| with £ > 1, it holds that

v, min

mWE"™ V7L .
P |1§]1y = B (155111 + I1ds-

(—ares) < |- ame 1 < ). (3.13)

From the characterization of O(w, |z|), we derive that

<’(I)7 |‘,E + 5|> - <1D, |j|> 2 <w5 © sign(fg), 6S> + sup <777 5SC>
n€R™ =5, |n|<wge

dgel)

dse s (3.14)

v

_<Uv)57 ’&5’) + <UV]S‘37

> —wg™||ds s + wge"

Then by substituting (3.13) and (3.14) into (3.12), we obtain that

~min

PmWge

1 3
— |42 <
S l143]3 <

)

- wgnax 1 . o 1 .
— o2 (5 2N 6l — p (1= = ) sl (3.15
g (S5 Y1l = o (1= D)o, (319

(9511 + 10sell2) + pm (w5105l — wge"[|0se

which, together with the assumption that w2 /a%i® < 1, implies that & € C(S; ).
Since k > 1, Assumption 3.2 and (3.15) yield that

1 . . ,(I)maX 1 . . wmax 1 -
A\ . 5 2 < mvmcln S. - 5 < mvmcln S. - Sl
sl < gt (S 1) sl < Vg (555 + )l

This completes the proof. O

Proposition 3.5. Let k > 1 and ¢ > 0 be given constants. Consider the linear
model (3.1) under Assumption 3.1, 8.2 and 3.5. Suppose that W™ > w3 and

wWE™ > 0. If the penalization parameter is chosen as

, 1
Pmge” = KUV 2 + 2c ogn7
m
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then with probability at least 1 — 2n=°, the weighted Lasso estimator (3.4) satisfies

W 2v/2v [slogn
Hi—ﬂngﬂ+f(1+viMO Vau [slogn
wee ASk m

Proof. From Lemma 3.4, it suffices to show that p,, w5 = kv/2 + 20\/log n/m >

the bound

k|| ATE]| & with probability at least 1 — 2n~¢, which has been established in the

proof of Proposition 3.3. O]

We then turn to derive an estimation error bound for the corrected Lasso in

a similar way to that for the Lasso. Define
as = ||sign(ZTs) — Wsllew and age :=1— ||se oo (3.16)

Lemma 3.6. Consider the linear model (3.1) under Assumption 3.2 with a given
constant k > 1. Suppose that asc > ag and ppage > /1H%AT£HOO. Then the

corrected Lasso estimator (3.5) satisfies the bound

~

1 e
|@—xh§2(?s+—>!@L%<
)\S,n

age K

Proof. Let § := & — . From the characterization of 9||Z||1, we derive that

2+ 81l — Nzl — (. 6) > (sign(zs) — s, 8s) + [selly — (tose. Bs-)

> —|sign(zs) — dslloollosl1 + (1 = lldselloo) [19sels
Then the proof can be obtained in a similar way to that of Lemma 3.4. O]

Proposition 3.7. Let k > 1 and ¢ > 0 be given constants. Consider the linear
model (3.1) under Assumption 3.1, 8.2 and 3.3. Suppose that agc > ag and age > 0.

If the penalization parameter is chosen as

/1
Pmlge = KUV 2+ 2¢ ogn’
m
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then with probability at least 1 —2n=¢, the corrected Lasso estimator (3.5) satisfies

( 2v2 1
|2 —z|2 < 1+c<1+?—sﬁ) \/_ywsogn.
Qge AS.k m

Proof. From Lemma 3.6, it suffices to show that p,,agc = Kvv/2 + 20\/log n/m >

the bound

k|| 5 ATE||o with probability at least 1 — 2n~¢, which has been established in the

proof of Proposition 3.3. O

Lastly, we provide an estimation error bound for the oracle thresholded Lasso,
which serves as an evidence to evaluate how well the weighted Lasso and the

corrected Lasso can perform.

Proposition 3.8. Under the assumptions in Proposition 3.3, with probability at
least 1 — 2n~¢, the oracle thresholded Lasso estimator (3.6) satisfies the bound

2v/2v [s(clogn + log s)
)\S,m m ’

17 — 2|2 <

Proof. Let 6 := & — z. Since J = S, by following a similar way to (3.7), we have

o AsBsl < (e bs) < || aLe| sl < v||-- e sl 317)

Note that dge = 0. Hence, 6 € C(S;a,). From Assumption 3.2 and (3.17), it
follows that

17 = 2|2 = [[dsl2 <

]

Then it suffices to show that ||+ AL < \/_1/\/ (clogn + log s)/m with proba-

bility at least 1 — 2n™¢, which can be established in a similar way to the proof of
Proposition 3.3. O
3.3 Gaussian design

In this section, we consider estimation error bounds for the aforementioned Lasso-

related estimators in the case of correlated Gaussian design assumed as follows.
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Assumption 3.4. The design matriz A € IR™*" is formed by independently sam-

pling each row from the n-dimensional multivariate Gaussian distribution N (0, ).

The key factor for establishing estimation error bound is the RE condition
of design matrices. Built on the Gordon’s Minimax Lemma from the theory of
Gaussian random processes [66], a slightly stronger version of the RE condition
was shown to hold for such a class of correlated Gaussian design matrices [103,

Theorem 1]. Let 37 denote the square root of ¥ and define ¥, 1= max;—1__, 2j;.

Lemma 3.9. Under Assumption 3.4, there exist absolute constants ¢; > 0 and

co > 0 such that with probability at least 1 — ¢y exp(—cam), it holds that

| Ad ]|
Jm

If a similar kind of RE condition is further assumed to hold for the covariance

1 10 n
1530]15 — 9/ St | —|l6]l1, ¥ 6 € R™

m

>

| =

matrix X, then it follows immediately from Lemma 3.9 that the correlated Gaussian

design matrix A satisfies the RE condition in the sense of Assumption 3.2.

Assumption 3.5. There exists a constant X, > 0 such that
[Z26113 > Xgcllol, V9 € (S5 ),

where o, = (K + 1)/(k — 1) for some given constant k > 0. In this case, we
say that the covariance matriz 3 € IR™™ satisfies the RE condition over the true

supporting index set S with parameters (a,, Ns,,.).

Corollary 3.10. Suppose that Assumption 3.4 and 3.5 hold. Then there exist

absolute constants c; > 0 and co > 0 such that if the sample size meets that

2
> [72(1 + ?‘n)] Yimax
S,k

slogn,

with probability at least 1 — ¢y exp(—com), the design matriz A satisfies the RE

condition over S with parameters (o, Asx) where Agx = \g,./64.
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Proof. For any 6 € C(S;a,), we have that
6111 = 1195l + 19sell < (1 + cwo)lldslls < (1 + ) V/s[l9]l2,

Then due to Assumption 3.5 and Lemma 3.9, there exist absolute constants ¢; > 0

and ¢y > 0 such that with probability at least 1 — ¢; exp(—com), we have

|| Ad||2 1 slogn 1
\/m > Z /\197,.; -9 Zmax(l +am) m ”5||2 > g Aig,m||5||27

for all 0 € C(S; ), provided that m > [72(1 + a,)]*(Xmax/Ns )5 log n. O

Another ingredient in establishing estimation error bound is the column-
normalized condition in the sense of Assumption 3.3, which can be verified by
exploiting an exponential tail inequality for the x? random variable modified from

(85, Lemma 1 and Comments] with a suitable change of variables.

Lemma 3.11. Let z,, be a centralized x* random variable with m degrees of free-

dom. Then for any t > 0,

p >mt+mt2 - mt?
T = T T =P T )

which implies that for any 0 <t < 4,

t2
Pz > m(1+1t)] <exp <_W1l_6) :
Proof. The first part is directly from [85, Lemma 1 and the Comments| with a
suitable change of variables. The second part follows by noting that m(1 +t) >

m(1+t/2+t*/8) when 0 < ¢ < 4. O

Corollary 3.12. Suppose that Assumption 3.4 holds. If the sample size m >

.....

c

probability at least 1 —n~°.
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Proof. Under Assumption 3.4, A; € IR™ is arandom vector of i.i.d. entries from the
univariate Gaussian distribution N(0,%;;), for all j = 1,...,n. Thus, |A;|3/%;;
follows the y2-distribution with m degrees of freedom. By using Lemma 3.11, we
obtain that for any 0 < t <4,

PPﬁﬂEZmﬂ+ﬂ}SPP§m32m0+w}§@m(—mﬂ).

rmasx 16

Jj

Consequently, if m > (1+c¢)logn, choosing t* = 41/1 + ¢y/log n/m and taking the

union bound give that

..........

mit*? 1
Snexp\ =6 | T e

which completes the proof. n

In the remaining part of this section, we state the specialized estimation error
bounds for the Lasso, the weighted Lasso, the corrected Lasso and the oracle

thresholded Lasso with respect to Gaussian design under Assumption 3.4 and 3.5.

Proposition 3.13. Let kK > 1 and ¢ > 0 be given constants. Consider the lin-
ear model (3.1) under Assumption 3.1, 3.4 and 3.5. Let Ag, := Ng,/64. If the

penalization parameter is chosen as

1
Pm = KUV 1 4 c/ 10X ax ogn

m

and the sample size meets that

2
> { [72(1 + )]? S

- slogn, (1+c¢)logn p, (3.18)
)\S,n

then there exist absolute constants ¢y > 0 and co > 0 such that with probability at

least 1 — ¢y exp(—cam) — 3n~¢, the Lasso estimator (3.2) satisfies the bound

. 24/102 . [slogn
& = 2lls < VIFe(d+m) == f nf
S,k
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Proof. The proof can be obtained by using Proposition 3.3, Corollary 3.10 and
Corollary 3.12. m

Proposition 3.14. Let Kk > 1 and ¢ > 0 be given constants. Consider the linear
model (3.1) under Assumption 3.1, 3.4 and 3.5. Suppose that W&™ > ¥ and
wg > 0, where W§™ and W™ are defined by (3.11). Let A, := N, /64. If the

penalization parameter is chosen as

, 1
P = kAT + /10 s/ esn
m

and the sample size meets (3.18), then there exist absolute constants ¢, > 0 and
ca > 0 such that with probability at least 1 — cq exp(—com) — 3n~¢, the weighted
Lasso estimator (3.4) satisfies the bound

A NVATI) S S |
|z —Z|]2 < 1+C<1+Uffmnm) v sogn'
wSc >\S,I€ m

Proof. The proof can be obtained by using Proposition 3.5, Corollary 3.10 and

Corollary 3.12. O]

Proposition 3.15. Let k > 1 and ¢ > 0 be given constants. Consider the linear
model (3.1) under Assumption 3.1, 8.4 and 3.5. Suppose that agc > ag and age > 0,
where as and ase are defined by (3.16). Let A5, = N, /64. If the penalization
parameter is chosen as

1
pmise = kT 1 o/ T08mant | —2 0

m

and the sample size meets (3.18), then there exist absolute constants ¢y > 0 and
co > 0 such that with probability at least 1 — ¢y exp(—cam) — 3n~¢, the corrected

Lasso estimator (3.5) satisfies the bound

Q 24/102 hax 1
Hfﬁ—fll2§\/1+c<1+?—sn) aV\/SOgn.
age AS.k m
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Proof. The proof can be obtained by using Proposition 3.7, Corollary 3.10 and
Corollary 3.12. m

Proposition 3.16. Under the assumptions in Proposition 3.13, if the sample size
meets (3.18), then there exist absolute constants ¢y > 0 and c¢a > 0 such that with
probability at least 1 — ¢q exp(—cam) — 3n~ ¢, the oracle thresholded Lasso estimator

(8.6) satisfies the bound

2V 102 [ s(clogn + log s)

)\S,H m

Proof. This follows from Proposition 3.8, Corollary 3.10 and Corollary 3.12. [

12— zfl2 <

3.4 Sub-Gaussian design

In this section, we consider estimation error bounds for the aforementioned Lasso-
related estimators in the case of correlated sub-Gaussian design. Before providing
the concrete assumption on the design matrix, we need some additional definitions.
The first one is taken from [18, Lemma 1.2 and Definition 2.1 in Chapter 1], while

the rest two are borrowed from [110, Definition 5.

Definition 3.2. A sub-Gaussian random wvariable z with exponent ¢(z) > 0 is

called strictly sub-Gaussian if E[2?] = [¢(2)]?.
Definition 3.3. A random vector Z € IR" is called isotropic if for all w € IR",
E[(Z, w)?] = |w|3-

Definition 3.4. A random vector Z € IR" is called v9-bounded with an absolute

constant 3 > 0 if for all w € R",

1{Z; w)llw, < Bllwll2,

where || - ||y, is the Orlicz o-norm defined by (2.1). In this case, the absolute

constant (8 is called a 9-constant of the random vector Z.
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The next lemma shows that any strictly sub-Gaussian random matrix consists

of independent, isotropic and ¥y-bounded rows.

Lemma 3.17. Suppose that I' € R™*" is a random matriz of i.i.d. strictly sub-
Gaussian entries with exponent 1. Then the rows of I' are independent, isotropic

and s-bounded random vectors in IR™ with a common -constant B > 0.

Proof. Let Z € IR™ be any row of I'. Then according to [18, Lemma 2.1 in Chapter
1], for any fixed w € R, (Z,w) is a strictly sub-Gaussian random variable with

exponent ||w||. This implies that E[{Z, w)?] = ||w||3. Moreover, it follows from

[120, Lemma 5.5] that ||(Z, w)||y, < B||w]||2 for some absolute constant § > 0. O

The setting of correlated sub-Gaussian design is stated below, where the RE

condition in the sense of Assumption 3.5 is needed for the “covariance matrix” X.

Assumption 3.6. The design matriz A € IR™*™ can be expressed as A = FZ%,
where T' € IR™*™ 4is a random matriz of 1.i.d. strictly sub-Gaussian entries with
exponent 1, and > € IR™™ is a positive semidefinite matriz satisfying the RE condi-
tion over the true supporting index set S with parameters (o, Ns ) and (3o, N§ )

for some given constant k > 1 and o, := (k+ 1)/(k — 1).

Remark 3.1. Under Assumption 3.6, it follows from Lemma 3.17 that the rows of
I' are independent, isotropic and y-bounded random vectors in IR™ with a common

Wo-constant > 0.

Based on geometric functional analysis, the correlated sub-Gaussian design
matrix A was shown to inherit the RE condition in the sense of Assumption 3.2

from that for the “covariance matrix” 3 [110, Theorem 6].

Lemma 3.18. Suppose that Assumption 3.6 holds. For a given 0 < ¥ < 1, set

(12a,)%(3a, + 1)
PN,

d:= 8+ $Xmax
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where Yax 1= Maxj—1__, 2;;. Let B> 0 be the 1y-constant in Remark 3.1. If the

77777

sample size meets that

m

-, 2000 min{d, n}s* 180n
- V2 min{d,n}d )’

then with probability at least 1—2 exp(—9%m/20008%), the design matriz A satisfies

the RE condition over S with parameters (o, Asx), where Ag,. > (1 — 19)2)(%.
Proof. The proof follows from Remark 3.1 and [110, Theorem 6]. O

The column-normalized condition in the sense of Assumption 3.3 can be veri-
fied by utilizing an exponential tail bound for positive semidefinite quadratic forms

of sub-Gaussian random vectors developed in [74, Theorem 2.1 and Remark 2.2].

Lemma 3.19. Let Z € IR™ be a random vector of i.i.d. sub-Gaussian entries with
exponent 1. Then for any t > 0,

¢ 2 2
|12l 2w g+ | <o (<))

which implies that for any 0 <t <4,
9 mt?
P[IZ]5 = m(1+1t)] <exp BETHE
Proof. The first part is directly from [74, Theorem 2.1 and Remark 2.2] with a

suitable change of variables. The second part follows by noting that m(1 +¢) >
m(1+t/2+t*/8) when 0 < t < 4. O

Corollary 3.20. Suppose that the design matriz A = FZ%, where I' € R™*™ s

a random matriz of i.i.d. sub-Gaussian entries with exponent 1 and ¥ € IR™"

,,,,,

.....

Cc

with probability at least 1 —n~°.
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Proof. From the structure of the design matrix A, we know that A; = r(Xz) ;€R™
is a random vector of i.i.d. sub-Gaussian entries with exponent [[(£2);]|s = VI
forall j =1,...,n (cf. [18, Chapter 1] and [62, Section 12.7]). Then the proof can
be obtained in a similar way to that of Corollary 3.12 by using Lemma 3.19. [J

In the rest of this section, we present the specialized estimation error bounds
for the Lasso, the weighted Lasso, the corrected Lasso and the oracle thresholded

Lasso with respect to sub-Gaussian design under Assumption 3.6. Define ¥ ., :=

e

Proposition 3.21. Let kK > 1 and ¢ > 0 be given constants. Consider the linear
model (3.1) under Assumption 3.1 and 3.6. For any given 0 <9 < 1, let d, B and

As. be defined in Lemma 3.18. If the penalization parameter is chosen as

1
Pm = KUV 1 4+ e/ 10204k ogn
m
and the sample size meets that

2000 min{d, n}3* 180n
m > max{ 5 log min{d,n}d ) (14+c¢)logn ¢, (3.19)

then the Lasso estimator (3.2) satisfies the bound

NI
& = 2llo < VIF (L 4+ m) sy 2280
S,k

with probability at least 1 — 2 exp(—19?m/20005*) — 3n=¢.

Proof. The proof can be obtained by applying Proposition 3.3, Lemma 3.18 and
Corollary 3.20. O

Proposition 3.22. Let k > 1 and ¢ > 0 be given constants. Consider the linear

model (3.1) under Assumption 3.1 and 3.6. Suppose that W™ > WP and W™ >
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0, where W2 and Wi are defined by (3.11). For any given 0 < 9 < 1, let d, (3

and Ag, be defined in Lemma 3.18. If the penalization parameter is chosen as

. /1
PmWee = KUV 1 + ¢/ 108« ogn
m

and the sample size meets (3.19), then the weighted Lasso estimator (3.4) satisfies

the bound
prax N\ 2 /10 1
||¢—x||2§\/1—+c(1+w5 K) .
m

v,min )\S
K

Wi
with probability at least 1 — 2 exp(—19?m/20005*) — 3n=¢.

Proof. The proof can be obtained by applying Proposition 3.5, Lemma 3.18 and
Corollary 3.20. O]

Proposition 3.23. Let Kk > 1 and ¢ > 0 be given constants. Consider the linear
model (3.1) under Assumption 3.1 and 3.6. Suppose that age > as and age > 0,
where ag and age are defined by (3.16). For any given 0 < ¥ < 1, let d, B and Ag,

be defined in Lemma 3.18. If the penalization parameter is chosen as

1
lam&SC = RV 1 + Cy/ 102max o8

m

and the sample size meets (3.19), then the corrected Lasso estimator (3.5) satisfies

the bound
7 PIVAT) I 1
12— 22 < 1+c<1+fb—sm> vy s
Qge S,k m

with probability at least 1 — 2 exp(—9%m/20003%) — 3n=<.

Proof. The proof can be obtained by applying Proposition 3.7, Lemma 3.18 and
Corollary 3.20. O

Proposition 3.24. Under the assumptions in Proposition 3.21, if the sample size

meets (3.19), then the oracle thresholded Lasso estimator (3.6) satisfies the bound

210X . [s(clogn + log s)

)\57,{ m

17— zfl2 <
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with probability at least 1 — 2 exp(—19?m/20008%) — 3n¢.

Proof. This follows from Proposition 3.8, Lemma 3.18 and Corollary 3.20. O]

3.5 Comparison among the error bounds

In this section, we make a quantitative comparison among the estimation error
bounds for the aforementioned Lasso-related estimators. For simplicity, we only
focus on the case when the design matrix is deterministic.

Evidently, when the weight vector w for the weighted Lasso (3.4) is chosen
such that W2 < wH", the corresponding estimation error bound provided in

Proposition 3.5 will at best become

U 2V2 1 2v/2 1
1 — 7, < m(u “f?ninn) Vv, [slogn g 2Vay, [slosn
wSc )\575 m )\S,,{ m

In comparison with the estimation error bounds for the Lasso (3.2) and the oracle

thresholded Lasso (3.6) provided in Proposition 3.3 and Proposition 3.8, respec-
tively, this best possible error bound for the weighted Lasso enjoys a significant

reduction from the error bound for the Lasso in light of

the best possible error bound for the weighted Lasso 1

ith x> 1,
the error bound for the Lasso 1+k W &

while at the same time it is very close to the optimal estimation error bound

achieved by the oracle thresholded Lasso since

the best possible error bound for the weighted Lasso  [logn +clogn ]
the error bound for the oracle thresholded Lasso

log s + clogn -
as long as the probability-controlling parameter ¢ is not too small. The same
conclusions also hold for the estimation error bound of the corrected Lasso (3.5)

provided in Proposition 3.7.
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Finally, we take the two-stage adaptive Lasso procedure [136] as an illustration.

T

Recall that the adaptive Lasso is equipped with the weight vector w = 1/|z|7,
where v > 0 is a given parameter. In detail, w; = 1/|z;|" for j = 1,...,n, while
we set w; = +oo and thus Z; = 0 if ; = 0. With the most common choice of the

parameter v = 1, we have

,unglax = 1 e Unglcln e —1 o and 1'\[3‘151'1%}( = ma:XjeSC |;%|] .
min;eg | Z|; max;ege || ween min;eg | Z|;

Roughly speaking, when the Lasso estimator performs good enough in the sense

that max;cge [Z]; < minjeg |Z|;, then the two-stage adaptive Lasso estimator is
able to imitate the ideal behavior of the oracle thresholded Lasso estimator as if

the true supporting index set S were known in advance.



Chapter

Exact matrix decomposition from fixed

and sampled basis coeflicients

In this chapter, we study the problem of exact low-rank and sparse matrix decom-
position with fixed and sampled basis coefficients. We begin with the model setting
and assumption, and then formulate this problem into concrete convex programs
based on the “nuclear norm plus ¢;-norm” approach. Owing to the convex nature
of the proposed optimization problems, we provide exact recovery guarantees if
certain standard identifiability conditions for the low-rank and sparse components
are satisfied. Lastly, we establish the probabilistic recovery results via a standard
dual certification procedure. Although the analysis involved follows from the ex-
isting framework, these recovery guarantees can still be considered as the noiseless

counterparts of those for the noisy case addressed in Chapter 5.

4.1 Problem background and formulation

In this section, we introduce the background on the problem of exact low-rank and

sparse matrix decomposition with fixed and sampled basis coefficients, and then

40
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propose convex optimization formulations that we study in this chapter.

Let the set of the standard orthonormal basis of the finite dimensional real
Euclidean space V" *"2 be denoted by © := {O1,...,04}, where d is the dimension

of Vm>m2 - Specifically, when V™" *"2 = [R™*"2 we have d = niny and

e = {eie;‘.r

1<i<m, 1<) <my; (4.1)
when V"1*"2 = §" we have d = n(n + 1)/2 and

0= {eie?

1
lgign}U{E(eie?+ejeiT)‘1§i<j§n}. (4.2)

Then any matrix Z € V*"*"2 can be uniquely represented as

Z=Y (0,.2)6, (4.3)

where (O, Z) is called the basis coefficient of Z with respect to 6.

Suppose that an unknown matrix X € V™% can be decomposed into the
sum of an unknown low-rank matrix L € V"*"2 and an unknown sparse matrix
S € Vmxn2 that s,

X=L+3S8,
where both of the components may be of arbitrary magnitude, and by “sparse” we
mean that a few basis coefficients of the matrix S are nonzero. In this chapter, we
assume that a number of basis coefficients of the unknown matrix X are fixed and
the nonzero basis coefficients of the sparse component S only come from these fixed
basis coefficients. Due to a certain structure or some reliable prior information,
these assumptions are actually of practical interest. For example, the unknown
matrix X is a correlation matrix with strict factor structure where the sparse
component S is a diagonal matrix (see, e.g., [3, 123, 16]). Under these assumptions,
we focus on the problem on how and when we are able to exactly recover the low-
rank component L and the sparse component S by uniformly sampling a few basis

coefficients with replacement from the unfixed ones of the unknown matrix X.
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Throughout this chapter, for the unknown matrix X, we define 7 C {1,...,d}
to be the fixed index set corresponding to the fixed basis coefficients and F¢ :=
{1,...,d} \ F to be the unfixed index set associated with the unfixed basis coef-
ficients, respectively. Denote by d, the cardinality of F¢, that is, ds := |F¢|. Let
I be the supporting index set of the sparse component S, i.e., I := {j|(©;,S) #
0,7 = 1,...,d}. Denote I'y := {j|(©;,S) =0,j € F} = F\TI. Below we

summarize the model assumption adopted in this chapter.

Assumption 4.1. The supporting index set I of the sparse component S is con-
tained in the fixed indexr set F, i.e., I' C F. The sampled indices are drawn

uniformly at random with replacement from the unfixed index set F°.

Under Assumption 4.1, it holds that F = T ULy with TN Ty = @ and I'¢ :=
{1,...,d} \T' =Ty U F¢ with Ty N F° = (. In addition, it is worthwhile to note
that S cannot be exactly recovered if the basis coefficients of X with respect to I'
are not entirely known after the sampling procedure. This is the reason why we

require I' C F in Assumption 4.1.

4.1.1 Uniform sampling with replacement

When the fixed basis coefficients are not sufficient, we need to observe some of the

rest for recovering the low-rank component L and the sparse component S.

Let Q := {w;}]”, be the multiset of indices sampled uniformly with replace-
ment! from the unfixed index set F¢ of the unknown matrix X. Then the elements
in 2 are i.i.d. copies of a random variable w following the uniform distribution
over F¢, ie., Plw = j] = 1/d; for all j € F¢, where d; = |F¢|. Define the sampling

operator Rq : V" x"2 — Ymx"2 agsociated with the multiset €2 by

m

Ra(Z) = (04,2)Ou, ZecVmrm. (4.4)

=1

!'More details on random sampling model can be found in Section 2.3.
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Note that the j-th basic coeflicient (0;, Rq(Z)) of Rq(Z) is zero unless j € €.
For any j € Q, (©,,Ra(Z)) is equal to (©;,7) times the multiplicity of j in
Q. Although Ry, is still self-adjoint, it is in general not an orthogonal projection

operator because repeated indices in {2 are likely to exist.

In addition, without causing any ambiguity, for any index subset J C {1,...,d},
we also use J to denote the subspace of the matrices in V"1*"2 whose supporting
index sets are contained in the index subset J. Let Py : V"1 x"2 — Yn1x"2 he the
orthogonal projection operator over 7, i.e.,

Ps(Z) = (0;,2)0;, ZeVmrm, (4.5)
JjeT

Notice that P is self-adjoint and |P7|| = 1.

With these notations, it follows from Assumption 4.1 that Pz(S) = 0, Rq(S) =

0 and Rq(L) = Ra(X). Then we can formulate the recovery problem considered

in this chapter via convex optimization.

4.1.2 Convex optimization formulation

Suppose that Assumption 4.1 holds. Given the fixed data Pr(X) and the sampled
data Rq(X), we wish to exactly recover the low-rank component L and the sparse

component S by solving the following convex optimization problem

min || L[+ pl|S[h
L,SEV”lXﬂQ
s.t. P]:(L + S) = ,P]:(Y),

P}‘c(S) = O,

Ra(L) = Ra(X).

Here p > 0 is a parameter that controls the tradeoff between the low-rank and
sparse components. If, in addition, the true low-rank component L and the true

sparse component S are known to be symmetric and positive semidefinite (e.g., X
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is a covariance or correlation matrix resulting from a factor model), we consider to

solve the following convex conic optimization problem

min ([, L) + p||S]

S.t. P]—'(L + S) = 77}‘(7),
Pre(S) =0, (4.7)

Ra(L) = Ra(X),
Lest, Sest.

Indeed, the ¢;-norm has been shown as a successful surrogate for the sparsity
(i.e., the number of nonzero entries) of a vector in compressed sensing [27, 26, 43,
42], while the nuclear norm has been observed and then demonstrated to be an
effective surrogate for the rank of a matrix in low-rank matrix recovery [97, 57,
105, 25]. Based on these results, the “nuclear norm plus ¢;-norm” approach was
studied recently as a tractable convex relaxation for the “low-rank plus sparse”
matrix decomposition, and a number of theoretical guarantees provide conditions
under which this heuristic is capable of exactly recovering the low-rank and sparse
components from the completely fixed data (i.e., F¢ = () [32, 21, 61, 73] or the
completely sampled data (i.e., F = 0) [21, 89, 33]. In the rest of this chapter,
we are interested in establishing characterization when the solution to problem
(4.6) or (4.7) turns out to be the true low-rank component L and the true sparse

component S with both partially fixed and partially sampled data.

4.2 Identifiability conditions

Generally speaking, the low-rank and sparse decomposition problem is ill-posed
in the absent of any further assumptions. Even though the completely fixed data
is given, it is still possible that these two components are not identifiable. For

instance, the low-rank component may be sparse, or the sparse component may
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has low-rank. In these two natural identifiability problems, the decomposition is
usually not unique. Therefore, additional conditions should be imposed on the
low-rank and sparse components in order to enhance their identifiability from the

given data.

For the purpose of avoiding the first identifiability problem, we require that
the low-rank component L should not have too sparse singular vectors. To achieve
this, we borrow the standard notion of incoherence introduced in [25] for matrix
completion problem. Essentially, the incoherence assumptions control the disper-
sion degree of the information contained in the column space and row space of the

matrix L. Suppose that the matrix L of rank r has a reduced SVD
L=UxV], (4.8)

where Uy € O™*" Vi € O™*" and ¥ € IR™*" is the diagonal matrix with the
non-zero singular values of L being arranged in the non-increasing order. Notice
that U; = V; when L € S%. Mathematically, the incoherence of the low-rank

component L can be described as follows.

Assumption 4.2. The low-rank component L of rank r is incoherent with param-

eters po and py. That is, there exist some pg and jy such that

T T
max ([0, < fuo—, max [[157es], <\ fuo—.
1<i<ng ny 1<j<ng Ny

and
T T
ol < my/
nino
Since [UF 13 = VT3 = r, [UTeills < 1 and [Vieils < 1, we know that

1 < pp < w Moreover, by using the Cauchy-Schwarz inequality and the
fact that ||U;V{T||% = r, we can see that 1 < py < pgy/7.

Let 7 and 7+ be the tangent space and its orthogonal complement defined
in the same way as (2.2) and (2.3), respectively. Choose U, and V5 such that
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U = [U,Us] and V = [V}, V5] are both orthogonal matrices. Notice that U = V
when L € S%. The orthogonal projection Pz onto 7 and the orthogonal projection
Pri onto T+ are given by (2.4) and (2.5), respectively. Then it follows from

Assumption 4.2 that for any 1 < i <mn; and any 1 < j < no,

[Pr(eief )z = (Pr(eie]), ese])
= [Ufedlly + IViTesll = 0T ealslViTes

(nq + ng)

< ofedly + Ve 3 < por==rn

and for any 1 <1i < j < n (where n = ny = ny),

HPT(BZB;F + ejeZT) H; = <7DT(€¢6;“~F + ejef), e,-ef + eje;fr>

4
< [loT e + 10T eslls + el + Ve < e
Thus in our general setting, for any j € {1,...,d}, we have
+
IPr©I < ur P (49)

As noted by [32], simply bounding the number of nonzero entries in the sparse
component does not suffice, since the sparsity pattern also plays an important role
in guaranteeing the identifiability. In order to prevent the second identifiability
problem, we require that the sparse component S should not be too dense in each
row and column. This was also called the “bounded degree” (i.e., bounded number

of nonzeros per row/column) assumption used in [32, 31].

Assumption 4.3. The sparse component S has at most k nonzero entries in each

row and column, for some integer 0 < k < max{ni,ns}.

Geometrically, the following lemma states that the angle (cf. [37] and [38,
Chapter 9]) between the tangent space T of the low-rank component L and the

supporting space I' of the sparse component S is bounded away from zero. As we
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will see later, this is extremely crucial for unique decomposition. An analogous

result can be found from [33, Lemma 10].

Lemma 4.1. Under Assumption 4.2 and 4.3, for any Z € V™"*"2_ we have

k k
|PrPePr(Z)||r < (\/Mzr T \/Wﬁ )HPT(Z)HF-
1 na

Proof. From (2.4) and the choice of Uy, for any Z € V"> we can write

Pr(Z2) = UULZ + U,UF ZViVE.
Then we have

IPHZ)E = U] 2], + |05 2 V|, = |UT 2], + |[Ug 2w

|- (4.10)

Iz

On the one hand, for any 1 < j < ns, by using the Cauchy-Schwarz inequality and
Assumption 4.2, we obtain that

|ULUf Zej|| . = max |e] UUY Ze|

1<i<ny

LoT
< max 07 07 Ze,, < /20 o7 ze

1<i<ng JHz’

which, together with Assumption 4.3, yields that

jHQ’

k
[Pe (U] 2)esl, < VRO 26| <[5 |UT 2e
This gives that

IPe(UUFZ) 2= S |Pe(UhUf 2)ey;

1<j<n2

k k
<P N ol ze|; = B ot 2] (4.11)

ny -
1<j<n2

On the other hand, for any 1 < i < ng, from the Cauchy-Schwarz inequality and

Assumption 4.2, we know that

el U2Uy ZViVi'|| . = max |e] UsUy ZViVi e

1<5<na

< max ||[Vlej|l,|[eFtnUF 214, < “n_f”e;foQngvl

1<j<ng HZ’
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which, together with Assumption 4.3, implies that

eI P (UUF ZViVT)||, < V|l UUF ZViVT || < “grk|ye;U2ngm};2.
2
It then follows that

1Pe((UUF ZViVEY 2 = S ||l Pe(UsUF 2viVE) |

1<i<ny
S S A A
"2 1&im
S [ A AR [0 ST PR R E)
Thus, by combining (4.10), (4.11) and (4.12), we derive that
IPrPePr(Z)r < IPePr(Z)|r
< ||Pr(UUF Z) | + 1Pe (U2U5 ZViVYT) ||
B 0r 2] + 2R o 20
(\/ T WT’C)HPT e,
which completes the proof. 0

The next lemma plays a similar role as Lemma 4.1 in identifying the low-rank
and sparse components. Basically, it says that for any matrix in I', the operator
Pr does not increase the matrix ¢,.-norm. This implies that the tangent space T
of the low-rank component L and the supporting space I' of the sparse component
S has only trivial intersection, i.e., 7 NT = {0}. One may refer to [33, (21)] for

an analogous inequality.

Lemma 4.2. Suppose that Assumption 4.2 and 4.3 hold. Then for any Z € V" >"2

pork pork  pork
< —_— .
PPl < («/ ok JRrE nm2>\l7>r(2)lloo

we have
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Proof. For any Z € V™*"2_ it follows from (2.4) that

IPrPe(Z)
<[ Pe(2)]| + [Pr2)V | + 00T Pe(2)

< max HUlUTeZ

H max HPF ejH + max HeTPp max ||V1V1T€J'H
1<i<ng 27 2 2

1<i<ng H2 1<j<ng

+ max HU1U1 eZH |Pr(Z)| max HV1V1 eJHQ

1<i<ny 1<j<n

PENHIPD)|| o+ VRIPHZ)] oy /5 4 R IPe(2) ey [

(W’”{ bk W’“)n (2]
N *

where the first inequality comes from the triangular inequality, the second in-

equality is due to the Cauchy-Schwarz inequality, and the third inequality is a

consequence of Assumption 4.2, 4.3 and Lemma 2.2. This completes the proof. [

4.3 Exact recovery guarantees

Inheriting the success from the nuclear norm and the ¢;-norm in recovering “simple
object” such as low-rank matrix and sparse vector, the “nuclear norm plus ¢;-norm”
approach has recently been proved to be able to exactly recover the low-rank and
sparse components in the problem of “low-rank plus sparse” matrix decomposition
from the completely fixed data (i.e., F¢ = () [32, 21, 61, 73] or the completely
sampled data (i.e., F = 0) [21, 89, 33]. In this section, we will establish such exact
recovery guarantees when the given data consists of both fixed and sampled basic
coefficients in the sense of Assumption 4.1 with F # () and F¢ # 0, provided,
of course, that the identifiability conditions (i.e., Assumption 4.2 and Assumption
4.3) are satisfied together with the rank of the low-rank component and the sparsity
level of the sparse component being reasonably small. We first present the recovery

theorem for problem (4.6).
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Theorem 4.3. Let X = L+ S € V""" be an unknown matriz such that Assump-
tion 4.2 holds at the low-rank component L and that Assumption 4.3 holds at the

sparse component S with

rk rk rk 1
Ho i 2] i Mo <
1

N9 A/ N1MN2 16

Under Assumption 4.1 with F # 0 and F¢ # (0, for any absolute constant ¢ > 0, if

n

the sample size satisfies

(n1 + 712)

m > 1024(1 4 ¢) max{u?, po }r max {
nina

ds, 1} log®(2n1ny),
then with probability at least
3
1 —(2nyng) ¢ — 2 log(2n1ns) [(inng)_c + 2(nng) "¢+ (n1 + ng)_c},

the optimal solution to problem (4.6) with the tradeoff parameter 8 mvr < p <

13 Vning =
il/’:ll—lT‘/z is unique and equal to (L, S).

Theorem 4.3 reveals the power of the convex optimization formulation (4.6)
for the problem of exact low-rank and sparse matrix decomposition with fixed and
sampled basis coefficients. Firstly, it is worth pointing out that the restriction
on the rank r of L and the sparsity level k of S is fairly mild. For example, a
more restricted condition poerk < min{ni,ns} is quite likely to hold for a strict
factor model in which S is known to be a diagonal matrix and consequently k = 1.

Secondly, when dg, the cardinality of the unfixed index set F¢, is significantly

m
) dy?

greater than max{ni,ns}, the vanishing fraction of samples, i.e. is already
sufficient for exact recovery, which is particularly desirable in the high-dimensional
setting where m < d,. Lastly, it is interesting to note that the conclusion of the
above theorem holds for a range of values of the tradeoff parameter p. From the
computational point of view, this is probably an attractive advantage that may

allow the utilization of simple numerical algorithms, such as the bisection method,

for searching an appropriate p when the involved p; and r are unknown.
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Analogously, the following theorem provides exact recovery guarantee for prob-
lem (4.7) when the low-rank and sparse components are both assumed to be sym-

metric and positive semidefinite.

Theorem 4.4. Let X = L+ S € 8" be an unknown matriz such that Assumption
4.2 holds at the low-rank component L € St and that Assumption 4.3 holds at the

sparse component S € St with

MOTkJrMoTk Si

2 .
n n 16

Under Assumption 4.1 with F # 0 and F¢ # 0, for any absolute constant ¢ > 0, if

the sample size satisfies
2 2d, 2 (0, 2
m > 1024(1 4 ¢) max{y3, po}r max § —, 1 ¢ log*(2n?),
n

48 piyr

then the optimal solution to problem (4.7) with the tradeoff parameter 735+ <

p < 4/

n

is unique and equal to (L, S) with probability at least

1= (Van) ™~ J1og (20%) [(VEn) > + 207 + (2n) ],

4.3.1 Properties of the sampling operator

Before proceeding to establish the recovery theorems, we need to introduce some
critical properties of the sampling operator R, defined in (4.4), where € is a mul-
tiset of indices with size m sampled uniformly with replacement from the unfixed
index set F¢. Recall that d; = |F¢| and that the fixed index set F is partitioned
into I' = {j[(©;,S) #0,j = 1,...,d} (with the assumption that I' C F) and
Lo ={71(6,,5) =0, j € F}.

Intuitively, it is desirable to control the maximum number of repetitions of
any index in  so that more information of the true unknown matrix X could be

obtained via sampling. Thanks to the model of sampling with replacement and the
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noncommutative Bernstein inequality for random matrices with bounded spectral
norm, we can show that the maximum duplication in €2, which is also the spectral
norm of Rg, is at most of order log(nns) with high probability. A analogous result
was proved in [104, Proposition 5] by applying a standard Chernoff bound for the
Bernoulli distribution (cf. [71]).

Proposition 4.5. For any ¢ > 0, if the number of samples satisfies m < %(1 +
c)dslog(2ning), then with probability at least 1 — (2ny1ny)~¢, it holds that

8
HRQ - d@Pfc < 51+ ) log(2mny).

Consequently, with the same probability, we have

1

Proof. For any uniform random variable w over F*¢, define the random operator

d

s 16 d
731“0 + —Rq
m

8 ds s
< || Prouzell + 5(1 +c) 10g(2n1n2)g < 5(1 +¢) log(2n1n2)a

Z,,  Ymxnz o ymixne gqgsociated with w by

1
— —Pr(Z), ZeVmr,

2.(2) = (0., 2)6, — -

Note that Z, is self-adjoint, i.e., Z} = Z,. From (4.4), we write that

m

Ro — dﬂs% =y <<@wl, 0., Pfc) Zsz

1=l

By using (4.5), we can verify that
E[Z,]=0 and ||Z,| <1=:K.

Moreover, a direct calculation shows that for any Z € V™" *"2,

3)<@w,z>@ + Lp2).

ZwZW(Z) = Zwa(Z) = (1 - ds d?

As a consequence, we obtain that

11
E[Z: 2, = E[Z,Z}] = (d— - E)PF ,



4.3 Exact recovery guarantees 53

which yields that
IE[Z52.]1 = [E[2. 2] <

Let t* := $(1 + ¢)log(2ning). If m < §(1 + c¢)d,log(2nns), then t* > Since

s
{Z,,}], are i.i.d. copies of Z,, from Lemma 2.5, we know that

m

2 Za

=1

*

3
P > t*] < 2n1ny exp (_§E> < (2ning)~¢

Since ||Proure| =1 < 3(1 + ¢)log(2n1n2)%, the proof is completed by using the

triangular inequality. O]

When the fixed index set F = (), i.e.,  is sampled from the whole index set,
it has been shown that the operator %P’]’RQP’T is very close to its expectation
PrPzPs with high probability for the Bernoulli sampling [25, Theorem 4.1] and
the uniform sampling with replacement [104, Theorem 6], if the number of samples
is sufficiently large. The next proposition generalizes these results to the case that

F # (0. One may refer to [33, Lemma 2] for an analog in the Bernoulli model.

Proposition 4.6. Under Assumption 4.2, for any ¢ > 0, if the number of samples
satisfies m > 3(1+c) max{por 12 "1+n2 ds, 1} log(2n1ny), then with probability at least
1 — (2nyn2)~¢, it holds that

_E + log(2
‘ s < \/3(1+C)max{uorwd8’ 1}M
m

Furthermore, if Assumption 4.3 also holds, with the same probability, we have

Pr

ds
HPT (PFO + ERQ)P’T — Pr

8 log(2 i k
< \/—(1 + ¢) max {[1,07“—<n1 * n2>d8’ 1} og(2niny) I \/MOT " \/MOT .
3 n1ns m ny Ny
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Proof. Let w be a uniform random variable over F¢. Define the random operator

Z, Yz s yrxnz gesociated with w by
1
ZW(Z> = <7D7—<®w)7 Z>P’7’<@w) — d_P’T,P]:cPT(Z)’ = anan'

Note that Z, is self-adjoint, that is, Z* = Z,. According to (4.3) and (4.4), we

have the following decomposition

m

1
PrRoPr— =PrPePr="_ <<7>T(@wl), YPr(O,) — d-%%%) =3z,

I=1
From (4.5) and the linearity of Pr, we derive that
1 1
E[Z.] =) —(Pr(8;), )Pr(6;) - 7 PrPrPr

= lPT( >, <@j>7DT(‘)>@j> - iPTP}'CPT = 0.

: ds
jeFe
Since (Pr(0,), )Pr(0,) and P7Px.Pr are both self-adjoint positive semidefinite

linear operators, we know from Lemma 2.1 and (4.9) that
1
12,11 < max {|(Pr(©.). )Pr(©.)]. FIPrP=-Prl]

1 1
— max {Hm@w)u%, d—} < masx {uM d—} K

ning

Moreover, by using Lemma 2.1 and (4.9) again, we obtain that
1
[E[22]] = |[E[((Pr(€.), )Pr(0.))"] = ZPrPrPrPrPr|

= |IPr(©.)13 - PrPrPr - QPTPPPTPFPTH

HFd
SmaX{HPT( M IPrPPrl, ZIPrPs-PrPrPrl )

1 1

ning ds

IA

Choose t* := \/ (1 + ¢) log(2nyny) max{ porfatr2) 1 7. Then we have t* < me*

ning ’ d_ K

(m +n2) d
ning

if m > 2(1+ ¢)log(2nins) max{per =22 d,, 1}. Since {Zwl}}il are i.i.d. copies of
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Z,,, by applying Lemma 2.5, we get that

m

D Zu

=1

3 t*2

> t*] < 2n1ng exp <—§ 2) < (2n1n2) ¢,
mg

P

which completes the first part of the proof.

Furthermore, recall that I' C F, 'y = F\ I and I'* = T’y U F¢. Thus, we have
Pr = PrPrPr+ PrPr,Pr+ PrPrPs. Then the second part of the proof follows

by applying the triangular inequality and Lemma 4.1. O]

The following proposition is an extension of [104, Lemma 8] and [21, Lemma
3.1] to include the case that F # (). A similar result for the Bernoulli model was

provided in [33, Lemma 13].

Proposition 4.7. Let Z € T be a fized nq X ny matriz. Under Assumption 4.2, for
any ¢ > 0, if the number of samples satisfies m > 22(1 + c),uor%ds log(nins),
it holds that

ds
m

with probability at least 1 — 2(nyny)

16(1 + ¢)por(ny + ng)ds log(nins)
3ninom

PTRQ(Z) — PTP?C(Z)H < \/ “P}'C(Z)HOO

—C

Moreover, if Assumption 4.3 also holds,

with the same probability, we have

16(1 + ¢)por(ny + ng)ds log(ninsg) uork Lok LTk
< . + 2 7.
ninam N9 ni1no

Proof. Let j € {1,...,d} be a fixed index. For any uniform random variable w

dy
Pr(Pr+ R0} (2)- 2|
m

over F¢, let z, be a random variable associated with w defined by

ds 1
2y = <@j7 E<@wa Z>PT<@W) - EIPT,P]:C(Z)>

By using (4.4) and the linearity of P, we have the following decomposition

ds =
<@j, —PrRalZ ) — PrPr(Z >= B

=1
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From (4.5), we know that E[z,] = 0. Note that

2l < 2101, 2)(0,, Pr(OL)] + | (6, PrPr(2))
= %46, 2)(Pr(®,), Pr(©.)| + = ;f@]zm(@)m@ )
<& x|, 2) (1P POl + [Pr(6) ©,)lr)
< oo D L (6, 7)) < 2V B % [Pr(2)] =

where the first equality follows from (4.5) and the linearity of P, the second
inequality is a consequence of the Cauchy-Schwarz inequality and the triangular
inequality, the third inequality is due to (4.9), and the last inequality is from (4.1)

and (4.2). In addition, a simple calculation gives that

& 1
E[z] = —5E[(Ou, 2)%(8;, Pr(0.,))’] — —(8;, PrPr(2))*
dy ds
<5 > (6,200, Pr(0) = 5 Y (0, 2)(Pr(6,).6,)"
jreFe jleFe
d, d,
< oy max(6;, 2)? ; (Pr(6;),05)* = —5 max(0;, 2)?|[Pr-Pr(6;)|7
J C
(711 + 712) d (nl + n2) s 2 2
< - < —_— C =
= Hor nqins m2 j E]_.C<®J 7Z> 2 HoT m2||7)-7: (Z)Hoo Sy

where the third equality is owing to (4.5), the third inequality follows from (4.9),
and the last inequality is a consequence of (4.1) and (4.2). With the choice of

t = \/ (1 4 ¢) log(ning ) por Hatnz) ds

ninz m
(

c) log(nlng)por%ds. Since {z,, }*, are i.i.d. copies of z,, by applying Lemma

Pre(Z)]|s0, we have t* < m?g if m>2(1+

2.3, we obtain that

o[

PN

m
=1 S

3 t*2
> t*] < 2exp <—§ 2) < 2(nyng) "),

The first part of the proof follows by taking the union bound of d (< nyng) terms.

Moreover, since Z € T and Py = PrPr + PrPr, + PrPre, the second part
of the proof is completed by using the triangular inequality and Lemma 4.2. [
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The next proposition is a generalization of [25, Theorem 6.3] and [104, The-
orem 7] to involve the case that F # (). One may refer to [33, Lemma 12] for an

analogous result based on the Bernoulli model.

Proposition 4.8. Let Z € V"*"2 be q fixed matriz. For any ¢ > 0, it holds that

H (%RQ—P;C) (Z)H - \/8(1 + ¢) max{d,(n; +377:)7 ninatlog(ny + no) (Pre(Z)]

with probability at least 1 — (ny+mng)~¢ provided that the number of samples satisfies
m > $(1+c) (ds+/mimiz)”

max{ds(ni1+nz2),nin2}

log(ny + ng2). In addition, if Assumption 4.3 also

holds, with the same probability, we have

H (Pro + %RQ —I) (Z)‘

< (\/8(1 + ¢) max{ds(ny + n2), ning}tlog(ny + ns)
- 3m

4%Mmm

where I : Vxm2 — YMxn2 g4g the identity operator.

Proof. Let w be a uniform random variable over F¢ and Z,, € V"*"2 be a random
matrix associated with w defined by

ds

T m

1
Zw <®w7Z>@w_ EP]:C(Z)

By using (4.4), we get that

(%RQ - pfc) (2) = g} (%@W 2)0,, - %PP(Z)) - g Zor.

From (4.5), we know that E[Z,] = 0. According to Lemma 2.2, we can check that

ds nine
Mms(—+v
m m

)IPrD)le
Moreover, from (4.1) and (4.2), we derive that

1
d—max{nl,nQ}HPP(Z)Hzm if Ymxnz — Rn1><n2’
1
ds

[E[(0u, Z)%0,0.]|| <
(n1 + n2)||Pre(2) I3, if yrmxne = 8sn
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which, together with Lemma 2.1 and Lemma 2.2, gives that
1
[B[22.]]| = SB[ 6. 2%610.] - Pr.(2)P(2)
1
< — max {||E[d2(0., 2)%070.] | [P=(2)]"
1

< Wmax {ds(m + 1), n1n2}||Pfc(Z)||c2>o‘

A similar calculation also holds for ||E[Z,ZL]||. Thus, we have

o max{ds(ni + ny)
= —

ds + /nin
K = TMHP]:C(Z)

7n1n2}
loo and ¢ 1P7(2)]|5-

By taking t* := \/g(l + ¢) log(ny + ny)meddelmtna). mnalpo (73| - we have t* <

m

’%Q if m > 3(1 4 ¢)log(ny + ns) (ds+/mima)” Since {Z,, }]*, are i.i.d. copies

max{ds(n1+n2),nin2}"

of Z,, from Lemma 2.5, we know that

2 2
=1

This completes the first part of the proof.

3 t*Q

P > t*] < (7’L1 + ng) exp (——

3 m§2> = ()

In addition, note that Z = Pr+Pr, +Pre. By applying Lemma 2.2, we obtain
that||Pr(Z)] < E||Pr(Z)||s. Then the second part of the proof follows from the

triangular inequality. O

4.3.2 Proof of the recovery theorems

In the literature on the problem of low-rank matrix recovery (see, e.g., [25, 28,
104, 68, 21, 89, 33, 124]), one popular strategy for establishing exact recovery
results is first to provide dual certificates that certify the unique optimality of some
related convex optimization problems, and then to show the existence of such dual
certificates probabilistically by certain interesting but technical constructions. The

proof of the recovery theorems in this chapter is along this line.
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Sufficient optimality conditions

The first step of the proof is to characterize deterministic sufficient conditions,
which are also verifiable with high probability in the assumed model, such that the
convex optimization problems (4.6) and (4.7) have unique optimal solution. Here

the convex nature of these two optimization problems plays a critical role.

Proposition 4.9. Suppose that the tradeoff parameter satisfies 0 < p < 1 and
the sample size satisfies m < dy. Suppose also that |Pr, + % Rql| < v for some
Y1 > 1 and that |Pr(Pr, + LRa)Pr — Pr| < 1 — 7, for some 0 < o < 1. Then
under Assumption 4.1, (L,S) is the unique optimal solution to problem (4.6) if
there exist dual certificates A and B € V™*"2 such that

3
(a) A € Range(Pr,) with ||Alle < 1P and B € Range(Rq),

(b) [[UVi" — Pr(psign(S) + A+ B)||,. < g\é—?,

(c) |[Pre(psign(S) + A+ B)|| <

A~ w

Proof. Note that the constraints of problem (4.6) are all linear. Then any feasible
solution is of the form (L + Ay, S + Ag) with

P}‘(AL + AS) = O, P]:C(AS) =0 and RQ(AL) =0. (413)

We will show that the objective function of problem (4.6) at any feasible solution
(L + AL, S + Ag) increases whenever (Ar, Ag) # 0, hence proving that (L, S) is
the unique optimal solution. Choose W, € T+ and Wy € I'® = 'y U F¢ such that

IWell =1, (Wi, Ar) = [[Pr=(AL)l,
7 (4.14)
[Wslloo =1, (Ws, Ag) = [[Pre(As)|l1-
The existence of such W, and Wy is guaranteed by the duality between || - ||« and

| - ||, and that between || - ||; and || - ||o. Moreover, it holds that

UVE+ Wy €d||L||, and sign(S) + Ws € 9|51 (4.15)
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Let Qp := psign(S) + A + B and Qg := psign(S) + A + C for any fixed C €
Range(Pz.) with ||C[| < 3p. Since psign(S) + A € F =T UTy, B € Range(Rq)
and C € Range(Pzc), we know from (4.13) that

<QL, AL> + <Qs, As> = <pSigIl(§) + A, AL + AS> + <B, AL> + <C, AS> = 0. (416)

In addition, observe that A € Ty with [|All < 2p, C € F¢, T° = Ty U F*
and T'o N F¢ = (). Consequently, we have Pre(Qs) = A+ C and ||A + Cl|o <
max{|| Ao, [|C||c} < 3p. Then a direct calculation yields that

IZ+ Aplls + oS + Aslli = [ L]l = oISl
> (Ui + Wi, Ar) + plsign(S) + Ws, As)
= (V" + Wi = Qr, Ar) + (psign(S) + pWs — Qs, As)
= (UV{" — Pr(Qr), Pr(AL)) + (Wi — Pri(Qr), Pri(Ar))
+ (psign(S) — Pr(Qs), Pr(As)) + (pWs — Pre(Qs), Pre(As))
— [0V = Pr@Qo)|| NIPHAL) e + (1= [Pre(Qu)) P (ALl
— ||psign(S) = Pr(Qs) || oI Pr(As)llr + (p = [Pre(Qs)lloo) [IPre(As) 11

-8 \/%HPT(AL)HF + _HPTL(AL)H + —HPFC(AS)Hl, (4.17)

A%

where the first inequality is due to (4.15), the first equality follows from (4.16), the
second inequality uses the Hélder’s inequality and (4.14), and the last inequality is
a consequence of the conditions (b) and (c) and the fact that Pr(Qg) = psign(9S)
and Pre(Qs) = A+ C with |[A+ Cl < 3p.

Next, we need to show that | Pr(AL)||r cannot be too large. Recall that 2 is a
multiset sampled from F°¢. Since Pzc(Ag) = 0 according to (4.13), it follows from
(4.4) that Rq(Ag) = 0. This, together with (4.13) and the fact that I'y C F, gives
that (Pr, + 2 Ro)(AL+Ag) = 0. Since I'* = TyUF® and Pre(Ag) = Ra(As) =0,
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we have PFC(AS) = PI‘O(AS) = (731“0 + %RQ)(AS) and

1Pe-(@8)lh = 1Pe-(@s) e = | (Pry+ 52Ra ) (49

ds
F m

F

> [ (e + Ra) Prias - (418)

F

ds
s sl

On the one hand, from the assumption on ||Pr, + %Rql|, we get that

ds
| (7 Sema) o

< nlPre(AL)F. (4.19)
F

On the other hand, we notice that

- <7>T<AL>, <7Dr0 ; d—Rg) PT<AL)>

m

ds
H (Ppo + RQ) Pr(Ap)
m

> (Pr(ao), (P, + ERa )Pria)
- <PT(AL), Pr(Ar) + [PT (Ppo " %m)% - PT] PT(AL)>
> IPHADIE — (1= WIPHAL [ = I PrAIE (4:20)

where the first equality follows from the observation that Range(Pr,)NRange(Rq) =
(), the first inequality is due to the fact that |[Rq| > 1 and ds/m > 1, and the
last inequality is a consequence of the assumption on ||P(Pr, + %RQ)P’T —Prll.

Then combining (4.18), (4.19) and (4.20) yields that
[Pre(As)lls = VARl Pr(A)lle = nlPro (Al (4.21)
Finally, from (4.17) and (4.21), we obtain that

IL+ ALl + pllS + Asll = 1Ll — pllS])s

v

1
= {IPr @0l = P A9l + 1P (Aol + F1Pr(As)l

1 1
> (3-2)ipr@ol+ £ (1- 2 ) i@
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which is strictly positive unless Pri(Ar) = 0 and Pre(Ag) = 0, provided that
p < 1and 74 > 1. Now assume that Pr.(Ay) = Prc(Ag) = 0, or equivalently
that Ay € T and Ag € T'. Since 'y =N F and Pr(AL + Ag) = 0, it holds that
Pro(AL) = Pry(Ag) = 0 and thus (Pr, + £Rq)(AL) = 0. From the assumption
on [|Pr(Pr, + £Rq)Pr — Prl|, we know that the operator Pr(Pr, + £Rq)Pr is
invertible on 7. Therefore, it follows from A; € T that A, = 0. This, together
with (4.13), implies that Ag = 0. In conclusion, |L + Ap|l. + p||S + As|l; >
IL||+ + pl|S]|: unless A = Ag = 0. This completes the proof. O

It is worth mentioning that Proposition 4.9 could be regarded as a variation
of the first-order sufficient optimality conditions for problem (4.6), which, based
on the subdifferential of the nuclear norm at L and the subdifferential of the ¢;-
norm at S, require that the restriction of the operator Pr (Ppo + d_T;RQ)PT to T is
invertible and that there exist dual matrices A, B and C' € V"*"2 obeying
(Ac Range(Pr,), B € Range(Rq), C € Range(Pxr:),

Pr(psign(S) + A+ B) = U, U7,

||7DTL (psign(S) + A + B)” <1,

| [ Alle <, [IClle < p.
or equivalently that there exist dual matrices A and B € V" *"2 gatisfying
A € Range(Pr,) with ||Allo < p, B € Range(Rq),
Pr(psign(S) + A+ B) = U,U],
| Prs (psign(S) + A+ B)|| < 1.
Correspondingly, the next proposition provides an analogous variation of the

first-order sufficient optimality conditions for problem (4.7).

Proposition 4.10. Suppose that the assumptions in Proposition 4.9 hold. Then
under Assumption 4.1, (L,S) is the unique optimal solution to problem (4.7) if
there exist dual certificates A and B € 8™ such that
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3
(a) A € Range(Pr,) with ||Alle < 2 and B € Range(Rq),

< PV

() |0 UL — Pr(psign(S) + A+ B)|| . < g

(¢) ||Pr=(psign(S) + A+ B)|| < %

Proof. For any feasible solution (L,S) to problem (4.7), let (Ap,Ag) = (L —
L,S —S). Notice that (4.13) holds for such (Ar, Ag). Since L € S”, the reduced
SVD (4.8) can be rewritten as L = U;XUY with U = V, where U = [Uy, U,] and
V = [V4, V] are orthogonal matrices. Then L € S? implies that U LUy = U] LUs+
UFALUy = UF AU, € 8777, By taking Wy, = UyUJ and W = sign(Pre(Ag)), we
can easily check that (4.14) holds. Thus, the proof can be obtained in a similar
way to that of Proposition 4.9. We omit it here. [

From the similarity between Proposition 4.9 and Proposition 4.10, we can see
that as long as the proof of Theorem 4.3 or Theorem 4.4 is established, then the
other proof will follow in the same way. Therefore, for the sake of simplicity, we
will only focus on the proof of Theorem 4.3 by constructing the dual certificates
for problem (4.6) based on Proposition 4.9 in the following discussion. Below we

state a useful remark for Proposition 4.9.

Remark 4.1. According to Proposition 4.5 and Proposition 4.6, for any ¢ > 0,

if m > 128 (1 + ¢) max{ por ™2 4 1} log(2n1ng) and 4 /Ek 4 Jrrk < L ypen

ning ni ne — 16’
with probabzlzty at least 1 — 2(2nyng)~¢, we have

\/_nand

- 8max{r(n1 + ng)ds, ning}

ﬁll

S 3 Ty

Therefore, the condition (b) of Proposition 4.9 can be replaced by

d,
HPFO +~Rq (4.22)

and

ds
Pr (Pro + ERQ)P’T — Pr

max{r(ny + ns)ds, niny}
[y :

|0V = Pr(psign(S) + A+ B) (4.23)

ninads



Chapter 4. Exact matrix decomposition from fixed and sampled basis
64 coefficients

Construction of the dual certificates

The second step of the proof of Theorem 4.3 is to demonstrate the existence of
the dual certificates A and B for problem (4.6) that satisfy the conditions listed
in Proposition 4.9. To achieve this goal, we apply the so-called golfing scheme,
an elegant and powerful technique first designed in [69] and later used in [104,
68, 21, 89, 33|, to construct such dual certificates. Mathematically, the golfing
scheme could be viewed as a “correct and sample” recursive procedure such that

the desired error decreases exponentially fast (cf. [68, 33]).

Next, we introduce the golfing scheme in details. Let the sampled multiset
Q2 be decomposed into p partitions of size ¢, where the multiset corresponding to
the j-th partition is denoted by €2;. Then the sample size m = pg. Notice that in
the model of sampling with replacement, these partitions are independent of each

other. Set the matrix ¥{ := 0 and define the matrix Y} recursively as follows
Y=Y+ (PFO - %RQ) [V — pPr(sign(S)) — Pr(Y;-1)],
where j = 1,...,p. Let the error in the j-th step be defined by
E; = U, V{" — pPr(sign(S)) — Pr(Y;), for j=0,...,p.

Then Ej, for j =1,...,p, takes the recursive form of

ds -
Ej = |:'P7* - PT (PFO + ERQ].)'PT:| [Uﬂ/lT - pPT(Slgn(S)) — PT(Yj_lﬂ

— {7?7 —Pr (Pro + %Rﬂj)PT} (Ej-1), (4.24)

and Y, can be represented as
d d
j=1
where A, and B, are the dual certificates constructed by

» p
ds
A, = E Pry(E;—1) and B,:= ; E Ra,(E;-1). (4.26)
j=1 Jj=1
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It can be immediately seen that A, € Range(Pr,) and B, € Range(Rq).

Verification of the dual certificates

As a consequence of Remark 4.1, it suffices to verify that for problem (4.6), the
dual certificates A, and B, constructed in (4.26) satisfy the inequality (4.23) as

well as the conditions (a) and (c) of Proposition 4.9.

First of all, we recall the assumptions below. Suppose that Assumption 4.2

and Assumption 4.3 hold with

k 2 o1
JEE L R BT o (4.27)
ny %) A/ M1 Mo 16

Since 1 < puy < ppy/r, the assumption (4.27) implies that

1
k< — |22
16\ pir

(4.28)

Moreover, the tradeoff parameter is chosen as follows

48 | pir | pir
— <p<A4 . 4.29
13\ niny — p= n1no ( )

Then, we state the following probabilistic inequalities related to the random

sampling operator. Note that these inequalities have already been prepared in the
previous subsection. Let ¢ > 0 be an arbitrarily given absolute constant. If the

size of each partition satisfies

128

(n1 +n2)
> q ;.= ——(1 + ¢)max r——--
q>aq 3\/5( ) {uo

ning

ds, 1} log(2niny),

with probability at least 1 — (2nyn9)~¢, it follows from Proposition 4.6 and (4.27)

ds vV V2 1 1
' Pr (PFO + ;RQ]-)PT — Pr \/_

<—+ =<z (4.30)
forall j =1,...,p. In addition, it can be seen from (4.24) that £;,_; € T and E;_;

that

4 16 2

is independent of 2;, for all j =1,...,p. Then we know that Proposition 4.7 and
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Proposition 4.8 are both applicable to E;_; and €2;. On the one hand, according

to Proposition 4.7 and (4.27), when the size of each partition satisfies

256 (n1 + nQ)
> = ——(1+c¢ r—
q = g2 3\/5( )Mo s

with probability at least 1 — 2(niny)~¢, it holds that

| (@ + 15 ) 1Bl

4 16
On the other hand, provided that the size of each partition satisfies

(v/nins + dy)? max{(ny + ny)ds, nins}
max{/ninads, nins }?
2
> 2(1 +o (v/ning + ds)

max{(ny + ny)ds, nins}

dslog(nins),

<

ds
P’T (731“0 ‘|‘ ERQ]) (Ej—l) — Ej—l

o0

1
< Sl Ej-1llec- (4.31)

512
?(1 + C),LL%T

q>q; = log(ny + no)

log(ny + ng),

by applying Proposition 4.8, we obtain that with probability at least 1—(n;+ns) ¢,

1 Vrinads,
S ( max{ ninog nlng} 1 k> HEJ;IHOO
8/ 1ir Vning + ds

1 (ANLD)
<|= kE)E;j-1]|0o- 4.32
< (552 + 1) 1B (4.8

ds
[

Since \/ning + ds < 2max{,/nins, ds}, we further have

2048

g3 = —— (1 + ¢)pir max {M

ning

5 ds, 1} log(ny +n2) > g3.

Before proceeding to the verification, we introduce the following notation.

That is, for any j' = 1,...,p, denote

-/

J ds
1T [PT ~Pr (Ppo + ERQJ.) 734

=1

j
ds ds
= [7’7 —Pr (Pro + ERQJ-/),PT} . [P’r —Pr (Pro + ERSh)PT} ;
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where the order of the above multiplications is important because of the non-
commutativity of these operators.

For the inequality (4.23): Observe that Ey, = U, VT — pPs(sign(S)). Since
rank(L) = 7, we have ||[U;VT||p = /7. Moreover, it follows from the non-
expansivity of the metric projection Py and Assumption 4.3 that ||P7(sign(9))||r <

||sign(S)||r < k. Hence, we know that

HEO HU1V1THF+,0H7DT sign( ))HF < T+ pk. (4.33)

Ip <

Due to the golfing scheme, we have the following exponential convergence

Ui V" — Pr(psign(S) + 4, + B,)

I

T [pr 7o+ o o] i

j=1

=Bl =

I

7j=1

F

| Boll < 277(V/r + pk) < 27P(V/r + 1),

ds
Pr—Pr (7)1“0 + —Rq, )7)

where the first equality is from the definition of £, the second equality is from
(4.24), the second inequality is from (4.30) and (4.33), and the last inequality is
from (4.28) and (4.29). By taking

3
p = 5 log(2n1n2) > 10g2(2n1n2)7

and using (4.29) (together with the fact that p; > 1) and the inequality of arith-

metic and geometric means, we have

(T4 1) < 2/ -, 2r < pmax{?“(nl + ngy)ds, nlng}'
2n1n2 A/ T2 nlngds

This verifies the inequality (4.23).

For the condition (a): Notice that ||[U3V{! ]|, < n‘ﬁ; under Assumption
4.2 and that [|Pr(sign(9))||ec = |[|P7Pr(sign(9))]|e < \/“fl—’;k + “Ork + \7%
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according to Lemma 4.2. Since Ey = U;V;T — pPr(sign(S)), we get that

1ol ||U1V1TH + pl[Pr(sign(S))]|

< (\/Mork MoTk Mork) lp’ (4.34)
711”2 V112

where the last inequality is from (4.27) and (4.29). According to the golfing scheme,

we derive that

[4plleo < D _11Pro(Bi0)]l, < Z |Eiall

{ 11 [ —Pr (Pro - %Rgi)%} }(Eo)

< ZT“’”HEolloo <Zp<

j=1

o0

3
- 4.
1P (4.35)

where the first inequality is from (4.26), the first equality is from (4.24), the third
inequality is from (4.31) and the fact that E;_; € 7 for all j = 1,...,p, and the

fourth inequality is from (4.34). This verifies the condition (a).

For the condition (c): Firstly, as a consequence of (2.6), Assumption 4.3,
Lemma 2.2, (4.28) and (4.29), it holds that

|Prs (psign(S))|| < pl|sign(S)|| < pk||sign(S)|, <

| =

Secondly, by applying the golfing scheme, we obtain that

p

|Pre (A, + By < Z Pro (Pro + %R@) (Ej-1)

dg
- PTL (PFO + _RQj — Z) (Ej—l)
=1 q
p
d
< Z (Pro + ERQJ- - I) (Ej-1)
j=1

p
1 [ning 1 [ning 2 1
<3 (52 + 1)1l < (522 k) 30 < 5

1
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where the first inequality is from (4.25) and the triangular inequality, the first
equality is from the fact that F;_; € T forall j = 1,...,p, the second inequality is
from (2.6), the third inequality is from (4.32), the fourth inequality is from (4.35),
and the fifth inequality is from (4.28) and (4.29). Then we have

[Prs(psien(S) + Ay + By ) || < [[Prs (psign(S)) || + [|Pr- (4, + By) || <

A~ w

which verifies the condition (c).
In conclusion, for any absolute constant ¢ > 0, if the total sample size m is
large enough such that

(n1 + 712)

m > 1024(1 + ¢) max{ 3, j1o}r max {
Tn1No

ds, 1} 10g2(2n1n2),

then it follows that m > pmax{q, g2, ¢s}, and thus all of the inequalities (4.22),
(4.30), (4.31) and (4.32) hold with probability at least

3
1—(2n1ng)~¢ — 3 log(2n1ns) [(inng)_c +2(ning) "¢+ (ng + nQ)_C},

by the union bound. This completes the proof of Theorem 4.3. Due to the similarity
between Proposition 4.9 and Proposition 4.10, the proof of Theorem 4.4 can be

obtained in the same way.



Chapter

Noisy matrix decomposition from fixed

and sampled basis coeflicients

In this chapter, we focus on the problem of noisy low-rank and sparse matrix de-
composition with fixed and sampled basis coefficients. We first introduce some
problem background mainly on the observation model, and then propose a two-
stage rank-sparsity-correction procedure via convex optimization, which is inspired
by the successful recent development on the adaptive nuclear semi-norm penaliza-
tion technique. By exploiting the notion of restricted strong convexity, a novel
non-asymptotic probabilistic error bound under the high-dimensional scaling is

established to examine the recovery performance of the proposed procedure.

5.1 Problem background and formulation

In this section, we present the model of the problem of noisy low-rank and sparse
matrix decomposition with fixed and sampled basis coefficients, and formulate this
problem into convex programs by applying the adaptive nuclear semi-norm penal-

ization technique developed in [98, 99] and the adaptive ¢; semi-norm penalization

70
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technique used in (3.5).

Suppose that we want to estimate an unknown matrix X € V™2 of low-
dimensional structure in the sense that it is equal to the sum of an unknown low-
rank matrix L € V"™ and an unknown sparse matrix S € V**"2_ Ag motivated
by the high-dimensional correlation matrix estimation problem coming from a strict
or approximate factor model used in economic and financial studies (see, e.g.,
3, 50, 8, 53, 6, 34, 54, 90, 7]), we further assume that some basis coefficients of the
unknown matrix X are fixed. Throughout this chapter, for the unknown matrix
X, we let F C {1,...,d} denote the fixed index set corresponding to the fixed
basis coefficients and F¢ = {1,...,d} \ F denote the unfixed index set associated

with the unfixed basis coefficients, respectively. We define d; := |F°|.

5.1.1 Observation model

When the fixed basis coefficients are too few to draw any meaningful statistical in-
ference, we need to observe some of the rest for accurately estimating the unknown

matrix X as well as the low-rank component L and the sparse component S.

We now describe the noisy observation model under a general weighted scheme
for non-uniform sampling with replacement that we consider in this chapter. Recall
that © = {O4,...,0,} represents the set of the standard orthonormal basis of the
finite dimensional real Euclidean space V"1*"2. In detail, © is given by (4.1) with
d = ning when V"2 = R™>*™2 and O is given by (4.2) with d = n(n + 1)/2
when V"1*"2 = §™ Suppose that we are given a collection of m noisy observations
{(wy,y1)}i™, of the basis coefficients of the unknown matrix X with respect to the

unfixed basis {0, | j € F¢} of the following form

Y= (0, X)+vé, L=1,...,m, (5.1)
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where Q := {w;}%; is the multiset of indices sampled with replacement® from the
unfixed index set F¢, {}, are i.i.d. additive noises with E[¢§] = 0 and E[¢}] = 1,
and v > 0 is the noise magnitude. For notational simplicity, we define the sampling

operator Rq : V"*"2 — JR™ associated with the multiset €2 by
Ro(Z) == ((Ou, Z), ..., (O, Z))T ', Z € V2, (5.2)
Then the observation model (5.1) can be rewritten in the following vector form
y = Ra(X) + v€, (5.3)

where y = (y1,...,ym)’ € IR™ is the observation vector and & = (&;,...,&,)T €

IR™ is the additive noise vector.

Suppose further that the elements of the index set 2 are i.i.d. copies of a
random variable w with the probability distribution II over F¢ being defined by
Plw = j] := m; > 0 for all j € F¢. In particular, this general weighted sampling
scheme is called uniform if II is a uniform distribution, i.e., 7; = 1/d, for all j € F*.
Let the linear operator Qzc : V"1*"2 — Y™ "2 aggociated with the unfixed index

set F¢ and the sampling probability distribution II be defined by

Qre(Z) =Y m(0;,2)0;, ZeVmm. (5.4)

jeFe

Notice that Qz. is self-adjoint and ||Qre

= manE]:c 7Tj.
In addition, for any index subset J C {1, ...,d}, we define two linear operators

Ry : Vixmz — RV and Py Yrrxnz — ymxnz py

RJ(Z) = (<@]’Z>)?€‘7’ and PJ(Z) = Z<@J’Z>(—)]7 7 c anxng‘
€T

1One may refer to Section 2.3 for more details on random sampling model.
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5.1.2 Convex optimization formulation

The proposed convex formulation for the problem of noisy low-rank and sparse
matrix decomposition with fixed and sampled basis coefficients is inspired by the
successful recent development on the adaptive nuclear semi-norm penalization tech-

nique for noisy low-rank matrix completion [98, 99].

Let (L, S) be a pair of initial estimators of the true low-rank and sparse com-
ponents (L, S). For instance, (L, S) can be obtained from the nuclear and ¢, norms

penalized least squares (NLPLS) problem

1
- —|ly — Rao(L + 9|2 L]\« S
L sy = Ra(L+ S+ prolI Ll + psall Sl

(5.5)

st. Re(L+8)=Re(X), Ll < br, ] < bs,

where pr, > 0 and pg, > 0 are the penalization parameters that control the rank
of the low-rank component and the sparsity level of the sparse component, and
the upper bounds b;, > 0 and bs > 0 are two priori estimates of the entry-wise
magnitude of the true low-rank and sparse components. We then aim to estimate
(L, S) by solving the following convex optimization problem

Loy = Ra(L o+ S)E+ pu(IE]. — (F(DL) + ps(IS]h - (G(3).5))

st. Rr(L+S) =Rr(X), IL]s < br, |S]e < bs, (5.6)

where p;, > 0 and pg > 0 are the penalization parameters that play the same
roles as pr, and pg,, F': V">X"2 — Y™MX"2 ig g spectral operator associated with
a symmetric function f : R® — R", and G : V™*"2 — Y™*"2 ig an operator
generated from a symmetric function g : IR — IR?. The detailed constructions
of the operators F' and G as well as the related functions f and g are deferred
to Section 5.3. If, in addition, the true low-rank and sparse components (L, S)
are known to be symmetric and positive semidefinite (e.g., X is a covariance or

correlation matrix with factor structure), we consider to solve the following convex
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conic optimization problem

min Qiuy — Ra(L+ )2+ polly — F(L), L) + ps(|IS|h — (G(8), $))
m (5.7)

st. Rr(L+8) =Rr(X), |IL|s < bz, [S|le < bs, L €S, SeS

Intuitively, the bound constraints that control the “spikiness” of the low-rank
and sparse components serve as a noisy version of identifiability conditions? in noisy
observation models, where approximate recovery is the best possible outcome that
can be expected. In fact, this type of spikiness control has recently been shown
to be critical in the analysis of the nuclear norm penalization approach for noisy
matrix completion [101, 79] and noisy matrix decomposition [1]. In some practical
applications, such entry-wise bounds are often available from the assumed structure
or prior estimation. For instance, when the true unknown matrix X is a correlation
matrix originating from a factor model, both of the prescribed bounds by, and bg

can be at most set to 1.

As coined by [98, 99|, the spectral operator F' is called the rank-correction
function and the linear term —(F(L), L) is called the rank-correction term. Ac-
cordingly, we call the operator GG the sparsity-correction function and the linear
term —(G(S),S) the sparsity-correction term. Hence, problem (5.6) or (5.7) is
referred to as the rank-sparsity-correction step. Moreover, if F' and G are chosen
such that ||L||, — (F (L), L)) and ||S[|; — (G(S), S) are both semi-norms, we call the
solution (L, §) to problem (5.6) or (5.7) the adaptive nuclear and ¢; semi-norms
penalized least squares (ANLPLS) estimator. Obviously, the ANLPLS estima-
tor (5.6) includes the NLPLS estimator (5.5) as a special case when F' = 0 and
G = 0. With the NLPLS estimator being selected as the initial estimator (L, S),
it is plausible that the ANLPLS estimator obtained from this two-stage procedure
may produce a better recovery performance as long as the correction functions F

and G are constructed suitably. In the next section, we derive a recovery error

2 A noiseless version of identifiability conditions is introduced in Section 4.2.
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bound for the ANLPLS estimator, which provides some important guidelines on
the construction of F' and G so that the prospective recovery improvement may

become possible.

5.2 Recovery error bound

In this section, we examine the recovery performance of the proposed rank-sparsity-
correction step by establishing a non-asymptotic recovery error bound in Frobenius
norm for the ANLPLS estimator. The derivation follows the arguments in [101, 79,
98, 99] for noisy matrix completion, which are in line with the unified framework
depicted in [102] for high-dimensional analysis of M-estimators with decomposable
regularizers. For the sake of simplicity, we only focus on studying problem (5.6) in
the following discussion. All the analysis involved in this section is also applicable
to problem (5.7) because the additional positive semidefinite constraints would

only lead to better recoverability.

Now we suppose that the true low-rank component L is of rank r and admits

a reduced SVD

where U; € O™, V; € O™*" and ¥ € IR™" is the diagonal matrix with the
non-zero singular values of L being arranged in the non-increasing order. Choose
U, and V5 such that U = [Ul, Uﬂ and V = [VI,VQ} are both orthogonal matrices.
Notice that U = V when L € S8?. Then the tangent space T (to the set {L €
Vmxn2 | rank(L) < 7} at L) and its orthogonal complement 7+ are defined in the
same way as (2.2) and (2.3). Moreover, the orthogonal projection Pz onto 7 and

the orthogonal projection Pr. onto T+ are given by (2.4) and (2.5).

Suppose also that S has k nonzero entries, i.e., |S||o = k. Let I' be the tangent
space to the set {S € V12| ||S||y < k} at S. Then I' = {S € V™"*"2 | guppg C
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suppg}, where suppg = {j[(0;,5) # 0,5 = 1,...,d} for all § € V™>*"2_ (cf.,
[32, Section 3.2] and [31, Section 2.3]). Denote the orthogonal complement of I" by
I't. Note that the orthogonal projection onto I' is given by Pp = Psupps and the
orthogonal projection Pr. onto I'* is given by Pr. = Psuppge-

We first introduce the parameters a; and ag, respectively, by

— =T

G.V! - F(L)|, and as ;:%HsignG)_G(é)HF. (5.8)

arg, -

1
Note that a;, = 1 and ag = 1 for the NLPLS estimator where F' = 0 and G = 0.
As can be seen later, these two parameters are very important in the subsequent
analysis since they embody the effect of the correction terms on the resultant

recovery error bound.

Being an optimal solution to problem (5.6), the ANLPLS estimator (L,S)

satisfies the following preliminary error estimation.

Proposition 5.1. Let (L,S) be an optimal solution to problem (5.6). Denote
AL = E—f, ﬁg =8-S and A := KL%—KS. For any given k;, > 1 and kg > 1,

if pr and pg satisfy

1
—RE d >
— Q(f)H and ps > Ksv

] I

o0

P = KLV
then we have

1 -~ V2 |~ 1N\, ~
| Ra(B)]; < puvr(ar + FTL> |B2ll + psVE(as + =) |Bs]| -

Rs

Proof. Since (L, S) is optimal and (L, S) is feasible to problem (5.6), it follows
from (5.3) that

R < (2Rafe). 8) = u (1. ~ 2], - (F10).5)

o pS(“ng o Hgﬂl B <G(S>’£S>>

T

(5.10)
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According to the Holder’s inequality and (5.9), we obtain that

<P (Pr@oll, +IPr-Boll.) + (||7>F H1+H7>m<ﬁs>H1)- (5.11)

From the directional derivative of the nuclear norm at L (see, e.g., [122]) and the

directional derivative of the ¢;-norm at S, we know that

__T ~

L= (PP ALy + || Pra( AL

.
Hglll—HSHI (sign(5), Ag) + [[Pr- ()],

This, together with the definitions of ay, and ag in (5.8), implies that

Ap) > <P1P1,AL>—|—HPTL L),AL)
> —||PP, - F HFHALHF+H% (A,
= —arVr||AL||, + [|Pre(An)],. (5.12)

and

1511, = 1S, = (G(8), As) = {sign(S) As> +PecBs)l, = (6(8),Bs)
> —sign(S) = G(9) o[ Asll - + [Pr- (Bs)]],
- —asmyzs||p+ 1P (B (5.13)

*]

~ 1 ~ 1 ~
+ ps {aS\/EHASHF P, - (1- /?S) Hm(AS)Hl] . (5.14)

By substituting (5.11), (5.12) and (5.13) into (5.10), we get that

1 ~ ~ 1 ~ 1 ~
| Ra@) < pu v Bell, + - PrBo, - (1= ) [P (B
Since rank(Pr(AL)) < 2r and ||Pr(Ag)|lo < k, we have that

IPr@oll, < VEIA, wd [Pe@l, < VEIBsl, (519

By combining (5.14) and (5.15) together with the assumptions that x;, > 1 and

ks > 1, we complete the proof. n
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As pointed out in [111], the nuclear norm penalization approach for noisy ma-
trix completion can be significantly inefficient under a general non-uniform sam-
pling scheme, especially when certain rows or columns are sampled with very high
probability. This unsatisfactory recovery performance may still exist for the pro-
posed rank-sparsity-correction step. To avoid such a situation, we need to impose
additional assumptions on the sampling distribution for the observations from JF°.

The first one is to control the smallest sampling probability.

Assumption 5.1. There exists an absolute constant py > 1 such that

1
> VjeFe
7T]_lulds J

Notice that py > 1is due to ) ;. m; = 1 and ds = |F*|. In particular, y; =1
for the uniform sampling. Moreover, the magnitude of p; does not depend on d,

or the matrix dimension. From (5.4) and Assumption 5.1, we derive that
(Qre(A),A) > (jud)) A2, YA € {A €V |RA(A) =0} (5.16)

For the purpose of deriving a recovery error bound from Proposition 5.1, it is
necessary to build a bridge that connects the term - |Ro(A)|2 and its expectation
(Qr:(A),A). The most essential ingredient for building such a bridge is the no-
tion of restricted strong convexity (RSC) proposed in [102], which stems from the
restricted eigenvalue (RE) condition formulated in [13] in the context of sparse lin-
ear regression. Fundamentally, the RSC condition says that the sampling operator
Rq is almost strongly convex when restricted to a certain subset. So far, several
different forms of RSC have been proven to hold for the noisy matrix completion
problem in [101, Theorem 1], [79, Lemma 12| and [98, Lemma 3.2]. However,
whether or not an appropriate form of RSC holds for the problem of noisy matrix
decomposition with fixed and sampled basic coefficients remains an open question.
We give an affirmative answer to this question in the next theorem, whose proof

follows the lines of the proofs of [79, Lemma 12] and [98, Lemma 3.2].
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Let € := {€1,...,€en} be a Rademacher sequence, that is, an i.i.d. sequence
of Bernoulli random variables taking the values 1 and —1 with probability 1/2.
Define

1
=E||—RE 1
Ir, HmRQ(e) (5.17)

1
d V¢ =E||—RE
an g Hm o(€)

oo
Theorem 5.2. Suppose that Assumption 5.1 holds. Given any positive numbers

b1, P2; q15 G2 and t, deﬁne

||ALH* < p1||ALHF +p2||AS||F, Ap € Ymxnz

K(p,q.t) = § A=A+ As | [Asy < qillAslr + qllAsllr, As € Vi,

RF(A) =0, [[Allee =1, |ALIE + |As][F = tuads

1
where p := (p1,p2) and q := (q1,q2). Denote Oy, == (93 p} + 93 p} + 94q] + 9%43) 2,
where ¥y, and g are defined in (5.17). Then for any 0, 7 and To satisfying

0>1, 0<mn <1l and 0<72<%, (5.18)

it holds that for all A € K(p,q,t),

71

ﬂlds

1 32
—[Ra(A)]5 = (Qre(A), &) = —— ([ ALF + [[As]IF) - T—zmdsﬁfn (5.19)

exp|—(71—072)%mt?/32]
1—exp[—(02—1)(11—072)?mt?/32]

constant ¢ > 0, the inequality (5.19) holds with probability at least 1 — [n1tng)~© if

1-2—(02-1)c

with probability at least 1 — In particular, given any

32clog(ni+na)
(11—0712)2m ~

taking t =

Proof. Let p1, p2, q1, g2 and t be any given positive numbers. For any 6, 7 and 7

satisfying (5.18), we will show that the event

LR~ (05-(2), 8)

1 32
(IALIE + 11As|lE) + T—Qﬂldsﬁfn

E:=<¢3 A€ K(p,q,t) such that

>
H1 ds




Chapter 5. Noisy matrix decomposition from fixed and sampled basis
80 coefficients

exp|[—(71—072)%mt? /32
1—exp[—(6%2—1)(m1—072)%mt2/32]"

happens with probability less than We first decompose

the set K(p,q,t) into

[e.9]

K(p,g,t) = U{AGK(nq,t)

j=1

1
Mlds

G <

(1ALI2 + [1As]2) < Gjt} |

For any s > t, we further define

K(p.g,t,s) i— {A € K(p.a,t) \ (1A% + |As]2) < } .

M1 ds

Then it is not difficult to see that F C U;; E; with

3 A € K(p,q,t,67t) such that

E.
2

! ; Mldsﬁgn

T2

= 1 )
L IRa(@)]B - (@x(8). )| > e+

Thus, it suffices to estimate the probability of each simpler event E; and then

apply the union bound. Let

Zg:=  sup
AEK(p,qpt,s)

L IRa(A) 2 - (@ (A), A>\ .

For any A € V"*"2the strong laws of large numbers and (5.4) yield that

m

L Ra(A)]F = (00, A) 5 E[(0,, A1) = (0 (8), A)

=1
as m — oo. Since ||A|lw = 1 for all A € K(p,q,t), it follows from (5.4) that for
all 1 <l <mand A € K(p,q,t),

(B A)? — E[(O,, A)?]| < max {(O,,,A)%, E[(6,,,A)?]} < 2.

Then according to Massart’s Hoeffding-type concentration inequality [17, Theorem
14.2] (see also [92, Theorem 9]), we know that

me?

]P)[ZS > E[ZS] + 5:| S exp (—3—2

) . Ve>0. (5.20)
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Next, we estimate an upper bound of E[Z,] by using the standard Rademacher sym-
metrization in the theory of empirical processes. Let {e1, ..., €, } be a Rademacher

sequence. Then we have

1 m
E[Z,] =E sup — (0, A)? 0., A)?
Z]=E| sw |0 Z 1 A)? —E[(Bu,, A)?]
_ Lo
< 2E sup — (0,,,A)?
| AeK(pgyt.s) | T Z l
<8]E_ 1§: (@ A‘_ SE <1R*()A>‘
= sup — wp» = sup - €)
_AEK(p,q,ts m l i A€K(p,g;t,s) m .

1 *
A+ 2Rat0

<8E| sup ) (HER*Q(G)

r|As||1)

_AEK(p,q,t,s
- . * 1 )

< 8E sup —RoE|AL|l +  sup —Ra(e)|| Aslh
_AEK(p,q,t,s) m A€K (p,g,t,s) 00
o 1.

< 8E || —Rg(e) sup  [|ALl« ) +8E || —Rg(e) sup  [[Agll ],
m A€K(p,q,t,s) m oo \AEK(p,q;t;s)

(5.21)

where the first inequality is due to the symmetrization theorem (see, e.g., [118,
Lemma 2.3.1] and [17, Theorem 14.3]) and the second inequality follows from the
contraction theorem (see, e.g., [87, Theorem 4.12] and [17, Theorem 14.4]). Notice
that for any u > 0, v > 0 and A € K(p,q,t, s),

18uds 5 oy | 1 T
e GRS A

dpnds 4 2 1
< —= —
=7 (u +v)—|—167'25,

ul| ALl +v||As|lF <

(1ALl + [1As])

where the first inequality is due to the inequality of arithmetic and geometric

means. From (5.21), (5.17), the definition of K(p,q,t) and the above inequality,
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we derive that

E[Z] <8 [ sup  Ip(pil|ALllr + p2l|Asllp) +  sup Ds(@llALllF + ¢2l|As| F)
A€K(p,q,t,s) AEK(p,q,t,s)

32 32
< T—,ulds (0707 + U705 + U%q; + 0%43) + Tos = T—uldsﬁfn + Tos. (5.22)
2 2

Then it follows from (5.22) and (5.20) that

2 2
Pz, > D32 a2 | <P|z, > E[ZS]+(E—¢2)3 < exp —(E - TQ> U
0 7 0 0 32
This, together with the choice of s = §7¢, implies that
1 .
P[E;] < exp [—3—292(3_1)(7'1 - 97’2)2mt2} .

Since 6 > 1, by using the simple fact that 67 > 1+ j(0 — 1) for any j > 1, we
obtain that

R ) S EY e

—gp(n — )t } ZGXP [—3%(] —1)(0° = 1)(n — (97'2)2mt21

_ exp [— (11 — 072)? t2/32]
1 —exp[—(0%2 — 1)(r; — 0712)?>mt2/32]

In particular, for any given constant ¢ > 0, taking t = w yields that
(11—072)%*m

exp [ (71 — 07)*mt?/32] _ (n1+mng)~° < (n1 +ng)™°
1—exp [—(62 — 1)(m1 — 072)?mit2/32] 1 — (ny +ng)~(*-De = 1 —2-(@*-1)e’

The proof is completed. O

Thanks to Theorem 5.2, we are able to derive a further error estimation from
Proposition 5.1. Here we measure the recovery error using the joint squared Frobe-
nius norm with respective to the low-rank and sparse components. The derivation

is inspired by the proofs of [79, Theorem 3| and [98, Theorem 3.3].



5.2 Recovery error bound 83

Proposition 5.3. Suppose that (E, §) is an optimal solution to problem (5.6). Let
AL =1 —L, 35 =S5 -5 and A := AL +35. Then under Assumption 5.1, there
exist some positive absolute constants cy, ¢, co and Cy such that if py and ps are

chosen according to (5.9) for any given k;, > 1 and kg > 1, it holds that either

ALl + ||As|)?
Bl IS g, 0, B0

3 2 3 2
8]y ¢ As] < Coﬂfds{cg [p%7"<aL + \K,/_f)z +P§k‘<a5 + K,is>2]

+19%(bL+bs)2< KL )2 {T(GL+\/§)2+k(z—i>2<aS+i>2}

Kk — 1 Kg

+ max {ﬁfq(bL + bg)?, MZ%%ZQ} ( ns )2 [r(p—L)Q(aL + ﬁf +k(ag + 1)

s) \rsg—1 ps KL

}

with probability at least 1 — c¢q(ny + ng) =2, where ¥, and Yg are defined in (5.17).

Proof. With the choices of p;, and pg in (5.9), we get from (5.14) that

max {pL (1 - K_1L> HPTL(AL)

. 1 N
< P <aL\/F||ALHF + /{_LHPT<AL)

v PS<1 - é) HPFL(AS)Hl}

~ 1 ~
) + ps (a5 VR Bsl, + PeBs)l, ),

which, together with (5.15), implies that

~ K ~ p 1 ~
AL, < . L 1 |:\/F(CLL +V2)|| AL + \/Ep—i(ds + f<;_5> HASHF:|’

7 (5.23)
~ K ) ~ ~

136l < 2 [P (a4 2 JAal + VEas + 1) A |

Let b := ||£||Oo Then it follows from the bound constraints on the low-rank and

sparse components that

b < | ALlloo + [ As]loo < 2(by + bs).
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For any fixed constants ¢ > 0 and 6, 7y, 7, satisfying (5.18), it suffices to consider

the case that

32clog(ny + no)
(11 — 019)%>m

B+ sl 2 Ezulds\/

32clog(ni+na)
(11—0712)%2m

In this case, we know from (5.23) that A/ZA) € K(p,q,t), where t =

and p = (p1,p2) and ¢ = (q1, ¢2) are respectively given by

1
p1 = \/F(GL + \/5) K:i 1’ D2 = \/Ep_s (as + —> il

kg/ kp — 1’
/s PL S5/ KL (5.24)
K KR
o P D) ) 2
Ps Ry, Iis—l Iis—l

1
Let 0y, := (V3pi+93p3+9%q7+0U%¢3)?, where 97 and ¥ are defined in (5.17). Due

to (5.16) and Theorem 5.2, we obtain that with probability at least 1 — %,

1A
d,

2
<M ~ ~ 32 A
E < U ra@) 4 2 (1R + 1Bs]2) + e 625)

According to Proposition 5.1, we have that
B R B < 2o (on + L2 [Bull, + 2oV (as + L) [Bs],

2d, 2 1\2
< # [pir (aL + £) + p%k:(ag + —>
73 KL Ks

T ~ ~
+ d—i(HALHi +3s]3). (5.26)

where the second inequality results from the inequality of arithmetic and geometric
means, and 73 is an arbitrarily given constant that satisfies 0 < 73 < (1 —7)/2. In

addition, since HALHOO < 2by,, we then derive from (5.23) that

JAIE = 1Al + (1357 = 20 Acll N Asl,
> || All7 + 135 ] — 4b (@l Ae] - + aol|As]) )

N N A . N
> || ALy + [1As] — —Vi(at +a3) = (827 +113s]7).  (5:27)

where the third inequality is a consequence of the inequality of arithmetic and
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geometric means. Combining (5.25), (5.26) and (5.27) gives that

8 2+ 3 2 2
ERES oS ){1[pﬂ(m£> +psk<a5+i>2]

d 1-— (71 + 273 Ks
32 4
e
Recall that 92, = 9% p? + 9% p2 +9%¢7 +9%q3. By plugging this together with (5.24)
into the above inequality and choosing 7, 75, 73 and # to be absolute constants, we

complete the proof. O

Next, we need the second assumption on the sampling distribution, which

controls the largest sampling probability for the observations from F°.

Assumption 5.2. There exists an absolute constant o > 1 such that

Observe that po > 1 is a consequence of » . .7, = 1 and d; = |F°|. In

jeFe
particular, pus = 1 for the uniform sampling. Moreover, the magnitude of us is
independent of ds or the matrix dimension. By using (5.4) and the orthogonality

of the basis ©, we obtain that for any Z € V™ xn2,

1Q7(D)I% = D 73(0;,2) 1,17
JEFC
<%%%€7K%Z>—%%ﬁﬂPn@m%éggﬁﬂﬂ&
] C

which, together with Assumption 5.2, gives that

Qe

2
< < 2 5.28
< maxm; < (5.28)

S

In order to obtain probabilistic upper bounds on ||--R§(€)[| and || =RE(E) |l

so that the penalization parameters p;, and pg can be chosen explicitly according to
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(5.9), we assume that the noise vector £ are of i.i.d. sub-exponential® entries. This

will facilitate us to apply the Bernstein-type inequalities introduced in Section 2.2.

Assumption 5.3. The i.i.d. entries & of the noise vector & are sub-exponential,
i.e., there exists a constant M > 0 such that ||§|y, < M for alll = 1,...,m,

where || - ||y, is the Orlicz 11-norm defined by (2.1).

Let e denote the exponential constant. We first provide probabilistic upper
bounds on [|--R§,(€)]| and its expectation, which extend [79, Lemma 5 and Lemma
6] to allow the existence of fixed basis. Similar results can be found in [83, Lemma

2], [101, Lemma 6] and [98, Lemma 3.5].

Lemma 5.4. Under Assumption 5.2 and 5.3, there exists a positive constant C4

that depends only on the Orlicz 1y -norm of &, such that for every t > 0,

)

| < Cuma \/ o+ ol + )] o)+ oo + )

1
—RE
|-Rite
with probability at least 1—exp(—t), where N := max{nji,ny} andn := min{ny, ns}.

Moreover, when m > (dslog®(n)log(n + n2)) /(uaN), we also have that

1 2epa N 1
o e

md,

Proof. Recall that Q@ = {w;}]", are i.i.d. copies of the random variable w with
probability distribution II over F¢. For [ = 1,...,m, define the random matrix
Z,, associated with w; by

Zwl = él@wl.

Then Z,,,...,Z,, areiid. random matrices, and we have the following decom-

position

1, I & I &
Enﬂ(f) = EZ&@M ~m ZZ“Z'
=1 =1

3See Definition 2.1 for the definition of a sub-exponential random variable.
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Notice that & and ©,, are independent. Since E[{] = 0, we get that E[Z,,| =
E[&)E[©,,] = 0. Moreover, ||©,,||r = 1 implies that

12l < 1 Zeillr = 1&l11OullF = 1

which, together with Assumption 5.3, yields that

11Zallll., < €l < M.

I,

In addition, it follows from E[¢?] = 1 that
E: (|| 2] <E3[e]] = 1.

Furthermore, using E[¢?] = 1 and the independence between & and ©,, gives that

Z ;0,07

jEFe
e max{ny, no}

ds ’

(20 2. ]| = B[00 0. || = |[E[0.6.]] =

Wi “wy 1

> o067

jeFe

< max; <

jEFe

where the first inequality results from the positive semidefiniteness of @j@f, and
the second inequality is a consequence of (4.1), (4.2) and Assumption 5.2. A similar
calculation also holds for |E[Z] Z,]||. Meanwhile, since Tr(d e re m,0,07) =
Tr(3 e re 0] 0;) = L due to -,z m; = 1 and [|©;]|F = 1, we have

> w007 ||| X 6] e,
Therefore, we know that \/1/ min{ny,ny} < ¢ < \/ug max{ny,ny}/ds and K; =

I

W~ wy ?

maX{HE[Z ZT}

E[Z5Z.]||} = max{

1
- min{nl, TLQ} .

jeFe jeFe

max{M,2}. By applying Lemma 2.6, we complete the first part of the proof.

The second part of the proof exploits the formula E[z] = 0+°° P(z > z)dz for

any nonnegative continuous random variable z. From the first part of Lemma 5.4
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together with a suitable change of variables, we can easily derive that

ds )
(ny + n2) exp (— mn 72> , i T <77,

1 CQIMQN
i [H—Rg(g)“ > T} < ' (5.29)
m
(ny + n2) exp (—Cl%g(n)r) I o
where 7* M By using the Holder’s inequality, we get that

" dslog(n)

2log(n1+nz) W
(5.30)

E H%RE(E)

EH%R&(&)H <

Denote ¢, := C:Q”liSN and ¢ :=

B tra| <{ [ P {H%Rm
<+e {/%oexp <—¢17m> dr +/
0

=Ve [log(nl +n9)py BT (log (1 + ny))

. Combining (5.29) and (5.30) yields that

1
1 2log(ny+ng)
> g2log(ni+na) | dr

—+00

1
exp <_¢27-210g(n1+n2)> dr

Ch log

1
:| 2log(ni+ng)

1
+ 210g(n1 +n )¢ 210g(n1+n2)r(2 log(nl + n2))i| 2log(n1+n2)‘ (531)

Since the gamma function satisfies the inequality (see, e.g. [78, Proposition 12]):

['(z) < (g)xl, Va>2,

we then obtain from (5.31) that
1 — log(n n —log(n n
EHER;Z@)H < .e [log(nl +n2>10g(n1+n2)¢1 log(n1+n2) 91-log(n1+nz)
1
+ 21og (1 + ny)? 08 Tra) gy 2los(m el | FEELE,

Observe that m > (dslog®(n) log(ni+ns)) /(12 N) implies that ¢; log(ni+ny) < ¢3.

Thus, we have

—’R 2elog(ng +ny) o 2eps N log(ny + no)
Q o ¢1 ! mds ,

provided that log(n; + ng) > 1. This completes the second part of the proof. [
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By choosing ¢ = ¢3log(n; + n9) in the first part of Lemma 5.4 with the same

¢o in Proposition 5.3, we achieve the following order-optimal bound

(14 co)paNlog(ny + na) (1 + o) log(n)log(ny + ns)

md, ’ m

H%R;;@H < O\ max \/

with probability at least 1 — (ny + ng)~%. When the sample size satisfies

. (1 + c3)d,log?(n)log(ny + ns)

the first term of the above maximum dominates the second term. Hence, for any

given kz > 1, we may choose

1 N1
oy — OmLu\/< + c2) 2N log(n1 + no)
md,
In addition, note that Bernoulli random variables are sub-exponential. Thus, the

second part of Lemma 5.4 also gives an upper bound of ¥, defined in (5.17).

We then turn to consider probabilistic upper bounds on || 2R (€)]|« and its
expectation. As a preparation, the next lemma bounds the maximum number
of repetitions of any index in €2, which is an extension of Proposition 4.5 to the

non-uniform sampling model under Assumption 5.2.

Lemma 5.5. Under Assumption 5.2, for all ¢ > 0, if the sample size satisfies

m < £(1+ ¢)d,log(2n1ns) /2, we have

8
IRGRa — mQre| < 5(1 + ¢) log(2n1ns2)

with probability at least 1 — (2n1ng)~¢. Consequently,

8 16
||R6RQ” S m||Q;c -+ —(]. + C) log(2n1n2) S ?“. + C) log(2n1n2).

3

Proof. Let w be a random variable with probability distribution II over F¢. Define

the random operator Z, : V"1 *"2 — Y"1 x"2 gggociated w by

Z,(72):=(0,,2)0, — Qr(Z), ZeV¥mxnz,
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According to (5.2), we have the following decomposition

m m

RoRo —mQre = ((O4,)0u, — Qre) = Y Z,,.

1=l =l

By using (5.4), we can check that
E[Z,] =0 and |Z,|<1=: K.

Observe that Z, is self-adjoint, i.e., Z} = Z,. Then a direct calculation shows
that for any Z € Y1xn2,

Z52,(7) = 2,25(2) = (1 - 2m,)(0,, 2)0, + Y _ 748, 2)6);.

jeFe

Therefore, we obtain that

E(2;2,) =E[Z,25] = ) m(l—m;)(0;,-)6;,

jeFe

which, together with Assumption 5.2, yields that

2

IE[ZS2u]l| = B2, 20| < maxm;(1 —m;) < = = ¢%

ol

Let t* := 2(1+c)log(2nins). If m < §(1+c)d,log(2niny)/ s, then t* > m7§2 From

Lemma 2.5, we know that

2 Za

=1

3t*

> t*] < 2n1n9 exp (_§?> < (2n1ng) ¢

Since m|| Q|| < ™2 < 5 8(1+4c)log(2n1ny) from (5.28), the proof is completed. [

By using Assumption 5.3 and Lemma 5.5, we derive probabilistic upper bounds

on [|£R(€)|ls and its expectation in the following lemma.

Lemma 5.6. Under Assumption 5.3 and the assumptions in Lemma 5.5, there
exists a positive constant Cy that depends only on the Orlicz 11-norm of &, such

that for every t > 0 and every ¢ > 0,

H_RQ H - ¢ max { \/(1+c)log(2n1n2)[t—|—10g(n1n2)] t+10g(n1n2)}

m2 ’ m
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with probability at least 1 — 2 exp(—t) — (2n1ny)~¢. Moreover, it also holds that

1., log(3e) + log(2n1n
| Lrye)| <yl ostnes)

00 m

Proof. For any index (7, 7) such that 1 <i < mn;, 1 < j < ny and (0;);; # 0 for
some [ € F¢, let w” := ((Oy,)ijy-- - (Ou, )ij)T € R™. From Lemma 2.4, we know

that there exists a constant C' > 0 such that for any 7 > 0,

A _ m27? mT
P[EZU)Z]& < 2exp {—Cmm( )]

M2 wi R Ml
Recall that € is the multiset of indices sampled with replacement from the unfixed

> T

index set F¢ with dy = |F¢|. By taking a union bound, we get that

P [H%Rg(f)“ > 7':| < 2d exp [—Cmin ( mr T )] ,

M?max ||[w |2’ M max ||w¥ ||«

where both of the maximums are taken over all such indices (i, 7). Denote the
maximum number of repetitions of any index in 2 by mpya,. Evidently, mpa, <

IRERall. According to Lemma 5.5, for every ¢ > 0, it holds that

. 16
max w3 < Mumax < [RGRall < 5 (1+¢)log(2niny)

with probability at least 1 — (2n;n,)~¢. Also note that max ||w"||,, < 1. By letting

3 2.2
—t:= —C'min < T m) + log(nins)

16M?2 (14 ¢)log(2ning)’” M

m27? mr

> —(C'min ( ) + log(dS)v

M2 max ||w |3’ M max ||w¥ ||«

we obtain that with probability at least 1 — 2exp(—t) — (2n1n2) ¢,

H % R g)ng M s { \/16(1+c) log(2miny)[t + log(mna)] 1 t—i—log(nlng)}.

3C m?2 C m

Then choosing a new constant Cy (only depending on the Orlicz ¥1-norm of §) in

the above inequality completes the first part of the proof.
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Next, we proceed to prove the second part. By taking ¢ = ¢/log(2n;ny) and
7 = Cylt + log(2n1ny)]/m in the first part of Lemma 5.6, we get that

1, if <717,
<

? el -

[e.e]

m .
3exp |:—57' + 10g(2n1n2)] , if 7> 77,
2

where 7* := Cy[log(3) +1log(2n1ny)|/m. Recall that for any nonnegative continuous

random variable z, we have E[z] = f0+oo P(z > z)dz. Then it follows that

1 too
E H—RE H / dr —|—/ 3exp { —T+ log(2n1n2)} dr
m

Cylog(3) + log(2nins)] LG Cz _ o, log(3e) + log(2n1ns)
— — = = N ’

which completes the second part of the proof. n

To achieve an order-optimal upper bound for || =R (€], We may take t =
co log(2n1mns) and ¢ = ¢y in the first part of Lemma 5.6, where ¢y is the same as

that in Proposition 5.3. With this choice, it follows that

log(2
H_RQ H <CQ(1+02)M

with probability at least 1 — 3(2n1ny)~“. Thus, for any given kg > 0, we may set

log(2nin
ps e 02(1 + CQ)FLSV%.

Furthermore, since Bernoulli random variables are sub-exponential, the second part

of Lemma 5.6 also gives an upper bound of ¥g defined in (5.17).

Now, we are ready to present a non-asymptotic recovery error bound, mea-
sured in the joint squared Frobenius norm, of the ANLPLS estimator for the prob-
lem of noisy low-rank and sparse matrix decomposition with fixed and sampled
basis coefficients under the high-dimensional scaling. Compared to the exact re-

covery guarantees, i.e., Theorem 4.3 and Theorem 4.4, in the noiseless setting, this
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error bound severs as an approximate recovery guarantee for the noisy case. Let ay,
and ag be the parameters defined in (5.8). Below we first define three fundamental
terms that compose the recovery error bound

2rN1 kdglog?(2
T, = <\/§+ GLRL> r og(:; + n2) n (1 . CZSHS)2 ogm(2 ning)

;

?

2 N1 4+ 1+ % kd, log?(2
Yy i o (V3 ) OB ”%( ) 08 (2mna) (5. 9)

2 )
m Kr, m

kd,log*(2
+ (1 ‘|‘a5’)2 0g ( n1n2>

m m2

V2 +arkg ) rNlog(ny + ns)
T3 := po .

Theorem 5.7. Let (L, S) be an optimal solution to problem (5.6). Denote Ay, :=
L—L and Ag := 5—S. Define dy := |F¢|, N := max{ni,ns} andn := min{ni, ny}.
Under Assumption 5.1, 5.2 and 5.3, there exist some positive absolute constants
ch, €y, &, ¢y and some positive constants Cf), C, Cy (only depending on the Orlicz
W1-norm of &) such that when the sample size satisfies

d,log®(n)log(ny 4 ny)
paN ’

m > c

if for any given Kk > 1 and kg > 1, the penalization parameters pp and pg are

chosen as

N1 log(2
oL = C’LnLu\/MQ Og(nl + nz) and  pg = Cg/fSV og( n1n2)
md, m

Y

then with probability at least 1 — ¢, (ny +ny)~%, it holds that either

HAL”;; ||£SH§7 S C[/),ul(bL + b5)2 1Og(n1 + 712)
s m

2 2
Ry, T2 i Rs Tg
Ry — 1 RS — 1

or

|22l + 1Al
d,

< C(’)M%{CI(Q)VQ T + (by, + bs)?

b

where Y1, Yo and Y3 are defined in (5.32).
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Proof. From Lemma 5.6, we know that J¢ = O(log(2n1ns)/m), whose order dom-
inates the order of 1/ds in the high-dimensional setting. Then the proof can be
completed by applying Proposition 5.3, Lemma 5.4 and Lemma 5.6. O

As can be seen from Theorem 5.7, if the parameters ay, and ag defined in (5.8)
are both less than 1, we will have a reduced recovery error bound for the ANLPLS

estimator (5.6) compared to that for the NLPLS estimator (5.5).

5.3 Choices of the correction functions

In this section, we discuss the choices of the rank-correction function F' and the
sparsity-correction function G in order to make the parameters a; and ag defined
in (5.8) both as small as possible.

The construction of the rank-correction function F' is suggested by [98, 99].

First we define the scalar function ¢ : R — IR as

2"

(t) := sign(t)(1 + gT)Wv t € R,

for some 7 > 0 and ¢ > 0. Then we let F' : V™*"2 — Y™x"2 he a spectral

operator? defined by
F(Z):=UDiag(f(c(2)))V", ¥V Zeymxm
associated with the symmetric function f :IR"™ — IR"™ given by

) ¢(i>, if € R\ {0},

[e/P
0, if z=0,

where Z admits a singular value decomposition of the form Z = U Diag(a(Z ))VT,

o(Z) = (01(2),... ,an(Z))T is the vector of singular values of Z arranged in the

4We refer the reader to [40, 41] for the extensive studies on spectral operators of matrices.
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non-increasing order, U € O™ and V € O™ are orthogonal matrices respectively
corresponding to the left and right singular vectors, Diag(z) € V" *"2 represents
the diagonal matrix with the j-th main diagonal entry being z; for j = 1,...,n,
and n := min{ny,ne}. In particular, when the initial estimator is the NLPLS
estimator (5.5), we may adopt the recommendation of the choices € ~ 0.05 (within
0.01 ~0.1) and 7 = 2 (within 1 ~ 3) from [99]. With this rank-correction function

F, the parameter a;, was shown to be less than 1 under certain conditions in [99].

Enlightened by the above construction of the rank-correction function F', we
may construct the sparsity-correction function G as follows. First we define the

operator Ry : V1*"2 — IR? as
Ra(Z) = ((01,2),...,(04,2))", Ze V.
Then we let G : V"1*7"2 — Y1X72 he the operator
G(2) = Rylg(Ru(2))), 7 € v

generated from the symmetric function g : R — IR? given by

¢( % ) if z € R4\ {0},

12l
0, if z=0,

gj(2) =

where R : RY — V"X ig the adjoint of R4 However, so far we have not

established any theoretical guarantee such that the parameter ag < 1.



Chapter

Correlation matrix estimation in strict

factor models

In this chapter, we apply the correction procedure proposed in Chapter 5 to cor-
relation matrix estimation with missing observations in strict factor models where
the sparse component is diagonal. By virtue of this application, the specialized
recovery error bound and the convincing numerical results validate the superiority

of the two-stage correction approach over the nuclear norm penalization.

6.1 The strict factor model

We start with introducing the strict factor model in this section. Assume that an

observable random vector z € IR™ has the following linear structure
z = Bf +e, (6.1)

where B € IR™™" is a deterministic matrix, f € IR" and e € IR" are unknown
random vectors uncorrelated with each other. In the terminology of factor analysis

(see, e.g., [86, 93]), the matrix B is called the loading matrix, and the components

96



6.2 Recovery error bounds 97

of the random vectors f and e are referred to as the common factors and the
idiosyncratic components, respectively. For the purpose of simplifying the model
(6.1), the number of the hidden common factors is usually assumed to be far less
than that of the observed variables, i.e., » < n. In a strict factor model, we
assume further that the components of e are uncorrelated. This, together with the

uncorrelation between f and e, implies that the covariance matrix of z satisfies
cov(z] = Beov|[f]B? 4 covle],

where Beov[f|BT € 8" is of rank r and covle] € S” is diagonal. Therefore, such a
“low-rank plus diagonal” structure should be taken into account when estimating

correlation matrices in strict factor models.

6.2 Recovery error bounds

Let X € 8% be the correlation matrix of a certain observable random vector z € IR”
obeying the strict factor model (6.1), with the low-rank component L € S7 and

the diagonal component S € St

Based on the observation model (5.1), we aim to estimate the unknown corre-
lation matrix X and its low-rank and diagonal components (L, S) via solving the
following convex conic optimization problem

min %Hy —Ra(L+ 9|3+ pr{l, — F(L), L)
(6.2)

st. diag(L+95)=1, LeS}, SeSnD",
where ' : 8" — 8" is a given rank-correction function, L € 8" is an initial
estimator of the true low-rank component L, diag : S — IR™ is the linear operator
taking the main diagonal of any given symmetric matrix, and D® C S™ is set of
all diagonal matrices. Clearly, problem (6.2) can be considered as a specialized

version of problem (5.7) for strict factor models with the penalization parameter
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ps being chosen as 0, because the true sparse component S is known to be diagonal.
In addition, as a result of the diagonal dominance of matrices in 87, the bound
constraints in problem (5.7) for establishing recovery error bounds are no longer

needed in problem (6.2).

Notice that the fixed index set F and the unfixed index set F¢ are now corre-
sponding to the diagonal and the off-diagonal basis coefficients, respectively. Thus,
ds := |F°| = n(n—1)/2. Since the multiset of indices €2 is sampled from the unfixed
index set F¢, we can equivalently reformulate problem (6.2) as

min 2y~ Ra(L)3 + pudl — F(E), L)
(6.3)

s.t. diag(L) <1, L e S?,
in the sense that L solves problem (6.3) if and only if (L, S) solves problem (6.2)
with diag(S) = 1 — diag(L). As coined by [98, 99], any optimal solution L to
problem (6.3) is called the adaptive nuclear semi-norm penalized least squares
(ANPLS) estimator. By following the unified framework discussed in [102], the
specialized recovery error bound for problem (6.3) can be derived in a similar
but simpler way to that in Theorem 5.7. It is worth mentioning that analogous
recovery results have also been established in [101, 79, 98, 99] in the context of

high-dimensional noisy matrix completion.

Theorem 6.1. Let L be an optimal solution to problem (6.3). Denote dy := | F*| =
n(n—1)/2. Under Assumption 5.1, 5.2 and 5.3, there ezist some positive absolute
constants ¢y, ¢y, cy, ¢y and some positive constants C, C (only depending on the

Orlicz v1-norm of &) such that when the sample size satisfies

d,log*(n) log(2n)

H2n ’

/
m > cg
if for any given kg > 1, the penalization parameter pr, is chosen as

ftan log(2n)

!
pL = UrRLV
mds
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then with probability at least 1 — ¢, (2n)~, it holds that

(=
d,

2
log(2
< C’é/ﬁﬂz CI§V2(\/§+ CLLHL)2 + ( il ) (\/§+ aLﬂ et O:i( n),

IQL—l

where ay, is the rank-correction parameter defined in (5.8).

As pointed out in [99, Section 3], if a; < 1, the optimal choice of k1 to
minimize the constant part of the recovery error bound for problem (6.3) satisfies
kr = O(1/\/ar). Suppose that L is chosen to be the nuclear norm penalized
least squares (NPLS) estimator on the first stage, where F' = 0. According to
the relevant analysis given in [99, Section 3|, with this optimal choice of K, the
resultant recovery error bound for the ANPLS estimator on the second stage can
be reduced by around half. This reveals the superiority of the ANPLS estimator
over the NPLS estimator. Furthermore, when sz, = 1/\/az, and a;, — 0, it follows

from Theorem 6.1 that the recovery error bound for problem (6.3) becomes

L-T|
H HF S206#?#2(0/(2)V2‘f‘l)nrlog@n)-

i = (6.4)

On the other hand, if the rank of the true low-rank component L is known
or well-estimated, we may incorporate this useful information and consider the
rank-constrained problem

1 2
min 21y~ Ra(L)
(6.5)
s.t. diag(L) <1, rank(L) <r, L € S}.
By means of the unified framework studied in [102], the following recovery result

for problem (6.5) can be shown in a similar but simpler way to Theorem 5.7.

Theorem 6.2. Under Assumption 5.1, 5.2 and 5.3, any optimal solution to the
rank-constrained problem (6.5) satisfies the recovery error bound (6.4) with the

same constants and probability.
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This interesting connection demonstrates the power of the rank-correction
term — the ANPLS estimator is able to meet the best possible recovery error bound
as if the true rank were known in advance, provided that the rank-correction func-
tion F and the initial estimator L are chosen suitably so that F (L) is close to
UlvlT and thus a;, < 1. In view of this finding, the recovery error bound (6.4) can

be regarded as the optimal recovery error bound for problem (6.3).

Next, we consider the specialized recovery error bound for problem (6.2), which

is an immediate consequence of Theorem 6.1.

Corollary 6.3. Let (L, S) be an optimal solution to problem (6.2). With the same

assumptions, constants and probability in Theorem 6.1, it holds that
~ J— 2 A~ J—
IZ — Z|[- + 115 = 513
ds

2
log(2 4
< Chpl o c’gu2(\/§+ aL/-;L)Q + (K:i 1) (\/5 + aL)Q} m’#g(n) i d_n

Proof. From the diagonal dominance of matrices in 8%, we know that I1S=35|r <
1S][F + |IS]|» < 24/n. Due to the equivalence between problem (6.2) and problem
(6.3), the proof follows from Theorem 6.1. O

6.3 Numerical algorithms

Before proceeding to the testing problems, we first describe the numerical algo-
rithms that we use to solve problem (6.3) and problem (6.5). Specifically, we apply
the proximal alternating direction method of multipliers to problem (6.3) where
the true rank is unknown, and the spectral projected gradient method to problem

(6.5) where the true rank is known.
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6.3.1 Proximal alternating direction method of multipliers

To facilitate the following discussion, we consider a more general formulation of

problem (6.3) given by

1
min S| A(Y) = 0[5 +(C,Y)

2 (6.6)
st. B(Y)—deQ, Y eSt,

where A : 8" — IR™ and B : S® — R! are linear mappings, b € IR™ and d € IR!
are given vectors, C' € 8" is a given matrix, and Q := {0}1 x ]le with [} + 1y = [.

Notice that problem (6.6) can be equivalently reformulated as
oL
min 2 Jel3 + (V)
s.t. (V) — = : (6.7)

Yes§l, reR" 2€0,

where x € IR™ and z € Q are two auxiliary variables. By a simple calculation, the

dual problem of problem (6.7) can be written as

1
max (b,n) + (d,() — 5”77”%
st C—A() —B()—A =0, (68)
Ae S, nelR™, (e QF,

where Q* = R" x Ile is the dual cone of Q.

We next introduce the proximal alternating direction method of multipliers
(proximal ADMM) as follows. The interested readers may refer to [58, Appendix B
and references therein for more details on the proximal ADMM and its convergence

analysis. Given a penalty parameter § > 0, the augmented Lagrangian function
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of problem (6.7) is defined by
1
g B
FOIAY) b+ D BY) — = — d

The basic idea of the classical ADMM [63, 60] is to minimize Lg with respect to
(x,z) and then with respect to Y, followed by an update of the multiplier (7, ().
While minimizing with respect to (x, z) admits a simple closed-form solution, min-
imizing with respect to Y does not have an easy solution due to the complicated
quadratic terms. For the purpose of eliminating these complicated terms, the prox-
imal ADMM introduces a proximal term when minimizing with respect to Y. In

detail, the proximal ADMM for solving problem (6.7) consists of the iterations

( . . . . .

(ZE]_H,ZJ—H) = argmin Lg(Y7, z, 207, (7),
zelR™, 2€Q

. L .
Y= arg min Ly (Y LT, )+ SIY =Yl
+

P = =y BAYIH) — 2t ),

\ Cj+1 — Cj _ ,YB(B(Yj+1) — It d),
where v € (0, (14-/5)/2) is the step length, S is a self-adjoint positive semidefinite
(not necessarily positive definite) operator on S", and || - ||s := (-, S(+)). In order

to “cancel out” the complicated term §(.A*A+ B*B) so that the update for Y can

be implemented easily, we may choose

1 1
S := SI — B(A* A+ B*B) with 5 > B A" A+ B*B|| > 0,
where || - || denotes the spectral norm of operators. With such choices of v and

S, we know from [58, Theorem B.1] that {(Y”7,27,27)} converges to an optimal
solution to the primal problem (6.7) and (77, ¢’) converges to an optimal solution

to the dual problem (6.8). It is easy to see that (z,z) can be directly computed by

. 1
IJ-H _

=175 [B(A(Yj) — b) — 773} and 2T =Tlg (B(Yj) —d— %Cj)a
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where Ilg is the metric projector over Q. Then Y can be explicitly updated by
1 .
Y = 5H3¢(GJ),
where ILs» is the metric projector over St and
G = A () + BA* (27T 4+ b) + B*({) + BB* (27T +d) — C + S(Y7).

For the purpose of deriving a reasonable stopping criterion, we construct the dual

variable A/ at the j-th iteration as

N o= %Yj“ -G

Then A/ = Tls»(G7) — G’ = 0. Moreover, a direct calculation yields that

A= €= A = B (¢) = N

= S(YT YT 4B b+ T~ A(Y)) 4 BB (d 4 2T B(YY)).

In our implementation, we terminate the proximal ADMM when
max{R%, R},/2, RL} < tol,

where tol > 0 is a pre-specified accuracy tolerance and

,
. \/ JA(Y9) = 29 — blj3 + 1B(Y?) — 0 — ]
g’ maxc {1, [o[}3 + [[4]5}
{ Rj — ||AJ||F + dlSt(<J7Q*)
2 max (L IA0), B (@]} max {1, [d]]
Rl dist(B(Y?) — d, Q)
\ max {1, ]}

respectively measure the relative feasibility of the primal problem (6.7), the dual
problem (6.8) and the original problem (6.6) at the j-th iteration, and dist(-,-)

denotes the point-to-set Euclidean distance. It is well-known that the efficiency
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of the proximal ADMM depends heavily on the choice of the penalty parameter
B. At each iteration, we adjust 3 according to the ratio R} /RJ, in order that R},
and R}, decrease almost simultaneously. Specifically, we double 8 if R%/R}, > 3
(meaning that RJ, converges too slowly), halve § if R} /R’ < 0.1 (meaning that

jo converges too slowly), and keep  unchanged otherwise.

6.3.2 Spectral projected gradient method

By using a change of variable L = Y'Y with Y € IR"™*", we can equivalently

reformulate the rank-constrained problem (6.5) as

1
min A(Y) = <||Ho (Y'Y — O)|%
2 (6.9)
st. YeR™, ||Y;.<1, j=1,...,n,

where H € 8™ is the weight matrix such that HoHoZ = R§Ra(Z) for all Z € 8™,
C € 8" is any matrix satisfying H o H o C' = R§(y), and Yj is the j-th column of
Y for j =1,...,n. Denote B"”*" :={Y e R”"|||Yj]s <1, j=1,...,n}. From
the definition of the weight matrix H, we can see that diag(H) = 0. Therefore, we

may assume diag(C') = 1 without loss of generality.

The spectral projected gradient methods (SPGMs) were developed by [14]
for the minimization of continuously differentiable functions on nonempty closed
and convex sets. This kind of methods extends the classical projected gradient
method [65, 88, 12| with two simple but powerful techniques, i.e., the Barzilai-
Borwein spectral step length introduced in [9] and the Grippo-Lampariello-Lucidi
nonmonotone line search scheme proposed in [67], to speed up the convergence. It
was also proven in [14] that the SPGMs are well-defined and any accumulation point
of the iterates generated by the SPGMs is a stationary point. For an interesting
review of the SPGMs, one may refer to [15].
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When using the SPGMs to solve problem (6.9), there are two main com-
putational steps. One is the evaluation of the objective function A(Y') and its
gradient VA(Y) = 2Y[H o H o (Y'Y — C)]. The other is the projection onto
the multiple ball-constrained set B"™*™. Since these two steps are both of low
computational cost per iteration, the SPGMs are generally very efficient for prob-
lem (6.9). This explains why, as recommended by [16], the SPGMs are among
the best choices for problem (6.9). The code for the SPGM (Algorithm 2.2 in
[14]) implemented in our numerical experiments is downloaded from the website

http://www.di.ens.fr/~mschmidt/Software/thesis.html.

6.4 Numerical experiments

In this section, we conduct numerical experiments to test the performance of the
specialized two-stage correction procedure when applied to the correlation ma-
trix estimation problem with missing observations in strict factor models. In our
numerical experiments, we refer to the NPLS estimator and the ANPLS estima-
tor as the nuclear norm penalized and the adaptive nuclear semi-norm penalized
least squares estimators, respectively. Both of these two estimators are obtained
by solving problem (6.3) via the proximal ADMM with different choices of the
rank-correction function F', the initial point lol, and the accuracy tolerance tol.
For the NPLS estimator, we have F' = 0 and take tol = 107°. For the ANPLS
estimator, we construct I according to Section 5.3 with ¢ = 0.05 and 7 = 2,
and take tol = 107%. Moreover, we refer to the ORACLE estimator as the so-
lution produced by the SPGM for problem (6.5), or equivalently, problem (6.9),
because the true rank is assumed to be known in advance for this case. All the
experiments were run in MATLAB R2012a on the Atlasb cluster under RHEL 5
Update 9 operating system with two Intel(R) Xeon(R) X5550 2.66GHz quad-core
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CPUs and 48GB RAM from the High Performance Computing (HPC) service in
the Computer Centre, National University of Singapore.

Throughout the reported numerical results, RelErr; stands for the relative
recovery error between an estimator Z and the true matrix 7, ie.,

1Z - Z]|r

RelErry, = T
77 max {10719, | Z||p}

which serves as a standard measurement of the recovery ability of different estima-
tors. Hence in our numerical experiments, RelErrx, RelErr; and RelErrg represent
the relative recovery errors of X , Land S , respectively, where X = L+5. In order
to tune the penalization parameter p; in problem (6.3), we define RelDev to be

the relative deviation from the observations at any given matrix Z, i.e.,

ly — Ra(2)]]

RelDev, = .
77 max {10719, [ly|»}

We next validate the efficiency of the two-stage ANPLS estimator in terms of
relative recovery error by comparing it with the NPLS estimator and the ORACLE
estimator via numerical experiments using random data. Throughout this section,
the dimension n = 1000 and the starting point of the SPGM for the ORACLE
estimator is randomly generated by randn(r,n). For reference, we also report the

total computing time for each estimator.

6.4.1 Missing observations from correlations

The first testing example is for the circumstance that the missing observations are

from the correlation coefficients.

Example 1. The true low-rank component L and the true diagonal component S

are randomly generated by the following commands

B = randn(n,r); B(:,1:nl) = eigw*B(:,1:nl);
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L_temp = B*B’; L_weight = trace(L_temp);
randvec = rand(n,1); S_weight = sum(randvec);
S_temp = SLx(L_weight/S_weight)*diag(randvec);
DD = diag(l./sqrt(diag(L_temp + S_temp)));

L_bar DD*L_temp*DD; S_bar = DD*S_temp*DD;

X_bar L_bar + S_bar;

where the parameter eigw = 3 is used to control the relative magnitude between
the first nl largest eigenvalues and the other monzero eigenvalues of L, and the
parameter SL is used to control the relative magnitude between S and L. The
observation vector y in (5.3) is formed by uniformly sampling from the off-diagonal

basic coefficients of X with i.i.d. Gaussian noise at the noise level 10%.

When solving problem (6.3), we begin with a reasonably small p;, chosen based
on the same order given in Theorem 6.1, and then search a largest p; such that
the relative deviation is less than the noise level and at the same time the rank
of L is as small as possible. This tuning strategy for p, is heuristic but usually

results in a relatively smaller recovery error according to our experience.

The numerical results for Example 1 with different r, SL and nl are presented
in Table 6.1, 6.2, 6.3, 6.4, 6.5 and 6.6. In these tables, “Sample Ratio” denotes
the ratio between the number of the sampled off-diagonal basic coefficients and the
number of the off-diagonal basic coefficients, i.e.,

m

1 tio := ———.
Sample Ratio nin—1)/2

Intuitively, a higher “Sample Ratio” will lead to a lower recovery error and vice
versa. The ANPLS; estimator is the ANPLS estimator using the NPLS estimator
as the initial estimator L, and the ANPLS, (ANPLS;) estimator is the ANPLS
estimator using the ANPLS; (ANPLS,) estimator as the initial estimator L.
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As can be seen from these six tables, when the sample ratio is not extremely
small, the ANPLS; estimator is already remarkable — it reduces the recovery error
by more than half compared to the NPLS estimator, and what is more, it performs
as well as the ORACLE estimator by achieving the true rank and a quite compa-
rable recovery error. Meanwhile, when the sample ratio is very low, the ANPLS,
estimator is still able to significantly improve the quality of estimation. Besides,
we would like to point out that the NPLS estimator with a larger p; could yield a
matrix with rank lower than what we reported. However, the corresponding recov-
ery error will inevitably and greatly increase. In addition, it is worthwhile to note
that the SPGM for problem (6.5) is highly efficient in terms of solution quality
and computational speed for most of the tested cases, while in fact the true rank is
generally unknown or even very difficult to be identified, which prohibits its usage
in practice. Also, we observe that for a few cases, the SPGM is not stable enough
to return an acceptable solution from a randomly generated starting point, which

is understandable due to the nonconvex nature of problem (6.5).

6.4.2 Missing observations from data

The second testing example is for the circumstances that the missing observations

are from the data generated by a strict factor model.

Suppose that at time t = 1,...,T, we are given the observable data z;, € IR"

of the random vector z € IR™ that satisfies the strict factor model (6.1), i.e.,
7t = Bft + €,

where B € IR™*" is the loading matrix, f; € IR" and e; € IR™ are the unobservable
data of the factor vector f € IR" and the idiosyncratic vector e € IR™ at time t,

respectively. By putting into a matrix form, we have

7 =BF +E,



Table 6.1: Recovery performance for Example 1 with n = 1000, r = 1 and nl1 =1

NPLS ANPLS; ANPLS; ORACLE
Sample
SL Ratio RelErr Time RelErr Time RelErr Time RelErr Time
X L (Rank) S X L (Rank) S X L (Rank) S X L S
1% [13.38%13.42% (26) 8.79% (1668.4| 5.86% 5.88% (8) 5.11%(2385.85.27% 5.29% (8) 4.38%(3062.4| 5.21%  5.23% 4.17% | 2.5
3% |5.17% 5.20% (51) 7.88% |597.7(2.72% 2.73% (1) 2.23%(1000.72.72% 2.73% (1) 2.22%|1065.1| 2.72%  2.73% 2.22% | 1.7
1] 5% |4.15% 4.20% (66) 10.00%|439.6 |2.00% 2.01% (1) 1.63%| 676.8 |2.00% 2.01% (1) 1.63%| 705.1| 2.00%  2.01% 1.63% | 1.6
10% |3.20% 3.26% (82) 9.68% [224.4|1.44% 1.45% (1) 1.17%| 360.4 [1.44% 1.45% (1) 1.17%|389.1| 1.44%  1.45% 1.17% | 1.6
15% |2.95% 3.02% (99) 11.25%|178.6 | 1.19% 1.19% (1) 0.96%| 360.8 [1.19% 1.19% (1) 0.96%|390.1| 1.19%  1.19% 0.96% | 1.3
1% [24.98%25.79% (27) 5.18% [2033.9/8.92% 9.22% (4) 2.76%|3241.8/5.96% 6.15% (1) 1.38%|4276.8(128.86% 132.93%15.33%)| 8.1
3% [5.94% 6.14% (51) 2.29% |562.7|2.68% 2.76% (1) 0.59%|1027.412.69% 2.77% (1) 0.60%(1134.9] 2.69%  2.77% 0.60% | 1.8
10| 5% [4.61% 4.79% (66) 2.45% |443.3|2.04% 2.10% (1) 0.40%|674.5 [2.03% 2.10% (1) 0.40%|715.4| 2.03%  2.10% 0.40% | 1.7
10% |3.50% 3.70% (97) 3.20% [215.8|1.39% 1.44% (1) 0.26%| 307.1(1.39% 1.44% (1) 0.26%|319.4| 1.39%  1.44% 0.26% | 1.7
15% |3.48% 3.71% (125) 4.33% [169.1 |1.13% 1.16% (1) 0.23%| 238.6 [1.13% 1.16% (1) 0.23%|245.4| 1.13%  1.16% 0.23% | 1.6
1% 135.41%61.21% (19) 3.23%{710.9 [20.15%34.92% (3) 2.67%|1639.0[7.93% 13.82% (1) 1.43%|2546.8(112.22% 194.06% 11.30%| 48.0
3% (14.32%21.56% (41) 2.10% | 787.0 | 3.08% 4.67% (1) 0.63%|1043.912.13% 3.20% (1) 0.19%1211.7| 72.00% 107.82% 2.15% | 7.2
1000 5% |6.69% 11.88% (11) 1.24% [469.6 | 1.52% 2.71% (1) 0.33%]| 601.0 {1.21% 2.13% (1) 0.07%|686.4| 1.21%  2.13% 0.07% | 2.4
10% |1.37% 2.60% (24) 0.11% [143.8|0.74% 1.41% (1) 0.04%|171.1(0.74% 1.41% (1) 0.04%|181.7| 0.74%  1.41% 0.04% | 2.0
15% |1.37% 2.21% (6) 0.18% [145.9|0.74% 1.19% (1) 0.05%]| 167.6 [0.74% 1.19% (1) 0.05%|175.9| 0.74%  1.19% 0.05% | 2.2
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Table 6.2: Recovery performance for Example 1 with n = 1000, r =2 and n1 =1

OTT

NPLS ANPLS; ANPLS; ORACLE
Sample
SL RelErr RelErr RelErr RelErr
Ratio Time Time Time Time
X L (Rank) S X L (Rank) S X L (Rank) S X L S

3% | 7.28% 7.31% (48) 6.43%|646.7|3.87% 3.88% (2) 3.09%|1038.7(3.83% 3.84% (2) 3.02%|1214.1| 3.86% 3.88% 3.06% | 4.5

5% |5.33% 5.37% 7.98%1450.9|2.94% 2.95% (2) 2.32%| 656.3 |2.93% 2.94% (2) 2.30%| 721.9 | 2.93% 2.94% 2.30% | 3.7

10% | 3.85% 3.89% 8.68%1226.5|2.03% 2.04% (2) 1.72%| 338.2 |2.03% 2.04% (2) 1.70%| 374.0 | 2.04% 2.05% 1.70% | 3.6

3% |9.48% 9.87% (46) 2.53%(563.7(4.37% 4.56% (2) 1.40%| 936.5 [4.08% 4.24% (2) 0.94%(1138.0| 4.11% 4.28% 0.76% | 6.1

2.14%1451.0(3.01% 3.13%

)
(62)
(78)
15% | 3.18% 3.23% (89) 8.84%(164.2|1.63% 1.63% (2) 1.31%| 230.9 |1.63% 1.63% (2) 1.31%| 243.7 | 1.63% 1.64% 1.32% | 3.2
(46)
(64)
(97)

0 10% | 4.24% 4.44% (97 0.38%| 349.5 | 1.99% 2.05% 0.38% | 3.7
15% | 3.67% 3.88% (116) 3.29%|160.8|1.61% 1.67% (2) 0.33%| 222.2 [1.61% 1.66% (2) 0.32%| 241.8 | 1.60% 1.66% 0.30% | 3.6
3% |11.51% 21.55% (24) 1.75%687.7|4.12% 7.76% (2) 0.80%| 862.1 {3.20% 5.99% (2) 0.47%| 997.5 |8.06% 15.61% 2.88%| 16.1
100 5% | 6.37% 12.64% (25) 1.72%|335.7|3.07% 6.26% (2) 1.21%| 411.1 |2.23% 4.49% (2) 0.75%| 489.2 | 1.87% 3.63% 0.20% | 8.6

10% |2.53% 5.00% (20) 0.49%|173.0|1.22% 2.39% (2) 0.19%| 206.8 [1.15% 2.24% (2) 0.11%| 235.0 | 1.13% 2.20% 0.07% | 3.9

2) 0.11%| 207.1 |1.03% 1.82% (2) 0.08%] 227.9 | 0.99% 1.74% 0.05% | 7.6

) )
) )
) )
) )
) )
) )
5% | 6.05% 6.29% (64 2) 0.65%| 692.7 |2.95% 3.06% (2) 0.54%| 796.7 | 2.98% 3.09% 0.56% | 4.3
) )
) )
) )
) )
) )
) )

( (
( (
( (
( (
( (
3.05%|200.4/2.00% 2.07% (2) 0.42%| 315.3 [1.98% 2.05% (2
( (
( (
( (
( (
( (

15% | 1.87% 3.32% (16) 0.28%)|175.7|1.07% 1.89%

S[opouW I1030€J }91I)S UI UOIJRUII}SO XIIJeW UOIje[a110 ) 9 1aydey)



Table 6.3: Recovery performance for Example 1 with n = 1000, r = 2 and nl = 2

NPLS ANPLS; ANPLS; ORACLE
Sample
SL Ratio RelErr Time RelErr Time RelErr Time RelErr Time
X L (Rank) S X L (Rank) S X L (Rank) S X L S
3% | 7.51% 7.54% (44) 5.48%(639.1(3.94% 3.96% (2) 2.98%| 875.1 |3.94% 3.96% (2) 2.99%|1016.5|3.94% 3.96% 2.99%| 2.3
) 5% | 5.39% 5.42% (59) 6.75%(345.9|2.87% 2.88% (2) 2.20% | 473.7 |2.87% 2.88% (2) 2.20%| 519.7 |2.87% 2.89% 2.20%| 2.2
10% | 3.62% 3.65% (64) 4.95%206.6|2.04% 2.05% (2) 1.48% | 258.3 |2.04% 2.04% (2) 1.48% | 273.8 {2.04% 2.04% 1.48%| 1.8
15% | 3.08% 3.11% (79) 6.77%|153.8|1.62% 1.63% (2) 1.23%| 243.5 |1.62% 1.63% (2) 1.23%| 268.1 |1.62% 1.63% 1.23%| 1.7
3% 112.03% 12.72% (40) 2.72%850.5|3.97% 4.19% (2) 0.81%|1114.9|3.83% 4.05% (2) 0.67%|1350.1|3.83% 4.05% 0.67%| 2.6
0 5% | 6.46% 6.81% (54) 1.58%(462.5|2.91% 3.06% (2) 0.52%| 600.5 |2.89% 3.04% (2) 0.50% | 683.8 |2.89% 3.04% 0.50%| 3.0
10% | 3.45% 3.66% (51) 0.78%|177.0|1.94% 2.06% (2) 0.30%| 216.2 |1.94% 2.06% (2) 0.30% | 238.4 {1.94% 2.06% 0.30%| 1.6
15% | 2.74% 2.90% (61) 0.80%150.8|1.54% 1.62% (2) 0.24%| 172.3 |1.54% 1.62% (2) 0.24%| 182.6 |1.54% 1.62% 0.24%| 2.3
3% 19.94% 25.63% (25) 1.29%355.6(3.44% 8.97% (2) 0.71%| 485.9 |1.86% 4.79% (2) 0.20%| 623.6 |1.74% 4.46% 0.09%| 8.0
100 5% 6.2% 14.11% (23) 0.96%298.9|1.83% 4.12% (2) 0.30%| 388.3 [1.42% 3.17% (2) 0.08% | 474.2 |1.42% 3.17% 0.08%| 3.1
10% | 3.02% 5.95% (30) 0.54%200.5{1.20% 2.35% (2) 0.10%| 271.9 |1.18% 2.30% (2) 0.07%| 322.5 |1.18% 2.30% 0.07%| 2.8
15% | 1.711% 3.65% (33) 0.29%151.2|0.79% 1.66% (2) 0.05% | 184.7 |0.78% 1.65% (2) 0.04%| 205.2 {0.78% 1.65% 0.04%| 1.8
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Table 6.4: Recovery performance for Example 1 with n = 1000, r = 3 and n1 =1

clt

NPLS ANPLS; ANPLS;3 ORACLE
Sample
SL RelErr RelErr RelErr RelErr
Ratio Time Time Time Time
X L (Rank) S X L (Rank S X L (Rank) S X L S

3% 110.35% 10.39% (45) 7.74%663.5|5.38% 5.40% (3) 4.52%964.7|5.16% 5.18% (3) 3.76%|1198.3| 5.22% 5.25% 3.82% | 5.7

5% [6.70% 6.73% (62) 6.62%|357.1]3.57% 3.59% (3) 2.93%]529.4|3.55% 3.56% (3) 2.83%| 618.2 | 3.56% 3.58% 2.84% | 4.4

10% | 4.46% 4.49% (71) 6.17%(221.4|2.57% 2.59% (3) 2.11%306.0|2.56% 2.57% (3) 2.07%| 343.0 | 2.56% 2.57% 2.06% | 3.7

15% | 3.53% 3.56% (82) 6.51%]167.8/2.05% 2.05% (3

2.39%|887.7]5.61% 5.88% (3) 1.46%(1140.4/10.13% 10.62% 2.81%| 8.9

5% |8.37% 8.80% (58) 2.44%435.94.05% 4.26% (3) 1.14%|612.9|3.77% 3.96% (3

)
)

(3)

(3)

(3) 1.53%|305.5|2.04% 2.05% (3) 1.53% | 349.3 | 2.05% 2.06% 1.54% | 3.5
3% |13.48% 14.13% (45) 3.51%|551.9(6.78% 7.12% (3)

(3)

(3)

(3)

0 10% | 4.91% 5.17% (83) 2.00%|189.5|2.56% 2.69% (3 0.48%)] 310.7 | 2.50% 2.62% 0.44% | 4.6
15% | 3.58% 3.76% (80) 1.44%]|158.7|12.04% 2.13% (3) 0.39%]209.0|2.02% 2.11% (3) 0.36%| 230.6 | 2.00% 2.09% 0.33% | 4.2
3% [16.63% 30.15% (30) 2.87%|625.8|7.70% 14.10% (4) 1.90%|887.1|5.32% 9.71% (3) 1.16%|1129.5|19.72% 36.82% 6.94%|128.6
100 5% | 7.45% 13.69% (24) 1.23%434.1|3.97% 7.31% (3) 0.78%1520.7|3.23% 5.93% (3) 0.56%| 596.2 | 2.69% 4.90% 0.19% | 21.8

0.17%| 243.7 | 1.37% 2.69% 0.10% | 5.8

0.11%] 211.0 | 1.12% 2.10% 0.06% | 5.3

)

)
(3)
(3)
(3)
(3)
(3) 0.72%| 743.5 | 3.80% 3.99% 0.71% | 5.6

0.60%|263.1|2.51% 2.63% (3)
(3)
(3)
(3)
(3)
(3)

)
10% |3.26% 6.47% (25) 0.59%|184.0(1.70% 3.36% (3) 0.27%|215.9|1.49% 2.93% (3
15% | 2.12% 3.98% (34) 0.32%|154.9(1.24% 2.33% (3) 0.14%|187.4/1.19% 2.22% (3

S[opouW I1030€J }91I)S UI UOIJRUII}SO XIIJeW UOIje[a110 ) 9 1aydey)



Table 6.5: Recovery performance for Example 1 with n = 1000, r = 3 and nl = 2

NPLS ANPLS; ANPLS; ORACLE
Sample
SL Ratio RelErr Time RelErr Time RelErr Time RelErr Time
X L (Rank) S X L (Rank) S X L (Rank) S X L S
3% 19.79% 9.83% (45) 6.53%1689.3|5.18% 5.20% (3) 4.34%|1005.9|14.95% 4.97% (3) 3.88%|1218.1| 5.01% 5.04% 3.97% | 5.9
) 5% |6.55% 6.59% (56) 5.54%]338.5(3.86% 3.87% (3) 2.90%| 481.2 |3.82% 3.84% (3) 2.78%)| 566.2 | 3.83% 3.85% 2.76% | 3.8
10% | 4.22% 4.24% (64) 4.30%|213.52.50% 2.51% (3) 1.92%| 267.6 |2.49% 2.50% (3) 1.89%|296.6 | 2.49% 2.50% 1.86% | 3.4
15% |3.45% 3.47% (71) 4.41%|155.6/2.03% 2.04% (3) 1.49%|226.0 [2.02% 2.03% (3) 1.48%]252.1| 2.01% 2.02% 1.49%| 3.3
3% [13.53% 14.40% (40) 2.78%|773.6]6.25% 6.66% (3) 1.56%|1050.7|5.44% 5.79% (3) 1.14%|1305.9/13.69% 14.66% 5.63%| 24.8
0 5% |8.35% 8.88% (51) 2.26%(411.2]4.22% 4.49% (3) 1.40%| 553.8 |3.87% 4.12% (3) 1.05%| 673.7 | 3.72% 3.95% 0.63% | 7.9
10% |4.33% 4.60% (49) 1.00%|179.9|2.53% 2.69% (3) 0.49%| 231.8 |2.48% 2.63% (3) 0.42%| 268.3 | 2.45% 2.60% 0.37% | 4.7
15% |3.30% 3.49% (63) 0.91%]|155.3|1.91% 2.02% (3) 0.35%| 184.2 |1.90% 2.01% (3) 0.34%| 204.4 | 1.90% 2.00% 0.32% | 4.1
3% |17.34% 36.84% (31) 2.83%(469.8|7.13% 15.30% (4) 1.66%| 697.2 |5.20% 11.04% (3) 0.77%]| 934.1 |13.15% 28.92% 4.65%| 99.6
100 5% |10.46% 22.43% (31) 2.12%1306.4|3.60% 7.78% (3) 0.91%]| 414.6 |3.08% 6.57% (3) 0.48%|515.8 | 2.57% 5.44% 0.22% | 10.7
10% | 4.62% 9.20% (24) 1.21%|200.4|2.14% 4.28% (3) 0.64%| 245.1 |1.79% 3.54% (3) 0.43%| 286.2 | 6.65% 13.16% 1.50%| 16.3
15% | 1.88% 4.31% (19) 0.34%|129.4|1.15% 2.63% (3) 0.16%| 164.4 |1.11% 2.53% (3) 0.13%| 186.5 | 0.93% 2.11% 0.05% | 4.6
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Table 6.6: Recovery performance for Example 1 with n = 1000, r = 3 and nl = 3

NPLS ANPLS, ANPLS3 ORACLE
Sample

SL Ratio RelErr Time RelErr Time RelErr Time RelErr Time

X L (Rank) S X L (Rank) S X L (Rank) S X L S
3% |10.76% 10.81% (40) 6.45%|747.8| 5.17% 5.20% (3) 3.66%| 989.3 |5.09% 5.12% (3) 3.54%1201.5|5.09% 5.12% 3.54%| 2.8
) 5% | 6.61% 6.65% (51) 4.46%|325.1| 3.76% 3.78% (3) 2.65%| 422.8 [3.77% 3.79% (3) 2.66%| 493.7 |3.77% 3.79% 2.66%| 2.1
10% | 4.27% 4.29% (51) 2.67%|202.6| 2.46% 2.48% (3) 1.69%| 241.4 |2.46% 2.48% (3) 1.69%| 261.8 |2.46% 2.48% 1.69%| 1.7
15% | 3.31% 3.33% (57) 2.63%|139.8| 2.03% 2.05% (3) 1.43%| 184.2 |2.03% 2.05% (3) 1.43%| 202.7 |2.03% 2.05% 1.43%| 2.1
3% 120.15% 21.52% (39) 4.45%934.9( 6.27% 6.70% (3) 1.69%|1294.4|5.20% 5.54% (3) 0.83%1673.4|5.18% 5.53% 0.79%| 5.4
0 5% | 7.72% 8.26% (47) 1.35%|406.8| 3.65% 3.91% (3) 0.51%| 524.1 |3.63% 3.88% (3) 0.50%| 622.4 |3.63% 3.88% 0.50%| 3.2
10% | 4.35% 4.66% (41) 0.84%|179.0| 2.37% 2.54% (3) 0.34%| 231.2 |2.37% 2.54% (3) 0.33%| 262.7 |2.37% 2.54% 0.34%| 2.3
15% | 3.24% 3.48% (40) 0.61%|144.0| 1.91% 2.05% (3) 0.25%| 171.5 [1.91% 2.05% (3) 0.25%| 186.5 |1.91% 2.05% 0.25%| 2.1
3% 123.39% 51.79% (35) 4.01%397.9(10.77% 24.15% (5) 2.74%)| 664.9 |4.57% 10.20% (3) 1.04%| 937.3 {2.94% 6.45% 0.22%| 7.7
100 5% |12.67% 30.58% (34) 2.27%|283.0| 3.84% 9.43% (3) 1.07%| 406.5 |1.92% 4.61% (3) 0.28%| 521.5 |1.77% 4.24% 0.15%| 5.2
10% |3.47% 8.68% (33) 0.70%|231.4| 1.20% 2.99% (3) 0.18%] 301.8 |1.09% 2.70% (3) 0.06%| 361.6 |1.09% 2.70% 0.06%| 2.7
15% | 1.88% 5.04% (20) 0.42%)|137.4| 0.82% 2.17% (3) 0.08%| 174.2 |0.81% 2.12% (3) 0.04%| 202.4 {0.81% 2.12% 0.04%| 2.3

VIt
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6.4 Numerical experiments 115

where Z € R™7T, F € IR"™*T and E € R™*” consist of z, f, and e, as their columns.
In the following example, we randomly simulate the case that cov[f] = I, and cov|e]
is diagonal. After an appropriate rescaling, we have L = BB” and S = covle] with
diag(L + S) = 1. To reach this setting, we may assume that the factor vector f is
of uncorrelated standard normal entries and the idiosyncratic vector e follows the

centered multivariate normal distribution with covariance matrix S.

Example 2. The true low-rank component L and the true diagonal component S
are obtained in the same way as that in Fxample 1. By following the same com-
mands 1 FExample 1, the loading matrixz B, the factor matriz ¥, the idiosyncratic

matrix B, the data matrix 7 are generated as follows

B = DD*B; F = randn(r,T);
E = mvnrnd(zeros(n,1),S_bar,T)’;
Z = BAF + E;

where T is the length of the time series, DD and the original B are inherited from
Example 1. We then generate the data matriz with missing observations Z_missing

and its pairwise correlation matriz M by

Z_missing = Z; nm = missing_rate*n*T; Ind_missing = randperm(nxT);
Z_missing(Ind_missing(l:nm)) = Nal;

M = nancov(Z_missing’,’pairwise’); M = M - diag(diag(M)) + eye(n);

where missing rate represents the missing rate of data. Lastly, we identify the
missing correlation coefficients from M if the length of the overlapping remain-
ing data between any two rows of Zmissing is less than trust_par*n, where
trust_par s a parameter introduced to determine when a pairwise correlation cal-

culated from Z_ missing is reliable.

The numerical results for Example 2 are listed in Table 6.7 and 6.8 with

different T, trust_par, SL and missing rate. We can observe from these two tables
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that our correction procedure loses its effectiveness in general. This is not surprising
because all the theoretical guarantees established for the ANPLS estimator are
built on the observation model (5.1), where the missing observations are from
the correlation coefficients other than from the data generated by a factor model.
Moreover, it is interesting to see that the performance of the NPLS estimator is

unexpectedly satisfactory in most cases.



Table 6.7: Recovery performance for Example 2 with n = 1000, r =5, T=6*n

and trust_par = 3.5

Missing NPLS ANPLS, ANPLS; ORACLE
SL RelErr RelErr RelErr RelErr
Rate X L (Rank) S e X L (Rank) S ime X L (Rank) S Fime X L S e
0% |3.78% 3.80% (5) 2.36%| 90.8 |3.76% 3.78% (5) 2.33%|188.5|3.76% 3.78% (5) 2.33%(192.93.77% 3.79% 2.33%| 3.2
5% |3.60% 3.62% (5) 2.38%| 89.6 |3.66% 3.68% (5) 2.52%209.8|3.66% 3.68% (5) 2.52%(214.2|3.67% 3.69% 2.54%| 2.5
1] 10% |4.16% 4.18% (5) 2.67%|184.34.14% 4.17% (5) 2.69%|329.0|4.15% 4.17% (5) 2.69% |333.4|4.15% 4.17% 2.70%| 2.8
15% |4.24% 4.26% (5) 2.91%(138.6 [4.21% 4.23% (5) 2.78% [262.2|4.21% 4.23% (5) 2.78% |267.2|4.21% 4.23% 2.78%| 3.0
20% |4.83% 4.85% (5) 3.13%(270.1|4.93% 4.96% (5) 3.24% |448.414.93% 4.96% (5) 3.24% |452.74.93% 4.96% 3.25%| 2.5
0% |6.69% 6.85% (5) 1.94%| 62.0 |6.29% 6.44% (5) 1.49%| 73.0 |6.29% 6.44% (5) 1.49% | 80.1 |6.29% 6.44% 1.47%| 3.3
5% [5.83% 5.97% (5) 1.40%| 63.1 |5.87% 6.01% (5) 1.33%| 96.0 |5.87% 6.01% (5) 1.33%|103.4|5.87% 6.01% 1.34%| 3.1
5| 10% [5.90% 6.05% (5) 1.49%| 94.1 |5.77% 5.92% (5) 1.25% |153.0|5.77% 5.92% (5) 1.25%|162.3|5.78% 5.92% 1.25%| 3.1
15% |7.29% 7.45% (5) 1.94%|188.7|7.61% 7.78% (5) 1.99%|293.4|7.61% 7.78% (5) 1.99% |302.2|7.61% 7.78% 2.01%| 3.9
20% |6.31% 6.46% (5) 1.70%| 72.4 16.27% 6.42% (5) 1.51%| 83.7 [6.27% 6.42% (5) 1.51%| 92.8 |6.28% 6.43% 1.52%| 3.1
0% |7.41% 7.83% (5) 1.43%| 65.8 |7.10% 7.49% (5) 0.97% | 77.9 |7.10% 7.49% (5) 0.96%| 87.2 |7.11% 7.51% 0.95% | 3.8
5% |7.38% 7.81% (5) 1.38%| 66.8 |7.06% 7.47% (5) 1.01%| 77.6 |7.06% 7.47% (5) 1.01%| 87.8 |7.08% 7.48% 1.00%| 4.3
10| 10% |7.49% 7.96% (5) 1.29% | 75.0 |7.37% 7.82% (5) 1.04% | 87.4 |7.37% 7.83% (5) 1.04%| 98.4 |7.39% 7.85% 1.05%| 4.3
15% |8.53% 9.00% (5) 1.83%| 76.3 |7.97% 8.40% (5) 1.26%| 87.4 |7.97% 8.41% (5) 1.25%| 98.2 |7.99% 8.42% 1.23%| 4.0
20% |7.63% 8.07% (5) 1.33% | 75.8 | 7.62% 8.05% (5) 1.09%|104.5|7.62% 8.06% (5) 1.09%|115.9|7.67% 8.10% 1.11%| 2.6
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Table 6.8: Recovery performance for Example 2 with n = 1000, r = 5, T = n and trust_par = 0.8

Missing NPLS ANPLS, ANPLS; ORACLE
SL RelErr RelErr RelErr RelErr
Rate X L (Rank) S Hime X L (Rank) S e X L (Rank) S Hime X L S Hime
0% |8.94% 8.99% (5) 5.79%|232.3| 9.01% 9.05% (5) 5.65%(397.9]| 9.01% 9.05% (5) 5.65%|415.9]| 9.01% 9.05% 5.65%| 2.9
3% |8.59% 8.63% (5) 5.63%(238.9|8.93% 8.97% (5) 6.28%(405.9| 8.93% 8.97% (5) 6.28%(422.7| 8.94% 8.99% 6.34%| 2.6
11 5% |9.17% 9.22% (5) 6.12%(106.7| 9.11% 9.16% (5) 5.83%(171.4| 9.11% 9.16% (5) 5.83%(180.9| 9.12% 9.16% 5.83%| 2.4
8% |10.65% 10.71% (5) 7.59%|178.9/10.29% 10.34% (5) 6.66%|303.2|10.29% 10.34% (5) 6.66%|317.0|10.28% 10.33% 6.62%| 2.6
10% [10.69% 10.75% (5) 8.45%|297.5{10.49% 10.54% (5) 6.90%|474.9/10.45% 10.50% (5) 6.77%|534.3|10.41% 10.46% 6.69%| 11.7
0% [14.65% 15.01% (5) 4.43%| 86.2 |14.00% 14.33% (5) 3.37%| 98.0 |14.00% 14.34% (5) 3.36%(109.5|14.04% 14.37% 3.33%| 2.8
3% [13.85% 14.18% (5) 3.12%(153.9{14.65% 15.00% (5) 3.40%(242.8|14.66% 15.01% (5) 3.42%(272.2|14.75% 15.10% 3.51%| 3.8
5| 5% [13.96% 14.31% (5) 3.21%|265.8|14.69% 15.06% (5) 3.37%|377.9|14.70% 15.07% (5) 3.39%416.4|14.78% 15.15% 3.47%| 2.9
8% [14.34% 14.66% (5) 4.17%(302.8|14.72% 15.05% (5) 3.65% |428.8|14.72% 15.05% (5) 3.64%|465.9(14.74% 15.07% 3.64%| 3.4
10% |15.85% 16.24% (5) 5.43%|248.5|15.85% 16.23% (5) 4.14%)356.5|15.83% 16.20% (5) 3.91%|426.1|15.91% 16.29% 3.92%| 14.7
0% |16.91% 17.87% (5) 3.20%|147.1|17.45% 18.43% (5) 2.54%210.0({17.47% 18.45% (5) 2.54%245.5|17.55% 18.54% 2.56%| 3.7
3% |17.07% 18.06% (5) 3.07%|198.0{17.94% 18.97% (5) 2.65%(279.5/17.99% 19.03% (5) 2.68%|320.5|18.16% 19.21% 2.78%| 4.8
10| 5% ]20.13% 21.40% (5) 4.21%| 92.2 |18.85% 20.02% (5) 2.74%|104.2|18.89% 20.06% (5) 2.72%|120.3|19.01% 20.19% 2.69%| 2.7
8% [19.73% 20.83% (5) 4.68%] 90.9 [18.38% 19.39% (5) 3.04%(103.7|18.42% 19.42% (5) 3.01%120.0|18.52% 19.53% 2.96%| 4.3
10% (19.34% 20.48% (5) 5.02%|142.9|17.48% 18.48% (5) 3.33%(164.6|17.22% 18.20% (5) 2.87%(201.4|17.35% 18.33% 2.59%| 24.6
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Chapter

Conclusions

This thesis aimed to study the problem of high-dimensional low-rank and sparse
matrix decomposition with fixed and sampled basis coefficients in both of the noise-
less and noisy settings. For the noiseless case, we provided exact recovery guaran-
tees via the well-accepted “nuclear norm plus ¢;-norm” approach, as long as certain
standard identifiability conditions for the low-rank and sparse components are as-
sumed to be satisfied. These probabilistic recovery results are significant in the
high-dimensional regime since they reveal that only a vanishingly small fraction of
observations is already sufficient as the intrinsic dimension increases. Although the
involved analysis followed from the existing framework of dual certification, such
recovery guarantees can still be regarded as the noiseless counterparts of those in
the noisy setting. For the noisy case, enlightened by the successful recent develop-
ment on the adaptive nuclear semi-norm penalization technique for noisy low-rank
matrix completion [98, 99], we proposed a two-stage rank-sparsity-correction pro-
cedure and then examined its recovery performance by deriving a non-asymptotic
probabilistic error bound under the high-dimensional scaling. This error bound,

which has not been obtained until this research, suggests that the improvement on
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recovery error could be expected. Finally, we specialized the aforementioned two-
stage correction procedure to deal with the correlation matrix estimation problem
with missing observations in strict factor models where the sparse component is
diagonal. We pointed out that the specialized recovery error bound matches with
the optimal one if the rank-correction function is constructed appropriately and
the initial estimator is good enough. This fascinating finding as well as the con-
vincing numerical results demonstrates the superiority of the two-stage correction

approach over the nuclear norm penalization.

It should be noticed that the work done in this thesis is far from comprehensive.

Below we briefly list some research directions that deserve further explorations.

e [s it possible to establish better exact recovery guarantees when applying the

adaptive semi-norm techniques for the noisy case to the noiseless case?

e Regarding the non-asymptotic recovery error bound for the ANLPLS estima-
tor provided in Theorem 5.7, the quantitative analysis on how to optimally
choose the parameters xk; and kg such that the constant parts of the error

bound are minimized is of considerable importance in practice.

e From the computational point of view, how to efficiently tune the penalization

parameters pr, and pg for the ANLPLS estimator remains a big challenge.

e Whether or not there exist certain suitable forms of rank consistency, support
consistiency, or both, for the ANLPLS estimator in the high-dimensional

setting is still an open question.
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