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Abstract. We study a smoothing Newton method for solving a nonsmooth matrix equation that
includes semidefinite programming and the semidefinite complementarity problem as special cases.
This method, if specialized for solving semidefinite programs, needs to solve only one linear system
per iteration and achieves quadratic convergence under strict complementarity and nondegeneracy.
We also establish quadratic convergence of this method applied to the semidefinite complementarity
problem under the assumption that the Jacobian of the problem is positive definite on the affine
hull of the critical cone at the solution. These results are based on the strong semismoothness
and complete characterization of the B-subdifferential of a corresponding squared smoothing matrix
function, which are of general theoretical interest.
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1. Introduction.

1.1. Motivation. Let S(ny,...,n,) be the linear space of symmetric block-
diagonal matrices with m blocks of sizes ny x ng, k =1,..., m, respectively, and let
U be a mapping from S(ni,...,ny) to S(ny, ..., n,) itself. We consider the problem
of finding a root of ¥(X) = 0. This symmetric block-diagonal-matrix-valued equation
problem (matriz equation problem for short) has many applications in optimization.
For example, arising from Lyapunov stability analysis of systems under uncertainty
[4, 23], we desire to know whether there exists an n X n symmetric matrix X such
that the following system is feasible:

(L) X-1%x0,

{)\X—(LiXJrXLi) =0, i=1,...,k,

where A is a given constant, I, L;, ¢ = 1,...,k are given n X n symmetric matrices,
and for an arbitrary symmetric matrix ¥ we write Y > 0 and Y > 0 if Y is positive
definite and positive semidefinite, respectively. It is easy to convert (1.1) into a
matrix equation problem. For X > 0 we denote its symmetric square root by X1/2.
Let |X|:= (X?)Y2 and X, := (X +|X])/2 for any X € S(ni,...,n,,). Note that
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|X| — X =0 if and only if X is positive semidefinite. Let
k
U(X):= > [|AX = L;X — XLi| - AX + LiX + XL; ]+ [| X = I| - X +1].
i=1

Then solving problem (1.1) is equivalent to solving the matrix equation ¥(X) = 0.
Note that this equation is not differentiable (in the sense of Fréchet), but is strongly
semismooth [5, 32]. For the definition of semismooth matrix functions and some
related topics see section 2 or references [5, 32] for more details.

Another application of matrix equations refers to semidefinite programming
(SDP). As a modeling tool of optimization and a powerful relaxation form of some
combinatorial optimization problems, SDP has received much attention in the research
community in recent years. The website of semidefinite programming' contains a nice
categorized list of papers in this area. Assuming strict feasibility of both primal and
dual problems, a semidefinite program is equivalent to finding X > 0, S = 0, and
y € R™ such that

(1.2) Aje X =b;, i=1,....m > yAi+S=C, XeS§=0,

i=1
where e denotes the matrix Frobenius inner product. It is shown by Tseng [35] that
(1.3) X>0 S»0, XeS=0 <— X-[X-5+=0

Thus, system (1.2) can be rewritten as

(14) A e X =b;, i=1....m > yAi+S=0C X-[X-S =0,
i=1

which has the form of ¥(W) = 0 with W := diag (y1,-..,Ym,S, X) being a block-
diagonal matrix.

A generalization of SDP—the semidefinite complementarity problem (SDCP)—
can also be reformulated as a matrix equation. The SDCP is to find, for a given
continuously differentiable mapping F : S(ni,...,nm) — S(n1,...,ny), an X €
S(ni,...,ny) such that

(1.5) X =0, F(X)=0, XeF(X)=0.
By (1.3) this problem is equivalent to
(1.6) X - [X-F(X)]+ =0.

A special case of the SDCP, where F' is linear, was introduced by Kojima, Shindo,
and Hara [19] and further studied in, e.g., [12, 13, 17, 18]. For the general (nonlinear)
SDCP, Monteiro and Pang [21, 22] treated it as a constrained equation and introduced
interior-point methods for solving the constrained equation. Tseng [35] introduced
merit functions to reformulate the SDCP as an optimization problem. Chen and
Tseng [6] studied noninterior continuation methods for solving the SDCP. Kanzow and
Nagel [15] analyzed smoothing paths for the Karush-Kuhn-Tucker (KKT) system of

Thttp:/ /www.zib.de/helmberg/semidef.html
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the SDP and proposed smoothing-type methods for solving the KKT system. Pang,
Sun, and Sun [24] studied semismooth homeomorphisms and strong stability of the
SDCP.

The interest in the nonlinear SDCP stems from the research on nonlinear semidef-
inite optimization problems. Shapiro [29] studied first- and second-order perturbation
analysis of nonlinear semidefinite optimization problems. Jarre [14] gave an interior-
point method for solving nonconvex semidefinite programs. Fares, Noll, and Apkar-
ian [7] investigated a sequential SDP approach for a variety of problems in optimal
control, which can be cast as minimizing a linear objective function subject to linear
matrix inequality constraints and nonlinear matrix equality constraints. Leibfritz and
Mostafa [20] proposed an interior-point constrained trust-region method for a special
class of nonlinear SDP problems. Tseng [36] conducted a convergence analysis for an
infeasible interior-point trust-region method for nonlinear semidefinite programs.

In this paper we study a smoothing Newton method for solving a nonsmooth
matrix equation that includes the SDP and the SDCP as special cases. In particular,
for the SDP, this method achieves quadratic convergence under strict complementar-
ity and nondegeneracy. For the SDCP, quadratic convergence is proved under the
condition that the Jacobian of the problem is positive definite on the affine hull of
the critical cone at the solution. The strict complementarity condition is not as-
sumed here. To establish these results, we investigate the strong semismoothness and
the Bouligand-subdifferential (B-subdifferential) of the so-called squared smoothing
matrix function, which are of their own theoretical interest.

The study on smoothing Newton methods can be traced back to a nonsmooth ver-
sion of Newton’s method by Qi and Sun [27] for solving nonsmooth vector valued equa-
tions. It was later found that smoothing techniques could be applied to the nonsmooth
Newton method to improve its computational performance. Many researchers have
contributed to this area, see, for example, [11] and the references therein. The basic
idea of the smoothing Newton method is to replace the nonsmooth equation ¥(X) = 0
by a smoothing equation G(g, X) = 0, where G : RxS(n1,...,nm) = S(n1, ..., nm),
such that

G(E,Y) - U(X) as(g,Y) — (0,X).

Here the function G is required to be continuously differentiable at (¢, X') unless e = 0.
The classical damped Newton method can then be used to solve G(¢,X) =0ase | 0
to get a solution of ¥(X) = 0. Computational results show that this type of method
is quite efficient in solving vector complementarity problems [37].

For e € R and X € S(ny,...,nm), the squared smoothing function @ : R X
Sni,...,nm) = SN, ..., ny) is defined by

(1.7) Be,X):= (2T + X))V, (6, X)eR xS(n1,...,0m).

Then, ® is continuously differentiable at (¢, X) unless ¢ = 0, and for any X €
S(nl, e ,nm),

Y +3(,Y)]/2 —» X, as (s,Y) — (0,X).

Thus we can use ® to construct smoothing functions for nonsmooth systems (1.4) and
(1.6). We show that the smoothing function

(1.8) G(e,X) 1= X — [X — F(X) + ®(e, X — F(X))] /2
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can be used to design a quadratically convergent algorithm for (1.4) and (1.6). We
note that Chen and Tseng [6] have developed a nice smoothing Newton method for
the SDCP and reported promising computational results. The difference between our
paper and theirs is that we show the strong semismoothness of the smoothing function,
which can be utilized to establish quadratic convergence, whereas paper [6] did not
prove the strong semismoothness of the smoothing function. As a result, paper [6]
needs the strict complementarity assumption and the convergence rate proved there
is only superlinear, whereas we obtain quadratic rate of convergence without this
assumption for the SDCP.

1.2. Notation and organization of the paper. The notation used is fairly
standard. Generally, we use calligraphic letters for sets, capital letters for matrices
and matrix functions, lowercase letters for vectors, and Greek letters for scalars and
index sets, respectively. A diagonal matrix is denoted by diag (A1,...,A,), where
A1, ..., A, are the diagonal entries. Similarly, a block-diagonal matrix is written as
diag (Bi, ..., Bm) with By,..., By, being the block matrices.

Let o and 3 be two sets of indices. We designate by A, the submatrix of A whose
row indices belong to o and whose column indices belong to 3. In particular, A4;; stands
for the (i,j)th entry of A. For matrices A, B € S(n1,...,ny), the Frobenius inner
product is defined as

A e B := Trace (AT B) = Trace (AB).
Consequently, the Frobenius norm of A € S(ny,...,n,) is
JA] = (Ao A)2.

The Hadamard product of A and B is denoted by Ao B, namely, (Ao B);; := A;;B;;
for all ¢ and j. The 2-norm of a vector x is denoted by ||z||. Let I be the identity
matrix of appropriate dimension.

This paper is organized as follows. In section 2 we review some results on nons-
mooth matrix functions and prove the strong semismoothness of ® defined in (1.7).
Section 3 is devoted to characterizing the B-subdifferential of ®, which will be used
in the sequel. We describe the squared smoothing Newton method in section 4. Ap-
plications of the smoothing Newton method to the SDP and SDCP are discussed in
sections 5 and 6, respectively. Some final remarks are given in section 7.

2. Strong semismoothness of ®(e, X). This section is devoted to proving
the strong semismoothness of the squared smoothing function ® defined by (1.7). As
a preparation we introduce some basic definitions and results on a general matrix
function ¥ : S(nq,...,nm,) — S1, where S is also a symmetric block-diagonal matrix
space, but could be of different shape and size from S(nq,...,ny,).

Suppose that ¥ : S(nq,...,n,) — Si is a locally Lipschitz matrix function.
According to [32], U is differentiable almost everywhere. Denote the set of points at
which ¥ is differentiable by Dy and for any X € Dy, let JU(X) denote the Jacobian
of ¥ at X. Let ¥ (X) be the B-subdifferential of ¥ at X defined by

(2.1) op¥(X) = { Jim J\If(Xk)},

and let 0U(X) denote the convex hull of 95V (X).
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DEFINITION 2.1. Suppose that ¥ : S(ni,...,nm) — S1 is a locally Lipschitz
matriz function. U is said to be semismooth at X € S(nq,...,ny) if ¥ is directionally
differentiable at X and for any V € 0U(X + H) and H € S(n1,...,nm),

V(X +H)-¥(X)-V(H) =o(|H]).
U is said to be strongly semismooth at X if ¥ is semismooth at X and
(2.2) U(X+H) -UX)-V(H) =0 H|?.

Instead of showing the strong semismoothness by definition, we will use the fol-
lowing result [32, Theorem 3.6].

THEOREM 2.2. Suppose that ¥ : S(ny,...,nm) — Sy is locally Lipschitz and
directionally differentiable in a neighborhood of X. Then V¥ is strongly semismooth at
X if and only if for any X + H € Dy,

(2.3) V(X +H)—U(X)—JUX+H)(H) = O(|H|?.

In order to show that ®(e, X) satisfies (2.3), we will first identify the differentiable
points of ®. We shall show that ® is differentiable at (e, X) if and only if 2 + X?
is nonsingular. Here we view ® as a function from S(1,n) to S = S(n). This result
easily can be extended to the general block-diagonal case. Unless stated otherwise, &
is assumed to be of this simple structure here and below.

For any X € S, let Lx be the Lyapunov operator

Lx(Y):= XY+YX VY €S8

with Ly! being its inverse (if it exists at all).
For X € S, there exist an orthogonal matrix P and a diagonal matrix A =
diag (A1,..., An) of eigenvalues of X such that

(2.4) X = PAPT.
Define three index sets associated with the eigenvalues of matrix X:
a:={i: N >0}, f:={i: =0} and v:= {i: X\ <0}

By permuting the rows and columns of X if necessary, we assume that A can be
written as

A 0 O
A=1] 0 A, 0],
0 0 0

where A, and A, are diagonal matrices with diagonal elements A;,¢ € « and \;, ¢ € 7,
respectively. Let k := o U~y. Define two diagonal matrices of order |« |:

A, O
D =
0 A,

and |D| = (D?)Y2, ie.,

A, 0
| D] =
0 [A,]

LEMMA 2.3. For (¢,X) € R x S, the following statements hold.
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(a) If 21+ X? is nonsingular, then ® is continuously differentiable at (¢, X) and
J®(e, X) satisfies the following equation:

(2.5) J®(e, X)(1,H) = Ly x)(Lx(H)+2e7I) V(r,H) € RxS.
In particular, in this case,
(2.6) [T, X)(r, H) || < Vn|7|+ | H].

(b) @ is globally Lipschitz continuous and for any (¢,X), (1,Y) e R x S,
(2.7) [@(, X) = @(r,Y)| < vnle-T|[+[|X-Y].

(¢) @ is directionally differentiable at (0,X) and for (1,H) e R x S,

L71

pi[DHyw + HeD] [DI7*DH,g

HI,D|D|™! (T2 + H3,)?

o'((0,X); (. H)) = P ’

where H :== PTHP.

(d) @ is differentiable at (e, X) if and only if €I + X? is nonsingular.

Proof. (a) For any C > 0, we have, by applying [35, Lemma 6.2] or direct
calculation, that (C2 +W)Y2 — C = L' (W) + o(|W]|) for all W € S sufficiently
small. Then, for ¢2I + X? nonsingular (and hence positive definite), we have that

Pe+7,X+H)— 0, H) = (C?+W)Y/2-C
= L' (Lx(H)+2e7I) + O (72 + | H|]?) + o(|W]]),

where (1, H) € Rx S, C:=®(¢,X), and W := Lx(H) + 2e7I + 721 + H?. Thus, ®
is differentiable at (¢, X) and

JO(e, X)(r,H) = L5" (Lx(H) + 2¢7I).

By noting the fact that for all (e+7, X 4+ H) sufficiently close to (g, X), ®(e+7, X+ H)
is positive definite, from the definition of L;l we know that L;l is continuous at
(e, X). Hence, ® is continuously differentiable at (e, X).

Let P and A be defined as in (2.4). To prove (2.6), we first note that

Lx(H)+2etl = P (Ly(PTHP) + 2e7I) PT,
and for any Y € S,

L(j*l (Y) = PL;(la,A)

(PTY P)PT.
Thus, we have

PTJ®(e, X)(r,H)P = Ly}

oien) (LA(PTHP) 4 2e71) .

Hence, by direct calculation, for i,5 =1,...,n,

-1
T ij (A ; 2 2 2 2 p o .
(PTJ(I)(E,X)(T, H)P)ij: (P HP)U()\2+>\J) ( € +>\Z +4/€ +>\j) if 4 # j,
()\i(PTHP)n‘—i-ET) (82—1—)\?)_1/2 otherwise,
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which implies that

n

> ((PTraex)mmP),) <nrt s 3 (PTHP))

ij=1 i,j=1
Hence,
T2, X)(r. H)|* = || PTJ®(e,X)(r, H)P|?
nt? +||PTHP|? = nt2+ | H|?.

N

This completes the proof of part (a).
(b) By part (a) of this lemma, for € # 0 and 7 # 0 we have that

| ®(e, X) — ®(r,Y) |
=|®(el,X)—2(7],Y)]
:H/o J(b(T|+t(|5|—|T|)7Y+t(X—Y))(|g_|7-|7X_Y)dtH

<Vnl(el=ITDI+ X =Y
<Vnle=1|+[|X-Y].

By a limiting process the above inequality is also true for e = 0. Hence, (2.7) holds.
(c) Let P and A be defined as in (2.4). For any 7 € R, H € S, and ¢ € [0, 00), let

A(t) : = ®(tr, X +tH) — (0, X)
and
A(t):= PTA(t)P.
Then,
A(t) = PT®(tr,X +tH)P — PT®(0,X)P

1/2

= (721 + (PT(X +tH)P)*)'" — | PTXP|

= (2721 + (PTXP+tPTHP)?)"? — | PTXP|
-~ N\1/2
- <t27-2]+(A+tH)2) “ AL,
where H := PTHP. Thus,
~ 5 —~\1/2
Aw) = (IAP+W) =1l
where

W = 2721 + tAH + tHA + t2H>

D] 0
0 0|

and

IA] =
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After simple computations we have that
. DH,, + H..D DH,g
W=t ~
HHTBD 0
O(t?) O(t?)
O(t?) 2721+ *[H,H.s + H3) |

By Lemma 6.2 in Tseng [35], we have that

(2.9) A(t)ww = L (W) + o[ W])),
(2.10) A(t)ng = |DI7 Woep + o(|W]),
and

(2.11) Wss = At)L3A() s + Alt)3s.-
Hence,

(2.12) A(t)xp = t|D| "' DH,p + o(t),

which implies that
(213) AWIAW s = CHL(D| D) Hup + ot?) = 2HI,Hos + o(t2).

According to (2.9) and (2.8),

(2.14) A(t)un = tLip (DHyy + Hy D) + o(t).

Since

Wgﬁ = > + t2[ﬁgﬁﬁnﬁ + ﬁgﬁ] )
from (2.11) and (2.13), we obtain that
(2.15) A(t)is = 2T+ 12 H2 5 + o(t?).

Furthermore, since 5(7)55 is positive semidefinite (see the definition of A(t)), we
know from (2.15) that A(t)gg is well defined and

2 772 1/2
(2.16) Alt)ps =t (T I+Hﬁﬁ+o(1)) .
Hence, from (2.14), (2.12), (2.16), and the continuity of (-)'/2,

fim 20 _ | Hpl

[DH,, + H..D]  |D|"'DH,z
tlo t

HI,D|D|™ (T2 + H3,)?

which completes the proof of part(c).
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(d) Only the “only if” part needs a proof. Obviously 21 + X? is nonsingular
at ¢ # 0. If ® is differentiable at (0,X), then part (c) of this lemma shows that
®'((0,X); (7, H)) is a linear function of (7, H) ounly if 8 = (); i.e., only if X is nonsin-
gular. a

Lemma 2.3 shows that the squared smoothing matrix function ® is directionally
differentiable everywhere and globally Lipschitz continuous. It also shows that it is
differentiable at (¢, X) € R x S if and only if ¢2I + X? is nonsingular.

The next result is vital in order to prove the strong semismoothness of ®. By
noting the fact that I and X can be simultaneously diagonalized, we may extend the
proof used in [32, Lemma 4.12] from | X| to ®. Here we follow the outline of a simpler
proof given in [5, Proposition 4.10].

LEMMA 2.4. Let X € S. Then, for anyt € R and H € S such that 721+ (X+H)?
is nonsingular, ® is differentiable at (7,X + H) and

(2.17) O(r,X + H) - ®(0,X) — JO(1, X + H)(1,H) = O(| AZ|]?),

where AZ = (1, H).
Proof. Let D denote the space of n x n real diagonal matrices with nonincreasing
diagonal entries. For each Y € S, define

Oy :={PcO:P'YPeD}

where O := {P e R™" . PTP =1}
Let Ay > --- > )\, denote the eigenvalues of X. By [6, Lemma 3] or [33, Proposi-
tion 4.4], there exist scalars n > 0 and p > 0 such that

Prgiél |P-Q| <n||]Y —X| whenever Y € S, |[Y -X| < p, Q € Oy.
X

If 7 = 0, then the left-hand side of (2.17) reduces to V(X + H) — ¥ (X) — JU(X +
H)(H), where for each Y € S, U(Y) := |Y|. Then, it follows from [32, Lemma 4.12]
that (2.17) holds.

Suppose 7 # 0. Let pg > -+ > p,, denote the eigenvalues of X + H, and choose
any @Q € Ox . Then, by (2.18), there exists P € Ox satisfying

1P =QI <nllH.
For simplicity, let R denote the left-hand side of (2.17), i.e.,
R:=®(r,X+H)—9(0,X)—Jo(r,X + H)(1,H).

Letting C := ®(7, X + H) = (721 + (X + H)?)'/? and noting that Q € O¢, we obtain
from Lemma 2.3 and the formula for L' given in [35, Page 171] that

JO(r, X +H)(r,H) = LZ'(X+H)H+ H(X + H) + 2721
= QEo (QT(X+H)H+ H(X+ H))Q +2721)Q7,
where the matrix = € S has entries
Eij = 1/(0:+0;)

and 0; = /72 + u? is the ith eigenvalue of C. Then, letting R = QTRQ and
H := QTHQ, we have that

(2.18) R=%-58TAS—E o (U+272),
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where ¥ := diag (\/72 + p2,...,/72 + p2), A := diag (A1,...,\,), S := PTQ, and
Uij = (/J,i + ,uj)Hij for all 4, j.
Since diag (pt1, ..., in) = QT(X+H)Q = ST diag (A1, ..., \,)S+H, we have that

n ~ w, ifi=yj
(2.19) S SkiSkide + Hij = ij=1,...,n.
P 0 else,

Since S = PTQ = (P-Q)TQ+ I and ||P — Q| < n||H]||, it follows that
(2.20) Sij = Ol H|) Vizj.

Since P,Q € O, we have S € O so that ST.S = I. This implies

(2.21) 1= 82+ 3085 = 824 O HID), i=1,...n,
ki
and
0 = SiiSij + Siijj + Z SkiSkj
(2.22) ki,j

= SuSi + S;S;; +O(|HI?) Yi#j.

We now show that R = O(|| AZ||2), which, by ||R| = ||R||, would prove (2.17).
For any 7 € {1,...,n}, we have from (2.18) and (2.19) that

m Zskz|)\k|——(27 + 2p;Hy;)
™
_m Zsmp‘k‘ 0 (“Z ZS’“)"“>
T i
:m il = 5 = 5w = SEx) + O(IH )

= /72 4 u = (4 OUHIP)IA = - = GH = 1+ O HIP)A) + O(IH )

S ™ 2
= 7242 = il = T = B = ) + O(IHI?)

K2

= f(r, 1) = F(O, X)) = Jf (7, i) (7, i — Ao) + O(| H|1?),
(2.23)

where the third and fifth equalities use (2. 20) (2.21), and the fact that |p;/0;] < 1.

The last equality follows by defining f(7,u) := /72 + p2. Since f is known to be
strongly semismooth and, by a result of Weyl [ , page 63],

(2.24) i =Nl < | H| Vi,
the right-hand side of (2.23) is O(|AZ||)?. For any i,j € {1,...,n} with i # j, we
have from (2.18) and (2.19) that

n
Rij ==Y SkiSkjl el — Bij (i + p1) Hi
k=1
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= > SkiSkjl Akl + Zij (i + 13) Y SwisSuiAe
k=1 k=1
= —(S5iSij | Nil + 5555 1A51) + B (s + 15)(SiiSijAi + Sj3Si505) + O H|1?)
= — ((SiSij + SjiSij|Ail) + 85855 (IA;] — [Ail))
+ Zij (pi + 15) ((SiSij + S5iSi)Ai + SjiS;5 (A — M) + O(| H||?)

= 850855 (N = INil = Eij (i + 1) (A = M) + O(IHIPP)

My + i
225) = ~85855 (0] = Il = 5540 = 20)) + O(1IP)
J 1

where the third and fifth equalities use (2.20), (2.22), and Z;;|p; + p;| < 1. We have
that

g+
[ — | = 22 (Aj — )

9j+9¢
Hj =+ My +
:‘)‘j‘_|)‘i|_9j.+9'(/~bj_ i)_aj'_’_a‘()\j—uj-i-/ii—)\i)
J ? J 7
(72 +p3) = (T +1d) oy +
=1l = 1Al = - - (Aj = mj + pi = Xi)

JrE 2 it

I =N — PR SR N L 0 U
(2.26) =X |— |\ ]| (\/7' + pf \/7' +ui) 9]""07;()\] tj F Hi = Ag)-

Since |y + pal/(6; + 6 < 1 and [|Ac] — /74 2] = [0 — [ (m )| <
[ (0, A\k) — (7, k) | < |7| + | Ak — puie| for k € {3, j}, we see from (2.24) that the right-
hand side of (2.26) is O(|7| + ||H||). This, together with (2.20), implies the right-hand
side of (2.25) is O(||H||(|7| + ||H]|)). The proof is completed. |

According to Theorem 2.2 and Lemmas 2.3 and 2.4, we obtain the following main
result of this section.

THEOREM 2.5. The squared smoothing matriz function ® is strongly semismooth
at (0,X)eR xS.

The theorem above provides a basis for quadratic convergence of the squared
smoothing Newton method for the SDCP, which is to be discussed in section 5.

3. Properties of the B-subdifferential of ®. In this section, we shall dis-
cuss some properties of the B-subdifferential of the squared smoothing function ®
at (0,X) € R x S. These properties play a key role in the proof of nonsingular-
ity of the Jacobians arising from the SDP and the SDCP. Assume that X has the
eigen-decomposition as in (2.4), i.e.,

X = PAPT,

where P is an orthogonal matrix and A is the diagonal matrix of eigenvalues of X
and has the form

Aw 0 0
A=| 0 A, 0
0 0 0
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Partition the orthogonal matrix P according to
Po=[Wo W, Wg],

with W, € Rvxlel W, € Rl and W € R™*18l.
Recall that the critical cone of S; :={X = 0: X € S} at X € S is defined as

C(X;84) = T(X4;84) N (X4 = X)*,

where 7 (X, ;S,) is the tangent cone of S, at X and (X, — X)* is the subset of
matrices in S that are orthogonal to (X; — X) under the matrix Frobenius inner
product. The critical cone can be completely described [3, 9] by

(31) C(X;84) ={Y e S:WJYW, =0, W]YW3 =0, WjYWs = 0}.

Consequently, the affine hull of C(X; S ), which we denote by £(X;S4), is the linear
subspace

(Y eS:W/YW, =0, W]YWs =0}.
PROPOSITION 3.1. For any (0,H) e Rx S and V € 9p®(0, X), it holds that

(3.2) V(0,H) = P(Q o PTHP)PT,
(3.3) H+V(0,H) € L(X;S,),

and

(3.4) [H—-V(0,H)] ¢ [H+V(0,H)] >0,

where the matriz Q € S has entries
te[_la” if (imj)eﬁxﬁa
Qij = Ai + )\j

————  otherwise.
Al + A

Proof. Let V € 0p®(0,X). By Lemma 2.3 and the definition of the elements
in dp®(0, X), it follows that there exists a sequence {(¥, X*)} converging to (0, X)
with ()21 + (X*)? being nonsingular such that

V(0,H) = lim J®(* X*)(0,H) = lim Lz (Lxx(H)),
k—o0 k—o0
where C* := ®(ek, X*). Let X*¥ = P¥ A* (P*)T be the orthogonal decomposition of
X%, where A¥ is the diagonal matrix of eigenvalues of X* and P is a corresponding
orthogonal matrix. Without loss of generality, by taking subsequences if necessary,

we may assume that {Pk} is a convergent sequence with limit P = limy_ ., P* and
A =limy_, o A* (clearly X = PAPT). Then,

klggo As = 0.
For any H € 8 with H* := (P*)T HP* we have that
Low (J®(EF, X*%)(0,H)) = Lxx(H);
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ie.,

1z _ ARHF 4 HRAR

(971 + (M%) 2 TF 4+ TF ()71 + (A4)?)
where U := (PF)T [J®(ck, X*)(0,H)] P*. By denoting CF = ((eF)21 + (AF)2)1/2
we have that

O(I)CcaU(])fa + U(l)jac(]fza CéccozU(])f'y + U(])f'yc’];'y O(I)CcaUc]ycﬂ + Uclvcﬁclﬁcﬁ

Ch Uk, + UL CE, CEUE +UFCE CEUE, +UF,CE,

Yy T o YT o YTy Yy Ty Y~ vB
~k 17k Tk vk ~k 17k rrk ok ~k 17k Tk vk
C58Usa T UpaCaa  CppUp, + U5, O3, CppUps +UssCip

ARHE, + HE AR ARHE + HE AR AEHE, + HE A)

aota arytry

— k [k gk Ak k [k 7k Ak k 7k 7k Ak
B Ava + HwAa A’YH"/’Y + H’Y’YA’Y A’YH’Yﬁ + H’yﬂAﬁ

k 17k Tk k k 1Tk Tk Ak k 17k Tk Ak
AGHG, + Hgo Ao AgHg, + Hg Ay AgHgs + HgaAp

For each k, define the matrix QF € S with entries

Qy = (\/(Ek)2+(/\f)2+\/(6’“)2+(>\.’;)2>_1(>\§+>\§), ij=1,...,n.

Since {Q¥} is bounded, by taking a subsequence if necessary, we assume that {Q*} is
a convergent sequence and that

lim QF = Q.

k—oo

Hence, it follows that

lim UF = lim QF o H* = Q o PTHP,

k—oo k—o0

which proves (3.2). Let H := PTHP. Then, we obtain that

Hoo Qo © Hos Hop
P'V(0,H)P = | HL o QL -H, ~Hyp
HI, —HT,  Qpp o Hgps
Let E € S be the matrix whose entries are all ones. Thus,
PT[H +V(0,H)|P
2H (Qay + Ea,y) o ﬁa'v QHW
(3.5) = | HL, o (Qay +Ea))T 0 0

2H], 0 (s + Epp) o Hpp
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and

PT[H —V(0,H)|P

0 (Eay — Qay) © Hay 0
(3.6) = | HZ, o (Eay — Q)T 2H.,, 2H.3
0 2H (Egs — Qpp) © Hgg

Hence, from (3.5), we get that
WIIH +V(0,H)]W, =0 and W.J[H+V(0,H)Ws=0,

which proves (3.3).
By noting the fact that ;; € [-1,1] for all 4,5 = 1,...,n, from (3.5) and (3.6)
we obtain that
[H —V(0,H)] o [H+V(0,H)]
= (PT[H — V(0, H)]P) o (PT[H + V(0, H)]|P)
= Y 20-Qy)A+ Q) HE+ Y (- Qi)+ Q) H
i€a, jEY i€8,jEB
>0,
which proves (3.4). This completes the proof. |

4. The squared smoothing Newton method. Let ¥ : S(ny,...,n,) —
S(niy,...,ny) belocally Lipschitz continuous. Let G : RxS(ny,...,nm) — S(ng, ...,
ny,) be an approximate function of ¥ such that G is continuously differentiable at
(,X) e Rx S(ni,...,ny) unless e = 0 and

li V) = ¥(X).
iy GEY) = UX)

The existence of such a G was proved in [31] for vector-valued functions. It can be
easily extended to matrix-valued functions by making use of the isometry between R™
and S(ny,...,nm,). For the SDP and the SDCP, there are many choices for G. In
particular, a computationally efficient form for the SDCP is

(4.1) G(e,X):= X — [X — F(X) + ®(e, X — F(X))] /2.

The squared smoothing Newton method, in particular, solves the auxiliary equation

(4.2) E(s, X) = [G(;X)} =0

and uses the merit function ¢(Z) := &2 + ||G(Z)||” for the line search, where Z :=
(e, X).
Let £ € R, and 7 € (0,1) be such that n& < 1. Define an auxiliary point Z by

Z:= (£,0) € RxS(ni,...,nm)
and 0 : R x S(ny,...,nm) — Ry by

0(Z) := nmin{l,¢(2)}.
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Let
N:={Z=(X)eRxSEn,....,ny) : €>0(Z)c}.

ALGORITHM 4.1.
Step 0. Select constants § € (0,1) and o € (0,1/2). Let % := &, X° € S(n1,...,nm)
be an arbitrary point and k := 0.
Step 1. If E(Z*) = 0, then stop. Otherwise, let 8 := 0(Z*).
Step 2. Compute AZF := (AcF, AX*) € R x S(ny,...,nm) by

(4.3) E(ZF) + JE(Z*)(AZF) = 0,7 .
Step 3. Let I, be the smallest nonnegative integer [ satisfying
(4.4) H(ZF +68'AZF) < [1-20(1 —ne)s' p(Z%).

Define ZF+1 := ZF 4+ sk AZF.
Step 4. Replace k by £+ 1 and go to Step 1.
THEOREM 4.2. Assume that
(i) for everyk >0, ife* € Ry and Z¥ € N, then JE(Z¥) is nonsingular; and
(ii) for any accumulation point Z* = (¢*, X*) of {Z*}, ife* > 0 and Z* € N,
then JE(Z*) is nonsingular.

Then an infinite sequence {Z*} C N is generated by Algorithm 4.1 and each
accumulation point Z* of {Z*} is a solution of E(Z) = 0. Moreover, if E is strongly
semismooth at Z* and if all V € OgE(Z*) are nonsingular, then the whole sequence
{ZF} converges to Z*,

(4.5) |zt =z || = o 2" = Z*|*),
and
(4.6) efH = 0((")?).

The vector version of the above convergence result is proved in [26], where the
smoothing parameter is a vector rather than a scalar. However, the proof was inde-
pendent of the dimension of the parameter vector. Therefore, with a slight revision
if necessary, its matrix version can be established similarly. For brevity we omit the
proof.

The key conditions for quadratic convergence of Algorithm 4.1 are: (a) the
strong semismoothness of the smoothing function EF and (b) the nonsingularity of
all V € 0pE(Z*). (In [26], OE(Z*), rather than O E(Z*), was used. However, it is
easy to check whether the convergence properties are still valid if we replace OE(Z*)
by 0 E(Z*) in the analysis.) In the subsequent sections we will provide sufficient con-
ditions for (b) to hold in the cases of SDP and SDCP where (a) is naturally implied
by the strong semismoothness of ®.

5. Application to the SDP. In this section we shall show how to use Algorithm
4.1 to solve (1.4), which constitutes the optimality conditions of the SDP. For this
purpose, we assume that {4;}7, are linearly independent, i.e., any oo € R™ satisfying
Yo oAy =0 implies o =0, i =1,...,m.
Define A: S — R™ as
A1 o X
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Then solving (1.4) is equivalent to finding a solution to

AX) b
(51) \IJ(X,y7S):: ZyiAi“l‘S_C =0, (X,y,S)ESmexS,
=1
XX 5],

Define G:RXxSXR™" xS —-R™ xS xS8 as
AX)=b

(5.2) G(e, X,y,8) := > yidi+S-C
=1

X —[X - S+de, X —S)]/2

Then G is continuously differentiable at (¢, X,y, S) with € # 0. Let

(5.3) E(e,X,y,8) 1= {G(&;,%S)} .

Hence, finding a solution of ¥(X,y,S) = 0 is equivalent to finding a solution of
E(,X,y,S)=0.

Similar smoothing functions for the SDP were first used in [6] and very recently
in [15]. Based on these smoothing functions, smoothing Newton methods were also
designed in [6, 15]. The major differences between our method and those in [6, 15]
in the context of SDP are (i) our algorithm needs to solve only one linear system per
iteration while the methods in [6, 15] need to solve two; (ii) quadratic convergence
has been established for our algorithm while only superlinear convergence has been
established for methods in [6, 15]; and (iii) numerical results are reported in [6, 15]
while our paper is focused on theoretical analysis.

The next result shows that JE(e, X,Y, S) is nonsingular at (e, X,y,5) € Rx S x
R™ x S with & # 0. Similar proofs can be found in [6, 15, 34].

PROPOSITION 5.1. Forany (¢,X,y,S) € RxSXR™XS withe #0, JE(¢,X,Y, S)
is nonsingular.

Proof. By Lemma 2.3, we know that JE(e, X,Y,S) exists. Suppose that there
exists (1, H,z,T) € R x § x R™ x § such that

JE(e, X,Y,S)(r,H,2,T) = 0;

ie.,

A(H)

i=1

| H—[H-T+J%(, X —8)(r,H—T)]/2 |

Il
o

which implies that

=0 and 2H—[H-T+J®(,X —S)(0,H-T)] = 0.
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Hence, by Lemma 2.3,
2H — [H =T+ Lyl gLocs)(H-T)| =0,
which implies that
Ly x-s)(H+T) = Lix_s(H-T);
ie.

1/2 1/2

(21 + (X —$)2)? (H+T) + (H+T) (2 + (X — 5)?)
= (X-S)H-T)+ (H-T)(X-S5).

Since X — S € S, there exist an orthogonal matrix P and a diagonal matrix A of
eigenvalues of X — .S such that

X -8 = PAPT.
By denoting H := PTHP and T := PTTP, we have that
(2I+ A2 (HA+T) + (H + T)(2I+A*)Y2 = A(H-T) + (H—-T)A.
Hence,
H+T=Qo (H-T),

where the matrix 2 € S has entries

1
Qi = (\/52"")‘12"‘ 52+>\?) Ni+2A5), 4,j=1,...,n

Thus,

where the matrix () € S has entries

-1
Qiy = <Ai+/\j—\/s2+A$ - \/s2+)\§> (Ai+>\j+ e2+ A2 + 52+A§) ,
where 4,5 =1,...,n. From (5.4), we know that

A;e H=0,i=1,...,m, and ZZiAi+T: 0,
i=1

which implies that

T e H = ZziAioH+ToH: (ZziAiJrT) e H =0.
i=1

=1

Hence,
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which, together with the fact that ﬁij < 0 for all + and j, implies that T=0. Thus,

H=QeT =0 and T =H =0.

From the linear independence of {A;}™, and that fact >\, z;4; + T = 0, we can
conclude that z = 0. This shows that JE(e, X, y,S) is nonsingular. |

Proposition 5.1 shows that Algorithm 4.1 is well defined when it is applied to the
SDP. We state it formally in the following theorem. Its proof is a direct application
of Theorem 4.2 and Proposition 5.1.

THEOREM 5.2. If Algorithm 4.1 is applied to the SDP, then an infinite sequence
{Z*} is generated and each accumulation point Z* of {Z*} is a solution of E(Z) = 0.

For local convergence analysis of Algorithm 4.1 for the SDP, we need the non-
singularity of 0pE(Z*) at a solution Z* of E(Z) = 0. Next, we discuss a sufficient
condition to guarantee the nonsingularity of Op E(Z*) at a strict complementary and
nondegenerate solution Z* = (0, X*,y*,S*) of E(Z) = 0; i.e., Z* satisfies the follow-
ing two conditions: (a) X*+S5* > 0 and (b) for any (H, z,T) € S x R™ x S satisfying

A(H) =0, Y zA;+T =0, and X*T + HS* =0,
i=1

it holds that H = T = 0. Condition (a) is called the strict complementarity, under
which E is continuously differentiable at Z*. Condition (b) was first introduced by
Kojima, Shida, and Shindoh [16] for local analysis of interior-point methods. Condi-
tions (a) and (b) are also used in noninterior-point methods for solving the SDP [6, 15].
See [1] for a discussion on strict complementarity and nondegeneracy conditions in
the SDP.

PROPOSITION 5.3. Let Z* = (0, X*,y*,5%) e Rx S x R™ x § be a strict com-
plementary and nondegenerate solution of E(Z) = 0. Then JE(Z*) is nonsingular.

Proof. Since (X*,y*,5*) is a solution to the SDP, we have that

X*=0, S*»0 X*'S*"=05X"=0,
which implies that there exists an orthogonal matrix P such that
X*=PAPT and S* =PxPT,

where A = diag (61,...,6,) and ¥ = diag(oy,...,0,) are two positive semidefinite
diagonal matrices and 6,0, = 0, ¢ = 1,...,n, where 61,...,9, and o1,...,0, are
eigenvalues of X* and S*, respectively. By using the fact that X* + S* > 0, we also
have that

bi+o; >0, i=1,...,n.
Denote A := A — X. Then, A = diag (\1,...,\,) is nonsingular and
X*—8* = PAPT,

where \; = 6; —o;,i=1,...,n.
Suppose that there exists (7, H,2z,T) € R x § x R™ x § such that

JEO,X*,y*,8*)(r,H,2,T) = 0.
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We have that 7 = 0 and
A(H)

(5.5) > zAi+T =0.
=1

H+T-Jo0,X*—S5*0,H-T)
In particular, from the third equality of (5.5), we obtain that
PT(H + T)P — PT J®(0,X* - S*)(0,H -T)P = 0,
which, together with Proposition 3.1, implies that
H+T=PJjo0,X —S*)0,H-T)P = Qo (H —T),
where H := PTHP, T = PTTP, and Q € S has entries

A+ A

ST Gi=1,...,n.
R

Qij =

Hence,

(5.6) (E—Q)oH+To (E+Q) =0,

where £ € S denotes the matrix whose entries are all ones. Denote two index sets
a:={XN: XN >0} and vy:={\: )\ <O0}.

By noting the fact that A\; = 6; if \; > 0 and A\; = —o; if A; < 0 and aUy ={1,...,n},
from (5.6) we have that

T;; =0 V(i,j) € axa;

HijUj + ijél =0 V(Z,]) € axy

and
Hij =0 VY(ij) €vxy.
Thus,
AT + HY = 0;
ie.,

X*T + HS* = 0,

which, together with the first and second equalities of (5.5) and the nondegeneracy
assumption at Z*, shows that

H=T=0.

The linear independence of {A;}7, and the fact that 7' = 0 imply z = 0. Hence,
JE(Z*) is nonsingular. O
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We can now state quadratic convergence of Algorithm 4.1 for solving the SDP,
which does not require a proof.

THEOREM 5.4. If an accumulation point Z* of {Z*} generated by Algorithm 4.1
for solving the SDP is a strict complementary and nondegenerate solution of E(Z) =
0, then the whole sequence {Z*} converges to Z* with

(5.7) |zt =z = o 2" = Z*|?)
and
(5.8) bl = 0((e%)?).

In the above theorem for the SDP, we need the nondegeneracy to prove quadratic
convergence of Algorithm 4.1. In the next section, we shall show that, for the SDCP,
this assumption can be replaced by the positive definiteness of the Jacobian of the
problem on a certain subspace.

6. Application to the SDCP. In this section, we shall deduce quadratic con-
vergence of the squared smoothing Newton method in solving the SDCP. We first
prove a result on the generalized Jacobian for a composite function.

PROPOSITION 6.1. Let S, 81, and Sa be symmetric block-diagonal matrix spaces.
Let F : S — S; be continuously differentiable on an open neighborhood N of X and
U : S — Sy be locally Lipschitz continuous and semismooth on an open neighborhood
of F(X). Then, for any H € S, it holds that

(6.1) OpY(X)(H) € 9p¥(F(X)) JF(X)(H),
where for any X e N, T(X) := U(F(X)).
Proof. Since Y is locally Lipschitz continuous, by Rademacher’s theorem (see [28,

page 403]), T is differentiable almost everywhere in /. For any V € dpY(X), there
exists a sequence of differentiable points {X*} C A/ of T converging to X such that

V = lim JY(X*).

Since U is directionally differentiable on an open neighborhood of F(X), for any
HeS,

JT(XR)(H) = W(F(X*); JP(X*)(H)) .
Since VU is semismooth at F(X¥), there exists a W € ¥ (F(XF¥)) such that [25]
W (F(XF); JF(XR)(H)) = W JF(XP)(H),
Thus,
JY(X*)(H) € opW(F(X") JF(X*)(H),
which, together with the upper semicontinuity of dp (see [25]), implies that

lim JY(X*)(H) € 0p¥(F(X)) JF(X)(H).

k—oo

This proves (6.1). O



Downloaded 09/15/19 to 158.132.44.221. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

A SQUARED SMOOTHING NEWTON METHOD 803

In the following analysis, we assume that F': § — S is continuously differentiable
and E:R xS — R xS is defined as

€

(6.2) E(e,X) = { . X)

}, (e,X) e Rx S,

where G : R x § — S is defined by (4.1); i.e.,
Ge,X)=X-[X-FX)+ (e, X -F(X))]/2
and for any Y € S,
(e, Y) = (2T +Y?)V/2,
Then solving the SDCP is equivalent to solving the following equation:
(6.3) E(,X) =0.

The next result is on the nonsingularity of the B-subdifferential of E at (0, X) €
R x S.

PROPOSITION 6.2. Suppose that for a given X € S, the Jacobian JF(X) of F
at X is positive definite on the linear subspace L(X — F(X);S), the affine hull of
C(X — F(X);S+). Then allU € 0gE(0,X) are nonsingular.

Proof. Let U be an element of dgE(0, X). Assume that (7, H) € R x § is such
that U(r, H) = 0. Then, from the definition of the B-subdifferential of E, we know
that 7 = 0 and there exists a W € 9pG(0, X) such that W (0, H) = 0. By Proposition
6.1, there exists a V € 9p®(0, X — F(X)) such that

W(0,H) = H—-[H—-JF(X)H)+V(0,H—-JF(X)(H))]/2,
which, together with the fact that W (0, H) = 0, implies that
2H —[H - JF(X)(H)]-V(0,H — JF(X)(H)) = 0.
Let H := H — JF(X)(H). We have that
(6.4) 2H = H+V(0,H)

and that
ie.,

which implies that

[H+V(0,H)] o[H—V(0,H)
(6.5) +[H +V(0,H)] e [JF(X)(H+V(0,H))] =0.

By Proposition 3.1, (6.5), and the assumption that JF(X) is positive definite on
L(X — F(X);S), we conclude that

H+V(O0,H) =0,

which, together with (6.4), implies that H = 0. This shows that for any (7, H) € RxS
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satisfying U(7, H) = 0, one has (7, H) = 0. Hence, U is nonsingular. The proof is
completed. 0

Finally, we can state quadratic convergence of the squared smoothing Newton
method for solving the SDCP.

THEOREM 6.3. Suppose that F' : S — S is continuously differentiable on S. Sup-
pose that for each X € S, JF(X) is positive semidefinite. Then an infinite sequence
{Z*} is generated by Algorithm 4.1 for solving (6.3) and each accumulation point Z*
of {Z*} is a solution of E(Z) = 0. Moreover, if JF(-) is Lipschitz continuous around
X* and JF(X*) is positive definite on the linear subspace L(X* — F(X*);S,), the
affine hull of C(X* — F(X*);S.), then the whole sequence {Z*} converges to Z*,

(6.6) |ZM4 = Z¥|| = o(|12" — z*|1%),
and
(6.7) ghtl = O((ek)z).

Proof. For any € # 0 and X € S, by Lemma 2.3, E' is continuously differentiable at
(e, X). It is easy to check that JE(e, X) is nonsingular if and only if JG(e, X)(0, H) =
0 implies H = 0. It has been shown by Chen and Tseng [6] that the latter is true.
Thus, for any € # 0 and X € S, JE(g, X) is nonsingular. By Theorem 4.2, an infinite
sequence {Z*} is generated by Algorithm 4.1 and each accumulation point Z* of {Z*}
is a solution of E(Z) = 0.

If JF(-) is Lipschitz continuous around X*, then by Theorem 2.5 and a property
on the strong semismoothness of a composite function (originally due to Fischer [10];
for the matrix version, see [32, Theorem 3.10]), we know that E is strongly semismooth
at (0, X*). Furthermore, by Proposition 6.2, all U € dgFE(0, X*) are nonsingular.
Thus, by Theorem 4.2, the whole sequence {Z*} converges to Z*, and (6.6) and (6.7)
hold. 0

7. Conclusions. We have studied quadratic convergence of a squared smoothing
Newton method for nonsmooth matrix equations. For the SDCP, the strong semi-
smoothness of G, together with the positive definiteness of JF(X*) on the affine hull
of C(X* — F(X*);S4), implies that the proposed algorithm has quadratic rate of
convergence without requiring the strict complementarity.

There are several possible directions to extend our work. One direction is to
study the strong semismoothness of other smoothing functions used in [6] and then
to improve the local analysis in [6]; another direction is to relax the nonsingularity
condition on the Jacobians. It is also possible to use some regularization techniques,
for example, the Tikhonov-type regularization, to get stronger global convergence
results as has been done for vector-valued complementarity problems [8, 30].
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