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Summary

This thesis is concerned with an important class of high dimensional convex com-
posite quadratic optimization problems with large numbers of linear equality and
inequality constraints. The motivation for this work comes from recent interests in
important convex quadratic conic programming problems, as well as from convex
quadratic programming problems with dual block angular structures arising from
network flows problems, two stage stochastic programming problems, etc. In order
to solve the targeted problems to desired accuracy efficiently, we introduce a two
phase augmented Lagrangian method, with Phase I to generate a reasonably good

initial point and Phase II to obtain accurate solutions fast.

In Phase I, we carefully examine a class of convex composite quadratic program-
ming problems and introduce a one cycle symmetric block Gauss-Seidel technique.
This technique allows us to design a novel symmetric Gauss-Seidel based proximal
ADMM (sGS-PADMM) for solving convex composite quadratic programming prob-
lems. The ability of dealing with coupling quadratic term in the objective function
makes the proposed algorithm very flexible in solving various multi-block convex
optimization problems. The high efficiency of our proposed algorithm for achieving
low to medium accuracy solutions is demonstrated by numerical experiments on

various large scale examples including convex quadratic semidefinite programming
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Summary

(QSDP) problems, convex quadratic programming (QP) problems and some other

extensions.

In Phase II, in order to obtain more accurate solutions for convex composite
quadratic programming problems, we propose an inexact proximal augmented La-
grangian method (pALM). We study the global and local convergence of our pro-
posed algorithm based on the classic results of proximal point algorithms. We pro-
pose to solve the inner subproblems by inexact alternating minimization method.
Then, we specialize the proposed pALM algorithm to convex QSDP problems and
convex QP problems. We discuss the implementation of a semismooth Newton-CG
method and an inexact accelerated proximal gradient (APG) method for solving the
resulted inner subproblems. We also show that how the aforementioned symmetric
Gauss-Seidel technique can be intelligently incorporated in the implementation of
our Phase II algorithm. Numerical experiments on a variety of high dimensional
convex QSDP problems and convex QP problems show that our proposed two phase

framework is very efficient and robust.



Chapter

Introduction

In this thesis, we focus on designing algorithms for solving large scale convex com-
posite quadratic programming problems. In particular, we are interested in convex
quadratic semidefinite programming (QSDP) problems and convex quadratic pro-
gramming (QP) problems with large numbers of linear equality and inequality con-
straints. The general convex composite quadratic optimization model we considered

in this thesis is given as follows:

min e(yl) + f(y17y27 SR 7yp) + gD(’Zl) +g(21,22, SR zq)
(1.1)

st Afyr + Asye + -+ Ay + Biz + Bz + - + Bz =
where p and ¢ are given nonnegative integers, 6 : J; — (—o0,4o00] and ¢ : Z; —
(—00, +00] are simple closed proper convex function in the sense that their proximal
mappings are relatively easy to compute, f : V3 x Vo X ... x Y, — R and ¢ :
21 X Z9 X ... x Z, — R are convex quadratic, possibly nonseparable, functions,
A X =Y, i=1,...,p,and B; : X = Z;,j =1,...,q, are linear maps, c € X
is given data, Vi,...,Vp, 2Z1,..., 2, and X are real finite dimensional Euclidean
spaces each equipped with an inner product (-, ) and its induced norm || - ||. In this
thesis, we aim to design efficient algorithms for finding a solution of medium to high

accuracy to convex composite quadratic programming problems.
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1.1 Motivations and related methods

The motivation for studying general convex composite quadratic programming model
(1.1)) comes from recent interests in the following convex composite quadratic conic

programming problem:

min  6(y;) + %@17 Qu) + (¢, v1) (1.2)

st. oy €Ky, Afyp —b e Ky,
where Q : V; — Y is a self-adjoint positive semidefinite linear operator, ¢ € )
and b € X are given data, K; C Y, and Ky C X are closed convex cones. The

Lagrangian dual of problem ((1.2)) is given by

max —0"(—s) — %(w, Qu) + (b, x)
st. s+z—Qw+ Ax = c,
ze Ky, weW, xeki,
where W C ) is any subspace such that Range(Q) C W, K and K} are the dual
cones of Ky and Ko, respectively, i.e., K :={d € Y1 | (d, y1) > 0 Vy; € K1}, 6*(-)
is the Fenchel conjugate function [53] of 0(-) defined by 6*(s) = sup,, <y, {(s, y1) —

9(91)}-

Below we introduce several prominent special cases of the model (|1.2]) including
convex quadratic semidefinite programming problems and convex quadratic pro-

gramming problems.

1.1.1 Convex quadratic semidefinite programming

An important special case of convex composite quadratic conic programming is the

following convex quadratic semidefinite programming (QSDP)

min (X, 9X) + (C, X)

s.t. .AEX = bE, .A[X > b[, X e Si N IC,
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where S is the cone of n x n symmetric and positive semidefinite matrices in the
space of n xn symmetric matrices S” endowed with the standard trace inner product
(-, -) and the Frobenius norm || - ||, Q is a self-adjoint positive semidefinite linear
operator from 8" to 8", Ag : 8" — R™F and A; : 8" — R™ are two linear maps,
C € 8" by € RF and by € R™ are given data, K is a nonempty simple closed
convex set, e.g., K={W € 8" : L<W < U} with L,U € 8™ being given matrices.
The dual of problem is given by

max —0p(—2) — 2(X', QX') + (bg, ye) + (br, yr)
st. Z—0X' 4+ 8+ Ayys + Atyr = C, (1.4)
X' eS8, y >0, Sest,

where for any Z € 8", 05.(—Z) is given by

Ox(=2) = — inf (2, W) = 5V11€1?C<—Z, w). (1.5)

Note that, in general, problem (1.4) does not fit our general convex composite
quadratic programming model (1.1)) unless y; is vacuous from the model or £ = S™.
However, one can always reformulate problem (1.4 equivalently as

min (5 (=2) + g (u)) + 5(X', QX') + 05 (S) — (b, ye) — (b1, yr)
st. Z— QX'+ 8+ Ayyp + Atyr = C, (1.6)
u—yr=0, X e€8",

where 5§RT1(~) is the indicator function over R}, i.e., 5%111 (u) =0if u € R} and
5%111 (u) = oo if u ¢ R''. Now, one can see that problem (|1.6|) satisfies our general
optimization model . Actually, the introduction of the variable u in not
only fits our model but also makes the computations more efficient. Specifically,
in applications, the largest eigenvalue of A;Aj is normally very large. Thus, to
make the variable y; in to be of free sign is critical for efficient numerical
computations.

Due to its wide applications and mathematical elegance [11, 26], 31} 50], QSDP has

been extensively studied both theoretically and numerically in the literature. For the
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recent theoretical developments, one may refer to [49] 61], 2] and references therein.
From the numerical aspect, below we briefly review some of the methods available for
solving QSDP problems. In , if there are no inequality constraints (i.e., A; and
by are vacuous and K = §™), Toh et al [63] and Toh [65] proposed inexact primal-dual
path-following methods, which belong to the category of interior point methods, to
solve this special class of convex QSDP problems. In theory, these methods can
be used to solve QSDP with any numbers of inequality constraints. However, in
practice, as far as we know, the interior point based methods can only solve moderate
scale QSDP problems. In her PhD thesis, Zhao [72] designed a semismooth Newton-
CG augmented Lagrangian (NAL) method and analyzed its convergence for solving
the primal formulation of QSDP problems . However, NAL algorithm may
encounter numerical difficulty when the nonnegative constraints are present. Later,
Jiang et al [29] proposed an inexact accelerated proximal gradient method mainly
for least squares semidefinite programming without inequality constraints. Note
that it is also designed to solve the primal formulation of QSDP. To the best of

our knowledge, there are no existing methods which can efficiently solve the general

QSDP model (1.3)).

There are many convex optimization problems related to convex quadratic conic
programming which fall within our general convex composite quadratic program-
ming model. One example comes from the matrix completion with fixed basis coef-
ficients [42], 411 [68]. Indeed the nuclear semi-norm penalized least squares model in

[41] can be written as

min_ ARX — dI? + p(IX]. — (C, X))
XeR (1.7)
s.t. .AEX = bE, Xek: = {X | ||RQX||OO < Oé},
where || X||« is the nuclear norm of X defined as the sum of all its singular values,
| - | is the element-wise [y, norm defined by || X := max - max | X5, Ap -
R — R and Ag : R — R"E are two linear maps, p and « are two given

positive parameters, d € R"", C' € R™*" and by € R are given data, 2 C

{1,...,m}x{1,...,n} is the set of the indices relative to which the basis coefficients
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are not fixed, Rq : R™*" — R is the linear map such that RoX := (Xij)ijeq. Note
that when there are no fixed basis coefficients (i.e., @ = {1,...,m} x{1,...,n} and
Apg are vacuous), the above problem reduces to the model considered by Negahban
and Wainwright in [45] and Klopp in [30]. By introducing slack variables n, R and
W, we can reformulate problem as

min 3[nl* + p(I Bll. — (C, X)) + oc(W)

(1.8)
st. ApX —d=n, AgX=0bg, X=R, X=W.
The dual of problem (|1.8)) takes the form of
max  —0x(—=2) = 3[&l1* + (d, €) + (bg, yr) 19)

st Z+ApE+ S+ Apye = —pC,  ||S]l2 < p,

where [|S||2 is the operator norm of S, which is defined to be its largest singular

value.

Another compelling example is the so called robust PCA (principle component

analysis) considered in [60]:

. A2
min [[All, + M || E]l; + ?HZH%

(1.10)

st. A+E+Z=W, AE,Z¢c%mn,
where W € R™*" is the observed data matrix, || - ||; is the elementwise {; norm
given by [|E|ly := Y%, D70 |Eijl, || - || is the Frobenius norm, A; and )y are two

positive parameters. There are many different variants to the robust PCA model.
For example, one may consider the following model where the observed data matrix
W is incomplete:

. A
min Al + M| Bl + EQIIPQ(Z)II%
(1.11)

st. Po(A+E+2)=Po(W), AE ZecR™",

i.e. one assumes that only a subset Q C {1,...,m} x {1,...,n} of the entries of

W can be observed. Here Pgq : ™" — R™*™ is the orthogonal projection operator
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defined by

X, if (i,7) € Q,
Pa(X) = (1.12)
0 otherwise.

In [62], Tao and Yuan tested one of the equivalent forms of problem (1.11)). In the

numerical section, we will see other interesting examples.

Due to the fact that the objective functions in all above examples are separable,
these examples can also be viewed as special cases of the following block-separable

convex optimization problem:

min {Z:;lgbl(wz) | ZLIH;‘UJ,- = c} : (1.13)

where for each i € {1,...,n}, W, is a finite dimensional real Euclidean space
equipped with an inner product (-, -) and its induced norm ||-||, ¢; : W; — (—o0, +0]
is a closed proper convex function, H; : X — W, is a linear map and ¢ € X is given.
Note that the quadratic structure in all the mentioned examples is hidden in the
sense that each ¢; will be treated equally. However, this special quadratic structure
will be thoroughly exploited in our search for an efficient yet simple algorithm with

guaranteed convergence.

Let 0 > 0 be a given parameter. The augmented Lagrangian function for ((1.13))

is defined by
Lo(wr, ... wa @) =30 di(ws) + (z, DL Hiwi — c) + §{I3200 Hiw — |

for w; € Wi, i = 1,...,n and x € X. Choose any initial points w{ € dom(¢;),

i=1,...,q and 2° € X. The classical augmented Lagrangian method consists of

the following iterations:

(Wit wEthY = argmin Ly(wy, ..., wy; 2, (1.14)

E+1 Lk g kL
x = 2" +710 (Zizlﬂiwi c), (1.15)

where 7 € (0,2) guarantees the convergence. Due to the non-separability of the

quadratic penalty term in L, it is generally a challenging task to solve the joint
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minimization problem ([1.14)) exactly or approximately with high accuracy. To over-
come this difficulty, one may consider the following m-block alternating direction

methods of multipliers (ADMM):

k1 : k k. .k
wi™ = argmin L,(wy,ws ..., wy;x"),
k1 : k41 k+1 k k. ok
w; = argmin Lo(w)™ ..., Wi, Wi, Wiy, ..., W x"),
(1.16)
k+1 : k+1 k1 .k
we™ = argmin L, (w . w1 we; xY),

n
"t = 2F 7o ( > 1’}{;“wf+1 - c) :
1=

Note that although the above n-block ADMM can not be directly applied to solve
general convex composite quadratic programming problem due to the nonsepa-
rable structure of the objective functions, we still briefly discuss recent developments
of this algorithm here as it is close related to our proposed new algorithm. In fact,
the above n-block ADMM is an direct extension of the ADMM for solving the fol-

lowing 2-block convex optimization problem
min {gbl (U}l) + ¢2(w2) | wal + HSUJQ == C} . (117)

The convergence of 2-block ADMM has already been extensively studied in [I8],
16l 17, 14 (15 11] and references therein. However, the convergence of the n-block
ADMM has been ambiguous for a long time. Fortunately this ambiguity has been
addressed very recently in [4] where Chen, He, Ye, and Yuan showed that the direct
extension of the ADMM to the case of a 3-block convex optimization problem is
not necessarily convergent. This seems to suggest that one has to give up the
direct extension of m-block (m > 3) ADMM unless if one is willing to take a
sufficiently small step-length 7 as was shown by Hong and Luo in [28] or to take
a small penalty parameter o if at least m — 2 blocks in the objective are strongly

convex [23], Bl 36, 37, [34]. On the other hand, the n-block ADMM with 7 > 1 often
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works very well in practice and this fact poses a big challenge if one attempts to
develop new ADMM-type algorithms which have convergence guarantee but with

competitive numerical efficiency and iteration simplicity as the n-block ADMM.

Recently, there is exciting progress in this active research area. Sun, Toh and
Yang [59] proposed a convergent semi-proximal ADMM (ADMM-+) for convex pro-
gramming problems of three separable blocks in the objective function with the
third part being linear. The convergence proof of ADMM+ presented in [59] is via
establishing its equivalence to a particular case of the general 2-block semi-proximal
ADMM considered in [13]. Later, Li, Sun and Toh [35] extended the 2-block semi-
proximal ADMM in [13] to a majorized ADMM with indefinite proximal terms.
In this thesis, inspired by the aforementioned work, we aim to extend the idea in
ADMM+ to solve convex composite quadratic programming problems based on the

convergence results provided in [35].

1.1.2 Convex quadratic programming

As a special class of convex composite quadratic conic programming, the following
high dimensional convex quadratic programming (QP) problem is also a strong
motivation for us to study the general convex composite quadratic programming
problem. The large scale convex quadratic programming with many equality and

inequality constraints is given as follows:
1 _
min{§<x, Qz) + (¢, z) | Ar =b, b— Bx € C, :cGIC}, (1.18)

where vector ¢ € " and positive semidefinite matrix () € S} define the linear and
quadratic costs for decision variable x € R", matrices A € R™2*" and B € R™*"
respectively define the equality and inequality constraints, C C R™ is a closed
convex cone, e.g., the nonnegative orthant C = {z € R™ |z > 0}, K C R" is a

nonempty simple closed convex set, e.g., K = {z € R" || <z < wu} with [,u € R"
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being given vectors. The dual of (1.18)) takes the following form

max —0p(—2) — 5(2/, Q') + (b, y) + (b, ¥)

st. 2—Qi' +A*y+B*y=c, 2R, yecl°,

(1.19)

where C° is the polar cone [53], Section 14] of C. We are more interested in the case
when the dimensions n and/or mg + m; are extremely large. Convex QP has been
extensively studied for over the last fifty years, see, for examples [60, [19, 20, 211 8] [7|
9,10, 70, [67] and references therein. Nowadays, main solvers for convex QP are based
on active set methods or interior point methods. One may also refer to http://www.
numerical.rl.ac.uk/people/nimg/qp/qp.html| for more information. Currently,
one popular state-of-the-art solver for large scale convex QP problems is the interior
point methods based solver Gurobi22]f] However, for high dimensional convex
QP problems with a large number of constraints, the interior point methods based
solvers, such as Gurobi, will encounter inherent numerical difficulties as the lack of
sparsity of the linear systems to be solved often makes the critical sparse Cholesky
factorization fail. This fact indicates that an algorithm which can handle high

dimensional convex QP problems with many dense linear constraints is needed.

In order to handle the equality and inequality constraints simultaneously, we

propose to add a slack variable z to get the following problem:

min %(x, Qz) + (¢, )
A T b (1.20)

s.t. = 1| |, zek, zeC.
B I z b

The dual of problem (|1.20]) is given by

max (—0x(—2) — 6(—2)) — 2(«/, Q') + (b, y) + (b, 7)

z Qx' A* B* Y c (1.21)
s.t. — + = .
z 0 I y 0

*Base on the results presented in http://plato.asu.edu/ftp/barrier.html


http://www.numerical.rl.ac.uk/people/nimg/qp/qp.html
http://www.numerical.rl.ac.uk/people/nimg/qp/qp.html
http://plato.asu.edu/ftp/barrier.html
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Thus, problem belongs to our general optimization model (L.I)). Note that,
due to the extremely large problem size, ideally, one should decompose z’ into smaller
pieces but then the quadratic term about 2’ in the objective function becomes non-
separable. Thus, one will encounter difficulties while using classic ADMM to solve
since classic ADMM can not handle nonseparable structures in the objective
function. This again calls for new developments of efficient and convergent ADMM
type methods.

A prominent example of convex QP comes from the two-stage stochastic opti-

mization problem. Consider the following stochastic optimization problem:
1
min {5@, Qz) + (¢, @) + Ee P(w;€) | Av = b, © € K}, (1.22)

where £ is a random vector and

1 — _
P(x;€) = min{g(ﬂ‘x QeT) + (g, T) | BeT = b — Bew, T € ’Cé}’

where Kg € X is a simple closed convex set depending on the random vector £. By
sampling N scenarios for £, one may approximately solve (1.22) via the following

deterministic optimization problem:

min i (z, Qz) + (¢, z) + Zf—il(%@i, Q%) + (G, T;))

A T b
B T b
s, | B B S e (1.23)
By By | TN i by |

reK, T=[T;...;28] EK=K, x---x Ky,

where Q; = p;Q; and ¢ = p;q; with p; being the probability of occurrence of the ith

scenario, B;, B;, b; are the data and Z; is the second stage decision variable associated
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with the ith scenario. The dual problem of (1.23) is given by

min - (3530, 6% (=25) + 85(=2)) + 5o, Qa) + 3L, §(@l, Qul) — (b ) — 330, (by, 4)

z Q x! A* B} -+ By Yy c
Z1 Q, T B h 1
s.t. ) — ) ] + ) ) =
ZN Qn Ty Ejv YN CN
(1.24)

Clearly, (1.24) is another perfect example of our general convex composite quadratic

programming problems.

1.2 Contributions

In order to solve the convex composite quadratic programming problems (1.1)) to
high accuracy efficiently, we introduce a two-phase augmented Lagrangian method,
with Phase I to generate a reasonably good initial point and Phase II to obtain ac-
curate solutions fast. In fact, this two stage framework has been successfully applied
to solve semidefinite programming (SDP) problems with partial or full nonnegative
constraints where ADMM+ [59] and SDPNAL+ [69] are regraded as Phase I algo-
rithm and Phase IT algorithm, respectively. Inspired by the aforementioned work,
we propose to extend their ideas to solve large scale convex composite quadratic

programming problems including convex QSDP and convex QP.

In Phase I, to solve convex quadratic conic programming, the first question we
need to ask is that shall we work on the primal formulation or the dual for-
mulation ? Note that since the objective function in the dual problem contains
quadratic functions as the primal problem does and has more blocks, it is natural
for people to focus more on primal formulation. Actually, the primal approach has
been used to solve special class of QSDP as in [29] [72]. However, as demonstrated
in [59, 69], it is usually better to work on the dual formulation than the primal
formulation for linear SDP problems with nonegative constraints (SDP+). [59, 69

pose the following question: for general convex quadratic conic programming (|1.2)),
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can we work on the dual formulation instead of primal formulation, as for the lin-
ear SDP+ problems? So that when the quadratic term in the objective function
of QSDP reduced to a linear term, our algorithm is at least comparable with the
algorithms proposed [59, [69]. In this thesis, we will resolve this issue in a unified way
elegantly. Observe that ADMM+ can only deal with convex programming problems
of three separable blocks in the objective function with the third part being lin-
ear. Thus, we need to invent new techniques to handle the quadratic terms and the
multi-block structure in . Fortunately, by carefully examining a class of convex
composite quadratic programming problems, we are able to design a novel one cy-
cle symmetric block Gauss-Seidel technique to deal with the nonseparable structure
in the objective function. Based on this technique, we then propose a symmetric
Gauss-Seidel based proximal ADMM (sGS-PADMM) for solving not only the dual
formulation of convex quadratic conic programming, which includes the dual formu-
lation of QSDP as a special case, but also the general convex composite quadratic
optimization model (L.1)). Specifically, when sGS-PADMM is applied to solve high
dimensional convex QP problems, the obstacles brought about by the large scale
quadratic term, linear equality and inequality constraints can thus be overcome via
using sGS-PADMM to decompose these terms into smaller pieces. Extensive nu-
merical experiments on high dimensional QSDP problems, convex QP problems and
some extensions demonstrate the efficiency of sGS-PADMM for finding a solution

of low to medium accuracy.

In Phase I, the success of sGS-PADMM of being able to decompose the non-
separable structure in the dual formulation of convex quadratic conic programming
depends on the assumptions that the subspace W in is chosen to be the
whole space. This in fact can introduce unfavorable property of the unbounded-
ness of the dual solution w to problem . Fortunately, it causes no problem
in Phase I. However, this unboundedness becomes critical in designing our second
phase algorithm. Therefore, in Phase II, we will take YW = Range(Q) to eliminate

the unboundedness of the dual optimal solution w. This of course will introduce
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numerical difficulties as we need to maintain w € Range(Q), which, in general, is
a difficult task. However, by fully exploring the structure of problem , we are
able to resolve this issue. In this way, we can design an inexact proximal augmented
Lagrangian (pALM) method for solving convex composite quadratic programming.
The global convergence is analyzed based on the classic results of proximal point
algorithms. Under the error bound assumption, we are also able to establish the
local linear convergence of our proposed algorithm pALM. Then, we specialize the
proposed pALM algorithm to convex QSDP problems and convex QP problems. We
discuss in detail the implementation of a semismooth Newton-CG method and an
inexact accelerated proximal gradient (APG) method for solving the resulted inner
subproblems. We also show that how the aforementioned symmetric Gauss-Seidel
technique can be intelligently incorporated in the implementation of our Phase II
algorithm. The efficiency and robustness of our proposed two phase framework
is then demonstrated by numerical experiments on a variety of high dimensional

convex QSDP and convex QP problems.

1.3 Thesis organization

The rest of the thesis is organized as follows. In Chapter 2] we present some pre-
liminaries that are relate to the subsequent discussions. We analyze the property of
the Moreau-Yosida regularization and review the recent developments of proximal
ADMM. In Chapter [3| we introduce the one cycle symmetric block Gauss-Seidel
technique. Based on this technique, we are able to present our first phase algo-
rithm, i.e., a symmetric Gauss-Seidel based proximal ADMM (sGS-PADMM), for
solving convex composite quadratic programming problems. The efficiency of our
proposed algorithm for finding a solution of low to medium accuracy to the tested
problems is demonstrated by numerical experiments on various examples including
convex QSDP and convex QP. In Chapter [ for Phase II, we propose an inexact

proximal augmented Lagrangian method for solving our convex composite quadratic
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optimization model and analyze its global and local convergence. The inner subprob-
lems are solved by an inexact alternating minimization method. We also discuss in
detail the implementations of our proposed algorithm for convex QSDP and convex
QP problems. We also show that how the aforementioned symmetric Gauss-Seidel
technique can be wisely incorporated in the proposed algorithms for solving the re-
sulted inner subproblems. Numerical experiments conducted on a variety of large
scale convex QSDP and convex QP problems show that our two phase framework
is very efficient and robust for finding high accuracy solutions for convex composite
quadratic programming problems. We give the final conclusions of the thesis and

discuss a few future research directions in Chapter



Chapter 2

Preliminaries

2.1 Notations

Let X and ) be finite dimensional real Euclidian spaces each equipped with an
inner product (-, -) and its induced norm || - ||. Let M : X — X be a self-adjoint
positive semidefinite linear operator. Then, there exists a unique positive semidef-
inite linear operator ' with A2 = M. Thus, we define Mz = VM = N.
Define (-, )pm : X x X = R by (z, y)m = (x, My) for all x,y € X. Let
|- lm : & — R be defined as ||z p = /{z, 2)u for all 2 € X. If, M is fur-
ther assumed to be positive definite, (-, -) o4 will be an inner product and || - || sy
will be its induced norm. Let 8% be the cone of n x n symmetric and posi-
tive semidefinite matrices in the space of n x n symmetric matrices 8" endowed
with the standard trace inner product (-, -) and the Frobenius norm || - ||. Let

svec : S” — R T1D/2 he the vectorization operator on symmetric matrices defined

by SVGC(X) = [Xlla \/§X127 X22a teey \/§X1na ORI \/EXn—l,na Xnn]T

Definition 2.1. A function F': X — ) is said to be directionally differentiable at

r e X if

t—0+ t

exists

for all h € X and F is directionally differentiable if F' is directionally differentiable

15
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at every x € X.

Let FF: X — Y be a Lipschitz continuous function. By Rademacher’s theorem
[56], Section 9.J], F is Fréchet differentiable almost everywhere. Let Dg be the set of
points in X where F' is differentiable. The Bouligand subdifferential of F' at x € X
is defined by

OpF(x) = { lim F'(2%), 2" € Dp} ,

zhk—gz
where F’(z") denotes the Jacobian of F at z* € D and the Clarke’s [6] generalized

Jacobian of F' at x € X is defined as the convex hull of dgF'(x) as follows
OF(x) = conv{0pF(x)}.

First introduced by Miffin [43] for functionals, the following concept of semismooth-
ness was then extended by Qi and Sun [51] to cases when a vector-valued function

is not differentiable, but locally Lipschitz continuous. See also [12] 40)]

Definition 2.2. Let F': O C X — ) be a locally Lipschitz continuous function on

the open set O. F' is said to be semismooth at a point z € O if
1. F is directionally differentiable at x; and
2. for any Az € X and V € OF (z + Ax) with Az — 0,
F(z + Azx) — F(z) — VAxz = o || Az||).

Furthermore, F' is said to be strongly semismooth at x € X if F is semismooth

at x and for any Az € X and V € 0F (x + Az) with Az — 0,

F(x+ Az) — F(z) — VAz = O(]|Ax|]?).

In fact, many functions such as convex functions and smooth functions are semis-
mooth everywhere. Moreover, piecewise linear functions and twice continuously

differentiable functions are strongly semismooth functions.
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2.2 The Moreau-Yosida regularization

In this section, we discuss the Moreau-Yosida regularization which is a useful tool

in our subsequent analysis.

Definition 2.3. Let f : X — (—o00,00| be a closed proper convex function. Let
M X — X be a self-adjoint positive definite linear operator. The Moreau-Yosida
regularization 905\4 : X — R of f with respect to M is defined as

Pata) = mig{ 1)+ 1~ ali . we (2.1

From [44) [71], we have the following proposition.

Proposition 2.1. For any given x € X, the problem (2.1) has a unique optimal

solution.

Definition 2.4. The unique optimal solution of problem (2.1)), denoted by proxf\/l (x),
is called the proximal point of x associated with f. When M = Z, for simplicity, we

write prox(z) = prox)(z) for all # € X, where T : X — X is the identity operator.

Below, we list some important properties of the Moreau-Yosida regularization.

Proposition 2.2. Let g : X — (—o0, +00] be defined as g(x) = f(M’%aU) Ve e X.
Then,
proxh(z) = /\/l_%proxg(/\/l%m) Vr e X.

Proof. Note that, for any given z € X,
proxh,(r) = armin{() + 3z — )
= argmin{f(z) + %HMéz — Mzz|?}.
By change of variables, we have proxfw(:v) = M2y, where
y = argmin{f(M3y) + 1y — Mial?} = argmin{g(y) + 5 lly ~ Mia]’)
= proxg(./\/l%:c).

That is proxi,(z) = M~ 2proxy(Mzz) for all z € X. O
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Proposition 2.3. [32, Theorem XV.4.1.4 and Theorem XV.4.1.7] Let f : X —
(—o00, +00| be a closed proper convex function. Let M : X — X be a given self-
adjoint positive definite linear operator, gof\/l (x) be the Moreau-Yosida regqularization
of f, and proval : X — X be the associated proximal mapping. Then the following
properties hold.

(i) argmin c, f(x) = argminxechfM(x).

(ii) Both proxfw and vat = ]—proxfw (I : X — X is the identity map) are firmly

non-expensive, i.c., for any xr,y € X,

Iproxi(x) — proxh, ()l < (proxt, () — proxi,(y), © — y)am, (2:2)

Q% (z) — QU3 < (Qh(x) — QL(W), = Y)m- (2.3)
(iti) @’ is continuous differentiable, and further more, it holds that
Vioh(x) = M(x — prox),(z)) € df (proxi,(z)).
Hence,
Fv) = flproxiy(z)) + (& — proxi,(z), v — proxi(@))m Vv € X.

Proposition 2.4 (Moreau Decomposition). Let f : X — (—o0, +00] be a closed
proper convex function and f* be its conjugate. Then any z € X has the decompo-
sition
2 = proxh(2) + ./\/l_lproxf;,l(Mz).
Proof: For any given z € X, by definition of proxfw (z), we have

0 € Of (proxiy(2)) + M(proxi(2) - 2),

i.e., z — proxi,(z) € M~1Af(proxi,(z)). Define function g : X — (—o0, 00 as
g(z) = f(M™x). By [63, Theorem 9.5], g is also a closed proper convex function.
By [63, Theorem 12.3 and Theorem 23.9], we have

9*(y) = [fMy) and dg(z) = M'Of(M 'z),
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respectively. Thus, we obtain

2 — proxh(2) € dg(Mprox),(2)).

Then, by [53, Theorem 23.5 and Theorem 23.9], it is easy to have that
Mproxf\/[(z) € 0g™(z — proxfw(z)) = MOf*(M(z — proval(z))).
Therefore,
Mz = prosl(2)) = argmin,e { 1)+ 31— Mol |
= proxf;,l(./\/lz).

Thus, we complete the proof. O

Now let us consider a special application of the aforementioned Moreau-Yosida

regularization.

We first focus on the case where the function f is assumed to be the indicator
function of a given closed convex set IC, i.e., f(z) = dx(x) where o(z) =0if z € K
and ox(z) = oo if x ¢ K. For simplicity, we also let the self-adjoint positive definite
linear operator M to be the identity operator Z. Then, the proximal point of z
associated with indicator function f(-) = dx(:) with M = Z is the unique optimal
solution, denoted by Ilx(z), of the following convex optimization problem:

min %Hz — x|?

(2.4)
st. z¢eK.

In fact, I : X — X is the metric projector over K. Thus, the distance function
is defined by dist(z,K) = ||z — Ik (z)|. By Proposition [2.3) we know that ITj(x)
is Lipschitz continuous with modulus 1. Hence, IIx(-) is almost everywhere Fréchet
differentiable in X and for every = € X, Oll(x) is well defined. Below, we list the

following lemma [40], which provides some important properties of Ollx(-).

Lemma 2.5. Let K C X be a closed convexr set. Then, for any x € X and V €
Ol (x), it holds that



20

Chapter 2. Preliminaries

1.V is self-adjoint.
2. (h, Vh) >0 VheX.
3. (h, Vh) > ||[Vh||* Vhe X.

Let C ={W eS| L<W <U} with L,U € 8" being given matrices. For
X € 8" let Y = IIx(X) be the metric projection of X onto the subset K of S™

under the Frobenius norm. Then, Y = min(max(X, L),U). Define linear operator

WO . 8" - 8" by
WOM)=QoM, MeS",

where
0 if Xj; < Ly,
Qij=19 1 if Ly <Xy <Uy, (2.5)
0 if X;;>U;.
Observing that [T (X) now is in fact a piecewise linear function, we have W° is an

element of the set Ol (X).

Let L = &7, i.e., the cone of n x n symmetric and positive semidefinite matrices.
Given X € 8", let X = Ils» (X) be the projection of X onto S’ under the Frobenius

norm. Assume that X has the following spectral decomposition
X = PAPT,

where A is the diagonal matrix with diagonal entries consisting of the eigenvalues
M > > >N >02>Nyg > ... > A, of X and P is a corresponding

orthogonal matrix of eigenvectors. Then
X, =PA,PT,

where Ay = max{A,0}. Sun and Sun, in their paper [58], show that Ilsr(-) is

strongly semismooth everywhere in S™. Define the operator W : S* — 8™ by

WO(M) = Q(20(QTMQ))Q", MeS", (2.6)
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where

= Ao :
, Qij:/\‘_)\‘726{1,...71{?},]6{]€+1,...,n},

J

Q:

=T

E, Q
Q 0

where Ej, is the square matrix of ones with dimension k£ (the number of positive
eigenvalues), and the matrix Q has all its entries lying in the interval [0, 1]. In their

paper [47], Pang, Sun and Sun proved that WY is an element of the set IMlsr (X).

Next we examine the case when the function f is chosen as follows:

f(z) = d(—z) = — inf (2, ) = sup(—=z, z), (2.7)

where K is a given closed convex set. Then, by Proportion and Proposition

we have the following useful results.
A
Proposition 2.6. Let ¢(Z) := min i (—z) + §Hx — 7||?, the following results hold:

A 1
(i) % = argmin 0 (—x) + §H:c —-z|*P=z+ XH;C(—)\Q_C).

(i) Vo(Z) = ANz — 27) = =Tk (=AT).

(i) 9(3) = {2, (AP +55 M (=A0) [ = ~(@, Tic(=A7) 5 Te(-ADI

2.3 Proximal ADMM

In this section, we review the convergence results for the proximal alternating direc-
tion method of multipliers (ADMM) which will be used in our subsequent analysis.

Let X, Y and Z be finite dimensional real Euclidian spaces. Let F' : )Y —
(—o00, +o0] and G : Z — (—00, 00| be closed proper convex functions, F : X — Y
and G : X — Z be linear maps. Let OF and 0G be the subdifferential mappings of F
and G, respectively. Since both 0F and 0G are maximally monotone [56, Theorem

12.17], there exist two self-adjoint and positive semidefinite operators Xy and X

[13] such that for all y,§ € dom(F), £ € dF(y), and & € OF(j),

E=Cy—0 = lly—1l3, (2.8)
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and for all 2,2 € dom(G), ¢ € dG(z), and ¢ € AG(%),

(C—Cz—2)>|z— 2|3, (2.9)

2.3.1 Semi-proximal ADMM

Firstly, we discuss the semi-proximal ADMM proposed in [I3]. Consider the convex

optimization problem with the following 2-block separable structure

min  F(y) + G(z)

(2.10)
st. Fry+G*z=c
The dual of problem (2.10)) is given by
min{(c, ) + F*(s) + G*(t) | Fr +s=0, Gr+t =0} . (2.11)

Let 0 > 0 be given. The augmented Lagrangian function associated with (2.10)) is

given as follows:
Lo(yz2) = Fly)+G(:)+ (0, Fy+G'z— o)+ [ Fy+Gz—cf*

The semi-proximal ADMM proposed in [13], when applied to (2.10), has the
following template. Since the proximal terms added here are allowed to be posi-
tive semidefinite, the corresponding method is referred to as semi-proximal ADMM

instead of proximal ADMM as in [13].
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Algorithm sPADMM: A generic 2-block semi-proximal ADMM for solv-
ing (2.10)).

Let 0 > 0 and 7 € (0, 00) be given parameters. Let Tr and T be given self-adjoint
positive semidefinite, not necessarily positive definite, linear operators defined on )
and Z, respectively. Choose (y°, 2%, 2°) € dom(F) x dom(G) x X. For k =0, 1,2, ...,

perform the kth iteration as follows:

Step 1. Compute

Y = argming £,(y, 2*2%) + 2 1y = o5 (2.12)

Step 2. Compute
2 = argmin, L, (y", 2 2%) + %Hz — 2% (2.13)

Step 3. Compute
P = gk 4oy G ), (2.14)

In the above 2-block semi-proximal ADMM for solving (2.10)), the presence of Tx
and Tg can help to guarantee the existence of solutions for the subproblems
and . In addition, they play important roles in ensuring the boundedness of
the two generated sequences {y**1} and {z**'}. Hence, these two proximal terms
are preferred. The choices of 7z and 7T are very much problem dependent. The
general principle is that both 77 and 7 should be as small as possible while 3*+!

k+1

and 2" are still relatively easy to compute.

For the convergence of the 2-block semi-proximal ADMM, we need the following

assumption.
Assumption 1. There exists (y,2) € ri(dom F' x dom G) such that F*y+ G*Z = c.

Theorem 2.7. Let Xp and X be the self-adjoint and positive semidefinite opera-
tors defined by (2.8)) and (2.9)), respectively. Suppose that the solution set of problem
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(2.10) is nonempty and that Assumption holds. Assume that Tr and Tg are chosen
such that the sequence {(y*, 2", 2%)} generated by Algorithm sPADMM is well de-
fined. Then, under the condition either (a) T € (0, (1+v/5)/2) or (b) 7 > (1++/5)/2
but > o (|G* (M =27 ||2 + 77| FryF 4+ G2 — ¢||?) < oo, the following results
hold:

(i) If (y>, 2, 2°) is an accumulation point of {(y*, 2%, 2*)}, then (y>, 2°°) solves

problem (2.10)) and x> solves (2.11)), respectively.

(ii) If both o™ 'Sp + Tp + FF* and 07 'Sg + Ta + GG* are positive definite, then
the sequence {(y*, 2%, 2%)}, which is automatically well defined, converges to a
unique limit, say, (Y™, z>°,x>°) with (y>°, z2°°) solving problem and x>
solving , respectively.

(iii) When the y-part disappears, the corresponding results in parts (i)-(ii) hold

under the condition either 7 € (0,2) or 7> 2 but > o, [|G*zF! — ¢||? < 0.

Remark 2.8. The conclusions of Theorem follow essentially from the results

given in [I3, Theorem B.1]. See [59] for more detailed discussions.

As a simple application of the aforementioned semi-proximal ADMM algorithm,
we present a special semi-proximal augmented Lagrangian method for solving the

following block-separable convex optimization problem

min Zi\il 01 (’UZ)

(2.15)

st SN Af =,
where N is a given positive integer, 0; : V; — (—oo,+o0], i = 1,..., N are
closed proper convex functions, A; : X — V;, i = 1,..., N are linear operators,
Vi,...,Vy are all real finite dimensional Euclidean spaces each equipped with an

inner product (-, -) and its induced norm || - ||. For notational convenience, let



2.3 Proximal ADMM

25

V=V X Vox,...,Vn. For any v € V, we write v = (vq,v2,...,0x5) € V. De-
fine the linear map A : X — V such that its adjoint is given by

N
A'v = ZA;“Ui YveV.

=1

Additionally, let
N

0(v) =) 6i(v;) VweV.

i=1

Given o > 0, the augmented Lagrange function associated with (2.15)) is given as

follows:
L2 (viz) =0() + (v, A'v —c) + %HA*U —c|]?. (2.16)

In order to handle the non-separability of the quadratic penalty term in £Z, as well
as to design efficient parallel algorithm for solving problem (2.15)), we propose the

following novel majorization step
AAT - ALAY
AA* = A (2.17)
AvAT .. AnvAN
=< M :=Diag(My, ..., My),
with M; = A A + 3 (AATA AN Let S+ Y — Y be a self-adjoint linear

operator given by
S=M-AA" (2.18)

Here, we state a useful proposition to show that S is indeed a self-adjoint positive

semidefinite linear operator.

Proposition 2.9. It holds that S = M — AA* = 0.
Proof. The proposition can be proved by observing that for any given matrix
X € R™*™ it holds that
X (X X*)z
= ,
X (X*X)2
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Define Ty : V — V to be a self-adjoint positive semidefinite, not necessarily

positive definite, linear operator given by
To := Diag(To,, - -, Toy ), (2.19)

where for i = 1,..., N, each 7Ty, is a self-adjoint positive semidefinite linear operator
defined on V; and is chosen such that the subproblem (2.20)) is relatively easy to solve.
Now, we are ready to propose a semi-proximal augmented Lagrangian method with

a Jacobi type decomposition for solving (2.15]).

Algorithm sPALMJ: A semi-proximal augmented Lagrangian method
with a Jacobi type decomposition for solving (2.15)).
Let 0 > 0 and 7 € (0, 00) be given initial parameters. Choose (0%, 2°) € dom(#) x X.

+1

For k = 0,1, 2, ..., generate v**! according to the following iteration:

Step 1. Fori=1,..., N, compute

0 ((1k k k kY. .k
Step 2. Compute
" = 2F 4 ro (AP —¢). (2.21)

The relationship between Algorithm sPALMJ and Algorithm sPADMM for solv-
ing (2.15)) will be revealed in the next proposition. Hence, the convergence of Algo-

rithm sPALMJ can be easily obtained under certain conditions.

Proposition 2.10. For any k > 0, the point (v*1, 2%Y) obtained by Algorithm
sPALM.J for solving problem (2.15)) can be generated exactly according to the follow-
g iteration:

. U O-
v** = argmin, £2(v; 2") + §||U —*|I5 + §||"U — "%

" = 2F 4 ro (AP —¢).
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Proof. The equivalence can be obtained by carefully examining the optimality

conditions for subproblems ([2.20) in Algorithm sPALM.J. O

2.3.2 A majorized ADMM with indefinite proximal terms

Secondly, we discuss the majorized ADMM with indefinite proximal terms proposed
in [35]. Here, we assume that the convex functions F(-) and G(-) take the following

composite form:

F(y)=ply) + f(y) and G(2) = q(2) + g(2),

where p : Y — (—o00,+00] and ¢ : Z — (—00,+00] are closed proper convex (not
necessarily smooth) functions; f : Y — (—o0,4o00] and g : Z — (—o00, 40| are
closed proper convex functions with Lipschitz continuous gradients on some open
neighborhoods of dom(p) and dom(q), respectively. Problem (2.10)) now takes the

form of

min p(y) + f(y) + q(2) + g(z)
(2.22)

st. Fry+G*z=c.

Since both f(-) and g(-) are assumed to be smooth convex functions with Lip-
schitz continuous gradients, we know that there exist two self-adjoint and positive

semidefinite linear operators 3 and X, such that for any v,y € Y and any z, 2’ € Z,

W) = FW)+ o VW) + Ly, (2.23)
9(2) > o)+ (=~ 7, V) + glle — I, (2.24)

moreover, there exist self-adjoint and positive semidefinite linear operators 5 F= 2y

and ig = ¥, such that for any y,y' € Y and any 2,2’ € Z,

~

fy) < flysy) = 1)+ -y, Vi) +%Hy—y’H%f, (2.25)

o) < (=) =0+ e 2 Vo) gl A (226
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The two functions f and ¢ are called the majorized convex functions of f and g,

respectively. Given o > 0, the augmented Lagrangian function is given by

k * o % *
Loy, zx) == py) + [(y) +4(2) + 9(2) + (&, Fy+ G 2 =) + S| F'y+ G 2 —
Similarly, for given (v/,2') € Y x Z, 0 € (0,400) and any (z,y,2) € X X Y X Z,
define the majorized augmented Lagrangian function as follows:

~ + fysy) +a(z) + gz 2
ol (ry) ) = p(y) + fly:y') +a(2) + (2 2) C(2om)
+(@, Fry+ Gz —c) + 5| Fry+ Gz —¢c|?

where the two majorized convex functions f and ¢ are defined by 1) and 1}
respectively. The majorized ADMM with indefinite proximal terms proposed in [35],
when applied to (2.22), has the following template.

Algorithm Majorized iPADMM: A majorized ADMM with indefinite

proximal terms for solving ([2.22)).
Let ¢ > 0 and 7 € (0,00) be given parameters. Let S and 7 be given self-adjoint,

possibly indefinite, linear operators defined on Y and Z, respectively such that
M= f]f—l—S—i—a]-"]-"* >0 and N := §g+T+agg* = 0.

Choose (y°, 2% 2°) € dom(p) x dom(q) x X. For k = 0,1,2,..., perform the kth

iteration as follows:

Step 1. Compute

oA 1
y* ! = argmin, L, (y, 2*; (2", %, 2")) + Slly = y*||%. (2.28)

Step 2. Compute

~

1
2 = argmin, £, (y*, z; (%, y%, 2%)) + Sllz = 25 (2.29)

Step 3. Compute

P = gk ro(FryR 4 GrRt o), (2.30)
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There are two important differences between the Majorized iPADMM and the
semi-proximal ADMM. Firstly, the majorization technique is imposed in the Ma-
jorized iPADMM to make the correspond subproblems in the semi-proximal ADMM
more amenable to efficient computations, especially when the functions f and ¢ are
not quadratic or linear functions. Secondly, the Majorized iPADMM allows the

added proximal terms to be indefinite.

Note that in the context of the 2-block convex composite optimization problem

(2.22), Assumption [1] takes the following form:
Assumption 2. There exists (3§, 2) € ri(dom p x domq) such that F*j+ G*Z2 = c.

Theorem 2.11. [35, Theorem 4.1, Remark 4.4] Suppose that the solution set of
problem is nonempty and that Assumption |4 holds. Assume that S and T
are chosen such that the sequence {(y*, 2, 2*)} generated by Algorithm sPADMM is
well defined. Then, the following results hold:

(i) Assume that T € (0,(1++/5)/2) and for some a € (7/min(1 + 7,1 +771), 1],

(1-a)

Sp+80, SIS+ CFFm0, SZp4+S+0FF -0

and

1~ 1
55+ T =0, 5%+ T +min(r, 147 —7%)0agg” = 0.

Then, the sequence {(y*,z*)} converges to an optimal solution of problem

[2.22) and {x*} converges to an optimal solution of the dual of problem ([2.22)).

(ii) Suppose that G is vacuous, ¢ =0 and g = 0. Then, the corresponding results
in part (i) hold under the condition that T € (0,2) and for some o € (7/2,1],

(1—-«a)

- 1 1
Si+820, ST+8+ “FF 20, S5+ S8+ 0FF 0.

In order to discuss the worst-case iteration complexity of the Majorized iPADMM,
we need to rewrite the optimization problem (2.22) as the following variational in-

equality problem: find a vector find a vector w := (y,z,z) € W := Y x Z x X such



30

Chapter 2. Preliminaries

that
O(u) —0(u) + (w—w,H(w)) >0 YweW (2.31)
with
Y Vily)+ Fx
u = ( Y ) , O(u) :=py)+q(z), w:=1| 2 and H(w) := Vg(z) + Gz
T —(F'y+G*z—c¢)
(2.32)

Denote by VI(W, H, ) the variational inequality problem ([2.31))-(2.32)); and by W*
the solution set of VI(W, H, #), which is nonempty under Assumption and the fact
that the solution set of problem is assumed to be nonempty. Since the map-
ping H(+) in is monotone with respect to W, we have, by [12, Theorem 2.3.5],
the solution set W* of VI(W, H,6) is closed and convex and can be characterized

as follows:

W= () {d € W | 0(u) — 0(i) + (w — @, H(w)) > 0}.

Similarly as [46, Definition 1], the definition for an e-approximation solution of the

variational inequality problem is given as following.

Definition 2.5. @ € W is an e-approximation solution of VI(W, H, 6) if it satisfies

sup {6(@) —0(u)+ (0 —w, H(w))} <&, where B(w) :={we W | |lw—u| < 1}.

weB ()

By this definition, the worst-case O(1/k) ergodic iteration-complexity of the
Algorithm Majorized iPADMM will be presented in the sense that one can find a
w € W such that

0(i) — 0(u) + (0 —w, F(w)) <& Yw € B(w)

with ¢ = O(1/k), after k iterations. Denote

Fhtl .— ok 4 U(f*yk-i-l 4 g*zk—i-l _ 0)7 i il

L L =1 (2.33)
ko i+1 sk i+1
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Theorem 2.12. [35, Theorem 4.3] Suppose that Assumption [4 holds. For T €

(0, 12‘/5), under the same conditions in Theorem we have that for any itera-

tion point {(y*, 2%, %)} generated by Majorized iPADMM, (4, 2%, 2*%) is an O(1/k)-

approximate solution of the first order optimality condition in variational inequality

form.






Chapter

Phase I: A symmetric Gauss-Seidel based
proximal ADMM for convex composite

quadratic programming

In this chapter, we focus on designing the Phase I algorithm, i.e., a simple yet efficient
algorithm to generate a good initial point for our general convex composite quadratic
optimization model. Recall the general convex composite quadratic optimization
model given in the Chapter [1}

min  0(y1) + f(y1, Y2, - -5 Yp) +0(21) + g(21, 22, .. -, 24)

st Ay + Agys + o+ Ay, + Biz + Bz + o+ Bz = ¢, (3.1)
where p and ¢ are given nonnegative integers, 6 : Y} — (—o0,+o00] and ¢ : Z; —
(—o00, +00] are simple closed proper convex function in the sense that their proxi-
mal mappings can be relatively easy to compute, f: V1 x Vo x ... x ), = R and
g 21 X Zy x...x 2, - RN are convex quadratic, possibly nonseparable, func-
tions, A, : X = V,,i=1,...,pand B; : X — Z;, 7 = 1,...,q are linear maps,
Vi, ... Vp, Z1,...,2, and X are all real finite dimensional Euclidean spaces each
equipped with an inner product (-, -) and its induced norm || - ||. Note that, the

functions f and g are also coupled with non-smooth functions 6 and ¢ through the

33
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variables y; and z, respectively.

For notational convenience, welet YV := Vi X Vo X, ..., V), Z 1= Z1X 29X, ..., Z,.
We write vy = (y1,y2,...,Yp) € Y and 2z = (21,22,...,2,) € Z. Define the linear
maps A: X — )Y and B: X — Z such that the adjoint maps are given by

p q
Ay=Y Ay Ve, Bz=) Bz VieZ
i—1 j=1

3.1 One cycle symmetric block Gauss-Seidel tech-
nique

Let s > 2 be a given integer and D := D; X Dy X ... X Dy with all D; being
assumed to be real finite dimensional Euclidean spaces. For any d € D, we write
d = (dy,ds,...,ds) € D. Let H : D — D be a given self-adjoint positive semidefinite

linear operator. Consider the following block decomposition

Hit Hip -+ His dy
2d = ﬂfg 7‘1.22 e 7{.25 d.2 |
Ts H;s o Has ds
where H;; : D; — D;, i =1,...,s are self-adjoint positive semidefinite linear opera-
tors, H;; : D; = D;, i =1,...,s—1, j > ¢ are linear maps. Let r = (ry,72,...,75) €

D be given. Define the convex quadratic function h : D — R by

1

h(d) := 5

(d, Hd) — (r, d), d€D.

Let ¢ : Dy — (—00,400] be a given closed proper convex function.
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3.1.1 The two block case

In this subsection, we consider the case for s = 2. Assume that Hos = 0. Define the

self-adjoint positive semidefinite linear operator O D; — Dy by
0= H12%;21 12-

Let r; € Dy and r € Dy be given. Let 5{’ € D be an error tolerance vector in Dy,

85 and 65 be two error tolerance vectors in Dy, which all can be zero vectors. Define

HioHsy (8 — 05)

Iy
77(52752)— _5;

Let (d1,dy) € Dy x Dy be given two vectors. Define (df,dj) € D; x D, by

. 1 7 /
(df d3) = argming, 4, ¢(dr) + h(dr,da) + 5lldy = dullg — (07, du) + (35, 05), d).
(3.2)

Proposition 3.1. Suppose that Hoo is a self-adjoint positive definite linear operator

defined on Dy. Define dy € Dy by
dy = argming, ¢(dq) + h(di, dz) — (8%, do) = Hayy (1o + 0y — Hiydn). (3.3)

Then the optimal solution (df,d;) to problem (3.2)) is generated exactly by the fol-

lowing procedure

di = argming ¢(dy) + h(dy,db) — (67, dv), 5.4)
3.4
dy = argming, ¢(df) + h(df,ds) — (05, d2) = Hay (12 + 05 — Hipdf).

Furthermore, let § := HioHoy (1o + 6, — Higdy — Haody), then (df ,dy) can also be

obtained by the following equivalent procedure

dii_ = argmindl gb(dl) + h(dl,cig) + <5, d1> — <(Sii_, d1>, ( )
3.5
dy = argming, G(df) + h(df,dy) — (05, do) = Hoy (12 + 05 — Hipd]).
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Proof. First we show the equivalence between (3.2)) and (3.4)). Note that ((3.4))

can be equivalently rewritten as
0 € dp(df) + Hud! + Hiady — 11 — 57, (3.6)
dy = Ha (ra + 65 — Hindy). (3.7)

By using the definition of dy = H5y, (ro+ 65 —Hiyd1 ), we know that (3.6)) is equivalent

to

0 € 0¢(df) + Hurdf + HioHay (ro 4 05 — Hipdr) — r1 — 07, (3.8)
which, in view of , can be equivalently recast as follows
0 € 0¢(df) + Hurd] + Haods + HioHay Hin(df — dy) + HaaHay (05— 65) —r — 07
Thus, we have

0 € 06(d}) + Hard] + Haadd + HioHy (8, — 67) — i — 67 + O(df — dy),
dy = H2_21(7"2 + 05 — Hiyd)),
which are equivalently to

¢(dr) + h(dy,dy) — (07, di) + 5lldi — ||

(df ,d3) = argming 4 e N
+(HiaHyy (05 — 05 ), di) — (65, do)

Next, we prove the equivalence between (3.4)) and (3.5). By using the definition
of 0 1= HioHyy (1o + 8 — Hiydy — Haods), we have that (3.8)) is equivalent to

0e 8gz5(df) + 'Hndii_ + 7‘[12672 —Try — 51’- + 5,

ie.,

df = argming ¢(d1) + h(dy, ds) + (5, di) — (67, dy).

Thus, we obtain the equivalence between (3.4]) and (3.5]). ]
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Remark 3.2. Under the setting of Proposition[3.1} if ¢(d;) = 0, 6{ = 0,5, =5 =0
and H1; > 0, then, by Proposition 3.1] we have (df,dj) = argming, 4,h(dy, d2) +
Hdi — J1||% and
dy = My (ro—Hizdy),
df = Hy (11— Hiady), (3.9)
dy = Hoy (ro— Hindf).
Note that, procedure is exactly one cycle symmetric block Gauss-Seidel itera-

tion for the following linear system

Hi H d r
Ha=| TP = (3.10)
Hiy Hae do T2

with the starting point chosen as (dy, dy).

3.1.2 The multi-block case

Now we consider the multi-block case for s > 2. Here, we further assume that

Hii, @ =2,...,s are positive definite. Define
dsl‘ = (dl,dg,...,dz‘), dZi = (diadi—i-la---)ds)a 1= O,...,S—l— 1
with the convention that dy = dy11 = d<g = d>s11 = 0. Let

Hli
Pp— . -1 * * ) —
O’L . . ,H,“ < 14 L H(’L—l)l ) 3 /1/—2,...75.
Hi—1)i

Define the following self-adjoint linear operators: Oy := O,.

-~ -~

O, = diag(Oi_l,O) + O, 1=3,...,8. (311)
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Let 6 € Dy and ¢},6;” € D;, i =2,...,s be given error tolerance vectors. Let

HiH; ' (6, — )

n:(0;,07) = _.1 . , 1=2,...,8.
%(i—l)in‘z‘ (57{ - 5¢ )
—oF

)

Define the following linear functions:
Aa(dy, dy) == —(0y, di) + (12(03, 05), d<2)
and for i =3,...,s,

Ai(d<) = Ai1(d<i1) + (i85, 0), d<i) (3.12)

17 71

for any d € D. Write 0%y = (83,...,0}), 03, = (05 ,...,0F) and 6+ = (57,...,07).

s

By simple calculations, we have that
Au(d) = —(6", d) + (M (0L = 053), deyr )
with
Hig -+ His Hi
Ms - :
H(sfl)s H_l

Ss

Let d € D be given. Define
1 _
d* := argmin, {qﬁ(dl) + h(d) + ings,l - dgs,lH%S + As(d)}. (3.13)

The following theorem describing an equivalent procedure for computing d* is the
key ingredient for our subsequent algorithmic developments. The idea of proving
this proposition is quite simple: use Proposition repeatedly though the proof
itself is rather lengthy due to the multi-layered nature of the problems involved. For
(3.13)), we first express d, as a function of d<,_; to obtain a problem involving only
d<s_1, and from the resulting problem, express ds_; as a function of d<,_» to get
another problem involving only d<,_s. We continue this way until we get a problem

involving only (d;, dy).



3.1 One cycle symmetric block Gauss-Seidel technique

39

Theorem 3.3. Assume that the self-adjoint linear operators Hy, © = 2,...,s are

positive definite. Fori=s,...,2, define d, € D; by
d; = argming o(dy) + h(J<i 1,di,d'>i+1) — (0, d;)

_ Tz+5/ ZH*d o Z Hl] j (314)

Jj=i+1
(i) Then the optimal solution d* defined by (3.13|) can be obtained exactly via
df = argming, ¢(dy) + h(dy, d%,) — (67, dy),
dj_ - argmindi ¢(di’_) + h(d;z’—h div d/Zi—l—l) - <5z+7 dl> <3'15)
= Hi'(ri+ 67 = Y Hudl =Y Hyd)), i=2,...s.

(ii) It holds that

H + diag(O,, 0) = 0 < Hyy > 0. (3.16)

Proof. We will separate our proof into two parts.

Part (i). We prove our conclusions by induction. Firstly, the case for s = 2 has

been proven in Proposition 3.1}

Assume now that the equivalence between (3.13)) and (3.15)) holds for all s < I.
We need to show that for s = [ + 1, this equivalence also holds. For this purpose,

we define the following quadratic function with respect to d<; and d;+4
1 _
hiyi(d<r, diyy) i= h(d<, diga) + §||ds1—1 —d<i||F, + Ai(d<). (3.17)

By using the definitions (3.11)) and (3.12)) and noting that
1 . | § 1 .
sl —dallg, | = 5ldan = danllg, + 5llda — dale,,,
and
Arpi(d<yr) = Ai(d<t) + (a (641, 0)11), d<isn),

we can rewrite the optimization problem (3.13]) for s = [ 4 1 equivalently as

di) + higa(d<y, dis) + Slld<s — d<y||?
(A5 dfyy) = argming, g, 4 O F Il di) +allda —dallon, L g 4

+<77l+1(52+1a51+1) d<l+1>
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Now, from Proposition , we know that the optimal solution (d;, dltLl) to problem

(3.18) is generated exactly by the following procedure

d,, = argming  ¢(di) + hipi(des, dipr) = (040, diga)
= argming, o(dy) + h(d<, dps1) — (641, diga), (3.19)
dt, = argmin,_, ¢(dy) + hia(de diy) (3.20)
dy, = argming  o(dy) + hipa(dLy, digr) = (6, diga)
= argming,  ¢(dy) +h(dZ), dipr) — (6, disa). (3.21)
In order to apply our induction hypothesis to problem (3.20]), we need to construct

a corresponding quadratic function. For this purpose, let the self-dual positive

semidefinite linear operator H be defined by

dl Hll H12 e Hll dl
7’_2 d'2 — %TQ /7"['22 v IH.QI d'2
di n My - Hu di

Consider the following quadratic function with respect to d<;, which is obtained

from h(d<;, d;,,),

/ 1 T * * * 7/
h(d<; 1+1) = §<d§la Hd<p) — (r<1— ( 1410+ »Hz,l+1) 1+1> d<i). (3.22)

Note that

hd<; diyy) + 5lld<is — daa|lf, + Ai(d<)

hipi(d<r, diyy) = o , !
+§<dz+1a /Hl+1,l+1dl+1> — (1141, dz+1>

Therefore, problem ([3.20) can be equivalently recast as

) ~ 1 -
dl, = argming_, ¢(di) + h(d<y; djyy) + ld<i-1 — da-1l, + Aild<).  (3.23)
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By applying our induction hypothesis on ({3.23)), we obtain equivalently that

~ CZ +EJZ_,d“CZ ,...,J;dl
d;:argmindi gb( 1) ( = ( ! l) l+1) 7i:l7--~727 (324)

_<6£7 dl>
dii- = argmindl ¢(d1) + E(db (%’ ce 752); d;+1) - <5f-7 d1>v (325)

gb(df) + E(d;ifl’ di, ((Z—Hv ce 7672)5 d2+1>
_<5j_7 dl>

Jr o .
d; = argmin,,

i=2...,0. (3.26)

Next we need to prove that

d=d Yi=1,...2 (3.27)

By using the definition of the quadratic function hin (3.22)) and the definition of d’
in (3.14)), we have that

-1
dy =My (r+ 0] = Higadyyy — Y Hid;) = dj.
j=1
That is, (3.27) holds for i = I. Now assume that we have proven d; = d} for all
i > k41 with £+ 1 <. We shall next prove that (3.27)) holds for i = k. Again, by

using the definition of h and d’ , we obtain that

k—1 !
dy = My (re+0p — Higrdy,y — ZH;RJJ - Z Hajd;)
j=1

j=k+1

k—1 !
= Ml (rk+ 0, — Hpprady,y — Z%;kdj — Z Hy;d))
j=1 j=k+1

U
= b

which shows that (3.27) holds for i« = k. Thus, (3.27) holds. Note that by the

definition of A and direct calculations, we have that
~ 1
hd<, diyy) = hd<;digg) + §(df+17 Hivr 1) — (ries digq). (3.28)

Thus, by using (3.27) and (3.28), we know that (3.25)) and (3.26]) can be rewritten



42

Chapter 3. Phase I: A symmetric Gauss-Seidel based proximal ADMM for

convex composite quadratic programming

as

d; = argming B(dy) + h(d<i_1, d;, dsiyy) = (05, di), i=1,...,2,

df = argmindl¢(d1) + h(db dlzz) - <(5;r’ d1>>
dF = argmin,, o(df) + h(d;_l, di, dsi ) — (6F, dyy, i=2,...,1,
which together with and shows that the equivalence between
and holds for s = [+ 1. Thus, the proof of the first part is completed.

Part (ii). Now we prove the second part. If s = 2, we have
Hii+ Oy His
12 Ho

H + diag(0,,0) =

Since Has = 0, by the Schur complement condition for ensuring the positive defi-

niteness of linear operators, we get

Hii + @2 Hi2
12 Ho

=0 & Hiyp+ 62 - H12%521HTQ =Hy; > 0. (329)

Thus, we complete the proof the case of s = 2.

For the case s > 3, let ﬁl =Hy;. Fori=1,...,s —1, define

Higirn) o o
HS’L:Z‘Fl = and HZ+1 = v Sz’7’+1
<i,i+1 (i+1)(i+1)
Hi(i+1)

Since H;; = 0 for all ¢ > 2, by the Schur complement condition for ensuring the

positive definiteness of linear operators, we obtain, for i = 2,...,s — 1,
~ N U+ O, L Heiin
Hiv1 + diag((’)iﬂ, O) = ' " =t >0

*Si,i—i-l H(i41),(i+1)
)
Hi+ Opq — %Si’i+1ﬂéil)v(i+l) i1 = H; + diag(@i, 0) = 0.
Therefore, by taking ¢ = 2, we obtain that
ﬁn + 62 H<i2 Hii + @2 Hio

H + diag(O,,0) = 0 < = =0,
12 Hoa 12 Mo
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ie.,

H + diag(O,,0) = 0 < Hyy > 0.

This completes the proof to the second part of this theorem. O

Remark 3.4. Under the setting of Theorem [3.3] if ¢(d;) = 0, 67 =0, 8, = §; =
0,9=2,...,s and H; = 0, then we know from Proposition that

d = M (ri— Y Hdy =S Had), i=s,..2
di = My (rl - ijz %1jd;‘)7 (3.30)
dj_ _ ( Zz I%Ldj_zj H—lHUd;) i:27...,3.

The procedure (3.30)) is exactly one cycle symmetric block Gauss-Seidel iteration for

the following linear system

Hiw Hiz - His dy r
Hi, H <o Hog d
Ud = ‘12 ‘22 | ‘2 ‘2 _ 7"‘2 (3.31)
Ts st U Hss ds s

with the initial point chosen as d. Therefore, one can see that using the symmet-
ric Gauss-Seidel method for solving the linear system (3.31)) can equivalently be
regarded as solving exactly a sequence of quadratic programming problems of the

form ([3.13)). Specifically, given d° € D, for k=0, 1,..., compute
. 1
L — argmmd{h(d) + §Hd§5_1 — dl;s—1||?’j5}‘

As far as we are aware of, this is the first time that the symmetric block Gauss-
Seidel algorithm is interpreted, from the optimization perspective, as a sequential

quadratic programming procedure.
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3.2 A symmetric Gauss-Seidel based semi-proximal

ALM

Before we introduce our approach for the general multi-block case, we shall first
pay particular attention to a special case of the general convex composite quadratic
optimization model . More specifically, we consider a simple yet important con-
vex composite quadratic optimization problem with the following 2-block separable

structure

min  0(y1) + p(y2) (3.32)

sit. Ay + A5y = ¢,

ie, in (3.1), p = 2, B is vacuous, ¢ =0, g = 0 and p(y2) = f(y1,y2) Y(v1,42) €

V1 X Vs is a convex quadratic function depending only on ys:

1
p(1y2) = §<y2, Soya) — (b, y2), Y2 € Vo,

where Y, is a self-adjoint positive semidefinite linear operator defined on ), and
b € ), is a given vector. Let 90 be the subdifferential mapping of 6. Since 06 is
maximally monotone [53 Corollary 31.5.2], there exists a self-adjoint and positive

semidefinite operator ¥ such that for all y;,§; € dom(6), & € d0(yy), and € € d0(ij),
<§ - 57 Y1 — 3?1) > Hyl - ?31“221-

Given o > 0, the augmented Lagrangian function associated with (3.32) is given as

follows:
* * O- * *
ﬁa(yl7yz;$) = Q(yl) + P(yz) + <x> A1yl + A2y2 - C> + 5”-’4191 + A292 - C||2-

Here, we consider using Algorithm sPADMM, proposed in [13] and reviewed in
Chapter 2, to solve problem ([3.32)). In order to solve the subproblem associated with
Yo in Algorithm sPADMM, we need to solve a linear system with the linear operator

given by o71¥y + AsA5. Hence, an appropriate proximal term should be chosen
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such that the corresponding subproblem can be solved efficiently. Here, we choose
Ty as follows. Let & : Vo — )5 be a self-adjoint positive definite linear operator

such that it is a majorization of o713, + Ay A3, i.e.,
Ey = 071 4+ Ay A
We choose & such that its inverse can be computed at a moderate cost. Define
To =& — o '3y — Ay A5 = 0. (3.33)

Note that for numerical efficiency, we need the self-adjoint positive semidefinite
linear operator 75 to be as small as possible. In order to fully exploit the structure
of the quadratic function p(-), we add, instead of a naive proximal term, a proximal
term based on the symmetric Gauss-Seidel technique as follows. For a given 7; = 0,

we define the self-adjoint positive semidefinite linear operator
Ti= T+ ALAE T ALAL (3.34)

Now, we can propose our symmetric Gauss-Seidel based semi-proximal aug-
mented Lagrangian method (sGS-sPALM) to solve ({3.32) with a specially chosen

proximal term involving ’/7\] and 7.

Algorithm sGS-sPALM: A symmetric Gauss-Seidel based semi-proximal
augmented Lagrangian method for solving (3.32).
Let ¢ > 0 and 7 € (0, 00) be given parameters. Choose (y{,49,2°%) € dom(f) x Vs x
X. For k=0,1,2,..., perform the kth iteration as follows:

Step 1. Compute

(g i Lo(y1,y2;2%) + v — vi |5

Y Y2 ) = argmlnyhyz

(3.35)
+2ly2 — vh|I%

Step 2. Compute

" = ab 4 o (Frultt 4 Gt — o). (3.36)
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Note that problem (3.35) in Step 1 is well defined if 7' + 77 + A1 A} = 0.

For the convergence of the sGS-sPALM, we need the following assumption.

Assumption 3. There exists (1, J2) € ri(dom @) x Vs such that Aig; + Asis = c.

Now, we are ready to establish our convergence results for Algorithm sGS-sPALM

for solving ({3.32)).

Theorem 3.5. Suppose that the solution set of problem 1s nonempty and that
Assumption [d holds. Assume that Ty is chosen such that the sequence {(y¥,y%, z*)}
generated by Algorithm sGS-sPALM is well defined. Then, under the condition either
(a) T € (0,2) or (b) T > 2 but > oo, Ayt + Asyst — ¢||? < oo, the following
results hold:

1 Y1 ,Yy , T 1S an accumutation point o Yi,Yy, T , en \Y; ,Ys solves

problem (3.32)) and x*° solves its dual problem, respectively.

(i) If o7 + T1 + AL A} is positive definite, then the sequence {(yF,y5,x%)} is
well defined and it converges to a unique limit, say, (y3°,y5°, ) with (y$°, ys°)
solving problem (3.32) and x*° solving the corresponding dual problem, respec-

tively.

Proof. By combining Theorem [2.7 and the fact that

*

A\ [ A = T
+o” + =0
A A Yo Tz
= AA; + 0718 + T = 0,
one can prove the results of this theorem directly. ]

Now we are able to apply our one cycle symmetric Gauss-Seidel technique on
the subproblem (3.35)). Let 6, : 4 x Vo x X — Y be an auxiliary linear function
associated with (3.35)) defined by

6p(y17 Y2, :L‘) = A1«4§5§1(b - A2$ - Egyg -+ O'.AQ(C — Afyl — ASyQ)) (337)
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Proposition 3.6. Let 5’; = 0,(yF, Y&, %) for k =0,1,2,.... We have that y}™" and
' obtained by Algorithm sGS-sPALM for solving (3.32) can be generated ezactly

according to the following procedure:

(

ys = argming, Lo(yf,y252") + §llye — 4517,
yitt = argming, Lo(y1, 3552") + lly — b5, 5.38)
vt = argming, Lo(n ™ yaia®) + §llye — y511%,
\ gH = ok oro (AT Asyst — o).
Equivalently, (y¥*,y5™) can also be obtained exactly via:
yi ™t = argming Lo (y1, 5 2%) 4+ (0%, y1) + Sllon — vb1l%,
vt = argming, Lo(n ™ ya2") + §lly2 — 517, (3.39)

P = gk g o (A Asyght — ).

Proof. The results follow directly from (3.4 and (3.5) in Proposition with

all the error tolerance vectors (d;, 85,95 ) chosen to be zero vectors. O

Remark 3.7. (i) Note that comparing to the Algorithm sPADMM, the first sub-
problem of has an extra linear term (47, -). This linear term will vanish if
¥y =0, & = A A5 = 0 and a proper starting point (¢, 49, 2°%) is chosen. Specifi-
cally, if we choose z° € X such that Ayx° = b and (¢}, 9) € dom(f) x Y, such that
Y9 = & As(c — Afy?), then it holds that Ayz® = b and 3§ = & ' As(c — Alyl),
which imply that 6’; =0.

(ii) Observe that when 77 and 75 are chosen to be 0 in (3.39), apart from the range
of 7, our Algorithm sGS-sPALM differs from the classical 2-block ADMM for solv-
ing problem only in the linear term (5’;, -). This shows that the classical
2-block ADMM for solving problem has an unremovable deviation from the
augmented Lagrangian method. This may explain why even when ADMM type
methods suffer from slow local convergence, the latter can still enjoy fast local con-

vergernce.
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In the following, we compare our symmetric Gauss-Seidel based proximal term

2y — y’f”% + 2{ly2 — 513, used to derive the scheme ([3.39) for solving (3.32) with

the following proximal term which allows one to update y; and y, simultaneously:

(v, y2) — (Wi ¥s) I3 + lvr — yill% + lly2 — ¥5113,)  with (3.40)
D —AA
./\/l _ 1 1/ i 0’
A i D,

where Dy : Y1 — Y; and Dy : Vo — Y5 are two self-adjoint positive semidefinite

linear operators satisfying

Dy = v/ (ALA3) (ALA3)* and Dy = /(A AL (A A"

A common and naive choice will be D; = A\naxZi and Dy = AaxZe Where A\pax =
| A1 A3 ll2, Zo : Vi — V1 and I = Vo — Vs are identity maps. By Proposition [2.10]
we have that the resulting semi-proximal augmented Lagrangian method generates

(yi L yb 2k +1) as follows:

yt = argming, Lo(y1, v8; 2%) + §llyn — vbl|B, 7
yo = argming, Loyt yo:2*) + §llye — v5 11,47 (3-41)
gH = gk poro (AT Asyi T — ).

To ensure that the subproblems in ([3.41)) are well defined, we may require the

following sufficient conditions to hold:
o AT AA +D =0 and o 'Sy + To + A A+ Dy - 0.

Comparing the proximal terms used in (3.35]) and (3.40]), we can easily see that the

difference is:

lyn = il asey s VS I v2) = (W5 w550

To simplify the comparison, we assume that

Dy = /(ALA5) (AL A5)* and Dy = /(A A1) (A A"



3.2 A symmetric Gauss-Seidel based semi-proximal ALM

By rescaling the equality constraint in (3.32)) if necessary, we may also assume that
| A1|| = 1. Now, we have that

ALAGET A AT = AL A

and
|1 — yf”ilA;g;AM; <y =yt < Ml — o)1

In contrast, we have

(s w2) = (b, IR < 2 (s = will, + llv2 — v3113,)

< 20 AN (g = w1 lP + llye — w5117) < 20 Aall (lyn — o l® + llye — w31°)

which is larger than the former upper bound ||y; — v¥|* if ||As|| > 1/2. Thus we

can conclude safely that the proximal term ||y, can be potentially

—y5lP?

2l A Az85 As A
much smaller than ||(y1,y2) — (yf,y5)||5( unless || Azl is very small. In fact, as is
already presented in ([2.17)), for the general multi-block case, one can always design

a proximal term M to obtain an algorithm with a Jacobian type decomposition.

The above mentioned upper bounds difference is of course due to the fact that
the sGS semi-proximal augmented Lagrangian method takes advantage of the fact
that p is assumed to be a convex quadratic function. However, the key difference
lies in the fact that is a splitting version of the semi-proximal augmented
Lagrangian method with a Jacobi type decomposition, whereas Algorithm sGS-
sPALM is a splitting version of semi-proximal augmented Lagrangian method with
a Gauss-Seidel type decomposition. It is this fact that provides us with the key idea
to design symmetric Gauss-Seidel based proximal terms for multi-block composite

convex quadratic optimization problems in the next section.
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3.3 A symmetric Gauss-Seidel based proximal ADMM

Here, we rewrite the general convex composite quadratic optimization model ({3.1))

in a more compact form:

min O(y1) + f(y) + ¢(z1) + g(2)
(3.42)
st. Ay + Bz =c,

where the convex quadratic functions f: ) — R and g : Z — R are given by
1 1
Fy) =50, Py) — by, ) and g(z) = 5(z, Q2) = (bs, 2)

with b, € Y and b, € Z as given data. Here, P and Q are two self-adjoint positive

semidefinite linear operators. For later discussions, we write P and Q as follows:

7)11 PlQ e Plp Qll Q12 T qu
P — PTQ 7)‘22 ' .. 7).27; and Q — QTQ Q'QQ ' .. Q'2q |
Pikp P;p e Ppp Tq Q;q e Qqq

where H;; + Y, — Vifori = 1,...,p, j < i and Q,y : 2, = 2, for m =

1,...,q, n < m are linear operators. For notational convenience, we further write

Or(y) :==0(y1) + fly) Vyel and ¢4(z):=p(z1)+g(z) VzeZ. (3.43)

Let 0 > 0 be given. The augmented Lagrangian function associated with (3.42) is

given as follows:
Lo(y,52) = 07(y) +¢4(2) + (@, A'y+ Bz =) + 2 |4y + Bz — o

Recall the majorized ADMM with indefinite proximal terms proposed in [35],
when applied to (3.42), has the following template. Note that now since f and g

are convex quadratic functions, the majorization step is omitted.



3.3 A symmetric Gauss-Seidel based proximal ADMM

51

iPADMM: An ADMM with indefinite proximal terms for solving problem
(13.42).

Let o > 0 and 7 € (0, 00) be given parameters. Let M and A be given self-adjoint,
possibly indefinite, linear operators defined on Y and Z, respectively such that

o PH+M+AA* =0 and o 'Q+ N+ BB* = 0.

Choose (3°, 2%, 2°) € dom(0;) x dom(p,) x X. For k = 0,1, 2, ..., generate (y**1, 2*1)

k+1

and z"T" according to the following iteration.

Step 1. Compute

. g
yk+1 = argmin, ﬁa(y, Zk; xk) + §HZ/ - kag\/I

Step 2. Compute

. o
2 = argmin, £, (yF*, z;2") + EHZ — 2.

Step 3. Compute

" = b o (AT + BT — o).

Remark 3.8. In the above iPADMM for solving problem , the presence of two
self-adjoint linear operator M and N not only helps to ensure the well-definedness
and convergence of the algorithm but also, as will be demonstrated later, is the
key for us to use the symmetric Gauss-Seidel idea from the previous section. The
general principle is that both M and N should be chosen such that y**! and 2*+!
take larger step-lengths while they are still relatively easy to compute. From the
numerical point of view, it is therefore advantageous to pick indefinite M and N

whenever possible.

For the convergence and the iteration complexity of the iPADMM, we need the

following assumption.
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Assumption 4. There exists (y, 2) € ri(dom 0y) xri(dom ¢,) such that A*g+B*Z =

c.
We also denote

k
Pl = ok o (AR 4 Bkt — o), 3F = Z g
k K = (3.44)

| =

Now we are ready to show the global convergence property and the O(1/k) iteration
complexity of the iPADMM.

Theorem 3.9. Suppose that the solution set of problem (3.42)) is nonempty and
that Assumption [ holds. Assume that M and N are chosen such that the sequence
{(y*, 2%, 2%)} generated by Algorithm iPADMM is well defined. Let 7 € (0, (1 +

Vv5)/2), if

1 1

50—173 + M =0, 50—173 + M+ AA* =0 (3.45)
and

1 -1 1 -1 *

30 Q+N =0, P Q+N +BB* =0, (3.46)
we have:

(a) The sequence {(y*, 2, 2%)} converges to a unique limit, say, (y>, 2°°, x>) with

(y>°, 2°) solving problem (3.42)) and x> solving its dual problem, respectively.

(b) For any iteration point {(y*, 2*,2%)} generated by iPADMM, (3%, 2% &%) is
an approrimate solution of the first order optimality condition in variational

inequality form with O(1/k) iteration complexity.

Remark 3.10. The conclusion of Theorem follows essentially from Theorem
and Theorem [2.12| See [35] for more detailed discussions.
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From Remark [3.8] here, we propose to split M into the sum of two self-adjoint
linear operators. In order to take the larger step-length, the first linear operator,
denoted by &, is chosen to be indefinite. Meanwhile, the second linear operator
is chosen to be positive semidefinite and is specially designed such that the joint
minimization subproblem corresponding to y can be decoupled by our symmetric
Gauss-Seidel based decomposition technique. Using the similar idea, N can again be
decomposed as the sum of a self-adjoint indefinite linear operator 7 and a specially
designed self-adjoint positive semidefinite linear operator. In this thesis, to simplify

the analysis, we made the following assumption.

Assumption 5. For any given « € [0, %], assume
S=—-ctaP and T =-0'a0.

Note that, in this way, the conditions %0’173 +M =0 and %a’lQ +N =0 are

always guaranteed. Below, we focus on the design of the rest parts of M and N.

Given a € |0, %], we first define two self-adjoint semidefinite linear operators S;
and 77 to handle the convex, possibly nonsmooth, functions 6(y;) and ¢(z;1). Let

&y., S1 be self-adjoint semidefinite linear operators defined on Y such that

Ep =81+ (1—a)Py+ ALA; =0, (3.47)
and the following well-defined optimization problem can easily be solved

. o 2
min 6(yy) + §|Iy1 =l -
1

Similarly, define self-adjoint semidefinite linear operators &,,, 7; on Z; such that

E,=Ti+o '(1-a)Qu +BiB; =0, (3.48)

and the optimal solution to the following problem can be easily obtained

2
Ea

. g _
Hzn o(z1) + 5“21 -z
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Then, for i = 2,...,p, let £, be a self-adjoint positive definite linear operator on )

such that it is a majorization of 0=(1 — a)Py; + A;AZ, ie.,
Ey = o (1 — )Py + AAL

In practice, we would choose &, in such a way that its inverse can be computed at

a moderate cost. Define
Si=&,—0c ' (1—-a)Py—AA =0, i=1,...,p. (3.49)

Note that for numerical efficiency, we need the self-adjoint positive semidefinite
linear operator S; to be as small as possible for each ¢ = 1,...,p. Similarly, for
J=2,...,q, let & be a self-adjoint positive definite linear operator on Z; that
majorizes 0~ ' (1 — ) Q;; + B;B; in such a way that £, ! can be computed relatively

easily. Define

7}22 52.—0'71(1—06)ij—[))]'8;&0, jzl,...,q. (350)

J

Again, we need the self-adjoint positive semidefinite linear operator 7; to be as small
as possible for each j =1,...,q.

Now we are ready to present our sGS-PADMM (symmetric Gauss-Seidel based
proximal alternating direction method of multipliers) algorithm for solving .
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Algorithm sGS-PADMM: A symmetric Gauss-Seidel based proximal
ADMM for solving (3.42). Let ¢ > 0 and 7 € (0,00) be given parameters.
Choose (3°, 2%, 2°) € dom(0;) x dom(p,) x X. For k = 0,1, 2, ..., generate (y**1, 2*1)

and 2%! according to the following iteration.

Step 1. (Backward GS sweep) Compute for i = p, ..., 2,

k LU((@/%@‘flvyivygzﬂrl)’zk;xk)

y; = argmin,

+%||(y§i—1,yz‘ay§z‘+1) - ka% + %Hyz - yf”?sl

Then compute

- . Lo((y1:752), 25 2%) + 51 (y1, 9E2) — v* (15
Yy, = argmin,

+2lyr — v IIE,

Step 2. (Forward GS sweep) Compute for i = 2,...p,

k+1 7k k. .k
k+1 . £U((y§i—17yi7y2i+1)7z 3L )
Y, = argmin,,

FENWEL v o) — M NE + Sllvs — F 113,
Step 3. (Backward GS sweep) Compute for j =gq,...,2,

k+1 k =k .,k
—k . £U<y + 7(Z§j7172j722j+1>7x )
z; = argmin, )

5110281, 25,28 40) = 2* 15 + §llz — 215

Then compute

Loy, (21, 28,);2%)

ZhHl = argmin,,

+5[1(21,255) = 2815 + §lla = 21115
Step 4. (Forward GS sweep) Compute for j =2,...,q,

ket 1 *Co(ykJrla (zgﬁb Zja E];j-&-l); Ik)
z

;= argmin_

+SII(EL ) 2,75 00)) — 2815 + § 112 — 2115
Step 5. Compute

:L‘k+1 — ZL‘k +7_0_(‘/4*yk—|—1 +B*Zk-i-l _ C).
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In order to prove the convergence of Algorithm sGS-PADMM for solving (3.42)),
we need first to study the relationship between sGS-PADMM and the generic 2-block

iPADMM for solving a two-block convex optimization problem.

For given « € |0, %], define the following linear operators:

P Ay
M; =01 -a) : + : A, i=2,...,p.
7D(zfl)i -'41—1
Similarly, let
Q1 B,
Nj=0'(1-a) : + : B, j=2,...,q
Q-1 Bi

For the given self-adjoint semidefinite linear operators §; and 7y, define 3\2 =8+

MoE; T M,

Si = diag(Si-1, Sim1) + MEIME, i=3,...p

and Ty := T7 + No&L'NG,
7A; = diag(7A;_1,7}_1)—1—./\/']-82;1,/\/;*7 j=3,...,q.

Proposition 3.11. For any k > 0, the point (x*T1 y*1 25+1) obtained by Algo-
rithm sGS-PADMM for solving problem (3.42)) can be generated exactly according to

the following iteration:

)
Loy, 25 2%) + Sy — v"||%

y b
+5lly<p1 = vElIE + 5l — I3,

k+1

y = argmin (3.51)

(

Lo(y* z2%) + 2 — 2|7
2 = argmin, o ’ : (3.52)
| 3 llzce1 = 2l + 5z — 215

xk‘—i—l — Ik—f-TO'(A*yk—H +B*Zk+1 —C).
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Proof. We only need to prove the y**! part as the 25! part can be obtained

in the similar manner. Let
AS, =S, — diag(Sy, ..., S, 1).

Note that problem (3.51)) can equivalently be rewritten as

2
S;

Loy, 2 a%) + 5l — yflI3, + 5 D00 lyi — f

+5lly — v* I3, + Sly<p1 — vE, 1A,

y’ngl = argmin

(3.53)

)

The equivalence then follows directly by applying Theorem with all the error
tolerance vectors (67, d%,) chosen to be zero for problem (3.53). The proof of this

proposition is completed. O

Remark 3.12. Note that in the proof for Proposition [3.11] all the error tolerance
vectors (67, 0%,) are set to zero. Naturally, one may ask the following question: Why
these error tolerance vectors are included in Theorem 3.3 As can be seen later, these
error terms play important roles in the designing of a special inexact accelerated
proximal gradient (APG) algorithm in Phase II. In fact, these error tolerance vectors
also open up many possibilities of designing inexact ADMM type methods which
will allow the inexact solution for each subproblem and have attainable stopping

conditions.

In fact, we have finished the design of M and A. From Proposition [3.11], we

have

M = =07 'aP + diag(S,, S,) (3.54)
and

N = —o'aQ + diag(7,, Ty). (3.55)

Next, we study the conditions which will guarantee the convergence of our proposed

Algorithm sGS-PADMM.

In order to prove the convergence of Algorithm sGS-PADMM for solving problem
(3.42), the following proposition is needed.
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Proposition 3.13. For any given o € (0, 3), it holds that

AA* + 071 (L = a)P + diag(S,, S,) = 0
=4 AlAT + 0'_1(1 — Q)Pn + 81 >~ 0, (356)

BB* + o (L —a)Q + diag(7,,T;) = 0
-~ Bllgf + 0'71(1 — (1/) O + 7—1 > 0. (357)

Proof. Note the fact that if A and B are two positive semidefinite linear oper-
ators, then
(Vag > 0,0 >0) ag A+ aB >0
< (Jag >0,a0>0) A+ B =0
& A+ B>0.
Hence, to prove (3.56)) and , we only need to prove

AA* + 0711 — )P + diag(S,, S,) = 0 < A Af + 0711 — )Py + 81 = 0,

BB + 0 11— a)Q+diag(7,, T;) = 0 < BB + 0 (1 — a)Qu1 + T > 0.
(3.58)

Note that (3.58|) can be readily obtained by using part (ii) of Theorem . Thus,

we prove the proposition. ]

After all these preparations, we can finally state our main convergence theorem.

Theorem 3.14. Suppose that the solution set of problem (3.42) is nonempty and
that Assumption [] and [8 hold. Assume that the sequence {(y*,z*,2*)} generated
by Algorithm sGS-PADMM is well defined. Let 7 € (0,(1 + v/5)/2). Then, the

following conclusion holds:
(a) For o € [0,1/2), under the condition that
AAi+07 ' (1 -=a)Py+8 -0 and BB +o0'(1-a)Q + 7T >0,

the sequence {(y*, z¥)}, which is automatically well defined, converges to an
optimal solution of problem (3.42) and {x*} converges to an optimal solution

of the corresponding dual problem, respectively.
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b) For a = L, under the condition that
2
AA* + diag(S,,S,) = 0 and BB + diag(7,,T,) > 0,

the sequence {(y*, 2%)}, which is automatically well defined, converges to an
optimal solution of problem (3.42) and {x*} converges to an optimal solution

of the corresponding dual problem, respectively.

Proof. Note that, conditions ({3.45) and (3.46) now become

AA* + 071 (L = a)P + diag(S,, S,) - 0,

N (3.59)
BB* + o7 (5 — a)Q + diag(7,, T,) > 0.

When « € [0, 3), by Proposition , conditions are equivalent to
AAi+0 M (1 —a)P+81 =0 and BB +o (1 —a)Qu +T: 0.
On the other hand, if o = %, conditions reduce to
AA* + diag(S,,S,) = 0 and BB* + diag(7,, T,) > 0.

Then by combing part (a) of Theorem [3.9) with Proposition [3.11] we can readily
obtain the conclusions of this theorem. O

In the next theorem, we shall show that the sGS-PADMM for solving problem
has O(1/k) ergodic iteration complexity.

Theorem 3.15. Suppose that Assumption holds. For T € (0, %5), under the
same conditions in Theorem we have that for any iteration point {(y*, 2%, 2%)}
generated by sGS-PADMM, (4%, 2%, 2%) is an approximate solution of the first order

optimality condition in variational inequality form with O(1/k) iteration complezity.

Proof. By by combing part (b) of Theorem [3.9| with Proposition [3.11 we know
that the conclusion of this theorem holds. O
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3.4 Numerical results and examples

Recall the definitions of 07(-) and ¢,4(-) in (3.43), our general convex quadratic
composite optimization model can be recast as
min - 07(y) + ¢y(2)

(3.60)
st. A'y+Bz2=c

and its dual is given by
max { — (¢, z) — 03(—Azx) — ¢5(—Bz) }. (3.61)

We first examine the optimality condition for the general problem and its
dual (3.61). Suppose that the solution set of problem is nonempty and that
Assumption {4] holds. Then in order that (y*, 2*) be an optimal solution for (3.60)
and z* be an optimal solution for , it is necessary and sufficient that (y*,z*)

and z* satisfy

Ay + Bz = ¢,
6;(y) +05(—Az) = (y, —Az), (3.62)
0g(2) + ¢ (=Bx) = (2, —Bx).

We will measure the accuracy of an approximate solution based on the above op-

timality condition. If the given problem is properly scaled, the following relative

residual is a natural choice to be used in our stopping criterion:

77 = maX{T]P, 779f7 77@g}7 (363)
where
. | A*y + B*z — ||
p = ,
L+ <l

; |y — proxy, (y — Az)||
9 pu—
! L+ [ly[l + [[ Az

9

B |z — proxwg(z — Bz)|
Teo = T k] + 1B
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Additionally, we compute the relative gap by

objp —objp
1+ |objp| + [objpl’

Ngap =

where objp := 0(y1)+ f(y) +¢(21) +9(2) and objp, == —(c, x) =03 (—Ax) = (—Bz).
In order to demonstrate the efficiency of our proposed algorithms in Phase I, we test
the following problem sets. Note that, for simplicity, we set a« = 0 in our Algorithm

SGS-PADMM, i.e., we add only semidefinite proximal terms.

3.4.1 Convex quadratic semidefinite programming (QSDP)

As a very important example of the convex composite quadratic optimization prob-
lems, in this subsection, we consider the following convex quadratic semidefinite
programming problem:

min (X, 9X) + (C, X)

(3.64)

s.t. AEX = bE, .A]X > b[, X e S_?_ N ’C,
where Q is a self-adjoint positive semidefinite linear operator from S™ to 8", Ag :
S" — R™E and A; : 8" — R"™ are two linear maps, C € 8", by € R™* and
by € R™ are given data, K is a nonempty simple closed convex set, e.g., K =

{X e8| L<X <U} with L,U € 8" being given matrices. The dual problem
associated with (3.64) is given by

max —0g(=2) — (X', QX') + (bp, yu) + (br, yr)
st. Z—0X' + S+ Agyr + Alyr =C, (3.65)
X'eS y >0, SeS8t.

We use X' here to indicate the fact that X’ can be different from the primal variable
X. Despite this fact, we have that at the optimal point, QX = QX’. Since Q is only
assumed to be a self-adjoint positive semidefinite linear operator, the augmented
Lagrangian function associated with may not be strongly convex with respect
to X’. Without further adding a proximal term, we propose the following strategy
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to rectify this difficulty. Since Q is positive semidefinite, @ can be decomposed as
Q = B*B for some linear map B. By introducing a new variable = = —BX’, the

problem (3.65]) can be rewritten as follows:

max —0x(—2) — 3|12} + (be, ye) + (b1, yr)
(3.66)

st. Z+BE+S+Apye+Ajyr=0C, yr>0, Sed&t.

Note that now the augmented Lagrangian function associated with (3.66)) is strongly
convex with respect to Z. Surprisingly, much to our delight, we can update the iter-
ations in our SGS-PADMM without explicitly computing B or B*. Given Z,4r, S, Ug

and X, denote
: 1 — 0= * — * = Q * — 17
=T = argming §||:||2 + §||Z + Ay + B E+ S + Ayye — C + o' X|?
= —(Z+0oBB*) 'BR,

where R = X + o(Z + Ajyr + S + Apyr — C). In updating the SGS-PADMM
iterations, we actually do not need =" explicitly, but only need T+ := —B*=". From
the condition that (Z + oBB*)(—Z*%) = BR, we get (T + oB*B)(-B*=") = B*BR.

Hence we can compute T via Q:
T =(Z+0Q)  (QR).

In fact, T := —B*Z can be viewed as the shadow of QX’. Meanwhile, for the

function 63 (—Z2), we have the following useful observation that for any A > 0,
i o A — = 1 —
Z" = argmin 0 (—2) + §||Z —Z|F=7Z+ XH’C(_)\Z)’ (3.67)

where (3.67) follows from Proposition [2.6]

Here, in our numerical experiments, we test QSDP problems without inequality
constraints (i.e., A; and b; are vacuous). We consider first the linear operator Q

given by

Q(X) = %(BX + XB) (3.68)
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for a given matrix B € SY. Suppose that we have the eigenvalue decomposition
B = PAPT | where A = diag()\) and A = (\1,...,\,)7 is the vector of eigenvalues
of B. Then

(X, 0X) = 1<X AX + XA) = ZZ)@ N+ )

2
11]1

= ZZX2H2 = (X, B*'BX),

=1 j5=1

where X = PTXP, H;; = ﬁ BX = Ho(PTXP) and B'Z = P(HoZ)PT. In
our numerical experiments, the matrix B is a low rank random symmetric positive
semidefinite matrix. Note that when rank(B) = 0 and K is a polyhedral cone,
problem (3.64)) reduces to the SDP problem considered in [59]. In our experiments,
we test both of the cases where rank(B) = 5 and rank(B) = 10. All the linear
constraints are extracted from the numerical test examples in [59] (Section 4.1).

More specifically, we construct the following problem sets:
(i) The QSDP-BIQ problem is given by:
min 3(X., QX)+ 5(Q. Xo) + (e, a)
s.t.  diag(Xog) —x =0, a=1,

(3.69)

XQ T
X = €S, Xek={Xe§|X >0}

e
In our numerical experiments, the test data for () and c are taken from Biq

Mac Library maintained by Wiegele, which is available at http://bigmac.

uni-klu.ac.at/bigmaclib.html.
(ii) Given a graph G with edge set &£, the QSDP-0, problem is constructed by:
min (X, QX) — (ee”, X)
st. (Ey, X)=0, (i,j) €&, (I, X)=1, (3.70)

XeS§, Xek={XeS§"|X >0},


http://biqmac.uni-klu.ac.at/biqmaclib.html
http://biqmac.uni-klu.ac.at/biqmaclib.html
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(iii)

where E;; = e;e] +eje] and e; denotes the ith column of the identity matrix.
In our numerical experiments, we test the graph instances G considered in

57, 64, 39).

The QSDP-RCP problem is constructed based on the formula presented in
[48, eq. (13)] as following:

min 1(X, QX) — (W, X)

st. Xe=e, (I, X)=K, (3.71)

XeS§, Xek={XeS§"|X >0},
where W is the so-called affinity matrix whose entries represent the similarities
of the objects in the dataset, e is the vector of ones, and K is the number
of clusters. All the data sets we tested are from the UCI Machine Learning
Repository (available at http://archive.ics.uci.edu/ml/datasets.html).
For some large data instances, we only select the first n rows. For example,
the original data instance “spambase” has 4601 rows, we select the first 1500
rows to obtain the test problem “spambase-large.2” for which the number

“2” means that there are K = 2 clusters.

Here we compare our algorithm sGS-PADMM with the directly extended ADMM

(with step length 7 = 1) and the convergent alternating direction method with a

Gaussian back substitution proposed in [24] (we call the method ADMMGB here

and use the parameter o = 0.99 in the Gaussian back substitution step). We have

implemented all the algorithms sGS-PADMM, ADMM and ADMMGB in MATLAB

version 7.13. The numerical results reported later are obtained from a PC with 24

GB memory and 2.80GHz dual-core CPU running on 64-bit Windows Operating

System.

We measure the accuracy of an approximate optimal solution (X, Z, =, S, yg) for
QSDP (3.64) and its dual (3.66)) by using the following relative residual obtained
from the general optimality condition (3.62]):

Tlqsdp = maX{nF’a ND,Nz,Ms1, 7752}7 (372)
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where
CAsX —bs|  Z4BE+S+ Ay -Cll X —I(X - 2)|
nP - —7 /’7D - ) T]Z - 9
L+ |bel L+ L+ || X[+ [|Z]]
. (S, X)| . [ X — s (X))
S1 = o o, NS, =
OIS+ Xl ’ 1+ [|X]]

We terminate the solvers SGS-PADMM, ADMM and ADMMGB when g, < 107°

with the maximum number of iterations set at 25000.

Table[3.1]reports detailed numerical results for SGS-PADMM, ADMM and ADMMGB
in solving some large scale QSDP problems. Here, we only list the results for the
case of rank(B) = 10, since we obtain similar results for the case of rank(B) = 5.
Our numerical experience also indicates that the order of solving the subproblems
has generally no influence on the performance of SGS-PADMM . From the numerical
results, one can observe that SGS-PADMM is generally the fastest in terms of the
computing time, especially when the problem size is large. In addition, we can see
that SGS-PADMM and ADMM solved all instances to the required accuracy, while

ADMMGRB failed in certain cases.

Figure|3.1|shows the performance profiles in terms of the number of iterations and
computing time for SGS-PADMM, ADMM and ADMMGB, for all the tested large scale
QSDP problems. We recall that a point (x,y) is in the performance profiles curve
of a method if and only if it can solve (100y)% of all the tested problems no slower
than x times of any other methods. We may observe that for the majority of the
tested problems, SGS-PADMM takes the least number of iterations. Besides, in terms
of computing time, it can be seen that both SGS-PADMM and ADMM outperform

ADMMGB by a significant margin, even though ADMM has no convergence guarantee.
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Figure 3.1: Performance profiles of SGS-PADMM, ADMM and ADMMGB for the

tested large scale QSDP.
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3.4.2 Nearest correlation matrix (NCM) approximations

In this subsection, we first consider the problem of finding the nearest correlation
matrix (NCM) to a given matrix G € §™:
min 3|[H o (X - G)||%+(C, X)

(3.73)
s.t. AEX = bE, X e Si ﬂK:,

where H € 8™ is a nonnegative weight matrix, Ag : 8" — R™F is a linear map,
G e S", C e 8" and bg € R™E are given data, K is a nonempty simple closed convex
set,e.g., K={W e€8" | L<W < U} with L,U € 8" being given matrices. In fact,
this is also an instance of the general model of problem (3.64) with no inequality
constraints, QX = H o H o X and BX = H o X. We place this special example of

QSDP here since an extension will be considered next.

Now, let’s consider an interesting variant of the above NCM problem:

min ||Ho (X —G)|2+ (C, X)
(3.74)
s.t. .AEX = bE, X e Siﬂ](:

Note, in (3.74), instead of the Frobenius norm, we use the spectral norm. By
introducing a slack variable Y, we can reformulate problem (3.74) as

min [|Y[z +(C; X)

(3.75)
st. Ho(X—-G)=Y, AgX=bp, XeS'NK.
The dual of problem (3.75]) is given by
max —05(—2)+ (HoG, Z)+ (bg, yr)
(3.76)
st. Z+Ho=Z+S+Apye=0C, |[E|.<1, Se8%,
which is obviously equivalent to the following problem
max —0p(—2)+ (H oG, E) + (bg, ygr)
st. Z+Ho=Z+S+Apye=0C, [T, <1, Sed&t, (3.77)

DT — D*E = 0,
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where D : 8™ — 8" is a nonsingular linear operator. Note that SGS-PADMM can not

be directly applied to solve the problem (3.76)) while the equivalent reformulation
(3.77) fits our model nicely.

In our numerical test, matrix G is the gene correlation matrix from [33]. For

testing purpose we perturb G to
G:=(1- oz)@+ akb,

where o € (0,1) and E is a randomly generated symmetric matrix with entries in
[—1,1]. We also set G;; = 1, i = 1,...,n. The weight matrix H is generated from
a weight matrix Hy used by a hedge fund company. The matrix Hy is a 93 x 93
symmetric matrix with all positive entries. It has about 24% of the entries equal to
1075 and the rest are distributed in the interval [2,1.28 x 103]. Tt has 28 eigenvalues
in the interval [—520, —0.04], 11 eigenvalues in the interval [—5 x 10713,2 x 10713],
and the rest of 54 eigenvalues in the interval [107%,2 x 10%]. The MATLAB code for

generating the matrix H is given by
tmp = kron(ones(25,25),H0); H = tmp(l:n,1:n); H = (H’+H)/2.

The reason for using such a weight matrix is because the resulting problems gen-
erated are more challenging to solve as opposed to a randomly generated weight
matrix. Note that the matrices G and H are generated in the same way as in [29].
For simplicity, we further set C' =0 and K ={X € §": X > —0.5}.

Generally speaking, there is no widely accepted stopping criterion for spectral
norm H-weighted NCM problem . Here, with reference to the general rel-
ative residue , we measure the accuracy of an approximate optimal solution
(X, Z,=2,5,yg) for spectral norm H-weighted NCM problem problem (3.74]) (equiva-

lently (3.75])) and its dual (3.76)) (equivalently (3.77))) by using the following relative
residual derived from the general optimality condition ([3.62)):

Tlsnem = max{ﬁpy ND,MZz,7815 7825 775}7 (378)
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Table 3.2: The performance of SGS-PADMM, ADMM, ADMMGB on Frobenius norm H-
weighted NCM problems (dual of (3.73)) (accuracy = 107%). In the table, “sgs” stands
for SGS-PADMM and “gb” stands for ADMMGB, respectively. The computation time is in

the format of “hours:minutes:seconds”.

iteration Ngsdp Ngap time
problem ns @ sgs|ladmm|gb sgs|ladmm|gb sgs|ladmm|gb sgs|ladmm|gb
Lymph 587 0.10 | 263|522 | 696 | 9.9-7 | 9.9-7 | 9.9-7 | -4.4-7 | -4.5-7 | -4.0-7 30 | 53 | 1:23
587  0.05 | 264|356 | 592 | 9.9-7 | 9.9-7 | 9.9-7 | -3.9-7 | -3.4-7 | -3.0-7 29 | 35 | 1:08
ER 692  0.10 | 268 | 355 | 711 | 9.9-7 | 9.9-7 | 9.9-7 | -5.1-7 | -4.7-7 | -4.2-7 43 | 51 | 1:58
692  0.05 | 226|293 |603 | 9.9-7|9.9-7| 9.9-7 | -4.2-7 | -3.8-7 | -3.3-7 37|43 | 1:54
Arabidopsis 834  0.10 | 510 | 528 | 725 | 9.9-7 | 9.9-7 | 9.9-7 | -5.9-7 | -5.3-7 | -3.9-7 |  2:11 | 2:02 | 3:03
834  0.05 | 444 | 470 | 650 | 9.9-7 | 9.9-7 | 9.9-7 | -5.8-7 | -5.2-7 | -4.8-7 | 1:51 | 1:43 | 2:44
Leukemia 1255 0.10 | 292 | 420 | 826 | 9.9-7 | 9.9-7 | 9.9-7 | -5.4-7 | -5.3-7 | -4.4-7 |  3:13 | 4:11 | 9:13
1255  0.05 | 251 | 408 | 670 | 9.9-7 | 9.7-7 | 9.6-7 | -5.4-7 | -4.9-7 | -4.0-7 | 2:48 | 4:03 | 7:35
hereditarybc 1869  0.10 | 555 | 634 | 871 | 9.9-7 | 9.9-7 | 9.9-7 | -9.1-7 | -9.1-7 | -7.0-7 | 17:39 | 18:38 | 28:01
1869  0.05 | 530|626 | 839 | 9.9-7 | 9.9-7 | 9.9-7 | -8.7-7 | -8.7-7 | -5.2-7 | 16:50 | 18:15 | 26:34
where
| AEX —bg| |IZ+Ho=+ 8+ Ayyg| X Tk (X - 2)||
T I T 1 e G [ d [y 7
_ S X)) X = s (X))
PTTRSIH X T T X

I1Z — W xepnxn | x).<1}(E — Ho (X = G))

n= =

L+ [E[ + |H o (X = G)

Firstly, numerical results for solving F-norm H-weighted NCM problems ([3.74))

are reported. We compare all three algorithms, namely SGS-PADMM, ADMM,

ADMMGB using the relative residue (3.72)). We terminate the solvers when 7ysap <

1075 with the maximum number of iterations set at 25000.

In Table we report detailed numerical results for SGS-PADMM, ADMM and

ADMMGB in solving various instances of F-norm H-weighted NCM problem. As we

can see from Table [3.2] our SGS-PADMM is certainly more efficient than the other

two algorithms on most of the problems tested.
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Table 3.3: The performance of SGS-PADMM, ADMM, ADMMGB on spectral norm H-

weighted NCM problem (3.77)) (accuracy =
SGS-PADMM and “gbh” stands for ADMMGB, respectively.

the format of “hours:minutes:seconds”.

1079).

In the table, “sgs” stands for
The computation time is in

iteration Tsnem Ngap time
problem ns « sgs|admm|gb sgs|ladmm|gb sgs|admm|gb sgs|ladmm|gb
Lymph 587 0.10| 4110[6048|7131 | 9.9-6]9.9-6|1.0-5 | -3.4-5|-2.8-5|-2.7-5 13:21]17:10/21:43
587 0.05 5001|7401|8101 | 9.8-6]9.9-6/9.9-6 | -2.0-5|-2.3-5/-8.1-6 19:41|21:25(25:13
ER 692 0.10| 3251|4844|6478 9.9-6]9.9-6]1.0-5 | -3.1-5]-2.6-5|-6.0-6 15:06/19:30/28:03
692 0.05| 4201|5851|7548 | 9.3-6|9.8-6[1.0-5 | -3.5-5|-2.9-5|-3.4-5 18:44|23:46|32:57
Arabid. 834 0.10| 3344|6251|7965 | 9.9-6|9.7-6|1.0-5 | -3.8-5]-2.0-5]-3.7-5 23:20]40:1254:31
834 0.05| 2496|3101]3231 9.9-6/9.9-6]1.0-5 | -9.1-5|-4.3-5|-5.3-5 17:03|19:53|21:56
Leukemia 1255 0.10| 4351|6102|7301 9.9-6/9.9-6|1.0-5 | -3.7-5|-3.3-5[-3.0-5 | 1:22:42|1:49:02|2:16:52
1255 0.05| 3957|5851[10151 | 9.9-6]9.7-6]9.5-6 | -7.2-5[-5.7-5-1.1-5 | 1:18:19|1:44:47|3:26:08

The rest of this subsection is devoted to the numerical results of the spectral norm
H-weighted NCM problem . As mentioned before, SGS-PADMM is applied to
solve the problem (|3.77)) rather than . We implemented all the algorithms for
solving problem using the relative residue . We terminate the solvers
when 7Ngnem < 107° with the maximum number of iterations set at 25000. In Table
3.3 we report detailed numerical results for SGS-pADMM, ADMM and ADMMGB
in solving various instances of spectral norm H-weighted NCM problem. As we
can see from Table [3.3] our SGS-PADMM is much more efficient than the other two

algorithms.

Observe that although there is no convergence guarantee, one may still apply
the directly extended ADMM with 4 blocks to the original dual problem by
adding a proximal term for the = part. We call this method LADMM. Moreover, by
using the same proximal strategy for =, a convergent linearized alternating direction
method with a Gausssian back substitution proposed in [25] (we call the method
LADMMGB here and use the parameter a = 0.99 in the Gasussian back substitution

step) can also be applied to the original problem ([3.76)). We have also implemented
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Table 3.4: The performance of LADMM, LADMMGB on spectral norm H-weighted NCM
problem ([3.76) (accuracy = 107%). In the table, “Igh” stands for LADMMGB. The compu-
tation time is in the format of “hours:minutes:seconds”.

iteration TMsnem Tgap time
problem  ng o ladmm|lgb ladmm|lgb ladmm|lgb ladmm|lgb
Lymph 587 0.10 8401 | 25000 9.9-6 | | 23:59 | 1:22:58
Lymph 587  0.05 | 13609 | 25000 | 9.9-6 | | 39:29 | 1:18:50

LapMMm and LADMMGB in MATLAB. Our experiments show that solving the prob-
lem (3.76]) directly is much slower than solving the equivalent problem (3.77)). Thus,
the reformulation of (3.76]) to (3.77) is in fact advantageous for both AbDMM and

ApMMGB. In Table [3.4] for the purpose of illustration we list a couple of detailed

numerical results on the performance of LADMM and LADMMGB.

3.4.3 Convex quadratic programming (QP)

In this subsection, we consider the following convex quadratic programming prob-

lems
1 _
min{é(x, Qz) + (¢, z) | Ar =0, b— Bx € C, xEIC}, (3.79)

where vector ¢ € it" and positive semidefinite matrix ¢) € S} define the linear and
quadratic costs for decision variable € R", matrices A € R™2*" and B € R™*"
respectively define the equality and inequality constraints, C C R™ is a closed
convex cone, e.g., the nonnegative orthant C = {z € ®™ |z > 0}, L C R is a
nonempty simple closed convex set, e.g., K = {z € R" || <z < wu} with [,u € R"
being given vectors. The dual of takes the following form

max —dx(—z) — 5(a’, Qa') + (b, y) + (b, )

st. 2—Qi' +A*y+B*y=c, 2R, yecl°,

(3.80)

where C° is the polar cone [53, Section 14] of C. We are interesting in the case when

the dimensions n and mg + m; are extremely large. In order to handle the equality
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and inequality constraints simultaneously, as well as to use Algorithm sGS-PADMM,
we propose to add a slack variable  to get the following problem:
min  §(z, Qz) + (¢, x)
A T b (3.81)
s.t. = |, zek, zeCl.
B I x b
The dual of problem (3.81]) is given by
max (=0 (—z) = 0¢(=2)) — 3(z', Q') + (b, y) + (b, 7)
z Qx' A* B* Y c (3.82)

s.t. — + =
z 0 I 0

NS

When we apply our Algorithm SGS-PADMM for solving ((3.82)), if the linear map B is
large scale and dense, we can decompose the linear system into several small pieces.
More specifically, for the constraints Bx + Z = b and given positive integer N, we

propose the following decomposition scheme

T _
B, L by
_ 1
Brxr+z=b= =
By In by
TN

Note that our Algorithm sGS-PADMM also allow us to decompose the linear map @)

in the following way:

Qe =[Q1...Q)) | ¢ | =@z +... .+ Qpx,,.

Ly

In our numerical experiments, we test our Algorithm SGS-PADMM on the con-
vex quadratic programming problems generated from the following binary integer

nonconvex quadratic (BIQ) programming:

{30 Qua) + (e9) o€ o1y (3.5
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with Qo € 8™. Let Y = za?, we have (x, Qox) = (Y, Qo). By relaxing the binary

constraint, we can add the following valid inequalities
Since z € {0,1}", we know that (z, x) = (e, x), where e := ones(ng, 1). Hence

(z, Qo) = (z, (@ + A)z) — Me, z).

Choose A = Apin(Qo) such that Qg + A = 0. Then, we obtain the following convex
quadratic programming relaxation:
min  $(z, (Qo + M)z) + (¢ — e, )
s.t. Diag(Y)—z =0,
~Y+ 2 >0, =Y +a; >0, (3.84)
Yij—xi—x; > -1, Vi<j,j=2,...,ng,
YesS™ Y >0, 23>0
Denote . = (n2 + 3ng)/2 and 7 := [svec(Y);z] € R". Since the equality constraint
in ([3.84)) is relatively easy, we further add valid equations A% = b, where A € R"0*"

and b € R" are randomly generated. Thus, we can construct the following convex

quadratic programming problem:
min 1 (z, (Qo + M)z) + (c — Ae, x)
s.t. Az =b, Diag(Y) —z =0,
~Yi + 2 >0, =Y, +a; >0, (3.85)
Yij—xi—x; > -1, Vi<j,j=2,...,n0,
z:=[svec(Y);z], Y €S™, Y >0, x> 0.

We need to emphasis that in problem (3.85]), the matrix which defines the quadratic
cost is given by Diag(0, Qo+ AI). It is in fact a low rank sparse positive semidefinite

matrix. In addition, compared with the problem size n, matrix Qy € R"0*™0 ig still
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quite small. To test our idea of the decomposition of large and dense quadratic term

@, we replace the quadratic term in (3.85) by randomly generated instances, i.e.,

(7, @:E) + (¢ — de, x)

min

D=

s.t. Az =b, Diag(Y) —z =0,
—Y;j +x; > O, —Y;‘j +£Cj > O, (386)
K]_xl_x]2_17 Vi<j7j:27"'7n07

z:=[svec(Y);z], Y €S™, Y >0, x >0,

where, for simplicity, Q € R"*™ is a randomly generated positive definite matrix.

Here we compare our algorithm sGS-PADMM with Gurobi 6.0 [22] (the state-
of-the-art solver for large scale quadratic programming). We have implemented the
algorithms SGS-PADMM, in MATLAB version 7.13. The numerical results reported
later are obtained from a workstation running on 64-bit Windows Operating System
having 16 cores with 32 Intel Xeon E5-2650 processors at 2.60GHz and 64 GB
memory. When we test our SGS-PADMM algorithm, we restrict the number of
threads used by Matlab to be 1. On the other hand, since Gurobi was built to fully
exploit parallelism, we test Gurobi by setting its threads parameter to be 1, 4, 8, 16
and 32, respectively. We also emphasis that for large scale quadratic programming
problems, Gurobi need a very large RAM to meet the memory requirement of the
Cholesky decomposition, while SGS-PADMM is scalable with respect to the memory

used to store the problem.

We measure the accuracy of an approximate optimal solution (z,z,2’,s,y,7)
for convex quadratic programming (3.79)) and its dual (3.80) by using the following

relative residual obtained from the general optimality condition (3.63]):

Nap = maX{UP, NosMNQ, Mz, 77@}7 (387)
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where
|AX — bl |z — Q' + s+ A*y + By — C||
np=-——>"—">"7, Np= ’
1+ [|o] 1+ [|e]
0y = |z — g (z — 2)|| = |G — Teo (5 — B +b)]|
Lt [l + [lzf] = ™ 1+ gl + | Bz||
no — |Qx — Q']
1+ [|Qx|]

We terminate the SGS-PADMM when 7, < 107° with the maximum number of
iterations set at 25000. For Gurobi, we also set the error tolerance to be 1075,
However, due to the natural of the interior algorithm, Gurobi generally will achieve

higher accuracy than 107°.

Table reports detailed numerical results for SGS-PADMM and Gurobi for
solving convex quadratic programming problems . The first three columns
of the table give the problem name, the dimension of the variable, the number
of linear equality constraints and inequality constraints, respectively. Then, we
list in the fourth column the block numbers of our decomposition with respect to
the linear equality, inequality constraints and quadratic term. We list the total
number of iterations and the running time for SGS-PADMM using only one thread
for computation. Meanwhile, for comparison purpose, we list all the running times
of Gurobi using 1, 4, 8, 16 and 32 threads, respectively. The memory used by
Gurobi during computation is listed in the last column. As can be observed, in
term of running time, SGS-PADMM is comparable with Gurobi on the medium size
problems. In fact, SGS-PADMM is much faster when Gurobi use only 1 thread.
When the problem size grows, SGS-PADMM turns out to be faster than Gurobi,
even Gurobi use all 32 threads for computation. One can see that our Algorithm

SGS-PADMM is scalable with respect to the problem dimension.
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Table 3.5: The performance of SGS-PADMM on BIQ-QP problems (dual of ([3.85))
(accuracy = 107°). In the table, “sGS” stands for SGS-PADMM. The computation
time is in the format of “hours:minutes:seconds”.

(A,B,Q)pix | iters time memory
problem| n | mg, my sGS sGS | sGS(1) Gurobi(1]4/8]16|32) Gurobi
bel00.1 |5150 |200,14850 (2,25,1) 2143 58 2:37|58|35|26|25 0.3 GB

(2,50,1) 2025 | 1:42
(2,100,1) | 2770 | 2:17

be120.3.1 |7380 |240,21420 (2,25,1) 2216 | 1:32 6:37)2:44|1:31|1:01|1:08 0.6 GB
(2,50,1) 2492 | 2:23
(2,100,1) | 2864 | 3:57

bel50.3.1 |11475 |300,33525 (2,25) 2500 | 3:56 26:16(8:46/5:02]3:11|3:49 1.5 GB
(2,50,1) 2018 | 4:33
(2,100,1) | 3324 | 6:41

be200.3.1 |20300[400,59700 (2,25) 3310 | 13:09 2:07:52|45:58|25:5014:19 |13:32 5.0 GB
(2,50,1) 3596 | 11:37
(2,100,1) | 4145 | 15:33

be250.1 31625 |500,93375 (2,25) 2809 | 24:21 | 8:12:36|2:21:13|1:46:45|53:58 |40:51 | 10.0 GB
(2,50,1) 3625 | 22:41
(2,100,1) | 4440 | 29:11

In figure |3.2], we present the performance profile in terms of the number of itera-
tions and computing time for SGS-PADMM on by decomposing the inequality
constraints into different number of blocks. More specifically, for problem bel00.1,
we test our Algorithm SGS-PADMM with the decomposition parameters chosen as
(A, Q)i = (2,1) and By = 1,2,...,50. Tt is interesting to note the running time
at By = 1 is approximately 7 times of the running time at By = 1. Moreover,
although the decomposition brings more iterations, the largest iterations number
(reached at By, = 47) is only 2 times of the smallest iterations number (reached at
Bpik = 1). These observations clearly state that it is in fact good to do SGS-PADMM
style decomposition for convex quadratic decomposition problems with many linear

equality and inequality constraints.

Table 3.6| reports detailed numerical results for SGS-PADMM and Gurobi in solv-

ing convex quadratic programming problems (3.86]). As can be observed, for these
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large scale problems with large and dense quadratic term (), SGS-PADMM can be
significantly faster than Gurobi. In addition, SGS-PADMM, free from the large mem-
ory requirements as for Gurobi, can solve these problems on a normal PC without
large RAM. Above facts indicate that as a Phase I algorithm, sGS-PADMM can

quickly generated a good initial point.

Table 3.6: The performance of SGS-PADMM on randomly generated BIQ-QP prob-
lems (dual of (3.86))) (accuracy = 107°). In the table, “sGS” stands for SGS-PADMM.
The computation time is in the format of “hours:minutes:seconds”.

(A,B, Q)pix | iters time memory
problem | n | mg, my sGS sGS | sGS(1) Gurobi(1]4]8|16|32) Gurobi
bel00.1 |5150 |200,14850 (2,25,25) 789 47 27:57|7:52|4:23|3:31|3:36 1.4 GB

(2,50,50) | 1057 | 1:34
(2,100,100) | 1134 | 2:58

be120.3.1 |7380 |240,21420 (2,25,25) | 528 40 1:34:4626:58|14:46|11:43|9:37 3.0 GB
(2,50,50) | 625 | 1:15
(2,100,100) | 810 | 2:48

bel50.3.1 [11475 |300,33525 | (2,25,25) | 515 | 1:19 6:21:43|1:45:21|54:39]39:46|32:52 | 8.0 GB
(2,50,50) | 611 | 1:38
(2,100,100) | 715 | 3:26

be200.3.1 [20300 |400,59700 | (2,25,25) | 1139 | 6:45 [36:30:08|8:32:49|5:14:24|3:29:43|3:07:01| 25.0 GB
(2,50,50) | 783 | 4:28
(2,100,100) | 839 | 6:30

be250.1 |31625 |500,93375 (2,25,25) 644 10:04 -imi=|-imi-|-i-i-|-i-i-| over 24:00:00* 62.(t| GB
(2,50,50) 718 | 9:29
(2,100,100) 874 11:38

In Figure |3.3, we present the performance profiles in terms of the number of
iterations and computing time for SGS-PADMM for solving ([3.86]) by decomposing
the quadratic term @ into different number of blocks. More specifically, for problem

bel50.3.1, we test our Algorithm SGS-PADMM with the decomposition parameters

*Even we use all the 32 threads, Gurobi is still in the pre-solving step after 24 hours.
t In fact, for this problem, Gurobi runs out of memory, although our work station has 64GB

RAM.
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chosen as (A,B)p = (2,50) and Q. = 1,2,...,50. One can obtain similar con-
clusion as before, i.e., for these problems, it is in fact good to do SGS-PADMM style

decomposition on quadratic term Q).

In this Chapter, we have proposed a symmetric Gauss-Seidel based convergent
yet efficient proximal ADMM for solving convex composite quadratic programming
problems, with a coupling linear equality constraint. The ability of dealing with non-
separable convex quadratic functions in the objective function makes the proposed
algorithm very flexible in solving various convex optimization problems. By con-
ducting numerical experiments on large scale convex quadratic programming with
many equality and inequality constraints, QSDP and its extensions, we have pre-
sented convincing numerical results to demonstrate the superior performance of our
proposed SGS-PADMM. As is mentioned before, our primary motivation of introduc-
ing this SGS-PADMM is to quickly generate a good initial point so as to warm-start
methods which have fast local convergence properties. For standard linear SDP
and linear SDP with doubly nonnegative constraints, this has already been done
by Zhao, Sun and Toh in [73] and Yang, Sun and Toh in [69], respectively. Natu-
rally, our next target is to extend the approach of [73, 69] to solve convex composite

quadratic programming problems with an initial point generated by SGS-PADMM.






Chapter I

Phase II: An inexact proximal augmented

Lagrangian method for convex composite

quadratic programming

In this Chapter, we discuss our Phase II framework for solving the convex composite
optimization problem. The purpose of this phase is to obtain high accurate solutions

efficiently after warm-started by our Phase I algorithm.

Consider the compact form of our general convex composite quadratic optimiza-

tion model

min  0(y1) + f(y) +¢(21) + 9(2)
(4.1)
st. Ay + B*z =,
where 6 : Vi — (—o0,400] and ¢ : Z; — (—00,+00] are simple closed proper
convex functions, f: V1 x Yo x ... x )Y, = Rand g: Z; x Zy x ... x Z, = R are

convex quadratic functions with Y = Yy x Vo x ... x Y, and Z = Z; X 2y X ... X Z,.

For notational convenience, we write

Or(y) =0(y1) + fly) YyeY and ¢y(z):=¢(2)+g(z) Vz€2Z.  (42)
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Given o > 0, we denote by [ the Lagrangian function for (4.1)):
Wy, z;2) = 05(y) + @g(2) + (x, Ay + B*2 — ), (4.3)
and by L, the augmented Lagrangian function associated with problem (4.1)):

Lo(y,zx) = 05(y) + @qg(2) + (v, Ay + Bz — ¢) + %HA*?J + Bz —c|*.  (44)

4.1 A proximal augmented Lagrangian method of

multipliers

For our Phase II algorithm for solving (4.1), we propose the following proximal

minimization framework for given positive parameter oy:

k+l7z

<y k:—i-l7 xkz—i—l)

1 1 1
= argmjxg{izﬂ{l(% z;x) + 27}9”.?; — IR, + 27}3”75 -2, - T‘kﬂx — 2%},
(4.5)
where A1 : Y — Y and Ay : Z — Z are two self-adjoint, positive definite linear

operators. An inexact form of the implementation works as follows:

Algorithm pALM: A proximal augmented Lagrangian method of multi-
pliers for solving (4.1))

Let 09,04 > 0 be given parameters. Choose (y%,2°,2%) € dom(f;) x dom(y,) x X.

For k = 0,1,2, ..., generate (y*+1, 2¥*1) and 2**! according to the following iteration.

Step 1. Compute

k+1 k+1)

. 1 1
(4,24 > argming,{ Lo, (v, 725+ 5 [y =y [, + 52— 213, }- (46)

20’k 20k

Step 2. Compute

2P = ok o (AP 4 BT — ).

Step 3. Update o511 T 05 < 00 .
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Note that the only difference between our pALM and the classical proximal
augmented Lagrangian method is that we put more general positive definite terms

L ly—y*|13, and ﬁ”z—zkuiz in 1' instead of multiples of identity operators. In

20’k

the subsequent discussions readers will find that this modification not only necessary
but also may generate easier subproblems. Before that, we first show that our pALM
in fact can be regarded as a primal-dual proximal point algorithm (PPA) so that

the nice convergence properties still hold.

Define an operator 7; by

Tily, z,2) =A{(y, 2, 2") | (¢, 2, =a') € Ol(y, ;) },
whose corresponding inverse operator is given by

T, My, 2, ') i= argmin max{l(y, z;¥) — (¢, y) — (¢, 2) + (', 2)}. (4.7)

Y,z T

Let A = Diag (A1, Ay, I) > 0 and define function
Iy, 2,x) = Z(A’%(y,z,m)) V(y,z,2) € Y X Z x X.

Similarly, we define an operator 7; associated with lN, by

Ty, z,2) =L/, 2, 2) | (¢, 2, —2') € Ol(y, z 2)}.
We know by simple calculations that
Ty, z,x) = A ET(A 2 (y, 2,2) Y(y,z,2) €Y X Z X X

and 7}_1(0) = A%ﬁ_l(O). Since 7; is a maximal monotone operator [53, Corollary

37.5.2], we know that 7; is also a maximal monotone operator.

Proposition 4.1. Let {(y*, 2%, 2%)} be the sequence generated by . Then,

NI

(1 2 M) = AT 4 0, T) TN (A2 (0, 25, 7). (4.8)

Thus pALM can be viewed as a generalized PPA algorithm for solving 0 € Ty, z, ).
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Proof. By combine [55, Theorem 5] and Proposition , we can easily prove

the required results. O

Next, we discuss the stopping criteria for the subproblem (4.6) in Algorithm
pALM. Assume that Ay, and Apax (Amax = Amin > 0) are the smallest and largest

eigenvalues of the self-adjoint positive definite operator A, respecitvely. Denote
w = (y,2,2) and @ = A2w. Let Sp(w) = Ti(w) + o "A(w — w*) and Sp(@) =
TA@) + o}, ' (w — @*). We use the following stopping criteria proposed in [55, 54] to
terminate the subproblem in pALM:

(A)  dist(0, Sy(wh+1)) < EY Amin Z€k<+oo

(B) dist (0, Sp(wkt1)) < 5M¢lechl —w", Z(Sk < H4o00.

Ok
The following proposition gives the relation between dist(0, S(w)) and dist(0, Sy (@)).
Proposition 4.2. It holds that
vV Amindist (0, S (@"+1)) < dist(0, S (w**1)). (4.10)

Therefore, (A) implies
A dist(0, S il 1 ) < —gk, E e < +00
( ) ( k( . — k

and (B) implies

Ok

(B")  dist(0, Sp(a" 1)) < ||~k+1 a*|, 25k<—0—oo

k=0
respectively.

Proof. Since 7;(w**1) is a closed and convex set, there exists u**! € T (w**1),
such that dist(0, S, (w*)) = |[ubT + o 'A(w —wh)|. Let ¥ = A~2uk 1 we have
that u*™ € T{(w"™). Therefore,

[ 4 o Aw = wb)]| =A@ 4oy @ - @)
> @ 4 o7 @ - )|
vV Amindist (0, Sy (@),

v
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That is v/ Ammdist(0, Sk (1)) < dist(0, Si(w*+1)).
Criterion (B’) can be obtained by observing the fact that
{ﬁk+1 _ ~k:H

1 - |
[kt — Wk = A2 (@ = @¥)|| < —
)\min

The proof of the proposition is completed. O

The global convergence of the pALM algorithm follows from Rockafellar [55], [54]
without much difficulty.

Theorem 4.3. Suppose that Assumption [4] holds and the solutions set of problem

(4.1) is nonempty. Then the sequence {(y*, 2%, 2*)} generated by pALM with stop-
ping criterion (A) is bounded and (y*, z*) converges to the optimal solution of ({.1)),

x* converges to the optimal solution of the dual problem.

To study the local convergence rate of our proposed Algorithm pALM, we need

the following error bound assumption proposed in [38].

Assumption 6 (Error bound assumption). For a mazimal monotone operator T (&)

with T1(0) := = is nonempty, there exist € > 0 and a > 0 such that
Vn € B(0,e) and VEe T '(n), dist(,=) <alnl. (4.11)

Remark 4.4. The above assumption contains the case that 7! is locally Lipschitz
at 0, which was used extensively in [55] 54] for deriving the convergence rate of

proximal point algorithms.

Remark 4.5. The error bound assumption (4.11]) holds automatically when 7; is
a polyhedral multifunction [52]. Specifically, for the convex quadratic programming
(3.80)), if the simple convex set K is a polyhedra, then Assumption |§] holds for the

corresponding 7.

In the next proposition, we discuss the relation between error bound assumptions

on 7; and Tr.
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Proposition 4.6. Assume that () := 771(0) 18 nonempty and that there exist € > 0

and a > 0 such that
Vu € B(0,e) and VYw € T, '(u), dist(w, Q) < aljul|.
Then, we have € := 7}_1(0) — A2Q is nonempty and

Vi € B(0, ——

) and Vo€ (@), dist(@, Q) < admal],

max

i.e., the error bound assumption also holds for Tr.

Proof. For any given u € B(0, ) and w € 7}_1(17), let

€
V >\max
uw=A3u and w=A"Za.
We have that |Jul| = |A28] < vAmee||@]| < £ and w € 7,7 (u). Thus, dist(w, Q) <

allu||. Since € is closed and convex, there exist w € € such that dist(w, 2) = [|w—w]].

Let & = A2w, then we know that & € € and

dist(w,Q) = [w—w|=[A"2(@ - )|

@ — 3| _ dist(w, Q)

> .
- V Amax o \% Amax

Therefore, N
dist(w, 2) -
———— < allul| < av/Anaxlltl|.
e < alul < ay/ A
This completes the proof of the proposition. O

After all these preparations, we are now ready to present the local linear conver-

gence of the Algorithm pALM.

Theorem 4.7. Suppose Assumption @ holds for T, i.e., Q = '771(0) 18 nonempty

and there exist € > 0 and a > 0 such that

Vu € B(0,e) and VYw € T, Y(u), dist(w,Q) < aljul|.
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Let {w*} = {(y*, 2¥; 2%)} be the sequence generated by pALM with stopping criterion
(B"). Recall that w"* = Azw and Q = A2Q. Then, for all k sufficiently large,

dist(@**1, Q) < G dist(@*, Q), (4.12)
where 0, = ( AT +20;) (1 — &)t — AV Amax as k — 4o0.
a*Aax + 0} a?Amax + 02,

Proof. By combining Proposition and Theorem 2.1 in [38], we can readily
obtain the desired results. O]

Note that in practice it is difficult to compute dist(0, Sg(w*1)) in criteria (A)
and (B) for terminating Algorithm pALM. Hence, we need implementable criteria

for terminating Algorithm pALM. Denote

~k+1

§1 = Proxy(y ' =V, hu(y" 1, 251)) and 55 = Prox, (5 - Vol (1, 244)).

Thus
= aé(glﬁrl) + ngrl o yk+l + Vyhk(yk+1, Zk+1>, (413)

which implies
yk+1 Ak—i-l +V h ( k+1 k+1) . Vyhk(ykﬂ,zkﬂ) € aé(gk-&-l) + vyhk(yk-i-l’ék-&-l)'

(4.14)

Similarly we can also get

Zk+1 - 2k+1 + vzhk<gk+l k+1) V h ( k+1 k+1) c a@(glﬂrl) +vzhk(gk+l72k+l).
(4.15)
Let #Ft1 = F + Uk(A*ngrl + B sk+1 _ C) and F = (yk+1’2k+17§3k+1)‘ By [547

Propositon 7], we have

(ayﬁcrk (ngrl, 2k+1’ .l’k), 8z£a'k (ngrl’ 2k+17xk)’ O_I;1<:L,k Ak+1)) c T( k+1)
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Recall that Si(w) = T;(w) + o ' A(w — w*). Thus, we know that

dist(0, Sp(@" 1)) < dist(0, Ti (")) + ||oy P A (R — wF)|]

< dist(0, 0, Lo, (9711, 2P 2F)) 4+ dist(0, 0, L,, (9T, 27 )
o o = B Aoy — |

< g = G V(5 B — b (L, 2|
[P = B Y h (R A — Wb (L 2|
+o ot = | 4 Ao Hlw® — @

< (T4 L (™ = g+ 1 = 2D o 2t — 2

Hmax0yw" — @

where Ly, is the the Lipschitz constant of V. Therefore, we obtain a computable
upper bound for dist(0, Sg(w**1)). Then, the implementable criteria for terminating

Algorithm pALM can be easily constructed.

4.1.1 An inexact alternating minimization method for inner

subproblems

In this subsection, we will introduce an inexact alternating minimization method
for solving the inner subproblem (4.6). Consider the following problem:

min  H(u,v) := p(u) + q(v) + h(u,v), (4.16)

uel ,vey

where U and V are two real finite dimensional Euclidean spaces, p : U — (—00, +o0]
and q : V — (—o00,+00] are two closed proper convex functions and b : U X V —
(—o00, +00] is a closed proper convex function and is continuous differentiable on

some open neighborhoods of dom(p) x dom(gq). We propose the following inexact
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alternating minimization method:

uF ! ~ argmin, {p(u) + h(u,v")},
(4.17)
"~ argmin, {q(v) + h(u",v)}.

Given g1 > 0,e9 > 0, the following criteria are used to terminate the above sub-

problems:
H(u1,08) < Huh o) = <),
(4.18)
H(ukﬂ,vkﬂ) < H(ukJrl, vk) o 62||7°§+1||,
where
T]f+1 = prox, ( k+1 _ 7 h( k+1 )) _ uk"'l,

7412q+1 _prOXq(,UkJrl V,oh(u k+1 k+1)) _ kL

We make the following assumption:

Assumption 7. For a given (u°,v°) € UxV, the set S := {(u,v) € UXV | H(u,v) <

H(u,v")} is compact and H(-) is continuous on S.

Assumption 8. For arbitrary u* € dom(p) and v* € dom(q), each of the optimiza-
tion problems in (4.17)) admits a solution.

Next, we establish the convergence of the proposed inexact alternating minimiza-

tion method.
Lemma 4.8. Given (u*,v*) € int(dom(p) xdom(q)), u**! and v¥*1 are well-defined.
Proof. If v is an optimal solution for the first subproblem in , then
proxp(uk — V,h(u®,o%)) —uF =0,

which implies that the first inequality in (4.18]) is satisfied. Otherwise, denote one

of the solutions to the first subproblem as @***. We have

pl"OXp(ka—H \V4 h( k+1 Uk)) _ ak—o—l =0.

kJrl

By the continuity of proximal residual and the fact H (u*, v*) > H (4", v*), we know

~k+1

that there is a neighborhood of @**" such that for any point in this neighborhood,
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the first inequality in (4.18)) is satisfied. Similarly the second inequality is also

achievable. Thus, v+ and v**! are well-defined. O

Proposition 4.9. Suppose Assumptions[?] and@ hold, then the sequences {u**1 v¥}
and {u*,v*} are bounded and every cluster point of each of these sequences is an

optimal solution to problem (4.16)).

Proof. From Assumption [7, we know that the sequences {u**! v¥} and {u*, v*}
generated by the inexact alternating minimization procedure are bounded. Thus,

k+1
)

the sequence {u**1, v*} must admit at least one cluster point. Then, for any cluster

M1 kY, say (1,0), there exists a subsequence {uM*! v*i}

point of the sequence {u
such that limy . (uP+t %) = (i, 0).
Note that the sequence {u**! v**1} is also bounded, then there is a subset of

{ki}, denoted as {k;,}n=12, . such that

lim (vt v*) = (7,9) and lim (v 1! 0" 1) = (4, ).

From Assumption [7] and (4.18)), we have ||r|| — 0 and ||r%| — 0 as k — oo. By the

continuity of proximal mapping we have
prox, (i — V,h(u,v)) = u. (4.19)
Similarly, we have
prox, (0 — V,h(u,v)) = 0,

which means v = argmin, H (u, v). Since H (u, v) is continuous on S and the function
value is monotonically decreasing in the inexact alternating minimization method,

we know that

H(u,v) = H(u,v).
Thus, we have © = argmin, H (4, v), which can be equivalently reformulated as

prox, (v — V,h(t,v)) = . (4.20)
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By combining (4.19)) and (4.20)), we know that (u,?) is an optimal solution to (4.16]).

k+1
;

Thus, any cluster point of the sequence {u***,v*} is an optimal solution to problem

(4.16). The desired results for the sequence {u*, v¥} can be obtained similarly. [J
Let
B(y,2) = Loy, 27 + 5y~ 113, + 5 llz — 1
’ . o\~ 20_k A1 20'143 Ao
The aforementioned inexact alternating minimization method, when applied to (4.6)),
has the following template.

Algorithm iAMM: An inexact alternating minimization method for the

inner subproblem (4.6

Choose tolerance € > 0. Choose (y*0, z#0) € dom(6;) x dom(yp,). For [ =0,1,2, ...,

ki+l Zk,l+1)

generate (y according to the following iteration.

Step 1. Compute

k41

Y ~ arg min & (y, 2°1). (4.21)
Yy

Step 2. Compute

2P x5 arg min @ (yF, 2). (4.22)

Based on (4.18)), we discuss the stopping criteria for the subproblems (4.21)) and
(4.22). In order to simplify the subsequent discussions, denote

Op(y, 2) = 0(y) + 4(2) + hily, 2),

where 0(y) = 0(y,) Yy € Y, $(z) = p(z1) Vz € Z are the nonsmooth functions, and

hy is the smooth function given as follows:
* * g * *
hi(y,2) = fly)+g(2)+ (@ Ay + B2 —¢) + ?kHA y+ Bz —c|?

1 k12 1 k12
+27’CHy—y 5, +27k||z—2 15,5 (4.23)
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i.e., we split &, into the summation of nonsmooth part and smooth part. For the

[-th iteration in Algorithm iAMM, define the following residue functions

le,l+1 — yk,H—l o PI‘OXé(yk’H—l o Vyhk(yk’l+1, Zk’l)),

(4.24)
Rl;,l—&-l S e PrOX¢(zk’l+1 o Vzhk(yk’Hl, Zk,l+1))'
Given the tolerance £ > 0, we propose the following stopping criteria:
Oy (yhIH 2R — By (yh, 2R < —e| RYTY|,
(4.25)

k,l
(I)k(yk,l+17 Zk,l+1) _ (I)k(yk,l+17 Zk,l) S —€||R2 +1||.

In the next theorem, we establish the convergence of Algorithm iAMM.

Theorem 4.10. Suppose the sequence {(y**, 25} generated by iAMM with stopping
criteria (4.25)). Then it converges to the unique optimal solution of problem (4.6]).

Proof. Due to the strong convexity of ®,(y, z), we know that the Assumption
and [§] hold for function ®;. Therefore, by Proposition [1.9, we have that any
cluster point of the sequence {(y"!,2%!)} is an optimal solution of problem ([4.6).
The result then follows by noting that the inner subproblem has an unique

optimal solution. O

4.2 The second stage of solving convex QSDP

As a prominent example of the convex composite quadratic optimization problems,
in this section, we focus on applying our Phase II algorithm on the following convex
quadratic semidefinite programming problem:

min

(X, QX) + (C, X)

1
2

s.t. AEX = bE, A[X 2 b[, X € S_? N IC,

(4.26)

where Q is a self-adjoint positive semidefinite linear operator from S™ to 8", Ag :
S" — R™E and A; : S" — R"™ are two linear maps, C € 8", by € R™F and

by € R™ are given data, K is a nonempty simple closed convex set, e.g., K = {X €
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S"| L <X <U} with L,U € 8" being given matrices. Carefully examine shows
that the dual problem associated with (4.26]) can be written as following:
max  —0g(—=Z) — 5(W, QW) + (bg, yr) + (b1, yr)
st. Z— QW + S+ Ayp + Atyr = C, (4.27)
yr=>0, Ses8, Wew,

where W C S§" is any subspace such that Range(Q) C W. In fact, when Q is
singular, we have infinite many dual problems corresponding to the primal problem
. While in Phase I, we consider the case YW = 8™ in the dual problem ,
in the second phase, we must restrict W = Range(Q) to avoid the unboundedness

of the dual solution W, i.e.,

max —0p(—Z) — (W, QW) + (bg, yg) + (b1, yr1)
st. Z—-—OW+S+ Ay + Ajyr =C, (4.28)
yr >0, Se87, WeW =Range(Q).

The reason for this special choice will be revealed in the subsequent analysis. Prob-

lem (4.28) can be equivalently recast as

min  Jg(—2) + %<W7 QW) — (bg, yr) — (b1, yr)
st. Z— QW + S+ Avyp + Aty = C, (4.29)
u+yr=0, u<0, Se8, Wew.

Define the affine function I' : 8" x W x 8™ x ®™F x R"™ — S™ by
(2, WS, yp,yr) = Z — QW + 8 + Apye + Ajyr — C.
Similarly, define the linear function v : ™ x R™ — R™ by

Y(u, yr) = u+yr.
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Let o0 > 0, the augmented Lagrangian function associated with (4.29) is given as

follows:
1
Op(—=2) + §<VV7 QW) — (b, yr) — (b1, yr)
£0<Z,W,U,S,yE,yI;X,.T) = +%HF<27W7S7Z/E7:UI>+071XH2 (430)
g —1.12 1 2 1 2
el T g [ a—
2 ) + o~ a2 = o 1X)2 — o]

for all (Z,W,u,S,yg,yr, X,z) € 8" X W x R™ x §" x R™E x ™ x S" x ™.
When we apply Algorithm pALM to solve (4.29), in the kth iteration, we propose

to add the following proximal term:

1
Hlye = yel? + lyr —vil?). (4.31)

Being regarded as a self-adjoint linear operator defined on W = Range(Q), Q is in
fact positive definite. Thus, the above proximal term satisfies the requirement of

Algorithm pALM. Then, the inner subproblem (4.6) takes the form of

k+1 k+1 k+1 k+1 k+1 k+1
(Z ) W ’ (4 I S 9 yE I yI )

‘CO'k(ZaVVaua Sa yanI;Xk7$k) +Ak(Z> Wvua Sa yE7yI) ’ Z € Sn’
WeW,ueR"™ S eS8t ype R,y € R™

/2 argmin

(4.32)
By adding proximal terms and choosing YW = Range(Q), we are actually dealing
with a strongly convex function in . This is in fact a key idea in the designing
of our second stage algorithm. Here, we propose to apply Algorithm iAMM to solve
subproblem , i.e., we solve optimization problems with respect to (Z, W, u)
and (S, yg,yr) alternatively. Therefore, we only need to focus on solving the inner

subproblems (4.21]) and (4.22]).

For our QSDP problem (4.29)), the inner subproblem (4.21)) takes the following

form:
1 o ~ .
| M@ W)= 0(=2) + (W, QW) + S (|12 - QW — ClI? + [lu —¢]|*)
min
1 ~ A
+%(||Z — Z||2 + ||W — W||2Q + ||lu — 11||2) | ZeS" W eW,ueR™
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where (6,6, 2,/1/[7, u) € S" X R™ x S™ x W x R™ are given data. Given o > 0 and
(C,Z) € 8" x 8", denote

ZW) =c(QW +C)+07'Z YWeW and 6=0c+0 "

By Proposition 2.6, we know that if (Z*, W*, u*) = argmin{¥(Z, W,u) | Z € S",W €
W,u € R}, then

( r

(W) == —6"HZ(W), Tix(=Z(W)))
1 o~ —~
W* = argmin —%(HH,C(—Z(W))HZ —lew+C-2Z2|*) 3,
|5V QW) W W wew | (439

Z* =6 HZ(W*) + Ui (—Z(W*))),

u* = min {67 (o¢ + o7 14),0} .

Hence, we need to solve the following problem
W* = argmin{p(W) |W € W}. (4.34)

The objective function in (4.34)) is continuously differentiable with the gradient given

as follows:
Vo(W) =140 QW + 6 (QQW +C — Z) — 0 Qllx(—Z(W))) — 0 ' QW
Hence, solving is equivalent to solving the following nonsmooth equation:
Ve(W)=0, WeW. (4.35)

Note that, if IC is a polyhedral set, then V¢ is piecewise smooth. For any W € W,
define
PoW) = 1+ 0 1HQ+ 6 1Q(T + 0?0l (—Z(W)))Q,

where Oll(—Z(W)) is the Clarke subdifferential [6] of IIc(-) at —Z (W), Z : W —
W is the identity map. Note that from [27], we know that

Pp(W)D = Pp(W)D VYDeW, (4.36)
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where 9%¢(W) denotes the generalized Hessian of ¢ at W, i.e., the Clarke subdif-
ferential of Vo at W. Given W € W, let Uy, € Il (—Z(W)) be given , we know
that

Vo =(1+0 Y0+ 67Q(Z + o) Q € Pp(W). (4.37)

In fact if K = {X € S"|L < X < U} with given L,U € 8", we can easily find
an element U}, € Il (—Z(W)) by using (2.5). After all the perparation, we can
design a semismooth Newton-CG method as in [73] to solve (4.35]).

Algorithm SNCG: A semismooth Newton-CG algorithm.

Given p € (0,1/2), 7 € (0,1), 7 € (0,1], and § € (0,1). Perform the jth iteration

as follows.

Step 1. Compute

n; = min(7, [V (y')[|"7).

Apply the conjugate gradient (CG) algorithm to find an approximation solu-
tion D7 € W to

Vi D = V(W) (4.38)
where V; € 920(W7) is defined as in ([#.37).

Step 2. Set a; = 0™/, where m; is the first nonnegative integer m for which
p(W7+6mD7) < o(W) + pd™(Vep(WY), D). (4.39)

Step 3. Set Wit = W7 + o; D7,

The convergence results for the above SNCG algorithm are stated in Theorem

411
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Theorem 4.11. Suppose that at each step j > 0, when the CG algorithm terminates,

the tolerance n; is achieved, i.e.,
IV o(W7) +V; D7|| < 1. (4.40)

Then the sequence {W7} converges to the unique optimal solution, say W, of the

optimization problem in (4.34) and

W7 =W = O(|W? — W), (4.41)

Proof. Since ¢(W) is a strongly convex function defined on W = Range(Q),
problem then has a unique solution W and the level set {W € W |p(W) <
©(W?)} is compact. Therefore, the sequence generated by SNCG is bounded as D’
is a descent direction [73, Propsition 3.3]. Note that for all W € Range(Q), every
V € 82p(W) is self-adjoint and positive definite on Range(Q), the desired results

thus can be easily obtained by combining [73, Theorem 3.4 and 3.5]. O]

Remark 4.12. Note that in above algorithm, the approximate solution of ,
i.e., the obtained direction D;, need to be maintained within the subspace Range(Q).
Fortunately, when Algorithm CG is applied to solve , the requirement D, €
Range(Q) will always be satisfied if the starting point of Algorithm CG is chosen
to be in Range(Q) [67]. In fact, one can always choose 0 as a starting point in

Algorithm CG.

Next we focus on the subproblem corresponding to (S, yg,yr). The discussion
presented here is in fact similar to the aforementioned discussion about solving the
subproblem corresponding to (Z, W, u). The inner subproblem (4.22)) now takes the

following form:
o ~
(S, yp, y1) == —(bg, yr) — (b1, y1) + EHS + Apye + Ajyr — C|°

. o . 1 ~ N N n
min +§Hyl — el + %(HS = SI* + llye = 9ull* + llyr — 9l 1S € ST, (>

ygp € RME y; € ™
(4.42)
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where (6, §, ¢, e, 0r) € 8" x ST x ™ x R x R™ are given data. Given o > 0
and (C,5) € 8" x 8", denote

S(ye,yr) = 0(C — Asyp — Aiy)) +07'S YV (yg,yr) € R™® x R™.

Again by Proposition 2.7, we know that if (S*,y5,v;) = argmin{®(S,yp,y1) | S €
Sﬁ,yE e R"E yr € %ml}, then

( 4 1 )
o(ye, yr) = —(bg, ye) — (br, yr) + %Hﬂsz(—s(y&yl))’\z

1
26

~ * * =~ O- A
(i, y5) = argmin § +==1C — Afys — Ajyr — S|P + = llyr — ¢)?
2

1 ~ ~ m m
\ +%(HZJE = Jpl* + lyr = 9:1°) lyp € R™%,yr € R™
. St = &_1H31(5(y*E7y;))7

(4.43)

where & = 0 + o~ !. Then, we need to solve the following problem

(Y5, y;) = argmin{d(ye, yr) | (yg, yr) € R™F x R™}. (4.44)

The objective function in (4.44)) is continuously differentiable with the gradient given

as follows:
/\71 ‘AE * % ~ o~
V(b(yE, y[) = 0 " (aﬂgi(—S(yE, y[)) + AEyE + Aly] + 95— C)
I
0 | YvE—UE b
+o +o —
yr — ¢ yr — Ui by

Hence, solving (4.34) is equivalent to solving the following nonsmooth equation:
Vo(yp,yr) =0, (yg,yr) € R™ x R™. (4.45)

Given (yg,ys) € R™e x R™  define

A o
g (I+U23Hsz(—5(yE7yI>))< B AL+ 1 .
AI 0'[2

32(15(3/& yr) =61

where Z : 8™ — 8™ is the identity map, Iy € R™2*"E and I, € R™*™ are identity

matrices, Ollsr (—S(yg, yr)) is the Clark subdifferential of Ilsn at —S(yg, yr). Note
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that one can find an element in 9llsy (—S(yp, yr)) by using (2.6) based on the results
obtained in [47]. Then, equation (4.34) can be efficiently solved by the semismooth
Newton-CG method presented above. The convergence analysis can be similarly

derived as in Theorem (.11l

4.2.1 The second stage of solving convex QP

Although convex quadratic programming can be viewed as a special case of QSDP,
we study in this subsection, as an application of the idea of using our symmetric
Gauss-Seidel technique in Phase II algorithm, the second phase of solving convex
quadratic programming problem. Consider the following convex quadratic program-

ming problem
mln{ (x, Qz) + (c,x)|A$:b,b—B$€C,x€lC}, (4.46)

where matrices @ € S}, A € "X and B € ™", vectors b, ¢ and b are
given data, C C R™ is a closed convex cone, e.g., the nonnegative orthant C =
{z € R™ | z > 0}, K C R" is a nonempty simple closed convex set, e.g., K =
{zr e R" |l <z <u}with [,u € R" being given vectors. The dual problem of

we consider here is

max —6p(—z) — 3w, Qu) + (b, §) + (b, y)

st. z2—Qw+ B*y+ A*y=c¢, ye€C° w € Range(Q).

(4.47)

Similar as in (4.28]), we further require w € Range(()) comparing to the dual problem

(3.80) considered in Phase I. Note that (4.47) can be equivalently recast as

min g (—z2) + %(w Qu) — — (b, 7)
S N I (4.48)
Z 0 y

ze(C, w e Range(Q

Below, we focus on applying pALM, i.e., our algorithm in Phase II, to solve prob-
lem (4.48). Note that, by Remark [4.5] if K in problem ((£.48) is assumed to be
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polyhedral, the error bound assumption (Assumption @ holds automatically for the
corresponding 7;. Given o > 0, the augmented Lagrangian function associated with

(4.48) is given as follows:

*

_ o 1 oA
£U(z,z,w,y,y;x,$) = 5IC<_Z) + §<w7 Q'LU) - <b> y> o <b> y> + §HZ tyto 1‘1'H2
g * * - 1 7
+§||Z—Qw+f4 y+By+o 1$—0||2—%(||$||2+||$||2)~

In the kth iteration of Algorithm pALM, we propose to add the following proximal
term:

_ _ 1 - -
Ai(z, 2,0, y,9) = E(Ilz — 2P+ 12 = 2P+ w — w15 + ly = P11 + g — 7°I).

By restricting w € Range(Q), the positive definiteness of the added proximal term
is guaranteed. Then, the inner subproblem (4.6)) takes the form of

(Z]H_l, 2k+1, wk+1 k+1 —k-l-l)

Yy Y
\I]k(Z, 27107% g) = Eok(Za 27 w, quj) kafk) + Ak(z7 27w7y7 g)

|z e R" z € C,w e Range(Q),y € RME, y € ™

/A argmin

(4.49)
To solve (4.49)), we can follow the same idea discussed in (4.33)). Specifically, in each

iteration of pLAM, we solve the following unconstrained minimization problem

min{p(w,y,y) := Zeg}ligec\lf(z, zZ,w,y,y) | w € Range(Q),y € R™? 5 € R™}.

(4.50)
Instead of using the semismooth Newton-CG algorithm to solve (4.50|), one can solve
this subproblem with an inexact accelerated proximal gradient (APG) algorithm
proposed in [29]. The quadratic model used by the inexact APG can be constructed
as follows. By adopting the majorization technique proposed in [69], we can obtain
a convex quadratic function ¢, as a majorization function of ¢ at (w®,y*, %), i.e.,
we have that o (w*, y*, 7%) = p(w*, y*, 7*) and o (w, y,9) > (w,y,7), Y(w,y,9) €
Range(Q) x R™E x ™. Thus, in each iteration of Algorithm iAPG, the following

unconstrained convex quadratic programming problem needs to be solved

min{@;(w,y,y) | w € Range(Q),y € ™,y € R™ }. (4.51)
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Note that solving is equivalent to solving a large scale linear system corre-
sponding to (w,y,y). It can be efficiently solved via a preconditioned CG (PCG)
algorithm provided a suitable preconditioner can be found. If such a preconditioner
is not available, then we can use the one cycle symmetric block Gauss-Seidel (sGS)
technique developed in Chapter [3| to manipulate problem . In this way, we
can decompose the large scale linear system into three small pieces with each of
them corresponding to only one variable of (w,y,y) and then solve these three lin-
ear systems separately by the PCG algorithm. Now, it should be easy to find a
suitable preconditioner for each smaller linear system. By Theorem [3.3] our sGS
technique used to manipulate problem (4.51) can be regarded as taking a scaled
gradient step for solving . Thus, the whole process we discussed here can still
be viewed as an inexact APG algorithm for solving with one more proximal
term corresponding to sGS technique needs to be added to ¢y in . Then, the
global and local convergence results follow from [29, Theorem 2.1}, Theorem (4.3])
and Theorem (4.7)).

In fact, as a simple but not that fast approach, we can also directly apply our
(inexact) sGS technique to problem (4.49). The procedure can be described as

follows: given (2%, 2%, w* y* i*, o% z%) € R" xC x Range(Q) x R™E x R™ x R x R™ |

k+1 , k+1 Zk+1

y W Y

k+1 zk+1
(2", Z Y

) is obtained via

( k

ki ; E sk .k .k =
y 2= argmlnye%mlqlk(z y 2L, WY 7y)7

R+l : k sk ok 4 gEts
Yy 2 argmlnyemmE\I!k(Z , 2, WY, 2)7

k43 ; k sk k+i k+3
w2 NargmlnweRange(Q)\I’k<Z 2, W Y2y 2)7

(M1 Z51) = argmin, cpn e Wi(2F, 7, whts s ghts), (4.52)

k+1

~ : E+1 sk+1 k+1 —k+l
w ~ argmlnweRange(Q)\Ijk(Z 2T WY 2 Y2 )7

k+1 : k41 sk+1 ,,k+1 o —k+i
Y A argming cgmp U (257, 2500wy, gt 2),

k1 : k1 sk+l , k+1 , k+1 =
g A argmingegem, Wy (27 28 R M ).

\

Note that the joint minimization of (z, z) in (4.52) can be carried out analytically.
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Instead of further decomposing w,y and ¥ into smaller pieces as we have done in
Phase I algorithm, we allow inexact minimizations in . In this way, Algorithm
PCG can be applied to obtain high-accuracy solutions for these linear systems. By
Theorem , procedure is equivalent to solving with an additional
proximal term corresponding to sGS technique and an error term corresponding to
inexact minimizations of w,y and y added to W;. Since this extra error term can
be arbitrarily small when the PCG algorithm is applied to solve the resulted linear
systems in , the above procedure can be regarded as a special implementation
of solving subproblem in Algorithm pALM. In addition, the stopping criteria
(A) and (B) for this special case are achievable. Thus, the convergence results
still hold. Due to the appearance of the inexact minimizations in the one cycle
symmetric block Gauss-Seidel procedure (4.52)), we refer the resulted algorithm as
inexact symmetric Gauss-Seidel based proximal augmented Lagrangian algorithm
(inexact sGS-Aug). One remarkable property of our proposed inexact sGS-Aug
algorithm here is that we can still enjoy the linear convergence rate of Algorithm
pALM by only doing one cycle symmetric Gauss-Seidel procedure . More
specifically, under the same setting of Theorem [£.7] by using the discussions in
Section on the structure of O in , it is not difficult to derive that the
convergence rate f in satisfies

- 1
O, — 0 < - as k — o9, (4.53)
1+¢
_ 1 = :
where ¢ = . Note that the constant number 6 in (4.53)) is

a*(3+2[QI* + [ A%)

independent of o and if a is not large, it can be a decent number smaller than 1.

Observing that in our proposed algorithms, it is important that the resulted
large scale linear systems can be solved by the PCG efficiently. For this purpose, we
discuss a novel approach to construct suitable preconditioners for given symmetric
positive definite linear systems. Consider the following symmetric positive definite

linear system

Ax = b,
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where matrix A € 8" is symmetric positive definite, vector b € R” is given data.

Suppose that A has the following spectral decomposition
A = PAPT,

where A is the diagonal matrix with diagonal entries consisting of the eigenvalues
Al > X > > )\, >00f Aand P is a corresponding orthogonal matrix of eigen-
vectors. Then, for given integer 1 < r < n, we propose the following preconditioner:

Z)\PPTJr— Z pPF

i=r+1

= Z NP P+ Z PPl (4.54)

A - A
= I § N — )PPT
2 + ( 2) 7 )

where I € ™" is the identity matrix, F; is the ith column of matrix P. Note that

A~1 can be easily obtained as follows:

~ 12
At =T — — )PPt
)\r +Z<)\2 )\r> (]

Following the same idea in (4.54), we can also design a practically useful morjoriza-
tion for A as follows:
A= A=Y "NPP'+) Y PP = >\[+Z A )BPY.
i=1 i=r+1
In practice, Matlab built in function “eigs” can be used to find the first r eigenvalues

and their corresponding eigenvectors.

4.3 Numerical results

In this section, we conduct a variety of large scale QSDP problems and convex
quadratic programming problems to evaluate the performance of our proposed Phase

IT algorithm.
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Firstly, we focus on the QSDP problems. Apart from the QSDP-BIQ problems
(3.69) and QSDP-6, problems (3.70]), we also test here the following QSDP-QAP
problems. The QSDP-QAP problem is given by:

min %(X, QX)+ (A ® Ay, X)
st. > Xt=1(I,X")=04; V1<i<j<n, (4.55)
(B, XU)y=1 V1<i<j<n, Xe8V Xek,
where E is the matrix of ones, and 0;; = 1 if i = j, and 0 otherwise, £ = {X € S |
X > 0}. In our numerical experiments, the test instances (A;, Ay) are taken from
the QAP Library [3]. Note that the linear operator Q used here is the same as been

generated in ([3.68)) and used in the test of Phase I algorithm. For simplicity, we still

don’t include the general inequality constraints here, i.e., A; and b; are vacuous.

In Phase II, when our inexact proximal augmented Lagrangian algorithm is ap-
plied to solve QSDP problems, it is in fact a generalization of SDPNAL [73] and
SDPNAL+ [69]. Hence, we would like to call this special implementation of our
Phase II algorithm as QSDPNAL. Since we use the Phase I algorithm sGS-PADMM
to warm start our QSDPNAL, we also list the numerical results obtained by running
SGS-PADMM alone for the purpose of demonstrating the power and the importance
of the proposed inexact proximal augmented Lagrangian algorithm for solving diffi-
cult QSDP problems. All our computational results for the tested QSDP problems
are obtained from a workstation running on 64-bit Windows Operating System hav-

ing 16 cores with 32 Intel Xeon E5-2650 processors at 2.60GHz and 64 GB memory.

We measure the accuracy of an approximate optimal solution (X, Z,Z, S, yg) for

QSDP ([4.26) and its dual (4.28)) by using the following relative residual:

Nasdp = max{nP’nDanZ7nS1anSQ}7 (456)
where
_ |AEX — bg|| D = |Z+ B*=+ S+ Ayye — C|| 0y = | X —Txe(X — 2)||
L4 lbg|l L+[C| ’ L+ X +Nzl
S, X | X — Tsn (X)]]
0, (S, X)) 0, = 3

LIS+ X 14 [|X]
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We terminate the solvers SGS-PADMMand QSDPNAL when 7gq, < 107% with the

maximum number of iterations set at 25000.

In table[4.1], we present the detailed numerical results for QSDPNAL and SGS-PADMM
in solving some large scale QSDP problems. In the table, “it” and “itersub” stand for
the number of outer iterations and the total number of inner iterations of QSDPNAL,
respectively. “itersGS” stands for the total number of iterations of SGS-PADMM
used to warm start QSDPNAL. It is interesting to note that QSDPNAL can solve
all the 49 difficult QSDP-QAP problems to an accuracy of 107 efficiently, while
the Phase I algorithm sGS-PADMM can only solve 5 QSDP-QAP problems to re-
quired accuracy. Besides, QSDPNAL generally outperform SGS-PADMM in terms of
the computing time, especially when the problem size is large. The superior nu-
merical performance of QSDPNAL over SGS-PADMM demonstrate the power and the

necessity of our proposed two phase framework.

Table 4.1: The performance of QSDPNAL (a) and SGS-PADMM(b) on QSDP-6.,
QSDP-QAP and QSDP-BIQ problems (accuracy = 107%). The computation time
is in the format of “hours:minutes:seconds”.

iter.a iter.b Ngsdp Ngap time

problem meg;ns it|itsubl|itsGS alb alb alb
theta6 4375 ; 300 0]0]311 311 | 7.9-7| 7.9-7 | 09 | 08
theta62 13390 ; 300 0]0]153 153 9.6-7 | 9.6-7 -1.1-7 | -1.1-7 04 | 04
theta8 7905 ; 400 0]0]314 314 9.5-7 1 9.5-7 | 19| 19
theta82 23872 ; 400 0]0] 158 158 9.5-719.5-7 | -3.7-8-3.7-8 10 | 10
theta83 39862 ; 400 0]0] 156 156 9.5-7 | 9.5-7 3.3-8 | 3.3-8 10 | 10
thetal0 12470 ; 500 00| 340 340 | 9.8-7]9.87 | 32| 31
thetal02 37467 ; 500 010150 150 | 8.7-7|87-7 | 6.4-7|6.47 15 | 14
thetal03 62516 ; 500 010202 202 | 9.87]9.87 | -4.2-8]-4.2-8 20 | 20
thetal04 87245 ; 500 0]0]162 162 9.8-719.8-7 5.9-8 | 5.9-8 16 | 16
thetal2 17979 ; 600 0]0] 354 354 | 9.5-7]9.5-7 | 48 | 47
thetal23 90020 ; 600 0]0]|204 204 9.7-719.7-7 | -9.2-8]-9.2-8 30| 28
san200-0.7-1 5971 ; 200 415|500 2197 3.2-719.3-7 6.3-9 | 6.1-6 06 | 21
sanr200-0.7 6033 ; 200 0]0]177 177 9.5-7 ] 9.5-7 1.9-7 | 1.9-7 03 ] 02
c-fat200-1 18367 ; 200 8|81 1050 1972 9.6-719.9-7 | -7.7-6 | 15 | 23
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Table 4.1: The performance of QSDPNAL (a) and SGS-PADMM(b) on QSDP-6,,
QSDP-QAP and QSDP-BIQ problems (accuracy = 107%). The computation time
is in the format of “hours:minutes:seconds”.

iter.a iter.b Ngsdp Ngap time
problem mg;ns it|itsub|itsGS alb alb alb
hamming-8-4 11777 ; 256 0]0] 2493 2493 9.9-7 1 9.9-7 -6.0-7 | -6.0-7 51 | 48
hamming-9-8 2305 ; 512 249 | 249 | 600 4120 9.9-7 | 9.9-7 -2.6-8 | -4.4-6 1:56 | 5:34
hamming-8-3-4 16129 ; 256 0]0] 202 202 6.9-7 | 6.9-7 5.4-6 | 5.4-6 05 | 04
hamming-9-5-6 53761 ; 512 010|446 446 | 827|827 | -1.1-5 | -1.15 47 | 42
brock200-1 5067 ; 200 010198 198 | 9.7-7]9.7-7 | 9.9-8|9.9-8 03 | 02
brock200-4 6812 ; 200 0]0] 201 201 | 9.37]9.3-7 | 1.1-7]1.1-7 03 | 03
brock400-1 20078 ; 400 0]0] 168 168 9.0-7 | 9.0-7 8.6-7 | 8.6-7 11|10
keller4 5101 ; 171 0]0] 669 669 9.9-7 1 9.9-7 -1.3-8 | -1.3-8 08 | 07
p-hat300-1 33918 ; 300 010|452 452 | 9.9-719.97 | 106|106 13| 12
G43 9991 ; 1000 4141700 982 8.8-719.5-7 7.1-7|-5.0-6 4:39 | 5:38
G44 9991 ; 1000 4141700 955 6.2-7 | 8.8-7 5.4-7 | 4.6-6 4:39 | 5:31
G45 9991 ; 1000 4141700 954 5.5-7 ] 9.0-7 4.2-7 | 4.8-6 4:41 | 5:29
G46 9991 ; 1000 4141700 1000 8.6-7 | 8.8-7 -1.8-7 | 6.6-6 4:36 | 6:19
G47 9991 ; 1000 414|702 985 | 5.9-7|9.27 | 406|486 | 4:40|7:49
1dc.256 3840 ; 256 5171600 2312 6.5-7 | 9.4-7 1.1-6 | -1.6-5 12| 38
let.256 1665 ; 256 0]0]4972 4972 9.9-7 1 9.9-7 -4.9-7 | -4.9-7 1:36 | 1:48
1tc.256 1313 ; 256 2149512 12051 | 9.9-7 [ 9.9-7 | -1.0-6|-3.2:6 | 3:05 | 4:25
1zc.256 2817 ; 256 0]0] 3147 3147 9.9-7 1 9.9-7 -3.7-7 | -3.7-7 1:02 | 1:00
1dc.512 9728 ; 512 0102032 2032 9.9-7 | 9.9-7 -4.4-7 | -4.4-7 3:25 | 3:12
let.512 4033 ; 512 8|8 4297 4440 9.7-7 1 9.8-7 -1.8-6 | -2.9-6 7:13 | 7:50
1tc.512 3265 ; 512 1712591 11801 | 9.9-7 ] 9.9-7 -4.4-6 | -4.4-6 20:58 | 25:35
2dc.512 54896 ;512 | 00 | 2368 2368 | 9.9-7|9.9-7 | -5.0-6 | -5.0-6 | 3:52 | 5:42
1z¢.512 6913 ; 512 01]0]2719 92719 | 9.9-7 | 9.9-7 | -3.46 | -3.46 | 4:38]6:40
1dc.1024 24064 ;1024| 0] 0| 2418 2418 | 9.9-79.9-7 | -8.5-7 | -8.5-7 | 18:38 | 22:41
let.1024 9601 ; 1024 0]0] 3186 3186 9.9-7 1 9.9-7 -5.1-7 | -5.1-7 25:31 | 21:28
1tc.1024 7937 ; 1024 5165199 5922 9.8-719.9-7 -7.5-6 | -1.0-5 39:22 | 39:25
1zc.1024 16641 ; 1024 81811938 3113 9.9-7 1 9.9-7 6.9-6 | 7.8-6 14:48 | 21:07
2dc.1024 169163 ; 1024 00| 3460 3460 9.7-7 | 9.7-7 -3.0-5 | -3.0-5 28:11 | 23:24
be250.1 251 ; 251 88| 108 | 1589 4120 9.9-7 1 9.9-7 7.0-7 | -6.4-7 38 | 1:07
be250.2 251 ; 251 143 | 213 | 1980 3555 8.6-7 1 9.9-7 1.8-7 | -7.5-7 51 | 58
be250.3 251 ; 251 120 | 152 | 1680 3558 9.4-7 1 9.9-7 -9.7-8 | -9.6-7 43 | 58
be250.4 251 ; 251 93| 124 | 1650 4072 9.9-7 1 9.9-7 8.5-7 | -2.1-6 40 | 1:05
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Table 4.1: The performance of QSDPNAL (a) and SGS-PADMM(b) on QSDP-6,,
QSDP-QAP and QSDP-BIQ problems (accuracy = 107%). The computation time

is in the format of “hours:minutes:seconds”.

iter.a iter.b Ngsdp Ngap time
problem mg;ns it|itsub|itsGS alb alb alb
be250.5 251 ; 251 91 | 124 | 1639 3204 9.5-7 ] 9.9-7 -3.8-8 | -9.1-7 39 | 52
be250.6 251 ; 251 77199 | 1394 3250 9.7-7 | 9.9-7 1.5-6 | -2.8-7 33|51
be250.7 251 ; 251 97 | 133 | 1728 3699 9.2-7 1 9.9-7 1.2-7 | -6.5-7 42 | 59
be250.8 251 ; 251 116 | 149 | 1516 3516 8.2-7 1 9.9-7 -1.8-7 | -9.1-7 37 | 56
be250.9 251 ; 251 104 | 128 | 2139 3586 9.0-7 ] 9.9-7 -5.8-7 | -3.4-7 46 | 59
be250.10  251;251 | 98 |131|1750 | 3302 | 6.3-79.9-7 | -2.7-7| 1.16 38 | 52
bgpl00-1 101 ; 101 24| 26 | 1134 1339 | 9.6-7]9.9-7 | -9.0-7 | -2.2-7 07 | 07
bqp100-2 101 ; 101 47 | 52 | 1717 2493 9.6-7 | 9.9-7 2.8-7 | 2.6-8 1113
bgpl00-3 101 ; 101 212 1661 1751 | 7.8-7]9.9-7 | -6.6-9 | -2.7-6 09 | 09
bqp100-4 101 ; 101 16 | 16 | 1478 2910 9.9-719.7-7 | -6.7-7 | -10.0-8 09 | 16
bqp100-5 101 ; 101 13| 14 | 1746 1911 9.9-7 | 9.9-7 -3.3-7 | -5.7-8 10 | 10
bqgp100-6 101 ; 101 81811383 1405 9.9-719.9-7 5.0-7 | 3.3-7 08 | 08
bgp100-7 101 ; 101 40 | 44 | 1322 1770 9.9-7 1 9.9-7 -9.8-7 | -5.7-7 09 | 10
bqp100-8 101 ; 101 1921|1454 | 1820 | 8.7-7|9.9-7 | 5.6-7 | 7.3-7 09 | 10
bgp100-9 101 ; 101 28 | 28 | 1371 2038 8.2-719.9-7 -6.7-7 | 2.0-6 09 | 11
bqp100-10 101 ; 101 38| 52| 2331 2904 9.7-7 1 9.7-7 1.6-7 | 2.8-7 14|15
bqp250-1 251 ; 251 97 | 119 | 1864 3899 9.8-719.9-7 -3.1-7 | -8.0-7 40 | 1:02
bap250-2 251 ;251 | 80107 | 1712 | 4120 | 9.2-7 | 9.9-7 | -1.9-8 | -4.9-7 | 37| 1:06
bqp250-3 251 ; 251 95 | 133 | 2103 4102 9.9-7 1 9.9-7 7.2-7]-3.9-6 45 | 1:04
bqp250-4 251 ; 251 93 | 105 | 1611 3103 9.3-7 1 9.9-7 -1.9-7 | -4.2-7 35| 50
bqp250-5 251 ; 251 85| 111 | 1664 4419 9.5-7 1 9.9-7 4.2-7 | -2.0-6 37| 1:10
bap250-6 251251 | 80100 | 1470 | 2952 | 9.9-7|9.97 | 1.3.6]-1.0-6 32| 47
bqp250-7 251 ;251 | 106|131 | 1469 | 3844 | 6.7-7|9.9-7 | -8.7-8| 1.56 34 | 1:01
bgp250-8 251 ; 251 91| 113 | 1605 2716 9.9-7 1 9.9-7 7.3-8 | -8.8-7 35| 43
bqp250-9 251 ; 251 91| 130 | 1674 4200 9.7-7 1 9.8-7 4.2-7 | -6.7-7 37| 1:06
bqp250-10 251 ; 251 86 | 107 | 1396 3027 9.9-7 1 9.9-7 9.4-7 | -7.7-7 31|47
bqp500-1 501 ; 501 175 | 250 | 2508 6003 9.9-7 1 9.9-7 1.7-7 ] -3.9-7 4:43 | 7:58
bgp500-2 501 ; 501 164 | 253 | 2186 6609 9.8-7 | 9.8-7 2.8-7 | -4.7-7 4:33 | 8:52
bgp500-3 501 ; 501 144 | 213 | 2205 7443 9.9-719.8-7 4.4-7 | 8.4-7 4:22 | 9:53
bap500-4 501 ;501 | 125|161 | 1574 | 6962 | 9.9-7 [ 9.9-7 | -1.0-6|-1.56 | 3:09 | 9:10
bqp500-5 501 ; 501 145 | 194 | 1676 5801 9.8-7 | 8.9-7 1.2-7| 1.7-6 3:21 | 7:44
bap500-6 501 ;501 | 174 | 2452104 | 6894 | 9.0-7 | 9.9-7 | -4.3-7 | -4.7-7 | 4:03 | 9:22
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Table 4.1: The performance of QSDPNAL (a) and SGS-PADMM(b) on QSDP-6,,
QSDP-QAP and QSDP-BIQ problems (accuracy = 107%). The computation time
is in the format of “hours:minutes:seconds”.

iter.a iter.b Ngsdp Ngap time

problem mg;ns it|itsub|itsGS alb alb alb
bqp500-7 501 ; 501 165 | 232 | 2373 6528 9.9-7 1 9.9-7 -3.7-7 | -7.8-7 4:20 | 8:45

bqp500-8 501 ; 501 167 | 244 | 2609 6261 9.9-719.9-7 | -4.9-7|-4.6-7 4:42 | 8:15

bqp500-9 501 ; 501 178 | 270 | 2904 6532 9.6-7 | 9.9-7 -5.2-7 1 9.9-7 5:15 | 8:44

bqp500-10 501 ; 501 154 | 218 | 1924 6434 | 9.9-7]9.9-7 2.2-79.9-7 3:40 | 8:33

gkald 101 ; 101 13| 13 | 1364 1600 | 8.9-7 | 9.8-7 | -4.6-7 | -4.2-7 08 | 09
gka2d 101 ; 101 30 | 41 | 1550 1927 | 9.2-719.9-7 | -7.1-8 | -5.0-7 10| 11
gka3d 101 ; 101 11| 11| 1970 2292 | 9.9-7]9.9-7 | -4.1-7 | -3.7-7 12 ] 12
gkadd 101 ; 101 2] 22038 2157 | 9.9-7]9.6-7 | 3.5-7 | 3.4-7 12 ] 12
chrl2a 232 ; 144 46 | 883490 | 25000 | 9.9-7 | 1.0-5 | -1.4-5 | -1.4-4 36 | 3:03
chr12b 232 ; 144 3386|4224 | 25000 | 9.9-7|9.1-6 | -2.8-5 | -1.4-4 45 | 3:03
chrl2c 232 ;144 | 70130 | 4718 | 25000 | 9.9-7 | 1.5-5 | -2.3-5 | -2.2-4 51 | 3:03
chrl5a 358 ; 225 45|99 | 4010 | 25000 | 9.8-7 | 1.1-5 | -2.6-5 | -1.4-4 | 1:24 | 5:39
chr15b 358 ;225 | 75|103|4462 | 25000 | 9.9-7 | 1.3-5 | -2.7-5 | -1.7-4 | 1:27 | 5:40
chri5c 358 ; 225 47| 753601 | 25000 | 9.9-7 | 1.2-5 | -3.4-5|-1.9-4 | 1:10 | 5:41
chri8a 511;324 | 61|111]4297 | 25000 | 9.9-7 | 1.3-5 | -2.5-5 | -2.1-4 | 2:40 | 11:26
chr18b 511;324 | 764 | 1083 | 8210 | 25000 | 9.9-7 | 1.4-6 | -1.1-6 | -5.0-6 | 6:54 | 10:48
chr20a 628 ;400 | 72111 |5101 | 25000 | 9.9-7 | 8.3-6 | -1.8-5|-9.9-5 | 6:12 | 23:45
chr20b 628 ;400 | 57 |103|4544 | 25000 | 9.9-7 | 8.1-6 | -1.4-5|-7.5-5 | 5:50 | 23:47
chr20c 628 ;400 | 101|154 | 6940 | 25000 | 9.9-7 | 1.6-5 | -2.9-5 | -2.3-4 | 8:26 | 23:41
chr22a 757 ;484 | 44| 171 |5975 | 25000 | 9.9-7 | 4.1-6 | -1.8-5|-6.5-5 | 12:13 | 33:39
chr22b 757 ;484 | 51 |180|6284 | 25000 | 9.9-7 | 3.4-6 | -1.7-5 | -5.3-5 | 12:43 | 33:39
els19 568 ;361 | 81 |281]10293 | 25000 | 9.9-7 | 2.56 | -1.5-5|-3.3-5 | 15:10 | 22:51
escl6a 406 ;256 | 39| 1343938 | 25000 | 9.9-7 | 7.3-6 | -9.4-6 |-7.2-5 | 1:42| 7:48
escl6b 406 ; 256 | 130 | 469 | 9020 | 25000 | 9.9-7 | 9.0-6 | -1.6-5 | -2.0-4 | 4:20 | 7:47
escl6c 406 ; 256 | 140 | 465 | 10483 | 25000 | 9.9-7 | 7.4-6 | -5.6-5 | -1.4-4 | 4:54 | 7:45
esc16d 406 ; 256 16 | 16 | 915 812 | 9.9-7]9.9-7 | -3.5-7 | -5.6-7 19115
escl6e 406 ; 256 21| 21| 930 983 | 9.8-7]9.9-7 | 857|747 19|18
esclbg 406 ; 256 32| 33| 1339 1700 | 9.9-7 | 9.8-7 | -9.9-7 | -1.2:6 28 | 31
esc16h 406 ; 256 26 | 58 | 2020 | 25000 | 8.5-7 | 2.9-6 | -3.0-6 | -1.7-5 47 | 7:46
escl16i 406 ; 256 42 | 67 | 1718 1811 | 9.9-7 | 9.9-7 | -5.1-7 | -8.0-7 39 | 33
escl6j 406 ; 256 46 | 49 | 1290 2363 | 9.7-7]9.9-7 | 83-7|-2.46 28 | 44

had12 232 ; 144 43| 78 | 3083 25000 | 9.8-7 | 1.3-5 -1.7-5

-9.4-5 31| 3:04
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Table 4.1: The performance of QSDPNAL (a) and SGS-PADMM(b) on QSDP-6,,
QSDP-QAP and QSDP-BIQ problems (accuracy = 107%). The computation time
is in the format of “hours:minutes:seconds”.

iter.a iter.b Ngsdp Ngap time
problem mg;ns it|itsub|itsGS alb alb alb
had1l4 313 ; 196 58 | 90 | 5427 25000 | 9.9-7 | 1.0-5 -1.4-5 | -9.3-5 1:22 | 4:38
hadl6 406 ; 256 80 | 143 | 6286 25000 | 9.9-7| 1.3-5 -1.5-5 | -9.7-5 2:32 | 7:30
had18 511 ; 324 54 | 120 | 4387 25000 | 9.9-7 | 1.1-5 -1.1-5 | -6.6-5 2:47 | 11:48
had20 628 ;400 | 105 | 146 | 7808 | 25000 | 9.9-7 | 1.2-5 | -1.5-5 | -1.1-4 | 9:21 | 23:33
nugl2 232 ; 144 35| 51| 1786 25000 | 9.9-7 | 7.3-6 -2.1-5 | -8.5-5 19 | 3:11
nugld 3135196 | 29512082 | 25000 | 9.9-7 | 9.7-6 | -2.4-5 | -9.8-5 32 | 4:44
nuglbs 358 ; 225 29 | 52 | 2056 25000 | 9.9-7 | 9.2-6 -1.7-5 ] -9.4-5 41 | 5:43
nugl6a 406 ; 256 40 | 63 | 2260 25000 | 9.9-7|1.1-5 | -2.3-5|-1.1-4 56 | 7:51
nugl6b 406 ; 256 41| 62 | 2130 25000 | 9.7-7]9.2-6 | -2.5-5| -1.0-4 53 | 7:48
nugl7 457 ; 289 32160 | 2119 25000 | 9.9-7 | 1.1-5 | -2.8-5 | -1.1-4 1:03 | 9:21
nugl8 511 ; 324 34160 | 2179 25000 | 9.9-7 ] 9.8-6 -2.5-5 | -9.8-5 1:19 | 12:14
nug20 628 ; 400 42| 70 | 2269 25000 | 9.5-7 | 9.4-6 -2.1-5 | -9.0-5 2:51 | 24:40
nug21 691 ;441 | 43|67 2785 | 25000 | 9.8-7 | 1.1-5 | -2.4-5 | -1.1-4 | 4:07 | 30:05
roul2 232;144 | 41]50|1770 | 25000 | 9.8-7 | 8.0-6 | -3.1-5 | -8.95 17 3:15
rould 358 ; 225 33| 45| 1640 25000 | 8.7-7 | 7.2-6 -1.9-5 | -7.6-5 30 | 6:01
rou20 628 ; 400 31|41 ] 1650 25000 | 9.9-7 | 6.1-6 -1.9-5 | -5.6-5 1:51 | 24:25
serl2 9232 ;144 | 6693|3190 | 25000 | 9.9-7 | 7.4-6 | -7.4-6 |-7.3-5 | 32| 3:14
scrlb 358 ; 225 62 | 89 | 3422 25000 | 9.9-7|1.1-5 | -1.7-5| -1.1-4 1:06 | 5:51
scr20 628 ; 400 52 | 81 | 3700 25000 | 9.9-7]9.7-6 | -1.5-5 | -1.0-4 4:27 | 24:12
tail2a 232 ; 144 40 | 54 | 2086 25000 | 9.6-7 | 9.5-6 | -3.4-5 | -1.2-4 21 3:15
tail2b 932 ;144 | 56|91 |4635 | 25000 | 9.9-7 | 1.7-5 | -3.2-5 | -2.4-4 | 47 | 3:11
tailba 358225 | 36|47 | 1597 | 25000 | 9.4-7 | 6.5-6 | -1.8-5|-6.1-5 | 30 | 6:05
tail5b 358 ;225 | 61]165]4330 | 4088 | 9.9-7|9.9-7 | 276|256 1:36 | 58
tail7a 457 ; 289 34| 43| 1509 25000 | 9.8-7 | 6.3-6 -1.6-5 | -5.6-5 43| 9:29
tai20a 628 ; 400 41 | 51 | 1627 25000 | 8.9-7 | 5.5-6 -1.6-5 | -5.1-5 1:52 | 24:26

In the second part of this section, we focus on the large scale convex quadratic

programming problems. We test convex quadratic programming problems con-

structed in (3.86]) which have been used in the test of Phase I algorithm (SGS-PADMM).

We measure the accuracy of an approximate optimal solution (x, z, 2/, s, y, y) for con-

vex quadratic programming (4.46]) and its dual (4.47) by using the following relative



Chapter 4. Phase II: An inexact proximal augmented Lagrangian method for

118 convex composite quadratic programming
residual :
qu = maX{npanDunQ77]2777g}7 (457)
where
|AX — b |z — Qz' + s+ A*y + B*y — C||
Np = ——m=, Np= ,
1+ o L+ |||
Ny — |2 — Hic(z — 2)|| o = |§ — Teo (7 — Bz + )|
Ltz +]z] 7~ ™ L+ gl + Bl
oz —au|
¢ T llQal

Note that in Phase I, we terminate the SGS-PADMM when 7., < 107°. Now, with
the help of Phase II algorithm, we hope to obtain high accuracy solutions efficiently
with 774, < 107%. Here, we test the very special implementation of our Phase IT algo-
rithm, the inexact symmetric Gauss-Seidel based proximal augmented Lagrangian
algorithm (inexact SGS-AUG), for solving convex quadratic programming problems.
We will switch the solver from SGS-PADMM to inexact SGS-AUG when 7y, < 107°

and stop the whole process when 7y, < 107°.

Table 4.2: The performance of inexact SGS-AuUG on randomly generated BIQ-
QP problems (accuracy = 107%). The computation time is in the format of
“hours:minutes:seconds”.

problem | n | mg, my (A, B, Q)pix it|itsGS Nap Ngap time
bel00.1 [5150 |200,14850 (2,2525) | 24901 | 6.1-7 | 1.4-8 | 58

bel20.3.1 |7380 |240,21420 (2,25,25 42 | 694 7.7-7 | 6.2-8 56

bel50.3.1 |11475 |300,33525 (2,25,25 17| 703 8.2-7 | 7.1-8 1:51

)
)

be200.3.1 [20300 [400,59700 | (2,50,50) | 25|860 | 9.5-7 | -3.2-8 | 5:31
)

be250.1 31625 |500,93375 (2,50,50 20 | 1495 | 7.1-7 | 3.3-8 | 18:10

Table [4.2 reports the detailed numerical results for inexact SGS-AUG for solving
convex quadratic programming problems (3.86)). In the table, “it” stands for the

number of iterations of inexact SGS-AUG. “itersGS” stands for the total number
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of iterations of SGS-PADMM used to warm start SGS-AUG with its decomposition
parameters set to be (A, B, Q)p. As can be observed, our Phase II algorithm can
obtain high accuracy solutions efficiently. This fact again demonstrates the power

and the necessity of our proposed two phase framework.






Chapter

Conclusions

In this thesis, we designed algorithms for solving high dimensional convex com-
posite quadratic programming problems with large numbers of linear equality and
inequality constraints. In order to solve the targeted problems to desired accuracy
efficiently, we introduced a two phase augmented Lagrangian method, with Phase I
to generate a reasonably good initial point and Phase II to obtain accurate solutions

fast.

In Phase I, by carefully examining a class of convex composite quadratic pro-
gramming problems, we introduced the one cycle symmetric block Gauss-Seidel
technique. This technique enabled us to deal with the nonseparable structure in the
objective function even when a coupled nonsmooth term was involving. Based on
this technique, we were able to design a novel symmetric Gauss-Seidel based proxi-
mal ADMM (sGS-PADMM) for solving convex composite quadratic programming.
The ability of dealing with coupling quadratic terms in the objective function made
the proposed algorithm very flexible in solving various multi-block convex optimiza-
tion problems. By conducting numerical experiments including large scale convex
quadratic programming (QP) problems and convex quadratic semidefinite program-
ming (QSDP) problems, we presented convincing numerical results to demonstrate

the superior performance of our proposed sGS-PADMM.
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Chapter 5. Conclusions

In Phase II, in order to obtain more accurate solutions efficiently, we studied the
inexact proximal augmented Lagrangian method (pALM). We establish the global
convergence of our proposed algorithm based on the classic results of proximal point
algorithms. Under the error bound assumption, the local linear convergence of
Algorithm pALM was also analyzed. The inner subproblems were solved by an in-
exact alternating minimization method. Then, we specialized the proposed pALM
algorithm to QSDP problems and convex QP problems. We discussed in detail
the implementation issues of solving the resulted inner subproblems. The aforemen-
tioned symmetric Gauss-Seidel technique was also shown can be wisely incorporated
into our Phase II algorithm. Numerical experiments conducted on a variety of large
scale difficult convex QSDP problems and high dimensional convex QP problems
demonstrated that our proposed algorithms can efficiently solve these problems to
high accuracy.

There are still many interesting problems that will lead to further development

of algorithms for solving convex composite quadratic optimization problems. Below

we briefly list some research directions that deserve more explorations.

e [s it possible to extend our one cycle symmetric block Gauss-Seidel technique

to more general cases with more than one nonsmooth terms involved?

e In Phase I, can one find a simpler and better algorithm than sGS-PADMM

for general convex problems?

e In Phase II, is it possible to provide some reasonably weak and manageable
sufficient conditions to guarantee the error bound assumption for QSDP prob-

lems?
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