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Abstract We analyze the rate of local convergence of the augmented Lagrangian
method in nonlinear semidefinite optimization. The presence of the positive semidefi-
nite cone constraint requires extensive tools such as the singular value decomposition
of matrices, an implicit function theorem for semismooth functions, and variational
analysis on the projection operator in the symmetric matrix space. Without requiring
strict complementarity, we prove that, under the constraint nondegeneracy condition
and the strong second order sufficient condition, the rate of convergence is linear and
the ratio constant is proportional to 1/c, where c is the penalty parameter that exceeds
a threshold ¢ > 0.
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1 Introduction

The nonconvex semidefinite programming problem has wide applications in system
control, structural design, and other fields. It has recently become a focal point in op-
timization research. For example, in the recent release of the library COMPIL¢ib [24], a
total of 168 test examples for nonlinear semidefinite programs, control system design,
and related problems are collected. Among very few algorithms for this problem, the
augmented Lagrangian method appears to perform well [26]. It naturally calls for a
suitable theoretical explanation for this phenomenon. Note that algorithms for non-
linear semidefinite programs may display quite distinctive features from conventional
nonlinear programming programs (see [14] for such an example). In its general setting,
the augmented Lagrangian method can be used to solve the following optimization
problem

min f(x) s.t. h(x) =0, gx)eKk, (OP)

where f : X = N, h: X — 9™, and g : X +— Y are twice continuously differ-
entiable functions, X and Y are two finite-dimensional real Hilbert spaces equipped
with a scalar product (-, -) and its induced norm || - ||, and K is a closed convex
cone in Y. For any given X € X and ¢ > 0, let the open ball be B.(x) := {x €
X ||lx —X|| < €}. Suppose that X’ and Y’ are two finite-dimensional real Hilbert
spaces and that F : X x X' +— Y'. If F is Fréchet-differentiable at (x, x") €
X x X', then we use JF (x,x’) (respectively, Jx F(x, x’)) to denote the Fréchet-
derivative of F at (x, x") (respectively, the partial Fréchet-derivative of F at (x, x’) with
respect to x) and VF (x, x’) := JF(x, x')*, the adjoint of J F (x, x’) (respectively,
Vi F(x,x") = JF(x,x)*, the adjoint of J, F(x, x")). Moreover, if F is twice
Fréchet-differentiable at (x, x’) € X x X', we define

T*F(x,x") = J(TF)(x,x"), TXF(x,x') = T (T F)(x, x"),
V2F(x,x") := J(VF)(x,x"), and V2 F(x,x) = J:(ViF)(x, x').

A feasible point x € X to (OP) is called a stationary point if there exist £ € Q™
and & € Y such that the following Karush—Kuhn-Tucker (KKT) condition is satisfied

at (x,¢,&):
ViLo(x,$,6) =0, h(x)=0, gx)eK, §eK" (g(x),§ =0, (D)
where the Lagrangian function Lo : X x %" x Y + 9 is defined as
Lo(x,2,8) := f(x) + (£, h(x)) — (£, g(x))
and K* is the dual cone of K, i.e.,

K*={veY|{v,z) >0 VzeK}.
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The augmented Lagrangian method 351

Any point (x,Z,&) € X x N x Y satisfying (1) is called a KKT point and the
corresponding point (¢, £) is called a Lagrange multiplier at x. Let M(x) (maybe
empty) be the set of all Lagrangian multipliers at x.

Let ¢ > 0 be a parameter. The augmented Lagrangian function with the penalty
parameter ¢ for problem (OP) is defined as (cf. [39, Section 11.K] or [42])

c 1
Le(r.8.8) = F00) + (€. h()) + SIACOI? + 3= [ 1Tk € = cg oDl = g1
(2
where (x,¢,&) € X x "™ x Y and [Ik+(-) denotes the metric projection operator
onto the set K*. By observing (cf. [50])

Ig+(y) =g (=y)+y and ([Ig(—=y)+y,[k(-y))=0 VyeY,
we have for any (x, £, &) € X x "™ x Y that

. _ .1 2 |Lo(x,¢,8)if &€ € K¥,
lim Le(x, £, 6)=Lo(x, £, ) ~lim o 11Tk (cg () = §)IP= [ e e
If there is no inequality constraint, problem (OP) specializes to

min f(x) s.t. h(x)=0. 3)

The corresponding augmented Lagrangian function is
c
Le(x, €)= [ () + (& h(0) + SIRDIP, - (x,8) € X x 0",

which was introduced by Arrow and Solow [2] in the study of a differential equation
method for solving (3). The augmented Lagrangian method was initiated by Hestenes
[19] and Powell [31] for solving the equality constrained problem (3) and was gener-
alized by Rockafellar [34] to the following nonlinear programming problem

min f(x) s.t. h(x) =0, g(x) =0, (NLP)

where [ : RN — N, A RN > RN and g : R" — NP are twice continuously
differentiable. Problem (NLP) is a special case of (OP) with X := %", Y := %P, and
K =%,

For the equality constrained optimization problem (3), Powell sketched a proof in
[31] to show that if the linear independence constraint qualification and the second-
order sufficient condition are satisfied, then the augmented Lagrangian method can
converge locally at a linear rate without having ¢ — o0o. For convex programming,
Rockafellar [34] established a saddle point theorem in terms of L.(-) and Rockafellar
[35] and Tretyakov [47] proved the global convergence of the augmented Lagrangian
method for any ¢ > 0.

The augmented Lagrangian method for solving (OP) can be stated as follows.
Let ¢g > 0 be given. Let (¢°,£%) € %" x K* be the initial estimated Lagrange
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multiplier. At the kth iteration, determine xk by minimizing L, (x, {k, & ky, compute
(;k-ﬁ-l , Ek+1) by

[ = ok (6,
EFFL = Mg (EF — crg(x¥)),

and update cx41 by
Ck+1 ‘= Ck Or Ck41 ‘= KCk

according to certainrules, where k. > 1 isapreselected positive number. If the sequence
of parameters {cy} is chosen to satisfy ¢y — 00, then the global convergence of
the augmented Lagrangian method can be similarly discussed to the penalty function
method [4]. If ¢, has a finite limit, then there exists a positive integer Ny such that
cx = c for k > Ny and some positive number c. In this paper, instead of consider-
ing global convergence properties, we consider the local convergence properties of
the augmented Lagrangian method for (OP) when the second case occurs; namely
the case in which c; = c for all sufficient large k. For simplicity in our analysis, for k
sufficiently large, we choose x* as an exact local solution of L.(, {k, “g‘k).

In [3] (also see [4, Sect. 2.2]), Bertsekas established an important result on the linear
rate of convergence of the augmented Lagrangian method for the equality constrained
problem (3), in which the ratio constant is proportional to 1/c. The significance of
Bertsekas’s result resides in the fact that theoretically, subject to numerical stability,
we can select a large c to accelerate the convergence, which partially explains why
the practical performance of this method has been good. In [4, Chap. 3], assuming the
strict complementarity condition, Bertsekas also discussed similar results for nonlinear
programming (NLP). On the other hand, without assuming the strict complementarity
condition, many authors (e.g., Conn et al. [11], Contesse-Becker[12], and Ito and
Kunisch [21] ) derived linear convergence rate for the augmented Lagrangian method.
For more on the augmented Lagrangian method for nonlinear programming, see the
two monographs [4, 17] and the survey paper [38].

The main objective of this paper is to study, without assuming the strict comple-
mentarity, the rate of convergence of the augmented Lagrangian method for solving
the nonlinear semidefinite programming problem

min f(x) st h(x) =0, gk)eS’, (NLSDP)

where S J[; is the cone of all positive semidefinite matrices in S?, the linear space of all
p by p symmetric matrices in R”*?. The difficulty for achieving this objective lies in
the facts that the positive semidefinite cone S f is nonpolyhedral for p > 1 and very
few established tools exist for dealing with the augmented Lagrangian method in such
a general setting. A work of similar nature (but of different target) is Pennanen’s local
convergence analysis of proximal point methods for the inclusion problem

0€e7(x), “
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where 7 is a set-valued mapping from a Hilbert space X’ to itself [30]. Based in part
on Rockafellar’s convergence analysis for the inclusion problem (4) with monotone
operators [36,37], Pennanen [30] established local linear convergence results of the
proximal point methods under the condition that 7! has a Lipschitz localization
property at a solution X to (4). One interesting part of Pennanen’s results is that
he used his theory to establish the local linear convergence of the proximal point
method of multipliers (the regularized augmented Lagrangian method) for solving
(NLP) without assuming the strict complementarity condition. This suggests that one
may do the same for (NLSDP). However, by focusing on the optimization problem
(OP) instead of the more general inclusion problem (4), we hope to gain more by
using the rich symmetry structure uniquely possessed by this optimization problem.
Indeed, we are not only able to prove that the ratio constant is proportional to 1/c
with the penalty parameter ¢ exceeding a threshold ¢ > 0, but also able to provide
nice properties on the generalized Hessian of the dual function used in our analysis
(cf. Proposition 5) for (NLSDP) that relate the augmented Lagrangian method to an
approximate generalized Newton method.

The organization of this paper is as follows. In Sect. 2, we discuss several technical
results used in our convergence analysis. In Sect. 3, we develop a general theory on the
rate of convergence of the augmented Lagrangian method for a class of constrained
optimization problems under two basic assumptions. Section 4 is devoted to applying
the theory developed in Sect. 3 to nonlinear semidefinite programming. Finally, we
give our conclusions in Sect. 5. To show how the removal of strict complementarity
complicates the analysis, we provide a simple proof of the counterpart under strict
complementarity as an appendix.

2 Preliminaries

To analyze the problem without the strict complementarity condition, we use tools from
semismooth matrix functions. This section serves as a preparation for our analysis.
We will cite and prove some results that are essential to our discussion.

Let X and Y be two finite-dimensional real Hilbert spaces. Let O be an open set
in X and @ : O € X — Y be a locally Lipschitz continuous function on the open
set 0. By Rademacher’s theorem, @ is almost everywhere Fréchet-differentiable in
O. We denote by D¢ the set of Fréchet-differentiable points of @ in O. Then, the
Bouligand-subdifferential of @ at x € O, denoted dp® (x), is

AP (x) == [kli)ngojdﬁ(xk) |x* € D, x* — x] )

Clarke’s generalized Jacobian of @ at x is the convex hull of dp® (x) (see [10]), i.e.,
0@ (x) = conv{dgP(x)}.

The following concept of semismoothness was first introduced by Mifflin [28] for
functionals and was extended by Qi and Sun [32] to vector valued functions.
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Definition 1 Let @ : O C X — Y be alocally Lipschitz continuous function on the
open set O. We say that @ is semismooth at a point x € O if

(1) @ is directionally differentiable at x; and
(i) forany Ax € X and V € 9@ (x + Ax) with Ax — 0,

D (x + Ax) — @ (x) — V(Ax) = o(|| Ax]).

Furthermore, @ is said to be strongly semismooth at x € O if @ is semismooth at x
and forany Ax € X and V € 0@ (x + Ax) with Ax — 0,

D (x + Ax) — @ (x) — V(Ax) = O(| Ax|?).

By combining Clarke’s implicit function theorem for locally Lipschitz continuous
functions [10, Sect. 7.1] with [43, Theorem 1.1] and [23, Lemma 2], we can get the
following lemma of implicit functions directly. Here and below,

m,dH(Xx,y) = the projection of d H (X, y) onto the space X.

Lemma 1 Suppose that H : X x Y + X is a locally Lipschitz continuous function
in an open neighborhood of (x,y) € X x Y with H(x,y) = 0. If every element in
wydH(x,y) is nonsingular, then there exist an open neighborhood Oy of y and a
locally Lipschitz continuous function x(-) : Oy — X satisfying x(y) = X such that
for every y € Oy,

H(x(y),y) =0.

Furthermore, if H is (strongly) semismooth at every point in the open neighborhood
of (X,y), then x(-) is (strongly) semismooth at every point in Oy.

The following two lemmas on the Bouligand-subdifferential of composite functions
are useful in determining 7, dp(Vy L) (). The first one is proved in [44, Lemma 2.1]
and the second one needs a proof, which will be given here.

Lemma2 Let F : X +— Y be a continuously differentiable function on an open
neighborhood O of x € X and ® : Oy C Y + X' be a locally Lipschitz continuous
Sfunction on an open set Oy containing y := F(X), where X' is a finite-dimensional

real vector space. Suppose that @ is directionally differentiable at every point in Oy
and that JF (x) : X — Y is onto. Then it holds that

dp(P*F)(X) = 9P ()T F(X),

where “x” stands for the composite operation.
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Lemma3 Let F : X +— Y be a continuously differentiable function on an open
neighborhood O and ®@ : X — X' be a locally Lipschitz continuous function on O,
where X' is a finite-dimensional real vector space. Suppose that @ is semismooth at
every point in O. Let W : X +> Y’ be defined as

UYx) =Fx)o(x)=Fx) -®@(x), xeX,

where Y' is a finite-dimensional real vector space and “-” is a bi-linear operator from
Y x X' to Y'. Then for every x € O and Ax € X,

Y (x)(Ax) = TF(x)(Ax)P(x) + F(x)dpP(x)(Ax). )
Proof Letx € O and Ax € X be two arbitrary but fixed points. By using the fact that

if @ is Fréchet differentiable at y € O, then ¥ is also Fréchet differentiable at y we
obtain

¥ (x)(Ax) 2 TF(x)(Ax)P(x) + F(x)dpP (x)(Ax).

Conversely, let W € 0p¥ (x). Then there exists a sequence of Fréchet differentiable
points {xk} C O converging to x such that W = limg_, o JW (x%). Since @ is assumed
to be semismooth at each x*, we have

@' (x*; Ax) € 9@ (x*)(Ax).
Thus, for any k > 1,

T (xF)(Ax) = TF(F)(Ax)®(x*) + F(xF) @/ (xF; Ax)
e JF(M)(Ax)® (x5 + F(x5apd (xF)(Ax),

which, together with the upper semicontinuity of dp® (-), implies

W(Ax) = lim TR (Ax) € TFx)(AX)®(x) + F(x)dp® (x)(Ax).

Consequently, (5) holds. O

Let K be aclosed convex setin Y. Itis well known [50] that the metric projector Ik (-)
is Lipschitz continuous with the Lipschitz constant 1. Then forany y € Y, dITg (y) is
well defined. Below is a lemma on the general properties of 011k (-).

Lemma 4 [27, Proposition 1] Let K C Y be a closed convex set. Then, foranyy € Y
and 'V € dllk (y), it holds that

(1) V is self-adjoint.
(i) (d,Vd)>=0 VdeY.
(iii)) (Vd,d—-Vd)>0 VdeY.
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For discussions on nonlinear semidefinite programming we need more properties
about the Bouligand-subdifferential of the metric projector I1 s” (-)over S i under the

Frobenius inner product in S”. We write C > 0 to mean that C is a symmetric positive
semidefinite matrix.

Let Z € S?P and Z, = I s? (Z). Suppose that Z has the following spectral
decomposition

Z=PAP . (6)

where A is the diagonal matrix of eigenvalues of Z and P is a corresponding orthogonal
matrix of the orthonormal eigenvectors. Then

Z.=PAP |

where A is the diagonal matrix whose diagonal entries are the nonnegative parts of
the respective diagonal entries of A [20,48].

Define three index sets of positive, zero, and negative eigenvalues of Z, respectively,
as

a:={i|r >0} B:={ilrn =0} y:={ilrx <0}
Write

Ay 0 O
A= 0 0 O and P:[FQF,SF),]
0 A

14

with P, € RPx1el Py e %P><IPl and P, € RP*I7|. Let © be any matrix in S” with
entries 0. 0) & 0:.0)
maxiA;, maxiA;, ir e .
= if (i, X B,
’ PIEaE GIERD ™
@,’jE[O, 1] if (i, j) € B x B.

The projection operator I7 s? (+) is directionally differentiable everywhere in S [5,6]
and is a strongly semismooth matrix-valued function [45]. For any H € S”, we have

PLHP, PLHPy  OuyoP.HP,
. _ 3 =T _— —T . — =T
Hsi(Z’H)_P PgHPq Hsf\(PﬁHPﬁ) 0 P, (8
_T p—
P, HPyo0 0O, 0 0
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where “o” denotes the Hadamard product [29,45]. When 8 = @, I 8"( -) is Fréchet-

differentiable at Z and (8) reduces to the classical result of Lowner [25]:

o]
Sy
|
©
Q
8
0]
~
T
~
<

TMg (Z)H =P e P’ VHeSr. (9)

T —
P, HPy 0Oy 0

The tangent cone of S f at Z, denoted 7 St (Z4), can be completely characterized as
follows

Tsy(Zy) = (B e S”| B =114 (Zy: B)) = (B € " | [Py P,) B[Py Pyl = 0).

The characterization of 7 St (Z) was first obtained by Arnold [1] by using a different

approach from the above. The lineality space of 7 sP (Z,),i.e., the largest linear space
in 7, SP (Z.), denoted by lin (Tsﬁ (7+)), takes the following form:
lin (Tsi (Z)) = {B €SP |[Ps P,1" B[Py P, =0).

The critical cone of S f; at Z € SP associated with the problem of finding the metric
projection of Z onto S (i.e., Z;) is defined as [8, Sect. 5.3]

C(zZ;8Y) = Tsi(Z) N{BeS?|(B,Z, —Z) =0}
Thus, it holds that
C(Z: Sl = {Bes”|PyBPy =0, P4BP, =0, P BP, =0}
The affine hull of C(Z; S f:) denoted by aff(C(Z; S? 1)), can then be written as
aff (C(Z: S)) = {B € S" [Py BP, =0, P,BP, =0}. (10)

The following lemma on dp 11 st (Z) is part of [44, Proposition 4], which is based
on [29, Lemma 11].

Lemma 5 Let ©® € S? satisfy (7). Then W € 831731 (Z) if and only if there exists
Wy € 33173\,3\ (0) such that
+

PLHP,  PLHPg ©u, oPLHP,
— — — — — =T
WH)=P| PyHP, Wo(PyHPp) 0 P’ VHes?.
—T p—
P HPyo Oy 0 0

@ Springer



358 D. Sun et al.

Let Q be the set of all orthogonal matrices of order |3| x |8]. Let
P:={PeR’*?|P =[P, Pg P)]=[Py (PgQ) P,], Q€ Q}. (11)

Note that all P € P have the same P, and P, . From the definition of dgIT Sif (0) and
+

(9) we know that if W, € 911 151 (0), then there exist matrices Q € Q and 2 € S'#I
+
with entries £2;; € [0, 1] such that

Wo(D) = Q(20(Q" D) Q" VD e S
For an extension to the above result, see [9, Lemma 4.7]. By using Lemma 5 we obtain
the following useful lemma, which does not need further explanation.

Lemma 6 For any W € oIl s? (Z), there exist two matrices P € P and ® € SP
satisfying (7) such that

W(H) = P (@ ° (PTHP)) PT VHeSP.

The following result, due to Debreu [13], is useful for the study of the Bouligand-
subdifferential of V, L.(-).

Lemma 7 Let ¢ : X +— 9 be continuous and positive homogeneous of degree two:
¢(td) =t*¢p(d) ¥t >0 and d € X.

Suppose that there exists a positive number no > 0 such that for any d satisfying
Ld =0, one has ¢(d) > nolld||*, where L : X + Y is a given linear operator. Then
there exist positive numbers ne (0, nol and co > 0 such that

¢(d) + co(Lld, Ld) > n(d,d) Vd € X.

Next, we provide a technical result used in Sect. 4.
Lemma 8 Leta, b, ¢, and cq be four positive scalars with ¢ > cq. Let

1 2
Y(t;c,a,b,co)  =a— —

Cl+m, t €[0,1]. (12)

Then, for any ¢ > max {co, b - co)z/co}, ¥ (-;c,a, b, co) is a convex function on
[0, 1],
. 1 b
min Y (t;c,a,b,co) =a —

1€[0,1] ¢ (Je+ J0)?’ (13)

and

max (1 c.a, b, co) = max {y (0 ¢,a,b, o), (1 e.a,b,co)}. (14)
t€l0,
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Proof By simple calculations for any ¢ € [0, 1] we have

CQ b2

Vi (t; c,a, b, co) = c(c —co) - (c —co)(b+ (c — co)t)?

and

V2 (t b, co) 2
;c,a,b,c0) = ——mm—..
4 U7 b+ o)
Then, since for ¢ > ¢, V2 (¢, ¢, a, b, co) > Oforallt € [0, 1], ¥(;; ¢,a, b, co) isa
convex function on [0, 1]. Consequently, (14) holds.
Lett:=b/(co++/cco). Then Vi (¢; ¢, a, b, cg) =0. Since for any ¢ > max {co, (b—
co)z/co}, t € (0, 1] and ¥ (-; ¢, a, b, cp) is convex on [0, 1], we have

min ¥ (r;c,a, b, co) = ¥ (t; c,a, b, co),
tel0,1]

which, implies that (13) holds. O

3 General discussions on the rate of convergence

In this section, we always assume that the cone K presented in the optimization prob-
lem (OP) is a self-dual cone, i.e, K = K* and that [Tk (-) is semismooth everywhere.
In particular, this is the case for any closed symmetric cone because a closed symmet-
ric cone is always self-dual [16] and ITg (-) is strongly semismooth everywhere [46].
The cones E)‘Li and S f are special cases of symmetric cones. For more on symmetric
cones, see Faraut and Kordnyi [16].

Let ¢ > 0 and x be a stationary point of (OP). Then M (x), the set of Lagrange
multipliers at X, is nonempty. Since f, &, and g are assumed to be twice continuously
differentiable, we know from (2) and [50] that the augmented Lagrangian function
L.(-) is continuously differentiable and for any (x,¢,&) € X x N x Y,

ViLle(x,8,8) =V f(x) + Vh(x)(C + ch(x)) — Vg(x)k (§ —cg(x)).  (15)

Therefore, from (1) and [15], we have VL (x, ¢, &) = O for any (¢, §) € M(x).
Define F. : X x ®W" x Y — Y by

Fe(x,8,6) =& —cg(x), (x,0,86)eX xR xVY.
Since [Tk (-) is assumed to be semismooth everywhere, [Tk (-) is directionally differen-
tiable at any point y € Y. Hence, by using the fact that forany (x, ¢, &) € X xQW" x Y,
TFe(x,8,8) : X xR x Y +— Y is onto, we know from Lemma 2 that

dp(g * Fe)(x, ¢, &) = 0plTx (§ — cg(X) T Fe(x,§,§). (16)
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Forany (x,s,&) € X x N x 7V, let

Ye(x, £, 8) = Vegx)UIg * Fo)(x, ¢, §) = Vg(x) [Tk (§ — cg(x)).

Let (x, ¢, &) € X x W™ x Y. Then from the semismoothness of Tk (-) and Lemma 3
we obtain that for any (Ax, AZ, A§) € X x A" x Y,

OpWe(x, £, €)(Ax, AL, A§) = Vg (x)(Ax) [Tk (§ — cg(x))
+Vg()ap(Ig * Fe)(x, £, §)(Ax, AL, Af).  (17)

From (15) and the definition of ¥.(-) we know that

I (ViLo)(x, ¢, €) = (V2 f(x),0,0) — 3p¥e(x, ¢, §)
(D@ + chi(0)V2hi(x) + Vh(x) Th(x), VAx), 0)

i=1

which, together with (16) and (17), implies that for any Ax € X,

(mxdp(ViLe)(x, 8, 8)) (Ax)
= Vi Lo(x, ¢ + ch(x), Mg (€ — cg(x)))(Ax) + cVh(x)Th(x)(Ax)
+cVg(x)apllg (§ — cg(x)T g(x)(Ax), (13)

where

V2. Lo(x, ¢ + ch(x), Mg (¢ — cg(x)))(Ax)
= V2 £(x)(Ax) + VZh(x)(Ax) (¢ + ch(x)) — VZg(x)(Ax) Tk (§ — cg(x)).

Let (¢, £) € M(X) be a Lagrange multiplier at X. Forany W : ¥ > Y, let
AL, &, W) =V Lo(X, ,E) + cVA@®ThE) + cVg@WJTg®.  (19)
Then for any Ax € X,

(T 0B(VaL)(F, £, 8)) (Ax) = (A, &, W)(AX) | W € dpTTk (§ — cg(X))} .
(20)
Next, we make two basic assumptions for the constrained optimization problem
(OP). The first one is about the positive definiteness of A.(¢, &, -).
Assumption B1 We assume that (£, §) is the unique Lagrange multiplier at ¥, i.e.,
M) = {(¢, &)} and that there exist two positive numbers cg and n such that for any

c>coandany W € dglg (£ — cg(x)),

(d, A& W)d) > n(d.d) VYdeX.
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Assumption B1 is related to the sufficient conditions for the constrained optimization
problem (OP). It will be shown in Proposition 4 that, under the constraint nondegen-
eracy condition and the strong second order sufficient condition, Assumption B1 is
valid for (NLSDP).

For the remaining part of this section, we suppose that Assumption B1 is satisfied.
Lety := (¢, &). Then V,L.(x,y) = 0. Let ¢o and 5 be two positive numbers defined
in Assumption B1 and ¢ > cg be a positive number. Since by (20) and Assumption
B1, every element in 7, dp(VyiL.)(x,y) is positive definite, we know from Lemma
1 that there exist an open neighborhood Oy of y and a locally Lipschitz continuous
function x.(-) defined on Oy such that for any y € Oy, ViL.(x.(y),y) = 0. Fur-
thermore, since I1k (-) is assumed to be semismooth everywhere, x.(-) is semismooth
(strongly semismooth if V2 f, V2g, and V?h are locally Lipschitz continuous and
Ik (-) is strongly semismooth everywhere) at any point in Oy. Moreover, there exist
two positive numbers ¢ > 0 and §9 > 0 (both depending on c¢) such that for any
xeBs(X)and y € Bs,(y) :={y e R" x Y ||ly =¥ < o} C Oy, every element in
7, 0p(VyLc)(x, y) is positive definite. Thus, for any y € Bs, (), x.(y) is the unique
minimizer of L.(-, y) over B; (%), i.e.,

(xc ()} = argmin {Lo(x, y) | € B (). e

For ease of reference, we write these conclusions in the following proposition.

Proposition 1 Suppose that Assumption B1 is satisfied. Let ¢ > co. Then there exist
two positive numbers € > 0 and 6o > 0 (both depending on ¢ ) and a locally Lipschitz
continuous function x.(-), given by (21), defined on the open ball Bs, (y) such that the
following conclusions hold:
(i)  The function x.(-) is semismooth at any point in Bs, ().
(i) If V2f, V2g, and V*h are locally Lipschitz continuous and ITk (-) is strongly
semismooth everywhere, then x.(-) is strongly semismooth at any point in
Bs, (7).
(iii) For any x € By(x) and y € Bs,(y), every element in mw,0p(VyL:)(x,y) is
positive definite.
(iv) Foranyy € Bs,(y), xc(y) is the unique optimal solution to

min L.(x,y) s.t. x € Bo(X).
Let 9. : W x Y > N be defined as

Ve(¢, §) = xeﬂ}ﬂ}lf(lﬂ Le(x,8,8), (5,6 e xY. (22)

Since for each fixed x € X, L.(x, -) is a concave function, ©¥.(-) is also a concave
function as it is the minimum function of a family of concave functions. By using the
fact that for any y € Bs,(y), x.(y) is the unique minimizer of L.(-, y) over B, (x), we
have

Ve(y) = Le(xc(y), y),  y € By (3).
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For any y € Bs,(y) with y = (£, &) e W™ x Y, let

é‘C(y) o ¢+ Ch(xc(y))
<€c<y>> o (HK(E - cg(x&y))))' (23)
Then we have

Vi Lo(xc(y), ¢c(y), sc(y)) =V Lc(x:(y), y) = 0, y € Béo(y)- (24)

Proposition 2 Suppose that Assumption B1 is satisfied. Let ¢ > co. Then the concave
function V. (-) defined by (22) is continuously differentiable on Bs,(y) with

h(xe(y))

Vie(y) = (—C]%' +071HK(%' —cg(xc(y)))

) . y=1(,8) €Bs (3. (25

Moreover, VU (-) is semismooth at any point in Bs,(y). It is strongly semismooth at
any point in Bs,(y) if V2 f, V2g, and V2h are locally Lipschitz continuous and Ik (-)
is strongly semismooth everywhere.

Proof Lety = (¢, &) € Bs,(y). Then from (24) and [10, Theorem 2.6.6] we have for
any (A, AE) € W™ x Y that

0 (V)I(AL, AE) = T Le(xc(y), ¥)(0x:(y) (AL, AE))
+ T Le(xe(y), YI(AL) + TeLe(xc(y), y)(AE)

= (h(xc(y), AL) — ¢ 1E, £8) + (¢ Tk (€ — cg(xe())), AE).

Thus, 09.(y) (AL, A§) is a singleton for each (A¢, A§) € R x Y. This implies that
dV.(y) is a singleton. Therefore, . (-) is Fréchet-differentiable at y and Vd.(y) is
given by (25). The continuity of V¥, (-) follows from the continuity of x.(-).

The properties on the (strong) semismoothness of V1. (-) at y follows directly from
(25) and Proposition 1. O

For any ¢ > cg and Ay := (AL, AE) € W x Y, define

v i Jh(x) — -1, _ .
Ve(Ay) = [(_ng@)) Ay, W)™ (=Vh(x)(AL) + Vg(x) W (AE))

0 = _
- (_cl A + 1 W(A8) ) (W eaplkE—cg@. 6
Since by Assumption B1, A (y, W) is positive definite forany W € dpl1g (E—cg(x)),
Ve() is well defined. The next proposition establishes an important relationship
between V. (-) and dg (V¥,.)(¥)(-). Note that the function Vi, (-) given by (25) involves
two nonsmooth functions ITg (-) and x.(-), which are related to each other.
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Proposition 3 Suppose that Assumption Bl is satisfied. Let ¢ > co. Then for any
Ay = (A¢, AE) e N x Y,

B (VO (Ay) C Ve(Ay). (27)

Proof Let Ay = (A¢, A§) € W™ x Y be an arbitrary but fixed point. From Proposition
2, we know that V. (-) is semismooth at any point y € Bs,(y). Let Dy, denote the
set of all Fréchet-differentiable points of Vi.(-) in Bs, (). Then forany y = (¢, &) €
Dyvy., we have

V29:(y)(Ay)
B Th(xe(y)(xe) (y; Ay)
T\ —etag + e T (6 - colre(): AE - TR () (v AY) )
(28)
Let y € Bs, (). Now, we derive the formula for (x.)'(y; Ay). From (23) and (24)
we have

0= VixLo(xe(y), &c(y), SC(J’))(XC)/(Y; Ay)
+cVh(xe (1)) Th(xe(y)(x) (v: Ay) + Vh(xe(¥)(AL)

— V(e (I (§ = cg(re()); A& — cTg(xe (M) (v AY)). (29)

Since [Tk () is semismooth everywhere, there exists an element W e dpllk (§ —
cg(xc(y))) such that

i (& = cg(e(9)): A& = cTg(xe () () (s Ay))
= WA = eTglre(»)(x) (0 AY)). (30)
Forany W € 0pllk (§ — cg(x.(y))), let

Ay, W) i= V2 Lo(xe (), &)y Ec () + ¢ VR(xc (D) T h(xe ()
+cVgxc())WT g(xe(3)).

From (18) and the definition of 8y, A (y, W) is positive definite forany W € dpITg (&€ —
cg(x¢(y))). Then from (29) and (30) we obtain that

() (v; Ay) = Ay, W)~! (=Vh(xc(n))(AL) + Vg(xc(y))W(Aé)) N E1Y)
Therefore, we have from (28) and (31) that for any y = (¢, &) € Dyvy,,
> T h(xe(y)) S
+Vgxc(y)W(AE))

0
- (_C_I(Ag)ﬂ_lwmg))‘WeaBnK(s—cg(xc(y))) ,
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which, together with the continuity of x.(-) and the upper iemicontinuity of dglik (-),
implies that for any V € dp(V9.)(y), one has V(Ay) € V.(Ay). Consequently, (27)
holds. O

The second basic assumption needed in this section is stated below.
Assumption B2 There exist positive numbers ¢ > ¢, o > 0, 00 > 0, and t > 1
such that for any ¢ > cand Ay € " x Y,

1) 5 Ay < eoll Ayll/e (32)
and
(Van +c'ay, av) e uol=1 1114V /" YV(A) €Ve(ay).  (33)

Relation (32) in Assumption B2 is about an estimate of the directional derivative
of x.(-) at y while (33) pertains to the generalized Jacobian of V#.(-) at y. It will
be shown in the next section that Assumption B2 is valid for (NLSDP) when the
constraint nondegeneracy condition and the strong second order sufficient condition
are satisfied.

Under Assumptions B1 and B2, we are ready to give the main result on the rate of
convergence of the augmented Lagrangian method for the constrained optimization
problem (OP).

Theorem 1 Suppose that K is a self-dual cone and that Ik (-) is semismooth every-
where. Let Assumptions B1 and B2 be satisfied. Let co, 1, ¢, [to, Qo, and T be the
positive numbers defined in these assumptions. Define

01:=200 and @7 = 4puy.

Then for any ¢ = ¢, there exist two positive numbers ¢ and § (both depending on c)
such that for any (¢, &) € Bs(¢, &), the problem

min L.(x,¢,&) s.t. x € Bo(X) (34)
has a unique solution denoted x.(¢,§). The function xc(-,-) is locally Lipschitz
continuous on _]35 (¢, &) and is semismooth at any point in Bs(¢, &), and for any
(¢.6) € Bs(¢, &), we have

lxc(2, &) — %I < 01ll(¢. &) — (. &) /c (35)

and

1(2e(6, ). 6. 6) — €. B < 02ll(€. &) — @, E)| /e, (36)
where £.(¢, &) and E.(¢, &)) are defined by (23), i.e.,

8c(8,8) =8¢ 4+ ch(xc(¢,8)) and £.(8,8) := Mg (§ — cg(xc(¢, §))).
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Proof Let ¢ > c¢. From Proposition 1 we have already known that there exist two
positive numbers ¢ > 0 and §p > O (both depending on ¢) and a locally Lipschitz
continuous function x.(-, -) defined on Bg, (¢, &) such that the function x.(-,-) is
semismooth at any point in B, (¢, &) and for any (¢,&) € Bs, (¢, 8), x.(¢, &) is the
unique solution to (34).

Denote y := (£, &) € M™ x Y. Since x.(-) is locally Lipschitz continuous on
Bs, (¥) and is directionally differentiable at y, by [40] we know that x.(-) is Bouligand-
differentiable at y, i.e., x.(-) is directionally differentiable at y and

[xc(y) — xc(3) — (x) (v y = W _
y—>y ly =¥l

lim 0.

By Proposition 2, V¥, (-) is semismooth at y, and thus is also Bouligand-differentiable
aty. Then there exists § € (0, §p] such that for any y € B;s(y),

e (¥) = xe(3) = (xe) (75 ¥y = M < 0olly =¥l /¢ (37)

and
[VIe(y) — VI(F) — (VO)' Ty — W < molly — ¥ll/cF. (38)

Let y := (¢, &) € Bs(¥) be an arbitrary point. From (32), (37), and the fact that
x:(y) = x, we have

lxe() =X = 1(xe) O3y = D + eolly = Vll/c = e1lly = Vli/e,

which, shows that (35) holds.

Since Vv, (-) is semismooth at y, there exists an element V € dp(Vd,)(y) such
that (V9.)'(y; y—¥) = V(y —7). By using the fact that V is self-adjoint (see Lemma
4), we know from (33) in Assumption B2 and Proposition 3 that

IV =9+ =PI < 3uolly —Fl/c" (39)

Therefore, we have from (38) and (39)

ly + cVoe(y) = Vi
= ¢ VO(y) = VI(F) — (V) Ty =) + (VO Ty =) + ¢ (v = D)l
< el VO(y) = VO(3) — (VO Ty = DI +clVy =¥ +c Ly =Dl
< uolly = ¥ll/c "+ 3polly = ¥/e* = 0ally = Vil /T

which, together with (25) and the definitions of ¢.(¢, &) and &.(¢, §)), proves (36).
The proof is completed. O

Under Assumptions B1 and B2, Theorem 1 shows that if for all k sufficiently large
with ¢, = ¢ larger than a threshold and if (xk, {k, & k) is sufficiently close to (X, ¢, &),
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then the augmented Lagrangian method can locally be regarded as the gradient ascent
method applied to the dual problem

max 9.({,&) st (£, E) eR" xY

with a constant step-length c, i.e., for all k sufficiently large

k1 k
(gkﬂ) = (gk) + eV (CF, €5).

By (32) in Assumption B2, we see that locally the augmented Lagrangian method can
also be treated as an approximate generalized Newton method applied to the following
nonsmooth equation

V(£ 8) =0

with—c 17 asa good estimate to elements in d Vi, ¢k, g%y forall ¢k, £5) sufficiently
close to (, €) as every element in dV9.(Z, €) is in the form of —c~'1 + O(c™7),
where 7 is the identity operator in i x Y. Since V3.(:, -) is semismooth at )
(cf. Proposition 2), the fast local convergence of the augmented Lagrangian method
comes no surprise for those who are familiar with the theory developed by Kummer
[22] and Qi and Sun [32] on the superlinear convergence of the generalized Newton
method for semismooth equations.

The local rate of convergence for {(¢*, £¥)} established in Theorem 1 is propor-
tional to l/cf_l, which tends to zero as ¢ — oo. However, to increase the value of
¢ may force the convergence sphere to shrink. In the next section, we shall check
whether Assumptions B1 and B2 imposed in this section can be satisfied by nonlinear
semidefinite programming.

4 The case for nonlinear semidefinite programming

This section is devoted to studying the following nonlinear semidefinite programming
min f(x) s.t. h(x) =0, gx) e S, (NLSDP)

where [ : RN — N, h R > RN, and g : RN +— S?P are twice continuously

differentiable. Nonlinear semidefinite programming (NLSDP) is a special case of

(OP) with X :=R", Y :=SPand K := S _’i. The Lagrangian function for (NLSDP)

is

Lo(x, ¢, B) = f(x) + (¢, h(x)) — (B, g(x)), (x,¢, 8) € R* x (" x 8P,

where we use E instead of £ to represent the Lagrange multiplier corresponding to
the constraint g(x) € Sﬁ. Then for any (x, ¢, E) € R" x R x SP,

ViLo(x, ¢, 8) =V f(x) + Vh(x)f — Vg(x)E.
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ViLo(X, ¢, B) =0,

h(x) =0,

367

) € R x R™ x SP be a given KKT point. Then, (x, ¢, E) satisfies
E>0, g =0,

and (E, g(x)) =0. (40)
—PAP"

Let Z := & — g(x). Suppose that Z has the spectral decomposition as in (6), i.e.,

negative eigenvalues of Z, respectively, as

B ={ilr = 0},

where A is the diagonal matrix of eigenvalues of Z and P is a corresponding orthogonal

matrix of orthonormal eigenvectors. Define three index sets of positive, zero, and
o:={i|r > 0},

Write

. 0)
) M+ lin(

-(+)
T @) ) ~\s7)

y:={i|rx < O}
Ay 0 0
A= 0 0 O andF:[Fd Pg Fy]
0 0 4,
with P, € %P1l Py e 0Pl and P, e %P>l From (40), we know that
Eg(x) = g(x)E = 0. Thus, we have
Ay 00 00 O
E=P 00|P, ¢@®m=P|00 0o |P"
0 00 00 -4,
Ay 0 O
E—1g®=P| 0 0 0 |P" 41)
0 0 t4A,
Let
= in A;j/|A;], = rillAil. 42
Vo =, min i/l Vo ;dax i/l (42)
Let Q be the set of all orthogonal matrices of order || x |8]. Define P by (11), i.e.,
P={P e |P=[Py(PgQ)P,l, Q€ Q}.
We now introduce the conditions needed in this section.
Assumption (nlsdp-A1) The constraint nondegeneracy condition holds at x:
(J h(x)
J &)

(43)
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Assumption (nlsdp-Al) is the analogue to the linear independence constraint qualifi-
cation for nonlinear programming [33,41]. It also implies that M (X) is a singleton [8,
Proposition 4.5].

Assumption (nlsdp-A2) The strong second order sufficient condition holds at x [44]:

(d. V2, Lo(x. T B)d) + Ty (E. Tg(@)d) > 0 Vd < app(@. )\ (0),
where
app(Z, E) := {d | Th(X)d =0, Jg(X)d € aff C(g(®) — E; SY)}  (44)

and for any given B € S, the linear-quadratic function Y5 (-, -) is defined as
eI, ©):=2(I.CB'C), (INC)eS" x 8

with BT being the Moore-Penrose pseudo-inverse of B.

Note that if the strict complementarity condition (i.e., 8 = ) holds, then the strong
second order sufficient condition made in Assumption (nlsdp-A2) reduces to the so
called “no gap” second order sufficient optimality condition [8, Sect. 5.3.5] as in this
case the two sets aff(C(g(¥) — E; S%)) and C(g(X) — E; S}) coincide. In the general
case, as its name suggests, the strong second order sufficient condition is a stronger
condition than the second order sufficient optimality condition. See [42,44] for many
conditions equivalent or related to Assumptions (nlsdp-Al) and (nlsdp-A2).

Let P € P. Then there exists Q € Q such that P = [P, (F,g 0) Fy]. For index
sets x, x' € {a, B, y}, let

Clroxn (P) = (vee(P] T g VP -+ vee(Pf Ty, g Py)
and
Clyn)(P) i= (svec(PXzjlg(f)PX) svec(PXTang()_c)PX)),

where vec(B) denotes the vector obtained by stacking up all the columns of a given
matrix B and svec(B) denotes the vector obtained by stacking up all the columns of
the upper triangular part of a given symmetric matrix B. Since P, = P, and P, =

P,, We write C, ) and C(x y) instead of C(, ,(P) and C(x x) (P), respectively if
x, x' € {a, y}. Define

npi=m+laf(jal +1)/2, ny:=n1 + I8+ D/2 + |al|fl, n3:=n—ny,
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and

Th()

— | ZCew
A= —C.p)(P)
—Ca,p)(P)

Suppose that Assumption (nlsdp-A1) holds. Then by (43) in Assumption (nlsdp-Al)
we know that A(P) is of full row rank.! Let A(P) have the following singular value
decomposition:

A(P)=U[X(P) OIRT, (45)

where U € %W"2*"2 and R € N"*" are orthogonal matrices, X' (P) = Diag (01 (A(P)),

. 0us(A(PY), and 01 (A(P)) = 02(A(P)) = -+ = 01, (A(P) > 0 are the singu-
lar values of A(P). It should be pointed out here that U and R also depend on P. But
for the sake of notational simplification, we drop the argument P from U and R in

our analysis below.
Let

o :=min{l, min min o._z(A(P)) and ¢ := max{ 1, max max O‘._Z(A(P)) .
- PeP l<i<ny ' PeP l<i<ny '

Then, since P is a compact set and X'(P) changes continuously with respect to P,

both ¢ and & are finite positive numbers. Thus there exist two positive numbers v and
¥ such that for any P € P and s € Rlllv!]

vlis|? < max {{s, Capn (PICE, (PVs), (s, Can €l 5)} = TlsI® 46)
where

=~ = = zrp)~tut o
C(a,y)(P) = C(a’y)R and RZ=R|: ( ) i|

0 Ln,

When no ambiguity arises, we often drop P from A(P), C(, ,(P), and é(a’y)(P).
Letc > 0and W € agnsﬁ(i — cg(X)). Define A. € N7 as

R ifi eaxUp,
(Redi '_[cki ifiey.

Then it fo_llows _from Lemma 6 that there exist two matrices Q € @ with
P =[Py (PgQ) P,]and ©., € S” such that

! One may consult [8, Proposition 5.71] for a proof, where Bonnans and Shapiro only considered the case
that g(x) € S i. However, it is easy to modify their arguments to include the equality constraint 2 (x) = 0.
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W(H) = P (@C ° (PTHP)) PT VHeSP (47)
with the entries of @, being given by
max{(A¢);, 0} +max{(A:);,0} . = |
@C ij — f ) )
(e ()i |+ 10 | HEDEPXP g
(0c)ij €10,1] if (i, j) € B x B.

For index sets x, x' € {a, B, v}, we introduce the following notation:

(@c)(x,x’) = Diag (Vec((@c)x)(’)) , (@c)(x,x) = Diag (Svec((@c)xx o E)(x)) ,

@ 9

is the Hadamard product and E is a matrix in S” with entries being given

where “o
by
1 oiti=,
Eij = [2 it .
Let
In 0 0 0
D. = 0 (@C)(a,oc) . 0 0
‘Tl 0 ©Od@pp 0
0 0 0 2jeipl

Let A.(z, &, W) be defined as (19), i.e.,
A@. B W) = V2 Lo(F. 2. B) + cVAE Th(@) + cVg@®W T g(X).

A compact formula for A.(¢, &, W) is given in the next lemma.

Lemma 9 The matrix A.(¢, &, W) can be expressed equivalently as

AcE B W)= VLo . ) + ¢ (VI®TH® + CL 1) (@) @ Clor
+2C 4 Clap) + 2C(§,V>(@c)<a,y>c<a,y>+C<,Tg,ﬁ)(@c)<ﬂ,ﬁ>c<ﬂ,ﬁ>) :
(49)

Proof Let d be an arbitrary point in ). By the definition of Vg(x), we have for

H := Jg(X)d that
(T g(@), W(H))

" 8(X), W(H
vew = | 78 WET) (50)

(T g, W(H)
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Noting that from (47) and (48), forany 1 <1 < p,

i=1

_ <PTJXIg(Y)p, CAE (i Pzjig(f)Pdi»
i=1

= {(Cw,0)l> Ca,myd) + {(Cg,a))i» Cpand) + {((Cia, )1 Ca,pyd)
H(Cr.a)is (O)y.0) Ciy.ayd) + ((Cia)i> (Oc) () Clad)

p
(T8 @, W) = (PT Ty g P Y. PTW (T, 8(d) P)

+((Cp.p)i1: (Oc) .8 Cip.p)d)
= {(Ciw,0)l> (O) (@,0)Cla,rd) + ((Cg,a0))1> Cig,ard) + ((Ciw, )15 Cia, pyd)

+<(C(}/,O())lv (@c)(y,a) C(y,a)d> + ((C(a,y))l’ (@c)(a,y)c(a,y)d)
H(Cp.p)is () p.p)Cip.prd)s

we have from (50) that

VEOW(Tg@®d) = (Lo (@0)wCaa +2C gy Clay
+2C (@)@ Clay) + C<§,ﬁ)(@c)(ﬁ,ﬁ>c(ﬂ,ﬁ>)d-

Since d is arbitrarily chosen, (49) holds.

Lemma 9 shows that A.(¢, 8, W) can be written as
(1)

A B, W) =V, Lo(X. L, B) + cAT DeA +2¢C L ) (O) (@) Clay)-

For any ¢, ¢ > 0, let
B (€, 8, W) := V3, Lo(X, ¢, B) + /AT DeA +2¢C, (@) tw.y) Clay)- (52)

The following proposition shows that, under Assumptions (nlsdp-Al) and
(nlsdp-A2), the basic Assumption B1 made in Sect. 3 is satisfied by nonlinear semi-

definite programming.
Proposition 4 Suppose that Assumptions (nlsdp-Al) and (nlsdp-A2) are satisfied.

Then there exist two positive numbers cy and n such that for any ¢ > co and

W € dpIgr (8 — cg (X)),
(d, Ac@. B, W)d) = (d, Bey.c(T, B, W)d) = n(d.d) ¥d e R".

Proof 1t follows from Assumption (nlsdp-A2) that there exists 79 > O such that
(53)

(d, Vi, Lo(X, £, B)d) + Yo (B, Jg(X)d) = nolld||> Vd € app(¢, E).

@ Springer



372 D. Sun et al.

By (10), (41), (44), and the fact that g(x) — E = —Z, we have
app(C. B) = {d | Th(@)d = 0, Py (Tg@d)Po =0, Py (Tg@d)Py = 0}
or equivalently
app (£, E) = {d | Th(¥)d =0, Ciu.d =0, Cia,p)(P)d = 0}. (54

Since (53) and (54) hold, by using Lemma 7 with ¢ and L being defined by ¢d) =

(d. V2, Lo(%. 2. B)d) + Ty (B, Tg@d) and  L(d):=(Th@d:  Caad;
C, ﬁ)(P)d) for any d € ", respectively, we know that there exist two positive
numbers ¢ and n € (0, no/2] such that for any ¢ > ¢,

(d, V2.Lo(F, T, B)d) + Yy (B, Tg@)d)
+e| Th@d|* + el Cia.myd|l* + ¢l Crapy(PYN* = 2nlld|* Vd € K. (55)

Let cp > ¢ be such that for any ¢ > ¢y,

32
S S 2. 56
2. Dl ey =Y (0

iey,jea

— 12
max || Ty ()|
1<i<n

Letc > coand W € 9pI1 S” (2 — ¢g(x)). Then there exist two matrices Q € Q with
P =[P, (Fﬁ 0) ?y] and ®, € S? satisfying (48) such that (47) holds, i.e.,

W(H) = P (00 (PTHP)) PT VH € 87,
It is easy to see from (56) that for any ¢ > cg and d € )" we have

Tom (B, Tg@)d) — 2¢ <d, c(ﬁ,y)(@c)(a,y)c(a,ym

=2(E. Tsdg®' TgPd) — 20(d. C, ) (@)@ Clard)

2
=2 > l—f|(2P T 8@ P dl)

iey,jea

2
Aj
_2C Z m(zp jx,g(x)P d[)

iey,jea

@ Springer



The augmented Lagrangian method 373

2
T 171 1 1 2
=2 Z |:|)L |(A +C|)\. |)Z”\7x1g(x)” ”P” ”P Il dl]

iey,jea
2 )\2
< 2 X . A —
< fé‘f‘;‘n | Tx, gl E 1O+ e |)II I

iey,jea

< nld|?,
which, together with (55), implies that for any ¢ > co we have
(d, V3, Lo T, B)d) +2¢(d. C L) (O @) Clayd)
+eol TRE®* + collCramydl* + collCiapy (P)I* = nlld||* ¥d € R". (57)
Let “®” denote the Kronecker product. Since for any d € R”,

ICapy(P)dI?
= (Ca.p)(P)d, C(a.,p)(P)d)

= (3" vee(P] Tug @ Pyt 3 vee(PI Ty g (0 Pp)a

=1 =1

= (D" vee(Py Ty g®Pp0Id1, Y vee(Py Ty g P4 Qi)

=1 =1

= (0" @ 1) Y vee(Py T gDV Pp)dr. (Q7 @ 1)) Y ved Py Ty (®)Pp)d)
=1 I=1

<Zvec(P T8 @ Ppd,. Zvec(P o Ty 8@ Py)d)

I=1
= (Ca.p)(P)d, C(a.p)(P)d) = ||C(ot,/3)(P)d|| ,

from (52), (57), and the fact that qgﬁ)(@c)(ﬁ,,g)aﬁ,,g) > 0, we can see that for any
¢ = cp,

(d, Bey.c(C. B, W)d) > n|ld|* Vd e %"
By noting the fact that
A€ B W) = Beyo €, E, W) + (¢ — co) AT DA,
we complete the proof. O

Let Assumptions (nlsdp-A1) and (nlsdp-A2) be satisfied. Let the two positive num-
bers ¢ and n be defined as in Proposition 4. Let ¢ > ¢q. Then, by Propositions 1 and 4
and the fact that 11 st (+) is strongly semismooth everywhere, there exist two positive

@ Springer



374 D. Sun et al.

numbers ¢ > 0 and §p > O (both depending on c¢) and a locally Lipschitz continuous
function x, (-, -) defined on B, (¢, E) such that for any (¢, E) € By, (¢, E), x.(¢, E)
is the unique minimizer of L. (-, ¢, E) over B, (X) and x. (-, -) is semismooth at (¢, E).
Let 9. : W x SP > N be defined as (22), i.e.,

9.(¢, B) 1= minﬁ) Le(x,¢, B), (¢, B) e R x WP,

xeBg(x

Then it holds that
9:(L, B) = Le(xc(¢, B), £, B), (¢, B) € By (¢, B).

Furthermore, it follows from Propos_itigns 2 and 4 that the concave function 9.(-, -) is
continuously differentiable on Bs, (¢, E) with

H h(xc(¢, B)) H N
Vl?c(é‘, ‘-‘) - (C—l(_ E + Hsﬁ@ _ Cg(xc(é‘, E)))))’ (Cv L-‘) € BS()(C, “)‘

Forany (A¢, AE) € W" x SP, let V.(AZ, AE) be defined as in (26). By Propositions
3 and 4, we have for any (A¢, AE) € X" x SP that

38(V9) (. E)NAL, AB) C Ve (AL, AB).

Since
A

lim ¢c(®.);; = limc—iz— Vi, j)eaxy,
om (Oc)ij 00 N+ clA | ] @ J) Y

we know that there exists a positive number 7 such that

(d.Bep.c(¢, B, W)d) <7(d,d) YdeNR", c¢=cp, and Weagﬂsi(i—cg(f)).
B (58)
Letc > cpand W € 831785:(3 — cg(x)). Then there exist two matrices Q € Q

with P = [P, (PgQ) P,] and O, € S” satisfying (48) such that (47) holds. Let
A(P) have the singular value decomposition as in (45), i.e.,

A(P) =U[Z(P) O]RT. (59)

Lety := (¢, E). Then we have the following result for A.(y, W).

Lemma 10 Let ¢ > co and W € 0pll st (8 — cg(X)). Suppose that Assumptions
(nlsdp-A1l) and (nlsdp-A2) are satisfied. Then we have

—1
A5 W)' <R 50T (gnhs + e —c)De) UZT 0 | pr
0 o',
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—1
AG. W) = R [E—IUT(ﬁlnz +(c—c0)DC) us-' 0 1|RT
0 [T
(61)
and

1A, W) AT Deu|| < V2 (a+ (gg>—2(ﬁ>2) lull/(c = co) Yu € R"2, (62)

where X := X (P).

Proof Let ¢ := ¢ — ¢g. By (51), (52), and the singular value decomposition (59) of
A := A(P), we have

-1
A, W) = (Bco,c(y, W) + EATDCA)

~1
=(BCO,C@, W) +¢éR(E 01U DU O]RT)

B T _ X olluTpb.U 0 T
—r (W[5 OT[VD OTE 0T)
1

>l o _ UTp.U 0 x 07 .7
=[5 (om0 ) [o e

(63)
where
_ [zt o0 ,r _ 1o
gco(y, W) = |: 0 In3 ] R Bc‘o,c(y, W)R |: 0 In3 .
It follows from Proposition 4, the definitions of ¢ and &, and (58) that
_ > o7
Geo(¥, W) =1 > only (64)
0 1, A
and
> o7
Geo(y, W) < ﬁ[ 0 I ] <onl,. (65)
n3

Therefore, (60) and (61) follow from (63).
Now we turn to the proof of (62).
Let

_ T _ _
Geo 3. W) :=[g ,S}]gm@, W)[UO ,0} and Foy 5, W) = Gy (7. W)
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Partition H,, (y, W) as

T
He, 3, W) = |:H1(W) Hy(W) }

Hy(W) H3(W)

with Hi (W) € 8™, Hy(W) € R"3*"2 and H3(W) € 8. Then, it follows from (64)
and (65) that

IH (W)l <@~ IHW) <57, and [|Hx(W)H (W)™ |2 < (@n)~ 57
(66)
For any ¢ > 0, let

Dc,s =D, + 81,,2, Ac,s(y» W) = Bco,c(yv W) + éATDc,sA-

Let ¢ > 0. By referring to (63), we obtain

—177T -1 —1
o 2T 0 (- - [Dc.e O Ux 07,7
Ac,s()’a W) _R [ O In;} (gco(y’ W)+C [ O 0}) [ O In3}R ’

which, together with (59) and the Sherman—Morrison—Woodbury formula (cf. [18,
Sect. 2.1]), implies

A7, W)ATD, .
e [E—IUT 0 } (Hy (W)™ +¢Dee) ' Do
0 Ins | | Hy(W)H, (W)™ (Hi(W)™ + ¢De) ™' Des |

Since, it follows from the Sherman—Morrison—-Woodbury formula that

(HiW) ™' +Dec)  Dee
N -1 A
=(cI,12+DC,£H1(W) )
-1
=&, — 72D (1,,2 + e W TIDZ) W)
Ac] JNI B ON 17! -1
= 7y = & (Dee + HVOWN)TT) (W),
we have

A3, W)y'AT D, = lim Aec W) AT D, .

R -
- [Hz(‘i)Hf](W)‘l} (6_11”2 — &t (épe+ mon) HI(W)_I) .
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Therefore, from the definition of & and (66) we have for any u € 902 that

IA: 7, W) AT Dou?

2
< (o + (@) 2 (@N)*

( Uy = &7 (6De + Hy (W)™ )_1H1<W>‘1)u

-2 l A—1 -1 -1 ?
= [+ 2@™?) [ lul+e™ | Eoe + W) T) | IH ) 2 lul
2

=(
=(

+ @ 2@m?) & (1+||H1<W)||2||H1<W)— llz) ol

2
7+ @@ e (1+ @™ @) ul’,

which, together with the fact that @ > 1, proves (62). O
Let
¢ = max {2 + V2o, @7 - c0)*/eo, (@n/2 = c0)*/co (67)
and 1
00 = (max {4Wg_zﬁ_zi%, 4/(3]) . (68)
where

ko= 2(7 + @ 2@m?).

Proposition 5 Suppose that Assumptions (nlsdp-Al) and (nlsdp-A2) are satisfied.
Then there exists a positive number (o such that for any ¢ > ¢ and Ay € W" x SP,

) (3 AV < eollAyll/e (69)
and
(Van +c7' Ay, Av) € mol=1 111AYIZ/? YV (Ay) € VeAy).  (T0)

Proof Letc > c¢.Let Ay := (A¢, AB) € " x SP._From the proof of Proposition 3
we know that there exists an element W € dglT Si(E — c¢g(x)) such that

() (7 Ay) = A3, W)™ (=VRE)(AL) + Vg(X)W(AE)) . (71)

For this W € 33H3£ (E — cg(x)), there exist two matrices P € P and O, € S?
satisfying (48) such that

W(H) = P (@C ° (PTHP)) PT VHeSP.
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378
Let A := A(P) have the singular value decomposition as in (45), i.e.,
A=U[¥ OJRT, (72)
where X := X (P). For any two index sets x, x’ € {a, B, y}, let
O,y = Vec(PXTAEPX/), Oy, y) ‘= svec(PXTAEPX).
Define
AL
Ady = Dlerx) ., Ad = (Ado )
@(B,p) D(a,y)
D(a, B)

Then, from (71), we have

((x)' (7 AY). ()7 AY))
NCRTAIY)

- <[AT De 2CL (O wy)IAd, A5, W) AT D, 2C[

< 2(ATDcAdy, Ac(y, W)"2AT D, Ady)
(@c)(a,y)w<a,y>> :

+8(CL ) @@ @), AT WL
(73)
From (62), we have forc > ¢ (> (2 4+ +/2)c) that
(ATDcAdy, Ac(y, W)"2AT D Ady)
= | A3, W)'AT D Adp||?
= K§5_2 (||Ado||)2 (74)
< k372 (1AL, 0@,y 08,81 + 2llw@,p)lI?)
1,
< 500¢ 72 (AL 0. @)1 + 2l s 2) -
Let
— -1 = -1
£, = @y + (¢ = c)D) ", Eei= (anhn + € = o)D)
and _
£ 0 — £ 0
| =c o c
He = [ 0 o' ] 2 o= [ 0 z‘lﬂ‘llng} ' 7

By recalling that
~ ~ . -17yT
C(a ¥) =C(a y)R and R=R v 0 s
' ' 0 Iy,
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we know from Lemma 10, (75), (46), and (42) (by denoting M= A, (v, W)) that

<C(£,V)(@c)(oz,y)w(a,y)’ Ac(y, W)72C<£,y>(@C)(“’V)w(""”>

:<M_1/2C(£ )(@c)(a,y)w(a,y)’M_lM_l/zcg )(@C)(a,y)w(a,y)>

IA

M2 (@)@ RHRTM™PCE (00w @, ”)>

— —1.-1 1
<oog 1 <C(a y)(@c)(a,y)w(a,y),flc(y, W)~ C(a 7,)(Oc)(Ot,y)w(ot,)’)>
<oo~ 2Q_2< (@ y)(@ )(ay)w(ay)s (a, y)(@ ) (@) D e, y)>
<voo~ n 2||(@c)(a,y)w(a,)/)”

2
<voo ’n Zg max A;/(Ai +c|Aj I)) e I
ica,jey

< V50 202050 + ) @@ II?
<voo 2 ie @ I%

1 _
< 205 Cllo@n 1), (76)

which, together with (73) and (74), implies

((xe) 35 AY), (x0) (5 AY)) < Q3llAY 2 /2.

Thus (69) holds. _
Let V(Ay) € V.(Ay). Then from the definition of V. (Ay), there exists W € dp Hsﬁ

(2 - cg(x)) such that

Th Y 4 ot (— e .
Viay) = (_W j(;z)_c)) A W) (= VADAL + Vg @W(AS))

0
+ (—c‘lAE —i—c_lW(AE)) :

For notational convenience, we assume that this W € dgI1 st (- cg (X)) is the same
asin (71).
After direct calculations (cf. Lemma 9), we obtain

—(V(Ay), Ay)
= (147D 2C, (@) @))Ad, A W) TAT D, 2C (O wy)]Ad)
*1||M||2— ¢ (AB, W(AE))
<A DoAdy, M—'ATD Ad0>+4<A DeAdy, M7'CL (00 @y, y)>
+4<C(£,y)(@c)(a,y)w(a,y)’ M C(a,y)(@c)(a,y)w(a,y)>
+e NAEI? =T (AR, W(AR)). (77)
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Next, we estimate the lower and upper bounds of the right hand side of (77). By
using (72) and Lemma 10 we obtain

E. 2 AAG W) TTAT < E..
Thus, we have

(AT D Ady, A5, W) AT Do Ady) = (D Ado, €D Ado)
2 @7+ (¢ = )™ (AL, @@a)|® +4 @7 +2(c = o)™ lwpl
+{@) .. @ligiprens + € = 0)@p.p) ' @ppdip)
= @7+ (¢ = )™ (AL, @a)|® +4 @7 +2(c = o)™ lwpl”
+{©p.powp. Flp + © - @)@p) ' @ppopp) 9

and

<ATDCAdo, A7, W)—lATDCAd()) < (D, Ady, €. D, Ado)
< (en/2+ €~ e0) 1AL @)l +4 (20 +26 ~c0)) o
+<(éc)(ﬂ,ﬁ)?‘)(ﬂ,ﬁ>v (Qﬂlw(|ﬁ|+1)/2 + - Co)(@c)w,ﬁ))i] (@c)<ﬁ,ﬁ@<ﬁ,ﬁ>>
< (on/2+ (e~ ) 1AL w@a)lP +4 (a1 426~ 0)) " ol
+<(@c)(ﬂ,ﬁ)w(ﬁ,ﬁ)v ((22/2)1|ﬁ| G Co)(@c)w,m)_l (@c)<ﬂ,ﬁ)w<ﬁ,ﬁ>> :
(79)

From Lemma 10, (75), (46), and (42) we know that

(CE )@ an @) AT W' CEL ) (@@ @)
~T ~T
e <C(a,y)(@c)<a,y>w<a,y>’ ﬂcC(a,y)(@c)(a,ww(a,y))
> (on+2(c— CO))71 <E(£,y)(@c)(a,y)a)(oz,y)’ 6(2,),)(@c)(oz,y)u)(m,y)>

v @7+ 2(c — c0) " (O (@) @@ I

v

2
= v @7 +2(c — co)) ! (iegnjgym/w + cw)) oI

> v (@7 + 2(c — c0) " 3wy + )o@ % (80)
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<C(£,y) (@c)(a,y)w(oz,y) > AC(?v W)_l C(g,,,) (@c)(a,y)w(a,y)>

~T g ~T
= C(a,y)((“)c)(a,y)ww,y»HcC(a,y)(@c)(a,y>w(a,y>>

IA

-1, —-1/~T ~T
an <C<a,y)(@c)(a,y>w(a,y>yC(a,y)(@c)<a,y>w(a,y>>

IA

— -1 -1 2
g n ”(@c)(a,y)w(ol,y)”

IA
<I
|1Q

i€a,j

2
—1p-t ( ma)éy Ai/(Ai +C|)Lj|)) oo I

IA

Vo T + ) o 1%, 81)

and

T T
<C(ot,y)(@¢‘)(0h)/)w(a~,)/)’ C(a,y)(@c)m.y)w(a,y))

< V(O (@)@ ) I

i€ea,je

2
= U( max Ai/(hi + C|)Lj|)) eI

< W 2l I (82)
By using (74) and (82) we have

(AT Deads, 4G W)TICL ) Oy

< 4, W)T'AT DA IC ) (@) (o) @t
Q0

V2
QOGON/%C,Z (
4

IA

. V2o o
! (1a8 0w, 0.7 + 20w l?) T (FovFe own )

1AL, 0w, 0.0 + 2Nowp P + 20wy ). (83)

By direct calculations we have

IABI? — (AB, W(AE))
= (ot 1P + 2l 12) + 2 (lown I = (@) @ wn®an))

+ (llww,ﬂ) I? = (wp.p), (@c)m,ﬁ)w(ﬂ,ﬁ))) : (84)

Now we are ready to estimate the lower and upper bounds of —(V (Ay), Ay). In light
of (77), (78), (80), (83), and (84), we have

—(V(Ay), Ay) = ¢ logpI? + 2l ) I12)
+k1 (AL, O@.a)I> + 2k2(0) [0, p) I (85)
+2k3(0) 0@, ) I? + ka () o p) I
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where

k1 (c) = @7+ (c — o))" — ooV 2,

k2(c) == (@7/2 + (c — o))" — QoVov/ve 2

K3(0) = ¢ '[1 = V(o + )1+ 20 @7 + 2(c — c0)) ! vy + )7
—Qoﬁoﬁc_2,

and

k4(c) := min ¥ (¢; ¢, ac, be, cp)
1€[0,1]

with ¥ (-; -) being defined as (12) in Lemma 8 and
a.=c ' — Qoﬁoﬁcfz, b. :=o1.
It follows from (13) in Lemma 8 that for ¢ > ¢,

on

c(Je+ Ja)?

Thus, there exists a positive number (1 such that for ¢ > ¢ we have

ka(c) = ¢~ — povo/ve 2 —

min{i(c), k2(c), k3(c), ka(c)} = ¢™F — e

Therefore, from (85) we have

—(V(Ay), Ay) =min{c™, k1(c), k2(¢), k3(c), ka (YA = (¢ —p1c72) | Ay)2.

(86)
On the other hand, in light of (77), (79), (81), (83), and (84), we have
— (V). Ay = ¢! (g I + 2o 1)

+u1 @ IAL, 0@ ) I* + 202(0) |0 p) I

+2u3(0) log@, ) I* + pa(e) logg, g2, (87)
where

—1 _ ~ o
1i(c) = (22/2 +(c— 00)) + 0oPoVve 2,
ma(c) == pi(e),

152 (o + (¢ — c0)) ™2 + govoVTc 2,

u3(e) == ' —vyg+ )1+ 200 'y~
and

¢) = max ¥(t:c,a., b, c
wa(c) te[o’”w( e Des o)
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with

It follows from (14) in Lemma 8 that for ¢ > ¢,

u4(c) = max{y (0; c, a., b, co), ¥ (1; ¢, a.., b, co)}
= Qoioﬁc_z + max [c‘l, (gg/2 + (c — co))_I] . (88)

Then there exists a positive number (o > w1 such that for ¢ > ¢ we have

max {1 (c), pa(c), u3(c), pa(e)} < e+ poc™2.

Therefore, from (87) we have

—(V(Ay), Ay) < max{c™", 1(c), uale), u3(c), pa(e)}llAy|?
< (" 4 uoc™A) Ayl (89)

By (86) and (89), noting that ;g > w1, we obtain that
_2 2 -1 -2 2
poc “Ay|I© = =(V(Ay) 4+ ¢ Ay, Ay) = —uoc” | Ay~
This shows that (70) holds. The proof is completed. O

Now we are ready to state our main result on the rate of convergence of the augmented
Lagrangian method for nonlinear semidefinite programming.

Theorem 2 Suppose that Assumptions (nlsdp-Al) and (nlsdp-A2) are satisfied. Let
co and 1 be two positive numbers obtained by Proposition 4. Let 7, ¢, and 0 be defined
as in (58), (67), and (68), respectively. Let 1o be obtained by Proposition 5. Define

01:=200 and @2 :=4puo.

Then for any ¢ = ¢, there exist two positive numbers ¢ and § (both depending on c)
such that for any (¢, E) € Bs(¢, E), the problem

min L.(x,¢, B) s.t. x € B.(X)

has a unique solution denoted x.(¢, 8). The function x.(-,-) is locally Lipschitz
continuous on Bs (¢, E) and is semismooth at any point in Bs(§, &), and for any
(¢, BE) € Bs(¢, E), we have

Ixc(¢, B) = %I < e1ll¢, E) = (£, B)ll/c
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and
[c(Z, B), Be(Z. B) — (€. B)|| < 025, E) — (£, B)ll/c.
where ¢.(¢, B) and £.(¢, B)) are defined as
8c(¢, B) i= & +ch(x.(§, B)) and Ec(¢, B) = Ilgr (§ — cg(xc(¢, B))).

Proof If Assumptions (nlsdp-A1) and (nlsdp-A2) are satisfied, then from Propositions
4 and 5 we know that both Assumptions B1 and B2 (with t = 2) made in Sect. 3 are
satisfied. Then the conclusions in this theorem follow from Theorem 1. O

Before closing this section, we make a final comment. Note that if the strict com-
plementarity condition is satisfied, then the result on the rate of convergence can be
deduced in a much more straightforward way. For a comparison, we present the cor-
responding analysis, i.e., Theorem 3 below, as an appendix. Another purpose of the
appendix is to point out that one can adopt the proof used in Theorem 3 to deal with
(NLP). By doing so, one can actually give a corrected proof of the approach sketched
in Bertsekas [4] for (NLP) (compared with the proof given in the appendix, the missing
parts in Bertsekas’ approach [4, Sect. 3.1] can be readily seen). Just as in the case for
(NLP) [4], the second order sufficient condition in Theorem 3 automatically implies
the strict complementarity condition.

For (NLP), when the strict complementarity condition holds, an approach to derive
results similar to (94) and (95) was also suggested by Golshtein and Tretyakov [17,
Chap. 7].

The conditions imposed in Theorem 3 are equivalent to Assumptions (nlsdp-Al)
and (nlsdp-A2) plus the strict complementarity condition, i.e., 8 = ¥. Compared
Theorem 2 with Theorem 3, we can see that there is no loss on the rate of convergence
of the augmented Lagrangian method for (NLSDP) even the strict complementarity
condition fails to hold. However, different from Theorem 3, the convergence region in
Theorem 2 may depend on c. It would be interesting to know if this dependence can
be removed under Assumptions (nlsdp-A1l) and (nlsdp-A2) only.

5 Conclusions

This paper provides an analysis on the rate of convergence of the augmented
Lagrangian method for solving nonlinear semidefinite programming. By assuming
that K is a self-dual cone and that [Tk (-) is semismooth everywhere, we first establish
a general result on the rate of convergence of the augmented Lagrangian method for
a class of general optimization problems. Then we apply this general result to non-
linear semidefinite programming under the constraint nondegeneracy condition and
the strong second order sufficient condition. This procedure suggests that our result
may be used to deal with other optimization problems. For example, it seems possible
to apply our general result to nonlinear second order cone programming by using the
strong second order sufficient condition recently proposed in [7] for second order cone
programming.
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6 Appendix: An analysis under strict complementarity

In this appendix, we shall provide a direct analysis, with strict complementarity, on
the rate of convergence of the augmented Lagrangian method for solving nonlinear
semidefinite programming

min f(x) st h(x) =0, g(x) € S’, (NLSDP)

where [ : RN — N, h R > RN, and g : N +— S?P are twice continuously
differentiable.
For any two matrices C and D in R"™*", we write

(C.D) :=Tr (CTD)

for the Frobenius inner product between C and D, where “Tr” denotes the trace of a
square matrix. Since in this case S = {z? |z € SP},

(NLSDP) can be transformed into the following equality constrained optimization
problem:

min f(x) st h(x)=0, z2—gx)=0, (x,z)€X xSP. (90)

Letc > 0. Let ZC (x, z, ¢, &) be the augmented Lagrangian function for (90). Define
Lo : X x 8P x W x SP — N by

Le(x,v.0.8) = f(x)+ (£ h(x)) + gnh(x)n2 +(E v — () + %uv — g2
Then for any (x, z, ¢, &) € X x SP x R x §P, we have

Zc(x’ Zr é"é) ZZC(-X’ 227 é"é) ¢ ¢
= f(x) + (¢, h(x) + Enh(x)n2 + (6,22 — g(x) + Enz2 — g%

Forany (x,¢,&) € X x R x SP, let
T, £, 0) = Mgp(gx) — ¢ 7'8) = (00 — ¢ 7'¢) + ¢~ Mgp (6 — cgx)).
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Since

1nfL(xv§§)

UE+

= f(x)+ ({5 h(x) + —IIh(X)II + inf (&, v —g(x)) + —IIU—g(JC)II2

veS?
= [0+, h(X)>+5|Ih(X)|I2 + (5. 0(x, &, 0) — g(X)>+§||5(x, £.8)—g?

=Lo(x,0(x,&,0),¢,&)
= Lc(x, §7 g),

we have for any (x, ¢, &) € X x " x P

Le(x,8,8) = Lo(x, 2e(x, £, 6), £, &) = L(x, 22(x, £, §), £, £), 1)

where z.(x, ¢, £) is the square root of Hsﬁ (g(x) - c—lg), ie.,

26,8, 6) =\ [Mgp (8(x) — ¢ 18). ©92)

Define 7 : X x S > R"™ x SP by

h(x,z) = ( 2h(x)

. —g(x))’ (x,2) € X x 8P,

Then we have the following conclusion on the rate of convergence of the augmented
Lagrangian method for nonlinear semidefinite programming.

Theorem 3 Consider (NLSDP) and its equivalent problem (90). Let (X, Z, { £) e
X x 8P x W™ x S¥ be a KKT point of (90) withZ := /g(x). Suppose that Jh®,72) :
X xXSP — N x S P is onto and that the second order sufficient condition is satisfied
at (x,z, E, E). Let ¢ be a positive scalar such that

<d V2

(x,2)(x,2)

b(f,f,?,?)d} >0 VO#£de X x SP.

Then there exist positive scalars ¢ > ¢, 8, &, and o such that
(i) Forall (¢,€,c)inthe set D C N x SP x N defined as

D:i={(5,5 ) €N xSP xR, 6) — (. §)l <bc, T<c},

the problem
min L.(x,¢, &) s.t. x € B.(%) (93)

has a unique solution denoted x(¢, &, c). The function x(-, -, -) is continuously
differentiable in the interior of D, and, for all (¢, &, c) € D, we have

lx(2, & ) =% < ooll(¢. &) — (£, &)ll/c. (94)
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(i) Forall (¢,&,¢) € D, we have
10 60,5 & 0) = @O <008 — . E)l/c, (95
where
(€)= +ch(x(5,5,0), 55,50 =g (6 —cgx(5,5,0)).

{’roof It follows from [3] (also see [4, Sect. 2.2]) that there exist positive numbers
3, &, and g such that for all (¢, &, ¢) in the set D C R™ x SP x N defined as

D :={(.&0)|I.&) — €. )l <bc. &<},

the problem R
min L.(x,z,¢,&) st (x,z) € Ba(x) x B;(2) (96)

has a unique solution denoted (% (¢, &, ¢), (¢, &, ¢)) satisfying

122, &, 0), 25,6, 0) = (% DI < 00ll (¢, &) — , §)l /e,

~ N e 222 97
1@ 6.0, £ £.0) — @D < ol €. &) — @ DI/, Gn

where
E@.6.0)i=CHoh (36.6.0). b6 =8+c (2060 — k(. 6.0)).

(98)
Assume that rank (g(x)) = ro and g(x) has the following spectral decomposition

o 07 ,r

where Ap € &0 is a diagonal matrix whose diagonal elements are the rp positive
eigenvalues of g(X) and P is an orthogonal matrix. Then the mapping G : 80 > S0
defined as

G(A) =\ VA2, Ae8"

is analytic at Aq [49, Theorem 3.1]. Therefore there exists a positive number & € (0, &)
such that for any A € 8" with ||[A — Ag|| < 2&;, A is positive definite and

IV A = /Aol = 1G(A) = G(A)|| < 21TG(A)IIIA — Aol (99)
Let & € (0, £1] be such that

3/p82 + 16]TG(A0)[1%83 < 7. (100)
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Since g is continuously differentiable, there exists [, > 0 such that
[g(x) — g = Lgllx —X|| VYV x € B:(x).
Lete € (0,2],8 € (0,8], and ¢ > ¢ be such that
loe + 8+ |IENl/C < &. (101)
Define
D:={(;,§,¢) €N xSV xR |, 8) =, 6] <bc, c<c).

Then, for any (£, &,c¢) € D and x € X such that ||[x — X|| < e, it follows from (92)
and (101) that

12205, 6, 6) = 8@l = gy (g(x) — §/€) — Mgr (2@
< g(0) — g@) — (6 —§)/c —E/cll_
< g(0) — g@I + 15 — &) /el + /el
< lgllx = %] + 8 + /e < 2. (102)

Let v € S} be such that v € By, (g(¥)). Define Z; € SP~"0, Zj; € RP—ro)xro,
and Zy € 8™ by

Zy Zip T
=P vP.
[Zsz Z22:| 4
Then
2
Zi Zip | |0 O
ZIT2 Z» 0 A

Therefore,

‘ = |PTvP — PTg®P| = llv — g®)|l < &.

(23, 23) < 83, (Z21n2Zhy, Z1nzh) <83, (23, + 20,210 — Ao, 23, + 21,7212 — A)
2
2

which, implies
Te(Z1)) < /P2, Te(Z12Z3)) =Tr (Z{,Z12) < /péa. (103)

Let Iy := Z%z — Ag. Then
170l = 1 (23, + 2212 = o) = ZhhZoall < &2 + 1 Z2Z ]| < 262,
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Hence, by (99),

1Z22 — v/ Aoll = IV Ao + To — Aol < 21T G(Ap) IIITo]l < 4621T G(Ao) |l
(104)
Therefore, by (103), (104), and (100), we have

2

= Zn Z 0 0
o-ver = |72 2] [0 )

2
H[Zn VAD) ]
zZl, Zyn — VA
=Tr(Z}, + Z12ZL) + Te(Z1, Z12) + Tr((Zaz — VA0)?)
<3¢”@+1@ﬂjGOmwz<q,

which implies that for any v € Sﬁ satisfying v € Bg, (g(X)) we have

Vv =zl < &

In particular, by (102), for any (¢, &,c) € D and x € X such that ||[x —X|| < &, we
have

Zc(xs é" E) € Bé] (Z)

Thus, from (91) we know that for any (¢, &, ¢) € D,

min L.(x,¢,&) = min L.(x, z.(x, £, §), ¢, €)

x€B (X) xeB.(x)

> min Le(x,z2.¢,
(x.2)€B:(¥) xB;, (3) (6268

zxergir(% (mmL (x,2,¢, 5))
:xerglgr(%(mm Le(x,v,¢, S))
=x513ir(1nL c(x,¢,8). (105)

Let

x(,§,0):=X(.§,0, (£.§,0)€D.

Then, by (105), for any (¢, &,¢) € D, x(¢, &, c) is a solution to problem (93). The
uniqueness of x(¢, &, ¢) follows from the uniqueness of (X(¢, &, ¢), 2(¢, &, ¢)).

For any (¢, &, ¢) € D, by using (98), (105), and the fact that (x(¢, &, ¢), 2(¢, &, ¢))
is the unique solution to (96), we know that

£, 6,¢) = +ch(R(C,€,¢) = +ch(x(£, &, ¢) =C(L, &, ¢)

@ Springer



390 D. Sun et al.

and
E 6 0)=E+c (228 0) — gk & 0))
= £+ i (x(6,6,0),6,6) —cg(x(g, 6, 0))
=& —cg(x(£.8,0) +cllgr (§(x(8. &, 0)) —c 7€)
= HSf; (g - cg(x({, é? C))) = ";:(;7 Ev C)'
Finally, the estimates (94) and (95) follow from (97). O
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