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Summary

In this thesis, we study the stability of a class of composite optimization prob-
lems, whose objective functions involve convex composite terms. Many important
optimization problems can be reformulated as composite problems, such as nonlin-
ear programming, nonlinear semidefinite programming (SDP), various regularized
problems and so on, which frequently arise from various areas such as finance, engi-
neering, applied mathematics, etc.

The study of the stability of composite problems has its own interest in the-
ory. Moreover, the stability has a close relationship with convergent rates of various
methods. Due to these facts, there are many studies towards the characteriza-
tion of the stability, among which the Lagrange multipliers are often required to
be unique for different models. However, our study is an extensive work by al-
lowing the Lagrange multiplier set to be non-singleton. To achieve our goals, we
conduct our analysis for the composite SDP conic programming and the composite
Ky Fan k-norm regularized conic programming. We obtain the metric subregularity
of Karush-Kuhn-Tucker (KKT) solution mappings of the aforementioned composite
problems under rather weak conditions. Our study is mainly based on the second

order analysis of the positive semidefinite cone and the Ky Fan k-norm. Therefore,

xi
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Summary

we explore the variational properties first in each case. The perturbation proper-
ties are completely studied for symmetric and nonsymmetric matrices. Under the
canonical perturbation, within the assumption of the second order sufficient con-
dition, we obtain an error bound for a locally optimal solution of those underlying
composite conic programming. Additionally, if a partial strict complementarity con-
dition holds, an error bound for the corresponding multiplier set is estimated. Since
our study of the metric subregularity for composite conic programming is under the

nonconvex setting, it can cover the results of convex problems.



Chapter

Introduction

1.1 Motivations and backgrounds

In this thesis, we consider the composite optimization problem
min  f(z) 4 0(g(z))

st. h(z)=0,

(1.1)

where f : X — R is a twice continuously differentiable function, h : X — Y and
g : X — S are twice continuously differentiable mappings, 6 : S — (—o0, +00] is
a closed proper convex function (not necessarily smooth), X', Y and S are finite
dimensional real Euclidean spaces. Suppose each of X', ) and § endowed with an
inner product (-,-) and its induced norm || - ||.

The composite optimization problems in the form of (1.1) are well studied in
literatures. It is also an important structured model in optimization. Various op-
timization problems can be cast in the form of (1.1) by choosing different convex
functions 6. For instance, the nonlinear programming (NLP) can be reformulated as
a composite problem (e.g., [65]) and so do the nonlinear semidefinite programming
(SDP) [90,100]. Another important application of (1.1) is the convex regularized
problem by choosing 6 to be vector [{-norm, vector [,,-norm, matrix spectral norm,
nuclear norm and so on. Such convex regularized problems, especially the low-

rank optimization problems, are widely used in many fileds, such as Markov chain
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problems [9-11], matrix completion problems [40,47,78,79], signal and image pro-
cessing [17], finance and economics [50,75] and so on. Moreover, there are also other
problems can be modeled in the form of (1.1), such as minmax problems, convex
inclusions and penalized constrained problems [12,35,55,83]. Therefore, the study
of the composite problem (1.1) is significant.

We consider the Lagrangian function [ : X x ) x § :— R of the problem (1.1)

in the form of

,y,x) = f(x) + (y, h(x)) + (S, g(x)) — 07°(5), (1.2)

where 6* is the Fenchel conjugate function of the convex function 6.
Let us consider the following canonically perturbed problem of (1.1) with (u,v,C) €

X x)YxS:

min  f(z) +0(g9(x) + C) — (u, x)
(1.3)
s.t. h(z)+v=0.

For a given perturbation parameter (u,v,C'), we consider the following “generalized

Karush-Kuhn-Tucker (KKT) conditions” [66] for the problem (1.3):
Vf(x)+ Vh(z)y+ Vg(x)S = u,
h(z) 4+ v =0, (1.4)

S e db(g(x)+C).

In general, there has a “gap” between the generalized KKT system (1.4) and the
first order optimality conditions of the composite problem (1.3), due to the possibly
nonsmooth term 6 o g in (1.3). However, under some mild conditions, this gap can
be fulfilled (see Section 2.3.3). Therefore, we adpot the KKT system (1.4) for our
discussions.

It is well known that a point (z,y,.S) solves the KKT system (1.4) if and only
if (u,—v,—C) € 0l(z,y,S). Thus, we define the multi-valued mapping 7; : X X
Y XR™™ = X x Y x R™"™ associated with the Lagrangian function [ at any
(x,y,5) € X x Y x R™*" by

T(x,y,S) ={(u,v,C) € X x Y xS | (u,—v,-C) € dl(x,y,5)}. (1.5)
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Therefore, the set of all solutions (z,y,S) to the KKT system (1.4) is 7,” ' (u, v, C).
We call the corresponding x a stationary point of the problem (1.3) associated with
(u,v,C) and (y,S) a Lagrange multiplier associated with (x,u,v,C), if (z,y,S5) €
T, (u,v,C).

Our aim of this thesis is to discuss an important property in perturbation analysis
for the problem (1.1) at an optimal solution: the metric subregularity (see Definition
2.11 in Section 2.3.2) of 7;. It is well known that 7; is metrically subregular at
(z,y,S) for (u,v,C) if and only if 7,7" is calm (see Definition 2.10 in Section 2.3.2)
at (u,v, Q) for (r,y,S), where (z,y,5) € T, (u,v,C). Although these two concepts
are equivalent under the inverse operation of mappings, we perfer to investigate the
metric subregularity for problems in the form of (1.1). This may because we can deal
with the initial program data of the original optimization problem (1.1). Moreover,
we also have another equivalence of two strenghthened concepts, that 7; is strongly
metrically subregular (see Definition 2.13 in Section 2.3.2) at (x,y, S) for (u,v,C) if
and only if 7,7 is isolated calm (see Definition 2.12 in Section 2.3.2) at (u,v,C) for
(z,9,5)( [29, Theorem 5.2] and [30, Theorem 31.3]), where (z,y,S) € 7T, (u, v, C).
In perturbation analysis, we are more interested in 7,”' possessing the isolated
calmness and the locally nonempty-valued (see Definition 2.14 in Section 2.3.2) at
the same time, which is the so-called roubust isolated calmness. Over past several
decades, there are numerous work have been done towards the characterization of the
robust isolated calmness (see Definition 2.15 in Section 2.3.2) of the KKT solution
mapping 7;_1, especially for the NLP problem.

When the 6 of the problem (1.1) is an indicator function over a polyhedral set,
the characterization of the robust isolated calmness is fairly complete, and can even
extend to a more general structure, where the smooth term f, g and h in the problem
(1.3) are multi-variable functions: f(z,p), g(z,p) and h(x,p) with the parameter
p € Z and Z be a finite dimensional Euclidean space [28,49,82]. In [28], Dontchev

and Rockafellar establish an equivalent relationship for the NLP problem that at a
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locally optimal solution, the KKT solution mapping 7;’1 prossessing the robust iso-
lated calmness property is equivalent to the strict Mangasarian-Fromovitz constraint
qualification (MFCQ) and the second order sufficient condition (SOSC) holding at
the same time. Later, Klatte [49] extends the characterization for the C! (the class
of all differentiable functions having a locally Lipschitzian derivative) nonlinear pro-
gramming problem. Avoiding to assume the MFCQ, he characterizes the robust
isolated calmness at a stationary point of the C'! nonlinear programming problem
by injectivity conditions on the contingent derivative of the Kojima function.

By a powerful tool introduced by King and Rockafellar [48] and Levy [54], we
know that the KKT solution mapping 7;_1 possesses the isolated calmness property
if and only if its graphical derivative is non-singular, even when the 6 in the problem
(1.1) is an indicator function over a non-polyhedral set. This nice property enables
researchers to investigate the isolated calmness property under the non-polyhedral
setting. The following literatures are all under the setting that 6 in the problem (1.1)
is an indicator function over a non-polyhedral set. In [64] and [63], Mordukhovich
et al. obtain an explict formulation of the graphical derivative of 7;_1 at a sta-
tionary point, at which they require the constraint non-degeneracy hold; then they
characterize the isolated calmness via the non-singularity of the explict formulation
obtained. In his analysis, the constraint non-degeneracy condition plays a crucial
role. However, in most cases, an explicit formula of the graphical derivative of 7;_1
is not that easy to obtain. Thus, it may be difficult to verify the non-singularity of
the graphical derivative of ’771. Therefore, people are trying to find sufficient condi-
tions that can gurantee the non-singularity of the graphical derivative of 7;_1 at an
interested point. Zhang and Zhang [111] establish that at a locally optimal solution
of the nonlinear SDP problem, the so-called strict Robinson consitraint qualification
(SRCQ) and the SOSC yield the non-singularity of the graphical derivative of 7,7".
For the contrary implication of the nonlinear SDP problem, Han et al. [41] show
that the isolated calmness of 7,”' at a stationary point yields the SRCQ. Futher-

more, they also completely characterize the isolated calmness of ’7}’1 for the convex
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composite quadratic SDP problem. Later, Liu and Pan [56] extend the above results
of the nonlinear SDP problem to the nonlinear Ky Fan matrix k-norm problem. Re-
cently, to enlarge the above considered non-polyhedral sets, Ding et al. [26] provide
a complete characterization of the robust isolated calmness of 7,”' by considering
a class of C?-cone reducible sets (see Definition 2.17 in Section 2.4), which contains
all the convex polyhedral sets, positive semidefinite (PSD) cone [8,89], second order
cone (SOC) and the epigraph cone of the Ky Fan matrix k-norm [24]. They estab-
lish that at a locally optimal solution, 7{’1 is roubustly isolated calm if and only
if the SRCQ and the SOSC hold. Milzarek [61], in his thesis, discusses the stabil-
ity of composite problems involving C?-fully decomposable functions (see definition
in [88]) under the non-degeneracy condition, the strict complementarity condition
and the SOSC satisfied.

Over all the aforementioned literatures, we can find that the strict MFCQ for
the polyhedral setting and the constraint non-degeneracy condition or SRCQ for the
non-polyhedral setting play an essential role in the characterization of the robust
isolated calmness of the KKT solution mapping 7;‘1. For the NLP problem, Ky-
parisis [53] proves that the strict MFCQ is equivalent to the uniqueness of Lagrange
multipliers at a locally optimal solution. Moreover, under the non-polyhedral set-
ting, although SRCQ is weaker than the constraint non-degeneracy condition, it still
implies the uniqueness of Lagrange multipliers. Therefore, we can see that all the
analysis conducted for the characterization of the robust isolated calmness of the
KKT solution mapping ’7;’1, is under the scenario of the uniqueness of Lagrange
multipliers. It is very natural to ask what kind of stable property 7;_1 can have
when Lagrange multipliers is not unique at a locally optimal solution. In such situ-
ation, it is known that 7;_1 no longer possess the robust isolated calmness property
by above arguments.

In [82], Robinson shows that if 6 of the problem (1.1) is an indicator function
over a polyhedral cone, the KKT solution mapping 7,”' would have upper Lipschitz
continuity property under the conditions that the MFCQ and a strong form of the
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second order sufficient condition hold. The calmness property is the ‘localization’
of the aforementioned Robinson’s upper Lipschitz continuity property. Thus, one
can see that the calmmness property holds without the requirement of uniqueness
of Lagrange multipliers. Therefore, by the equivalence relationship between the
calmness and the metric subregularity under the inverse operation, 7; is metrically
subregular under certain aforementioned conditions. Izmailov et al. [46] obtain the
metric subregularity of 7; for the NLP problem with C%! program data under the
existence of a noncritical Lagrange multiplier, which can be implied by the SOSC.
The above discussions are conducted under the polyhedral cone setting. How to
characterize the metric subregularity or the calmness for non-polyhedral cones is
still unknown.

Recently, Cui et al. [22] obtain the metric subregularity of 7; for the linearly
constrained convex SDP problem with Lagrange multipliers non-uniqueness if the
SOSC and a partial strict complementarity property hold. Later, Cui et al. [20]
extend the study for solution set mappings of the primal and the dual problems to
a class of convex matrix optimization problems with the possible nonsmooth terms
to be the so-called spectral functions. All their analysis are conducted for convex
problems. For the nonconvex composite optimization problem (1.1), by letting 6 be
a convex piecewise linear function, Mordukhovich et al. [66] explore the equivalence
relationship between the metric subregularity of 7; and the existence of a noncritical
Lagrange multiplier. However, the characterization of the metric subregularity for
the nonlinear SDP problem is a remaining question to be answered.

In this thesis, we study the metric subregularity for the compositie problem (1.1)
with € be the so-called spectral function [20]. Specifically, we consider the nonlinear
SDP problem when 6(-) = dsz(-) on & = S" the space of all symmetric matrices,
and the nonlinear Ky Fan matrix k-norm conic problem when 6(-) = || - ||x) on
S = R™", where || - || denotes the Ky Fan matrix k-norm. In [20], Cui et al.
show that such 6 called the spectral function can be written as a composite matrix

function either in the form of § = g o A with A(X) be the vector of eigenvalues (in
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nonincreasing order) of X € 8" and ¢ : R" — (—o0, +0o0] be a symmetric function,
or in the form of § = goo with o(X) be the vector of singular values (in nonincreasing
order) of X € R™" and ¢ : R" — (—00, +00] be an absolutely symmetric function.
They explore that the spectral function 6 preserves the nice properties of ¢; namely,
6 is C?-cone reducible if ¢ is C?-cone reducible and the subdifferential mapping
00 possesses the metric subregularity if the subdifferential mapping dgq possesses
the metric subregularity. By using these properties, one can check the C?-cone
reducibility and the metric subregularity of 6 via checking the C?-cone reducibility
and the metric subregularity of ¢, which is a function of vectors. Within these
knowledge, we will provide rather weakly sufficient conditions to deduce the metric
subregularity of 7; for the nonlinear SDP problem and the nonlinear Ky Fan matrix
k-norm conic problem, namely, the metric subregularity of 7; holds at an optimal
solution if a strict SOSC and a partial strict complementarity property are satisfied.

The study of the metric subregularity is not only the interest in the theoretical
analysis of the stability, e.g., the metric subregularity is one sufficient condition of
the tilt stability for the NLP problem [38], but also because the metric subregularity
is a powerful tool for the convergence analysis of various methods. It is well known
that “error bounds” are commonly used in the analysis of convergent rates of first
order methods [22, 31,44, 57-59,71,95,97,98,108, 114]. Due to the apprealingly
simple analysis of convergent rates based only on the error bound property, people
also derive error bounds in various measures, e.g., [32,70] and a survey [4]. Another
fashion to excavate the error bound property is through detecting its connection with
the metric subregularity or the calmness. Under some mild conditions, the metric

subregularity can be used to establish the error bound property [31,52,73,99,113].

1.2 Outline of the thesis

We organize the remaining parts of this thesis as follows: In Chapter 2, we give

some preliminaries to facilitate the subsequent discussions. Some convex properties
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and perturbation analysis are briefly reviewed. Chapter 3 focuses on the variational
analysis of the positive semidefinite cone and the discussions of the metric subregu-
larity for the nonlinear SDP problem. In Chapter 4, we conduct sensitivity analysis
for the nuclear norm function and apply it to obtain the metric subregularity for
the nuclear norm regularized problem. An extensive study of the metric subregular-
ity property to the nonlinear Ky Fan matrix k-norm conic problem is conducted in
Chapter 5. The perturbation property of the Ky Fan matrix k-norm plays a crucial
role in the study. Finally, we draw a conlusion and present some possible topics for

future study in Chapter 6.



Chapter

Preliminaries

2.1 Notations

e For n be a given integer, S™ denotes the space of all n x n symmetric matrices,
8" denotes the cone of all positive semidefinite matrices in S" and 8" denotes
the cone of all negative semidefinite matrices in S™. O™ be the set of all n x n

orthogonal matrices.
e For any X € R™*", we define X;; as the (¢, j)-th entry of X.

e For any X € R™*" and any index set J C {i,...,n}, we use X7 to represent
the sub-matrix of X obtained by removing all the columns of X not in 7.
Additionally, for any index set Z C {i,...,m}, we use Zz; to denote the
|Z| x |J| sub-matrix of X obtained by removing all the rows of X not in Z

and all the columns of X not in 7.

e For any X € R™*", Xt € R™*" denotes the Moore-Penrose pseudoinverse of

X.

e For any X € R™ " || X, denotes the spectral norm or the operator norm of
X, i.e., the largest singular value of X; and || X||. denotes the nuclear norm of

X, i.e., the sum of all the singular values of X.
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e For any X € R™ " and any integer 0 < k < min{m,n}, || X||x) denotes the

Ky Fan k-norm of X, i.e., the sum of the k-largest singular values of X.

e For any X € R™*" We use tr(X) to represent the trace of X, i.e., the sum of

all the diagonal entries of X.
e We let "0” denote the Hadamard product between matrices.

e For any v € R™, diag(v) denotes the m x m diagonal matrix obtained by v

with the i-th diagonal entry be v;, i =1,... ,m.

e Given a set (' in a finite dimensional real Fuclidean space Z and a point z € C,
we denote 1ri(C) as its relative interior, 7¢(z) as the tangent cone of C at z
and N¢(2) as the normal cone of C' at z. Moreover, for any 2’ € Z, we let

dist(2',C) := inf,cc [|2/ — 2]

e Given a closed convex cone K C Z, denote K* as the dual cone of K and K°

as the polar cone of .

e Given a convex function 6 : § — (—o0,+0o0], we use domf to denote the
effective domain of 6, and epifl to denote the epigraph of #. Moreover, we let
0* to denote the Fenchel’s conjugate function of 8, and 00 as the subgradient

mapping of 6.

2.2 Convex analysis

In this section, we present the following useful concept about the bounded linear
regularity of a collection of closed convex sets, which will help us in the subsequent
discussions of the metric subregularity or the calmness for the composite problem
(1.1). And also, we show some useful characterizations of the subdifferential of

convex functions and piecewise linear quadratic functions.

Definition 2.1. Let C,C5,...,Cy € Z be a sequence of closed convex sets for some

positive integer |, where Z is a finite dimensional real Euclidean space. Assume that
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C:=CinNCyN...NCyis non-empty. The collection {C1,Cs, ..., Ci} is said to be
boundedly linearly reqular if for every bounded set D € Z, there exists a constant

k> 0 such that
dist(z,C) < k max{dist(z,Cy), ..., dist(z,C}) }, Vz € D.
One can find the above definition in [5, Definition 5.6]. The next proposition |6,
Corollary 3| provides a sufficient condition for the bounded linear regularity.

Proposition 2.1. Let C,Cy, ...,C; € Z be a sequence of closed convex sets for some
positive integer [, where VW is a finite dimensional real Euclidean space. Suppose that
C1,Cy, ..., Cy are polyhedral for some k € {0,1,....,1}. Then a sufficient condition

for {C1,Cs, ..., Ci} to be boundedly linearly regular is

Next, we adopt one useful lemma to characterize the subdifferential of a convex

function, one can find in, e.g. [7, Theorem 16.23].

Lemma 2.1. Suppose that 6 : S — (—00, +00] is proper, lower semicontinuous and

convex. For any s,w € §. Then the following statements are equivalent:
(i) we d6(s),
(i) (w,=1) € Nepio(s, 6(s)),
(ii) 8(s) + 6" (w) = (s, w),
() s € 00*(w).

Based on this lemma, we can ‘decompose’ the composite term 6 o g in (1.1) by
lifting the dimension of the problem (1.1). The followings are the preparations for

our later discussions.
Definition 2.2. (cf. [86, 9.57]) We say a multi-valued mapping F : W = Z is
piecewise polyhedral if its graph gph(F) := {(w,2) e WX Z : z € F(w)} is piecewise

polyhedral, i.e., expressible as the union of finitely many polyhedral convex sets.
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Definition 2.3. (cf. [86, 10.20]) A function 6 : S — (—o0, +00] is called piecewise
linear-quadratic if dom @ can be represented as the union of finitely many polyhedral
sets, relative to ecah of which 6(s) is given by an expression of the form %(S, As) +

(a,s) +a for some a € R, a €S, and A is a self-adjoint linear operator on S.
The next lemma is given by Sun in his PhD thesis [91].

Lemma 2.2. ( [86, 11.14, 12.30]) Suppose that 6 : S — (—o0, +0] is proper,

lower semicontinuous and convex. Then the following statements are equivalent:
(a) 0 is piecewise linear-quadratic,
(b) 0 is piecewise linear-quadratic,
(c) the subgradient mapping 00 is piecewise polyhedral,

(d) the subgradient mapping 00" is piecewise polyhedral.

2.3 The sensitivity analysis of the optimization

problems

In this section, we show some useful concepts corresponding to the variational
analysis. The definitions of various Lipschitz-like concepts are given there. More-

over, the first order optimailty conditions are interpreted in different ways.

2.3.1 Directional epidifferentiability and tangent sets

We first provide the definitions of the first and second order tangent sets and the
directional epiderivatives. These concepts are introduced by Bonnans and Shapiro

in [8, Section 2.2, 3.2].

Definition 2.4. Let Z be a finite dimensional real Fuclidean space. Given a closed

subset I C Z and z € IC, we define the Radial cone of IC at z as

Ri(z) ={d € Z:3p*>0,s.t. 2+ pd € K, ¥p € [0, p*]}.
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Furthermore, the contingent (Bouligand) cone of IC at z is defined by

K —
Tk(z) = limsup Z,
plo p

and the inner tangent cone of IC at z is defined by

. i —
T¢é(2) = liminf
(2) im in ;

Moreover, by the above definition, we have the following equivalent interpreta-

tions of the contingent and inner tangent cones, respectively.

T(z) ={d € Z:3p; |0, dist(z + prd, ) = 0o(px)},
Ti(z) ={d € Z : dist(z + pd, K) = o(p), Vp > 0}.

By the definitions of the contingent and inner tangent cones, we always have
, K—z K-z
that Tic(z) = T¢(2) if and only if lifg exists. It is not hard to see that
PO p

is a monotone decreasing function of p when K is convex. Thus, Tx(z) = Ti(z) for

any z € KC, when K is convex [8, Proposition 2.55]. Meanwhile, we also use Ti(2)
to denote both T (z) and T (z) when Tx(z) = Ti(z), and call it the tangent cone
of K at x in total. Based on this first order tangent sets, we introduce the second
order tangent sets.

Similar to the first order scenario, we have the inner and outer second order

tangent set.

Definition 2.5. Let Z be a finite dimensional real Euclidean space and let I C Z
be given. Given z € K and a direction d € Z, we define the inner second order

tangent set to the set IC at the point z in the direction d as

)

T2 (2,d) = lim inf K=z—pd

pl0 %p2
and the outer second order tangent set to the set KC at the point z in the direction d

as

—2—pd
TE(z,d) := limsup IC#
P40 14
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Analogously, the inner and outer second order tangent sets have the following

equivalent interpretations, respectively.

; 1
Tet (e, d) = {w € Z: dist(s + pd + 5p%w, K) = olp?), ¥p 2 0},

1
Té(z,d) ={w € Z:3p; 1 0, dist(z + prd + 5piw,l€) =o(pi)}.

However, different from the first order tangent cones, it is no longer hold that
the inner and outer second order tangent sets are identical in general, even under
the set IC is closed and convex. When the set K is convex, we can only have that
the inner second order tangent set 7752(2, d) is convex but the outer second order
tangent set T2(z,d) can be nonconvex [8, Section 3.2]. Although within this fact,
there are many sets satisfied the identical form. One commonly knwon is the C?-
cone reducible sets [8, Proposition 3.136]. If T2 (2; d) = T2(z; d), we use TE(z; d) to
represent both and call it the second order tangent set to I at z in the direction d.
It is well known that the second order tangent set is closely related to the so called
“sigma term” in second order variational analysis of non-polyhedral cone constrained
optimization problems.

The definitions of the first order tangent cones are the limits of the difference
quotient, which are quite similar to the form of ‘derivatives’. In [8], Bonnans and
Shapiro introduce the directional epiderivatives to characterize the first order tan-

gent cones of epif for a function 6.

Definition 2.6. Suppose 6 : Z — (—oo,+0o0] be a proper, extended real valued
function and z € domf. The lower and upper directional epiderivatives of 0 at z in

the direction h € Z are defined by, respectively,

0" (2;h) = liminf 0=+ ph) —0(z)
pl0 P
h—h

0 (2;h) == sup (hm inf bz + puh) = 9(2)) ,

n—oo

and
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where 3 denotes the set of all positive real sequences {p,} converging to 0. Moreover,
we say 0 is directionally epidifferentiable at z in the direction h if 0* (z; h) = 0% (z; h),
and denote them by 0%(z; h).

The following proposition shows a ‘one to one’ relationship between the first

order tangent cones and the directional epiderivatives.

Proposition 2.2. (c¢f. [8, Proposition 2.58]) Suppose that 0 : Z — (—o0,+00] is

proper and z € domf. Then,
Tepio (2,0(2)) = epi 0% (25, (2.1)

and

a0 (2,0(2)) = epi 0% (2. (22)

Particularly, when 6 is proper and convex, we obtain Hf(z; ) = Gi(z; -) immedi-
ately by the convexity of epif. Therefore, in this case, € is directionally epidifferen-
tiable at z € dom 6 and @*(z;-) is closed, convex and positively homogeneous.

One more thing we want to clarify here is that the directional epiderivative and
the conventional directional derivative (denoted as '(z;-)) of a function # may not
be identical in general. For a proper convex function 6 under the assumptions that
both of the directional epiderivative and the conventional directional derivative exist
in dom @, we can only have the following relationship [8, Theorem 2.58 and Theorem
2.60]:

0 (z;-) =clf'(z;-), Vz €& domb.

But if the function 6 is Lipschitz continuous near z, we have 6% (z;-) = 6 (z;-)
and 0% (2;-) = @', (2;-). Therefore, we call § a regular function if @ is Lipschitz
continuous and directionally epidifferentiable at every z € domé. One obviously
regular function is a convex and Lipschitz continuous function [8, Theorem 2.126].

Next, we have an analogous terminology for the second order directional epi-

derivatives.
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Definition 2.7. Suppose 0 : Z — (—o0, +00| with z € domf, and the lower direc-
tional epiderivatives Qf(z; h) and upper directional epiderivatives Qi(z; h) are finite
for z in the direction h € Z. Then the lower and upper (parabolic) second order
directional epiderivative of 0 at z in the direction h are defined as, respectively,

0(z + ph + 3p°d') — 0(z) — pb* (z; h)

0" (z; h,d) := lim inf . ,
pl0 50?
d'—d

and

0(z + pph + Lp2d') — 0(2) — pp0%(z; h
Qf(z; h,d) := sup (lim inf (z+p 2Pn 2 (2) = pubi(z 1) ,
n—00 2

pn€X d'—d §pn
where 3 denotes the set of all positive real sequences {p,} converging to 0. More-
over, if 0 is directionally epidifferentiable at z in the direction h, and in(z; h,d) =
Qﬁ(z; h,d) for alld € Z, we say 0 twice (parabolically) directionally epidifferentiable

at z in the direction h and denote it by 0% (z; h, d).

A ‘one to one’ relationship between the second order tangent sets and the second

order directional epiderivatives is given by (cf. [8, Proposition 3.41]).

Proposition 2.3. Suppose that 6 : Z — (—o0, +00| is proper and z € domf. For
he Z, 0" (zh) and 6% (2, h) are assumed to be finite. Then, we have

Taio((2,0(2)), (h, 0% (2;h)) = epi 0% (z; b, ). (2.3)
and
T ((2,0(2)), (h, 0% (2 h)) = epi 05 (2; b, -), (2.4)

Thus, all analysis of the second order tangent sets can be used here to charac-
terize the second order directional epiderivatives. Under the assumptions that 6 is
convex and 6(z; h) is finite, we can obtain that the upper second order directional

epiderivative Of(z; h,-) is convex.
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2.3.2 Lipschitz-like properties

In this section, three pairs of Lipschitz-like properties are introduced. Within
each pair, they are equivalence under the inverse operation of mappings. These
Lipschitz-like properties are the most commonly used in the senstivity analysis of
optimization problems. Some literature reviews are showed in our introduction.

Let us consider two finite dimensional real Euclidean spaces YW and Z, and a
multi-valued mapping F' : W == Z. We define the graph of the mapping F' as
gph(F) := {(w,2) e Wx Z: z € F(w)} and denote Bz := {z € Z : ||z]| < 1}.
For the multi-valued mapping F', we define the following three pairs terminologies:
Aubin property and metric regularity, isolated calmness and strong metric subreg-
ularity, and calmness and metric subregularity. These definitions and relationships

can be found in, e.g., [30,62,74,86].

Definition 2.8. [Aubin property] A multi-valued mapping F : W = Z has the
Aubin property at w for z with (w, z) € gph(F) if there exists a constant k > 0 and
open neighborhoods U of w and V of Z such that

Fw)nVY c F(w') + kllw —uw'||Bz, Yw,w' €U.

Definition 2.9. [Metric regularity] A multi-valued mapping G : Z = W is said
to be metrically reqular at z for w with (Z,w) € gph(G) if there exists a constant

k > 0 along with open neighborhoods V of z and U of w such that
dist(z, G (w)) < kdist(w, G(z)), forall z€V, w e U.

The Aubin property is also called “Lipschitz-like” or “pseudo-Lipschitzian” [3].
A well known criterion to characterize the Aubin property is the so called Mor-
dukhovich criterion, that is, F' : W = Z has the Aubin property at w for z with
(w, z) € gph(F) if and only if the limiting coderivative D*F'(w, Z) is nonsingular
at 0, i.e., D*F(w,z)(0) = {0} [86, Theorem 9.40]. The equivalence of the Aubin

property and the inverse metric regularity is established as below.
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Proposition 2.4. A multi-valued mapping F : W = Z has the Aubin property at
w for z with (w,z) € gph(F) if and only if its inverse F~1 : Z = W is metrically

reqular at zZ for w.

A relaxed ‘one-point’ variant of the Aubin property and the metric regularity is
the so called calmness and metric subregularity. In this thesis, we investigate the

metric subregularity property.

Definition 2.10. [Calmness] We say a multi-valued mapping F : W = Z is calm
at w for z if (w, z) € gph(F') and there exist a constant k > 0 and neighborhoods U
of w and V of zZ such that

Fw)NnY C F(w) + k|lw —w||Bz, Yw €U.

Or alternatively, we say F is calm at w for z with modulus k > 0 if there exists a

neighborhood V' of Z such that
Fw)NV' C F(w) + kl|lw — @w||Bz, YweW.

Definition 2.11. [Metric subregularity] We say a multi-valued mapping G :
Z = W is metrically subregular at Z for w if (z,w) € gph(G) and there ezist a

constant k > 0 along with neighborhoods V of Z and U of w such that
dist(z, G~ (w)) < kdist(w, G(z) NU), Vz € V.

Or alternatively, we say G is metrically subreqular at zZ for w with modulus k > 0 if

there exists a neighborhood V' of zZ such that
dist(z, G(w)) < wdist(w, G(z)), Vze V.

The calmness is also called “upper Lipschitzian” by Robinson [80]. Analogously,
we have the equivalent relationship between the calmness and the metric subregu-

larity.

Proposition 2.5. For a a multi-valued mapping F : W = Z, let (w, z) € gph(F).

Then F is calm at w for Z if and only if F~' is metrically subreqular at Z for w.
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As mentioned in the introduction, there are many literatures revealing the con-
nection between error bounds and the calmness or the metric subregularity. Under
mild conditions, the latter one implies the former one. The study of the calmness
property or the metric subregularity is significant, since the error bound is a poweful
tool to obtain convergence rates.

In general, we can only have the equivalence between the calmness and the metric
subregularity. However, for the subgradient mapping of convex functions, we have

another characterization of the metric subregularity.

Theorem 2.1. ( [1, Theorem 3.3] and [110, Theorem 4.3]) Let H be a real
Hilbert space endowed with the inner product (-,-) and ¢ : H — (—00,+00] be a
proper lower semicontinuous convex function. Let zZ,w € H satisfy w € 0p(Z).
Then Oy is metric subregular at Z for w if and only if there exists a neighborhood V

of Z and a positive constant k such that

©(2) > @(2) + (W, z — 2) + rdist?(z, (9p) (W), Vze V. (2.5)

Furthermore, Robinson [81] shows that the calmness property always holds for

piecewise polyhedral mappings.

Proposition 2.6. If a multi-valued mapping F : W == Z is piecewise polyhedral,

then F is calm with the same modulus k > 0 at any w for z whenever (w,z) €

gph(F).

Therefore, F'~! always possesses the metric subregularity when F' is a piecewise
polyhedral mapping. Moreover, any linear mapping is calm at any point of its graph,
so does its inverse mapping. But, the inverse of a linear mapping has the Aubin
property at some point if this mapping is surjective, and vice versa.

At the end of this section, we would like to introduce the isolated calmness and
the strong metric subregularity, which can be viewed as ‘strengthened forms’ of the

calmness and the metric subregularity.
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Definition 2.12. [Isolated calmness| A multi-valued mapping F : W = Z is said
to be isolated calm at w for z if (w,z) € gph(F') and there exist a constant £ > 0
and neighborhoods U of w and V of z such that

Fw)nVY C{z} + k||lw —w| Bz, Ywel.

Definition 2.13. [Strong metric subregularity] A multi-valued mapping G :
Z =3 W is said to be strongly metrically subreqular at z for w if (zZ,w) € gph(G)
and there exist a constant k > 0 along with neighborhoods V of z and U of w such
that

|z — z|| < kdist(w, G(2) NU), VzeV.

From the above definitions, it can be regarded as strengthened forms of the
calmness and the metric subregularity, since we let F'(w) NV singleton, i.e., Z is an

isolated point in F'(w). Therefore, we have the next proposition.

Proposition 2.7. [30, Proposition 31.1] If a multi-valued mapping F : W = Z
18 piecewise polyhedral, then it has the isolated calm at w for z if and only if Z is an

isolated point of F(w).

The equivalence of the isolated calmness and the strong metric subregularity of

the inverse is given by the following.

Proposition 2.8. For a a multi-valued mapping F : W = Z, let (w, z) € gph(F).
Then F is isolated calm at w for z if and only if F~! is strongly metrically subreqular

at z for w.

Similar with the Aubin property having the Mordukhovich criterion of the coderiva-

tive, the isolated calmness has the following criterion of the graphical derivative.

Lemma 2.3. (King and Rockafellar [48], Levy [54]) Let (w,z) € gph(F).
Then F' is isolated calm at w for Z if and only if the graphical derivative DF (w, Z)
is nonsingular at 0, i.e., DF (w, 2)(0) = {0}.



2.3 The sensitivity analysis of the optimization problems

21

By using the above lemma, we can obtain a reduced one for continous mapping,

which is a natural extension of [41, Lemma 4.4].

Lemma 2.4. Suppose F': W — Z is a continuous mapping. Let (w0,z) € W x Z
satisfing F'(w) = z. Suppose that F is locally Lipschitz continuous around uy and

directional differentiable at w. Then F~' is isolated calm at Z for w if and only if
F'(w;d)=0=d=0, VdeW.
Recently, a well studied teminology is the roubust isolated calmness.
Definition 2.14. [Locally nonempty-valued] We say a multi-valued mapping

F W = Z is locally nonempty-valued at w for z if (w, z) € gph(F) and there exist
netghborhoods U of w and V' of Z such that

Flw)nV #£0, Ywel.

Definition 2.15. [Robust isolated calmness| We say a multi-valued mapping
F W = Z is robust isolated calm at w for zZ with (w,z) € gph(F) if F is both

1solated calm and locally nonempty valued at w for Z.

One can find the relationship between the Aubin property and the isolated calm-

ness in [37].

2.3.3 First order optimality conditions

We focus on first order optimality conditions for our composite problem (1.1) in
this section. We derive first order optimality conditions of (1.1) in two ways. One
way is to decompose the composite term by casting (1.1) in a higher dimensional
space, and the other way is to use the conjugate property of convex functions without
lifting the dimension of (1.1).

One can see that the composite problem (1.1) can be equivalently written as:
min f(x)+t

st h(z) =0, (2.6)
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where K :=epif is a closed convex set in S x R.

Additionally, if I is a cone, then (2.6) is a conic programming. By transfroming the
problem (1.1) to the form (2.6), we can decompose the composite term 6 o g with
a trade off that the problem (2.6) is one dimensionally higher than (1.1). Before
deriving first optimality conditions for the composite problem (1.1), we show the
Robinson’s constraint qualifications with respect to problems (2.6) and (1.1) first.
The Robinsons’s constraint qualification (RCQ) at a feasible solution (z,0(g(z))) of
the problem (2.6) is defined by

ven [ @O N [ w@0) o [0 x0)

(9(7),6(g(7)) (¢'(z), 1) K

We can obtain the RCQ for our original problem (1.1) by reducing those (2.7) of the
problem (2.6). We say that the RCQ holds at a feasible solution z of the problem
(1.1) if

h(z) W(z) {0}

9(z) J() dom

@ {0y (V) (2.9)

g'(x) Taomo(9(7)) S

Remark 2.1. The Robinson’s constraint qualification has the stability property.
That is, if (2.8) or (2.9) holds at Z, then it holds at some neighborhood of . We call
(2.8) or (2.9) the RCQ of the original problem (1.1) in the subsequent discussions.

Since all program data are ‘smooth’ in (2.6), we can derive first order optimality
conditions with respect to the problem (2.6), and then reduce such first order op-
timality conditions to those of our original form (1.1) under some mild conditions.

This kind of transformation can be found in [8, Section 3.4.1].
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For any (x,t,y,5,7) € X x R x Y x 8§ X R, we define the Lagrangian function
of (2.6) by

L(x, t;y,S,7) = f(z)+t+ (y,h(x)) + (S, g(x)) + tr. (2.10)

We call (z,) € X x R a stationary point of the problem (2.6) and (7,5,7) a
Lagrangian multiplier if (z,#,y, S, 7) satisfies the following KKT conditions:

Vxﬁ(-i’, 77 g? S? 77—) = 07

4 (2.11)

Combining them together, we call (7,%,7,5,7) a KKT point of the problem (2.6).
We use M (Z,t) to denote the set of all the Lagrangian multipliers at a stationary
point (Z,¢) with respect to the problem (2.6).

Especially, let us consider the stationarity at (z,6(g(z))). Noting that by the
second condition in (2.11), we always have 7 = —1. Thus, the last inclusion in
(2.11) becomes (S, —1) € Nic((9(Z),0(g(z))), which is equivalent to S € 96(g(z))
by Lemma 2.1. Moreover, we obtain the following reduced Lagrangian function by

substituting 7 = —1 into (2.10),

L(x,y,S) = f(x) + (y, h(x)) + (S, g(x)).

Therefore, we can further obtain the following reduced KKT conditions with respect

to the problem (1.1) from (2.11):
V.L(7,5,5) =0,
h(z) =0, (2.12)
S € 96(g(z)).

However, in general, the necessary first order optimality conditions of the problem

(1.1) is not coincide with (2.12).
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Let L : X xY — R be the Lagrangian function of the composite problem (1.1)
defined by

L(z;y) = f(x) +6(g(x)) + (y. h(x)), V(z,y) € X x V.

The first order optimality conditions [8, Proposition 3.99] for a stationay point Z of
the problem (1.1) is that there exist y € ) such that

Fi(®)d+ (00 g)*(2;:d) + (3, b (2)d) > 0, Vd € X,

(2.13)

h(z) = 0.
By the arguments in [8, Section 3.4.1] and [61, Section 5.1], we know that there has
a gap between the optimality conditions (2.13) and the reduced KKT conditions
(2.12). In fact, the latter one is stronger than the former one. Fortunately, we can

fulfill this gap if the following reduced RCQ [8,61] holds at Z, i.e.,
0 € int{g(Z) + ¢'(z)X — dom 6}. (2.14)

Therefore, within the reduced RCQ (2.14) satisfied, the first order optimality con-
ditions of the problem (1.1) is the KKT system (2.12).

Similarly, we say Z a stationary point of the problem (1.1) and (g, S) a corresponding
Lagrangian multiplier if (z, 7, S) satisfies the KKT conditions (2.12). And denote
M(Z) as the set of all the Lagrangian multipliers at a stationary point z with respect
to the original problem (1.1).

On the one hand, we can obtain first order optimality conditions of the original
problem (1.1) via reducing from the optimality conditions imposed in a higher di-

mensional space with respect to the problem (2.6). On the other hand, for every

(x,y,5) € X x Y xS, we can consider the Lagrangian function of (1.1) as

Wz, y,S) = fz) + (y, h(x)) + (S, g(x)) — 0°(5), (2.15)

where 6* is the Fenchel conjugate function of the convex function #. This kind of

form for composite problems is introduced by Burke [13,14]. It is easy to see that
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we can obtain the first order optimality conditions (2.12) by (2.15) directly. The
Lagrangian function [ (2.15) contains all data infomation of the problem (1.1), we
adopt this form for our later disscussions.

It has been showed in [115] that the RCQ (2.7) holds at (z,6(g(z)) if and only
if the multiplier set M (z,0(g(7)) associated with the problem (2.6) is nonempty,
convex and compact. By the previous reduction, we can transfer the property of

—

M(z,60(g(z)) to the multiplier set M(Z) with respect to the problem (1.1).

Proposition 2.9. Let T be a local optimal solution of the problem (1.1). Then the
set of Lagrangian multipliers M(Z) of (1.1) is nonempty, convex and compact if and

only if the RCQ (2.8) or (2.9) holds.

Another stronger form of the RCQ is the so called strict Robinsons’s constraint
qualification (SRCQ), which is frequently used in perturbation analysis. The SRCQ
is a sufficient condition for the multiplier set to be a singleton for the problem (2.6).
While, the RCQ can only guarantee the boundedness of the multiplier set.

The SRCQ for problem (2.6) at the stationary point (z,0(g(z)) with respect to
(5,5, —1) € M(z,0(g(z)) is defined by:

CLCONUI IOV S (CX0) S D AR

(¢'(z),1) T (9(2),0(9(2))) SxR
(2.16)

Analogously, we can derive the SRCQ for the problem (1.1) by the same reduction.
Such reduced SRCQ restricts the uniqueness of the corresponding multipliers. For
simplify notations, we define a set-valued mapping Cy : domf x § — S associated

with a closed proper convex function 6 as
Co(w,z) :={h €8 :0%w;h) = (h,2)}, V(w,z)€domb x S. (2.17)

Proposition 2.10. Let T be a local optimal solution of the problem (1.1). Assume
that M(Z) is nonempty. Suppose the following condition holds at T with respect to

(7,5) € M(z):
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X + = , (2.18)

where Cy(-,-) is define as in (2.17). Then M(Z) = {(y,5)} is a singleton.

Remark 2.2. One can find that Co(9(Z), S) = Nagea)(S) as S € 80(g(z)). Such
Co(9(z),S) can be viewed as a cirtical cone of 80(g(z)) at g(T) + S.

To end this section, we define the critical cones of problems (2.6) and (1.1). The
critical cone consists of those directions in which the objective value is nonincreasing
and the constraints are satisfied.

Let (7,f) € X X R be a feasible point of the problem (2.6), then the critical cone

-~

C(z,t) of the problem (2.6) takes the form of

C(z,1) = {(d1,ds) € X x R: W(2)d) =0, (¢ ()dy, ds) € Tx(9(%),7),
F(T)dy + dy < 0}.

Furthermore, if (Z,60(g(Z))) is a local optimal solution of the problem (2.6) and
M(z,6(g(z))) is nonempty, then for any (7,5, —1) € M(z,0(g(z))),

o~

C(7.0(9(z))) ={(di,dz2) € X x R: I/(z)dy = 0, (¢'(2)ds, dz) € Txc(9(2),0(9(2))),

f(Z)dy +dy = 0}
={(d1,d>) € X x R : W'(7)d1 = 0, (¢ (), da) € Tie(9(2),0(9(2))),

(¢'(z)dr, d2) € (S, —1)*}.
(2.19)

One should note that (¢'(Z)di, d2) € T (9(Z),0(g(z))) is equivalent to (¢'(Z)d:, d2) €
epi M (g(7); ), ie., (di,ds) € epib+(g(z); ¢'(Z)(+)), by using K = epif and Proposi-
tion 2.2. However, we cannot directly obtain the critical cone of the problem (1.1) by
reducing that of problem (2.6), since the chain rule for the directional epiderivative

of 6 o g does not hold. We want to claim that

(00 9)L(z;d) > 0"(g(); ' (2)d), Vd € X. (2.20)
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Let (d, ;1) € epi (6 o g)* (Z;-) be arbitrary given. Then, due to Proposition 2.2 and
the definition of the tangent cone, there exist sequences {p, }n>o with p, | 0, d,, — d,

and pp — p such that (z + p,d,, 0(Z) + puitn) € epi (0o g), ie.,
0(9(Z + pndn)) = 0(9(2)) < pnpin.
By the Taylor expansion, we have
0(9(7) + png (2)dn + 0(pn)) — 0(9(Z)) < prpin.

Dividing by p,, on both sides and then taking limit, we obtain

0(9(Z) + pug' (T)dn + o(pn)) — 0(g(Z))

@ > liminf
n—oo B pn
>ty jut 200+ 0uTT) =0lo(@)
n (o] pn

H—g¢'(2)d
= 04(g(2); ¢'(2)d).
Therefore, we show (2.20). It is equivalent to epi (fog)* (z;-) C epi#*(g(Z); ¢'(Z)(-)).
Generally, we do not have the inverse inclusion. Thus, we cannot obtain the critical

cone of the problem (1.1) via reduction of (2.19). Fortunately, the inverse inclusion

can be obtained under an additional condition — the reduced RCQ (2.14).

Lemma 2.5. (cf. [8, Proposition 2.136]) Suppose that 6 : S — (—o0, 400 is
proper, lower semicontinuous and conver and g : X — S is continuously differen-
tiable mappings. If the reduced RCQ (2.14) is satisfied at & € g~*(dom ), then the

composite function 0 o g is directionally epidifferentiable at * and
(00 9)"(7;d) = 0"(9(7); ¢ (2)d), Vd € X. (2:21)

Therefore, within the reduced RCQ (2.14), we can obtain the following reduced

~

critical cone of the problem (1.1) by reduction of C(z,0(g(z))) in (2.19).

Proposition 2.11. Let £ € X be a feasible point of the problem (1.1) with the

~

reduced RCQ (2.14) holds at . Then C(z,0(g(Z))) can be written as

X})

(7,0(g(7))) = {(dr,ds) € X x R : dy € C(7),0%9(7); ¢ ()dy) < ds < —F'(Z)d1},
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where the critical cone C(Z) of problem (1.1) is defined as

C(z):={de X :W(x)d=0, f(z)d+ (fog)(z;d) <0}. (2.22)

Furthermore, if T is a a local optimal solution of the problem (1.1), M(Z) is

non-empty and S € M(z), then C(z) defined in (2.22) can be written as

C(z)={deX:N(@)d=0,4¢(T)decCy9(2),5)}, (2.23)

where Cy(+,-) is define as in (2.17).

The critical cone (2.23) plays an essential role in second order conditions.

2.4 The spectral functions

We give an introduction to spectral functions of matrices and employ some nice
properties of these functions. By using these properties, the characterization of such

matrix functions can be reduced to correspongding underlying functions of vectors.

Definition 2.16. A function ¢ : R™ — (—o00,400] is said to be symmetric if
q(Qx) = Qq(x) for any x € R™ and any permutation matriz € R™*™, and is
said to be absolutely symmetric if q(z) = q(Qz) for any v € R™ and any signed
permutation matriz (), i.e., an m X m matriz with each row or column has one

nonzero entry which is £1.

Let 0 : § — (—00,+00] be a closed proper convex function with S be either a
rectangular matrix space R™*"™ (m < n) or a symmetric matrix space S™.
We call 6 a spectral function if § can be written as a composite matrix function

either in the form of

0(X) = qoo(X), VX eR™" (2.24)

where o(X) = (01(X),...,0mn(X)) with 01(X) > 02(X) > ... > o,p(X) > 0

being the singular values of X arranged in the non-increasing order, and ¢ : R™ —
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(—o00, +00] is absolutely symmetric,
or in the form of

0(X)=qoAX), VXeS™, (2.25)

where M(X) = (A (X), A2(X), ..., An(X)) with A\ (X) > X(X) > ... > Au(X)
being the eigenvelues of X arranged in the non-increasing order, and ¢ : R™ —
(—00, +00] is symmetric.

In the following discussions, we also assume that ¢ is closed proper convex. By
the above statements of spectral functions, we can find that such spectral functions
include dsp (-) when ¢(-) = dgrm(+), and the matrix Ky Fan k-norm || - || ) when ¢ is
the vector k-norm, i.e., the sum of k (1 < k < m) largest absolute components of a
vector in R™.

Before we show more properties of spectral functions. We would like to adopt

the follwing definition in [8, Definition 3.135] here.

Definition 2.17. [C?-cone reducible set] The closed convez set K is said to be C?-
cone reducible at A € K, if there exist a open neighborhood W C Z of A, a pointed
closed convexr cone Q (a cone is said to be pointed if and only if its lineality space
is the origin) in a finite dimensional space U and a twice continuously differentiable
mapping = : W — U such that: (i) Z(A) = 0 € U; (ii) the derivative mapping
Z(A) 1 Z — U is onto; (iii) KNW = {A €W | Z(A) € Q}). We say that K is

C?-cone reducible if IC is C?-cone reducible at every A € K.

We say a closed proper convex function # is C*-cone reducible if its epigraph
epif is C2-cone reducible.
As we have mentioned in section 2.3.1 that, in general, T2(z;d) # T (x; d) even if
KC is convex ( [8, Section 3.3]). However, it follows from [8, Proposition 3.136] that
if K is a C%-reducible convex set, then the equality always holds.
Next, we list some useful results for the “sigma term” of the C?-cone reducible sets,
which associated with the second order optimality condition for the problem (1.1).

One can reference [8, (3.266) and (3.274)].
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Lemma 2.6. Let A € K be given. Then, there exist an open neighborhood W C Z
of A, a pointed closed convex cone Q in a finite dimensional space U and a twice
continuously differentiable mapping = : W — U satisfying conditions (1)-(iii) in
Definition 2.17 such that for all A € W sufficiently close to A,

Nic(A) = E'(A)"No(E(4))), (2.26)

where Z'(A)* : U — Z is the adjoint of Z'(A). In particular, for any B € Ni(A),

there ia a unique element u in No(Z(A)) such that B = Z'(A)*u, denoted by
(Z'(A)*)~LB. Furthermore, We have for any D € Cx(A +

B),
(B, T¢(A, D)) = —((Z'(4)")"'B,Z"(A)(D, D)). (2.27)

Then, we go back to discuss spectral functions. The next three properties [20,
Proposition 2-3 and 10-14] show the conjugacy of spectral functions, and that the
C?-cone reducibility and the metric subregularity of the spectral function 6 can be
checked via its underlying function gq.

Let § = R™™ or 8™ in below. We always assume that underlying function ¢ is

closed proper convex in the following statements.

Proposition 2.12. Let the function 6 : S — (—o0,+00] be a spectral function in
form of (2.24) or (2.25), and q : R™ — (—o00,+00] be the underlying absolutely

symmetric or symmetric function associated with 6. Then,

(i) the conjugate function ¢* is absolutely symmetric and (qo o)* = q* oo if q is

absolutely symmetric;
(ii) the conjugate function q* is symmetric and (qo A\)* = q* o X if ¢ is symmetric.

Proposition 2.13. Let the function 6 : S — (—o00,+00] be a spectral function in
form of (2.24) or (2.25), and q : R™ — (—o00,+0o0] be the underlying absolutely
symmetric or symmetric function associated with 6. Then, for any X € dom@, 6 is

C?-cone reducible at X if q is C*-cone reducible at o(X) (or A(X)).
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Proposition 2.14. Let the function 6 : S — (—o00,+00] be a spectral function in
form of (2.24) or (2.25), and q : R™ — (—o00,+00] be the underlying absolutely
symmetric or symmetric function associated with 6. Let (X, W) € gph 0. Then the
subdifferential mapping 00 is metrically subreqular at X for W if the subdifferential
mapping 0q is metrically subregular at o(X) (or N(X)) for a(W) (or A(W)).

By these nice properties of spectral functions, we would like to show the C?-cone
reducibility and the metric subregularity of dsp () and || - [|x). As we know that
the underlying functions g(-) of dsp(+) and || - [|x) are ézm (-) and the vector k-norm
function, respectively, thus we only need to show the C%-cone reducibility and the
metric subregularity of dgm (-) and the vector k-norm function. Since dz» () and the
vector k-norm function are polyhedral convex functions and so do their conjugate
functions [85, Theorem 19.2], thus they are C?-cone reducible [8]. Moreover, by [86,
12.31], we have the subgradient mapping dégm(-) = Ny (-) of dgp is piecewise
polyhedral. And it is well studied in [106] that the Fenchel conjugate function of
the vector k-norm function is an indicator over a polyhedral convex set. Similarly,
by using [86, 12.31] again, we obtain that the subgradient mapping of the conjugate
function of the vector k-norm function is piecewise polyhedral. Combining these

facts with Lemma 2.2 and Proposition 2.5-2.6, we have the following results.

Proposition 2.15. The spectral functions dsm(-), || - [|x) and their conjugate func-
tions are C*-cone reducible. Moreover, each of 9dsy, (Ddsm)™", O - ||x) and its
muverse mapping possesses the metric subreqularity property with the same modulus

k >0 at every point in its graph set.

For more discussions on the congugate function and the dual norm of the Ky
Fan matrix k-norm || - [|x), one can refer to [25, 106].

After these preparations, we are ready to present our main results.






Chapter 3

The metric subregularity of the KKT
solution mapping for composite

semidefinite programming

In this chapter, we consider (1.1) with a special § chosen as the indicator function
over the positive semidefinite cone S, i.e., 0(-) = dsr (+).

We can interpret the problem (1.1) as

min f(x)
s, h(z) =0, (3.1)
g(x) € S,

where f : X — R is twice continuously differentiable function, h : X — ) and
g : X — 8" are twice continuously differentiable mappings, X and ) are finite
dimensional real Euclidean spaces.

The form (3.1) is the conventional nonlinear semidefinite programming. The non-
linear SDP problem has various applications in diverse areas, such as pooling and
blending problems [36, 101}, robustness analysis and robust process design [23, 87],
quantitative finance and engineering [42,76,77,107,112], etc. Due to the importance
of the semidefinite programming in optimization, the study of stable properties of

the corresponding optimality systems is significant. It has been shown [26,41] that
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at a locally optimal solution, the KKT solution mapping of the problem (3.1) is
robustly isolated calm at origin for a corresponding KKT point of the problem (3.1)
if and only if the SRCQ and the SOSC hold at that locally optimal solution. The
Proposition 2.10 says that the SRCQ implies the singleton of the multiplier set.
Therefore, the isolated calmness property requires the uniqueness of the multipliers.
This is a restrictive requirement, since it may fail the uniqueness of the multipliers
in practice. Recently, Cui et al. [22] remove the SRCQ by establishing the metric
subregularity for the KKT solution mapping of linearly constrained convex SDP
problem without multipliers to be unique. Such metric subregularity property also
guarantees the fast convergent property of some proper first order methods, such
as augmented Lagrangian method, etc. Motivated by these facts, we would like to
study the metric subregularity for the nonlinear SDP problem (3.1), which is not
a convex problem. Our study in this chapter is just a straightforward extension

of [22].

3.1 The sensitivity analysis of SDP cone

Some useful results of SDP cone are adapoted here. These are preparations for
our later discussions.

Let A € 8! and B € 8" satisfying B € 9dsn(A). Then, noting that ddsy(-) =
Nsn(+), it is easy to see that AB = BA =0 and A = Ils; (A + B). Set X := A+ B.
Suppose that X has its eigenvalues Ay > Ay > ... > \, being arranged in a non-

increasing order. Denote
a={i|lN>0,1<i<n}, f:={i|N=0,1<i<n},y:={i|\<0,1<i<n}

Then there exists an orthogonal matrix P € O" such that

A A, 0 0 0, 0 0
M=P|o oo |P,A=P|l o oo |P',B=P|0 00 |PT
0 0 0 0, 0 0 A,
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where A, = diag(\; |7 € o) > 0, A, = diag(); | j € v) < 0. Denote P = [P, P3 P,]
with P, € R™I Py € RIAl and P, € R™M|. Then by [2], we can characterize

the tangent cones and normal cones as

(

Tsp(A) ={H e S"| [P P|"H[P; P,] = 0},

Ten(B) ={H €8 | [P, Ps"H[P, Ps] <0}, s
Nsy(A) ={H €S" | [Py P,)TH[P; P,) <0, PTHP = 0}, |

Nsn(B) ={H € 8" | [P, Ps]"H[P, Ps] = 0, PTHP = 0}.

\

By the fact that ddsn () = Nsn (-), we also obtain the characterization of 9dsy (A).

Define the critical cone of S7 at A associated with B as
Csn(A,B) :=Tsn(A)NB* ={H € 8" | P H[Ps P,] = 0, P; HPs = 0},
and the critical cone of ST at B associated with A as
Csn(B,A):=Tsn(B)NA*={H € S" | PLH[P, P3] =0, P; HP5 < 0}.
From (3.3), it is easy to see the following proposition.

Proposition 3.1. Let A € S} and B € ddsp(A). Suppose that A and B have the

eigenvalue decompositions as in (3.2). Then it holds that:
(i) Nsn(A) is a polyhedral set if and only if |a| > n —1;
(it) B € 1i(Ns»(A)) if and only if |B] = 0, i.e., rank(A) + rank(B) = n.

In Cui’s PhD thesis [19, Section 2.5.2], she has proved the metric subregularity of
ddsn (+) and ddsn (-) as follows, which play an important role in the later discussions
of the metric subregularity for the problem (3.1). Moreover, these results can be

covered by Proposition 2.15.

Proposition 3.2. Let A € S} and B € 853¢(A). Then the subgradient mapping
Qdsn () is metrically subregular at A for B and the subgradient mapping 9dsn (-) is

metrically subreqular at B for A.
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Another useful result we need for our subsequent discussions is the following

perturbation property on the SDP cone (e.g., [22, Proposition 3.4]).

Proposition 3.3. Let A € S} and B € 9dsy(A). Suppose that A and B have the
eigenvalue decompositions as in (3.2). Then for all (A',B") € 8™ x 8" satisfying
B’ € 00sy(A') and is sufficiently close to (A, B) € 8" x 8", we have

Ay =Ny +O(|AA]), Ay =0(|A4]), A, = Omin{||AA], |AB]}),

Ay =0(|aAl) € SY Ay = O(|aA[[|AB]), A = O(|AA||AB]),

Bio = O(IAA]IAB]). B,z = O(IAA[IAB]), B, = O(min{|AA|l, |ABI[}),

Bjs = O(|AB|) € 8P, By = O(|AB|), B, = A, +O(|ABI),

(3.4)
B, + A A, A, = O(|AA|AB), (3.5)

I O([|AA[[ABI)([AA] + [|AB) if [a] > 0,
(Ags, Byg) = (3.6)

O([IAA[[IAB]?) if la =0,
where AA:==A' — A, AB:= B — B, A := PTA'P and B' := PTB'P.
This perturbation property contains the second order information of dsy. One

should pay attention to (3.5), which is closely related to the “sigma term” in the
SOSC.

3.2 The metric subregularity of the solution map-
ping for composite SDP problem

In order to conduct our main discussions, we need the following perturbation
analysis and notations. Our following perturbation analysis is conducted under
the canonically perturbed structure (1.3). The first order optimality conditions in

Section 2.3.3 can be adopted here.
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For any (x,y,S) € XxYxS", the Lagrangian function [ associated with problem
(3.1) is defined as

Uz,y,S) = f(z) + (y,h(z)) + (5, g(x)) — dsn (). (3.7)
Define the multi-valued mapping 7, : X x Y x 8" = X x Y x 8™ associated with
the Lagrangian function [ at any (z,y,S) € X x Y x §" by

T(z,y,5) ={(u,v,C) € X x Y xS" | (u,—v,—C) € dl(z,y,5)}. (3.8)

Suppose that the optimal solution set of the problem (3.1) is nonempty and

consider an optimal solution Z € X of the problem (3.1). Then, (3,5) € Y x 8"

is a Lagrangian multiplier corresponding to Z if and only if (z,y, S) satisfies the

following KKT system:
Vf(z)+ Vh(z)y+ Vg(z)S =0,
h(z) =0, (3.9)
S € Ny (9(7))-
Denote M(Z) as the set of all Lagrangian multipliers corresponding to z. By our
arguments in Section 2.3.3, one should note that the KKT system (3.9) is also the
first order optimality conditions of the problem (1.1) if the reduced RCQ holds at
z, l.e.,
0 € int{g(z) + ¢'(z)X — ST}, (3.10)
or euivalently,
J(@)X + Tau (g(2)) = 5™ (3.11)
By the third inclusion of (3.9), we assume that g(#) and S have the eigenvalue
decompositions as in (3.2) with A = g(z) and B = S.
For a perturbed point (u,v,C) € X x Y x 8", it is easy to check that (z,y,S) €
7?_1 (u,v,C') can be equivalently interpreted as the following perturbed KKT system:
Vf(z)+ Vh(z)y + Vg(x)S = u,
h(z) +v =0, (3.12)

S € Nsn(g(x) +C).
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One can find that 7,7'(0, 0,0) is the set of all the KKT points (z, , S) of the problem
(3.1) satisfying (3.9).

Next, we conduct our discussions about the metric subregularity of 7; at a KKT
point for the origin.

Let (Z,7,5) € 7,7'(0,0,0). We adopt the critical cone of the problem (3.1) at =
from (2.23) as

C(z):={d e X | W(z)d =0, ¢(@)d € Cs; (9(2), 5)}.

By Proposition 2.11, one should note that such critical cone is also the critical cone
of the problem (1.1) with 6 = dsp at Z if the reduced RCQ (3.10) or (3.11) holds.
Here, we define a more restrictive second-order sufficient condition for the prob-

lem (3.1) at Z with respect to the multiplier (g,S5) € M(Z) if
(d, V2,1(2,5,5)d) +2(S,¢'(2)dlg(2)]'g'()d) > 0, ¥V 0 # d € C(3). (3.13)

The conventionally used second-order sufficient condition is taking the supreme of
the left hand side of (3.13) over the multiplier set M (Z). Here, we only impose the
condition at one fixed multiplier (7, S) rather than the whole set. Moreover, the
second term in the left hand side is the so called sigma term. And this sigma term
can be expressed as the conjugate of the lower (parabolic) second order directional
epiderivative of 651, since 551 is C-cone reducible.

For the convenience of the later discussions, we define the following joint ‘critical
cone’ associated with the problem (3.1) as
K (z)dy =0,
C(5.5.5) = (o, dy,ds) € | ¢'(Z)ds € (351(9(5)75),

X xYx8S" ds € Csn (S, 9(z)),

(9(@)"*)1(g(2)d2) S + (g(2)"/?ds(81/?)T = 0

(3.14)

Now, we are ready to present our main result for the nonlinear SDP problem (3.1).

Theorem 3.1. Let T be an optimal solution to the problem (3.1) and (i, S) € M(Z)
be a Lagrangian multiplier corresponding to . Denote ® := (Cgi (g(f),S’))o. Let

the following assumptions be satisfied:
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(i) The set ¢'(z)T® is closed.

(i1) (Ue(—¢'(Z)dy), lle(ds)) = 0 for all (d,,d,,ds) € 5(:7:,3], S), where Tlg(-) de-

notes the projection onto the set ® and the set C(Z,4,S) is defined as (3.14).

(iii) The second-order sufficient condition (3.13) holds at T with respect to the mul-

tiplier (g, S) € M(z) for the problem (3.1).

Then there exist a constant k > 0 and a neighborhood U of (Z,%,S) such that for
any (u,v,C) € X x Y x 8",

|z — z|| < &||(u,v,C)||, V(z,y,S) € T, (u,v,C) NU. (3.15)

Moreover, if there exists (7, S) € M(Z) such that rank(g(z)) + rank(S) = n, then T,

is metrically subreqular at (%,7,S) for the origin.

Proof. Firstly, we show that under the assumptions (i)-(iii), there exist a con-

stant £ > 0 and a neighborhood U of (Z,¥,S) such that (3.15) holds. We seek a
contradiction to settle this.
Suppose that (3.15) does not hold. It means that there exist some sequences
{(uF,v%, CF) hso € X x Y x 8" and {(z*,y*, S*)}1>0 C X x YV x 8™ such that
(uk, 0%, C*) — 0, (2%, y*, S*) — (z,9,S) with every (zF,y*, S*) € 7,71 (u*, 0%, CF),
and

lo* = 2| > il (u®, ", C)]

with some 0 < J, such that d; — oco. Denote t;, := ||2* —Z||, by taking a subsequence
if necessary, we can assume that (2* — Z)/t), — dz € X with ||dz|| = 1.

From the perturbed KKT system (3.12), we can have that for all £ > 0 large enough,

0 = h(a*) +oF — h(z)

3.16
= W (Z)(z" — Z) + o(ty) + v". (319

Dividing by t; on both sides of (3.16) and taking limits & — oo, we get

(z)dy = 0. (3.17)
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For simplify notations, we set
Q={Wes} | [P P,]"W[P; P,] =0},
A:=g(z), B:= S,
and for all £ > 0,

Ak = g(a*) + C*, AF:= PTA*P, B*:= S* B*.= PTB"P,
(3.18)
H* :=To((B* — B)/t), G* := (B* - B)/t; — H* € ®.

Thus A* — A and B* — B by the assumptions. Moreover, similar to (3.16), we can
derive that

1
t—(Ak —A) = ¢ (2)dz as k — oo. (3.19)
k

Since B € ddsy(A) and Bt € aégﬁ(Ak), we can derive the following estimates by
Proposition 3.3 that for all (A*, B¥) sufficiently close to (A, B),

(

Ak = O(|| AF — A|||BF — BJ)), Ak, := O(||A* — Al|||B* - B|)),

Bl == O(| A* — A||| B* — BI)), Bl :=O(|A* - Al||| B* - BJ),

- N (3.20)
By, = —AJTAL A, + O(||A* — AJl||BY — BJ|),
Ak 18l Rk 18]
| Ajs €S, Bgge ST
Combining the above (3.19) and (3.20), we obtain
( —
9'(z)dz € Csp(9(2), 5),
—AY(D.
0 0 Aa (DUU)Q’YA'Y (321)
Hy:= lim H* =P 0 0 0 Pt
k—o0 N
\ (= A'(De)ardy)" 0 0

where D, := PT¢/(z)d, P.
Again, by the perturbed KKT system (3.12), we can deduce that for k& > 0 large
enough,
ub =V f(a*) + Vh(aP)yF + Vg(a*) St — (Vf(Z) + VR(Z)y + Vg(z)S)
= Vi, f(@)(@" — @) + (y*, h"(2)(z" — 7)) + (S*, ¢"(2) (" — 7)) (3.22)
+Vh(E)(y* - g) + Vg(z)(S* — 9).
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Dividing by ) on both side of (3.22), it gives

(e R N R B O
= Vh(Z) "= 9) + Vg(2)G* € InVh(Z) + Vg(z),

where the set in the right hand side, as a sum of a linear subspace and a closed set,
is closed, since ¢'(z)T® is supposed to be closed. Then by taking limit as k& — oo,
it yeilds

— V2, 1(z,9,5)ds — Vg(z)H, € ImVh(z) + Vg(7). (3.23)

The inclusion (3.23) means that there exists (dz, H2) € Y x ® such that
V2.2, 7,9)d: + Vg(Z)Hy + Vh(Z)dy + Vg(Z)Hy = 0. (3.24)

Let ds := H, + H, and dg := PTdsP. Then combining (3.17) and (3.21), we have

(dz,dy,dg) € C(z,y,S). This further indicates that 0 # d; € C(z) of problem (3.1).

Therefore, by making use of the assumption (ii), we have

(dz, V2,12, 5, )dz) + 2(S, ¢'(2)ds[g(2)]'g' (2)dz)
= —(dy, W' (2)dz) — (ds, g'(Z)dz) +2(S, ¢'(2)dz]g(2)]'g'(2)dz)

= —((Dz)ps, (dg)gs) = (Me(—g'(7)dy), M (dg)) = 0,

which contradicts the assumption (iii) that the second-order sufficient condition

(3.13) holds at Z with respect to the multiplier (3, S) € M(z). Hence, there exist a

constant £ > 0 and a neighborhood U of (z, 7, S) such that (3.15) holds.

Next, we prove that 7; is metrically subregular at (Z,, S) for the origin under
an additional assumption, which requires that there exist (7, 5) € M(z) such that

-~

rank(g(z)) 4+ rank(S) = n. In another word, it is equivalent to show that there exist
a constant &’ > 0 and a neighborhood U’ of (7,7, S) such that for any (u,v,C) €
X xYxS8",

dist((z,y,9), 7,71(0)) < &'||((u, v, O)||, Y(z,9,5) € T, (u,v,C)NU".  (3.25)
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For the convenience, we set
U= {(y,9)| (z,y,5) € T,7'(0,0,0)},

E1 = Ay, 9| Vf(2) + Vh(Z)y + Vg(2)S = 0}, Z5:={(y,5)| 5 € Nsz(9(7))}.

-~

One can easily find that ¥ = =, NZE, and (7, 5) € =1 Nri(Z2). Thus, by Proposition

2.1, we have that there exists a constant x; > 0 such that for any (z,y,S) € U’,

For any given point (x,y,S) € 7, ((u,v,C) NU', we assume that ||(y, 5)|| < n with
some 7 > 0 by shrinking U’ if necessary. Fixing that given point, using Hoffman’s
error bound (e.g., [43] and [33, Lemma 3.2.2])and the twice continuous differentia-
bility of f, h and g, shrinking U’ if necessary, we obtain that there exist constants

ks > 0 and } > 0 such that
dist((y, S),=1) < ol VF(2) + Vh(z)y + Vg(2)S||
< rma([Vf(2) = V@) + [ VA(z) — VA@)| ][y
+HIVg(a) = Va@)IIS] + f[ull)
< Ky(llz = || + llull)-

By Proposition 3.2, we have 9ds» (-) = Nn (+) is metrically subregular at S for g(z).
Together with g(z)+C € Nsn(S) and the twice continuous differentiabilty of g , we
can duduce, shrinking U’ if necessary, that there exist contants k3 > 0 and x5 > 0

such that
dist((y,5),Z2) = dist(S, N (9(7)))

< radist(g(z), Ns» (S))
(3.28)

< rgllg(z) + C = g(2)]]

< rg(llz =zl + ).

Therefore, we can find that there exist a constant ' > 0 and a neighborhood U’ of

(z,7,S) such that (3.25) holds, by using the inequalities (3.15) and (3.26)-(3.28).

This implies 7; is metrically subregular at (z,y, S) for the origin. O
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Remark 3.1. Our proof here follows the pattern of [22, Theorem 3.2] for linearly
constrained convexr SDP problem with C*' (or LCY, the class of all differentiable
functions having a locally Lipschitzian derivative) program data. We also adpot
some ideas from [46, 49] for the NLP problem with C*' program data. Therefore,
our assumptions of C? program data can be relaxed to CY* program data in above
discussions of the metric subregularity. In this situation, if the gradients Vf, Vg
and Vh are directionally differentiable at T, then we only need to change the SOSC
in the assumption (1ii) of Theorem 3.1 to the following form [22]:

(d. (Val)'(,7, 85 d)) +2(S, ¢'(2)d[g(2)]'g(z)d) > 0, VO #d € C(z),  (3.29)

where (V1) (Z,%,S;d) denotes the directional derivative of V,I(-,§,S) at T in the

direction d.

Remark 3.2. If ® is a polyhedral cone, by [72, Theorem 1.1], the closedness is
always satisfied for ® under linear transformations. Thus, if |5| = 0 or |B] = 1,
assumption (i) can be omitted here. Moreover, one should note in the proof that
(o (=g (Z)d3), Mo (dg)) = —((Dz)ss, (glvg)55>. Therefore, if = 0, assumption (ii)
can be omitted here. Additionally, if || > n — 1, the partial strict complementarity
condition can also be omitted, that is, there is no need to ezist a (7, S) € M(Z) such

-~

that rank(g(z)) + rank(S) = n.

In Theorem 3.1, we obtain the metric subregularity for the KKT solution map-
ping of the nonlinear SDP problem under rather weak conditions. This result can
cover the convex case. One can see that the perturbation property of the symmetric
cone 8! is crucial for the first part of proof. Due to the symmetric property of SDP
cone, of which the perturbation property is not that complicated. Thus, we want to

move forward without the symmetric property. That is what we shall study later.






Chapter I

The metric subregularity of the KKT
solution mapping for composite nuclear

norm problem

We move to non-symmetric matrix analysis in this chapter. One particular and
useful case is the nuclear norm regularized problem.
Let us consider (1.1) with a special 6 chosen as the nuclear norm function on

R™™ (m < n). We can restate the problem (1.1) as

min f(z) + [|g(z)]«

s.t. h(z) =0,

(4.1)

where f : X — R is twice continuously differentiable function, h : X — ) and
g: X — R™" are twice continuously differentiable mappings, X and ) are finite
dimensional real Euclidean spaces, and 6 : R™*"™ — R denotes the nuclear norm
function with 0(X) = || X ||, for all X € R™*",

This nuclear norm regularized problem (4.1) arises in various applications such as
the matrix norm approximation, low-rank problems and so on [18,27,39,45,51,79].
We want to extend our result of the nonlinear SDP problem to the problem (4.1)

here. Similar to the SDP case, the robust isolated calmness can be equivalently

45



46

Chapter 4. The metric subregularity of the KKT solution mapping for
composite nuclear norm problem

characterized by the SRCQ and the SOSC at a locally optimal solution [21,26, 56].
Due to the restrictive requirement of Lagrange multipliers to be unique, many models
in practice cannot possess the isolated calmness. To settle down this issue, we study
the metric subregularity for the problem (4.1). And this study can be a useful tool

for convergence analysis of various methods.

4.1 The sensitivity analysis of the nuclear norm

By using the preliminary results in the Section 2.3.1, it is very natural to obtain
some useful properties of the nuclear norm. We list some useful results of the nuclear
norm as a preparation of the main result. A perturbation property of the nuclear
norm showed at the end of this section.

Let A, B € R™*" satisfying B € 00(A) and denote M := A+ B. A well known

equivalent form [67] is given by
A = Proxg(M), B = Proxg(M). (4.2)
Suppose that M admits the following singular-value decomposition (SVD):
M = U[S(M) 0]V = U[S(M) 0)[V Vo] " = US(M)VY', (4.3)

where U € O™, V := [V} V] € O™ with V; € R™™ and V, € R™ (™™™ are singu-
lar vectors of M, and X(M) := Diag(o1(M),02(CM),...,0,(M)) is the diagonal
matrix of the singular values of M with o1(M) > 0o(M) > ... > 0,,(M) > 0 being
arranged in a non-increasing order.
For simplicity, we let (M) := (01(M),092(M), ..., 0,(M)), thus (M) = diag(o(M)).
Given the SVD of M as (4.3), it is follows [25] that A and B admit the following

SVD:

A = USA) VT =Ux(A)VT,

B = U[S(B)O[VT = US(B)VY,
where 3(A) := Diag(o1(A), 02(A),...,0m(A)), X(B) := Diag(o1(B),02(B),...,om(B))
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and
0i(A) = (os(M) = 1)y, 0i(B)=0i(M)—0;(A), i=12,...,m. (4.5)

Obviously, 01(A) > 03(A) > ... > on(A) > 0 and 0,(B) > 02(B) > ... >
om(B) > 0. Similarly, we let 0(A) = (01(A),02(A),...,0m(A)) and o(B) =
(01(B),02(B),...,0m(B)).

For simplicity of the subsequent discussions, we define the following three index

sets:

a={1<i<m:0;(A)>0}, f:={1<i<m:0;(A4) =0}, c:={m+1,...,n}.

(4.6)
Furthermore, let v1(A) > 15(A) > ... > 1,,(A) > 0 with some nonnegative integer
ro be the distinct nonzero singular values of A. Hence, we can divide « regarding
to the distinct nonzero singular values as

o= U a, a:={ic€ca:0(A)=y(A)}, 1=12... r. (4.7)

1<i<rg

By the relationship (4.5), we can see that 0,(B) = ¢, and 0 < ¢;(B) < 1 for i € .

To divide the set 3, we define the following three subsets:

f1r:={i€pB:0i(B)=1}, po:={i€pP:0<0i(B)<1}, pz:={iep:0iB)=0}
(4.8)

Actually, we can also interpret (4.6), (4.7) and (4.8) as a classification about the

singular values of M. By the relationship (4.5), it is easy to obtain that

a={1<i<m:0;(M)>1}, p={1<i<m:0<0;(M) <1},

aq={ica:0(M)=y(M)}, =12 ... 7

fr:={i€B:o(M)=1}, poa:={i€ef:0<0;(M)<1}, pzg:={i€f:0i(M)=0},
(4.9)

where vy (M) > vo(M) > ... > v,,(M) > 1 denotes the distinct singular values of

M that are larger than 1.

In fact, the above relationships among the sigular values of A, B and M can

be obtained by the following lemma, which is a special case of the characterization

in [69,102].
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Lemma 4.1. Suppose o(A) and o(B) are singular values of A and B respectively.
Then B € 00(A) if and only if 0(A) and o(B) satisfy the following conditions:
0a(B) =€a, 0<0s(B)<es and > 0i(B) <m—|al, (4.10)
iep

where o and [ are defined as (4.6).
Based on this lemma, it is easy to find the following observations.

Proposition 4.1. Let A € R™*"™ and B € 00(A). Suppose that A and B have the
SVD as in (4.4), then it holds that

(a) 06(A) is a polyhedral set if and only if o,m(A) > 0,
(b) B €1i(06(A)) if and only if 0 < 03(B) < ep.

Remark 4.1. One can find that if 0,,(A) > 0 in part (a) holds, then 0 is dif-
ferentiable at A [103]. In this case, problem (4.1) turns to a smooth optimization

problem.

Since the nuclear norm is a norm function on R™*"  then 6 is Lipschitz con-
tinuous and convex on doméf = R™*". By Section 2.3.1, we point out that the
nuclear norm @ is a regular function [8, Theorem 2.126]. Hence, 0*(X,-) = ¢'(X;-)
for any X € R™*". Thus, all the results in the Section 2.3.1 regarding to direc-
tional epiderivative of € can be shifted to its conventional directional derivative here.
Moreover, it can be obtained from Watson [104] that the subgradient of 6 at A has

the form:

00(A) = {UVE + UsW [V V)T - W e RIFHlab iy, < 1} (4.11)
Therefore, for any H € R™*", the directional derivative of § at A along H can be
explicitly written as

0'(A;H) = sup (H,S)

Sedo(A) (4.12)
= tr(Uqg HVa) + [[UFH([V3 Vol |l
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Let us recall the set valued mapping (2.17) at point (A, B) satistfying B € 06(A)
with 6(-) = [| - .,

Co(A, B) = {H € R™" . 0/(A; H) = (H, B)}. (4.13)

Here, we call Cy( A, B) the critical cone of 00(A) at A+ B, associated with B € 00(A).
Then, we can obtain the following characterization of the critical cone Cy(A, B)

from [25, proposition 10].

Lemma 4.2. Suppose A, B € R™*" satisfy B € 00(A) and the index sets v, 3, 51, Pa,
Bs, and ¢ are defined as (4.6) and (4.8). Given any H € R™ ™, denote H=UTHV
for U,V satisfying (4.3). Then H € Co(A, B) if and only if H has the following

block structure:

Haa F[aﬁ Hac
_ s (Hzp)! 0 | 0
H=| _ 3+1(5B) ,,,,,,,, oeenneee | . (4.14)
Hg, 0 0g, 0 0 0 0
0 0 i 053,33

where H5i<') denotes the projection onto the p X p dimensional positive semidefinite

cone.

For the convenience of later discussions, define two linear operators S : RP*P —
SP and T : RP*P — RP*P for any positive integer p by

S(X) = %(X +XT), T(X)= %(X —XT), VX € RV, (4.15)

Next, let us consider the Fenchel conjugate function 6* of . By the equivalence of
B € 00(A) and A € 00*(B), we can similarly define the critical cone Cy«(B, A) of
00*(B) at A+ B associated with A € 06*(B). One can find a directly derive in [25].
The critical cone Cy- (B, A) is defined as

Co-(B,A):={H e R"™": ¥ (B;H) = (H, A) = 0}, (4.16)

where 9(-) denotes the dual norm of the nuclear norm 6, i.e., the spectral norm || -||2

on Ran
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We adopt the following characterization of the critical cone Cy«(B, A) in [25, propo-

sition 12].

Lemma 4.3. Suppose that all the assumptions in Lemma 4.2 hold here. Then

H € Cy«(B, A) if and only if H admits the following block structure:

T(Hao) 1 T(Hap) 1 Hapy | Hapy
N T(Hg,o) ' Hos (S(Hs,s,)) + T(Hs,s,) | H H ~
go | TWae) Moo OWHan)) + THan)  Hoy Howg 5 1 1)
CHpe Hppo  Hpp,  Hppy
Hﬁsa Hﬂsﬁl iﬂﬁsﬁz H5353

where S(-) and T(-) are defined as (4.15), Ilge (-) denotes the projection onto the
p X p dimensional negative semidefinite cone and H = [Hy, Hy] = [UTHV; UTHV3)].

Similar to the SDP case, we also need the perturbation property of the nuclear
norm for our subsequent discussions about the metric subregularity for the problem
(4.1). Before that, the following observations are useful for our perturbation analysis.

Let Z € R™ " be any given matrix. Suppose Z admit the SVD: Z = U[%(Z) 0]VT
with U € O™ and V € O". Define the two index sets a and b by a := {1 <
i <m :o0i(Z) >0}and b := {1 <i < m : 0i(Z) = 0}. Similar to (4.7),
a can be divided into ¢ subsets {n,...,n,} for some positive integer ¢ such that

a= |J m with the singular values on each subset are the same and o;(2) > 7,(2)
1<i<q
for Vi € My ] € n, with 1 <[y <l < q.

Then we can obtain the following properties from [24, Proposition 2.1].

Proposition 4.2. For any R™" > H — 0, let Z := [%(Z) 0] + H. Suppose that
UeOm and V e O" satisfy

Z=[%(Z) 0|+ H=U[X(Z) V",
Then, there exist Q € O, Q' € O and Q" € O™l such that

~ Q 0
+ O(||H||) and V = + O(||H), (4.18)

Q/ O Q//

ﬁ:Q



4.1 The sensitivity analysis of the nuclear norm 51
where @ = Diag(Q1, Qa, ..., Q,) is a block diagonal orthogonal matriz with the k-th
diagonal block given by Q, € Ok =1,... q. Furthermore, we have
XD = 2D )igen, = QFES(Hyn) Qi + O(|HIIP), k=1,....q, (4.19)
(22w —2(2)w 0] = Q"[Hw Hyp Q"+ O([|H|?),
where v is defined in (4.6).

By using Proposition 4.2, we show the perturbation property of the nuclear norm.
Proposition 4.3. Let A € R™*"™ and B € 00(A). Suppose that A and B have the
SVD as in (4.4) and the index sets «, B, B, B2, B3, and ¢ are defined as in (4.6)
and (4.8). Then for all (A", B') € R™™ x R™" satisfying B € 00(A") and is
sufficiently close to (A, B) € R™*™ x R™*™, we have

A = S(A)aa + OIAA]), Ay, = O(IAA]), A5,05,00 = Olmin{[AA]L |AB]}),

Ao = OUIAA]), Ay 5 = O(IAA], AL 5,0500 = OUAA[AB),

Algausne = Omin{[[AA[ ABI}), Alg,us,) 00 = OUIAA[AB)),

(4.20)
and

B, = I, + O(|AA]), B.; = O(|AA]), B, , = O(min{||AA]|, [|AB]]}),

(B2UB3UC

Bjo = O(IAAN), By, = Iiay + O(|AA] + | AB]).

El&(ﬁzUBch) = O(HAB”)v EEBQUﬁS)a = O(m1n{||AA||, ||AB||})7
B{s, 5 = OUABI)), Bis, = S(B) g, + O(IAB), Bh,s, = O(|ABI),
. BzﬁzUﬁs)(ﬂsLJc) = O(“ABH)

(4.21)
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Moreover,

4

S(B})aa = Lo + O(| AAI2), S(Bf)ag, = O(|AA|? + | AA||AB]),

T(A)aa = 3 (2(A)aaT(Bl)aa + T(B)aaS(A)aa) + OUIAA|? + |AA]|AB]),
T(ADag = $E5(DaaT(B))ag, + OIAA|? + | AA||AB),
S(Ap,5,) + OUIAAI? + IAAIAB]) € S, T(Ay,5,) = O(IAA|I? + |AAAB]),

S(BY,5,) = Lipy)s Blg, = S(A)2L AL, — S(A)7L (AL, )T (B)s,s, + O(|AA||AB])),

aa’ afs

EIB a — Z/BQaE(A);l -

(o7

S(B)gass (Als, ) TE(A)LL + O(|AA|||ABY)),
Bl e =
By, = Ay (AL + O(|AA||AB]).

= B(A)za A, +O(|AA[[|ABI]),

aa’ a(B3Uc)

\

(4.22)

and
(S(Ay5.),8(B5) — i) = OUIAANABIN(IAA] + [AB]) + O(IAAI), (4.23)

In above statement, we denote AA := A"’ — A, AB .= B' — B, A = UTAV =
(A Ay = [UTAV, UTA'V,), B .= UTB'V = [B] B} = [UTB'V, UTB'V3] and 1,
as the identity p by p matriz.

Proof. From the above arguments about the SVD of A and B, it is easy to see
that there exists U € O™ and V € O" such that

A =UxA) VT, B =U[xRB) VT

By Proposition 4.2, we can see that for all AA and AB small enough, there exists
Q1€ 0 Qe O, Qe Ol Qy € O™ 151 Q) € Ol and QY € O+l

such that
g= @ " ) roqaan=( % ° ) roqanpy. @
0 @ 0 Q
o9 Y Y rogaap = @ ° ) voqasp. @2
0 0
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where @)1 = Diag(Py, Ps, ..., P.) and @y = Diag(Py, Py) are block diagonal orthog-
onal matrices with P, € Ol [ =1,... r P| € OltAl and P) € 0P, Moreover,

E(Al>alaz - Z(A)azaz - PlTS(A‘Ziazaz)Pl + O(||AA||2)7 [=1,...,m,
~ _ (4.26)
[Z(A)gs — B(A)ss 0] = QF[AAgs AAg QT + O([JAA]?),
and
S(B)useus) — lajsl = PITS(ABaugyeus) Pi + O(|AB?),
E<B/)5252 - E(B)ﬁzﬁz = PéTS(AEﬁzﬁz)Pé + O(HABH2)7 (427>
[Z<B/)53ﬂ3 - 2(3)5353 0] - QéT[AEB:;Lﬁ Agﬁsc] /2/+ O(HABH2)7
where AA := UTAAV and AB := UTABV. One should note that
Q?Z(A)aan = Z(A)Olow P2/T2<B)ﬁ2/32p21 = 2(3)5252' (4'28)

By Lemma 4.1 and the definition of 81, 2 and (33 in (4.8), we can obtain the following
properties of ¥(A’) and 3(B’) that
(A =0, X(B)aa = I,
( )(,32U/33)(52Uﬂ3) ( ) |ex] (4.29)
S(B)se 2 i)y (E(A)sis, 2(B)gs — 1gy) = 0.
By using (4.24), (4.25) and the fact that for any N € RIA>IA1l,

NNT =I5+ O(|AA|| + |AB|) = 3N € O such that N = N + O(||AA[| + |AB])),

we can deduce that there exists Ps, € O/%l such that

Q1+ Ry Uag, Uags Uaps
b Una P +O(|AA+AB])  O(|AB]) O(lABJ|)
Upsa O(lABl) P+ O(|AB]))  O(l|ABI)
Upga o([[AB]) O(lABl)) Q5+ O(J|AB]))
(4.30)
and
Qi+ R, Vis Vs Via(850¢)
7 Vi Po, + O(|AA| +[|AB)  O(|AB]|) o(lABJ[)
Visa O([[AB]) P+ O(|AB])  O(ABI|)
Vissuea O([[AB]) O([[AB]) 2+ O(JJAB])

(4.31)
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where
O(IAA]), Uap, = OUAAL, Uagpusy = Olmin{[|AA], |AB]}),
Usia = OUIAAL), Ugaupa —O(mm{IIAAII IABI}),
O(IAA]), Vag, = O(IAA], Visaugaug = O(min{||AA], [|AB]}),

Vaia = O(|AA]]) and Vigus,uge = O(min{||AA]|, [AB]}).
(4.32)
Then, combining (4.30)-(4.32) and the orthogonality of U and V, we can have that

for all AA and AB sufficiently small,

p

Q1RT + RiQT = O(||AA|?),
QUL + Uap, PT = O(|| AA|1?) + O(| AA|||ABY)),
QUL + Uas, PT = O(| AA[ | AB),
(4.33)
Q1R + RyQT = O(||AA|?),
QIVE 4+ Vos, P = O(| AA|R) + O(| AA]||ABY)),

QIVE, + Vo, PiT = O(| AA||ABJ).

\

Next, by using (4.24)-(4.32), we can have the following characterization of A’ and
B’ that for all AA and AB sufficiently small,

A, = S(A)aa + 1+ Z(A)aa@1 RY + RIQTS(A)aa + O(| AA|?)
= S(A)aa +O(|AA]),
A, = S(A)aa@ VL, + O(AA|?) = O(|AA]),
A somoy = SAaa@VE g0 +OUIAA[AB]) = O(min{[|AA], |AB}),
A = UpaQTS(A)aa + O(|AA[?) = O(|AA]),
A s, = P3,S(A)p,5,Ph + O(|AA|?) + O(|AAJ||AB|) = O(|AA]),
AL sosue = OUAA[AB]),
Aosa = UpugaQS(A)aa + O(|IAA|AB) = O(min{|| AA|, |AB]}),
Al s = OUAAAB]),

(4.34)
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and
B = i+ QuR] + R1QT + O(| A A1)
= I+ O(|AA]),
B, = QVE, +Uap, P54+ O(|AA|%) + O(|AA]|AB]) = O(|AA]),
B, = QVE, + Uap, PSTS(B) gy, + O(|AA]|AB|) = O(min{||AA], | AB|}),
Blg,00 = Q1VE, 0. + OUAAAB]) = O(min{|AAll, |AB]}),
By = UpaQl + P5, VI, +O(|AA|?) + O(|AAAB]) = O(|AA]),
B, s, = Ijg, + O(|AA] + |AB]),
Bl saumue = OUIAB]),
Bl = UpaQl + 3(B)p,5, PV, + O(|AA[|AB]) = O(min{| AA|, |AB]}),
Bl = Up,aQF + O(|AA[|AB]) = O(min{|| AA], | AB|}),
By pns = OUAB|), Bl =S(B)as, + O(|AB|), Bls, = O(|AB])
\ Bl5,08)(6200 o(llABY),

(4.35)
where Ty := Diag(S(AAqg,a,), ..., S(AA, o)), a o] X || symmetric matrix.
Thus, we have showed (4.20) and (4.21). Next, let us prove (4.22). By the results
we obtained in (4.34) and (4.35), using the relationships (4.33), we can derive the
following useful relationships via fundamental calculations that for all AA and AB

sufficiently small,
(

S(BDaa = lja| + O(IAAI2), S(B)as, = O(JAA|? + | AA[[|AB]),

T(A)aa = 3 (E2(A)aaT(Bl)aa + T(B)aaS(A)aa) + OUIAA|? + [AA]AB]),

T(ADag = $E5(AaaT(B))ag, + OIAA|? + | AA||AB),

B, = S(A)aaAls, — B(A)aa(A,0) "E(B)sus, + O(IAA[AB),

aa’ tafs

Blyo = A 2(A)aa = Z(B)ss (A,) S (A) s + O(|AA[| AB)),

5%
BOC(,33UC)

B, = Ay S(A)LL+ O(|AA||AB),

= S(A) LA,

aa’ Ta(B3Uc

) +o(laAl[ABI),

(4.36)
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Moreover, for AA and AB small enough, we have

S(Aj,5,) + OUIAAIIAB]) + O(IAAJ?) = Py, (A5, PF € S, (437
T(Ay,s,) = O(IAAIP) + O(JAA[|AB]).

By Lemma 4.1, it always holds that ©(B') = %(B’) < I,,. Thus, we can derive that
- ~ -

Blavgyyavs Blavsus) = Lial+ia and B(aum)(auﬁl)BEauﬁl)(aUBu = Jof+)s,- By the
definition (4.15) of operators S(-) and T(-), one can expand the summary

1 NT
Lo+ = §(B (@UB1) (aUBr) (auﬁl)(auﬁl) +B(auﬁl)(auﬁl)BEauﬁl)(auﬁl))

S(B (aUB) (aUB1)) +T(BZauﬁl)(auﬁl)))(S(Bzauﬁl)(auﬁl)) - T(Bfaugl)(augl)))

w\»—t

(S aUB1 (aUﬁl)) T(Bzauﬁl)(auﬁﬂ)) (S(Béauﬁl)(au,é’l)) + T( (aUﬁl)(aUﬁl)))

+
N[

S(B{ausyyaum)SBlausnausn) + TBlaus o) T Blaus)@usn) " s
4.38

Then,

S(BEaU,Bl)(aU,Bl))S<Béauﬁ1)(au,81)> = aj4ip) = S(Bfauﬁl)(augl)) = o) 41|
) (4.39)
S(Bj,p,) = -

Finally, let us prove the last equation (4.23). Denote R3 = [75151 — P, =
O(I|AA|| + ||AB||) and Ry = Vs, 5, — Ps, = O(||AA|| +||AB||), then by the orthog-
onality of U and \7, we can easily find that

Py, Ry + Ry Py, = O(||AA|* +[|AB]?),

(4.40)
P, R + RyDj, = O(||AA|* +[|AB]?),
Then, we can compute
Bin = (Pat ROS(B)sa (P + RO +OUAAIP +ABID)

= Dy X(B)ss Ps, + Do, By + RsPj, + O(||AA|]? +[|ABJ).

Therefore, combining (4.40) and (4.41), we can conclude that

S(Bl5,) = P, 2(B) g5 PE + O(||AA| + ||AB|).



4.2 The metric subregularity of the solution mapping for composite nuclear

norm problem

57

Hence,
(S(45,5,)8(Bpy5,) = )
= (Ps,S(A)p,5 Pj, + O(IAA|? + |AAIABI), Ps, 5(B)g,, P, — gy
+O(||AA[]? +[|ABI[%))
= (Ps,2(A)p.5 Ph,» Ps, Z(B)gis Pa, — 11y) (4.42)
+ (P3,X(A)5,5 P5,, O(|AA|? +[|AB]?))
+ (O(|AA|P + [AAJIABI), Ps,2(B") gy, Py, — Lisy))
— O(JAAIABI)(IAA] + |IABI) + O(IAAJ?),
where the first summand of the second equation equals to 0 due to (4.29), and the
last two summands estimated by (4.26) and (4.27).
This completes the proof of the proposition. n
Similar to the SDP cone, this perturbation property contains the second order

information of the nuclear norm. Moreover, the proof is complicated due to the

nonsymmetric of the underlying matrix.

4.2 The metric subregularity of the solution map-
ping for composite nuclear norm problem

Similar to the SDP case, we still need the following perturbation analysis and
notations.

For any (z,y,5) € X x Y x R™*" the Lagrangian function [ associated with
problem (4.1) is defined as

Uz, y,5) = f(x) + (y, h(x)) + (S, g(x)) — 0°(S). (4.43)

Define the multi-valued mapping 7; : X X Y x R™*" = X x ) x R"™*"™ associated
with the Lagrangian function [ at any (z,y,5) € X x Y x R™*™ by

Ti(x,y,S) ={((u,v,C) € X x Y x R™"|(u, —v,—C) € dl(x,y,S)}. (4.44)

Suppose that the optimal solution set of the problem (4.1) is nonempty and

consider an optimal solution Z € X of the problem (4.1). As the illustrations in
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Section 2.3.3, if the reduced RCQ (2.14) holds at Z, we can impose the following

first order optimality conditions for the problem (4.1). Then, (7,5) € Y x R™*"

is a Lagrangian multiplier corresponding to z if and only if (Z,y,S) satisfies the

following KKT system:
Vf(z)+ Vh(z)y+ Vg(z)S =0,
h(z) =0, (4.45)
S € 00(g(x)).

Denote M (z) as the set of all Lagrangian multipliers corresponding to .

Moreover, since dom # = R™*", the reduced RCQ (2.14) always holds at z, i.e.,
0 € int{g(x) + ¢ ()X — R™"}. (4.46)

Therefore, we can have (4.45) as the optimality conditions of the problem (4.1)
without assumptions.

By the third inclusion of (4.45), we assume that g(Z) and S have the singular value
decompositions as in (4.4) with A = g(7) and B = S.

For a perturbed point (u,v,C) € X x Y x R™ ™ it is easy to check that
(z,y,5) € T, *((u,v,C) can be equivalently interpreted as the following perturbed
KKT system:

Vf(z)+ Vh(z)y + Vg(x)S = u,
h(z) +v =0, (4.47)

S € db(g(x)+C).
One can find that 7,7'(0, 0,0) is the set of all the KKT points (z, , S) of the problem
(4.1) satistying (4.45).
Next, we conduct our discussions about the metric subregularity of 7; at a KKT
point for the origin.
Let (7,7, 5) € 7,7'(0,0,0). As the reduced RCQ (4.46) always holds, by Propo-

sition 2.11, we can have the critical cone of the problem (4.1) at Z as

C(z):={de X |N(@)d=0, ¢()d € Co(g(7),5)},
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where, Cy(-,-) defined as (4.13).
Here, we define a more restrictive second-order sufficient condition for the problem

(4.1) at = with respect to the multiplier (g, S) € M(Z) if

where —7 gz (5 g (i‘)d) is the so called sigma term in the second-order sufficient
condition (4.48) for the problem (4.1).

Furthermore, by Proposition 2.15 or [24, Proposition 4.3], the epigraph of the nuclear
norm 6 is C*-cone reducible at every point (X,¢) € epif, and thus second order
regular [8, Proposition 3.136]. Therefore, 6 is twice (parabolically) directionally
epidifferentiable by Proposition 2.3. Moreover, since  is Lipschitz continuous and so
does its directional derivative, we have 0" (X; H, -) = 0 (X; H,-) and O (X H,.) =
0" (X;H,-) for any X, H € R™™. In total,  is twice (parabolically) directionally
differentiable and 0% (X; H, ) = 6" (X; H,-) for any X, H € R™*™.

In [25], Ding shows that the sigma term for nuclear norm regularized problem is
just the conjugate function of the parabolic second order directional derivative of
the nuclear norm function #. Moreover, by adopting the sigma term derived by

Bonnans and Shapiro [8, Section 3.4.1] for composite problems, we have
~Yy@) (9 (@)d) = ¢*(-) with ¢(-) := 0"(g(2); ¢'()d, ).

By using the expression of the second order directional derivative for the eigenvalues

and singular values [96,109], Ding [25] futher provides the explicit expression of this

sigma term as below.

We consider A, B € R™*™ satisfying B € 00(A) and the index sets «, 3, 51, 52, (3

and c defined as (4.6) - (4.8), the sigma term

—Ta(B,H) =2 rzotr(Qal(A, H)) + 2(Diag(os(B)),Uj HATHV}), (4.49)

=1
where 03(B) = (0;(B))iep and

Quy (A, H) = (S(H))E(E(A) = (AT (S(H1))a, — (201(A)) ™ Hapo I,

ajc

(TG (=E(A) = u(AZ)(T))ay 1=1,2,...70,
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with H = [H, Hy] = [UTHV; UTHV,). We can futher compute the sigam term as

TA(BH) = Y s (sl + Y s T P

1<ti<ro L 1<i<ro
20 0u(B)) oz o 2B D)
Y (P AL syl + 2 ()l

1<i—|al- _\ﬂ1|<\52\

2, 2 _ 2
+1§<: < ))a153” + u(A) H(T(Hl))a153|| >
+1<ZZ<7-0 Vl(lA)H(ﬁ2)alC” .

(4.50)
For the convenience of the later discussions, recalling the definition of Cy«(-,-) in

(4.16), we define the following joint ‘critical cone’ associated with the problem (4.1)

as
W (Z)d, = 0,
C(2.5.5) = (do,dy,ds) € | ¢'(2)ds € Cy(g(2), S),ds € Co+(S, g(2)), ’
X XY xR | dg=UlEs0S(Dy1) +EroT(Dyy) Fo(Dypo)VT

+U@gVT

(4.51)
where D, = ¢(z)dy, Dy = [Dyy Dys] = [UTD,V, UTD,Vs] = UTD,V, ds =
UTdgV and & € 8™, &r € 8™, F € R™ (™) are given by

0i(S) — 5(S)

= | @ —a@y e Fa@.
0 otherwise,
JZ(S)+Uj(§ if o;(g(x oi(g(x
(gT)Z] _ Uz(g(f)) +0'](g(l‘)) f l(g( )) + ]<g< )) 7& 07 i\ c {17 ’m}’
0 otherwise,
and
Ji(S) if 0;(g(Z 0
(F)i; =4 0il9(7)) ol 70 ie{l,...m}, j={1,....,n—m};
0 otherwise,
Ona 0 0
moreover, we define Og := " N € Rmxm,

0 (ds)ss (ds)pe
Our main results are as follows.
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Theorem 4.1. Let T be an optimal solution to the problem (4.1) and (y,S) € M(Z)
be a Lagrangian multiplier corresponding to T. Denote ® := (Co(g(Z),S))°. Let the

following assumptions be satisfied:
(i) The set ¢'(z)T® is closed.

(1) Mo(—g'(z)d,), He(ds)) = 0 for all (d,,d,,ds) € 5(5,3], S), where Mg(-) de-

notes the projection onto the set ® and the set C(Z,%,S) is defined as (4.51).

(i1i) The second-order sufficient condition (4.48) holds at T with respect to the mul-

tiplier (y,S) € M(x) for the problem (4.1).

Then there exist a constant k > 0 and a neighborhood U of (Z,y,S) such that for
any ((u,v,C) € X x Y x R™*",

lz = z|| < Kll((u,0,O), Y(z,y,5) € T, ((w,v,C)NU. (4.52)

Moreover, if there exists (7,S) € M(Z) such that 0 < 05(:9\) < eg, then Tj is

metrically subreqular at (z,%,S) for the origin.

Proof. Firstly, we show that under the assumptions (i)-(iii), there exist a con-
stant x > 0 and a neighborhood U of (7,7, S) such that (4.52) holds.
Suppose that (4.52) does not hold. It means that there exist some sequences
{(uF, 0%, CF) }rso C X x Y x R™™ and {(z*, y*, S*) }1>0 C X x Y x R™*™ such that

(uk, o, CF) — 0, (2%, y* S*) — (2,7, S) with every (zF,y*, S*) € 7,7 (uF, vk, CF),

and

lz* = ]| = dull(w*, ", CH)|
with some 0 < d, such that §; — oco. Denote t;, := ||2* —Z||, by taking a subsequence
if necessary, we can assume that (2* — Z)/t, — dz € X with ||dz|| = 1.

From the perturbed KKT system (4.47), we can have that for all £ > 0 large enough,

0 = h(a*) +oF — h(z)

(4.53)
= W (z)(a* — Z) + o(ty) + v".
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Dividing by ) on both sides of (4.53) and taking limits k — oo, we get
K (z)ds = 0. (4.54)
For simplify notations, we set

Q—{WGRmX”\UEW[ V] = 0},
Aw=g(z), B:= S5,

and for all £ > 0,

A= g(ak) + o, AP = UTANY = [A} AK] = [UT ARV, UT AMV),

Bk .= Sk Bk .= UTBFV = [BF BE| = [UTB*V, UTB*V4), (4.55)

H* :=1lo((B* — B)/ty), AA* .= A" — A, AB*:= B* - B.
Thus A¥ — A and B*¥ — B by the assumptions. Moreover, similar to (4.53), we can
derive that

%(A’“ —A) = §(#)ds as k — . (4.56)

Since B € 00(A) and B* € 00(AF), we can derive the following estimates by Propo-
sition 4.3 that for all (A%, B¥) sufficiently close to (A, B),
S(AL,5,) + O(IAAF|2 + | AAR||ABH) € P, T(AL 5) = O(IAAR|2 + |AAF | ABH]),
‘zgl (B2UBsUe) —
S(BYaa = Tja| + O(|AAM2 + | AAF|[|ABM), S(B)ap, = O(|AAM? + |AAF]|AB]),

O(||AAF[ABH]), A = O(| AA*[[|ABE),

52U53)(6UC)

S(B5,5,) = Ly
(4.57)

and

T(AD)aa = 5(Z(A)aaT(B Jaa + T(BF)aaT(A)aa) + O(|AAF|? + [[AAF||ABF]),

N[ =

T(ADap = 32(A)aaT(Bf)as, + O(|AAR|” + | AAF|[|ABH]),

BF, = %(A)1AR . —s(A) L (AR

afy — aa’ afy ,82&) (B)52,32 +O(HAAICHHAB’€”)7

BE = Ak S(A)SL = N(B)gyp, (AR, ) TE(A) L + O(| AAR| | ABF|),

Bk

N gue) = S(A)aa Al +O(|AA*|[|AB*),

oo’ T (B3Uc)

B, = Ak S(A)z4 + O(|AAR||AB)).
(4.58)
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Combining the above (4.56) - (4.58) with Lemma 4.2, we obtain

g(2)dz € Co(9(z),S), G* := (B* — B)/t, — H* € ®,
_ _ _ (4.59)
H = klim H* =UlEs0S(Dz1) +EroT(Dz1) Fo(Dzo)|VT,
—00
where Dy := UTg'(2)d;V = [Dz1 Dss] = [UTDzV: UTD;Vs).
Again, by the perturbed KKT system (4.47), we can deduce that for k& > 0 large

enough,

ub =V f(a*) + Vh(a*)y* + Vg(a*)S* — (Vf(Z) + VA(Z)§ + Vg(T)S5)
= V2. [(@) (" = 2) + (y*, 1"(2) (2" — 7)) + (S*, ¢"(2) (2" — 7)) (4.60)
+ Vh(Z)(y* —§) + Vg(T)(S* — S).

Dividing by ) on both side of (4.60), it gives

uk s . (TF —1T)
o me(ilf)T

- W@ - st @ ) - v

E_ =
= Vh(a:)(yt—y) + Vg(2)G* € InVh(Z) + Vg(z)®,
k
where the set in the right hand side, as a sum of a linear subspace and a closed set,
is closed, since ¢'(z)T® is supposed to be closed. Then by taking limit as k — oo,
it yeilds
— V2,027, 5)ds — Vg(z)H € ImVA(z) + V(7). (4.61)

The inclusion (4.61) means that there exists (dj, G) € Y x ® such that
V2. 12,9, S)dz + Vg(z)H + Vh(z)dy + Vg(z)G = 0. (4.62)

Let dg := H+G and dg := UTdgV . Then combining (4.54) and (4.59) with Lemma

4.3, we have (dz,dy,ds) € C(z,y,S). This further indicates that 0 # d; € C(z) of
problem (4.1).
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Therefore, by making use of the sssumption (ii), we have
(da, V2,U(Z, 5, S)dz) + Yo (S, g'()da)
= —(dy, I(T)dz) — (dg, ' (T)dz) + Ty(a) (S, ¢ (7)dz)
= —(G,d(@)dz) — (H,g'(z)dz) + Ty(z) (5, ¢'(T)dz)
= —(G.g'(2)ds) — ([€50S(Ds1) + Er 0 T(Dz1)  F o (Da2)], Ds) + Ty (. ¢'(2)ds)
= —(G,¢(7)dz) — (€5 0 S(Dz1),S(Dz1)) = (Ex 0 T(Ds1), T(Dz1)) = (F o (Ds2), D 2)

= (G, g (B)ds) + Ty (S, ¢'(T)ds)

p - - 4 -
_1<%;T0 Vl(g(.l’))—i—yt(g())H(T(Di’l))alatn 1<zl:<r (g(fL‘))H( (DI ))(1151”
- Y (OBl + XD (Bl
1<i<ro

1<i—|al— \51\<\52\
- ¥ (o6 Balunll + 2 NP Bas sl

1<i<rg
- mn@alcn?

= ((De)susn: ([ds)sun) + Vota) (5. 9/ (@)ds) — Yya) (S, ¢/ (7))
= {(Da)susns (d5)si0) = (Ma(—¢/()dz), Ma(ds)) = 0,
which contradicts the assumption (iii) that the second-order sufficient condition
(4.48) holds at  with respect to the multiplier (7, S) € M (). Hence, there exist a
constant x > 0 and a neighborhood U of (7,7, S) such that (4.52) holds.
The following proof is essentially the same as Theorem 3.1, we still present here
for the completeness.
Next, we will prove that 7; is metrically subregular at (Z,,S) for the origin
under an additional assumption, which requires that there exist (7, 5) € M(z) such

that 0 < 05(3) < eg and Y o;(S S) < m — |al. In another word, it is equivalent to
1€l _
show that there exist a constant x’ > 0 and a neighborhood U’ of (z, 9, S) such that
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for any ((u,v,C) € X x Y x R™*",
dist((z.y, ), T(0)) < #ll((w,0,C) ] Vla,y,8) € T (w,0,C) AU (463)
For the convenience, we set
U= {(y. )| (z,y,9) € T,7(0,0,0)},

E1:={(y, 9| V[(z) + Vh(Z)y + Vg(z)S = 0}, Z5:={(y,5)| S € 90(9(2))}-

-~

One can easily find that ¥ = =, NZE, and (y,5) € =1 Nri(Zz). Thus, by Proposition

2.1, we have that there exists a constant x; > 0 such that for any (z,y,S) € U’,
dist((y, S), ®) < w1 (dist((y, S), Z1) + dist((y, 5), Z2)). (4.64)

For any given point (z,y,S) € T, ((u1, ua, C)NU', we assume that ||(y, S)|| < n with
some 7 > 0 by shrinking U’ if necessary. Fixing that given point, using Hoffman’s
error bound and the twice continuous differentiability of f, h and g, shrinking U’ if

necessary, we obtain that there exist constants ko > 0 and % > 0 such that
dist((y, 5), 1) < ol VF(Z) + VR(Z)y + Vg(z)S]|
< m(IVF(x) = V@) + [IVA(z) = VA@)[ |yl
+HIVg(z) = Va@)ISI + llull)
< wy(fle = 2] + fJull).

By Proposition 2.15, we have (90)~!(-) = 90*(-) is metrically subregular at S for
g(z). Together with g(z) + C' € 06*(S) and the twice continuous differentiabilty of
g , we can duduce, shrinking U’ if necessary, that there exist contants k3 > 0 and
k4 > 0 such that
dist((y,5),Z2) = dist(S,00(9(2))
< rgdist(g(z), 96(5))
(4.66)
< rgllg(z) + C — g(7)]]

< mg([lz =zl +[C)-
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Therefore, we can find that there exist a constant ' > 0 and a neighborhood U’ of

(z,9,S) such that (4.63) holds, by using the inequalities (4.52) and (4.64)-(4.66).

This implies 7; is metrically subregular at (z,y,.S) for the origin. O]

Remark 4.2. Analogously, by the same reasons stated in Remark 3.1, we can con-
duct our above analysis under C*' program data. In this situation, if the gradients
Vf, Vg and Vh are directionally differentiable at T, then the corresponding SOSC

(4.48) in the assumption (iit) of Theorem J.1 changes to the following form:
(A, (V) (2,3, 55d)) + Yy (3,6 (2)d) >0, VO £deCla)  (467)

with Yy (S, ¢ (z)d) defined as (4.49), where (V1) (z,4,5;d) denotes the direc-
tional derivative of V,l(-,5,5) at T in the direction d. Thus, by keeping the rest
assumptions and following our above discussions, one can easily get the metric sub-

regqularity of T, at (Z,4,S) for the origin.

Remark 4.3. The same reasons as in Remark 3.2, if |f1| = 0 or |51 = 1, as-
sumption (i) can be omitted here. Moreover, it can be found in the proof that, by
assumption, (i), 0 = (Ie(—¢ (z)d3), Mo (ds)) = —((Ds)p. ., (ds)g.s). Therefore, if
B = 0, assumption (ii) can be omitted here. Additionally, if 0,,(g(Z)) > 0 holds,

the problem (4.1) reduces to a smooth problem.

We extend the results of the SDP cone to the nuclear norm here without adding
an extra condition. The perturbation property of the nuclear norm helps us to
obtain the results. One can see that the second order information revealed by the
perturbation property is closely related to the sigma term in the SOSC, which is the
conjugate of the parabolic second order directional derivative of the nuclear norm.
After these results, we want to cover more useful models in optimizaiton by studying
the properties of the Ky Fan k-norm. Since the nuclear norm is a particular case of

the Ky Fan k-norm, we only need to cover the other two cases in the next chapter.



Chapter 5

The metric subregularity of the KKT

solution mapping for composite Ky Fan

k-norm problem

In this chapter, we will extend the nuclear norm case in Chapter 4 to the following
Ky Fan k-norm case, where consider (1.1) with 6 chosen as the Ky Fan k-norm on
R™™ (m < n).

We can restate the problem (1.1) as

min  f(z) + [|[(9(2)) |k

s.t. h(x)=0,

(5.1)

where f : X — R is twice continuously differentiable function, h : X — ) and
g: X — R™" are twice continuously differentiable mappings, X and ) are finite
dimensional real Euclidean spaces, and 6 : R™*" — R denotes the Ky Fan k-norm
function with 0(X) = || X || for all X € R™*™.

The problem (4.1) is one particular case of the problem (5.1). Thus, the various
modifications of the problem (5.1) include all the applications of the nuclear norm
regularized problem (4.1). Howerver, not only the aforementioned applications in

Chapter 4, there are also other problems can be modified in the form of (5.1),

67
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such as Lasso problems, rank minimization, matrix completion, machine learning ,
etc [15,16,47,60,92-94,105]. Similar to the nuclear norm regularized problem, we
want to characterize the stability of the problem (5.1) allowing the multipliers to be

nonunique.

5.1 The sensitivity analysis of the Ky Fan k-norm

The structure of this section is the same as Section 4.1. Thus, the analysis in
this section is an extension of which in Section 4.1.
Let A, B € R™*" satistying B € 00(A) and denote M := A+ B. A well known

equivalent form [67] is given by
A =Proxg(M), B = Proxg(M). (5.2)
Suppose that M admits the following singular-value decomposition (SVD):
M = U[S(M) 0]V7 = UIS(M) 0][Vi Vil = US(M)V,T, (5.3)

where U € O™, V = [V} Vo] € O" with V; € R™™ and V, € R™ (™™ are
the singular vectors of M, and (M) := Diag(o,(M),02(CM),...,0,(M)) are the
singular values of M with o1(M) > 0o(M) > ... > 0,(M) > 0 being arranged in a
non-increasing order. For simplicity, we let (M) := (o1(M), 0o(M), ..., on(M)).
It is known by [25] that given the SVD of M as (5.3), A and B admit the
following SVD:
A = UEA) VT =USAVT,

B = US(B) VT = US(B)VT,

where 3(A) := Diag(o1(A), 02(A),...,0m(A)), X(B) := Diag(o1(B),02(B),...,om(B))

and

0i(B)=0;(M)—0;(4), i=1,2,...,m, (5.5)

with 01(A) > 09(A) > ... > 0,(A) > 0 and 0,(B) > 03(B)

AV
\Y
Q

3

=
V
o

Similarly, we set
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0(B) := (01(B),03(B),...,0m(B)).

For simplicity of the subsequent discussions, we define the following three index

sets:

a={1<i<m:0;(M)>0}, b:={1<i<m:0;(M)=0}, c:={m+1,...,n}.
(5.6)

To further refine the nonzero singular values of M, we let v1(M) > (M) > ... >

V(M) > 0 with some nonnegative integer r be the distinct nonzero singular values

of M. Thus, we can divide the set a as

a= U a, a:={ic€a:0;(M)=py(M)}, 1=1,2,...r (5.7)
1<i<r
To obtain the relationships among the sigular values of A, B and M, we shall adopt

the following lemma, which can be derived directly from the characterization in [69,

102).

Lemma 5.1. Suppose o(A) and o(B) are singular values of A and B respectively.
Then B € 00(A) if and only if 0(A) and o(B) satisfy the following conditions:

(i) If ok,(A) > 0, then

0a(B)=¢a, 0<0s(B)<es Y 0i(B)=k—k and 0,(B)=0, (58)

where 0 < kg <k —1 and k <k < m are two integers such that

o1(A) > ... > 0 (A) > oo 11(A) = ... =0k(A) = ... = 0, (4)
> 0k, 41(A) > ... > 0,(A) >0,

(5.9)
and
a={1,....k}, B={ko+1,....k} and ~v={ki+1,...,m}. (5.10)
(ii) If o(A) = 0, then

0a(B) =¢a, 0<04(B)<es and Y 0i(B) <k — ko, (5.11)
i€
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where 0 < kg < k — 1 is the integer such that
01(A) > ... > 05 (A) > 04 11(A) = ... =0k(A) = ... =0, (A) =0, (5.12)

and

a={1,...,k} and B={ko+1,...,m}. (5.13)

For notational convenience, we let 31, 8 and (3 to denote the index sets
pri={i€p:oi(B)=1}, p[o:={iepf:0<0i(B)<1}
and f[3:={i€ f:04B)=0}.
For M = A+ B, let the index sets a, b, c and a;, { = 1,...,r defined by (5.6)

(5.14)

and (5.7) with respect to M. From the above Lemma 5.1 and (5.5), we have the
following relationships among index sets a;, b, o, B; and v, i =1,2,3, [l =1,...,r.
For the sake of convenience, we set a,,1 = b.

If 0x(A) > 0, then there exist integers o <1 € {1,...,7+ 1}, 70 <79 <19+ 1 and

r1 — 1 <77 <7 such that

) 7o 71 r1 r+1
a = Ual, B = U ap, B2 = U ap, B3 = U a; and v = U a;, (5.15)
=1 l=7‘0+1 l:’r“vo+1 l:?1+1 l:T1+1
if o, (A) = 0, then there exist integers ro € {0,1,...,r+ 1} and ro <79 < rg+ 1
such that
T 70 r
o= Ual, B = U a;, o= U a; and f3 =0. (5.16)
=1 I=ro+1 I=Fo+1

Moreover, we can have the singular values classification of A and B by the above
observations.
Namely, if o,(A) > 0, the distinct nonzero singular values of A can be denoted
as v1(A) > m(A) > ... > v (A4) > or(A) > vp(A) > ... > v (A) > 0 and
the distinct nonzero singular values of B can be denoted as 1 > vz 11(B) > ... >
vr, (B) > 0, with
aq={1<i<m: g;(A)=vy(A)}, l=1,...;r0, m+1,...,1,
B={1<i<m: o;(A) =0x(A)}, aUB ={1<i<m: o;(B) =1}, (5.17)
aq={1<i<m: 0y(B)=y(B)}, l=79+1,...,7.
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Analogouly, if o4(A) = 0, the distinct nonzero singular values of A can be denoted
as v1(A) > 1n(A) > ... > v, (A) > 0 and the distinct nonzero singular values of B

can be denoted as 1 > vy, 11(B) > ... > v,.(B) > 0, with
aq={1<i<m: g(A)=v(A)}, l=1,...,r,
f={1<i<m: 0;(A) =0}, aUB ={1<i<m: 04B) =1}, (5.18)
q={1<i<m: oy(B)=w(B)}, l=r9+1,...,1.

Based on this lemma, it is easy to find the following observations.

Proposition 5.1. Let A € R™*"™ and B € 00(A). Suppose that A and B have the
SVD as in (5.4), then it holds that

(a) 00(A) is a polyhedral set if and only if ox(A) > ox11(A) (where opi1(A) is
assigned to be 0).

(b) B € ri(00(A)) if and only if

(i) if ox(A) > 0, then 0 < 0p(B) < es;

(11) if o,,(A) =0, then 0 < 0g(B) < eg and > 0;(B) < k — k.
ief

Remark 5.1. One can find that if ox(A) > or+1(A) in part (a) holds, then 6 is
differentiable at A [103]. In this case, problem (4.1) turns to a smooth optimization

problem.

The same reasons as the nuclear norm, we have (X, ) = ¢(X;-) for any X €
R™™ with 6(-) = || - ||(x)- Thus, all the analysis can be conducted regarding to the
conventional directional derivative of the Ky Fan k-norm.

Let us recall the set valued mapping (2.17) at point (A, B) satisfying B € 00(A)
with 6(-) = [ - llw),

Co(A,B) :={HeR"™":0'(A;H) = (H,B)}. (5.19)

Here, we call Cy( A, B) the critical cone of 00(A) at A+ B, associated with B € 00(A).
Then, we can obtain the following characterization of the critical cone Cy(A, B)

from [25, proposition 10].
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Lemma 5.2. Suppose A, B € R™*" satisfy B € 00(A) and the indez sets o, 3, By, [a,
B3, v and ¢ are defined as in Lemma 5.1 and (5.14). Given any H € R™ ™, de-
note H = UTHV = [UTHV, UTHV;3] = [H, Hy] for U,V satisfying (5.3). Then
H € Cy(A, B) if and only if

(a) If ok,(A) > 0, then there exists some T € R such that
)\lﬁl‘(8<ﬁ1),8161) > T2 Al(S(ﬁl)/ﬂ’sﬁ:s) (520)

and H has the following block structure

Hoa: Hog i Hepue
Hp T(H1)pp | T(H)pis,

H=| Haa| () | vl + T s | T(H)ss, | ot
,,,,,,,,,,, T(Hi)sgs | T(Hps, | Hpsy 0
ﬁlva ﬁwﬁ Efv(vUC)

(5.21)

(b) If o,(A) =0 and ||Bl|. = k, then there exists some T > 0 such that
/\Iﬁll(S(ﬁl)ﬂlﬁl) >T2 Ul(mbb ﬁbc]) (5.22)

and H has the following block structure

Haa Haﬂ Hac

_ . S(H 0 10 0
H=| _ 1~~<~3?—5—1—’@——1 ———————— dooooos e : (5.23)

Hﬁa 0 T]|ﬂ2| 0 ‘ 0

0 | 0 |Hy | He

(¢) If o,(A) = 0 and || B, < k, then S(Hy)g,5, = 0 and H has the following block

structure
Haa Haﬁ Hac
N  S(Hi)gps @ O 1 0
| S 0 oo i . (5.24)
Hu! 0 0ppi 00

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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In above, S(-) and T(-) are defined as (4.15).

Next, let us consider the Fenchel conjugate function 6* of 6. By the equivalence
of B € 00(A) and A € 00*(B), we can similarly define the critical cone Cp«(B, A) of
00*(B) at A+ B associated with A € 06*(B). One can find a directly derive in [25].
The critical cone Cy-(B, A) is defined as

Co-(B,A) :={H e R™":¥(B;H) = (H, A) = 0}, (5.25)
where 9(+) denotes the dual norm of the Ky Fan k-norm . The relationships between
the conjugate and the dual norm of the Ky Fan k-norm are well studied in [25].

One can find the following characterization of the critical cone Cyp«(B, A) in [25,

proposition 12].

Lemma 5.3. Suppose that all the assumptions in Lemma 5.2 hold here. Then
H € Cyp«(B, A) if and only if
(a) If ok(A) > 0, then
tr(Hgg) =0, S(Hi)gp =0, S(Hi)gys =0 (5.26)
and H admits the following block structure:
T(Haw) | T(Hag,) | Hagy | Hop | Hague
o)} Hop Haw | Hag G Hagug
A=\ Huo | Hup (Hani Han | sy |- 620)
Hsa o Has Han S(H)s 0
Hyo | Hyp | Hyp, 0 0
(b) If ox(A) =0 and ||Bl|. =k, then
tr(Higusmy@ros) + 1w Hilll. <0, S(H)zp <0 (5.28)
and H admits the following block structure:
T(Hoe) | Tlay,) | o, | s,
- T(f[&“)‘}:[ﬁlﬁlf[ﬁl@%[ﬁl% § H |. (5.29)
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(¢) If ox(A) = 0 and ||B||, < k, then S(H)g,5, < 0 and H admits the following

block structure:

| M)l fan Hom Mo g0 a)

In above, S(-) and T(-) are defined as (4.15).

An extensive study of the perturbation properties of the Ky Fan k-norm is con-

ducted here. For the sake of convenience for reading, we divided them into two parts

regarding to ox(A) > 0 and ox(A) = 0.

Proposition 5.2. Let A € R™™ and B € 00(A) with or(A) > 0. Suppose that
A and B have the SVD as in (5.4) and the index sets o, (3, 1, B2, B3, v and c are
defined as in Lemma 5.1 and (5.14). Then for all (A’, B') € R™*™ x R™*™ satisfying
B' € 00(A") and is sufficiently close to (A, B) € R™*™ x R™ ™, we have

(

Ao = E(A)aa + O(|AA]]), ALy, = O(IAA]), Ap, = O(JAA]),
Apg, = O(min{||AA|, | AB|}), Ap,, = O(min{HAA!L IABII}),
Als, = O(min{[AA| AB]} + |AAIP), A, = O(min{|AA], [|AB|} + | AA]),

A, O(min{[|AA[l, |AB]}), AL, = O(min{HAAH, IABII}),

(YUe) —

AI5151 = Ok
Ay, 5 = O(|AB|), Ay, = 0u(A)] 15, + O(|AB])), Ap,s = O(|AB]),

(A, + OUIAA] + [ABI), Ay, 5,08, = OUIAB]),

Ay s10s) = OUABID, Ay s, = (A, + O(|AA] + |AB])),
A iy = (min{IIAAH,HABIIHHAAHQ), Ay = O(min{||AA], [AB]} + [ AA|P),
Al = Omin{|AA|, |AB}), AL, = O(min{||AA||, |AB]|}).

Ay o = OUIAA]), ALy, = O(AA]),

| AL, = 2(A),, + O(|AA]), A, = O(|AA]),
(5.31)
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and

;

Bl = lja + O(IAA]), Bl = O(|AA]]), Bj,, = O(|AA),
B5, = O(min{[|AA|, [|AB|}), Bj,, = Omin{|AA|l, |AB[})
Blg, = O(min{[|AA|, |AB|} + [ AA|?), Bp,, = Omin{|AA[L, [AB]} + |AA]2),

El

a(yUc)

= O(min{||AA], |ABI}), B = O(min{[|AA],|AB]})

B s, = Iigy + O(|AA]| + | ABJ), B O(I1AB),

B1(B2UB3) —
Bl s, = O(|AB|), Bls = S(B)s,s, + O(|AB), Bjs = O(IAB]),

Bl susm = OUIABI), Biys, = O(|AB),
B}y (yuey = O(min{[|AA|, |AB[} + [ AA|), Bl = O(min{||AA], |AB[} + | AA|?),
Bl yue = Omin{[|AA[|, |AB|}), B, = O(min{||AA], [ABI|}),
Bl oo = OUAAIIAB), By, = O(|AA[|AB]),
| Bl = OUIAAABI).
(5.32)
Moreover,

(

S(BY)aa = lja| + O(IAA[2), S(B)ag, = O(IAA|? + | AA[[|AB)),
T(A))aa = 3 (2(A)aaT(B})aa + T(B})aaD(A)aa) + O(|AA]?),

T(A})ap, = 5(Z(A)aa + 0x(A) [0 T(B})as, + O(JAA|2 + | AA[|[|AB]),

$ AL — (A )TN(B)gyp, = S(A)aaBhy, — 0k(A)(Bh,,)" + O(|AA]|AB])
Al = S(A)aaBls, — or(A)(Bh,, )T + O(|AA|? + | AA[|AB]),

Aty = S(A)aaBl, — (BL)TS(A), + O(|AA|AB)),

Al =Y(A)aaBl. + O(|AA]|AB)),

(5.33)
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( ~ ~

1 ~
S(Bi)ﬁlﬁl = [|51|7 T<Bi>51/51 = MT(AQ)&& + O(HAAHQ + HAAHHABH)a

S(A)) g, (0ss) = OUIAANABI), S(A7)gs, = O(IAA||ABI),

5% 1 A
T(B1)si. = 20k(A)T(A1)61,32([|[32| +X(B)g,p,) + O([AA[* + [[AA[JAB),

! 1 A
TB s = 5 T s + OUSAIR + AN |AB],
1

T(Bi)ﬂzﬂz = M<E(B>ﬁzﬁQT(All)ﬁzﬁz + T(All)ﬁz&Z(B)ﬁz&) + O(HAAHHABH)a
5% 1 A
T(B}) g8 = 55 2(B) s T(A7) ., + O(JAA[” + [JAA[[ABY)),
QUk(A)
T(B})p,0, = O(|AA|||AB)), (By)s,s + O(|AA[||AB|) € S,
= oAV Bl — (B ) TS(A)y, + O(IAAJR + [AAJAB]),
Al = 0u(A) By, + O(|AA|? + | AA[|| AB]).

= 2(3)52162 (Uk(A>§£32’Y B (é’/)/52

)"S(A),,) + O(|AA[AB),

Ao = 0l(A)X(B)5, By, + O(IAA]|AB])),

(5.34)
and ox(A’) > 0 that

S(A)ss + O(AAI? + [[AANAB) = ox(A) s,

S(A1) o, = 0k(A) 13, + O(AA[AB]),
~ (5.35)
S(A1)gsss + OUIAAIP + [AA[|AB) = o (A) ]}y,
tr(Bpg) = tr(Z(B)gg) + O(|AA|?),
In above statement, we denote AA := A’ — A, AB .= B’ — B, A = UTAV =
[Ay A = [UTAV, UTAVY), B := UTB'V = [B, By = [UTB'V; UTB'V3) and I,
as the identity p by p matrix.

Proof. From the above arguments about the SVD of A and B, it is easy to see
that there exists U € O™ and V € O" such that

A =UxA) VT, B =U[R(B) V7.

Without loss of generality, we assume (5 # (). By Proposition 4.2, we can see that
for all AA and AB small enough, there exists @, € Ol°l, Q' € OFl, Q7 ¢ O,
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Q2 c Om_|ﬂ3|_|7|, Q/2 c O|B3|+|'\f| and QIQ/ c On_m+|ﬂ3|+h| Such that

g- 9 Y vogaan={ = ° )voussn. 630
0 e

o9 0 Y aomaan= {0 ) vonaEn.  Gan
0 Q e

where @, = Diag(Py, ..., Py, P, Pryy1,. .., Pr) and Qy = Diag(Py, Py ,,..., %)

Y 1

are block diagonal orthogonal matrices with P, € Ol [ =1,.. . .ro,r1 +1,...,7,
Py e OV Pl € OlH1Al and P/ € Oll ¢ =7, +1,..., 7. Moreover,
S(A)war — D A)ays = PIS(AAya)P+ O(|AA), 1=1,...,r0,7 +1,...7,
S(A)gs — ou(A) ) = P3S(AAgs)Ps + O(|AA|?),

S(A)0 — (A 0] = QT[AA, AALIQY + O(|AA?),
(5.38)

and
S(B")(ausn)@usr) — lial+is] = PTS(AB(ausy)@usn) Pl + O(|AB]?),
2<B,)atat - E(B)ata«t = Pt,TS(AECLtCLz)PtI + O(”ABHQ)? t = ?0 + 17 e 7?17

(S(B") 8s0m350) — B(B) 8509850 0] = QS [AB (3,09 (8500) AB(sy09)c)@% + O(|AB|?),

(5.39)
where AA := UTAAV and AB := UTABV. One should note that
PgE(A)aaPa - E(A>aa= P;F[E(A)W O]P:/ = [Z(A)W 0]7 (5 40)

and  Py"%(B)g,p, Py = X(B)s,s,

with P, = Diag(Py, ..., Py,), Py = Diag(P, 41, ..., Pr, Q1), P, = Diag(P,, 11, . . ., Pr, Q)
and Py = Diag(FP{ ..., %)
By Lemma 5.1 and the definition of i, f2 and f3 in (5.14), we can obtain the

following properties of 3(A’) and X(B’) that

E(Al)lg252 = O-k<A/)]|,82\ with O'k(A/) > 0,
5(Baa = Lo, tr(X(B')gs) = tr(X(B)gs) and X(B'),, = 0.

(5.41)
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By using (5.36), (5.37) and the fact that for any N € RP*? with some integer p > 0,
NNT = I, + O(||AA|| + ||AB|) = 3N € OP such that N = N 4+ O(||AA|| + |AB])),

we can deduce that there exists Ps, € 0%l and Ps, € Ol such that

P, + R Rs Unpy Uap, Usry
Ry P, + Gy K3 Ke ﬁﬁw
U= ﬁﬁw K, Py + K, K7 [7/6’27 (5.42)
Usya K, Ks  Ps,+Gy  Rs
ﬁw (7751 ﬁ752 Ry P, + Rs
and
P.+R, R, Vag,  Voss  Vatro
Ry Py +G K Ky Vg
V= Visa K PR+K, K; Vi | (5:43)
Visa K} K., Py +G) R
‘N/(vuc)a ‘7(7Uc),81 ‘N/(vuc)ﬁz Rﬁl P 4 + Ré‘
where

R = O(|AA])), R;=O(|AA]]), i=1,...,6, G = O([[AA[| + |AB])), I = 1,2,

K; = O(|AB]), Kj=O(ABl), j=1,...,7, Gi = O([AA[| + [AB]), I = 1,2,

Ua(paupay = O(min{[| AA, |AB}), Ugsupauna = O(min{[|AA], [|AB]}),
Uprugey = O(min{|AA[l, [ABII}), Uygusy = O(min{|AA], [|AB]}),

Vagaugsunue = Omin{[AA]], [|AB][}), Vigugsunuea = O(min{[|[AA]l, [|AB][}),

Visisnue) = O(min{[[AA[, JABI}), Visueaus,) = O(min{[[AA], |ABI[}).
(5.44)

Futhermore, using (5.36) and (5.37), we can deduce that Vs = Ugs + O(||AA]),

ie.,

K;— K/ = O(|AA]]), j=1,...,7and G, — G, = O(|AA]), I=1,2.  (5.45)
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Next, by using (5.38)-(5.44), we can have the characterization of A’ and B/, that
for all AA and AB sufficiently small,
g;a = PaZ(A,)aan + E(A>aaPaR,1T + RlPaTE(A)aa + O(HAAH2>

= S(A)aa + O(||AA]), (5.46)

Bl = o+ PaRT + RiPI + O(]|AA]?)
= o) + O([|AA]]).
Then, combining (5.42)-(5.44) and the orthogonality of U and V, we can have that
for all AA and AB sufficiently small,

PoRT + RiPy = O(AA|P),

/ (5.47)
PR + Ry P, = O(||AA[P),
From (5.46) and (5.47), one can derive that
S(Biaa = ) + O(|AA|?),
(5.48)

(Ao = 4 (S(A)aaT (B + (B aaS(A)aa) + OIAAIPR).

In a similar way, by using (5.38)-(5.45), for all AA and AB sufficiently small

we can get the rest part of (5.31)-(5.34) except S(B})s5 = I, and (B}) g5 +

O(||AA|IIAB]) € Sf?". While, S(B!)s,5, = I3, can be obtained from (4.38) and

(4.39) in the proof of Proposition 4.2; and (B})g,s, + O(|AA||AB]|) € 8! can be

derived by direct calculation of

(B)asss = FKoS(B)p, KT + KX(B) 5, KT + (P, + G2)X(B') 5,5, ( P}, + G7)

+O([|AA[[[[ABI]).

Thus, we have showed (5.31)-(5.34). Next, let us prove the first three relationships

in (5.35). By noting (5.41), it is not difficult for us to derive the characterization of

S(A))3,5,> S(AL) g5, and S(A}) 4,5, that for all AA and AB sufficiently small,

SADss = PaS(A)p6 P + O(IAA? + | AA|AB),

S(Asse = PN ) PyT + O(|AAAB])
= ox(A) 5, + O(|AA[[[|ABI),

(5.49)

S(ADsess = PsuS(A) s Ph, + OIAA? + | AA|AB),
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which directly yields the first three relationships in (5.35).

Finally, let us prove the last trace equation in (5.35). By (5.36) and (5.37),
we know that ﬁﬁﬂ = Ps + Ry and ‘755 = P3 + Ry with Ry = O(||AA4]||) and
Ry = O(]|AA]|). Then by the orthogonality of U and V| it is casy to see that

PiRy+ RiPs = O(|AA]?),

(5.50)
PIRy+ R{P; = O(|AA]P).

Moreover,

By =UsaVE, + UssS(B)5Viy 550
= BeXi(B)ga b5 + PsX(B)sshty + RuX(B)gpF5 + O(|AA|).
Since tr(PsX(B")gsRy,) = tr(RY, PsX(B") ) = tr(P5 Ry X(B')gs) and tr(RyX(B')gs P5)
= tr(P§ RyX(B')pg) = tr(R{Ps%(B’)35). Noting (5.50), we have tr(Ps¥(B')gsRy,) =
O(][AA]]?) and tr(RyX(B')ssP5) = O(|AA|?). Together these observations and
(5.41), we have

tr(Bjg) = tr(S(B')gs) + O(|AA|”) = tx(Z(B)ss) + O(|AA|?).

This completes the proof of the proposition. O]
The second part is quite similar to the nuclear norm case. Before stating the
perturbation properties, we adopt the following well known von Neumann’s trace

inequality [68] for our later discussions.

Lemma 5.4. Let X and Y be two matrices in R™*™. Then
(X,Y) <o(X)To(Y),

where the equality holds if X and Y admit a simultaneous ordered singular value

decompostion, i.e., there exist orthogonal matrices U € O™ and V € O™ such that
X =U[RX)0VT and Y =U[X(Y) 0V,

Proposition 5.3. Let A € R™*" and B € 00(A) with o(A) = 0. Suppose that A
and B have the SVD as in (5.4) and the index sets a, 3, b1, P2, B3 and c are defined
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as in Lemma 5.1 and (5.14). Then for all (A, B") € R™ "™ x R™ ™ satisfying
B’ € 90(A") and is sufficiently close to (A, B) € R™™ x R™*" we have

(i) If |B]l. = k, then
Ay = S(A)aa + OIAA]), Ay = O(IAAN), Ay 5000y = Olmin{[AALIAB]}),
Ay, = O(IAA]), Ay s = OUIAA], Ay ey = OUIAANAB]),

Av/

(s = OMI{[|AAILIAB]Y), Ay, 56 = OUAAIIAB]),

Al g = O(|AA]), AL 500 = O(IAA[ABI),

| A, = OUAANABI)), Ay, = OUIAA]),
(5.52)

and (4.21) and (4.22) hold here.

Moreover, o,(A") > 0 and

A5, = ok(A) T, + O(|AAJ? + | AAAB]) € S,

A:3252 = Uk(A/)I|52| + O(HAAHHABH>7

O'l(A/

By(8s00) T OUAA[[ABI]) < 03, (A'),

tr(Bls, sy muse)) T 1B s00 1+ + OUIAA]) < tr(2(B) 108 (s1062))-
(5.53)

(i) If || B||« < k, then the same conculsion as in Proposition 4.3.

In above statement, we denote AA .= A" — A, AB := B' — B, A = UTAV =
(A Ay = [UTAV, UTA'V,), B .= UTB'V = [B] B} = [UTB'V; UTB'V3) and I,
as the identity p by p matrix.

Proof. The proof of this proposition is largely similar to the proof of Proposition

4.3. We have U and V in the form of (4.30) and (4.31) respectively, such that
A =UDA) VT, B =U[xX(B) VT,

with X(A), X(A"), ¥(B) and X(B’) satisfying (4.26) and (4.27).
Case (i) ||B||« = k. By Lemma 5.1 and the definition of f;, f; and S5 in (5.14),
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we can obtain the following properties of ¥(A’) and X(B’) that

Z(AI>,3252 = Uk‘(A/)]|/32| with Uk(AI) >0,
(B e = Ty (S(B)) < 1(S(B)).

(5.54)

Then, we have the characterization of (A})g,,,(A1)s,6, and Ay, 4, . that for all AA
and AB sufficiently small,

(s = PoS(A) 55, PF + OIAA? + [ AA|AB)
= o([|a4]),

(A sp = ou(A) L) + O(|AA[|AB])
= o([|a4]),

(5.55)

A = QA5 01057 + O(|AA[|AB])
= O(|AA[]),

where Pg,, Q4 and )4 are denoted in (4.26) and (4.27). These showed part of (5.52)
and the first three relationships in (5.53). While, the rest part of (5.52), (4.21) and
(4.22) can be proved similarly to Propostion 4.3, and we omit here. To close this
case, we only need to show the last inequality of (5.53). As we have obtained from
(4.22) that S(B})aa = Lo + O(|AA|?), then tr(B.,) = |a| + O(|AA]]?).

) admits the SVD as E;ﬁ(ﬁ?)w) = l/]\[i ONA/T with U € Ol
V € 059l and $ be the diagonal matrix of all the singular values of E/ﬁs(

Suppose that B,/5)3(,33UC

ﬁch)'
L\a)+1611+162] 0

~ ~

0 Ul OJVT

€ R™*™ of which

Then, we construct a matrix I' =
the sigular values are all 1’s. Moreover,
tr(3(B") = (3(8') 0, [Im 0])
> (B'.T)
= tr(Basumyeumon) + (Bhagaoe Ul V1) (5.56)
= tr(EZ(xuﬁluﬂg)(auﬁluﬁg)) +([= 0], 155 O)

= tr(Béya) + tr(BEﬁluﬁz)(51U62)) + ||B/ﬁ$(53UC)H*
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=l + tr(Blg,sim) + 1B a1
+O(|AA[P),
where the inequality comes from von Neumann’s trace inequality Lemma 5.4. Com-
bining (5.54), (5.56) and tr(X(B)) = |ao| +tr(3(B)ss), we can get the last inequality
of (5.53).
Case (ii) ||B||« < k. Same as Proposition 4.3.

Therefore, this completes the proof of the proposition. O

5.2 The metric subregularity of the solution map-
ping for composite Ky Fan k-norm problem

The following first order optimality conditions of the problem (5.1) are similar
to those of the nuclear norm regularized problem (4.1).

For any (z,y,S) € X x Y x R™" the Lagrangian function [ associated with
the problem (5.1) is defined as

Wz, y,5) = fx) + (y, h(x)) + (S, g(x)) — 0°(S). (5.57)

Define the multi-valued mapping 7; : X X Y x R™*" = X x ) x R"™*" associated
with the Lagrangian function [ at any (z,y,S5) € X x Y x R™" by

T(x,y,S) ={(u,v,C) € X x Y x R™"|(u, —v,—C) € dl(x,y,5)}. (5.58)

Suppose that the optimal solution set of the problem (5.1) is nonempty and
consider an optimal solution z € X of the problem (5.1). Since domf = R™ "

the reduced RCQ (2.14) always holds at z, therefore we can impose the following

first order optimality conditions for the problem (5.1). Then, (y,S5) € Y x R™*"

is a Lagrangian multiplier corresponding to z if and only if (Z,y,S) satisfies the
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following KKT system:

V£(Z) + Vh(Z)y+ Vg(z)S =0,
h(z) = 0, (5.59)
S € 00(g(z)).
Denote M (Z) as the set of all Lagrangian multipliers corresponding to .
By the third inclusion of (5.59), we assume that g(Z) and S have the singular value
decompositions as in (5.4) with A = ¢(Z) and B = S.
For a perturbed point (u, v, C') € X XY xR™ ™ it is easy to check that (z,y,S) €

7;_1 (u,v,C') can be equivalently interpreted as the following perturbed KKT system:

Vf(x)+ Vh(z)y+ Vg(x)S = u,
hz)+ v =0, (5.60)
S e db(g(x)+C).
One can find that 7,7"(0,0, 0) is the set of all the KKT points (Z,, S) of the problem
(5.1) satisfying (5.59).
Next, we conduct our discussions about the metric subregularity of 7; at a KKT
point for the origin.
Let (z,9,S5) € 7T,7'(0,0,0). Since dom@ = R™" with 6(-) = || - |&), we can
define the critical cone of the problem (5.1) at & by

C(z) ={de X | W(z)d=0, g'(z)d € Co(g(z),5)},

where, Cy(-, ) defined as (5.19).

Again, we define a more restrictive second-order sufficient condition for problem

(5.1) at T with respect to the multiplier (7,S5) € M(Z) if
(4, V2,025, 5)d) + Ty (S (@)d) >0, W0 £ deCla), (561

where —Yyz) (S, ¢'(Z)d) is the so called sigma term in the second-order sufficient

condition (5.61) for the problem (5.1).
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By the C?-cone reducibility of || - ||(x) and the Lipschitz continuity of || - ||x) and its
directional derivative, we obtain 8"(X; H,-) = 0" (X; H,-) for any X, H € R™™.
In [25], Ding shows that the sigma term for Ky Fan k-norm regularized problem
is just the conjugate function of the parabolic second order directional derivative
of the nuclear norm function #. Moreover, by adopting the sigma term derived by

Bonnans and Shapiro [8, Section 3.4.1] for composite problems, we have
~Yg@) (9 (2)d) = ¢"(-) with ¢(-) == 0"(g(2); g (2)d, ).

By using the expression of the second order directional derivative for the eigenvalues
and singular values [96,109], Ding [25] futher provides the explicit expression of this
sigma term as below.

We consider A, B € R™*™ satisfying B € 00(A) and the index sets a, 3, 1, B2, O3,

v and ¢ defined as in Lemma 5.1 and (5.14), then the sigma term is given as below.
(i) If ox(A) = 0, then

—Tu(B,H) =2 Tzotr(Qal(A, H)) +2(S(B)gs, Us HATHVE),  (5.62)

=1

(i) If ox(A) > 0, then

— TA(B, H) = Zitr(ﬂal(fl, H)) + 2<E(B)55, Qﬁ(A, H)), (563)

=1

where

Qo (A H) = (S(H1)G,(E(A) = (A)Tn) (S(H1))a, — (201(A)) ' Hao Hy,

ajc

HT(H))L (—2(A) = (A)Ln) (T(HL))ay, [ =1,2,...10,
and
Qa(A, H) == (S(H1)F(S(A) — ox(A) ) (S(H1))s — (20%(A)) ™ Hae H],
+(T(H1)5(=Z(A) — 04(A) L) (T(H:))s,
with H = [H, Hy] = [UTHV; UTHV,). We can futher compute Y4 (B, H) as

follows,
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(i) if oy (A) = 0,

TABH) = Y e P+ Y s TP

1<lt<ro 1<I<ro
+ 1<§<:m ( VI(A) I(S(HD))aill® + A ) (T (Hl))a”\>
1<i—|a]- \61|<\62\ ,
= 2, 2 7 2
i;f < ” (H1))aro +VZ(A)H(T(H1))WB:),II>
> HHalcu?
= (5.64)
(ii) if o(A) > 0,
= __z 2 2 4 77 2
Ya(B,H) = 1}:@0 VI(A)+,/t(A)II(T(H1))amtII +1S2l§:m Vl(A)+0k(A)\|(T(H1))alﬁlu
+ lggm (w( Ao (A)H<S<H1))azzH AT ( )H (Hl))a””
1<i—|a]- \61|<\62\ 2
= 7 2, & ~ 9
> (s 1Sl + g T )
2 ~ 5 2 . ,
+ 1<l2<m <M‘|(S(Hl>)azat|’ + WH(T(HI))amt” >
r1+1_§t_§rji1 N
+ 2 iy Hae?
1S51§T0 - ( )
N - 2
+MII(T(H1))5151||2+ > o (A) [(T(H1)) gy

1<i—|a|=|B1]<|B2|

b EDsalt e S ),
k igi.—\‘a||—||g1 ||S||gg|| k
<j—la|=p11<]Be

DI - P
1<i-lal-[B11<|62] ¥

# 7 2 # ~ )
+ Z (O’k(A) — u(A) H(S(Hl))ﬁlalH + or(A) + (A ”(T(Hl))ﬂmzn >

r1+1<I<r+1

204(B) gy (24— giB) Y. (12
+ > (OMWS(Hl))wl‘ +ok(A)Jrul(A)’(T(Hl))wl”)

1<i—|al-|B1]<|Be|

r1+1<li<r+1
1~ 0i(B) , ~
——||Hg,|? > ‘ H;|?
+O’k(A) || BlCH + O']C(A) H lCH ’

1<i—l|a|—[B1]<]B2] ( )
5.65

where we denote v,41(A) = 0.

For the convenience of the later discussions, recalling the definition of Cy«(-,-) in
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(5.25), we define the following joint ‘critical cone’ associated with the problem (5.1)

as
( W (Z)d, = 0, )
62,5, 5) = (de,dy,ds) € | ¢'(T)dy € Co(g(Z),S),ds € Co+(5,9(Z)),
T X xYXR™" | dg =UlEs 0S(Dy1) + Ex 0 T(Da1) Fo(Da2)]VT |

+U@gVT

(5.66)
where D, = ¢(z)dy, Dy = [Dy1 Dys) = [UTD, Vi UTD,Vy) = UTD,V, dg =
[dsy dss] = [UTdsVy UTdsVa] = UTdgV and & € 8™, Ep € 8™, F € R™<(=m) are

given by
Ji(g)_o-j(‘g if o:(alT ool
)y — | olo@) —oy(ge) A,
0 otherwise,
Ui(g)+aj(g if o T O T
€y — | oo@) Foylamy TN TR E0 Ly
0 otherwise,
and
7i(5) if 0;(g(x 0
(F)ij = o:(9(7)) (@) 0, ie{l,....m}, j={1,...,n—m};
0 otherwise,
| Oua 0

(i) if ox(g(z)) = 0, we define O3 :=

(ii) if ox(g(Z)) > 0, we define Og5 := | 0 5(5571)55 0 0 e R™x".
0 0 0, 0.

Theorem 5.1. Let T be an optimal solution to the problem (5.1) and (i, S) € M(Z)
be a Lagrangian multiplier corresponding to . Denote ® := (Cg(g(f), S))e. Let the

following assumptions be satisfied:
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(i) The set ¢'(z)T® is closed.

(i) {g'(Z)d,, Ma(ds)) =0 for all (d,d,,ds) € C(Z,7,S), where llg(-) denotes the

projection onto the set ® and the set C(z,4,S) is defined as (5.66).

(iii) The second-order sufficient condition (5.61) holds at T with respect to the mul-

tiplier (g, S) € M(z) for the problem (5.1).

Then there exist a constant k > 0 and a neighborhood U of (Z,%,S) such that for
any (u,v,C) € X x Y x R™*™

|z — z|| < &||(u,v,C)||, V(z,y,S) € T, (u,v,C) NU. (5.67)

-~

Moreover, if there ezists (y,S) € M(Z) such that
(a) 0 < 05(S) < es and 3. 04(S) < k — ko if ox(g(T)) = 0;
i€
(b) 0 < 04(S) < es if o(g(z)) > 0.

Then T, is metrically subregular at (z,7,S) for the origin.

Proof. Firstly, we show that under the assumptions (i)-(iii), there exist a con-
stant x > 0 and a neighborhood U of (7,7, S) such that (5.67) holds.
Suppose that (5.67) does not hold. It means that there exist some sequences
{(uP, 0P, CP)}ps0 C X X Y X R™™ and {(2F, y?, S?)},50 C X X Y x R™*™ such that

(uP,vP,CP) — 0, (2P,yP,SP) — (z,9,5) with every (zP,yP, SP) € T, *(uP,vP, CP),

and

[a? =z} = 0, [|(u?, o", CP)
with some 0 < 6, such that §, — co. Denote t, := ||z —z||, by taking a subsequence
if necessary, we can assume that (2 — 7)/t, — dz € X with ||dz|| = 1.

From the perturbed KKT system (5.60), we can have that for all £ > 0 large enough,

0 = h(aP)+v? — h(z)
= h(Z)(z? — Z) + o(t,) + vP.

(5.68)
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Dividing by ¢, on both sides of (5.68) and taking limits p — oo, we get
K (z)dy = 0. (5.69)

Denote A := ¢g(z) and B := S in later discussions.

Case (i) o04(g(7)) = 0 and ||S||. = k — ko. For simplify notations, we set
Q:={W e R™" | UfW[V; V3] = 0},
and for all p > 0,
(AP = g(a?) + P, AP = UT APV — [AF 2] = [UT APV, UT APV],
Br:=SP, BP .= UTBPV = [B' BY] = [UTB*V; UTB*V4,

(5.70)
AAP = AP — A, ABP = B — B,

| H? =TIo((B* - B)/t,), G* = (B” - B)/t, — HP.

Thus, A? — A and B? — B by the assumptions. Moreover, similar to (5.68), we

can derive that

1
t_(Ap —A) = ¢ (7)d; as p — . (5.71)

p
Since B € 00(A) and B? € 00(AP), we can derive the following estimates by Propo-

sition 5.3 that for all (AP, B?) sufficiently close to (A, B), ox(AP) > 0,

AL o — op (AN, + O(|AAP|2 + A AP ABP]) € S,
A = 0(AP)I g, + O(|AAP||ABP]),

1AL, ) + OUAAP|ABPI) < 0 (A7), AL = O(|AAP]| ABP]),

p _
A(52U53)51 -

S(BY)aa = Lja| + O(|AAP|2), S(BY)ag, = O(|AAP|? + | AAP|||ABP]),

o(laar|||aBr|), A

ho(sue = OUIAAP(|[ABP]), AT, = O(|AAP[|ABP]),

S(BY)g.p = 1y

(5.72)
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and
T(gglj)aa = %(E(A)oca’]r(élf)aa + T<§f)aa2(’4>aa) + O(HAAPH2)7
T(AD)ap; = $Z(A)aaT(B)ag, + O(|AAP|2 + | AAP||ABP),

Bls, = S(A)aadls, — £(A)ad (AL, ) E(B)sus, + O(IAA7||AB]),

aa’tafy
Bl = AL, S(A)ad — S(B) gy (Ah g, ) E(A) g + O(|AAP|[|ABP)), (5.73)
B . Z(A)aoleZ(g oy T OUAAP[[ABP]),

a(B3Uy)

Bl = A% S(A)zd + O(|AAP| | ABP|),

tr(B(ﬂ1U,32)(51U/3’2)) + HBps BsUc) H* + O(HAAPHQ) < tr(Z(B)(51U52)(51U52)).
Combining the above (5.71) - (5.73) with Lemma 5.2, we obtain

- 1
9'(2)dz € Co(9(),5), GF + —O(JAA"|) € @

Ut N B (5.74)
H:= lim H* = U[Es0S(Dz1) + Er o T(Dz1) Fo (Dao)VT,

k—00
where Dy = UT¢/(z)d, V [Ds1 Do) = [UTDVy UTD,VA).

Thus, there exist EP = —O(HAA”H ) € R™*™ such that GP + E? € ©.

Again, by the perturbed KKT system (5.60), we can deduce that for p > 0 large

enough,
w? =V f(aP) + Vh(zP)y? + Vg(aP)S? — (Vf(Z) + VR(Z)y + Vg(z)5)

= VEI@)@ - 3) + (P K @)@ - 5) + (@) - 7)) (BT)
+ Vh(@) @ - 9)+ Vo(2)(5” - 3.

Dividing by t, on both sides of (5.75), and then adding Vg(z)E? on both sides, it

gives
- Vi) T = @ ) s )
V(@) + V(@)
= @)Y Y L eGP + ) € V() + V(2)®

tp
where the set in the right hand side, as a sum of a linear subspace and a closed set,

is closed, since ¢'(Z)T® is supposed to be closed. Then by taking limit as p — oo,
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it yeilds
—V2,1(z,7,S)ds — Vg(z)H € ImVh(z) + Vg(7). (5.76)

The inclusion (5.76) means that there exists (dj, G) € J x ® such that
V2, 1(z,9,8)dz + Vg(z)H + Vh(z)d; + Vg(Z)G = 0. (5.77)

Let dg := H+ G and gg := UTdgV. Then combining (5.69) and (5.74) with Lemma
5.3, we have (dz,dy, ds) € 5(3%,3/‘,5). This further indicates that 0 # dz € C(z) of
problem (5.1).
Therefore, by making use of the assumption (ii), we have
= —(dy, W(Z)dz) — (dg, ' (T)dz) + Ty (S, ¢'(Z)dz)
= —(G,g'(2)dz) — (H,d'(2)dz) + Ty(z) (S, ¢/ (¥)dz)
= —(G,g'(2)ds) — ([€s0S(Ds1) + Er 0 T(Dz1)  F o (Dz2)l, Dz) + Tyiz) (S, 9'(z)dz)
= (G, ¢ (®)ds) — (& 0S(Dz1),S(Dz1)) — (Er 0 T(Dsz1), T(Dz1)) — (F © (D), Ds2)

+ Y42 (S, ¢ (2)dz)

2 3 2 4 ~
_1<;m T g NP 1;<r RIS (Da1))esss |1
- A sl 2y 2Ae®) +1) :
1;90 < Vl(g(fi)) ||(S( ))GHH ( (f’)) ||(T(Dx ))ale )

1<i—|al=|B1|<|B2]

2 ~ ) 2 ~ ,
_ Z (Vl<g<j>)H(S(DI,l))alﬁgH +—Vl(g(i’»H(T(Dz’l))al*BSH)

1<i<rg )
= > s l(Da)all®
52, nle(2))
= —(G, ¢ (2)dz) = —(¢g'(¥)dz, I1s(d3)) = 0
which contradicts the assumption (iii) that the second-order sufficient condition

(5.61) holds at Z with respect to the multiplier (3, S) € M(z). Hence, there exist a
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constant x > 0 and a neighborhood U of (z,y, S) such that (5.67) holds.
Case (ii) o0(g(7)) = 0 and ||S||. < k — ko. Same proof as Theorem 4.1 and we
omit here.

Case (iii) ox(g(z)) > 0. Similar to case (i), we set
Q:={W e R™" | S(U; W V) = 0},

and for all p > 0,

/

AP = g(xp) + C’p’ AVP = UT APV = [Zf AVZ;] — [UTAp‘/l UTAvaQL

Br =S, B?:=UTBPV =[B! B = [UTB*V; U B*Vy),
(5.78)
AAP = A» — A, AB? = B — B,

H? := o ((B? — B)/t,), G? := (B” — B)/t, — HP.

\
Thus, A? — A and B? — B by the assumptions. Moreover, similar to (5.68), we

can derive that

ti(Ap —A) = ¢(F)ds as p — oo, (5.79)

P
Since B € 00(A) and B? € 00(AP), we can derive the following estimates by Propo-

sition 5.2 that for all (AP, BP) sufficiently close to (4, B), ox(AP) > 0,

S(AD)pi5 + O(|AAP|? + [AAP|||ABP) = 0 (AP)] g,

S(AY) 5, = ok (AP) I}, + O(|| AAP| | ABP])),
S(AR) gy, + O(|AAP|2 + || AAP|[|ABP|) < 01, (AP)]jg,.

S(AD) 5, (50 = O(IAAP|||ABP]), S(A}) 8, = O(||AAP|||ABP|), 550)
S(BY)aa = Lo + O(|AAP|?), S(BY)ap, = O(|AAP|2 + ||AAP||ABP]),

S(BY) gy = Lipnps (BY)pass + O(|AAP|[|ABP|) € SIP*,
np _
353(7UC) o

tr(Bs) = tx(S(B)gp) + O(I|AA7|?),

o(|aar|[|aBr), B, o(aar|lasr)),

B3UyUc) =
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and
T(AD)aa = 3 (S(A)aaT(BY)aa + T(BY)aaX(A)aa) + O(||AAP|2),
T(A})ag, = 3 (2(A)aa + 0k(A) o)) T(BY)ap, + O(|AAP|? + | AAP||ABP)),

ggﬁﬁ - (ggza)Tz(B)ﬁzﬁz = E<A)aa§§52 — 0k<A)(§p

foa)” + O(IAAP[[[|ABP]),

Ap g, = S(A)aaBlg, — ou(A)(BE,)T +O(IAA7]” + ||AAP| | AB?]),
Ay = 2(A)aa By — (Bha)TS(A), + O(|AAP|[|ABP]),

Al = T(A)aaBhe + O(| AAP[[|ABP]).

(5.81)

Moreover,

/

~ 1 ~
T(BY)g.5, =~y T(AD) g8, + O(|AAP|? + | AAP| |ABP),

ok (A)
T(B) i = 55y TAD A (g + (B)aga) + OIS + | AA7|ABTY),
T s = 5y Pty + OUAL + | AL ABY))
T(BY)sa, = M(E(B)ﬁzﬁﬂ(ﬁf)ﬁgﬁz + T(AD) 3y, 2(B) g ) + O AAP|| | ABPY)),
T(BY) a5 = mE(B)BQBzT(KZf)ﬁQﬁs +O(|AAP|? + [AAP|[|ABP),
Ay = on(A)BE, = (B ) S(A)y + O(IAAP] + | AAZ| ABPY)),

A= on(A)BE + O(|AAP|? + | AAP| | ABP),

AL =%(B)gls (or(A)BY, — (BY )TS(A)y,) + O(| AAP|[| ABP),
AL = 0n(A)S(B) 5y, B + O(| AAP|[| ABP)).

(5.82)
Combining the above (5.79) - (5.82) with Lemma 5.2, we obtain
. 1
g (7)dz € Co(g(T),5), G + —O(||[AAP||* + [ AAP|[|ABP]]) € @,
b N N (5.83)
H = khm Hk - U[gg (©] S(DQJ) —|— gT O T(DCE,]_) .F @) (Di72)}VT,
—00
where D; := UT¢/()d;V = [Day Dao) = [UTDVi UTD,V4).
1
Thus, there exist EP = t—O(HAApHQ + |AAP||[|AB?|)) € R™*™ such that GP + EP €
P
.
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Again, by the perturbed KKT system (5.60), we can deduce that for p > 0 large
enough,
w = Vf(aP)+ Vh(aP)y? + Vg(a?)SP — (Vf(Z) + Vh(Z)§ + Vg(z)5)
= V5L [(@)(a" — ) + (", h"(z) (2" — 2)) + (57, ¢"(2) (2? — 7)) (5.84)
+ Vh(Z)(y" - §) + Vg(2)(S - ).
Dividing by t, on both sides of (5.84), and then adding Vg(z)E? on both sides, it

gives
v i@ e @ )
— Vg(z)H? + Vg(z)EP
= Vh(z) (ypt_ 9 + Vg(z)(G? + E?) € ImVh(z) + Vg(z)P,

where the set in the right hand side, as a sum of a linear subspace and a closed set,
is closed, since ¢'(z)T® is supposed to be closed. Then by taking limit as p — oo,
it yeilds

— V2 1(Z,9,8)ds — Vg(z)H € ImVh(Z) + Vg(z)d. (5.85)
The inclusion (5.85) means that there exists (dj, G) € J x ® such that

V2, 1(Z,9,8)dz + Vg(z)H + Vh(z)dy + Vg(z)G = 0. (5.86)

Let ds := H + G and dg := UTdgV. Then combining (5.69) and (5.74) with Lemma
5.3, we have (dz,dy,ds) € C(z,7,5). Similar to case (i), it is easy for us to find
that (H, ¢'(Z)dz) = T4 (S, ¢'(Z)dz) via the explicit expression of H in (5.83). This
further indicates that 0 # d; € C(Z) of problem (5.1).

Therefore, by making use of the assumption (ii), we have

= —(dg, W (2)ds) — {ds, g'(2)ds) + Ty(e) (S, 9/ (2)dz)
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which contradicts the assumption (iii) that the second-order sufficient condition
(5.61) holds at z with respect to the multiplier (7, S) € M(Z).
Hence, there exist a constant x > 0 and a neighborhood U of (z,%,S) such that
(5.67) holds for all the cases.

Next, we will prove that 7; is metrically subregular at (Z,,S) for the origin

under an additional assumption, which requires that there exist (3, 5) € M(z) such

that
(a) 0 < 0(§)5 <egand ) ;5 <k —koif ox(g(7)) = 0;
(b) 0 <o (8)s < es if ox(g(z)) > 0.

In another word, it is equivalent to show that there exist a constant " > 0 and a

neighborhood U’ of (z, 7, S) such that for any (u,v,C) € X x Y x R™*",
dist((z,y,9), 7,71(0)) < &'||(w, v, O)||, Y(z,y,5) € T, (u,v,C)NU". (5.87)
For the convenience, we set
U= {(y,9)| (z,y,5) € T,7'(0,0,0)},
Z1:=A{(y, 9| VI(Z) + Vh(Z)y + Vg(1)S = 0}, Bz := {(y,5)] 5 € 00(9(2))}-

~

One can easily find that ¥ = =, N =, and (¥, S) € Z; Nri(Z2). Thus, by Proposition

2.1, we have that there exists a constant x; > 0 such that for any (z,y,5) € U,
dist((y, S), ®) < w1 (dist((y, S), 1) + dist((y, 5), Z2)). (5.88)
For any given point (v,y,S) € T, (u,v, C) NU', we assume that ||(y, S)|| < n with
some 7 > 0 by shrinking U’ if necessary. Fixing that given point, using Hoffman’s
error bound and the twice continuous differentiability of f, h and g, shrinking U’ if

necessary, we obtain that there exist constants ko > 0 and s > 0 such that
dist((y,5),Z1) < k2| Vf(Z) + VR(Z)y + Vg(2)S]|
< ka([[Vf(z) = V@) + [Vh(z) — VA(Z)|[|y]l
(5.89)
+IVy(@) = Va(@)[[15]] + [|ul])

< wy(llz = 2] + fJull).



Chapter 5. The metric subregularity of the KKT solution mapping for
composite Ky Fan k-norm problem

By Proposition 2.15, we have (90)~!(-) = 90*(-) is metrically subregular at S for
g(z). Together with g(x) + C' € 00*(S) and the twice continuous differentiabilty of
g , we can duduce, shrinking U’ if necessary, that there exist contants k3 > 0 and

k% > 0 such that

dist((y, S),Zs) = dist(S, 90(g(z)))
< radist(g(z), 00"(9))
(5.90)
< k3llg(z) + C = g(2)|
< wy([lz =z + [|C).

Therefore, we can find that there exist a constant ' > 0 and a neighborhood U’ of

(z,9,S) such that (5.87) holds, by using the inequalities (5.67) and (5.88)-(5.90).

This implies 7; is metrically subregular at (z,y,.S) for the origin. O

Remark 5.2. One can obtain a similar result as Remark 4.2. FEspecially, when the
program data of the problem (5.1) is relazed to C™, if the gradients Vf, Vg and
Vh are directionally differentiable at x, then we can obtain the metric subregularity
of Ti at (z,3,8S) for the origin by changing the corresponding SOSC (5.61) in the
assumption (iii) of Theorem 5.1 to the following form:

(d, (Va)(Z,9,5;d)) + Ty (S, ¢ (2)d) >0, VO #£d € C(z) (5.91)

with Y yz)(S, ¢'(Z)d) defined as (5.62) or (5.63), where (V1) (Z, 7, S;d) denotes the

directional derivative of V,I(-,4,S) at T in the direction d.

Remark 5.3. The assumption (ii) in the above theorem is

0= (¢"(@)ds, e(ds)),

whereas the assumption (i) in Theorem 4.1 of the nuclear norm case is

0 = (He(—g'(2)da), e (d3)).
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Here we briefly explain why these two assumptions coincide in the nuclear norm

case. In Theorem 4.1, we have

0= (Io(—¢'(2)ds), Ma(ds)) = —((Ds) g5, (ds)p15,)-

And, by the assumption (ii) in Theorem 5.1 restricted to the nuclear norm case, we

also have
0= (g'(f)dz, H<I><d5)> = <<59’c>51517 (Jg)ﬁlﬁl>'

Thus, both of these two assumptions are equivalent to ((D3)a, s, (dg)ss) = 0.






Chapter

Conclusions

In this thesis, we study the stability of composite optimization problems, whose
objective functions involve convex composite terms. Many important optimization
problems arising from various areas such as finance, engineering, applied mathemat-
ics and so on, can be reformulated as composite problems. Due to the interest in
theory and practice, we study the stability of the composite SDP conic programming
and the composite Ky Fan k-norm regularized conic programming. Different from
previous studies of the stability with the requirement of the Lagrange multipliers to
be unique, our discussions allow the multiplier set of the aforementioned composite
problems to be non-singleton.

Within the multiplier set to be non-singleton, motivated by recent studies for
nonlinear programming [46] and convex SDP problems [20,22], we investigate the
metric subregularity for the KKT solution mappings of the composite problems,
which may not be convex. The study of the metric subregularity is mainly based on
the second order sensitivity analysis of the SDP cone and the Ky Fan k-norm. To
explore sufficient conditions for the metric subregularity, we extend the perturba-
tion analysis of symmetric matrices to nonsymmetric matrices. Such perturbation
properties reveal the curvature information of the SDP cone and the Ky Fan k-
norm. Meanwhile, the curvature of the SDP cone and the Ky Fan k-norm are also

taken into account by the second order sufficient condition. Therefore, under the
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canonical perturbation of composite problems, within the assumption of the second
order sufficient condition, we obtain an error bound for a locally optimal solution
of those underlying composite conic programming. Additionally, if a partial strict
complementarity condition holds, an error bound for the corresponding multiplier
set is estimated. Our study plays a transition role from a convex problem to a
nonconvex problem and from a symmetric conic programming to a nonsymmetric
conic programming. Compared to the study of the NLP, our discussions of the met-
ric subregularity are conducted under a more complicated situation and can cover
those for the NLP.

Those error bound results can be applied to obtain fast convergent rates of
primal-dual methods, e.g., the alternating direction method of multipliers [34, 41]
and proximal augmented Lagrange methods [84] of convex problems. This applica-
tion is one direct extension of our work. There are also many other intereting topics
for our future study. First of all, it is interesting to explore the stability when the
partial strict complementarity condition fails but the multiplier set is non-singleton.
Moreover, in this thesis, we only discuss two types of composite programming here
— the SDP cone and the Ky Fan k-norm, both of which can be cast in the class of
spectral functions. An extensive study of composite programming involving spectral
functions under general settings is one attractive topic. Or even the characteriza-
tion of the curvature of spectral functions via perturbation analysis is a challenge.
Moreover, in our research, we discover the sufficient conditions for the metric sub-
regularity. One can provide weaker sufficient conditions or sufficient and necessary
conditions to characterize the metric subregularity in future. Finally, a further study

of the stability beyond the composite programming is another research direction.
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