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Summary

In this paper, we aim to decompose the mixed structures in high-dimensional prob-

lems. We provide a general model which involves two distinct structures:
Y — Xl@* + XQG* + W,

where ©* € RP*? and G* € R"*? are some low-dimensional structured matrices,
and W € R™*? is the noise matrix whose Frobenius norm is assumed to be small.
Then we formulate the model into the regularized squares problem and establish the

M-estimator:
(é, é) c arg mln{/l(@, G) + )\1721(@) + )\QRQ(G)}
0,G
= arg IIllIl{HY — Xl@ — XQGH%" + )\1721(@) + )\QRQ(G)},
0,G

where R, and R, stand for the regularizers according to the assumed low-dimensional

structures of ©* € RP*? and G* € R"*4,

We impose four natural assumptions on the loss function £(0,G) and the reg-
ularizers R1(0) and Ry(G) in the M-estimator. The first two basic assumptions
require that the loss function is convex and differentiable, and that the regularizers

are norms and decomposable. Moreover, we impose the restricted strong convexity
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Summary

on the loss function and require the structural incoherence property on the interac-
tion between different structured components. Based on the four assumptions, we
provide an estimation of error bound in the general model setting, which depends
on the subspace compatibility constant [45] W, the tuning parameters Aj, A2, and

some parameters in the assumed conditions.

After that, we investigate the four conditions, particularly the requirement on
the structural incoherence. We then discuss the structural incoherence for differ-
ent specific problems such as the PCA model. Finally, we conclude the thesis via

simulations and interpret its correspondence with theoretical analysis.



List of Notations

For any matrix A, we use A; to denote the jth column of A.
For any matrix A, we denote by a; ; the (i, j)-th entry of A.

We use a superscript ‘7" to represent the transpose of a matrix, i.e. A” stands

for the transpose of matrix A.
For any matrix A, we use o.(A) to denote its largest singular value.
For any random matrix X , we use X’ to denote an independent copy of X.

For each matrix A, we use |A||r to denote the Frobenius norm of matrix A.

1Allr = All2 = (32, 3, lai;1*)'/2, = /trace(A* A)

For each matrix A, we use ||A||. to denote its nuclear norm, i.e., the sum of

the singular. values of A.

For each matrix A, we use ||Al[12 to denote the ¢;/¢y-norm of A. ||A]l12 =
> (00, lai )2

For each 1-dimensional number a, we use |a| to denote the absolute value of

a.
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List of Notations

For given subspace M and vector 6, we use II\((0) to denote the projection

of vector 6 onto the subspace M.

For a subspace pair (M,ml), where M € M, M represents the model
subspace that captures the constraints imposed on the model parameter and
. . . . -1 .

is typically low-dimensional, and M~ means the perturbation subspace of

parameters that represents perturbations away from the model subspace.

The subspace compatibility constant with respect to the pair (R, ||.||) is defined
as (M) = supueM{o}%.

We use ® to denote the cross product of two vectors or matrices.
We use E to denote the operator of taking expectation.

E. represents expectation operator conditioning on e.

For random variable Z, we use Var(Z) to denote the variance of Z.

When we say a X-Gaussian random matrix B, ¥ represents the second moment

of B.
We use P to denote the probability operator.
We use P to denote the projection operator matrix.

We use SP~! to denote a sphere in p-dimensional Euclidean space.

All further notations are either standard, or defined in the text.



Chapter

Introduction

In many fields of science and engineering, high-dimensional problems arise in a va-
riety of applications, including analysis of gene array data, medical imaging, remote
sensing and astronomical data analysis. High-dimensional statistical inference deals
with high-dimensional models in which the ambient dimension of the problem is
either comparable to or possibly larger than the sample size. Since it is usually
impossible to obtain consistent estimators without imposing additional model re-
strictions, many researchers have studied different types of structural constraints on
the model (such as sparse constraints, block-wise sparse constraints, the low-rank
structure and their combinations) and analyzed the behavior of the corresponding
estimators. In fact, these low-dimensional constraints are motivated by structures

arising in different problems.

1.1 Regularized M-estimators

For those high-dimensional problems, a general approach is to solve a regularized
optimization problem which is the sum of a loss function measuring how well the
model fits the data and some weighted regularization function that encourages the
assumed structure. These regularized convex programs are well-known as regularized

M-estimators.
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Single-structured regularizers include the ¢;-norm regularizer for sparse con-
straints, the nuclear norm regularizer for low-rank requirement and the ¢; /¢,-norm

regularizer for models with block sparse structure.

For models with sparse constraints [30} 1], the ¢;-norm regularized estimators
such as LASSO [53] or basis pursuit [19], encourage sparsity and involve solving a
convex optimization problem of minimizing some variable’s ¢;-norm. The LASSO
proposed by Tibshirani [53] has gained popularity since it produces a sparse model

while keeping high prediction accuracy.

Since sparsity sometimes arises in a structured manner, a line of research intro-
duced the concept of block-wise sparse regularization [, [61) [65] [47] and established
the ¢; /{,-norm regularizer which is a sum (i.e., {;-norm) of £,-norms on certain subset
of variables. The best known examples of such block-wise norms are the ¢; /{,,-norm
[54], [62], 46], 63] and the ¢; /le-norm [47, 38, 22]. In particular, the grouped LASSO

[61] is a block-wise estimator with ¢; /¢s-norm regularization.

For low-rank matrix estimation problems, researchers make use of the nuclear
norm regularizer [15] 36, [51], 50], since it encourages sparsity in the vector of singular
values and thus leads to low-rank solutions. The theoretical guarantees on the
equivalence between the nuclear norm minimization and rank minimization problem
were provided in [51] 36].

While the assumption of single clean structure is widely used, sometimes re-
searchers deal with problems where the sparsity and the low-rank property are
mixed together. Examples include the system identification problem with a sparse
impulse response and small model order, and the Gaussian graphical model with
latent and unobserved variables. Matrix decomposition models for these problems
use the mix-structured regularization, which minimizes a weighted combination of
the corresponding norm for the sparse structure and the nuclear norm for the low-
rank matrix. The sparse structure in the mixture can be element-wise sparse [24],

column-wise sparse [40} 58], or block-wise sparse [28].



1.2 Theoretical guarantees

1.2 Theoretical guarantees

There is a large number of theoretical results that guarantee the performance of var-
ious types of regularized M-estimators, such as the estimation of the error bound,
the analysis of the prediction consistency, and the demonstration of the model con-

sistency.

To begin with, we review some theoretical results for estimators with sparse
constraints. The LASSO proposed in [53] is a popular technique for simultaneous
estimation and model selection. Exact recovery for observations without noise has
been discussed in [21],39, [12]. The model selection consistency of the LASSO was in-
vestigated in [23] 67, 64, 42]. Moreover, the model selection consistency of Gaussian
graphical models was studied in [41], 61]. Results for the model selection problem in
the Gaussian concentration graph model, or the covariance selection problem were
provided in [49, [§].

For the block-wise sparse model, the block-regularized estimator recovers the
support of the model if the support is a union of groups and the covariates of

different groups are not too correlated.

The grouped LASSO proposed in [61] is a popular block-regularized estima-
tor with ¢;/¢s-norm regularization. The main advantage of the group LASSO is
that one can make a group of regression coefficients vanish simultaneously [34], 26],
which is not possible for the LASSO. The group LASSO can be generalized to an
infinite-dimensional setting [5]. Moreover, an extension of the group LASSO, called
"Blockwise Sparse Regression’ (BSR) [33], works for general loss functions including
generalized linear models. In addition, other variants of the group LASSO were
studied and explored, such as the joint selection of covariates for multi-task learning
[41].

In estimating low-rank matrices, theoretical guarantees for the equivalence be-
tween the nuclear norm minimization and rank minimization problem were provided

in [51], 36]. The recovery of low-rank matrices was studied in [I5] and the results
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were further improved in [I3], 48] [50]. Necessary and sufficient conditions for rank
consistency in noisy settings were provided by [4]. In practice, the nuclear norm
minimization problem can be realized via semidefinite programming and there are
different algorithms designed for solving this optimization problem, such as the
interior point method [37], the gradient projection method, and the low-rank factor-
ization technique. A low complexity algorithm which combines spectral techniques
with manifold optimization was established in [31], and its performance guaran-
tees were provided in [32]. Moreover, the strengths and weaknesses for different

algorithms were studied in [51].

Furthermore, a line of research studied estimators based on the mixed structure.
Most of the studies focus on the decomposition of the superposition of a low-rank
component and a sparse component. The problem of decomposing the sum of a
low-rank matrix and an entrywise sparse matrix was initially studied by [18], which
demonstrated sufficient conditions for exact recovery with high probability based on
the notion of rank-sparsity incoherence. Moreover, recovery given inaccurate sam-
ples was studied by [17,24]. There are other studies which focus on the superposition
of a column-wise sparse component and a low-rank component [40], 58], the super-
position of a block-sparse component and an entry-wise sparse component [2§], and
so on. Furthermore, a general theory was developed in [I], which involves the above
cases and yields non-asymptotic Frobenius error bounds for both deterministic and

stochastic noise matrices.

1.3 Unified frameworks

In recent years, a line of on-going theoretical studies is focused on establishing a gen-
eral framework for high-dimensional models, including some interesting scenarios as
special cases. A unified framework was introduced by [45] to establish consistency
and convergence rates for regularized M-estimators under high-dimensional scaling,

under the assumption of the "restricted strong convexity” on loss function and the



1.4 Contributions

decomposability for regularizers. This framework has also been used to prove several
results on the estimation of low-rank matrices using the nuclear norm, as well as
minimax-optimal rates for noisy matrix completion and noisy matrix decomposition.
Moreover, a general framework for the high-dimensional analysis of ”dirty” statisti-
cal models was established in [60], in which the model parameters are a superposition

of structurally constrained parameters.

1.4 Contributions

In this paper, we establish a unified model for structure identification in high-
dimensional problems. In our model’s setting, two distinct structures are correlated
by matrix coefficients. This framework can incorporate many models and appli-
cations. Special cases include principal component analysis problem and multiple
regression problem. In this paper, we provide an innovative proof for the structural
incoherence based on the estimation of the largest singular values of the product
of two random matrices. In the deduction process, some results from probability
theory and random matrix theory are used. Then, we establish error bounds that
will hold with high probability. In addition, we illustrate our theoretical results
via simulation for various parameters, that is, the sparse levels of the two unknown
matrices which are to be recovered. Fortunately, the simulation results show that
the property of structural incoherence of the coefficient matrices helps to reduce the
error in recovering the correlated unknown sparse matrices. This good performance

provides reliable evidence and verifications for theoretical analysis.

The remainder of this paper is organized as follows. In Chapter 2, we introduce
the framework and then formulate it into a regularized least-squares problem. In
Chapter 3, we derive some technical lemmas to demonstrate the main theorem
concerning the error bound. In Chapter 4, we analyze the coefficient matrices of the
specific model and demonstrate the structural incoherence with an innovative proof.

In Chapter 5 we present simulation results and interpret their correspondence with
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the theoretical analysis. Finally we conclude the thesis via final remarks in Chapter

6.



Chapter 2

Problem Setup and Properties

2.1 Problem setup

We study the following general framework with mixed structures. We observe the
response matrix Y € R™*? and the covariate matrices X; € R™*? X, € R™ " such
that

Y = X10" + XoG" + W. (2.1)

Here ©* € RP*? and G* € R™? represent some unknown linear relationships be-
tween the predictors X7, X5 and the response Y. And they enjoy some special low-
dimensional structures, such as the element-wise sparse structure, the row-sparse
structure or the low-rank structure. The matrix W € R"*? is the noise matrix and

its Frobenius norm is assumed to be small. The estimator is then written as
(6,G) € argmin{L(O, G) + M R1(O) + X Rs(G)}
0.,G
=argmin{[|Y — X,0 — XuoG||% + MR1(O) + MRL(G)}. (2.2)
0.G¢

The regularizers Rq, R, are determined based on the assumed structures in the
corresponding specific setting.
Generally speaking, based on the properties of X; and X5, we can split the

general model into 4 cases.
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First Case: Both X; and X, are deterministic. For example, the PCA model
[1, B8], Y = ©* + G* + W, where W € R™" is a Wishart distributed matrix,
O € R™"™ is low-rank, and G* € R"*" is entry-wise sparse. Here in this example

X1, = Xy = I,,x,. The estimator is
(0,G) € ar%rgin{HY — 0 = G|% 4 MOl + X2||G1}- (2.3)

In this paper, ||.||« denotes the nuclear norm while ||.||; stands for the entry-wise
f{-norm.

Second Case: For X; and X5, one of them is deterministic while another one
is a random matrix. For example, the robust multi-task model with corrupted gross
errors [B9], Y = X10* + G* + W, where G* represents the gross error and ©* is
assumed to be row-sparse. In this example Xy = [, and X; is a random matrix

with sub-Gaussian rows. The estimator is in the following form:
(0,G) € ar%rélin{HY — X10 = G||% + \||O]12 + A|IG]l1} (2.4)

Note that ||.||12 stands for the ¢, /fs-norm that is the sum of ¢y-norm of rows of the
matrix.

Third Case: Both X; and X, are random matrices and they are correlated.
For instance, the multi-linear regression model with mixed structure: Y = X (0* +
G*) 4+ W. In this case, X; = Xy = X. The two random matrices X; and X, are
fully correlated.

Fourth Case: X; and X, are independent random matrices.

In the following chapters, we mainly discuss the four properties and the error
bound for the last case where the coeflicient matrices X; and X, are correlated and
independent random matrices. In fact, it is easier to study the first three cases
[60, 59, 11, 58]. In Section 4.3 we will derive similar results for the first three cases

by deriving corollaries based on the main theorem.
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2.2 Assumptions and notations

Set Z := X100 + X,G, then Z* = X;0* + X5G*, and the small deviation Az equals
to X1Ae + X2Ag. Then we can write the loss function as a function of Z: L(Z).
Define the optimal errors A@ =0 - 6*and AG =G -G~

Let’s state some natural assumptions on the regularization functions R, (o =
1,2) and the loss function £ for model (2.1).

(A1) The loss function £ is convex and differentiable.

(A2) The regularizers R, are norms and are decomposable with respect to the

subspace pairs (./\/la,mi), where M, € M,.

Remark. Decomposability means Ro(u+ v) = Ra(u) + Ra(v) for allu € My, v €
/\/lal. M, is the corresponding low-dimensional subspace. The property of decom-
position of a regqularization function captures the suitability of a regqularizer to a

particular structure.

Our next requirement is the "restricted strong convexity” [45].

(A3) [Restricted Strong Convexity]
0L(Ae; 0%, G") > Krl|Ae|l7 — GiRT(Ae), (2.5)

0L(AG; ©%,G") = KillAclE: — G2R3(Ac). (2.6)

Note that the assumptions (A1)-(A3) are usually imposed on the model even when
there is only one clean structure. Our next assumption is on the interaction between

the different structured items [60] in mix-structure models.

(A4) [Structural Incoherence]

|L(Z" + X100 + XoAq) + L(Z7) — L(Z7 + X1Ae) — L(Z" 4+ X2AG)

K
_7L(I|Aellfw+ 1AGI1E) + ) HaRA(Aw). (2.7)

a=1,2






Chapter 3

Estimation of the Error Bound

In this chapter, we estimate the error bound for the optimization problem (2.2),
based on the four natural assumptions (Al)-(A4). Firstly we present the main

result (Theorem in Section 3.1. We will provide the proof in Section 3.3.

3.1 Main theorem

Note that the theorem involves the concept of subspace compatibility constant
(M, |I.]]) == supue M{O}ﬁ, defined in [45]. This notion captures the relationship
between the regularization function R(.) and the error norm ||.|| over vectors in the

subspace, and it will be widely used in the following results.

Theorem 3.1. Suppose that (A1)-(A4) are satisfied. Define optimal error Ag =
G- G, Ao = © — ©*. Then we have:

30 + 2VKD

10— ©%[lr + G~ G||r < (3.1)

11
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where

O =max{\U; (M), oWy (My)},

M sigte,
2
T(Z7) =64G° (MR (T (67)) + MRs (T (G)?),

= 1
g :maxa:I,Q/\_ ga + Ha-

K

3.2 Preliminaries

In this section, we provide some technical lemmas to build up the theoretical base
for the proof of Theorem [3.1} For the convenience of proofs, we list some notions
and define some functions. In the following context, we will use Iy ((A) to denote

the projection of matrix A onto the subspace M. Define the set

C:={(Ae, Ac) : MR (T2 (Be)) + ARl (Ag)) (3.2)

<A [BR1(Ilxz, (Ae)) + AR (I, (07))] + A2[3R2 (I, (Ac)) + AR (I, (G))]}-
Define

SL(A7) =L(Z" + AZ) — L(Z%) — (V1L(2%), X1 Do) — (V1L(Z7), X>Ac),
(3.3)

F(Ao,Ag) =L(Z" + Ag) — L(Z7)
+ M[R1(O" + Ag) — Ri(0)] + Aa[Ra(G" + Ag) — Ro(G*)]. (3.4)

We can see that F(Ag,Ag) is the difference of the objective function values at

Z* + Az and Z*. We can rewrite it as

F(Ae,Ag) =0L(Az) +(VzL(Z"), X1Ae) + (V2zL(Z"), X2Ag) (3.5)
F RO + Ae) — Ri(07)] + M[Ra(G" + Ac) — Ra(G7)].
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N A~ A

Remark. Define the optimal deviations Ag = 6 — 0, Aqg = G — G*, and Ay =
XA + XoAg = Z — Z*. Then

F(Ao, Ag) = Objectivefunction(Z) — Objective function(Z*) < 0. (3.6)
In particular, F(0,0) =0,

Now let’s start with the following lemma which will be used in the following

results.

Lemma 3.2 (Deviation inequalities). For any decomposable regularizer, we have
R(0"+A) =R(0") = R (A)) — R(I(A)) — 2RIy (67)), (3.7)

where 0* and A are p-dimensional vectors.

Moreover, as long as A > 2R*(VL(0*)) and L is convex, we have

L+ A) = L(07) = —%[R(HM(A)) + Rl (A))]. (3.8)

The detailed proof can be found in [60] appendix

Next, we present two technical results concerning the estimation of the optimal

error under the assumptions (A1) and (A2).

Lemma 3.3. Suppose that (A1) and (A2) are satisfied, \y > 2R} (X{V2L(Z*)),
and Ny > 2R3(XTV 2 L(Z*)). Then the optimal error A lies in the set
C :={(Ae,Ag) : A1R1(Hmf(ﬁ@)) + )\QRQ(HWQL(AG))

< MBR1 (g, (Ae)) + 4R (Mg, (07))] + A2[3Ra2(Ilxg, (Ac)) + 4R (I, (GF))]}-
Proof. In this proof, we make use of the function F'(Ag, Ag) to achieve the conclu-

sion.

Recall the definition of F(Ag, Ag) (3.3]), which is

F(A@, Ag) :ﬁ(Z* + Az) - ﬁ(Z*>
+ M[R1(O" + Ag) — Ri(O%)] + Na[Ra(G* + Ag) — Ra(G)]-



14 Chapter 3. Estimation of the Error Bound

We know
F(Ao,Ag) = Objectivefn(Z) — Objectivefn(Z*) < 0.
Applying Lemma (3.2)) for decomposable regularizers R; and Ro, and get:

R1(0" + Ap) — Ry (O)
>Rl (Do) = Ri(llg(Ae)) — 2R(Ia (07)), (3.9)

Ro(G* 4+ Ag) — R2(G™)
ZRz(Hmi(AG)) — Rao(llz;(Ag)) — 2Ra(IL 1 (G7)). (3.10)

Moreover, as long as A > 2R*(VL(0*)) and L is convex, we have

L(Z*+AZ)— L(Z7)
=L(X10" + XoG" + X1A0 + XoAG) — L(X10" + XoGF)
>(VeL(Z"),Ae) +(VaL(Z7),Aq)

> RiVoL(Z')R(B0) ~ RYVL(Z)RalAc)
2 AR (g (B6) + R (T (D)

~ 2[Ry (T (Aa) + RallTgrs (M) (.11)
where the inequality (i) is from the generalized Cauchy-Schwarz inequality, and the
inequality (ii) is based on the decomposability of the regularizers and the assump-

tions on A in the statement of this lemma.
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Combining (3.9), (3.10) and (3.11)), we obtain

0> F(Ae,Ag) =L(Z" + Ay) — L(Z7)
+ M[RUO + Ag) — Ry (O%)] + Ma[Ra(G* + Ag) — Ra(GY))]
> — LR (Mg (Bo)) + R (Tt (B)]

+ MR (Ae)) — Ra(llgg (Ae)) — 2RIy (©7))]

2Ry [l (Ae)) + Rl (M)
+ M[Ro(li1 (Ag)) — Ra(llzg;(Ac)) — 2R (Il (G7))]
= — 3?)\17?,1 (HW(A@)) + %Rl (HWL(AQ)) - 2)\1R(HMf (©%))
3)\2 )\2

- TRQ(H/\TQ(Ae)) + ?RQ(HWQL(A@) — 2RI (7).
A simple reformulation completes the proof. O]

Lemma 3.4. Suppose that (A1) and (A2) are satisfied. C defined as in equation
(3.9). If F(Ae,Ag) > 0 for all possible vectors (Ae, Ag) € K(8) := CnN{||Ae| +
|Agl|| = 0}, then the optimal error satisfies

1Aellr + 1Acllr <6, (3.12)
where Ag = © — ©*, and Aq =G - G~

Actually, a similar result was provided in [60]. We present the proof here as a

reference.

Proof. Let’s first show some special property of the set C, based on which we will
then derive the guarantees for error bound.

Let (Ag, Ag) be an arbitrary error vector in the set C. Then, for any ¢ € (0,1), we
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have

MR (186)) + AoRo (Tt (tAG))
ON R (1 (A6)) + ARl (A))

DRI (A6)) + AaRa(TL (Ag))

LN BRI (g (B6)) + 4Ry (Tag: (6))] + D [3RaTxgs (Ag)) + ARy (T (G))]
D\ B3R (g (tA6)) + 4R (g (67))] + AaBRo(Ilgi (1AG)) + 4R (M5 (G7))]
N [BR (T (t86)) + 4Ry (Tygs (67))] + MaBRa(Tggs(tAg)) + 4Ry (T (G))]
where step (i) uses the fact that

[l (tAe) =arg min_ e [tAe — ||

=targ minyeﬂL |Ae — %H
:thL(A@)

HWzl (tAg) =arg minweﬂl 1tAc — 7|
=targ minvemL |Ag — %H

= 1L (M),

and step (ii) uses the positive homogeneity of norms, and step (iii) holds since
(Ag,Ag) € C.

Moreover, step (iv) holds similarly as in equalities (i) and (ii), and finally step (v)
trivially holds for any ¢ < 1.

Therefore, if (Ag, Ag) € C, then the line segment {(tAe,tAg),t € (0,1)} between
(Ao, Ag) and (0,0) also lies in C.

Suppose ||Ae||r + || Ag|lr > 0. Since [|[tAo||r + [[tAc||F = t]|Aollr + ]| Ac||F, there
exists some constant t* € (0,1) s.t (t*Ae, t*Ag) € K(6). At the same time, by the

convexity of £ and the regularizers,
F(t*Ao,t*Ag) < t'F(Ao, Ag) + (1 — t*)F(0,0) < 0.

Therefore, (t*Ag,t*Ag) is in K (8) such that F(t*Ag,t*Ag) < 0 by construction.

Hence the statement follows. O
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In the following context, we show that (A3) and (A4) indicate the global re-
stricted strong convexity which bounds 6L with a nice estimate. Actually, this

lemma and its proof have roots in [60].

Lemma 3.5. Suppose that (A3) and (A4) are satisfied. Then the global RSC (Re-
stricted Strong Convexity) holds:

5L =L(Z" + AZ) — L(Z*) — (Vo L(Z"), Ae) — (VaL(Z*), Ag)

>K(|AelF + A7) — T(27), (3.13)
where
K :% — 64G @7,

7(2°) =647 (NI R3 (I (67)) + MR3 (s (G))).

1
g :ma-razl,Q)\_ ga + Hoz-

Proof. Observing the composition of 6 L(Ay), we split it into three parts and bound

every term separately.

0L(Az) =L(Z"+AZ) = L(Z7) = (V2L(Z"), X10e) — (VZL(Z7), X2Ac),
—L(Z + X106 + XoAg) + L(Z7) — L(Z* + X1D6) — L(Z* + X>A0)
+ [L(Z" + X1Ae) — L(Z7) = (VZL(Z7), X1Ae)]
+[L(Z" + XoAc) — L(Z7) = (VZL(Z7), X2A¢)]
=Wy 4+ Wy 4+ Wi,

where

Wi :E(Z* + X1 Ag + XgAg) + E(Z*) — £(Z* + XlA@) — £(Z* + XQAGv),
Wy =[L(Z" + X186) — L(Z7) = (V2L(Z7), X1 M),
Wy =[L(Z" + XoAa) — L(Z7) — (V1L(Z7), XoAc)].
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By the inequalities (2.5)), (2.6 and (2.7]), we get
Kr
Wi > = —=(12el7 + [Acllz) — Y HaRE(AW),
a=1,2

Wo >Kr||Asl7 — GiR1(As)?,
Wy >K1||Aclz — GaRa(Ag)?.

Then,

(S,C(Az) :W1 + W2 + W3

>K||Aell7 — GiR: (Ae) + KL||AcllF — GR35 (Ac)
Y
2
@
ZTL(HA@H% +|Acll7) = (G1 + H1)R3(Ae) — (G2 + Ha)R3(Ac)
K
== (l2el +1Acl}) — U.

(A7 + | Aclz) — HiRi(Ae) — HaR3(Ag)

where
U= (g1 + Hl)R%(A@) + (QQ + HQ)R%(AG).
And we also have

U =(G + H1)R3(A6) + (Go + Ha)REAg)

<(vVG1 + Hi Ri(As) + VG + HaRa(Ag)?

< [g()\ﬂ—\’,l (Ag) + AQRQ(AG))]Qv

where in the second inequality we use (z,y) < ||z]|s||y|[1 and G := ma:vazl,gﬁ\/ Go + Ha.
By Lemma [3.3] for any (Ag, Ag) € C,

)\17?,1 (A@) -+ AQRQ(AG)
<A (Ri(Iyg, (Ae)) + Ry (Hﬂf(Ae))) + X2 (Ra(Ily, (Ag)) + RQ(HMQL(AG)))

<M (AR, (Be)) + 4R (51 (07))) + Ao (4Ra(Ilg, (Ac)) + 4Ra (Il (G7))).
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Therefore,

U <G IMRUO) + MRa(Ag))?
<G'16 x 4 x [NRy (I, (Re))? + MR (T (07))7 + AR Ty, (Ag))* + AR (Tl (G))7]

=2 * *
<64G (A7 Ae[p + AR (I (©7))* + A W3 Ac || + ARa (Tl (G7))7).

Thus we get the lower-bound for 6L :

OL(Az; Z)
ICL 2 2
27(||Ae||p +|Aq|lz) = U
K —2 *
ZTL(HAeH% +[AclE) — 64G (AU [ Ae |l + AR (T (©7))
+ MWl AG]E + AR2(Tg: (G7)))
Kr

(5 - 64G°0%) (| Aoz + [|1Ac]2) — 64?2(A§R1(HW(@*))2 + AR (I (G))?),

which concludes the proof. O]

Besides the above results, we still need to estimate the regularization part of the
objective function. In fact, we will use the following lemma to attain the minimum

in the estimation of F'(Ag,A¢g) in Section 3.3.

Lemma 3.6. Consider the 2-variate quadratic function: F(x1,x) = ax?+bx;+c+
ax3 + bxy + ¢ for some constants a, b,c. In addition, we suppose a > 0,1y > 0,19 >

0xq +x9 =06 > 0. Then F(xq,x2) attains its minimum value at x1 = x9 = §/2.

3.3 Demonstration of the main theorem

In this section, we employ the above lemmas to derive the main theorem for error

bounds.
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Proof of Theorem[3.1]. Recall the definitions in Section 3.2,

0L(Az) =L(Z" + AZ) = L(Z7) = (V2L(Z"), X1De) — (VZL(Z"), X2Ac),
F(A@, Ag) :ﬁ(Z* + Az) - ﬁ(Z*)
+ M[R1(O" + Ag) — R1(O)] + Ma[R2(G* + Ag) — Ra(GY)].

Therefore,

F(Ae, Ag) =6L(AZ) + (V2L(Z%), X1Me) + (V2L(Z*), XoAg)
+ M [R1(O" + Ag) — R1(O")] + A2[R2(G" 4+ Ag) — Ra(GY)]
=6L — 2(X] (Y — X10% — X,G"), Ae) — 2(XT (Y — X,0* — X0G*), Ag)
+ M[R1(O" + Ag) — R1(O)] + Ma[R2(G* + Ag) — Ra(G¥)]
=i+ Vo + Vs + Vi,

where

Vi =0L,

Vo = — 2 XT(Y — X,0" — X5G*), Ag) — 2(XT (Y — X10" — X1,G¥), Ag),
Vi =M[R1(O" + Ag) — R1(O7)],

Vi =X[Ra(G" + Ag) — Ra(G7)].

By Lemma (3.5
Vi > K([ el + 1 Aclz) —7(Z27). (3.14)
By the inequality (i) and (ii) in equation (3.11]), we obtain

Vo = — 2(XT(Y — X,0" — X5G*), Ag) — 2(XT (Y — X10* — X1,G¥), Ag)

> — RI(X{ V2L(Z*))Ri(Ae) — R5(X3 VZL(Z*))Ra(Ag),

> — %[Rl (HW<A@)) + R (HWJ— (AG))]

A2
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By Lemma |3.2

Vs =M1[R1(O" + Ag) — R1(07)], (3.16)
> (Ra(Ige (Ae)) = Ru(Tlg, (Re)) = 2R (Il ©7)),

Vi =X[Ra2(G* + Ag) — R2(GY)]
> X2 (Ro(ll1 (Ag)) — Ra(llxg, (Ac)) — 2Ro (Il G7)). (3.17)

Combining the inequalities (3.14]), (3.15)), (3.16)) and (3.17), and dropping the posi-
tive term Ry (I1;1 (Ae)) and Ry(Il;: (Ag)), we obtain:
1 2

F(Ae, Ag)
>Rl Aol — 3 (3R (TTx, (30)) + 4Ra(ll ©))

FIAGIE — 22 (3Ralllyy, (M) + 4Ra(lL O7)) ~ 7(Z)

>K Aok — 2RIy, (86)) + K gy — 22 RallT, (M)

—T(Z") — 2A1R1(Hml®*) — QAQRQ(HMLG*).
Using the definition of subspace compatibility constant, we get

F(Ao,Ag) =Vi+Vo+ V54V,
e B e B
>Kl||AellF — qul(Ml)Rl(A(a) + Kl Acllz — 7‘I’2(M2)R2(AG)

—T(Z") = 2\ R (T ©7) — 22 Ra(T 1 G7).
Denote ® = max{\;¥;(M;), \o¥s(M3)} and 2D = 7(Z*) + 20 Ry (T ©7) +
QAQRQ(HM;_G*) Then,

— 3 — 3
F(Ae,Ac) = KllAe|lr = 58R1(Ae) + K[| Aglly — 5PRa(Ag) = 2D.

Using Lemma 3.6, we get:

5
F(Ag,Ag) > ICE

- gqm —2D. (3.18)
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Since K% — %@5 —2D > 0 as long as § > LOPHY Q%S@HED, we can say that when

K 1.5®+1/2.25024+4KD
5>3<I>+2E/CD> 5P+ Ef) +4K ,F(A(—),AG>>O.

Then using Lemma [3.4] we achieve the error bound:

. . 30 + 2VKD
16 — 0% ||r + |G — G*||p < 2222

which completes the proof. O



Chapter I

Investigation into Specific Settings

In chapter 3, we provided error bounds under four natural assumptions. In this
chapter, we will investigate the four conditions for a specific model. More impor-
tantly, we establish an innovative proof for the structural incoherence property and

provide specific results on the error bound.

4.1 A specific model with its four natural condi-

tions

Let’s consider a specific model with regularization functions Ry = ||.||12 and Ry =

|.]l1- To be more specific,
Y = X,0" 4+ XoGF + W, (4.1)

where ©* € RP*Y is row-sparse, G* € R"*? is entry-wise sparse and W € R"*? is the

noise matrix whose Frobenius norm should be small. The M-estimator is
(0,G) ¢ ar%rgin{HY - X10 — XuG||% + M|1O]li2 + |G - (4.2)

Next, let’s verify that the four conditions imposed on the regularization functions

Reo (@ =1,2) and the loss function £ = ||Y — X;0 — X,G||% are satisfied.

23
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(C1) The loss function £ = ||Y — X0 — X,G||% is convex and differentiable.
(C2) The regularizers Ry = ||.||l1.2 and Ro = ||.|]1. are norms and are decomposable

with respect to the subspace pairs (Mmﬂi), where M, € M,, (o =1,2).

Proposition 4.1. The loss function and reqularization functions in (4.2) satisfy the

properties (C1) and (C2).
Remark. The proof is also omitted since it is very straightforward.

The next condition is about the "restricted strong convexity”. Since

OL(Ag: O, G*) :=L(Z" + X1Me) — L(Z*) — (Vo L(Z*), Ao)
=Y = Z* = Xiloll7 — |Y = Z*||% — (X{ V2L(Z"), Ne)
=Y — X10* — XuoG* — X1 Agl|% — ||Y — X10* — XoG*|)%
+2(XT(Y - X;0" — X,G¥), Ae)
=[|X1 267, (4.3)

the "restricted strong convexity” reduces to || X1Ae||% > Kr||Ae||% — GRa(Ag).
(C3) [Restricted Strong Convexity]

IXi186lF = KillAelf — GiR1(Ae), (4.4)
IX2AclE = KillAcllh — G2Ra(Ac). (4.5)

Proposition 4.2. Model (4.1) satisfies the Restricted Strong Convezity.
Actually, there is a similar result in [1], which proves
1
~[ X186k = kLl AellE — g1 R1(Ae), (4.6)

where k7, and ¢; are positive constants. We can prove this proposition with K, =
nkr, g1 = ngy, Gy = ngs. The detail proof is omitted.
The next condition is the structural incoherence property. Since in this specific

setting, £ = ||Y — X;0 — X,G||%, the structural incoherence condition reduces to
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the following form.

(C4) [Structural Incoherence]

K
2(X106, X2A¢) §7L(||Ae||fw +AallF) + ) HaRE(A). (4.7)

a=1,2

In the following context, we provide a theorem to guarantee the structural incoher-

ence for the setting (4.2).

Theorem 4.1 (Structural Incoherence Theorem). Assume that X5 is an n x n ran-
dom matrix whose entries a, j are independent random variables with fourth moment
bounded by 1, and that X, is an n x p random matriz X! = B = (By, ..., B,) with

2 < Kr, — 2430 # ¥y (Mﬂ) _ : e
El|X1[]* < 5%z, where A = max AT (V) K1 = nkyp, and Ky, is the positive

constant in formula (@ Assume the rows of X are independent and identically

distributed. Then |2(X;A0, XoAG)| < 25L 3" || AallF-

Actually, a bridge between |2(X;A0, XoAG)| and |pmax (P XT XoPs)| was es-
tablished in [60], where P, (o = 1,2) represents the projection operator on to the
subspace M, (a = 1,2). The structural incoherence is then related to the largest
singular value of the product of two random matrices P{ X! and X,P,. In the
following section, we study the largest singular value of the product of two ran-
dom matrices. After that, we will prove the structural incoherence with H, = 0 in

Section 4.3.

4.2 Bound the largest singular values

The largest singular value is also called the spectral norm of a matrix, we denote it
by ||.|l. In this section, we estimate the largest singular value of the product of two

random matrices. The following theorem is our main result.

Theorem 4.2. Let A be an n x n random matriz whose entries a; ; are independent

random variables. Let B be an p X n random matric B = (B, ..., B,), where B;
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are independent and identically distributed. Then we can bound the largest singular

value of matriz BA

WoN
E[|BA|l < nEa},E| B||* + C'log (219)%, (4.8)
1

where wi = nEa? - E||B1[3 + 2(2)(Ela1])? - (E||Bi]]2)* and wy = nEaiE|B||3 +
2(Ea})’E([|B]* - | BIIF)-

In proving Theorem a foundation step is the M. Rudelson’s Theorem [43].

Here we present the theorem as a reference.

Theorem 4.3 (M. Rudelson). Let uy, ..., u, be vectors in R™. Then, for every p>1,

one has

p p
Bl eu @) < C(yp+ ylogn) - max Juglla - | > i @ wil|'/2. (4.9)
=1 =1

ct?

In particular, for every t > 0, with probability at least 1 — 2ne™*", one has

p p
1 s @ will < t-max fJuslla - D s @ w2, (4.10)

i=1 i=1

Remark. In this paper we use C, ¢ to represent constants.

The next lemma is a consequence of M. Rudelson’s Theorem and a standard

symmetrization argument.

Lemma 4.4. Let Xy, ..., X, be independent random vectors in R"™ such that
|IEX; ® Xj|| < s for every j. (4.11)
Then

p
El| ) X;® X;|| < ps + Clog (2n) -EmjaXHXjH%. (4.12)

j=1
Proof. Let €4, ..., €, be independent symmetric Bernoulli random variables. Then by

the triangle inequality, the standard symmetrization argument and the assumption
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(4.11)), we obtain

p p p
E=E|Y X;@ X;|| <E[l ) (X;®X; —EX; ® X;)|| + | ) X; @ Xj|

j=1 j=1 7=1

p
<[> e, X; @ X + ps. (4.13)

j=1
Condition on the random variables X1, ..., X}, and use E, to denote the conditional

expectation with respect to ey, ...c,. Applying Theorem [£.3| we obtain
p n
Edl ) eX;©X;| < C\/log (2n) - E max | - | DX @ X[
j=1 j=1

Take expectation with respect to X, ..., X,,, and apply Cauchy-Schwarz inequality.
Then we get

E < C/log(2n) - (Emax HXjug)l/Q . B2 + ps.
J

Therefore,
E| )" X;® X;| < ps+ Clog (2n) - Emax || X;|3.
J

J=1

]

Remark. The standard symmetrization is a popular technique in dealing with ran-
dom matrices. Let matrix A = (a;j), and let A" be an independent copy of A. Let €;;

be independent symmetric Bernoulli random variables. Then by Jensen’s inequality,

E[[BA| = E[B(A-EA)|| < E[|B(A— A" = E[|B(ey;(ay; — aiy)[| < 2E[|B(eas;)]-
To complete the proof of Theorem [4.2] we still need to present another two

auxiliary lemmas.

Lemma 4.5. Let aq, ..., a, be independent random variables. Let B be an pxn matrix
B = (By,...B;,...By,), where B;, the columns of the matriz B, are independent and

tdentically distributed. Consider the random vector X € RP defined as

i=1
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Then

Proof.

norms.

E[|IX3

E| X[ <nEa?- E|Bi3+2(;)(Elai)® - (Bl Bill2)?, (4.14)
Var([IX3) < nEaiEl| Bz + 2(Ea)*E(| B|I* - | B]17)- (4.15)

To prove the inequality (4.14), we rewrite E|| X ||3 and use the properties of
Specificly,

=E[ > a;Bil3

=1
=E|la,B; + agBs + ... + a,By||2
:E(||a131 =+ a2B2 + ...+ (lan||2)2
<E(laiBil2 + llazBallz + ... + |lan By ||2)?

=E(aBill3 + llazBel3 + - + llanBull3 +2 Y llaiBillz - lla; Bill2)

1<i<j<n
—E(ai[|Bill3 + a3]| Ball3 + - + a2 lIBall3 +2 Y lail - | Billz - lay] - [|Bjll2)
1<i<j<n
—Eai[|Bi|3 + Ea3 || Ball3 + - + Eaz||Bull3 +2E Y ail - |as] - | Billa - || B2
1<i<j<n
_ 2 2
=nE(a}||Bil3) +2 > E(lail - [as| - ||Bill2 - | Bjl2)
1<i<j<n
=nEa} -E|Bi|;+2 Y Elal-Elay| - E|Bill2 - E| Bl
1<i<j<n
=nEa; -E|Bil3+2 Y Ela;|-Elas| - E|Billz - B[ Byl
1<i<j<n

2
—nEd® - E||B||2 + 2<n) (Ela1])? - (B[ Bill2)?,

which concludes the proof for (4.10).
Next we derive the upper bound for Var(||X|3). Since Var(||X]|3) can be written
as Var(||X]|3) = E|| X3 — (|| X]|3)?, we estimate E|| X |3 and (|| X[|3)? separately and

then combine them. For E||X||3, we have

E|X]; = E(X,X)>=E("", a:Bi, Y, a;B))”

= Zi,j,k,l:l Eaiajakal(Bi, B]> <Bk, Bl> (416)
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Due to the independence and mean zero assumption, non zero terms can only be
of the following cases: i = j=k=0Li=j,k=0Li#ki=k,j=10Li#7i=1,7=
k,i # j. Then the formula (4.16)) is reduced to

E[ X3
—ZEa (B;, B;)* + Z Ea2a2(B;, B;){By, By) + 2 Z Ea?a?(B;, B;)?
’Lk‘ 127519 z] 1@;&]

:ZEa?E<B,~,B,->2+ Z Ea;Ea;B(B;, B)E(By, By) +2 Y Ea]EaE(B;, B;)”

i=1 ik=1,i#k 1,j=1,i#j
=nEaiE|Bill3 + Y Ea’Ea;E(B;, B)E(Bi, By)+2 Y Ea/E<E(B;, B;)

i,k=1,i#k i,j=1,i#j
n

=nEaiE|Bi[l3 + Y Ea’EaE(B;, B)E(By, By) + 2(Ea})’E Y (Bi,B;)’
i,k=1,i#£k i,j=1,i#j

=L+ I+ I,
where
I, =nEa{E|| By |3,

> EaEaiE(B;, B))E(By, B) < (E[| X]}3)*,
ik=1i#k

I; =2(Ea})’E ) (B, B))?
ij=1,i#j

=2(Eay)’E| B"B||%
=2(Eay)"E(|B|*[| BI[%).

Therefore
Var(|X3) = Bl Xl — (IX3)* = I + I + 15 — (| X]3)?
< Iy + I3 < nEaiE| B |5 + 2(Ea?)’E(|| B|*|| B||7) (4.17)
O]

Lemma 4.6. Let A be an n x n random matriz whose entries a; ; are independent

random variables. Let B be an p X n random matrix B = (By, ..., B,), where the



30

Chapter 4. Investigation into Specific Settings

columns B; are independent and identically distributed. Let Xy, ..., X,, € RP denote
the columns of the matriz BA. Then

2 won
112 < —=—
E max Xl < <

(4.18)

where w; = nEa? - E|| B3 + 2(2)(E]a1|)2 (E||B1||2)? and wy = nEaiE| B3 +
2(Ea})’E([| BI* - | BlI%)-

Proof. Let B = (By,...,By,), A = (a;j). Then X; = >°"  Bia;j, j = 1,..n. Fix

j €{1,...,n}, by the previous lemma, we get
E[| XI5 < wi, Var(|X;]3) < ws,
where
wr =B B 5113 +2( L) Bl (BBl
wy =nEa B Bill; + 2(Eai)’E(|| B]|* - || BI%)-

Recall Chebychev’s inequality, which states that if Z is a random variable with
0? = Var(Z). Then for arbitrary k > 0, P(|Z — EZ| > ko) < 1/k*
Applying Chebychev’s inequality for Z = || X;||3, k = t\/ws where t > 0 is arbitrary,

one can obtain
P(|1X;1l5 — Bl X; 3] > ko) < 1/k. (4.19)
Then

1/k* 2P([1X5 — B3] > ko) > (X5 > EIIX;3] + ko)

SB(IX 3 > wn + k). (4.20)
Since k = t\/ws, @ > P(||X;]|3 > w; + twsy). Taking the union bound over all
j=1,..p, we get P(max;—;_, [|Xj|[3 > w1 +twy) < 7. Integration completes the
proof. O

Equipped with the above lemmas, we can now present a complete proof for

Theorem [4.2]
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Proof of Theorem[{.3 Let Xi,...,X,, € RP denote the columns of matrix BA, i.e.,
BA = (X1, ..., X,,). Then we can apply Lemma [4.4] to achieve the bound. Let’s first
check the conditions in Lemma [4.4] .
Xj = ZBiaij; j = 1, ..M. (421)
i=1

Since E||X; @ X,|| = E(X;, )2 for some arbitrary vector x € SP~!, we can get
J J J

E|X; ® X;|| =E(X;, z)? Za”Bl,x Zaw B;, x))?

= ZEa?iji, )2 = Ed?, ZE<BZ-, z)?
=1

i=1

=Ea},E Z(Bia x)? = Ea},E[| B*z|)3

i=1

<Ea},E|B"||* = Ea}, E[| B||*.
Applying Lemma [4.4] we obtain

E||BA| _EHZX ® X;| < nEa}E||B|? + Clog (2p) - Emax | X, 3.

7j=1

Then applying Lemma we obtain
n

p
w
E|BA| =E| ) X, ® X;| < nEa},E|B|* + Clog (2p)§,

j=1 1

where w; = nEa? - E|| B2 + 2(2)(E|a1|)? - (E||Bill2)? and ws = nEa{E| B3 +
2(Eai)’E(||BII* - | BlI%)- O

4.3 Structural incoherence and error bounds

With the above lemmas and corollaries, we can derive a complete proof for the

structural incoherence property.

Proof of Theorem[{.1] Tt has been shown in [60] that

12(X1A0, X5 AG)| <2|0max(PEXT XoPy)| x A2 x 2 x (|Aal|% + |AG]%)
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where

Apply Theorem and do a simple computation. Then we obtain:

E|[PTXT X, P|| < nEa?,E||B|? + Clog (2p) 2 < UL

w
— 4.22
wi — 8A2’ (4.22)

where
2
wy =nEa?, - E||By|? + 2(n> (Ela])® - (E||B1]l2)?,
wy =nEa}, E|| By 3 + 2(Ea))’E(||B|* - | Bl %),
K =nky.

Therefore, |oma(PL XTI XoPs)| < ;;CTL2'

Thus [2(X1A0, XoAG)| < 1KLY, | Aul2, where A = max jﬁiigfﬂ and

ICL = NKy,. ]

We have demonstrated the structural incoherence property for model (4.1). Next,
we establish the error bound for it. In fact we will also do simulation for this model

in Chapter 6,

Theorem 4.7. Recall model (4.1) and its M-estimator (4.2). Assume A\ = 8noy/ long,

and Ay = 8n0{\/g—|— k’%}. Then with high probability, the error of the the estimate
(©, Q) is bounded by

) i 24 1 1
16 — %[5 + |G — G*[|r < (=) max{ M,@(\/g+ 98Py (4.93)

@ n n
where
K :% — 64G D2,
K =nkp,
= VGo + Ha
g =max —

O =max{ A\ U (M), \aUs(My)},
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K1, is the positive constant in(4.6), s, is cardinality for the row-sparse matriz ©, and

s for the entry-sparse matriz G.

Proof. From Proposition 4.1 and Proposition 4.2, we know that conditions (C1)-
(C3) are satisfied. Moreover, by Theorem the structural incoherence is satisfied
with high probability.

We know

lo
),

geon,

with probability at least 1 — 2 exp(—21logp), which extends the result in [60]. Also

1
ORE(VL(0%,GY)) = 2RE(XTW) = 4[| (XTW).1||oe < Snoy /% W

with probability at least 1 — ¢; exp(—c2(log pq)), which extends the result in [60].

Moreover, ¥ (M;) = >, ‘I‘IAA‘I‘IIE < /3r, and Wy (My) = supp ‘l“ﬁ‘l“; <+/s.

Applying Theorem 4.1, we get the error bound

A o A 24no s(log pq) q log p
— — < (2= Vol 2z
1© = O[r + |G = G"[|r < ( = ) max{ V(Y iV &

which completes the proof. O

4.4 Other examples

For the PCA model [1} 58, 60], Y = ©* + G* + W, where ©* is low-rank and G* is

element-wise sparse, the optimization problem is
min{[[Y’ = © — Gl + M [0]l. + Aa[|Gl1 }- (4.24)

We can specify our framework to this model by setting Xy = I, and X; = I.
Another application is the multiple linear regression model [60] Y = X (©* +
G*) + W. The corresponding estimator is

(0,G) € ar%fgin{llY — X0 — XG|F+ MOz + A Gll1}- (4.25)
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We can specify our framework to this model by setting X; = X5 = X. For this case,
the two matrices are greatly correlated, so we have to set more strict assumptions on
the matrix to obtain structural incoherence. The following estimation of the largest

singular values of matrix X7 X was provided in [56].

Proposition 4.3. Suppose that X € R™*" is a Y-Gaussian matrixz. Then for any

fized i,k and every § > 0, with probability at least 1 — 4exp(—c96?), we have
|XTX| < nl|] + neymaz(n, ), (4.26)

where n = \/%4— \/Lﬁ, and constants ¢y, co only depend on the distribution of the rows
mn X.
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Algorithm and Simulation

5.1 Algorithm

In this chapter, we do experiments for the specific model (4.1) where ©* is row-sparse

and G* is entry-sparse. The estimator is
(0,G) € arg@;rgin{HY — X180 — XuG||% + MOz + A GllL}- (5.1)

For this model, we use FISTA (Fast Iterative Shrinkage-Thresholding Algorithm)
[6] to solve the optimization problem.

In the first step, we approximate the objective function
F(©,G) =Y = X180 — X:G|% + MOl 2 + X |Gl (5.2)
with Q:

Q(@, G) :HY - X1®k,1 - XQG]{,1H%‘ - 2<X1T<Y - X1@k,1 - XQkal)a A@>
L L
—2(X5 (Y — X16)_1 — XoGj_1), AG) + 71||A9||% + ?ZHAGH%“

+ A1][O]1,2 + Ao || Gl

35
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Then, we calculate (Oy, G}) using the formula Q.
(O, Gx) € argmin F (0, G)
. L L
=argmin{ | AO||% + T AG]F — 2X] (Y — X104 — XaGr), AO)
—26X5 (Y — X161 — XoGp1), AG) + M [|O]l12 + A ||G|11}
. L 1
=arg mm{?lHA@ — L—X1T<Y — X101 — XoGp ) ||
1
+ S IAG = =X (V = X101 — XoGia) 7 + M|z + A2l Gl }
2
. L 1
=arg mm{?lH@ — 01 — L—X1T(Y — X10k-1 — XoGr) |7
1

L 1
+ 72||G — Gr1 — L—XzT(Y — X101 — XoG1) |7 + MOz + A2[|Gl1}-
2

(5.3)
Actually formula (5.3) is in the form of
. Ll 2 L2 2
arg min{ —-[|® — Al + =[G = Bl[ir + Al|O][12 + A2[| G}, (5.4)
where
1
A =0 + L—XlT(Y — X10p_1 — XoGyy),
1
1
B :Gk,1 —|— L—XQT(Y - X1@k71 - XZkal)-
2
In fact, the iteration solution is
Gy =1 (D), (5.5)
La
@k(z]) = niAij, (5.6)
A
n=1 L (5.7)
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where

Ll :2/\maz<X1TXl)7
L2 :2)\max(X§X2)7

1
A =0, + L—XlT(Y — X164 — XuoGhv),
1

1
B =Gy + L—X2T (Y — X101 — XoG_1).
2

Now we have obtained the necessary data for the FISTA simulation.

5.2 Simulation results

We conduct simulation using MATLAB to see the effect of structural incoherence
which is the fundamental assumption of our model. In our experiments, we choose
n=100. For the row-sparse matrix ©* with sub-Gaussian rows, we select nonzero
rows randomly using MATLAB command 'randperm’ and then generate row vectors
from Gaussian distribution using MATLAB command ’randn’. The element-wise

sparse matrix G* is generated by the command ’sprand’ in MATLAB.

We generate a random matrix X, which are to be used in both experiments. For
the first set of experiments, we generate random matrix X; independently from Xs.
In the second set of experiments, we set X; = X5. Obviously, the first set of data
enjoys better structural incoherence property. Then we study the effect of structural
incoherence by observing the performances of the two groups. Moreover, we repeat
the procedure according to different sparse levels. Thus we can see the effect of
sparse levels in the performance of error bound. To be noted that, we carried out
more than 20 tests for each situation, to average out the randomness and ensure the
reliability of the experiments.

Refer to Figure 5.1 and Figure 5.2. We can see that the structural incoherence
plays an important role in the performance of the errors. The more the structure is

incoherent, the smaller is the error. Figure 5.1 shows that, the fewer nonzero rows
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in the original matrix ©*, the smaller is the error in the estimated ©. Moreover,
Figure 5.2 shows that, the fewer nonzero elements in the original matrix G*, the
smaller is the error in the estimated G. Those observations are consistent with our
theory. Moreover, comparing the two figures, for the effect of structural incoherence,
we observe much greater reduction in error in G, the element-sparse matrix. This
performance is really caused by the property of structural incoherence. In fact, it
indicates the great power of structural incoherence in estimating element-wise sparse

matrix.

For the details of the MATLAB codes, please refer to the thesis package.
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Chapter

Conclusions

This thesis studied the structure decomposition problems in high-dimensional set-
tings. We set up a general framework which involves distinct structures and imposed
four natural assumptions on the model. Then we explored the four assumptions.
In particular, we investigated the property of structural incoherence, and provided
conditions under which the assumptions can hold in specific scenarios. The main
results were the theoretical estimation on the error bound. And we then discussed
structural incoherence for different specific scenarios, such as the PCA model and
multi-regression model with gross errors. In the end, we conducted simulation to see
the influence of the structural incoherence property. In fact, the simulation results

provided good verifications for our theoretical analysis.

We should mention that the work done in this thesis is far from complete and
comprehensive. There are still many interesting works to be done. Below we present

some directions for further research that deserve more explorations.

e We only considered a number of scenarios that are special cases of our model.
Maybe other norms and low-dimensional structures can also be incorporated

into our framework under appropriate conditions.

e We only discussed two distinct structures in this paper. A future research

direction is that, if the number of different structures is increased, whether one

41
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can possibly get some meaningful results concerning the parameter selection

and the estimation of the error bound.



Bibliography

[1] A. Agarwal, S. Negahban, and M. J. Wainwright. Noisy matrix decomposi-
tion via convex relaxation: Optimal rates in high dimensions. The Annals of

Statistics, 40(2):1171-1197, 2012.

[2] B. Scholkopf, J. Platt, and T. Hofmann. Multi-task feature learning. Advances
in Neural Information Processing Systems, 19:41-48, 2006.

[3] F.R. Bach. Consistency of the group lasso and multiple kernel learning. Journal

of Machine Learning Research, 9:1179-1225, 2008.

[4] F.R. Bach. Consistency of tracenorm minimization. Journal of Machine Learn-

ing Research, 9:1019-1048, June 2008.

[5] F. R. Bach, G. R. G. Lanckriet, and M. I. Jordan. Multiple kernel learning,
conic duality, and the SMO algorithm. In Proceedings of the 21st International
Conference in Machine Learning, New York, 2004. ACM.

6] A. Beck and M. Teboulle. A fast iterative shrinkage-thresholding algorithm
for linear inverse problems. SIAM Journal on Imaging Sciences, 2(1):183-202,
2009.

43



44

Bibliography

[7]

[11]

[12]

[13]

[15]

[16]

[17]

P. J. Bickel, Y. Ritov , and A. Tsybakov. Simultaneous analysis of lasso and
dantzig selector. Annals of Statistics, 35(6):2313-2351, 2007.

P. J. Bickel and E. Levina. Covariance regularization by thresholding. The
Annals of Statistics, 36(6):2577-2604, 2008.

P. J. Bickel and E. Levina. Regularized estimation of large covariance matrices.

The Annals of Statistics, 36(1):199-227, Feb 2008.

F. Bunea, A. Tsybakov, and M. Wegkamp. Sparsity oracle inequalities for the
lasso. Electronic Journal of Statistics, 1:169-194, 2007.

T.T. Cai, C. H. Zhang, and H. H. Zhou. Optimal rates of convergence for sparse
covariance matrix estimation. The Annals of Statistics, 38(4):2118-2144, 2010.

E. Candes and T. Tao. Decoding by linear programming. [EEE Transactions
on Information Theory, 51(12):4203-4215, December 2005.

E. Candes and T. Tao. The dantzig selector: Statistical estimation when p is

much larger than n. Quality control and applied statistics, 54(1):83-84, 2009.

E. J. Candes, X. Li, Y. Ma, and J. Wright. Robust principal component anal-
ysis? Journal of the ACM, 58(3), May 2011.

E. J. Candes and B. Recht. Exact matrix completion via convex optimization.

Foundations of Computational Mathematics, 9(6):717-772, 2009.

V. Cevher, P. Indyk, L. Carin, and R. G. Baraniuk. Sparse signal recovery
and acquisition with graphical models. Signal Processing Magazine, IEEE,
27(6):92-103, Nov 2010.

V. Chandrasekaran, P. A. Parrilo, and A. S. Willsky. Latent variable graphical
model selection via convex optimization. The Annals of Statistics, 40(4):1935—

1967, 2012.



Bibliography

45

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[20]

[27]

V. Chandrasekaran, S. Sanghavi, P. A. Parrilo, and A. S. Willsky. Rank-sparsity
incoherence for matix decomposition. SIAM Journal on Optimization, 21(2),

2011.

S. S. Chen, D. L. Donoho, and M. A. Saunders. Atomic decomposition by basis
pursuit. SIAM Journal on Scientific Computing, 20(1):33-61, 1998.

C. Zhang and J. Huang. Model selection consistency of the lasso selection in
high-dimensional linear regression. The Annals of Statistics, pages 1567—1594,
2008.

D. L. Donoho and J. Tanner. Neighborliness of randomly projected simplices

in high dimensions. Proc. Natl. Acad. Sci. USA, 102(27):9452-9457, 2005.

G. Obozinski and M. J. Wainwright and M. I. Jordan. Support union recovery in
high-dimensional multivariate regression. The Annals of Statistics, 39(1):1-47,
2011.

E. Greenshtein and Y. Ritov. Persistency in high dimensional linear predic-
tor selection and the virtue of over-parametrization. Bernoulli, 10(6):971-988,

2004.

D. Hsu, S. M. Kakade, and T. Zhang. Robust matrix decomposition with sparse
corruptions. IEEE Transactions on Information Theory, 57:7221-7234, 2011.

J. Huang and B. J. Frey. Cumulative distribution networks and the derivative-
sum-product algorithm: Models and inference for cumulative distribution func-

tions on graphs. Journal of Machine Learning Research, 12:301-348, 2011.

J. Huang and T. Zhang. The benefit of group aparsity. The Annals of Statistics,
38(4):1978-2004, 2010.

L. Jacob, G. Obozinski, and J. P. Vert. Group lasso with overlap and graph
lasso. the 26th International Conference on Machine Learning (ICML), pages
433-440, 2009.



46

Bibliography

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

37]

A. Jalali, P. Ravikumar, S. Sanghavi, and C. Ruan. A dirty model for multi-
task learning. In Advances in Neural Information Processing Systems 23 (NIPS
2010), 2010.

R. Jenatton, J. Y. Audibert, and F. Bach. Active set algorithm for structured
sparsity-inducing norms. In 2nd NIPS Workshop on Optimization for Machine
Learning, 2009.

N. E. Karoui. Operator norm consistent estimation of large-dimensional sparse

covariance matrices. Annals of Statistics, 36(6):2717-2756, 2008.

R. H. Keshavan, A. Montanari, and S. Oh. Matrix completion from few entries.

IEEE Transactions on Information Theory, 56(6):2980-2998, June 2010.

R. H. Keshavan, A. Montanari, and S. Oh. Matrix completion from noisy

entries. Journal of Machine Learning Research, 11:2057-2078, July 2010.

Y. Kim, J. Kim, and Y. Kim. Blockwise sparse regression. (Sinical6375-390.
MR2267240), 2006.

V. Koltchinskii and M. Yuan. Sparse recovery in large ensembles of kernel

machines. In COLT’08, 2008.

C. Lam and J. Fan. Sparsistency and rates of convergence in large covariance

matrix estimation. Annals of Statistics, 37:4254-4278, 20009.

K. Lee and Y. Bresler. Guaranteed minimum rank approximation from lin-

ear observations by nuclear norm minimization with an ellipsoidal constraint.

Technical report, UIUC, 2009.

Z. Liu and L. Vandenberghe. Interior-point method for nuclear norm opti-
mization with application to system identification. SIAM Journal on Matriz

Analysis and Applications, 31(3):1235-1256, 2009.



Bibliography

47

[38]

[44]

[45]

[46]

[47]

K. Lounici, A. B. Tsybakov, M. Pontil, and S. A. van de Geer. Taking advantage
of sparsity in multi-task learning. In 22nd Conference On Learning Theory

(COLT), 2009.

M. Lustig, D. Donoho, J. Santos, and J. Pauly. Compressed sensing mri. /[FEFE
Signal Processing Magazine, (27):72-82, March 2008.

M. Mccoy and J. A. Tropp. Two proposals for robust pca using semidefinite
programming. FElectronic Journal of Statistics, 5:1123-1160, 2011.

N. Meinshausen and P. Biithlmann. High-dimensional graphs and variable se-

lection with the lasso. The Annals of Statistics, 34:1436-1462, 2006.

N. Meinshausen and B. Yu. Lasso-type recovery of sparse representations for

high-dimensional data. The Annals of Statistics, 37(1):246-170, 2009.

M. Rudelson. Random vectors in the isotropic positions. Journal of Functional

Analysis, 164:60-72, 1999.

Y. Nardi and A. Rinaldo. On the asymptotic properties of the group lasso
estimator for linear models. FElectronic Journal of Statistics, 2:605-633, 2008.

S. Negahban, P. Ravikumar, M. J. Wainwright, and B. Yu. A unified framework
for high-dimensional analysis of m-estimators with decomposable regularizers.

Statistical Science, 27(4):538-557, 2012.

S. Negahban and M. J. Wainwright. Joint support recovery under high-
dimensional scaling: Benefits and perils of 11,00-regularization. In Advances

in Neural Information Processing Systems (NIPS), 2008.

T. B. Obozinski, G. and M. I. Jordan. Joint covariate selection and joint sub-
space selection for multiple classification problems. Statistics and Computing,

20:231-252, 2010.



48

Bibliography

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

A. Montanaria, R. H. Keshavan and S. Oh. Low-rank matrix completion with
noisy observations: a quantitative comparison. In Communication, Control,

and Computing, 2009.

P. Ravikumar, M. J. Wainwright, G. Raskutti, and B. Yu. High-dimensional
covariance estimation by minimizing ¢1-penalized log-determinant divergence.

Electron. J. Statist, 5:935-980, 2011.

B. Recht. A simpler approach to matrix completion. Journal of Machine

Learning Research, 12:3413-3430, 2011.

B. Recht, M. Fazel, and P. Parrilo. Guaranteed minimum-rank solutions of lin-
ear matrix equations via nuclear norm minimization. SIAM Review, 52(3):471-

501, 2010.

A. J. Rothman, P. J. Bickel, E. Levina, and J. Zhu. Sparse permutation invari-

ant covariance estimation. Electronic Journal of Statistics, 2:494-515, 2008.

R. Tibshirani. Regression shrinkage and selection via the lasso. Journal of the

Royal Statistical Society, Series B, 58(1):267-288, 1996.

B. Turlach, W. N. Venables, and S. J. Wright. Simultaneous variable selection.
Technometrics, 47(3):349-363, 2005.

S. A. van de Geer and P. Buhlmann. On the conditions used to prove oracle

results for the lasso. Electronic Journal of Statistics, 3:1360-1392, 20009.

R. Vershynin. Introduction to the non-asymptotic analysis of random matrices.

Technical report, Compressed Sensing: Theory and Applications, 2012.

M. J. Wainwright. Sharp thresholds for high-dimensional and noisy sparsity re-
covery using ¢1-constrained quadratic programming (lasso). IEEE Transactions

on Information Theory, 55(5):2183-2202, May 20009.



Bibliography

49

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

H. Xu, C. Caramanis, and S. Sanghavi. Robust pca via outlier pursuit. Tech-

nical report, University of Texas, Austin, 2010.

H. Xu and C. L. Leng. Robust multi-task regression with grossly corrupted
observations. In Proceedings of the 15th International Con- ference on Artificial

Intelligence and Statistics (AISTATS), 2012.

E. Yang and P. D. Ravikumar. Dirty statistical models. NIPS, pages 611-619,
2013.

Y. Yuan, M. Lin. model selection and estimation in regression with grouped

variables. J. R. Stat. Soc. Ser.BStat. Methodol., 6849-67(MR2212574), 2006.

H. Zhang, Y. Liu, Y. Wu, and J. Zhu. Variable selection for the multi-category
svm via adaptive sup-norm regularization. FElectronic Journal of Statistics,

pages 1149-1167, 2008.

C. H. Zhang and J. Huang. The sparsity and bias of the lasso selection in
highdimensional linear regression. Annals of Statistics, 36(4):1567-1594, 2008.

P. Zhao and B. Yu. On model selection consistency of lasso. Journal of Machine

Learning Research, 7:2541-2567, 2006.

P. Zhao, G. Rocha, and B. Yu. The composite absolute penalties family
for grouped and hierarchical variable selection. The Annals of Statistics,

37(6A):3468-3497, 2009.

S. Zhou, J. Lafferty, and L. Wasserman. Time-varying undirected graphs. In In
21st Annual Conference on Learning Theory (COLT), Helsinki, Finland, July
2008.

H. Zou. The adaptive lasso and its oracle properties. Journal of the American

Statistical Association, 101(476), 2006.



A GENERAL FRAMEWORK FOR
STRUCTURE DECOMPOSITION IN
HIGH-DIMENSIONAL PROBLEMS

YANG JING

NATIONAL UNIVERSITY OF SINGAPORE
2014



¥102 3uip Suex swo[qoad [euorsuswIp-y3Iy Ul uoIjrIsoduwiodsp 9Jamnjiona)s Ioj JIoMawelj [elouosd y



	Acknowledgements
	Summary
	List of Notations
	Introduction
	Regularized M-estimators
	Theoretical guarantees
	Unified frameworks
	Contributions

	Problem Setup and Properties
	Problem setup
	Assumptions and notations

	Estimation of the Error Bound
	Main theorem
	Preliminaries
	Demonstration of the main theorem

	Investigation into Specific Settings
	A specific model with its four natural conditions
	Bound the largest singular values
	Structural incoherence and error bounds
	Other examples

	Algorithm and Simulation
	Algorithm
	Simulation results

	Conclusions
	Bibliography

