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Chapter 1

Introduction

The nonlinear complementarity problem (.nfCP) is formally defined as follows. Given
a mapping F :  D ) W? - W", this problem, denoted NCP(F), is tof ind avector r  € f t f
such that

c )  o,  r ' ( r )  )  o,  c"F(r)  :  o.  (1)

There are many generalizations of NCP. For example, the general nonlinear comple-
mentar i ty,  denoted NCP(F,G), is to f ind r  € f t 'such that

r ( r )  )  o,  G(c) > o,  F(r)rG(r)  :  s,  (z)

*'here F,G : S' --- ft ' . For a comprehensive review of complementarity problems, see
r2l.

The complementarity problem NCP(F) is a special case of variational inequality
problem which is defined as follows. Let, K be a given subset of ft" and F : D ) K -+ ft".
This problem, denoted VI(K,/ ' ) ,  is to f ind a vector r€ K such that

( y - " ) ' P ( " )  > o  Y y € K .  ( 3 )

Complementarity problems and variational inequality problems arise from a diver-
s:tv of sources and disciplines, such as mathematical programs, economic equilibrium
;,:obiems, and engineering applications. For example, consider the standard nonlinear
; : o g r a m  ( N L P ) :

min d(r)
s . t .  9 ; ( r )  (  0 ,  i  :  1 , . . . , p  ( 4 )

h 1 @ ) : 0 ,  i = I , . . . , 8

; tere bhe given funct ions 0, gt ,  hj :  W'---  W are al l  cont inuously di f ferent iable. The
agrangian function for (a) can be defined as

L(r ,  ) , ,1)  :  0( r )  + f  t ;s ;1r )  *  i  u1h1@).  (b)
i = l  j = l



The well-known Karush-Kukn-T\rcker (K-K-T) optimality conditions for the above prob-
Iem is [9] :

Y,L(r , } ,  / r )  :  0 ,

)  >  0,  9( r ) 1  O ,  \T  g ( r )  :  0 ,

We shall call (r,),p,) u K-K-T triple of the NLP (4) if it satisfies the above K-K-T
conditions; in this case, the corresponding vector r called a K-K-T point. Let z :
(r ,A,p) € D" x f tP x W and def ine

ancl

K  :  { z :  ( r ,  ) ,  p ) l  ) l  )  0 ,  f  :  I , . . . , p } .

Then z :  (r , ) ,p) is a solut ion of system (6) i f  and only i f  z is a solut ion of V I(K,F).
So the K-K-T optimality conditions is a special case of variational inequality problems.

The case of a linearly constrained N LP is particularly of interest. This special case
may be expressed as

il:l(:)" (8)
u'here K is a polyhedral set in Sn. It is well known that a vector r is a K-K-T point if
and only if it is a stationary point, i.e., if and only if c € K and satisfies the so-called
variational principles:

( y - r ) r y g ( ' )  Z o  y y € K .

This iat ter problem is precisely theV I(K,Vd).  For the relat ions of var iat ional inequal i ty
;roblems with equilibrium problems and engineering applications, see [12]

A general approach for solving the variational inequality V I (X, F) consists of creating
3 sequence rk c X such that each cft*r  solves the problem VI(K,Fk):

Fklr*+ryrs - 
"o*t) 

> o y y € K, (e)

^ i..e Fe(o) is some approximation to P(c). The two basic choices for this approximation
':= that ,Fft is either a linear or nonlinear function. For the linear approximations:

po( ' )  - -  r ( " r )  +  A(xk)( r  -  ,k) , (  10)

' :-ere A(ce) is an n x n matrix, several methods exist which differ in the choice of A(rk):

A(rn) :  F'(rk) (Newton's method)
x F'(rk) (Quasi -  Newton methods)
:  E (Project ion method),

(6 )

(7 )F(z) :  ( ' ' . ] f ^ ' ; ' ' '  
)



\r'here E is a fixed, symmetric, positive definite matrix.

Before giving the convergence of Newton method and quasi-Newton methods, we
must discuss the notion of a regular solution which was introduced by Robinson under
the context of generalized equations.

Definition 1 [20]. Let r* be a solution of the problem VI(K,F). Then c* is called
regular if there exist a neighborhood lf of r* and a scalar 6 > 0 such that for every
vector y with l ly l l  < 6, there is a unique vector r(y) e N that solves the perturbed
l inearized var iat ional inequal i ty problem VI(X,pv),  where Fa :W ---+ W'is def ined by

F o ( " ) :  r ( c - )  *  v  - t  F ' ( " - ) ( y  -  
" - ) ;

moreover, as a function of the perturbed vector y, the solution r(y) is Lipschitz contin-
u o u s :  i . e . , t h e r e e x i s t s a c o n s t a n t L > o s u c h t h a t w h e n e v e r l l y l l  < 6 a n d l l r l l  . 6 , o n e
has

l l " (y)  -  r (z) l l  s  r l lv  -  
" l l .

It is easy to see that when K : Rn, the regularity of a solution c* of the V I(K,F) is
equivalent to the nonsingularity of the Jacobian matrix F'(r-). For the details oi ."g,,Iu.
solut ion, see Robinson [20].

Theorem 1 [6] .  Let K be a nonempty, c losed and convex subset of f t r ,  r :  D'* D, be
-nce continuously differentiable, and r* be a regular solution of VI(K,1'). Then there
trists a neighborhood N of r* such that whenever the initial vector r0 is chosen in 1y',
::e entire sequence {cft} generated by Newton's method is well-defined and converges
:o t-. Furthermore if tr"(r) is Lipschitz continuous around c*, then the convergence is
:uadratic; i.e., there exists a constant c > 0 such that for all ft sufficiently large,

l l ro* t  -  
" - l l  

<  c l l rk  -  r . l i 2 .

In '7 ; ,  Josephy considered such quasi -Newton methods that  in  the l inear  approxi -
:-ation scheme the matrix A("0) is updated from one iteration to the next by a simple
s:rall-rank matrix. These quasi-Newton methods reduce the work to evaluate F,(*o),
: 'r-lt do not ease the computational effort involved in solving the resulting subproblems,
u hich are nonlinear and nonconvex problems in general.

De f i n i t i on  2  [ 10 ] .  The  mapp ing  F :W ' -  f t "  i s  sa id  t o  be
( i )  monotone over  a set  K i f

f r ( " )  -  p @ ) l ' ( " - i l > _ o  v r , y e  K ;

( i i )  pseudomonotone over  K i f

r ( v ) r ( r - y )  > 0 i m p l i e s  F ( r ) ' ( " - y )  > o  y x , y € K ;

(iii) strongly monotone over K if there exists an a > 0 such that

( 1 1 )

( 1 2 )

[ r ( ' )  -  r@)] r  ( "  -  y )  >  " l l "  
-  y l l2  y  r ,y  €  K.



In Pang and Chan [tr], the convergence of the Projection method is presented.

Theorern 2 [13] . Let K be a nonempty, closed and convex subset of ft ' and let F :
D' --- D" be given. Suppose that F is Lipschitz continuous and strongly monotone with
positive constants B and,y respectively; i.e., for all vectors r,y € K,

l l r ( " )  _  e fu ) l l  <  g l l "  _  v l l ,

lr( ') - F(v)lr (" - y) > 41" _ vllz.
Let E be a symmetric positive definite matrix with smallest and largest eigenvalues given
by 6-t ,4 respect ively.  r f  nzB' .z l l r t ,  then for any ini t ia l  vector lo th""r"qrr"rr ." l "*)
generated by the Projection algorithm with the matrix E will converge to the unique
solut ion of the V I(K, F).

consider the vI(K,r') with a crosed convex set K and a continuous mapping F.
Denote lIx(r) be the projection of a vector z € W" onto the set K under the Euclidean
n o r m , t h e n w e c a n e a s i l y s h o w t h a t a v e c t o r r € w " s o l v e s  t h e v l ( K , r ' )  i f  a n d o n l y i f  r
is a zero of the following projection equations

H(z) :: z - 116[z - tr'(a)] = s.

\ \ ' i th a change of var iable, we can show that i f  r  solves vI(K,r) ,  then y::  r-
a zero of the following equations

H(y) :: eFxfu)) r y - rrr(s) : o;
c o n v e r s e l y , i f  g i s a z e r o o f  F I , t h e n , , : i l x ( y ) i s a s o l u t i o n  o f v I ( K , r ) .  L e t t i n g I a n d
G be continuously mappings, then we can show that c is solution of icrll,c) if .na
,rlf if c is a zero of the following mapping

n @) t: min(r '(c), G(r)) :  6, (  1 5 )
'* here "mint' denotes the componentwise minimum operator of two vectors in Dr.

In general, the mappings ff, fi, andE ar. not Frech6t differentiable even if fl and'l are continuously differentiable. In a recent paper [22], Robinson cointed the ternr"normai maps" for fi. Since the advent of the path-breaking work of pang 
fttl, there

Lave appeared a large number of literatures on solving nonsmooth equations and related
:roblems, such as ZCI optimization problem. An LCL optimization problem is such
:ptimization problem that the objective function urrd.orrstr.ined functions are not Cz
:-inctions but LCt functions, i.e., they are once continuously differentiable and their
ierivatives are locally Lipschitzian but not necessarily /-differentiable. For example,
:ne extended linear-quadratic program, which arise from stochastic programming and
:ptimal control lzs], is such a problem in the fully quadratic case. The augmented
'agrangian of a c2 nonl inear program is also a LCr funct ion I toJ.

Definition 3 [21]. A function H : W" - f is said to be B-differentiable at a point z
-:  there exists a funct ion BH(z):  f t ,  -  f t ' ,  cal led the B-derivat ive of H at z,which is

(13 )

F(c)  is

(r4)



posi t ive ly  homogeneous of  degree I  ( i .e . ,  BH(z)( tu)  :  tB{(z)u for  a l l  o  € W, and a l l
t  >  0) ,  such that

H ( z + u ) - H ( z ) - B H ( z ) u

l l , l l
l im
u + 0

- 0 .

If 11 is B-differentiable at all points in a set ^9, then 1/ is said to be B-differentiable in
S. It was proved by Shapiro [24] that if ]I : Wn -- D, is locally Lipschitzian at a vector
z, then fI is B-differentiable at z if and only if 1/ is directionally differentiable at z; i.e.,
f o r a n y h e f t "

H , ( r : h \ :  l i m  
H ( r  +  t h )  -  H ( t )

'  t lo t (  17 )

Basing on the B-derivative, Pang 111] gave the following modified Newton method for
solving

I1(r)  = 6. ( 1 8 )

I{ewton's method with line search. Let zo be an arbitrary vector. Let s, B and o be
given scalarswith s )  0,  I  e(0,1) and o € (0, l l2).  rn general ,  given zk with H(zk) 70,
solve the generalized Newton equations

nQ\  +  BH(zk)d :  o

for a direction dft. Let a1r: g^rs where mt is the first nonnegative integer m

sQ\ -  g("k + B*tdr)  )  -o g-  sg '  ( rn ;  dr) ,

rvhere

a n d

(16)

(1e)

for which

(20)

(2r)s(z) :  |npy u1"1

s 'Q;d) :  u( " ) r  anQ)a.
Set  z f t * r  :  zk  +  a t  dk .

Some limited global convergence for Newton's method with line search is obtained
-:-  Pang i11].  Since (19) is a nonl inear problem, i t  is di f f icul t  to solve. In order to ease
::r  di f f icul ty of computing (19),  pang and Gabriel  [ r4]  proposed an NE/sep method
:-: solving nonlinear complementarity problem. NE/SQP stands for Nonsmooth Equa-
:-- i  Sequent ial  Quadrat ic Programming. Pang and Gabriel 's method needs to solve a
:-nvex quadratic problem to get the direction dfr. Global convergence is discussed and
':cal l1 'quadrat ic convergence is obtained in fra] .  See Pang and ei  [15] for such method,s
=r. tensions. For var iat ional inequal i ty problem vI(K,tr ' ) ,  when F e cr,  Fukushima [3]
3ave a differentiable merit function

t(,) :  
r^t1,1, r14 - 

; l  @ - F(r) - nx[,- r(")] l lr . l , t t \

3asrng on this differentiable merit function, when P is strongly monotone , Taji, Fukushima,
':: Ibaraki [26] gave a globally convergent Newton method, which in the k-th step needs

sol 'e a l inear var iat ional inequal i ty problem V I(Fk(r) ,K),  where

r r@) :  F ( r k )  +  F ' ( r k ) ( r  -  , k ) ,



The quadratic convergence is established under the generalized strict complementarity
condition, which is somewhat restrictive.

Suppose that 11 : D't ft" is locally Lipschitzian. H is said to be semismooth at
r € Wn if the following limit exists for any h € ft'

l im {Vh') .
v e a H @ + t h t ) '  

'

h t  - h , t  l o

( 2 3 )

If fI is semismooth at r, then I/ is directionally differentiable at c and fl,(r;h) is
equal to the limit in (23). For the semismoothness, see [19]. Basing on the concept of
the semismoothness, Qi and Sun lt9] gave the following generalized Newton method

rk+L - rk * vlL H 1xky, (24)

where Vp e 0H(rk).
Suppose that c* is a zero of (18), then under the conditions of semismoothness of 11

at z* and the nonsingularity assumption of.V e 0H(r.), Qi and Sun IfS] established the
superlinear convergence of the iterative form (24). In order to reduce the nonsingularity
assumption of 0H(x),  0pH(r) was introduced in [ lZ,  15].

}pH( r ) :  {  l im P ' ( ro ) ) ,':f:i

n'here Dp is the set where Il is differentiable. Then

A H @ ) :  c o  7 s g ( r ) , (26)

u'here co S is the convex hull of a set S. So in the generalized Newton method we
can restr ict  vp e \BH(cft)  [17, 15].  when . I i  is of  the special  form (15),  ei  l t7]  gave
a method how to choose an element of EpH(r).  But for (13) and (14),  there exist  no
:esuits on how to compute 0pH(r) even i f  K is just a polyhedral  set.  In a certain sense,'' alious generalized Newton methods for solving nonsmooth equations are satisfactory.
3lt for quasi-Newton methods, there exist few satisfactory results. Ip and Kyparisis
: considered quasi-Newton methods directly applied to nonsmooth equations. The

s'-lperlinear convergence is established on the assumption that H is strongly differentiable
1J at the solution point. This is restrictive. Chen and Qi's results [1] for quasi-Newton

::.ethods are not too far away from this. Kojima and Shindo [8] considered quasi-Newton
::ethods for piecewise smooth functions. When the iterative sequence moves to a new Cl
; ece. a new starting approximation matrix is needed. Thus a potentially large number
-: starting matrices need to be computed and stored. Qi and Jiang ll8] considered quasi-
\e$'ton methods for solving various K-K-T systems of. NLP. This is a special case of
t 3 )  o r  ( 1 5 ) .

The rest of this dissertation is organized as follows. In Chapter 2, we give a globally
: :ivergent iterative method for solving (13) when F is pseudomonotone and continuous.
-:- Chapter 3, we give a Newton method and a quasi-Newton method for solving (13)
' - : r  K being a box constraint set,  and (15).  The superl inear convergence property is

(25)
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established under very mild conditions. In particular, our methods need to solve a linear
equations in each step. Moreover, for quasi-Newton method we discuss how to update
the QR factorization of the present iterative matrix to the Qft factorization of the next.
In Chapter 4, we prove the superlinear convergence of the approximate Newton methods
for solving trCl optimization problem without assuming the strict complementarity. In
Chapter 5, we give a Newton method and a quasi-Newton method for solving (1a) with
K being a polyhedral set. The new resulting methods in each step need to solve a
linear equations whereas the corresponding algorithms in the literatures need to solve a
variational inequality problem defined on K. Also the computational cost is discussed
for quasi-Newton method. In Chapter 6, by combining the result of Chapter 2 and the
extensions of the results of Chapter 5, we give a globally and superlinearly convergent
safeguarded Newton method for solving (13) when K is a polyhedral set and 1' is locally
Lipschitzian, semismooth over D" and pseudomonotone over K.

l
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Chapter 2

A Class of Iterative Methods for Solving Nonlinear

Projection Bquations

Abstract

A class of globally convergent iterative methods for solving nonlinear projection equa-
tions are provided under the continuity condition of the mapping tr'. When I' is pseu-
domonotone) a necessary and sufficient condition on the nonemptyness of the solution
set is obtained.

1 3



Chapter 2
A Class of Iterative Methods for Solving Nonlinear

Projection Equations

1. Introduction

Assume that the mapping F : X c Rn ---+ Rn is continuous and X is a closed convex
subset of .R', we will consider the solution of the following projection equations:

where for any A e Rn,

r - llyfx - .F (r)] : 9,

r lx (y)  :  arsmin{r  €  x l  l l "  -  y l l } .

( 1 )

e\
Here l l '  i l  denotes the /2-norm of R' or its induced matrix norm. The complementarity
problem, variational inequality problem, and the Karush-Kuhn-Tucker systems of the
nonlinear programming problems can all be cast as a special case of (1); see Eaves (Ref"
3) for a proof. For any p > O, define

Ex(x, 0) : ,  -  nx[,  -  0P@)]. (3)

\ \ - i thout causing any confusion, we wi l l  use E(",F) to represent Ey(r,B).  r t  is easy ro
see that c is a solut ion of (1) i f  and only i f  E(r,9):O for some or any p > O. Denote

X* :  {r  € Xl r  is a solut ion of (1)} .

Definition 1.1. The mapping F : R" -- Rn is said to
( i )  be monotone over a set D i f

[r(") - r@)]r(, - y) > 0, for all r, s € D;

(ii) be pseudomonotone over a set D relative to a set Y (c D) if

F (y ) r ( " -  y )  >  0  imp l ies  F( r ) r ( r -  y )  >  O,  fo r  a l l  r  €  D,  y  €y .

Remark 1.1. When Y : D, the pseudomonotonicity of .F over a set
: - l ' is the usual pseudomonotonicity, and in this case we will say directly
:seudomonotone over D.

(4)

For solving projection equations (1) and related problems, there is a long history
-: mathematical programming field; see the comprehensive articles by Pang and Chan
Ref. 24), Harker and Pang (Ref. 7), and Pang and Qi (Ref. 26) for a detail. Among the

algorithms on solving (1), Newton's method is the basic method when the derivative of .t'
:rists and is easy to implement. In this chapter, we will investigate a globally convergent
::ethod for solving (1) only with assuming the continuity of the mapping F.

(5 )

(6)

D relat ive
that I is
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When F is monotone and Lipschitzian continuous over X (i.e., there exists a positive
number .L such that l l f ( r)  -  f (y) l l  S Ll l "  -  v l l ,  for al l  r ,  a e X),  Korpelevich (Ref.
19) proposed the following extragradient (EG) method:

I  on  : i l x [ rk  -  gF( "k ) ] ,

\  r t * t  : I l x l rk  -  BF@\1,

where 0 e (0, llL) is a constant. By introducing an inexact line search, Sun (Ref. 28)
proposed the following improved extragradient (IEG) method:

Given constants ? € (0, 1), a € (0, 1), and s € (0, +oo). The iterative form is as
follows

I oo : tlxlro - gnr(rk)],

\  cr+t : l lx l rk -  grF(zk)1,

where 9k : sa*o and mp is the smallest nonnegative integer rn such that

l i r ( i l ;6fr f r  -  sa^ F(rk) ] )  -  r ( '&) l l

holds. The improved algorithm needs not the Lipschitzian constant. For algorithms with
strong monotonicity and Lipschitzian continuity assumptions, see Fukushima (Ref. 4)
and Pang and Chan (Ref. 2a).

When. t ' i s  an  a f f ine  map,  i .e . ,  I (z )  :  Mr  f  c ,  where  M €  Rnxn and c  €  Rn,
He (Refs. 9, 11-12) and He and Stoer (Ref. 10) proposed a projection and contraction
tPC) method for solving (1). The numerical results show that PC method behaves much
better than EG method or IEG method in linear cases (i.e., .F(r) : Mr -t c). This
stimulates us to investigate such algorithms that not only can compete with the PC
method in the linear cases but also behave much better than EG method or IEG method
;n the nonlinear cases. By introducing some parameters, Sun (Ref. 29) made a first step
tou'ards this. In this chapter, we will propose a class of iterative methods for solving (1)
* ' i thout choosing these parameters. When F(r) :  Mr * c and M is a skew-symmetr ic
natr ix ( i .e. ,  MT - -M), our algor i thms are also discussed by He (Refs. 12-13).

In section 2, we will give some preliminaries. In section 3, we give a class of ab-
::ract search directions and the corresponding algorithms. In section 4, we discuss two
:-:ms of search directions which satisfy the requirements. In section 5, we establish a
:-ecessary and sufficient condition on the nonemptyness of the solution set when F is
:seudomonotone. Numerical  results are presented in sect ion 6. In sect ion 7, we give
. ne discussions.

2. Basic Prel iminaries

Throughout this chapter, we will assume that X is a nonempty convex subset of R"
,:-C .F is continuous over X.

Lemrna 2.1 [Mor6 (Ref. ZZ)]. If .F is continuous over a nonempty compact convex
- ' '  l ' - .  then there exists y* e Y such that

F(y - ) r  (v  -  y * )  >  0 ,  fo r  a l l  y  eY.

1 5



Lernrna 2.2 lZarantonello (Ref. S2)]. For the projection operator IIx('), we have
( i )  when  u€  X , l z - I I y ( z ) l ' l v  - t I xQ) l  <  0 ,  f o r  a l l  z€  R" ;
( i i )  l ln ;6(z)  -  nx(y) l l  <  l l "  -  e l l ,  for  a t t  y ,  z  €  Rn.

Lernrna 2.3 [Gafni and Bertsekas (Ref. 5) and calarnai and Mor6 (Ref.
2)]. Given r € Rn and d € Rn, then the function 0 defined by

0(B) -- l l l lx(" + Bd) - ,l l l B, p > o

is antitone (nonincreasing).

and

Choose an arbitrary constant q € (0, 1) (..g', rt: l l2). When x € X, define

r  t . ( r \

r t ' , ) = {  m a x { r i ' 1 - 1 p f f i } '  i f  t ( r )  > o

I t .  o t h e r w i s e

(  1 l E ( r , 1 ) l l 2
^ t ^ \ _ J  t t - ' i ( ' ) l ! # ,  i f  t ( c )  > o
s ( u J :  1  t l " )  ,

t  1,  otherwise

\ . /

( 8 )

ivhere  t ( r ) :  { f  ( " )  -  f . ( I l ; i r  -  l ( r ) l } r  n ( " ,1 ) .  I t  i s  easy  to  see tha t  0  <  s ( r )  <  1 .

Theorern 2.L. Suppose that f is continuous over X and ? € (0, l) is a constant. If

. '; : X\X* is a compact set, then there exists a positive constant 6 (S 1) such that for

a^i  z € S with 
"(r)  

< |  and B € (0, 6] ,  we have

{ r ( ' )  -  I ( I Ix l r  -  Br(r ) ) ) } '  s(" ,8)  s Lr  - , r@)) l lv(" ,  B) l l '  I  B (e)

Proof. Note that for any r e X\X* with s(r) < 1, we have

t ( , )  >o and n@) >t  -  
11giPr) i l , ,

' : . .ch. and the def ini t ion ol  r1@), means that q(r) :  q.

Since S c X\X- is a compact set and -F is continuous over X, there exists a constant

"' > 0 such that for all r €,S, we have

l l nx l ' -  r ( ' ) l  - ' l l  >  6o  >  0 .

: :  : r  Lemma 2.3 and (10),  for al l  B e (0, 1]  and r € S we have

l l r  -  n;s[c - 0p@)]l l l  P > l l r  -  n;s[z - r(") ] l l  > 60.

(10 )

( 1 1 )

: : -:: the continuity of F we know that F is uniformly continuous over compact sets. So
': :-- ri) of Lemma2.2we know that there exists a positive constant 6 (< 1) such for all

:  = " :  * ' i th 
"(r)  

< l  and B € (0,6] that

l l r ( f lx lr  -  BF(r) l  -  r( ' ) l l  S (1 - ry)60.

16
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Combining (11) and (12),  for al l  z € ^9 and P €(0,6] we have

{P(") -  F(T|yfr -  fr(") l )} 's@, B)
< l l r (")  -  r(rrx lr  -  Br@)l) l l l la(, ,  f ) l l
s (1 -  n) l lE(",  B) l l ' lB
:  [1 - q(r)] l lE(r,  B)l l '  I  B,

which completes the proof of (O). n

3. Algorithms and Convergence

Suppose that g :  Rn x f t l+ - .R' is a cont inuous mapping. We wi l l  use g(c, B) as a
search direction in this section. The various forms of g(r,B) will be given in section 4.
First we will describe our algorithms (in the abstract form of g(r,B)).

Project ion and Contract ion (PC) Methods

Given ro  e  X ,  pos i t i ve  cons tan ts  \ ,  d€  (0 ,  1 ) ,  and 0  <  Ar  (  Lz  <2 .
For  /c  :  o ,  1 , . . . ,  i f  rk  (  X* ,  then do
1. Calculate 4(rf t )  and 

"("&).  
I f  s(r f t )  :  1,  let  gn: l ;  otherwise determine B1, :

s(rk)a^r, where rnp is the smallest nonnegative integer rn such that

{r("0) -  F(tryfrk -  s(rk)a*F(rk) l )}r  E(rk,s(rk)o*)

< [r  -  q("k) ] l l  E(ck,s(rk)a*) l lz  I  @@u)o*)

:  o l d s .
2. Calculat e g(rk ,  Bk).
3. Calculate

p* :  E(rk ,  go)r  s@u ,  gn) l l lg("k ,  go) l l '  .
-1.  Take 7r € [Ar,  A2] and set

(13 )

i k  =  r k  -  ^ l kpkg ( r k ,  Bk ) ,

rk+r - nx(no).

Remark 3.1. Theorem2.l ensures that Bp can be obtained in finite number of trials
: ' )  <  1 .  W h e n  s ( r f t )  :  1 ,  ( 1 3 )  h o l d s  f o r  m : 0 .

i - : J > 0 , d e f i n e
^/ '(", f) :  n@)llD(", i l l l '  I  p (17)

Theorem 3.1. Suppose that F, g are cont inuous over X, X x Rraa, respect ively.  I f
= ,' and there exists r* € X* such that the infinite sequence {rk} generated by PC

- -  : :  s at  isf ies

( ru  -  , * ) ' g ( *o ,Bo )  )  E ( rn ,gn ) r  g ( r k ,g i  2  r l r ( r k ,  g * ) ,

(14)

(  1 5 )

( 1 6 )

(  18)

(  le),k-1 - ' -  l l '  < l l rn - , . l l '  -  toQ - ' t r)rb'@k, gn)l l lg("k ,  0r) l l '
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Proof. Flom (ii) of Lemma 2.2 and (18), we have

l lrt+t - ,*l l '  : l l l lx["k - .tkpks(rk ,9r)l - "-l l '

s l l"u - "rkpkg(rk, Fr) - ,-l l '

:  1rft - ,- l l '  - 2lnpn(rk - ,*)r g(rk ,pil + l 'np'rl lg("k , gr,)l l '

S l l"n - ,-l l '  - 211,p1,8(ro , Fr1's1rr,9*) + t\p'nllg("k , gr")l l '

:  l l"ft - '- l l , - tx(z - .tr)lv("r , gn)r s(rk ,00)1, l l ls@k , 0o)ll,

S l l ' f t - ,. l l '  - tx(2 - t ir l,2 (rk , 0x) l l lg(rk , gil l '  ,

r,i.hich verifies (19).

Define
d is t ( r ,X* )  :  in f { l l r  -  r - l l l  r *  €  X* } .  (20)

Theorem 3.2. Suppose that the conditions of Theorem 3.1 hold. Then the infinite
sequence {re} generated by PC methods is bounded and l ,pr3f dist(re, X*):0.  Fur-

thermore, if (18) holds for any c* e X*, then there exists I € X* such that rk n i as
i ' -  o o .

Proof. For the sake of simplicity, we take 1n: l.
From (19) we know that { l l r f r  -  r- l l }  is a decreasing sequence. So the sequence {r fr}

senerated by PC methods is bounded and the sequence {dist(r f t ,X-)}  is also bounded.
Suppose that there exists a positive constant e such that

dist(cf t ,X-) > e )  0,  for al l  k.

le f ine
,S :  { ,  e  X l  d is t ( r ,X* )  >  e ,  l l r  -  

" - l l  <  l l ro  -  r - l l } .

l : -en S c X\X- is acompact set and {"n} c S. From Theorem 2.1 we know t}rat there
: i -srs a posit ive constant 6 (< 1) such for al l  r  € ^S with 

"(r)  
< l  and 0 e (O,6] that

:  holds. Hence for each k with 
"("*)  

< 1, we have

B1 >  min{ca ,s ( rk ) } .  (z r )

From the definition of s(rfr), we know that if r("ft) < 1, then

{p("n) -  F(rry l rk -  r ' ( " } ) l ) } t  E(rb,1) > 0,  n(rk)  :  \ ,

: : -  l

" ( " f t )  
: ( l - 4 ) l i E ( u e , 1 ) l l 2

{F("k)  -  F(r ly l rk  -  r ( ro) j ) } t  E(rk , r )

lB ( r k ,  r ) l l
l l r ( 'o ) l l  +  l l l (nx [ ' t  -  / ' ( ' t ) ] ) l l '> ( t - r y )

1 8
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From the continuity of F and {"t} c S c X\X-, we know that

i n f  l lE ( rk , l ) l l  >  o .  (28)

From (21-23), there exists a positive constant 5 (< l) such that

0 x > 6 s 9 .

I f  s ( c f t )  :  1 ,  t h e n  g r : 1 .  H e n c e

| 2 g* ) 6 > O, for all /c. (24)

Therefore,
i n f  l t ( rk ,go) l l l s@o,F i l l :  es  )  o ,

r,i 'hich, and (19) (note that we just take "ys : 1), means that

l l "o*t -  , . l l '  S l l rr  -  ,* l l '  -  ro' .

Taking limits in both sides of the above inequality, we can derive a contradiction since

{ ,o -  r- l l }  is a convergent sequence. So we have

I im inf  dist(cf t ,  X*) :  0.  (25)
ft-oo

Furthermore, if (18) holds for all r* € X*. We can conclude that there exists r e X*
such that rk ----, r as k * oo. In fact, since X* is closed, (25) and the boundedness of
. t k l m e a n t h a t t h e r e e x i s t r € X * a n d a s u b s e q u e n c e { r k i }  s u c h t h a t  r k i  - - r a s  j  - + o o .

Since { l ] r f t  -  t l l }  is a decreasing sequence and rki  --  r  as j  + €, the whole sequence
i - rr^) also converges to - .  n

When X is of the following form

X : { r € R " l l 1 r 1 u } ,  ( 2 6 )

','. ':rere / and u are two vectors of {R u {*}}', we can give an improved form of the PC
: - - . t h o d s .  F o r a n y  x e  X a n d B  > 0 , d e n o t e

I ' { ( t , 0 ) :  { i l  ( r ; :  l ;  a n d  ( g ( " , 0 D ;  >  0 )  o r  ( r t :  u ;  a n d  ( 9 ( r , 0 ) ) ;  <  O ) } ,

B ( " , 0 ) :  { 1 ,  . . . ,  n } \ N ( r ,  B ) .  Q 7 )

: : - r te  9N( r ,B)  and Sn( r ,0 )  as  fo l lows

t  -  / - -  , \ \  f  o ,  i f  i  e  B( r ,B)
(9 rs ( r ,  /1 ) ) ;  =  

|  {n { r ,0 ) )n ,  o therw ise  '

(sn(r ,00;  :  fu( " ,  0) ) ;  -  bN@,0)) t ,  i  :  r ,  . . . ,n .  (28)

l - - : .  f o r  a n y  r *  €  X -  a n d  r  €  X ,

( ,  -  ,*) 'g"@, i l  2 (x - r .)r  s(r,  B). (2s)
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So if in the PC methods we set

rk+r - ilxl*o - -tkpkgB(rr , Bo)1, (30)

where

p*:  E(rk,  gr , ) r  g(rk,  F*) I l lsB(rk,  gr) l l ' ,

then the convergence Theorems 3.1-3.2 hold for the improved PC methods. In practice,
r,r'e will use the iterative form (30) whenever X is of the form (26).

4. The Search Directions

In this section, under some conditions, we will give two forms of search directions
*'hich satisfy the assumptions of Theorems 3.1-3.2.

For any B > O, define
gb, F) :  F(I Ix[r  -  7e@)D (81)

' , r

s@,9): F(rrxlr  -  ge@\) - F(")_t E(r,  B)lp. e2)

Theorern 4.1. Suppose that F is continuous over X, X* is nonempty, and g(r,B) is
-:  the form (31) or (32).  I f  f  is pseudomonotone over X relat ive to r* € X* and there
=r:sts 3 > 0 such that (9) holds for some r € X\X*, then

(, - ,.)' s(r, g) 2 E(r, B)r s(r, i l >- ,l '@, il. (s3)

:  - : : rermore, i f  P is pseudomonontone over X relat ive to X*, then (33) holds for al l
- - '  =  - { ' .

Proof.  Since.F is pseudomonotone over X relat ive to r* € X*, for al l  z eX we have

(z -  r . ) r  F(r)  > o.

. : .  : : : : - c u l a r .  w e  h a v e

{rrx[' * 0p@)] - r-]r.tr'(n xlr - pF(r))) > o. (34)

: , : . :  u 'e consider the case that g(r ,B) takes the form (81).  Considering (34),  we have

rr _ rr)r  g(r ,  g) :  (x _ r-)r  F(I Ix[ ,  _ ge@\)

:  E(r,  g)r s(",0) + {nxlr -  gr(") l  -  r .}r  tr(rrx]r -  0r@\)

> E(r ,  g) r  s@, 0)

: E(,,  Or {p(n"[r -  Br(r)])  -  r(") ]  - t  E(r,  i l r  F@)

> - l r  -  q(") l l le(",  p) l lz I  B -r E(r,  i l r  F@),
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where the last inequal i ty fol lows from (9).  By taking z:  t r-  gp@) and y: r  in ( i )  of
Lemma 2,2, we have

g E(r, p)r p(") 2. l ln(r, 91112 ,
which, and the above formulas, means that

( r  *  r . ) r  s ( r ,  B)  >  E( r ,  i l r  g ( " ,0 )

> - [1 -q( , ) ] l lD(" ,p) l l ' lB +l lE(c,  i l l l , lB

: n(r) l ln(r,0)l lr lF

: , !@,0) .

Next we will consider the case that g(r,0) takes the form (32). By taking z =
x -  BF(r)  and y: r*  in ( i )  of  Lemma 2.2, we have

{c-  -  1176[r  -  ge(4] ] '  { r  -  BF(r)  -  nxl , -  Br ' ( r ) l }  5 o.

Br- rearrangement,

(r  -  r .)r  E(",  i l  2 p{rrxl" -  ge(r) l  -  r .}r  F(r) + l lE(r,  i l l l 'z .

Therefore,

( r  -  r . ) r  g (x ,  B)

:  ( r  -  z-  )"F(I I76[  r  -  B r  ( r ) ] )  -  ( r  -  x.)r  F (r)  + (r  -  r . ) r  E(r ,  f l  I  B

Z (" - r-)"r '(II;[r - Br(r)]) - (r - x-)r F(r)

+{I I ; [c -  gp("))  -  r . ] r  F(r)  + l lE(r ,  P) l l ' lP

> E(r ,  i l r  F(nxlr  -  0 r(") l )  -  E(r ,  Or F@) + l l ,E(r ,  i l l l '  I  B (using (3a))

= E(r, g)r g(", i l .
' - : s : . t u t i ng  (9 )  i n to  t he  above  fo rmu las ,  we  have

o - "-.::,",,:;,',;::nu?,!,'r,- 
r(")i +,E(x, B)Y tp

> - [1 *  n(") ] l ls( , ,  i l l l2  I  B + l lE(r ,  B) l l '  I  B

n@)llE(r, B)l l '  I  P

:  { (x ,  0 ) .
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Rernark 4.1. Assume that F(r) : Mx t c and, M is skew-symmetric (i.e., MT :
-M). I f  g(r ,B) takes the form (3t) ,  then

0* :  1 and g(r1,,  9*) :  Mr E(rk , l  + (Mrk a c),

which means that for linear programming (translated into an equivalent linear comple-
mentarity problem), our method reduced to the same discussed by He (Ref. 11), If
s(r ,0) takes the form (32),  then

0*  :  I  and  g( rk  ,9n)  :  Mr  E( rk , t )  +  E( rk  , t ) ,

which was also appeared in He (Ref. 1B).

5. A Theorem on the Existence of the Solut ion(s)

When .F is continuous and pseudomonotone over X, there exist some results on the
existence of the solution(s) of equations (1); see Harker and Pang (Ref. 7). Here we will
give a necessary and sufficient condition on the existence of the soiution(s).

Theorern 5.1. suppose that s@,i l  takes form (3r) or (32).  I f  r  is cont inuous and
pseudomonotone over X, then X* + 0 if and only if some or any'sequence {c&} generated
by PC methods is bounded.

Proof. We just discuss the case that g(r,B) takes the form (31). The proof on taking
the form (32) is similar.

when x* + a, then from Theorems 3.2 and 4.1, any sequence {r}}  generated by pc
methods is bounded.

For the converse part ofthe theorem) we suppose that there exists a bounded sequence
{rt}  generated by the PC methods. From the boundedness of {r}}  .nd th" cont inui ty
cf .F, there exists a positive constant r such that

l l 'o l i  < ' ,  l la(cfr) l l  5 r ,  for  a l l  k.

From (ii) of Lemma 2.2, for all k and B € lO, 1] we have

l lnx l ' f t  -pF@k)] l lsz , .

l 'roosing an arbitrary fixed vector u € X, define

Y : {r € R"l l l"l l < 2r + llull} o X,
::-tn l ' is a nonempty compact convex set, and for all fr and g e[0, 1l we have

, k ,  f i x [ ro  -  Br@\ ]ev .
I=:ce from the def ini t ion ofY and the propert ies ofthe project ion operators 1176(.)  and
- ,  j .  for al l  k we have

r r l ro -  PF@\l : f rx]xk -  pF@k)1, for  a l l  B e 10, t l  (35)
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and

rk+L - f i*lro - topng(ro , gr)l : rvl*r - rrprs@r , gr)1. (86)

For any r €Y and B > 0, define

( l (")  .
n@): {  

max{z ' t  -  
1r" f f i i '  

i f  t ( r )  > o 
,

t  1,  otherwise

'(") : { rt- n@lL-,Yf#, irt-(r) >o ,
[ 1 ,  o t h e r w i s e

and 
{@, F)  :  i@) l l rv ( , ,  B) l l "  lB,

n'here t(r)  :  { f  (")  -  F(I Iv[o -  I ' ( r) ] ) ] r  Ev(r, l ) .  For each /c,  i f  s(z])  :  1,  let  
-g* -* I ;

otherwise determine 9*:  s(rk)o-L, where m1, is the smal lest nonnegat ive integer rn
such that

{ r ( " * )  -  r (ny l rk  -  s ( rk )a*F( " r )D) r  Ey( rk ,s (x ,k )a* )

< [1 -  n@k)] l lEv ("k ,  s(rk)a*) l l2 I  @@k)a*).

F:om (35) we know that

n@k):  r t@\,  s(c f r )  :  
" ( te) ,  

(37)

,: i  for al l  B e [0, 1],
Ev("k , g) :  Ex("k , g). (38)

- :-=:efore, for all k we have
g * :  g n .  ( 3 9 )

Define
g@,0):  r ' ( I Iy l r  -  pF(x) l )

1- - -  :

pn : Ev (ro ,  Bo)'g(rn ,  Bu) l l lg("0 ,  Fr) l l '  .
l : . . .  : : :m ( :s )  and (37) - (39) ,  we have

A@k ,Fi  :  g(rk,  ph) and p1" -  p1,.  (40)

- r : r  r : : : , : n  ( 3 6 )  a n d  ( 4 0 ) ,  w e  h a v e

rk+r : lrxlrk - .lkpkg(rk, Bk)]

: trvlrk - lkpks(rk , pk))

: r lvlrk - .tnpnT(*k ,0*)1,

o ?



*-hich means that {cft} can be regarded as such a sequence that generated
the PC methods to solve

E y ( r , 1 )  :  O .

Since Y is a nonempty compact convex subset of Rn, from Lemma 2.1 and
3) ,*'e know that the solution set

Y. :  {y e Yl y is a solut ion of (41)}

Ls nonempty. According to Theorems 3.2 and 4,1, there exists r* € y* such

trk -- r* as k -- oo.

:rnce r* € Y* and u €Y, from Eaves (Ref.  3) we know that

F ( r . ) r  ( u  -  r * )  >  o .

Since u is an arbitrary fixed point of x and r* is the limit point of {r}}, we have

F(r-)r  (r  -  
"*)  

)  0,  for al l  r  € X,

*:rch, again from Eaves (Ref.  3),  means that Ey(r*,  1) :  O, i .e. ,  X* is nonempty and
- ' = Y '

tr
Remark 5.1. When X is of the form (26), Theorem 5.1 also holds for the improved

:- l ' methods. The proof is similar and the detail is omitted.

Remark 5.2. The skill introduced here can be used to give a positive answer to an
-: :n problem proposed by He and stoer (Ref" 1o);  also see sun (Ref.  B0) for a proof on
::- .s open problem.

6. \umerical Experiments

I:: the following examples, we will take 4 : a : 0.5, and Ar : A2 : 1.gS (the
: - : - : . thms behave be t te r  when 7p  approaches 2 .0)  and use p( r ,1 )  :  F ( " ) "  E( r , l )  <  e2
: '  :e that p(",1) 2 l lD(r, l ) l l2 for al l  r  € x) *  a stop cr i ter ia,  where e is a smal l

: -:-:-:iative number. The projection and contraction method for solving nonlinear pro-
. : :  -- : -  equat ions with taking forms (31) and (32) wi l l  be abbreviated as , ,NpCl ' ,  and'';:: '1" respectively. The projection and contraction method for solving linear projec-- -  -  =frrat ions by He (Ref.  11) wi l l  be abbreviated as ((LPC)). In 

the above algori thms,
*:  ' i . . -  use the improved search direct ion gn(r,B) instead of g(r ,B).

Exarnple 1. This example is a 4-dimensional nonlinear complementarity problem,
: :  -ssi :  b1'Koj ima and Shindo (Ref.  18),  where X: Rt and

by applying

(41)

Eaves (Ref.

that

(  Z"? I  2x1r2 + 2r l *  rs  *  Bra -  6

F (_ \  _  |  2 "1 *  r r  +  r l +  Lo rs *2xa  -  2'  \ - t  -  
|  

g r ?  *  r 1 r 2  + 2 r l + 2 r s + 9 r a  - 9

\  r ?  + 3 r l + Z r s + S r a - B l
24



We take rz -  19-16.

Tabular 1
Results for example 1 with starting point (0,0,0,0)

Algorithms Number of
iterations

Number of
inner iterations

NPCl 54 2
NPC2 5 8 2

Exarnple 2. This example, discussed by Ahn (Ref.
where c is an n-vector and D is an n x n nonsvmmetric

D _

4 - 2
|  4 - 2

L  4 - 2

i
X  :  i / ,  u ] ,  w h e r e  /  :  ( 0 , 0 , . . . , 0 ) "  a n d  u  :  ( 1 , 1 , . . . , 1 ) "
is the dimension of the nroblem.

Tabular 2
Results for example 2 with start ing point (0,0,. . . ,0).

1 ) ,  i s  o f  t h e  f o r m  F ( r ) :  D r * c ,
matrix

q

4

We take e2 : nIO-r , where n

Algorithms Number of iterations (left and number of inner iterations (right
n :10 n:50 n:100 n:200 n:500

L P C 39 39 39 39 39
NPCl 19 1 3 16 6 15 5 T7 q 1 6 1 1
NPC2 16 8 1 7 1 1 I4 4 t 4 4 1 3 4

Example 3. This example is a linear complementarity problem for which Lemke,s
'- :or i thm is known to run in exponent ial  t ime (see Murty (Ref.  23, chapter 6)).  This
:::blem is also discussed by Harker and pang (Ref. 6) and Harker and Xiao (nef. a).
T:-e mapping I(")  :  Dr * c,  where

D -

tz - n1g-u

1 2 2
0 1 2

. . '

0 0 0

25
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Tabular 3
Results for example 3 with starting point (0,0,...,0)

Algorithms Number of iterationr (l"f right)
n :10 n:50 n:100 n:200 n:500

LPC 10 5 1 1 I L2
NPCl 1 1 3 L 7 ? l 9 8 24 8 34 10
NPC2 1 1 .) t7 4 19 5 25 8 3 1

Example 4. This problem is discussed by sun (Ref. 2g). consider r(r) :
F r ( " )  +  F2( r ) ,  r  -  ( r t , . . . , rn ) r ,  ,o  :  rn t r  :  0 ,  F ; ( r )  :  ( f r@) , . . . , f , ( r ) ) i  

' and

F 2 ( r ) :  D r * c ,  w h e r e  h ( x ) :  r ? t - t r l  + r ; _ p r *  r ; r + r ,  i : 1 , . . . , n ,  u n d .  D  a n d
c are the same to those of example 2. we take X :  [ l  ,  u]  and e2 : 'n lo_ta, where
/  :  ( 0 , 0 , . . . , 0 ) " ,  , :  ( 1 , 1 , . . . , 1 ) ? ,  a n d  n  i s  t h e  d i m e n s i o n  o f  t h e  p r o b l e m .

Tabular 4
Results for example 4 with starting point (0,0,...,0)

Algorithms Number of iterations
ffi

(left) and number of inner
I  n:100 |  n:200

iterations (right)
n:500

NPCl v 0 9 0 q 0 9 0 1 0 2
NPC2 9 0 9 0 q 0 10 o 1 0 0

7. Some Discussions

In this chapter, a class of globally convergent algorithms for solving nonlinear projec-
tion equations (t) are provided. Here the convergence late of the given methods is not
discussed, since we think that the best convergence rate is Q-linear. The basic reason
for this is that the derivative of ,&'is not assumed. However, the methods given here can
converge to the neighborhood of the solution set very fast. In practice, a suitable choice
is that when the iterative point is far away from the solution set, the pC methods can
be used to make the iterative sequence to reach the neighborhood of the solution set;
and when the iterative sequence approaches the solution set close enough, more rapid
locally convergent methods, such as Newton and quasi-Newton methods, can be used.
For Newton and quasi-Newton methods for solving equations (1), See Josephy (Refs.
14-15), Pang (Ref. 25), Qi and sun (Ref. 27), pung u'J ei (Ref. ie), una sun and Han
(Ref.  31).

In section 4, two forms of search directions are given to satisfy the requirements. In
fact, more search directions can be given. For example, the convex combination of the
forms (31) and (32) is also a suitable choice. For various forms of search directions for
solving l inear project ion equat ions, see He (Refs. g,  11-1g) and He and stoer (Ref.  10).

When tr' is Lipschitzian continuous over X, we can prove that the steplength is
bounded away from zero if. s@,0 takes the form (32). This result doesn,t hold for
the form (31). But from the computational experier,.", th"." is no difference between
choosing (31) and (82).
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Chapter 3

Newton and Quasi-Newton Methods for a Class of
Nonsmooth Equations and Related Problems

Abstract

This chapter presents a Newton method and a quasi-Newton method for solving
some nonsmooth equations (NE) . In order to construct a convergent and practical quasi-
Newton method for solving a class of nonsmooth equations, which arises from com-
plementarity problem, variational inequality problem, the Karush-Kuhn-T[cker (KKT)
system of nonlinear programming, and related problems, a concept 06F(r) and an ap-
proximation idea are introduced in this chapter. The Q-superlinear convergence of the
Newton method and the quasi-Newton method is established under suitable assumptions,
in which the existence of .Ft(r*) is not assumed. The new algorithms only need to solve
a linear equations in each step. For complementarity problem, the QR factorization on
the quasi-Newton method is discussed.
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Chapter 3
Newton and euasi_Newton Methods for a Class of

Nonsmooth Equations and Related problems

1. fntroduction

In the recent years, many authors have considered various forms of Newton method
for  so lv ing  nonsmooth  equat ions  (NE)  (see,  e .g . ,  [16 ,  12 ,  1g ,  19 ,  11 ,  12 ,20 ,21 ,22 ,
251)' some authors have also considered the application of quasi-Newton methods tononsmooth equations. In Kojima and Shindo [11], quasi-Newton method was applied topiecewise smooth equations. When the iteration ,"qu".rr" moves to a new Cr-piece, anew approximate starting matrix is needed. Ip and Kyparisis [9] considered the local
convergence of quasi-Newton methods directly applied to B-differentiable equations (inthe sense of Robinson [2aj). The superlinearly.onv"rgent theorems are established under
the assumption that I is strongly tr'- differentiable 1i+1 "t 

the solution.

The main object of this chapter is to construct a practical quasi-Newton method for
nonsmooth equations, especially for the nonsmooth equations, which is of concrete back-
ground' In order to complete this, we first give a slight modification of the generalized
Newton method [zo, zt]. Basing on the modified generalized Newton method] we give aquasi-Newton method for solving a class of nonsmooth equations, which arises from com-plementarity problem, variational inequality problem, the Karush-Kuhn-Tucker (KKT)
system of nonlinear programming, and related problems. In each step, we only need
to solve a linear equations. The Q-superlinear convergence is established under mild
conditions' Although we don't know how to give a convergent quasi-Newton method
for general nonsmooth equations, the general convergent theorems in abstract f<rrms areestablished' These theorems will be helpful in .o.rstru.ting new methods for solving
nonsmooth equations, which is of some special form.

The characteristics of the quasi-Newton method for solving (4.1) established in $4include: ( i )  without assuming the existence of Ft(r*) ,  we prove the e-superl inearlyconvergent property' (ii) only one approximate starting matrix is needed, u.rj l i l l; rro^
rhe Q R factorization of the kth iterate matrix we need at most o((I(k)+r)nz) a.ithmeti.
operations to get the QR factorization of the (/c + l)th iterate matrix (for the definition
o f  1 (A)  see (5 .8 ) ) .

The remainder of this chapter is organized as follows. In $2, we give some preliminar-
les on nonsmooth functions. In $3, we propose a modified generalized Newton method.
In $4, we give a quasi-Newton method for solving a class of ionr*ooth equations. In $5,rve discuss the implementation of the quasi-Newton method for the nonlinear comple-
mentarity problem. The KKT system of variational inequality problem with upper andlower bounds are discussed in $6. The computational results are given in $7.
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2. Prel iminaries

In general, assume that I : r?'

nonsingularity assumption of the

was introduced by Qi [20]

---, R^ is locally Lipschitzian. In order to reduce the
general ized Newton method lZf l ,  tne concept 0BF(r)

(2 .1 )

the generalized Jacobian of f '

o f  0 6 F ( r ) ,

( ,  , \

(2 .4 )

) B F ( r ) : { 11 P'('r)\,
"k eD 7,

where Dp is the set where P is differentiable, Let dF be
in the sense of Clarke [a]. Then AF@) is the convex hull

u.ollt*,o,,{v h'}
h t * h ,  . l o

A F @ ) :  ' o  7 a F ( r ) '

For rn :! ,)eF(r) was introduced by Shor [26]. Here, we denote

06F( r )  :  ) nh ( r )  x  3BF2(x )  x ' ' '  x  6p  F , " ( r ) . / . t  a \
\ L . o  )

When n ' t r :  l ,  06F( r )  :  EnF( r ) .

Suppose that /, g : R" -- Rr are continuously differentiable functions. Let h(c) :

m in( / ( r ) ,e ( r ) ) ,  then

[  {v / ( ' ) r }  i t  f  ( r )  <  s ( , ) ,
I

a b h @ ) :  \  { Y  f  ( " ) r , v s @ ) r }  i t  f  ( r ) :  s ( r ) ,
I
| .  {vg( ' ) t }  i t  f  ( r )  > s@).

In fact,  when /(r)  
--  g(r)  but V/(r)  *  Ys@), we can prove that in an arbi trary

n e i g h b o r h o o d N ( r )  o f  z t h e r e e x i s t y ,  z e N ( r )  s u c h t h a t  I @ ) < 9 ( 9 )  a n d  I Q ) > S Q ) .

We say that P is semismooth at r, i l

:xists for any h e R". If F is semismooth at r, then -t' is directionally differentiable at r
and 1'(r ;h) is equal to the l imit  in (2.+) (see [Zt]) .  Semismoothness was or iginal ly
-rtroduced by Miffiin [13] for functionals. Convex functions, smooth functions, and
:recewise linear functions are examples of semismooth functions. Scalar productions
:rd sums of semismooth functions are stil l semismooth functions (see [tS]). tn 122], Qi
::d Sun extended the definition of semismooth functions to F : R --- R*. It was proved
.: 22i that ,F is semismooth at r if and only if all its component functions are so.

Lnutraa 2.f lz1-l. Suppose that F : Rn --- R* is a locally Lipschitzian function and
- :mismooth  a t  r .  Then

( r )  f o r  a n y V  € 6 F ( r - t h ) .  h - - - + 0 ,

Vh-  F ' ( r ;n )  :  o ( l l a . l l ) ;

3 1
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(2) for any h -, O,

F( r - t  h )  -  F ( r )  - F t ( r ; h ) :  o ( l l h l l ) . (2 .6)

LEMMA 2.2. Suppose that F : Rn - R" is a locally Lipschitzian function. If all
V e 06F(r) are nonsingular. Then there exists a positiue constant C such that

l l y - , l l  s  c

for anyV e 06F(r) .  Furthermore, there exists a neighborho.od N(r)  of  x such that for
any y € N("),  al lW e AuF@) are nonsingular and sat isfy

ilw-'ll s + Q.7)" -  g

Proof. Flom the definition of d6f'(r) we have

06F( r )  c  0  F1( r )  x  E  F2( r )  x  . . .  x  0  F" ( r ) .

Since -F| is locally Lipschitzian, dF; is bounded in a neighborhood of r. Therefore, d6F
is also bounded in a neighborhood of c. The closeness of d6P(c) can be easily derived
f romthedef in i t ion  o f  06F.  S incea l lV  e  06F( r )  a renons ingu la r ,and 06F( r )  i sbounded

and closed, there is a positive number C such that

l l v - r l l  <  c

f o r a n y V e d 6 P ( r ) .

In order to complete the second part of the Lemma, for given , : 
#, 

we claim

t h a t f o r e a c h e  e  { 1 , 2 , . . . , n )  t h e r e e x i s t s a n e i g h b o r h o o d N ; ( c )  o f  r s u c h t h a t f o r a n y

A e D r ; n l f ; ( r ) ,
Pi@) c 66F;(r)  *  eB, (2.8)

where B is the unit ball of R". If this claim is not true, then there exists some f €

{1 ,2 , . . .  ,  n }  and a  sequence {y f r }  -  r ,  yk  €  Dp,  such tha t

l l 4 (vu)  *v ' l l ,  u (2.e)

for any Vi e E6F;(z). Since d6fl is locally bounded and .{(yft) e 06F;(yk), by passing

to a subsequence if necessary, we may assume that F!(yk) -, W'. Then from the def-

in i t ion of  d6F;( r )  we have W'  e 06F;( r ) ,  which contradic ts  (2.9) .  Hence,  (2.8)  holds.

From the definit ion of 06F; and (2.8), we can prove by contradiction that there exists a

neighborhood N(r)  of  r  such that

i lF ; (v )  c  06F; ( r )  *ZeB (2 .10)

f o r a n y  y e  N ( x )  a n d i e  { I , 2 , . . . , n } .  T h e r e f o r e , f o r a n y W  e E 6 F ( y ) , y e  N ( r ) , t h e r e
exists V e 06F(r)  such that

l lw  - v l l  <  2ne :  *- 10c
Then from Theorem 2.3.2 of [t+l we know that I,7 is nonsingular and

l l v  - ' l i
r - l : v -L (w -y ) l l

c 1 0
< - -  ^  :  C .  t r-  1 - #  el l l r - ' l l  s

2. )



3. Newton Method for Nonsmooth Equations

Suppose that f : Rn --+,8" is locally Lipschitzian. We are interested in finding a solution
of the equations

.F(c) : 6. (3 .  1 )

. Qi and Sun [21] and Qi [20] considered various forms of Newton method for solving
(3.r) when F is not tr'-differentiable. Here we will consider the following slightly modified
Newton method

r k+ r  -  , k  - v ; r  F1 "k1 ,  f t  :  o ,  1 , . . . , ( 3 .2 )
where Vp € 06F(xfr;. ttit method is useful to establish the superlinear convergence of
quasi-Newton methods given in $4. Similar to that of [20, 2l], we can give the following
convergent theorem.

THEoREM 3.L. Suppose that r* is a solution of (3.1), F is locally Lipschitzian and
semismooth at r* ,  and al lV* e 06F(x-) are nonsingular.  Then the i terat ion method (8.2)
is well defi'ned and conuerges to x* e-superlinearrg in a neighborhood, of r* .

Proof . By Lemma 2 2, (3.2) is well defined in a neighborhood of c* for the first step
A : O. Since V; € AbF(xk), the fth row Vf of V; satisfies

vi e 06F;(xk).

From the semismoothness of ,F we know that .e is semismooth at r.. By Lemma 2.1,

V ; @ k  -  r * )  -  F l @ . ; r k  -  r * ) :  o | l r k  -  
" - l l ) ,  

i :  r , . . . , n .

Therefore,
V r ( r r  -  

" * )  
-  F ' ( r * ; r k  -  r * ) :  o ( l l xk  -  

" - l l ) .
From Lemma 2.1 and (3.8) we have

l l c t+ t  -  
" - l l  

:  l l r o  -  , .  -V ; rF@k) l l

< l lyt t l r(rk) -  tr(x.1 - F,(r. ;rk - 
" \ l l l

+l lv;r [vk(rk - r*) -  F'  (r* ;  "k 
- 

"r)) l l
:  o ( l bk  -  

" - l l ) .

4. Quasi-Newton Method for some Nonsmooth Equations

i: this section, we will first consider the following nonsmooth equations, which arises
:::m complementarity problem, variational inequality problem, and the KKT svstem of
:  n l inear  p rogramming:

F ( r ) : x - P y l r - l ( ' ) l  : 0 , (4 .1)
;:.ere f : R -, R'is a continuously differentiable function, py(.) is the orthogonal
:  :  - i  ectron operator onto a nonempty closed convex set y,  and X :  {c € R"l  t  < r  I  u} ,

1 "  2 \
\ " . " , /

, ,



: : - . re i .  u € i r? u {*}}" .  To solve equat ions (a.1) is the or iginal  motivat ion in invest i -
:1: :ng nonsmooth equat ions. When f  e C', ,F is a semismooth funct ion. The results
-: \e*'ton method for solving (4.1) are fruitful, but not for the quasi-Newton method.
-:- :his section, we will give a new quasi-Newton method for solving equations (4.1),

":-i generalize the convergent theory to general nonsmooth equations. We don't know
- :'A' to construct a superlinearly convergent quasi-Newton method for general nonsmooth
.::ations under mild conditions, but the skill introduced here will be helpful in devis-
:-: quasi-Newton methods for some other special nonsmooth equations. We also give

= ' . :nples to demonstrate this.

\\'e will give a quasi-Newton method for solving equations (4.1).

Quasi-Newton Method (Broyden's Case)

Given f t Rn --- Rn, ro € Rn, As € Rnxn

D o  f o r  k :  0 ,  1 , . . .  :

Define

fo( " ) :  f  ( "0 )  +  A1, ( r  -  rk )

P n ( " ) : t r - P x l r - f k @ ) l

Choose Vk € AbFk@k)

Solve Vt tk + F("0):  0 for s&

(4 .2)

r k + r _ r k + " f t

a k : f ( r k + l ) - / ( r k )

fuk - A1,sk)sk'
Ak+t: Ak + Y--frkt. (4 .3 )

For any matrix B € Rnxn

=  c r ,  i f  v  e  o6F( r ) ,  t hen  V
the lth row of B. For an arbitrarv function

\;r + (r - .\;)/j(r) if

,; - f;(r) < /; (or > ui),

q -  f ; (r) :  / ;  (or :  ui) ,  (4.4)

fi@) i f  l ; < 4 - f i ( r ) < u a ,

- -ere , \ ;  € {0, 1},  1 is the unit  matr ix of Rnxn. On the other hand, any V of the above
' , : r  

i s  an  e lement  o f  d6 f ' ( r ) .

THEOREM 4.1. Suppose that f : Rn - R" is continuously differentiable, rr is a
'  , ' t t ion of (a. \ ,  f t (x) is Lipschitz cont inuous in a neighborhood of r*  and the Lipschitz
'  ' .stant is 1.  Suppose that al l  W* e 06F(r-)  are nonsingular.  There exist  posi t iue
: ,  r - . t cn fs  e ,  6  such tha t  i f  l l "o  -  r * l l  <  e  and i lAo  -  f ' ( r r ) l l  <  6 ,  then the  sequence { rk }
: , ' .crated by the Quasi-Newton Method (Broyden's Case) is wel l  def ined and conuerges
- - : tper l inear ly  to  r "  .

,  Iet  B'  be
satisfies

Ii . i f
l t,,, -I' - l
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Proof. From Lemma2.2,there exists a positive constant B such that llW;rll ! B for
al lW* € d6.F(r-) and there exists a neighborhood Ns(r-) of r* such that

l l w - ' l l  t * B9 ' ,

for any y € No(o-),  W e 06F(y).  Choose e1 and 6 such that

l l f '@)  -  f ' ( * . ) l l  S  r l l y  - ' - l l ,

r2p6 < r,

31er < 26,

nw-r r  <  ro?
, l  l r -  

9

f o r  a n y  y e  N 1 ( r - )  :  { "  I  l l " - " - l l  (  e r } ,  W  e  3 6 F ( y ) .  F r o m  ( 1 )  a n d  ( 2 )  o f  L e m m a 2 . 1 ,
i f  f l  is semismooth at t r* ,  then for any W'e 66F;(r) ,  t r  -  t r*

l l A ( " )  -  4 ( " - )  -w t ( ,  - ' . ) l l  :  o ( l l ' -  " - l l )
The semismoothness of F; is obvious. Therefore, for any W e 06F(r), r - tr*, we have

l l r ( r )  - F ( " - )  - w ( ,  - " - ) l l  : o ( l l r - ' - l l ) .

Then we can choose posit ive constant e2 such that for any y € Nr("-)  :  {r l  l l r  -  
" . l l  

S
,z ) ,  W e  06F(y) ,  we have

l l r ( y )  -  F ( ' - )  -  w (y  - ' - ) l l  S  z6 l l y  -  
" - l l .  

( 4 .e )

L e r  e :  m i n { e 1 , e 2 }  a n d  N ( " - )  :  N r ( z - ) n N 2 ( r - ) .  T h e n  ( + . s ) ,  ( a . 8 )  a n d  ( 4 . 9 )  h o l d  f o r
an1 '  y  €  N( r - ) ,  W €AtF@).  Denote  ek  :  rk  -  t r * .

The local Q-linear convergence proof consists of showing by induction that

i  10) l lar - / '("-)l l  S (2 - 2-\6,

tlvr'il tf,B,

l l ,** ' l l  s ] i l "* l l ,
: - l  k  =  0 , 1 , . . . .

For k :  0,  (4.10) is t r iv ial ly t rue. The proof of (4.11) and (a.12) is ident ical  to the

::cof at  the induct ion step, so we omit  i t  here.

\ow assume tha t  (4 .10) ,  (a .11)  and (4 .12)  ho ld  fo r  /c  :  0 ,  . . . , i  -  1 .  For  k  :  i ,  we

.-.ave from Lemma 8.2.1 of [6] (also see [5]), and the induction hypothesis that

l lA ; -  f , ( r - ) l l  <  l la ;_ ,  -  f , ( , . ) l l  + l ( |1" ' l l  + l l " ' - ' l l )

< (2 -  2-(r - r ) )6 + ?l l rn- ' l l

(4 .5)

(4.6)

(4.7)

(4.8)

( 4 . 1  1 )

(4.r2)

? (
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From (4.12) and lleoll ( e we get

l l " - t l l  < 2-( i -1) l l ro l l  < 2-6-r)e.

Subst i tut ing this into (4.13) and using (4.7) gives

l la,  -  f ' ( , . ) l l  < (2 -  2-u-r)6 *! ' .z-u-t)

< (2  -2 - ( i - r ) )6  n  T r r .  2 - ( - \

< (z - 2-U-r) + 2-i)6 : (z - 2-i)5,

u'hich ver i f ies (4.10).

To verify (4.11), we must first show that I is invertible. From the definition of Fi(z)
and (4.a) the 7th row Vri of V; satisfies

( rr ;f ,,i _ f]("i) < /i (or > uj),

" i  
- )vi : 

\ 
^i l i  + (r - ^)Ai if 

"! 
- 

f i("t): / j  (or : uj), (4.r4)
I

I a] if ti < r', - f](ri) < ui,

g'here )] e {0,1}. For such constants )r1 we define a companion matrix I,[ such that the
yth row W! of I,[ satisfies

I Ir if 
"'i 

_ f]("') < /i (or > uj),

I
w! : 

I ^ir, + (l - s',)f|(xt) if 
" ' , 

- f]("t): / i  (or : uj), (4.15)

I
|  / j ("c) i f  / i  < 

"| 
- f j(" i)  < 

" i .

From /(rd) : f i(r i)  and (a.15) we get

From (4.8)  we get

Wi € 66F(r ' ) .

l lw;'ll < #

( 4 . 1 6 )

(4.r7)

i :om (4.14) and (4.15) for any r  e Rn we get

l (w i  -v i ) " ls l (A l  -  I |@n))" | .
Therefore,

l lW -Vl l  < l la '  -  / ' ( ' ' ) l l

S l lar -  f ' (" . ) l l  + l l / ' ( " ' )  -  / ' ( ' . ) l l .
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, -s ing (4.10) for k :  f and the Lipschitz condition (4.5) gives

l lw, -  ul l  < (2 - 2- i)6 * "yl l r i  -  c- l l

:  (2  *  2_, ) t  +  r l l r , l l .

t : :m (4 .12) ,  l l "o l l  <  e ,  and (4 .7 )

? l l " t l l  <  2 - i r - t  1  2 - ;e11 <2;  .z_- '6- ^ ,  -  3

; :r ich) subst i tuted into (4.19),  gives

l lw; -ul l  < (2 - 2-')6 +
,
;

. 2 - ' 6  <  2 5 .

(4.re)

(4.20)

:n (a.tz) ,  (4.20) and (a.6) we get

:1 )  l lw,  ' (w, -  %) l l  t  t#  .26 < T i :  *  .  , ,
'oe have from Theorem2.3.2 of [14] that V; is invertible and

l lY '- ' l l  <

: :  r -er i f ies (4.11).

T: complete the induct ion, we veri fy (4.12).  From F(xi)+V;(r ;+t -  r i ) :  O we have

r ( r i )  +vr( rn* t  -  r *  + r*  -  x i ) :  o ,

V ; g i + r :  - f ' ( " t )  * V i e i

:  F ( r ' )  -  P ( " ' )  t v ; e i .

l l " t * ' l l  s  l l4- ' l l l l r ( " t )  -  F("-)  -v;e i l l

<  l l4 - ' l l I l r ( " ' )  -  p ( " - )  -w ;e i l l+  l lw ,  -  %l l l l "n l l l (4.22)

: ,-  1 e),  (4.11) ,  (4.6),  (4.20) and (a.22) we get

l l , ' * ' l l  s!72t11"| l  + 2011"d111 :og6l l" ; l l .  l l 'c l l .
l l  -  

2 t  
i l - i l ' - - i l  t r j  - , - - i l - i l _  

2

: rr,r\ '€S (4.12) and completes the proof of Q-linear convergence.

' , : :< ! .  r l 'e  wi l l  prove the Q-super l inear  convergence of  {c f r }  under the assumpt ions.
: ,  = ,4k -  f ' ( r - ) .From the last  par t  of  the proof  of  Theorem 8.2.2 of  16]  (a lso see

l lw" l l
1-  l lw i -L(wi  -  r1) l l

l o n  Q
1  e P =  a 1 6 .-  r - h  2 "

: : * : O f e .

, ,- l lE*'ol l  _ o.
f t -oo  l l s ' l l

- :  : r t

, n

(4.23)



From F(ck) +Vn(xk+L - ,k) :  O we have

r(rr) *w1,(rk+r - , \  + (v1, - w1,)(rft* l  - 
"e) 

: 0,

w1,sk+r -- (w* - vo)(*r*t - , \  - [r("*) - F(r-) - wk"k].

Therefore,

l l "on ' l l  s  l lw;Ll l { l l r ( ' * )  -  F( ' - )  -w*"k l l  + l l (vo -  rvr)"n l l } .

From (4.14),  (4.15) and (a.5) we get

l l (vn -wn)'kl l  < l l (ar -  / ' ( 'n))"ol l

S l l (ar -  f ' (r-))"r l l  + l l ( / ' (" f t)  -  / ' ("-))"f t11

S l lEr" f r  I l  +  .y l l ,e l l  l l "e l l .

Subst i tut ing this,  and (4.f7) into (4.24) gives

l l ro* ' l l  .  f f t f  f  r@o) -  F( , - )  -wnrkl l+ l l .eps&1; + t l l "o l l l l "o l l )

From (4.12) and (a.25) we get

(4.24)

(4.2s)

(4.26)

f ip=fB{ 
l lr(")-  F ( " r )  -W* "k l l.,##j]#.rr"*u)

. ;W+| r l l " ' l l )l l r ( ' *)  -
ll'*ll

l l  'o l l

F( t - )  -w*"k l l

From Lemma 2.1 and the Q-linear convergence of {cfr} we have

l im l let l l  :  o,
,lc r oo

. .  l l F ( r f t )  -  F ( r - )  -w r "k l l  ^
.TLff i :u'

Substitut ins U.23), (4.27) and (4.28) into (4.26) gives

l l p l + 1 l l

#*ff i :o'
* hrch completes the proof of Q-superlinear convergence. n

(4.27)

(4.28)

(4.2e)

Remarlc" For nonlinear complementarity problem, the nonsingularity assumption of
: .F(r-)  is equivalent to the b-regular i ty assumption in I tA].

For general nonsmooth equations, we will consider the following method's convergence

r k + r  -  r k  -  A l r F ( r n ) ,  A n  €  R n * n ,  k  :  0 , 1 , . . . .
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THEOREM 4.2. Suppose that F : Rn -- R' is a locally Lipschitzian function in the
o p e n c o n u e r s e t  D  C  R n  a n d r *  € D  i s a s o l u t i o n o f F ( r ) : 9 .  S u p p o s e t h a t F  i s
semismooth at r* and allW* € E6F(x-) are nonsingular. There erists positiue constants
e, 6 such that i f  ro e D, l l ro -  r . l l  < e and there ezistswl,  e 06F(rk) such that

l l A r - w * 1 1 3 5 , (4 .31)

then the sequence of points generated by (aso) is well definerl and converges to r* e-
l inearly in a neighborhood of r* .

Proof. From the proof of Lemma 2.2,Theorems 3.1 and 4.1 we can obtain the result
of this theorem without difficulty. The detail is omitted here. tr

In [19], Pang and Qi extended Theorem 2.2 in Dennis and Mor6 [5] to nonsmooth
equations. Here, we can also do a similar extension and point out that some algorithms
can be cast in our frame form.

THEOREM 4.3. Suppose that F : Rn --+ Rn is a locally Lipschitzian function in
the open conaer set D c Rn. Assume that F is semismooth at sonre r* € D and al l
I1 ' -  e dotr ' (c*) are nonsingular.  Let {A1r} be a sequence of nonsingular matr ices in Rn*n,
o,nd suppose for some xo in D that the sequence of points generated,69 (a.30) remains in
D, and sat isf ies rk + r* for al l lc,  and 

J$ "k 
:  r*  .  Then {rk} conuerg)s e-superl inearly

:o x* , and fl("-) : O if and only if there erists W1" e 06F(rk) such that

, . .here sk * rk+t _ rk.

Proof . The proof of the theorem is similar to that of Theorem 2 in Pang and ei 119].
iin'e also notice of Lemma 2.2,there is no difficulty. So we omit the detail here" Ll

The Q-superlinear convergence of our algorithm discussed in this section is an appli-
:at ion of Theorem 4.3, but not a special  case discussed in Pang and Qi I lg] .  Besides the
aigorithms discussed in this chapter, we will also give two examples to demonstrate the
rpplications of Theorems 4.2 and 4.3. One example is dicussed by Ip and Kyparisis [9],
: re other is a new algori thm.

Exarnple 1. In [9],Ip and Kyparisis discussed the local convergence of the following
:uasi-Newton method (Broyden's method [1])

, , , - f# :0 ,, t -oo  l l s ' l l

rh+r -  ,k + ,k,  tk --  -A;t  p(rk),

Ak+t:  Ar+ry{,  tk :  F@*+ry -  p@o)

(4.32)

(4 .33)

: ,r  solving nonsmooth equat ions. The Q-superl inear convergence is establ ished under the
::rong condit ion that l  is strongly l -di f ferent iable at the solut ion point r* .  Under their
:',nditions, we can easily verify that (a.32) is satisfied (actually, in this case d6F(c*) :
--sF(r-)  :  { f"(r-)}) .  So Theorem 4.3 ( in this case also Theorem 2 in Pang ana qi  [ io j)
:eneralizes the result obtained by Ip and Kyparisis f9l.
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Exarnple 2. Consider the following nonsmooth equations

F ( r ) :  m i n ( / ( c ) , s ( c ) )  :  o , (4.34)

rvhere f , g : R" -- Rn are continuously differentiable and the "min" operator denotes the

componentwise minimum of two vectors. Such a system arises from nonsmooth partial

Cifferentiable equations [3, 2, 14] and implicit complementarity problem (see, e.g., [15]).
Consider the following quasi-Newton method (Broyden's Case)

Given ro e Rn, Ao, Bo e Rnxn

D o  f o r  l c  : 0 , 1 , .  .  .  :
Define

fr(") :  f(*r) + A1,(r - rk)

sk@):  s@k) + 81,( r  -  rk)

pr (") :  min(,f t  (c), so ("))

Choose Vk € AbFk(rk)

Solve Vn"k + F(rk):  0 for s&

r k + L -  , k + r k

y k : f ( r k + t ) - / ( " k )

, r : g ( r r * t ) - s @ r )

Ak+t=or* f f

B k + r : u r * f f "
The Q-superlinear convergence of the sequence of points generated by this algorithm can
're 

obtained from Theorem 4.3 under the stated assumptions'

5. Implementat ion of the Quasi-Newton Method

The implementation of the quasi-Newton method discussed in $4 for solving equations

1.1) has no difference to the smooth case except for the implementation of the Q.R
:actorization of the iterate matrix Vp. The entire Q.R factorization of Vp costs O("")

arithmetic operations. If we do this in every step, then the advantage of quasi-Newton

nethod loses a Iot. In this section, we will show how to update the QR factorization of

l i  into the QR factor izat ion of Vp11 at most in O((1(k)+ 1)n2) operat, ions (see (5.8) for

ihe definition of 1(k)). For the simplicity, we will assume that X - Ri.
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For a given vector r € Rn, denote the index sets

o ( r )  : { i : r ; > / i ( r ) } ,

0 @ ) :  { i :  r ; :  f i ( r ) } ,

r ( r )  : { i : r ; < f ; ( r ) } .

Suppose for each k that we choose V1,e06Fk(re) such that the rth row Vl of V1, satisfies

( A'k if i € a(rk),
v i :  \

I  r t  i f  i  e B@k) u r("e).

Denote a matrix 71 such that its ith row ( satisfies

( Ato*, if ; € a(xk),
v o :  \

I r' if ; e B@k) u "r("t).

: rom (5 .1 ) ,  (5 .2 )  and (4 .3 )  we ge t

o _1,  ,  (go -Vpsk)sk '
v k - v k -  

, * 1 t  
,

( 5 . 1 )

(5 .2)

( 5 . 3  )

i f  r  e  a( r \ ,
(5 .4)

i f  i  e  g @ r ) o t @ k ) .

Q R factorization of Vp into the Q R factorization
8l ) .

- ti  tere g ' "  sat tsnes

- :  rs wel l
- i -
- i k l n

l r -e  r th

l :erefore,

" :-ere AZt

ntV -
4 v  k -

e ! : {  
a !

[ " 1
known that we can update the
O(" ' )  operat ions (see, e.g.,  17,

. , ;row 7j*, of Vp11 satisfies

vt+t: { 
o'-. '

I r '

isfies

0

0

sat

t
1

i f  i  e  o( r r* , ) ,

i f  i e  g @ o * ' ) u l ( " e * t ) .

V k + r : V *  t  L V * ,

i f  i € a @ k ) n o ( c t + r ) ,

i f  i  e  {B@k)u  t ( '& ) }  o  {p ( "k * r )u  r ( r&* t ) } ,

otherwise.

(5 s)

(5 .6 )

vt*, - Vr

4 t

( 5 . 7 )



Denote

I ( f t )  :  n - | a ( r k )  n o ( c k + 1 ) l + l { d ( " * )  u ? ( ' f t ) }  o { g ( " r * ' )  u r ( " t + t ) } l ) .  ( 5  8 )

Since the number of the nonzero rows of A71 is at most /(ft), we can update the QR
factorization of 73 into the Q,R factorization of V1,,,y at most in O(I(k)n2) operations
i  see ,  e .g . ,  [7 ,  8 ] ) .

Therefore, we get

THEOREM 5.1. The cost of updating theQR factorization ofVp into theQR factor-
;zation of V41 is at most O((I(k) * 1)n2) arithmetic operations.

Josephy [10] considered the quasi-Newton method for solving generalized equations
see Robinson [ZS]). For nonlinear complementarity problem, in every step his method

:eeds to solve a linear complementarity problem, which requires more cost than solving
: linear equations. Kojima and Shindo [11] extended the quasi-Newton method to piece-
;.rse smooth equations. They applied the classical Broyden's method as the points rft
. :al 'ed within a given Cl-piece. When the points rk arr ived a new piece, a new start ing
:atrix was used and it was needed to perform the entire QR factorization (or other fac-
:,rrzations) in O(n3) operations in general. Thus a potentially large number of matrices
:=ed to be stored and to be performed entire QRfactorization (or other factorizations).
i-ie:e. our method needs only one approximate matrix, and except for the first step we
, :,r' need less effort to solve a linear equations, which may be solved in much less than
-' n3) operations" The smaller the measure of 1(k) is, the less computing effort is needed
:- l ' *  l ) th step (note that 1(k) is related to the nonsmoothness of 1).  Ip and Kyparis is
' discussed the Iocal convergence of Broyden's method (4.33) for solving nonsmooth

.:-at ions. Al though the form of (4.33) is very simple, the convergence remairrs open
r - :rout assuming the existence of ,F'(r*) .

6. The KKT System of Variational Inequality Problem

a given closed set X C .R' and a mapping | : X ---, Rn, the variational inequality
:lem which denoted by VI(X, /) is to find a vector r* € X such that

(*  *  
" . ) ' f  

("*)  )  0,  for al l  r  € X.

,: .{ = /?!, then VI(X,/) is equivalent to the complementarity problem which is to find
: '  =  R1 such tha t

f  ( r r )  e .Rf and , . r  71r*1-_ o.
' i '  ..:. f is a gradient mapping, say /(r) : V|(r) for some real-valued function d,
, . -{. /) is equivalent to the problem of finding a stationary point for the minimiza-

' -  Problem' 
- inimize d(c)

s u b j e c t t o r € X .
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Here we shall assume that X has the form

X  :  { r €  R " l s ( s )  S  O ,  h ( x ) :  0 ,  /  I  r  I  u } , ( 6 . 1 )
'*'here g i R --- R* and h '. Rn ----, Rp are assumed to be twice continuously differentiable,
and / ,  u e {Ru {*}}" .  By introducing mult ipl iers () ,  F,u,w) I  prn+r*2n corresponding
:c the constraints in X, the (vI) Lagrangian (vector-valued) function (see, e.g., Tobin
27.) can be def ined by

m p

L( r , ) ,p ,u ,w)  :  f ( r )+  !  Ve ; (c ) r r  +  I  Vh1@)p1 -  u  *  w.
j = l

Ii /i - -oo (or ul : *m) for some t, the corresponding u; (w; respectively) is absent in
:re above formular. Then the KKT system of vI(X, /) can be written as

L ( r , ) , p t r u , w ) : 0 ,

)  )  0,  -g(")  )  0,  and )"9(c) :  g,

- h ( r )  :  6 ,

u  )  0 ,  r  -  I  ) 0 ,  a n d  u T ( r  - / )  :  0 ,

u  )  0 ,  u -  r ) 0 ,  a n d  * T ( ,  - u )  :  0 .

(6 .2)

Define
] t  \  \  ' ,  .  \ -  

P

L(r,  A,  p)  = f  ( r )  + |  Ve;(r)r ;  + D yhi@)p,1

r l d

(6 .3 )

Suppose that (r-  , \* ,  p*,o* ,w*) € Rn"+n+p+2n is a solut ion of the KKT system (o.z),
:hen ( r * ,1* ,p* )  sa t is f ies  H( r * , ) * ,p* )  :  O;  converse ly  i f  ( " * , ) * , / . c * )  €  Rn+n+p is  a
s r l u t i o n  o f  H ( r , \ , p ) :  O ,  t h e n  ( r * , ) * , F * , u " , t l * )  i s  a  s o l u t i o n  o f  t h e  K K T  s y s t e m  ( 6 . 2 ) ,
'i here u* rw* are defined as

u*  :  pR i [L@. , ) * ,p - ) ]  and tu*  -  pR\ l -L@-, ) * ,p . ) ] .  (6 .4 )

Sr f ind a solut ion of the KKT system of vI  is equivalent to solve H(r, \ , / . r)  :  0.  Let
.  :  ( r , \ , p ) ,  K :  [ / , u ]  x  R i  x , R P ,  a n d

L( ' )

-g ( r )

-h ( " )

( r - p p , , 1 [ x - L @ , t , p ) ]  .

r{(c, \,,, : 
I 
l]".1;-{-g("))r 

]

f ("):l
t
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Then f /(o,) ,p) :  0 can be wri t ten as

H ( z ) : z - P x l z - J 1 2 1 1 : 0 , (6 .5 )

which is a special form of (4.1).

Now suppose that z* is a solution of H (z) : 0, and / is continuously differentiable
at r*, we will discuss a sufficient condition on the nonsingularity assumption of 06H(z-).
Let

I ( 2 . ) :  { i l  1 < ' < n r , , 9 ; ( c * )  : 9 ; ,

t *  ( r - ) :  { i  €  / ( z - ) l  ) j  >  O } ,

G +  ( " . )  :  { d  e  R l  Y  g ; ( r . ) r  d :  O  f o r  i  e  I +  ( 2 . )

and Vh;  (c*  ) ,  d  :  0  fo r  f  :  L ,  . . . ,  p \  ,
and

R(" . )  :  {d  €  R" l  d , :  0  i f  r i  :  l ;  (o r  u ; )  ana ( i (z - ) )  ;  I  0  fo r  t  =  1 , . . . ,n } .

THEOREM 6.L. Suppose that z* is a solut ion of H(z) :  O, and sat isf ies {Vz,,L1z-\a >
0 f o r a l l d e  G + ( z - ) n n ( z - ) \ { O } .  I f  { V s { r * ) , i e  I ( z - ) }  a n d { y h i ( r t ) ,  t :  t i - . . . , ' p } ' o *
l inearly independent,  then al lV e 06H(zr) are nonsingular.

Proof. Combining (a.a) and the proof of Theorem 4.1 in Robinson [zs], we can get
the result. tr

7. Numerical Examples

In this section, we report computational results obtained for two small nonlinear com-
plementarity problems using the above Newton method and quasi-Newton method. For
quasi-Newton method, the initial matrices are generated by the difference approximation
method. In Table 1, "N" and "QN" represent Newton method andquasi-N"* lormethod,
respectively; and "P 1" and "P 2" represent Problem 1 and Problem 2, respectively.

Problem 1 (A Nondegenerate Nonlinear Complementarity problem, 
1io, o1;. 

-co.r-

sider the following problem: find r € ,Ra such that s > 0, /(r) ) 0, and ,r y'(r) : 0,
where f t Ra --- R4 is given by

f{r)  :  zr2, + 2x1r2 |  Zr l  + rs + Br4 * 6,

fz(t)  :  zrzt ' l  q * r l*  3rs * 2r4 -  2,

fs(")  :  zr2, + r1r2 I  2al  + 2rs t  3ra -  l ,

f{r) : r l + zrl t 2rsf 3ra - 3.

This problem has a solution

, -  :  ( ' r r /u  x  1 .2247,0 ,0 ,0 .5 ) ,  f  ( r . ) :  (o ,z  +  
tU l ,  

-  8 .2247,s ,0 ) .
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Since B(r-)  :  f l ,  r*  is nondegenerate (see [9])  and i t  is easy to check that.Fr(r*)  (here

0 6F' (r . )  :  { f ' r (r-) i )  is nonsingular.

Problern 2 (A Degenerate Nonlinear Complementarity Problem, Ltt, 
g]). Consider

the fol lowing problem: f ind c € Ra such that r  > O, /(")  )  O, and 
"T f  

(") :0,  where

f t Ra -- R4 is given by

f {r) : Zr! + 2rtrz * Zxl + xs + 3r4 - 6,

fz(r) : zrl + q * r7* locs * 2ra - 2,

fs(") -- srl + r1x2 * zrl + 2"s + 9r,a - 9,

f q(r) : r l + sr2, * 2rs * 3ca - 3'

This problem has two solutions

* , l r lr i  :  ( r t /o  x  ! .2247,0 ,0 ,0 .5 ) ,  f@D :  (0 ,2  *  ;Ju  
x  3 .2247,0 ,0) ,

and

r k o :  ( 1 , 0 , 3 , 0 ) ,  f  @ k o ) :  ( 0 , 3 1 , 0 , 4 ) .

Since B(rfu o) : 0 for the solution rirp, it is a nondegerate solution (see [9]). On the

other hand, B@il :  {3i  for the solut ion r} ,  so i t  is a degenerate solut ion (see [9]) .  I t

is easy to check that d6F(ri1p) and A6F@i) are nonsingular.

TABLE 1
Results for e m s l a 2

Algorithm Start ing point Number of Iterations sum o f  1 (k )

P 1 P 2 P 1 P 2

N

Q N

(1 ,0,0,0)
(1,0,0,0)

I

4
3(D)
4(D) 0 ,

N

QN

( 1 , 0 , 1 , 0 )
( 1 , 0 , 1 , 0 )

4

5

1 ( N D )
1 ( N D ) I 0

N

Q N

(1 ,0,0,1)
(1 ,0 ,0 ,1 )

4
5

4(D)
5(D) I ,

N

QN

(1 ,0.2,0.5,1)
(1,0.2,0.b,1)

4
6

4(D)
6(D) 0 t

N

QN

(1 ,0 ,1 , -1 )
(1 ,0 ,1 , -  1)

.)

5
3(D)
5 (D) I 2

N

Q N

1.5 , -0 .5 ,4 .5 , -  1 .0 )
1 .5 , -0 .5 ,4 .5 , -  1 .0 )

4
6

4(D)
6 (D) 1 0

N

QN

( 1 . 1 , - 0 . 1 , 3 . 1 , - 0 . 1 )
( 1 . 1 , - 0 . 1 , 3 . 1 , - 0 . 1 )

4

5

3 ( N D )
4 ( N D ) I 0

N

QN

(0.8b ,0 .2 ,0 .5 ,1 )
(o.ss,o.2,0. s,1)

4

7

5(D)
7 (D) I 2

D:degenerate solut ion, ND:nondegenerate solut ion'

nd
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From Table 1 we see that even for problem 2 when the starting point is close to a

solution, the sequence will converge to the corresponding solution no matter wether it is
degenerate or not.

In this chapter two small examples are used to show the effectiveness of the Newton
method and the quasi-Newton method for solving some nonsmooth equations. More
examples are needed to show the efficiency of the above algorithms. For problem (4.1)
with a general convex set X, especially when X is a polyhedral set, how to construct
appropriate Newton methods and quasi-Newton methods is our further research topic.

REFERENCES

C.G. BROYDEN, ,4 class of methods for soluing nonl inear simultaneous equat ions,

Math. Comp., 19 (1965),  pp. 577-593.
X. CHEN, AND T. Yau,q.voTo, On the convergence of some quasi-Newton meth-
ods for soluing nonlinear equations with nondifferentiable operators, Computing, 49
(1992),  pp. 87-94.
X.  CHEN,  AND L .QI ,  A  parameter ized  Newton method and a  quas i -Newton method

for soluing nonsmooth equat ions, Comp. Opti .  Appl. ,  3 (1994),  pp. 157-179.
F.H. CLARKE, Optimization and Nonsmooth Analysfs, John Wiley and Sons, New
Y o r k , 1 9 8 3 .
J.E. DENNIS, AND J.J.  Mone, A character izat ion of superl inear conuergence and i ts
application to quasi-Newton methods, Math. Comp., 28 (1974), pp. 549-560.
J.E. DENNIS, AND R.B. SCHNABLE, Numerical  Methods for Unconstrained Optimiza-
tion and Nonlinear Equations, Prentice-hall, Englewood Cliffs, N.J., 1983.
P.E. GILL, AND and M. MURRAY, Quasi-Newton methods lor unconstrained opt i-

mizat ion, J.  Inst.  Math. Appl. ,  9 (1972),  pp. 91-108.
G.H. Gol,uB, AND C. VAN LOAN, Matr i r  Computat ions, the Johns Hopkins Univer-
si ty Press, 1983.
C.-M. IP, AND T. KYPAR.lsts,  Local conuergence of quasi-Newton methods for B-
di f ferent iable equat ions, Math. Programming, 56 (1992),  pp. 71-89.
N.H. JosEPHY, Quasi-Newton methods for general ized equat ions, Technical  Summary
Report No. 1966, Mathematical Research Center, University of Wisconsin, Madison,
wI ,  1979.
M. KoJIMA, AND S. SHINDO, Ertensions of Newton and quasi-Newton methods to

sys tems o f  PCL equat ions ,  J .  Oper .  Res .  Soc .  Japan,29  (1986) ,  pp .352-374.
B. KUMMER, Newton's method for non-di f ferent iable funct ions, in J.  Guddat,  B. Bank,

H. Hol latz,  P. Kal l ,  D. Klatte,  B. Kummer, K. Lommatzsch, L. Tammer, M. Vlach
and K. Zimmerman, eds., Aduances in Mathematical Programming, Academi Verlag,

Berl in,  1988, pp. l l4-125.
M. MIFFLIN, Semismooth and semiconuer funct ions in constrained opt imizatfon, SIAM
J. Control  Opt im.,  15 (1977) ,  pp. 957-972.
J.M. ORTEGA, AND W.C. RHEINBOLDT, I terat iae solut ion of Nonl inear Equat ions
in Seueral Variables, Academic Press, New York, 1970.
J.-S. PANG , The impl ic i t  complementar i ty problem, in O.L. Mangasarian, S.M. Robin-
son, and P.R. Meyer, eds., I'{onlinear Programming 4, Academic Press, New York,

[1 ]

t r l
t - l

i " l
L " l

[4]

t o l

[6]

l7l

l8l

Ie]

i10l

i 11 l

i12l

131

141

151

46



[20]

[16]

Ir 7]

[18 ]

[1e]

l r r l

l o  D l
l L o l

124l

l25l

[26]

1r,71
L " '  ]

1981,  pp .  487-518.
-s Newton's method for B-di f ferent iable equat ions, Math. Oper.  Res.,  1b (1990),
p p . 3 1 1 - 3 4 1 .
-, A B-differentiable equation-based, globally and locally quadratically conuer-
gent algorithm for nonlinear progranxs, complementarity and variational inequality
problems, Math. Programming, 51 (1991),  pp. 101-131.
J"-s. PeNc, AND s.A. GABRLEL, NE/9QP: A robust algorithm for the nonlinear
complementar i ty problem,Math. Programming, 60 (1993),  pp. 29b-332.
J.-S. PANG, AND L.Ql,  Nonsmooth equat ions: motiuat ion and algori t i rns, SIAM J.
Optimization, 3 (1993), pp. 443-465.
L. QI,  Conuergence analysis of some algori thms for soluing nonsmooth equat ions,
Math. Oper.  Res.,  18 (1993),  pp. 227-244.

[21] L.  QI,  AND J. SuN, A nonsmooth aersion of Newton's method,,  Math. Programming,
58 (19e3),  pp. 353-368.
-, A nonsrnooth uersion of Newton's method and an interior point algorithrn for
conoex programming, Applied Mathematics Preprint 89/33, School of Mathematics,
The University of New South Wales, Sydney, Australia, Revised in 1991.
S.M. RoBINSoN,  ̂9frongly regular general ized equat ions, Math. Oper.  Res.,  b (1980),
pp. 43-62.
-r Local structure of feasible sets in nonlinear programming, part III: stability
and sensit iu i ty,Math. Programming Study, 30 (1987),  pp. 45-66.
-r  Newton's methods for a class of nonsmooth funct ions, Industr ial  Engineering
Working Paper, University of Wisconsin, Madison, USA, 1988.
N.Z. SHOR, A class of almost-di f ferent iable funct ions and a minimizat ion method for
functions of this c/ass, Kibernetic, 4 (1972), pp. 65-70.
R.L.Tostlr, sensitiuity analysis for oariational inequalities, J. optim. Theory Appl.,
48  (1e86) ,  pp . l91

I

47



Chapter 4

Superlinear Convergence of Approximate Newton
Methods for LCr optimi zation Problems without Strict

Complementarity

Abstract

In this chapter, the Q-superlinear convergence property of the approximate Newton or
SQP methods for solving LC1 optimization problems is established under the assumptions
that the derivatives of the objective and constraint functions are semismooth, the strong
second-order sufficiency condition is satisfied and the gradients to the active constraints
are linearly independent. The strong second-order sufficiency condition is weaker than
the second-order sufficiency condition and the strict complementarity condition.
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Chapter 4
Superlinear Convergence of Approximate Newton

Methods for LCI optimization Problems without strict
Complementarity

1. fntroduction

Consider the standard nonlinear programming

minimize I@)
subject to S(r) S O

h@) : sl '
( 1 . 1 )

where f , g and h are differentiable functions from R'into R, fip and Rq respectively.
One method for solving (1.1) is to solve the following linearly constrained quadratic
program Q;

minimize Y f ( rk) r ( r  -  r \  +* f "  -  *k1rG1,( ,  -  rk1
subject to s@k) + Ys(rk)r (r j  ro) S o,

h (xk )+Yh(xk ) r ( r  -  r t ) :  o

( 1 . 2 )

successively. Here Gt is an n x n matrix. This method is called an approximate Newton
method or a SQP (sequential quadratic programming) method. If Gk is exactly the
second-order derivative of the Lagrangian at rk, this is Wilson's method. See Garcia
Palomares and Mangasarian (Ref. 4) and Robinson (Refs. 2l-22).

Before the advent of the very recent chapter by Qi (Ref. 19), the proof of the super-
linear convergence of such approximate Newton or SQP methods for solving nonlinear
programming problems requires twice smoothness of the objective and constrained func-
tions. Sometimes, the second-order derivatives of those functions are required to be
Lipschitzian, for example, see Garcia Palomares and Mangasarian (Ref. 4), Han (Ref.
5), McCormick (Ref. 9) and Robinson (Refs. 2l-22). However, the second-order differ-
entiability may not hold for some problems. For example, the extended linear-quadratic
programming problem, recently emerged in stochastic programming and optimal control,
even in the fully quadratic case, does not possess twice differentiable objective functions.
However, their objective functions are differentiable and their derivatives are Lipschitzian
in that case. See Rockafellar (Ref. 2a) or Rockafellar and Wets (Ref. 25) for a detail.
We call a function ,t' : Rn ---+ R* a LCr function, if it is differentiable and its deriva_
tive function is locally Lipschitzian. We call a nonlinear programming problem a LC1
optimization problem if its objective and constrained functions are LCI functions. For
the detail of LCr functions and LCI optimization problems, see ei (Ref. r7). In ei
(Ref. 19), the Q-superlinear convergence of the approximate Newton or Sep meth-
ods for solving LCI optimization problems was established under the assumption that
the derivatives of the objective and constrained functions are semismooth and the three
key assumptions that the second-order sufficiency condition, the strict complementarity
slackness and linear independence of the gradients to the active constraints are satisfied
under the context of LCI optimization problems. Basing on generalized equations' theory
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established by Robinson (Ref. 23), Josephy (Refs' 7-8) provided a proof to the local su-

perlinear (quadratic) .onu"rg"n.e of quasi-Newton (Newton) methods without assuming

the strict complementarity slackness condition when the second-order differentiability is

available. AIso basing on Robinson's generalized equations' theory (Ref. 23), without

assuming the strict complementarity condition Lescrenier (Ref' 29) provided a proof to

the convergence of a class of trust region methods proposed by Conn, Gould, and Toint

(Ref. 30) for optimization problem with simple bounds constraints when the objective

function is twice continuously differentiable. In this chapter, we will discuss the super-

linear convergence of approximate Newton or SQP methods for solving LC1 optimization

problems without, u.rr,.ni.rg the existence of the second-order differentiability and the

,tri.t 
"o*plementarity 

slackness condition'

In a certain sense) our results in this chapter are the LCl version of the results

in Josephy (Refs. 7-8) or a generalization of the results in Qi (Ref' 19) without the

strict complementarity slackness. To achieve this, our technique is different from that

of Josephy (nefs. Z-8) or Qi (Ref. 19). First we consider the superlinear convergence

of a generalized approximate Newton type method for solving nonsmooth equations'

recently developed in Pang (Ref. 14) and Qi (Refs. 16-17). Then, we prove that the

approximate Newton o, sqe methods are special cases of such generalized approximate

Newton method.

In section 2, we discuss the strong second-order sufficiency condition and linear in-

dependence under the context of LCi optimization. The Q-superlinear convergence of

approximate Newton or SQP methods for LCl optimization is established in section 3'

In section 4, we give some discussions'

2. The strong second-order Sufficiency condition

Throughout this chapter) we assume that /, I and h in (1.1) are LCl functions'

The Lagrang ian  o f  (1 .1 )  i s  L ( r ,u , t t ) :  f  ( r ) *u rg( r )+urh( r ) '  Denote  the  grad ien t

of .L with resPect to r bY Pr,r' Then

F' , " ( r ) :  v / ( r )  +  Ve( r )u  +Yh( r )u

is a locally Lipschitzian function'

In Josephy (Refs. 7-8) or Robinson (Ref. 23), the two key assumptions other than

second-order differentiabiiity are the strong second-order sufficiency condition and linear

independence of the gradients to the active constraints' We still need these two as-

sumptions. However the strong second-order sufficiency condition needs to be modified

because we will not assume the second-order differentiability of L g and h'

In general, assume that F '. Rn - -R- is locally Lipschitzian' By Rademacher's The-

orem, -F is differentiable almost everywhere . Let Dp be the set where 'F is differentiable'

Let 0F be the generalized Jacobian of F in the sense of clarke (Ref' 2)' Then

aF(r) - co{ 
,}'Jl. "'("*)},

(2  1)



where co{A} is a convex hull

In Qi (Ref' 16) and Pang

of a set A.

and Qi (Ref.

apF(r)  --  {

15), the concePt

l im P' ( r* ) ) .
" k e D  

p

"k  
* ,

0 BF(r) was introduced

(Ref. 27) introduced

0 6 F ( r ) :  E P F l ( c )  x

Then dpF(r) e 0uF(t) and the converse

if F : .Rl '-..- Rz has the form

Then

For rn :  t ,  EBF(r)

of F. Sun and Han

then

atr '  (c) = col1P(r) '

was introduced bY Shor (Ref' 26)'

0pF2(r) x "

relation does

Let 4 denote the fth comPonent

' x  0 n F * ( " ) '

not hold in general" For examPle

(  m in (c ,  c2 )
F(o) :  

I  m in( - r  - r2 )
)

a'r(o) :  { ( l )  
'  ( - . , )  } ,

a D r , ( o )  : { ( l )  ' ( : ' )  , ( : , )  , ( : )  }

and dpP(o)  c  Ab,F ,  (0 ) '  Bu t  when n1 :  L '  S6F( r )  =  03F( r ) '

From the results of clarke (Ref' 2)' Qi (Ref' til::^1::illl#T-(*:.::)J: H;

nl ;l'ff ; #'* :li Ji'1f"\'rt ffiff n:' i#:ii" T l:I ; *" " " " :.n:: :i ( " )'" u
aiF(r)are compac;;"il; ' lnd that 

i;;; 
dr and d;F are upper semi-continuous

( R e f . 2 ) , w e " u , , a , u * . t ' " , , u * " c o n c l u s i o n s f o r t h e m a p s E s F a n d d 6 F t h r o u g h t h e
s t a n d a r d a n a l y s i s . I n t h i s c h a p t e r * " , , , " M ( c , F ) t o r " p , " , " - n t o n e o f 0 F ( r ) , 0 3 F ( r )
a n d d 6 F ( c ) a n d " ' " ' h " m u l t i f u n c t i o " J u t l ' ' F . ) t o ' r e : i e j - e n t o n e o f E F ' E n F a n d i l F '
Therefore, M(r, F) is a nonempty .o-p*t"uur"t of R**", and the map Jvt(' ' F) is upper

semi-continuous'

S u p p o s e t h a t / 1 , f 2 : R n - - - f i l a r e c o n t i n u o u s l y d i f f e r e n t i a b l e f u n c t i o n s . L e t f o ( , ) :
min(/1 (r) ,  /2 (r)) ,  then

( tvl,(")l) ^ 11 {1(r) < fz(',) '
aolo(,) : { ioi'i ' i: 'v/'(")"} il {'(") 

: fz(r)'
[  {v/r(")" i  i f  / ' (") > fz(") '

This formulae will be used later in this chapter'

The first-order Kuhn-T\rcker conditions for (1'1) are

F,, , (")  :  V/(r)  + Ve(r)u + Vh(r)u :  o '

u  )  o ,  9 (c )  S  o ,  (2 .2 )
u;g ; ( r )  =  O '  fo r  f  :  l '  " ' 'P '

h ( r )  :  0 .
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Let

w h e r e t h e . m i n , o p e r a t o r d e n o t e s t h e c o m p o n e n t w i s e m i n i m u m . T h e n t h e f i r s t - o r d e r
Kuhn-T\rcker conditions are equival""t-t; A;t:,1', o;llle Hr(z): V/(r) 1Ve(r)u +

;;i;;, t,Q) :-i;a;, -g("1) and r/3(z) : -h(c)' rhen

/ o  
" \\ L . "  )

map Jv t ( ' , ' ) ,  i t  i s  easy  to  see tha t  fo r  any  
" :  

( ' ' u 'u )  e

M(c ,  F , , , )  c  \ ) ' ( z ) '

/  rr( ') \
H(z) :  I  Hz(")  I

\ r'(,) /

For every ,  = (*,u,u) € R" x RP Y 6{ '  denote

AqH(z)  - -  M( r ,s r )  x  06H2(z)  x  {V / { r (z ) r } '

I t , i s e a s y t o s e e t h a t L q | ( z ) i s a n o n e m p t ' y c o m p a c t s u b s e t o f R ^ x * ' a n d t h e m a p l q H
is upper semi-cont intJt t ' , 'where * ;+ p+ q'  For any A e M(z' I l1) '  there exists

V € Rnxn such that l . :  (V Vs(")  Vh(r)) '  Denote

[s"(r) :  {V e Rn'nl  (V Ve(c) Vh'(r))  e Jvt(z '111)} '

H(") --

From the definition of the

R" X RP y ft{, we have

and

Suppose that z: (r,u,u) e Rn x Rp x Rq is a Kuhn-T\rcker point of (f  ' f  ) '  Let

I(r) -- {t l  1 < i  !  P, gi(") :  o},

I+ (21 = { i  e l(z)l  ui > 0}'

Io(21 : {r e /(z)l  ui :  o} '

G(z) : {d e R'l f ' ( ';d) : o' st (r;d) : 0 for i e'"i^\';,(i!; j 1 ;;i:t :7," :;l

G n ( " ) =  { d e  R ' l  f ' @ ; d )  =  0 t  
, g , i ( ' ; d ) : 0 f o r  

i  e  I + ( z )
\ ' - '  

. "d  h l i ; ;d)  = 0 for  f  :  1 '  " ' '  8) '

A p o i n t " : ( r , u , u ) € R , : ^ o : ! o i s s a i d t o s a t i s f y t h e s e c o n d . o r d e r s u f n c i e n c y
conditions (strong r"'.ond-ord"r rr-tffi.i"rrtl ttnaitit"t; for,(r'1) if it satisfies the first-

order Kuhn-Tucker."nj i , i "n.  and i f  aiVa > 0 for al l  d e 
'C1z;10 

(d e G+(') \O) '

V e 1),(z).

S u p p o s e t h a t z : ( r , u , u ) e H . . x R p x f i q i s a K u h n . T \ - r c k e r p o i n t o f ( 1 . 1 ) . W e s a y
that zsat isf ies the l inear independen.".ondir ion i f  {V9;(r) ,  i  e I(z)}  and {Vh;(r) '  i :

1,...,{}.re lineurly it 'a"p""i"ttt ' Ii le say that z satisfies the strict complementarity

slackness condition if 10(z) - 0. When the strict complementarity condition is satisfied
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(i.e., /o(z) - 0), then G(z) = G+.(z) Therefore' second-order sufficiency conditions

and the strict compt"-".,tu,ity slackness condition mean strong second-order sufficiency

conditions. In general, strong .u.ond-ordJ, ,rrffi"i"rr.y conditions mean the second-order

su f f i c iencycond i t ions ,bu tdon, tmeanthes t r i c tcomplementar i t ys lacknesscond i t ion .
The strict complementarity slackness "";;"" 

*uy ,tot hold in nonlinear optimization

problems. tfr"r"f.rJ, **" 
.;ff 

.r"ria"r-al" superlinear conve-rgence properties of approx-

imate Newton or sep methods f.or Lci "oii*ir.rirn 
problems without assuming the

strict complementariiy condition'

F i r s t , w e s h a l l c o n s i d e r t h e n o n s i n g u l a r i t y o f m a t r i c e s W e l q [ ( z ) a t a s o l u t i o n
of H(z): 0. If th; ;;;p""ents of ,,r"h u solution are denoted by to, 'tto' 'uo' we can

partition th" u""toJg("of i"'o smaller ""tt"tt 
nit'o)' go('o) and 9-(16)' of dimensions

r . s a n d t ' r e s p e c t r v e l y , a n d p a r t i t i o n ' o " o t t o ' - u U l y i t t t o ' d - ' " 3 a n d u [ s o t h a t

gn(co)  :  0 ,  'd '  >  0 ,

9 0 ( 1 6 )  : 0 ,  u 3 : 0 ,

g- (ro) < o, uo = o,

where the ordering is componentwise' After suitable arrangement' (z'3) can be written

(2 .5 )

(2.4)

| :. \ f ot('L..,Tll'Ii;i'''' ), l :; l=l 
'; i l(" ';-, ' i i l . 

I
l ; l t  - ' " ( i ;an-( ' ,  )

Theorem 2.1. suppose that zs = (xs'uo' uo) t R" 
\ 

Rp x Rq satisfies the strong

second-order sufficiency condition. ."a ai" i#ur"ind"p"ndence condition of (1'1)' Then

'u 
T,iir1"f*n:";:tif,:t1';nnition or ,sH('o)' we onrv need to prove ror r :

O, f ,.-, ", 
the nonsingiu'ity of the following matrices

( v G{r G3'' G1t' Go' /# \
l - " r  b  b  o  o  I  I

w(,): l  - : t '  3 3 ,1,,  3 ! l '
I  o  e  o  o  / t x t : l

\ - n  o  o  o  o  o  J

w h e r e V € 1 ) , , , ( z s ) , ' F f 6 d e n o t e s V h ( r s ) r ' G i - ' d e n o t e ' V q * ( " 0 ) " ' e t c ' 1 : { 1 ' ' ' ' f } ( w h e n
f  : 0 ,  I : 0 ) ,  J  =  { r , " ' , 1 } \ r '  . i  

= g l ' ' Z 3 t  i '  a m a t r i x  t i ; h ;  l r o w s o f  G f i '  c $ r  i s  a

matrix of the J rows of Gfl, and rjxi i;J1,., are the unit, matrices of 'R?"i and 'Rtxt

< 2



respectively. Suppose that o, b, c, d' e and / are such that

V a +
-Gt o
-GT',o

- Hoa

Gt' b + GBII, + G|t' d + G;r e

T h e r e f o r e ' w e * e t  
v a  + c f r u + G l r "
-Gt 

"-GT',o
- Hoa

+  H s T  I  : 0 ,
- 0 ,
_ 0,  (2 .6)- 0 ,
- 0 ,
- n- u .

\ x i d
I t x te

+  H s r l = 0 ,
- 0 ,
- 0 ,
_ n
-  \ J .

(2 .7)

(2.8)

Premultiplying the equations in (2'7) by oT ' bT ' "T -and 
l?' respectively' and adding

the result we find tlr.at arva:0. This, together with the s.econd and fourth equations

of (2.7)and the ,h;;; ,".o'd-o.de. ,,rffi.iJn.y conditions, implies that o : 0; the first

equation of (2.7)und ih" linear independence assumption now imply that 6' c and / are

a l s o z e r o . T h e f o u r t h a n d f i f t h e q u a t i o n s o f ( 2 . 6 ) m e a n s t h a t d a n d e a r e z e r o . T h u s t h e
matrix l71ty is .rorsittg;tur' This compl"tes the proof' tr

C o r o l l a r y 2 . l . U n d e r t h e c o n d i t i o n s o f T h e o r e m 2 . l , t h e r e e x i s t 6 > 0 a n d C > o
such tha t  fo r  any  2 :  ( i , { . t ' , )  e  R" -x  RP X Rq '  sa t is fy ing  l l2 -  "o l l  

(  6 '  and any

W e 0qH(2) ,W is  inver t ib le  and l l lV - ' l l  <  C '  
'  l

proof. Applying Theorem 2.1 of i 'hir 
"hupt"r, 

and that dql1(2) is a nonempty

compact subset urrd ih" map 0qH is upper semi-continuous' we can easily obtain the

conclusion.  

r  urrv ! ! - . . r  -v  
t r

We say that a locally Lipschitzian function F : R" '' R^ is semismooth at r if

l im . {Vh')
v e a F G + t h ' l

h ' - h . . I o

exist,sfor any he Rn.If ,F is semismooth at r, then,F is directionally differentiable at r

and Fr(r;h) is equal i"-ii," l imit in (z.a). semismoorhness was first introduced by Miffiin

( R e f . 1 0 ) f o r f u n c t i o n a l . C o n v e x f u n c t i o n s , c o n t i n u o u s l y p i e c e w i s e l i n e a r f u n c t i o n s ,
smooth functions and subsmooth functions are examples of semismooth functions' scalar

products and sums of semismooth functions are also semismooth functions' In Qi (Ref'

16) and Qi and S"" 1n"f' 18).' 
.t1"^d:finition 

of semismoothness was extended to F :

Rn _- R*. rtwas proved in ei (Ref. rif trrut I' is semismooth at r if and only if each

of its components is semismooth at r'

3. Superlinear Convergence Property

T o e s t a b l i s h t h e s u p e r l i n e a r c o n v e r g e n c e o f a p p r o x i m a t e N e w t o n o r S Q P m e t h o d s ,
we need the following trwo properties of semismoothness:
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S u p p o s e t h a t F . . R n . . R - i s l o c a l l y L i p s c h i t z i a n a n d s e m i s m o o t h a t c . T h e n
(1) ,F is B-differentiable at tr,r'e') Ft(t;h) exists for all h € 'R"' and

F(r + h) :  F(r)  + F'  ( r ; f t ' )  + o( l l lz l l ) '

(2) For anY V e |F(r * h), h -+ 0

V h -  F ' ( r ; h )  :  o ( l l n l l ) '

See Theorem2.S of Qi and Sun (Ref '  18) '

( 3 . 1 )

(3 .2)

( 3 . 3 )

The approximate Newton method (ANM) for solving (1'1) is as follows:

Start  at  a point ,o:  ( 'o,u0,o0.) f  E" 
"  

Rp x Rq' Having 
"k 

:  ( 'k 'uk' 'k ' ) '  f ind a

Kuhn-T\rcker point tr..t :-1"r1r',ut+r,rk*t) of the quadratic subproblem Q* described

by (1.2). Il zk+r is not unique, choose any kuhn-Tucker point zk+l which is closest to

, i  in t"r- ,  of  distance l lzk+r 
-  zkl l '

S u p p o s e t h a t z - : ( x * , u * , o * ) € R ' x R p x R q i s a s o l u t i o t o f H ( z ) : 0 ( i ' e ' ' z * i s a
Kuhn-T\rcker point. f  ( f  ' f11'  For every z:  (r 'u 'u) e R" x Rp x 'Rq'  denote

o ( " ) - - { i  l r ;  >  - g r ( t ) } '  0 Q ) : { i l u ; :  
- g i ( r ) }  a n d l ( z ) : { i l u ;  <  - s i ( r ) } '

For  f  e  IF  =  {1 , . . . ,210V) l1 ,de f ine

I  v I@) + ve(r)u + vh(r)t '  \H(')(,) :I l'lg\ )'
where o(lQ) e P(z) and P(z) consists of all the following functions p(z),

(  -si@) rr i  e 1\"-) 'piQ) :1 
iltt 

- si@) :,i',2:[::'i,

j  : 1 , . . . , p  a n d  d e f i n e

L q n ( t ) Q ) :  M ( ' , n r )  x { v p ( i ) ( ' ) t }  t  { v r / 3 ( z ) r i '

Lemma 3.1. Suppose that 
"* 

--  
\ ' *  'u* 'u*) € f t '  x R'  

\  
R is a Kuhn-T\rcker point

of (1.1) and satisfie, th".onditions of Theorem 2'1' Then there exist positive const'ant's

6  a n d  c  s u c h t h a t f o r  a n y  2 : ( i ' t t ' 6 ) e R n x  R p  x  R q  w i t h  2  e { z l l l z -  
" . l l <  

6 } '  a n d

; ; e f , utt rO J Lq"u(t(2j a'e invertible and llwlArJl 5 c'

Proof.  From the def ini t ion of H(i)(z) and aaHo(z) we know that

g ( i ) 1 2 ' ;  : o  Y i e I F

o q H 0 G - ) e  a q H ( z - )  Y i e I F
and

o o



From Theorem 2.1 we know that all matrices W e 0qH(".) are nonsingular' This

means that all matrices W1;1e 0qHG)Q.1, i e I9 are nonsingular. It is easy to see that

a\LqHQQ), i e IF are.ron"mpty compact subsets and all the maps \qHU), i e I9 are

upper semi-continuous. Therefore for each f e If there exist a neighborhoo6.lg(i)(z-)

of z* and a positive number cl such that for any 2 € /g(i)(z-), allw1;1 e 0oHu)(2) are

nonsingular and satisfy llI,Tarlll ( C;. Since IF is of finite elements, the conclusion of this

lemma holds. n

In order to establish the superlinear convergence of approximate Newton method, we

first consider the following generalized approximate Newton method (GANM) for solving

H ( z )  :  s '

Given ,o  :  ( ro ,uo ,uo)  e  R"  I  RP x  Rq.

For k :  0,  1 ' . . . ,  choose i  e IP and let

z k + L - " k _  a r r l n n ? ) Q \ ,

where B1;1*:9 g( i \k(zk)? und r{( i )e is def ined as

v f ( rk)  aYs(rk)u*Yh(rk)u + G1,( r  -  rk)
q(;)ke)

-h(ro) - Yn@k)r (, - ,o)

i e 19, where q?)k(z) is defined as

t ( , ) * ( r )  :  
(

(  -s i@r)  -  v  g i { *u) '  ( ,  -  , r )  i f  j  e  a(z

tl')r l") : 1 nl') t,n) + vpjj) Qk)r (z - zk) tr i e B(z
[ " n  i f  j e l Q

)  

( B b )

) t

' I

l )

(3 4)

(3 .6)

(3.7)

j  : 1 , " . , P ,  a n d  G p  €  R n ' n '

Rernark 3.1. In practice, we can't use the above method since we don't know z*'

However, the above method provides an approach to prove the Q-superlinear convergence

of the approximate Newton method.

Theorern 3.1. Suppose lhat zr :  (r* ,u*,u*) e.  Rn x Rp x Rq is a Kuhn-Tucker

point of (1.1) and satisfies the conditions of Theorem 2.1. Suppose that v/, v9 and vh

are semismooth at r*. Let C and 6 be the positive constants in Lemma 3.1. If there

exists V1, € 1),t(zk) such that

1
r l G r - V * l S  ̂  V f t ,
" 4 t

then the above method GANM is well defined and Q-linearly converges to z* in a neigh-

borhood of  z-  .  I f  fur thermore,

t / - : .  _  1 7 ,  \ / - , k r 1  -  - & \ l l
, .  \ u k  

-  v k ) \ &  
"  ) l l

, l l I I l T/ c - X  .  - .  
l l

5 6

- 0 , ( 3 . 8 )



then the convergence is Q-superlinear. If in the later case H(rr) f 0, we have

Proof. Since V/, Vg and Vh are semismooth at tr* , ff and pU), i € I9 are
semismooth at z*.

From the definitions of )),r(zk) and \qHU)Q\, i € 19, for each B1;;r, i e IF there

exists W1;1*€ \qn\)(2ft)  such that for any z:  (x,u,u) € R" x Rp x Rq

[n particular, we have

r:ffi:o

l l (B1 iyr  -w61)" l l :  l l (Yr  -  c* ) "11.

l lB l ; y r  -wU * l l  S  l l vn -  c r l l  =  h

(3.e)

(3 .10 )

( 3 .  1  1 )

(3 .12 )

It l lzk - r- l l  < 6, then by Lemma 3.1,WG\rk exists and l lW,;,rul l  < C. By the Perturbation
Lemma of Ortega and Rheinboldt (Ref.'12, p. 45), 81;;r i6 invertible and

ilBGir,lt t t"
Recall that a map is semismmooth at z* if and only if each of its components is semis-
mooth at z* and there are finite elements in the set IB, so by (e.1) and (3.2), for ev-
ery e > 0 there exists a neighborhood N(z-) of z* such that when z e N(2.) and

w 1;1 e aq n(j)121 (note I,71n, e a ult) QD we have

11at;)12; - s(;)e.) - w6ye - ,.)l l ="fn glt) t4 - u:n e-) - *,ate - ".)l
j = l

< e l l z  -  z - l l  V i  e  IP .  (3 .13)

So we may choose 6r > 0 sufficiently small such that when llrr - ".ll 
< 6t, for any i e I0

we have

11no1zk1 - soe-) - ws1*ek -, .) l l  t  #nU 
- ,- l l .  (3.14)

Let  5 :  m in(61 ,6) .  Then when l l z& -  
" . l l  

S  6 ,  we have

l lz*+t -  ,* l l :  l lzk - BG}.HU)Q\ - z. l l

<  l lBGi f r l l l la ( ; )1zt ;  -  s ( i )  Q)  -  B1;1xQk -  , - ) l l

<  l lBa ie l l l l l r+( ; tQ\  -  su)Q) -w1;1x("k  -  
" - ) l l

r  (81;yr  -w1;1 iQk -  r - ) l l l .  (3 .15)
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Substitut ing (s.tt)-(s.12) and (3.la) into (3'15) gives

l lzk+t - z-l l  , t"t#* #)l l"r 
- 

"- l l

- inu - ,.1.
This proves that GANM is well defined and Q-linearly converges to z* in a neighborhood

of  z* .

Furthermore i f  (3.8) holds, by (a.10)-(s.11),  (3.13) and (3'15),  we have

4

l lzr+r -  , . l l  s  |cy11ntt)  1"t ;  -  a( i )  Q\ -  ws*(rk -  , - ) l l

+ l l (B1 iy r  -w lq iQk+t  -  ze) l l  +  l l (81 ; ; r  -w1;y )Qk* t  -  ' - ) l l l

<!cy"111"0 -  
" . l l )  + l l (v.  -  cr)(rr* '  -  

"e) l l  + +l l ,n* ' -  , r l l l-  
3 v L v \ t r -  

-  t r ' r  i l \ ' r  - D l \ - -  , "  
4 c , r  

, , ,

t  o | l "k  -  
" . l l )+  

o( l lz&+r  -  , r l l ) *  | l l , * * '  
-  , - l l .  (3 .17)

This, and the Q-linear conYergence of {zk}, turns out to be

l l "r* '  -  
" . l l  

--  o( l lzk - z- l l ) , ( 3 . 1 8 )

i.e., the convergence of GANM is Q-superlinear'

The proof of (3.9) is similar to the proof of Theorem 3.1 of Qi (Ref. 16). u

Rernark 8.2. For unconstrained optimization proble- (/ e C2), condition (3.8) is

known as the Dennis-Mor6 type condition (see, e.g., Dennis and Schnabel (Ref" 3)) and

that for nonlinear programming (C2 optimization problem) with equality constraints a

generalization of this condition due to Boggs, Tolle, and Wang (Ref. 31) is widely used.

Corollary 3.1. Assume that the conditions of Theorem 3.1 hold. Then there exists

a positive number e > 0 such that when there exists V1, € 1)r*(zk) such that

l l y r  -cr l l  <  - in1" ,1 | )  Y k , (3 .1e)

the approximate Newton method described above is well defined and Q-Iinearly converges

to z* in a neighborhood of z*.  I f  furthermore (e.8) holds, then the convergence is Q-
superl inear.  I f  in the later case, H(zk) f  0,  then (3.9) holds.

Proof. To complete the proof) we prove that the approximate Newton method is a

special  case of GANM in a neighborhood of z ' .

Choose a posit ive number 6z > 0 (62 SSl3,6 is def ined in the proof of Theorem 3.1)

such that when
, ,  

" k  
e  B ( z - ; 3 6 2 ) :  { r 1 l l ,  -  z - l l  <  2 6 2 } ,

(3 .16)
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we have

I
\

So when zk e B(z*

-sr@o) -vg,(ro) ' ( r -  xk) < u!  t f  i  e a(z*) ,
- sn@n) - v g,(rn)' (x - rk) > u! if i  e 1Q.).

;362)  we have

a(2. )  c  o("k) ,  i l " \  e  'y (zk)  and P(r r )  e  FQ.) .

Kuhn-T\rcker conditions of the quadratic subproblem Q p can

H k ( " )  :  g ,

(3 .20)

( 3 . 2 1 )

be writ-

(3.22)

(3 .23)

We now show that (3.22) has a solution if 62 sufficiently small. Similarly to the proof

of Theorem 4.1 of Robinson (Ref. 23), we can easily conclude that the following matrix

(  v ,  Ys ,e . ) ( r ' )  Vh( r - )  \
4- : l  -Ys ,e )@^) '  o  o  I

\ - v h ( r - ) r o o )

is nonsingular, and the Schur complement

B ( 2 . ) :  C ( z - ) r  e ; r C ( " . )

is a P-matrix (i.e., a matrix with positive principle minors), where V* e1).-(z*) and

I V | ("k) + Y s(xk)u -r Yh(rk)u -t G 1,(r - "o) \
nkp l  :  I  m in(u ,  -s@k)  -  vs ( " * ) t ( ,  -  , r ) )  |

\  -  h(rk)  -  vn@k)r (r  -  rk)  l

The first-order
ten as

where Hk(r) is defined as

we have

w h e r e  B ( O ; t )  :  { z  e  R " l

z k  e  8 ( z * ; 6 r )  :  { t 1  l l z  -  z

z k  e  B ( z * ; 6 s )  =  { " l  l l " -  r - l l  <  6 s } ,

e > 0 we can prove that there

(3.24)

62 and e such that for any

Yh(rk)

0

0

( vnua ' t ( ' - )  \
"(,,) =l. 3 ,/

From the definitions of M(2,/11) and l,("), for every

exists 6s > 0 such that when

l , r (zk)  c  1) , .  (2 . )  *  eB(o;  1) ,

l l " l l  <  t ) .  So we may rest r ic t
- l l  <  Or) ,  the matr ix

I  Go vg*e)@r)

l - v r " , , ' t ( t ' ) t  o

\ -  vn@k)r o
r t - k \  -^ \ .  ) -
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is  nonsingular.  and the Schur complement

n("k) :  c(zk)r Alrn;LC1zk)

is  a  P-mat r ix ,  where  
/  Vgpt , . l ( " * )  \

"( ,0) : l  B )
Nore that  in  the matr ix  

(  Aer)  C(r* )  \  (3 .2b)

\  - t ( ' * ) "  o  ) '

the index sets a and B are defined at z* but the various gradients are evaluated at' zk '

I n o r d e r t o c o n s i d e r t h e s o l v a b i l i t y o f t h e s y s t e m t s . 2 2 ) , w e c o n s i d e r t h e s o l v a b i l i t y
of the following sYstem

I  
Fun,o , ( "n )  +  Gkd, " : :s ( rk )d  +  vh( r f t )d '  :0 '

[  
-on ' ( " t )  -vso( 'u ) ' ( '=o  fo r f  e  o (2 . ) '

{ *i;Lj + d,i",_n,'(,*) _ vgo(,*)rd") :0 for i e gl".), (3.26)

I  " l + j " , : o  
f o r i € r ( r " ) ,

l. -n("n) - vn(rk)r an :o'

The component d'i is explicit for i e f('-)'S'iYIp\ilyTF these equations' we deduce that

the remaining components of th" u".to)}':1di,4u-,d'i e n" x Rp x Rq can be obtained

by solving tt'" mi*ua \inear comp\ementarity problem

( qvk) + A(zk)w n c(zk)d"o = o'

I  _ ,  B@n)  _  C( " r ) 'u . ,  )  0 ,  (3 .27)
( 

"ko 
+ d"n 2 o,

l ' ^ T

[  [ -nr("n) 
-  c(zk) ' '  u) '  ( "h + d"F) -  o '

- , l : , r '  

, d , u - , t ) ,  q ( r k ) : ( q B ( " k ) , - g " ( " k ) ' - l ' ( " n ) )  '  
q p ( " k ) :  F u r ' ' r " ( t n )  -  Y s ' t ( r k ) u \

and o, B and l  denotes respect ively ' the index sets o(z*),  BQ-) and, lQ\.From l inear

complementaritv theorv.(see'"':lYl'^t' 'G;i 
t1))' 

:" 
i"o* titut a sufficient condition

for the sysrem (3.27) to have . 1rrio,r1;ot,ttio" 
i ' (ij tn" matrix A("n) is nonsingular and

(i i) the Schur '"-oi";";; B("n): ci ' \;;1)i1t'c1'^nli '  P-matrix' since we have

proved that these two conditions are.uri.i"d,'.yt'""' (S'ZZ1 has a unique solution' Then

system (3.26) h. '  
" ;" i ; .ot ,r t lon 

*r ,"" ' "1 'a"r(r ' ;6r)  we denote this solut ion by

d . k  =  ( d " r , t r , d " )  e  f t "  x  R P  x  R q '

I t  is easy to prove that for each f t  there exists i  e IB such that

o i ' ) 1 z i )  -  B l i l x d k  : 0 . (3 .28)
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(3.2e)

when

From the proof of Theorem 3'1' we know that

l l"k + rlk - 
"- l l  <t ttrr - ; t t .

Let  zk+r  =  zk  ldk .  Then zk+r  €  8 (2 . ;62)  t f  zk  €  8 (2 . ;62) '

We now prove that gx(2tc+t): o' which means that (3'22) has a solution'

,k ,  7k* r  €  B(z* ;62) ,  we have

min(z f+ l  , - ,g ; ( ,k )  
-  Vs , ( 'n ) t17 t+ t  -  rk ) )

-  |  
-n,@n) -  Vg,("*)r  (nk+L - rk) t f  i  e a(z*) '

= t r i i i  '  r ' \  '  
i r i € ' t ( Z " ) .

Thus i f  zk e 8(z*;62),  then

(  F . . *  . , r ( rk )  +  v9( rk )d ' *  +  vh( r f t )d ' *  1  G7 'd 'u  
\

g t  pn+\ :  |  

*  ' i n l r r  
*  dur  , -s@k)  

-  Ys( rk ) '  dd)  
|'  

|  -h ( "0 )  -  Yh( rk1r  d*  )

(r,r,.,,,,, :;i:1 
r,,!*ol.lJ\;r):_'- 

] ",r'- l
:  I  m in(u f  ,  d ' rn , -sB@n)  . -vsB@k) '  

d " . )  
|

| -n@ri\*oo)r'uf n- )

- 0 ,

which means that system Hr(") :  0 has a solut ion zk+f in 8(2.;62) '  i 'e ' '  zf t+l  is a

Kuhn-T\rcker point of  (1.2).  suppose,rr"  r* ; t  e B(2.;362) is an arbi trary solut ion of
-Uk(z ) :  

0 .  S ince  2k+r  6  B(2 . ;362) ,  then

min( f i . f+1  , - ,g ; ( ' k )  
-Vg, ( 'n ) '11n+t  -  rk ) )

- ! -n1."n) - vs; 1x*1r 1in+r - rr'1

\ at* '

Therefore J* - 2n+r - zk \ralso a solution of system (3'26)' From the uniqueness of

the solution of system (a'zo)' we know 

';h";;;i l i 
- 2ft+'i ' 'which shows that ,k+r is the

closest Kuhn-Tucker point to zf t  in," .- ,  J i i i ' tu"t"  l lzxir  -  'k l l '  so there exists i  e IF

such that 
zk+r -  zk+r -  ,k -  a6lrn ( i )(z l) ,

w h i c h m e a n s t h a t a p p r o x i m a t e N e w t o n m e t h o d i s a s p e c i a l c a s e o f G A N M i n a n e i g h -
borhood of z*.  so we compiete the proof of corol lary 3'1 by considering Theorem 3'1'

D

Remark 3.3'  I f  we choose G1'e \ ' r (ze) '  (3 '7) and (3'8) are sat isf ied'

l f  i  €  a ( 2 . ) ,

1 f  i  €  1 (z - ) .

b l



4. Some Discussions

In this chapter we considered the local convergence of approximate Newton or sQP

methods for LCr optimization problems without assuming the strict complementarity

condition. The global convergent technique used in Qi (Ref' 19) can be applied to this

chapter similarlY.

GANMisusefu l inprov ing theQ-super l inearconvergenceofapprox imateNewton
or SQp methods, but ii 

"urr,i 
b" ,r."d i' practice since we don't know a(z-), BQ-)

a n d . y ( z - ) . T h e a p p r o x i m a t e N e w t o n o r S Q . P m e t h o d s a r e w e l l u s e d a n d i n e a c h s t e p a
quadratic programming is needed to be solved' In the following we give such a method

that in each step o,tly L linear equations is needed to be solved'

Given ,o : (ro,ro, ro) € R" x RP x Rq '

For  k  = o '  1 '  " ' '  
zk+r  -  

"k  
-  B1rH1"k1,

where 81, € 6qHn("r): {Y Lk(zk)t} 
" 

a,sn( 'k1 x 1Vt'k( ' f t)"} '  t t 'd

Lk( "1  :v / ( "e )  +  ve( rk )u  +  Vh( r f t )u  +  Gr (x  - 'n ) '

eke) :min(u ,  
-s@\  -  Vg( r r ) '  ( ' -  

" * ) )

and 
hkpl :  - 'n(rr)-  v l r1r f t )"( ,  -  rk) .

I t i s e a s y t o s e e t h a t i n a n e i g h b o r h o o d o f t h e s o l u t i o n z - o f H ( z ) : 0 , t h e a b o v e
method is a special case of GANM. So similar convergent properties for (+'r) can be

found in Theorem 3'1'

(4 .1 )
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Chapter 5

NewtonandQuasi .NewtonMethodsforNormalMaps
with PolYhedral Set

Abstract

T h i s c h a p t e r p r e s e n t s a N e w t o n m e t h o d a n d a q u a s i . N e w t o n m e t h o d f o r s o l v i n g
normatmaps _ t / ( r )  :=  F( I16( r ) )  + r -T ; l ; j  =0when c  j s  apo lvhedra lse t '  Forbo th

Newton and quasi-N"*1* ,rr"trroa, "rtuuji.n"a 
here the subproblem needed to solve is a

Iinear equations in per iteration. The other characteristics of the quasi-Newton method

established in this chapter include: (i)-without assuming the existence of H'(r*)' u Q-

superlinear "o.ru"rr"r"l 
th"or"- i, 

"riuUiir-t "a, 1ii; o.tfy one initial approximation matrix

is needed, (ii i) the linear independence condition is not assumed' (iv) the Q-superlinear

convergence i, "st.blished 
on th" original 

".ri"ir" 
r, and (v) from the Q'R factorization of

the k-rh irerative matrix we need x -or1O((t * 't!rl*'.?)::!,rl)n2) arithmetic operations

to get the QRfactorization of the (/c + t)-ttr iterative matrtx'
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ChaPter 5

Newton and Quasi-Newton Methods for Normal Maps

with PolYhedral Set

1. Introduction

Let c be nonempty closed convex set in ft', and F be the continuous function from ft'

to itself. A very common problem arising in optimization and equilibrium analysis is

that of finding a point r such that c i, u Jol,rtio,t of the following normal maps [26]

H(r) ::  r(I Ic(r)) t  r - 116(r) :  o, ( 1 . 1 )

where ft6r is the Euclidean projector on c. For example, the variational inequality

problem defined on C is to find y € C such that

Q - { r r ( y ) > o  v z € c . (1 .2 )

C  :  { r l  A r  I  a ,  B r :  b } , (1 .3 )

I t  is easy to ver i fy that i f  H(r) :0,  then the point y: : I Ic(t)  solves (1'2);  conversely

if y solves (1.2), th; with c ' ': y - F(9) one has /1(r) :.0' Therefore the equations

H(r):0 is an equivalent way of for^,rluling the variational inequality problem (1'2)'

For solving (r,r) or (t.z), the basic methods are Josephy's Newton's method [10]

and quasi-Newton *"tho). (f1. f" each step, Josephy's methods need to solve a linear

variational inequality problem defined on the set c. This is a nonlinear and nonconvex

subproblem in g"rr"rui. Kojima and shindo [12] generalized Newton and quasi-Newton

methods to piecewise smooth functions. For quasi-Newton methods, their method needs

a new approximate starting matrix when the iteration sequence moves to -a 
new cl

piece. This may require to 
"rtor" 

Iots of initial matrices' Ip and Kyparisis [9] discussed

quasi-Newton method, directly applied to nonsmooth equations' The Q-superlinear con-

vergence of quasi-Newton methods was established by them on the assumption that the

mapping is strongly Frech6t differentiable [1a]. This is too restrictive for (1'1)" The

results of Chen .rri Qi [3] are not far from this. Sun and Han [Za] considered Newton

and quasi-Newton -"thod, for a class of nonsmooth equations and related problems'

which include the general nonlinear complementarity problem, the variational inequality

problem with simple bound constraints, and the Karush-Kuhn-Tucker (K-K-T) systems

of nonlinear programming problem. sun and Han',s methods need one approximate ini-

tial matrix and in each step only need to solve a linear equations' Furthermore for

quasi-Newton method they iiscussed how to update the QR factorization of the present

iterative matrix to the QR factorization of the next iterative matrix in less than o(n3)

arithmetic operations. However, the skill introduced in [2al can't be used directly to

solve (1.1) when C is a general  polyhedral  seb'

In this chapter' we shall assume that C has the form

where A : ft ' -* $i-, B : Ui' - Wp, a € W*, and b € np" Throughout this chapter

we wi l l  assume that ral  (B):p (p ] :n). In the fol lowing we wi l l  d iscuss such kinds of



- - -

Newton and quasi-Newton methods that use a linear equations as the subproblem in per

i terat ion.

The main characteristics of the quasi-Newton method established in this chapter in-
clude: ( i )  without assuming the existenceof H'(r*) ,  we establ ish a Q-superl inear conver-

gence theorem, (ii) only one approximate matrix is needed, (ii i) the linear independence
condition is not assumed, (iv) the Q-superlinear convergence is established on the origi-

nal variable r, and (v) from the QR factorization of the /c-th iterative matrix we need at

most O((1 +zlJkl+zlLkl)n2) ar i thmetic operat ions to get the Q.R factor izat ion of the
(/c + t)-ttr iterative matrix (see (5.6) for the definition of Jp and Lp).

The rest of this chapter is organized as following" In $ 2 we discuss some properties of

the normal maps (1.1). The Newton and quasi-Newton methods are given in $ 3 and $ 4,

respectively. In $ 5 we discuss the implementation aspects of Newton and quasiNewton

methods.

2. Basic Prel iminaries

For any r € f t ' ,  nc(")  is the Eucl idean project ion of r  onC and C is of the form (1.3),

then there exist multipliers ) € n?, p € mp such that

n c ( " )  - r l A r ^ + B r p : 0 ,

)  )  0 ,  a -  A t ls (x )  >  0 ,  ) r (o -  ,4116( r )  :0 , ( 2 . 1 )

b - B I I c ( r )  : 0 .

Let Jvt(r) denote the nonempty set of multipliers (), p) € nT x ftp that satisfy the

K-K-T condit ions (Z.f) .  for a nonnegat ive vector d eW , we shal l  let  supp(d),  cal led
the support  of  d,  be the subset of {1, . . . ,2n} consist ing of the indexes i  for d;  )  0.  Denote

I ( r )  :  { i l  A ; f i s ( r )  :  o r ,  i  :  I , . . . ,m) . (2.2)

Define the family 8(r)  of  indexes of {1, . . . , rn) as fol lows: K e B(r)  i f  and only i f
supp(\) g K g /(c) for some (), p) € !4(r) and the vectors

{AT,  i  €  K}  u  {BT,  i  :  r , . . . ,p } (2 .3  )

are linearly independent. This family B(z) is nonempty because /vl(r) has an extreme
point which easily yields a desired index set K with the stated properties"

Define

P ( r ) :  { P e  m " " " 1  P :

K e  B ( r ) \ ,  ( 2 .4 )

where ,I is the unit matrix of F'"' and A6 is the matrix consisting of the K rows of .4..

r - (AT<r ' )  ( (? )  @T,  B \ )  
' (? ) ,

o 1
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Remark 2.1. The existence t (( 
^f 

) 
@T' Br)) 'o-"" from the linear indepen-

\ \  t  
i ,  i  = t ' " | i l '  Note that for al l  P e P (c) '  we

dence of the vectors {AT , i e K} o {B'

have pr : p, p2: p, u'a llPll < 1' Tires" simple facts wiII be used later'

I n t h e f o l l o w i n g l e m m a , p a r t ( i ) i s a c o n s e q u e n c e o f P a n g a n d R a l p h [ 1 8 ] ' F o r t h e
completeness) we also give the proof'

Lemrna 2.1. (i) There exists a neighborhood N(r) of r such that when y e N(r)' we

have 
B(v)  eB( r )  and P@) e  P( r ) ;

( i i )  when B(v) I  B(t) , t r6(v;  = 116'(r)+ P(v -  r )  v P e P(v) '

P r o o f . A c c o r d i n g t o t h e d e f i n i t i o n o f P ( . ) , w e o n l y n e e d t o p r o v e t h a t t h e r e e x i s t s a
neighborhood N(r) of c such that

B(Y)  9  B( r )  Ve e  N(c) '  (z ' s )

If not, then there exists a sequence {gft} converging to r such that for all k' there is

an index set Kk e B(ge)\g(r). Since ti"'" u'" only finitely many such index sets' if

necessary by taking a subsequen"" *" u,,,'-e that thes" ind"x sets Kft are the same for

all k. By letting K be the common index set' we have that the vectors

{ A T ,  i €  K }  u  { B i ,  i  :  ! , " ' ' P )

a r e l i n e a r l y i n d e p e n d e n t a n d t h e r e e x i s t s ( ) * , p . n ) e J u t { v k ) s u c h t h a t s u p p ( \ k ) c K e
r(vk),bur K e Bi;ll ';i".rr, r q lt"i. t';" o.'lv*.v i*'K (B(") is that there exists

"i"ti, 
p; e ,l'i1';"u'h thx supp()) I K' But *u 

1-"
nc(sft) - vk +L,* eT +1, ul Bl : o'

i ek  i=L

Since yk --- '  r  and {AT, i  € K}u {BT' i :  1 '" ' 'P} are l inearly independent '  i t  fo l lows

tha t  { ) f  ,  i  e  K}u ,nd  {p f  ,  i : I , . . ' j l ' * "bouna" i ;  
thus ,  the  fu l l  s "q" "n" :  ! )n }u{pk}

must have ur, ."".J-it*|" p.i", *hi.i, *urt r"."rrary be an element in M(c) and whose

ffio.t is a subset of K' This is a contradiction'

( i i)  when 8(v) q B1:)l t 'T, ' |"; ; i  condit ions (z'1) we know that for anv P €

r(y) in"," exists K e B(v) s s, ' ,  ' )) '1.,t ,  
- _,.\-, /  a, \

P : r - ( A T , u " )  [ ( T ) @ T < B r ) )  \ ;  )

and 
IIc (y) : PY I cK ' frc(r) = Pr * c6

where c1a = (Ala Br\(( 
^r 

) (Al B')) 

- ' 
( "{ ) una o"

' \ \  B  ) ' ' - " - ' )  \  o  t

of the K comPonents of o'

T h u s  
f l c ( v )  : 1 1 6 ( z )  - P ( v -  x )  Y P e P ( v ) '

'  ' i n o

is the vector colslSf,"'6
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3. Newton Method

In the following sections suppose that F is continuously differentiable and C is of the
form (1.3).  Denote

' t i l ( r )  :  {W eW"^" lW :  F ' (n"("))p + I  -  P,  P e P(")} .

The Newton method for solving (1.1) can be described as following:

Given co € S'.
D o  f o r  k  :  0 ,  1 , . . .  :
Choose P1, € P (cft) and compute

W1, :: F'(II6(rft)) P* * I - Pn € W ("r)

Solve

for s&

(3  1 )

/ e  r \

W 1 , s * H ( r k ) : g

r k + r * r k + " k "

Theorern 3.1. Suppose that f' : ft" --- f is continuously differentiable, C is of the form
(1.3),  and r* is a solut ion of (1.1).  I f  al l  I ,7* e W(r-)  are nonsingular,  then there exists
a neighborhood N of z* such that when the initial vector r0 is chosen in -f[, the entire
sequence {rft} generated by (3.2) is well defined and converges to c* Q-superlinearly.
Furthermore, if f ' '(y) is Lipschitz continuous around IIc("-), then the convergence is
quadrat ic.

Proof. From Lemma 2.1 we know that there exists a neighborhood N of r* such that

B(") g 8(c-)  and P(r)  e P(r")  hold for al l  c € N. So from the assumption that al l
W* eW (r*) are nonsingular and the fact that there are finitely many elements in P(r-),
we know that there exists a positive number P > 0 such that

l lw- t l l  s  B

for al l  W e 1yl)(r) , ,  € N. So (3.2) is wel l  def ined for the f i rst  step.

When rk e N, B(rk) e 8(r-)  holds. So from ( i i )  of  Lemma 2.1 we have

n c ( r t )  -  I I c ( " - )  -  P r ( r ' -  c . )  :  0 .

From Wss& + H(rk):  0 we have

w u ( r r * t  - r * )  + w * ( r -  - , k ) +  r / ( r k )  : g .

69



Therefore,

l l c&+1 -  o - l l< g l lu ( " r )  -  H( " - )  -wr ( rn  - ' - ) l l

= Bllr(I Ic( 'e)) + ,k - l lc("*) - (r(I I6',(r-)) * r- - 116r(c-))

- ( f " (n6(r ' ) ) ,P*  + I  -  P1,) ( rk  -  t - ) l l

:  B l l [F( i lc ( "0))  -  F(n6 ' , (c- ) )  -  Ft (n6(rk) )Pt( 'n  -  
" - ) ]

+ [ r k -  r .  - I ( r k - " - ) ]  - [ I I C ( r o )  - I I c ( ' - )  - P n ( ' n  - t - ) ] l l

:  Bl lr(nc( 'n)) -  F(r lc( ' -))  -  r ' (u5'(r f t))  Pr( ' , r  -  
"-) l l

:  BI lr(rrc( 'k)) -  r( I Ic("-))  -  / ' ( i l "(r f t))( t I6 '(co) - nt( ' -)) l l

:  o( l l116(rn)  -  n . ( ' - ) l l ) .

From the property of the projection operator 116r' we know that

l l nc ( "n )  -  nc ( " ' ) l l  <  l l ' *  - ' - l l '

l l r o * t - " l l  s o ( l l r k - r

If l ' '(y) is Lipschitz continuous around IIo(r-)' then

conclude that the convergence is quadratic'

For the assumption of nonsingularity of w* €w(r*), we have the following result'

Proposit ion 3.1. Suppose that V::  F,( I Ic(c))  is str ict ly coposit ive on the cone

C(r ;C) :  [ J { r l  Avu  :  O,  Bu :  o ,  K  e  B(x ) }  '
-tt

So

I ' € ' t

, r v r >  o  V u  e C ( r ; C ) \ 0 ,

then all W e W (c) are nonsingular'

Proof. For W e l l( t), there exists K e B(r) such that

W : V P + I _ P ,

where p - -  r  -  (AT,  B ' ) ( (  
^ :  

) , r l  u ' ) )  
'  

(  
^ {  

)  
' "n  e lement  of  P(r ) '

' \ \  B  ) " '  
' , /  

\  D  /

Assume that u is such that 
W u = o,

V P u - l u - P u : O

- l l ) .

from the above formulas we can

tr

(3 .3)

i . e . , (3 .4)



in both sides of (S'a) and noting that Pr = P and

g = (Pu)" Ptt l- (Pv\ru - (Prt)r Pu

P2:  P ,  we  have

Multiplying (Pu)r

Therefore,

But

P u =

which means that

From (S.a) and (3'5) we know that

Substituting this into (3'4) gives

the vectors

-- (Pv)rV Prt + ur Pu - ur P2r'

:  (Pu)rV Pu + ur Po - vr Pu

= (Po)rV Pu.

(Pu)rV Pu : o.

(AT, B') (AT,

P u  e  C ( r ; C ) .

P u = 0 .

0 : 0 ,

(3 .5)

u : 0 ,

(s).-(s)
(s)'- (s)

(g) ((s)u')) (g)'

which means that VIl is nonsingular' 
I

R e r n a r k 3 . l . I n P r o p o s i t i o n 3 . l w e n e e d n , t t h e c o n d i t i o n o f t h e l i n e a r i n d e p e n d e n c e o f

{ A T ,  i  e  1 ( r ) }  u { B T ,  i  = ! , " ' , P } '

If this linear independence condition is satisfied, then condition (a'e) is equivalent to

Robinson,s strong sufficiency condition [zi], *ni"rt is implied by the sufficiency condition

and the strict complementarity condition (i."., th"'" exists no f € /(z) such that '\; = 0'

where  ( ) ,p )  e  M(" ) ) '

4. Quasi-Newton Method

B a s i n g o n t h e N e w t o n m e t h o d e s t a b l i s h e d i n $ 3 , w e c a n d e s c r i b e t h e q u a s i - N e w t o n
method for solving (1'1) '

Quasi-Newton method (Broyden's case [ t ] )

Given o0 € g1' ,  Ds € S'x '  (an approximation of Ft(116r("0)))

D o f o r k : 0 ' 1 , " ' :

7 l



Choose Ppe P(xk) and compute

V 2 : : D p P p * I - P P

Solve  V ls  +  H{ rk ) :0  fo r  se

r k + r _ r k + r k

6k  : f l c ( " * * t )  - l c ( rk )

yk :  F(r lc("*nt))  -  r( I Ic(cf t))

Dk+t :  o ra fun  
-  D lak)ar r  '' 

6l-T 6k

Theorem 4.1. Suppose that F : ft" --- W' is continuously differentiable, z* is a solution

of (1.1),  F,(9) is Lipschitz cont inuous in a neighborhood of I Ic(r-)  and the Lipschitz

constant is 1' S"ppo'" that all W* € 1il("-) are nonsingular' There exist positive

constants e ,6 such that i f  l l ro -  r* l l  S s ana l lDo - F'( l l " ( t -)) l l  (  6,  then the sequence

{ck} generated by the above quasi-Newton method (Broyden's case) is well defined and

converges Q-superlinearlY to z-.

proof. Fyom the proof of Theorem 3.1 we know that there exist a neighborhood Ns(r-)

of r*  and a posit ive number B > O such that B(x) e 8(r-)  and l l ty- t l l  S B for any

r  e  N 6 ( r - )  , W  e  W ( " ) .
Choose e and 6 such that

B@) e B( ' - ) ,

l l r " ( rc(r) )  -  F ' ( I t " ( " - ) ) l l  S r l lnc( ' )  -  I Ic("- ) l l '

786 < r ,

31e I  26,

llw-'ll < B,

l l r (n6(r))  -  F(Is(r . ) )  -  r ' ( i lc( ' ) ) ( r lc(r)  -  116(c-)) l l

s f l tn"t")  
-nc( ' . ) l l

f o r  a n y  r e  N ( r - )  , :  { t l  l l t - " - l l  S  e } ,  W  e  W ( r ) '  D e n o t e  e k :  r ' k  - r *

we will first prove that {rft} is locally Q-linearly convergent. The local Q -linear

convergence proof consists of showing by induction that

l lDn -F'( i l ' ( " . ) )  I  < Q -  2-r)6,

l l v r ' l  t ! 8 ,
' ' ,  
rk* r  < ' r : i r f  l  ,

( 4 . 1 )

(4 .2 )

(4 .3 )

(4 .4 )

(4"5)

(4.6)

(4 .7 )

(4 .8 )

(4.e)

i 2



f o r  / c  :  0 ,  1 , . . . .
For k:0, (a.Z) is t r iv ial ly t rue. The proof of (4.8) and (a.9) is ident ical  to the proof

at the induction step, so we omit it here'

Now assume that (4.7),(4.8),  and (a'9) hold for /c :  0,  1,  " ' , f  -  1 '  For k :  i 'we have

from Dennis and rvro* [s] (ulro ,"" Lemma 8.2.1 of Dennis and Schnabel [6]), and the

induction hypothesis that

l lDt  -  F ' ( i lc , ( r - ) ) l l  5 l lpr-r  -  F ' (116(r-)) l l  + ; ( l ln c( , i )  -  t lc( ' - ) l l

+11il6, (ci-1) - i lc ( '-) l l)

< (2 _ 2-( i -1))6 + l | l r t l l  + l l " ' - ' l l )

s  ( z  - 2 - ( t - 1 ) ) 6  +  | r l l , - ( i - ' ) l l .

From (4.9) and lleoll ( e we get

l le - ( ; - r )  l l  <  z - ( i - t l l l ' o l l  <  2 -U- r )  r .

Subst i tut ing this into (4'10),  and using (+.4),  gives

l lo i  -F ' ( I I r ( ' - ) ) l l  <  Q -2- ( i -1) )d  *1,  2-U- t ) ,

<  (z  -  2 - ( i - 1 ) )6  +  2 - i  6

(2 - 2-')6,

which verifies (4.7).

To verify (+.8), we must first show that v; is invertible. From the definition of %

there exists n e P (r') such that

Denote

Then

and

V ; : D ; P ; + I - P i .

w; :  F ' ( l rc ( " ' ) )P i+  I  -  P ;

W; e W(r ' )

-w, l l5  l lD;  -  F ' ( I I " ( ' ' ) ) i j i l4 i l

(4 .10)

ll%
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Using (4.7) for /c : f and the Lipschitz condition (4'2) gives

l lv;  -  w,l l  s (2 - 2- i)6 +rl l I Ic( ' i )  -  nc ("-) l l

< (z _ 2-i)6 + l l l rr l l .

From (4.9), l l t t l l  < e, and (4.4)

1 l l , ' l l  s  2 - i , . t  t ? . r - ' u ,

which substituted into (4.12), gives

l l v ;  -wt l l  <  (2  -  2- i )6  +f ; .2- i t  <  z / , .  (4 .13)

From (4.5) ,  (4.13) ,  and (4.3)  we get

l lw ; ' (w , -  %) l l  <  B .  26  <  217  <  r .

2.3.2 of Ortega and Rheinboldt [14] thatVa is invertible and

(4.r2)

So we have from Theorem

l l%- ' l l .  o , : ! 0 .-  r - 2 1 7  s ' , ' ,

which verifies (4.8).

To complete the induct ion, we veri fy (a.o).  From Vr(, 'n '  -  
" t )  

+ H("n):0 we have

V;s i+ r  :  -H( r ' )  *V ;e '

:  - (n ( r i )  -  H( r . )  -  V ;e i ) .

From Lemma 2.1 and (4.1),  we know that

nc(rt)  -  I Ic("-)  :  P;(r '  -  rr) . (4.r4)

Therefore,

l l r ' * ' l l  < l l%- ' l l l lH(" t )  -  H ("- )  -  v" i l l

:  l lvc- ' l l l l [ r (n6(ct))  -  F( i ls(r-))  -  D;P,(r '  -  , . ) ]

+ l rn -  x* -  I ( r i  -  
" - ) ]  

-  l i l r ( "n)  -  | Ic(r-)  -  P,( t ' -  t ' ) ]11

:  l l%- ' l l l l r (n6 , ( rc ) )  -  F (116 ' ( r - ) )  -  D , ( r l c ( ' ' )  -  nc ( " - ) ) l l

<  l lq - ' l l l l l r (n6(c ' ) )  -  r (nc( ' . ) )  -  F ' ( I I c ( ' ' ) ) ( I I c ( ' ' )  -  rc ( ' - ) ) l l

+ l l ( r ' ' (nc ( ' t ) )  -  D ; )k ( r i  -  ' ' )  l l

:  l l 4 - ' l l I i i r (n ' ( " ' ) )  -  P(n6 ' ( r ' ) )  -  F ' ( i l " (c i ) ) (116( r i )  -  nc ( " - ) ) l l

+ l l ( l Y ;  - v ; ) ( r ' -  ' ' )  I  ( 4 . 1 5 )
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From (4 .15) ,  (4 .8 ) ,  (4 .6 ) ,  (4 .13) ,  and (4 .3 )  we ge t

7 ^
l l ' i+1l l  < = gl i l l l lc( ' ' )  -  I Ic( ' -) l l  + 26l lecl l l
i l  i l  -  

5 '  
, 2 "  '

7 6
S =01= l l " l l  +  z6 l le ' l l l-  5 '  ' , 2 "

. |i l"'tt
This proves (4.9) and completes the Q-linear convergence.

Next, we will prove the Q-superlinear convergence of {rk} under the assumptions.
Let Ep - Dn - F'(II6:(r*)). From 15] or the last part of the proof of Theorem 8.2.2 of

[6] ,  we get

/r:ffi:o
So f rom (4 .15) ,  (4 .8 ) ,  (4 .14) ,  (4 .7 ) ,  (4 .16) ,  and (4 .3 ) ,

7

l l ' * * ' l l  <  ;d I l r ( i l " ( " t ) )  -  r (nc(" ' ) )  -  F ' (n" ( ' ' ) ) (n" ( "n)  -  nc( ' " ) ) l l

( 4 . 1 6 )

< o ( l l ' *11 )  +  o ( l l ek l l )

which means that

+l l (P'(nc(r*))  -  Dp)( t r6 (rk)  -  nc("-)) l l l

S o0lnc("n)  -  r rc( ' - )111 *  l r t t t  (Dx -  r ' ( r rc(r- ) ) ) ( i l r ( 'o)  -  i l " ( " - ) ) l l

+ ll (r ' '  (rc ("ft )) - .F'(116 (r- ))) (IIc ("*) - rlc ("- )) l l ]

s  o ( l l i l c  ( r r )  _ r rc ( ' - ) tD  +  lB i t t ta r  
-  F ' ( r rc (z - ) ) ) (116(zk+1)  -  nc ( " f r ) ) l l

+ l l  (Dr -  p ' ( rc (r-  ) ) )  (nc ( ' f t * t )  -  n" ("-))  l l l  + o( l lp;  
"  

("r)  -  i l "  ( ' - )  l l )

s of l l r rc(,*)  -  rrc(".) l l l  +lol lnr6*l i  *  t lou 
F"{"t+r;  *  nc(".) l l

s of l l , f t l l )  +  o | lo f r l l )  +  ;11, f t+ ' l l
,.

+  o ( l l e f t + r l l )  - ; t i . n - t  ,

l l  p k + 7 l
l i m  "  , , '  : 0 .

i c * m  € *  |

This completes the Q-super l inear  convergence of  {z t } . n
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5. Implementat ion Aspects

For implementing the Newton method established in this chapter, there is no much differ-
ence from the smooth case except for choosing the iterative matrices. For implementing
the quasi-Newton method, there exist some differences from the smooth case, especially
for the factorization of the iterative matrix [. The entire Qr? factorization of V* costs
O("t) arithmetic operations. If we do this in per iteration, then the advantages of quasi-
Newton methods lose a lot. In this section, we will discuss how to update the eR
factorization of V7, into the QR factorization of V1r.;1in much less than O(ns) operations.

Denote

V t : D r + t P * * I - P * . (5 .  1 )

(5.2)

(5.3)

Then

V* :V* *

It is well known that we can update the QR factorization of Vp into the eR factorization
of 71 in O(" ' )  operat ions (see, e.g.,  [2,  8]) .

According to the def ini t ion of Pp and Pp11, there exist  K e B(rk) andT e B@*+r1
such that

and

(y* - Dn6k)6kr p*----i,' 
ut

Vk+r : V n * (D*+t - I)(Pr*, - P*).

K :  K  nT ,  J1 r :  K \K ,  and  ,Lp  :7 \R .

( s , 4 )

and

P*+t

)  
( b 5 )

Denote

Define

^F) @T "\) (
and

V *+t : V * * (D*+t - I)(Pr - Pn) (5 .8 )

After simple computations, we can see that (D111 - I)(Pr - p1) is at most a rank-21-rpl
matr ix and (Dp11 - I )(Pr*t-P*) is at  most arank-2lL1, l  matr ix.  But from (5.3) and
( 5 ' 8 )  w e  k n o w  t h a t  

v k + r  : v  p 1  *  ( D r * ,  -  I ) ( p r - ,  -  p * ) .

So we can update the QR factorization ol V1, into the Qfi factorization of V611 in
O(2( lJk l  +  lL1 , l )n2)  operar ions  (see,  e .g . ,  f7 ,  8 l )
Therefore, we get

Theorem 5.1. The cost of updating the Q R factorizatio n of V1, into the efi factorization
of Vp,r l  is at  most O((t  r  2i ,Jr,  *  ZlL1f in2) ar i thmetic operat ions.

Pr, :  r  -  (AT,  r ' )  (  ( " ;  )  ur , ' ) )  (^ ;  )

-  r  -  (A? B,)  (^ ;  )  " r r ' ) )  
(^*

" F )  ( 5 2 )P * : I - ( A T " t ,  ( (

( 5 . 6 )

/ t l
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The numerical results will be reported separately later, since we feel that it is never
an easy task to program a good numerical software. As the further research topics, we
just mention two points: (i) when C has the general form C : {rl Si(r) < O, f :
1 , . . . ,n1 , ,  h1@):  o ,  i  :1 , . . . ,P | ,  how to  g ive  the  Newton and quas i -Newton methods
accordingly; (ii) how to globalize the Newton and quasi-Newton methods established
here.
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Chapter 6

Safeguarded Newton Method for a class of Nonlinear

Projection Equations

Abstract

Th ischapterpresentsag loba l l yandsuper l inear lyconvergentsa feguardedNewton
method for solving the project ion equat ions /{(r)  , : ' - - f ic l ' -  'F(r) ]  :0 '  where c is a

polyhedral set and r1 i, r...1, Lipschitzian, semismooth over ft' ' and pseudomonotone

over C. In each step, the basic Newton method presented here needs to solve a Iinear

equations, which is easier than to solve a linear complementarity problem and a linear

variational inequalitY Problem'
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ChaPter 6

safeguarded Newton Method for a class of Nonlinear
Projection Equations

1. Introduction

We consider the following nonlinear projection equations

H(r) ::  r - t lslr- f ' (r)]  :  6, ( 1 . 1 )

where c is a closed convex set of ftn, 116r is the Euclidean operator on c, and F : ft' --- ft'

is not Fr6chet differentiable but locally Lipschitzian and semismooth over W"' For the

definition of semismoothness, see [22] . Such a class of nonlinear projection equations often

arise in optimization and equilibrium analysis. For example, the variational inequality

problem defined on C is to find r e C such that

f u - r ) r r @ ) > - o  Y y e c . (1 .2 )

It is easy to see that c is a solution of (1.2) if and only if c is a solution of (1.1). Therefore

the equations 11(r) : 0 is an equivalent way of formulating the variational inequality

problem (1.2).

When 7r is continuously differentiable, there are many kinds of Newton methods for

so lv ing  ( r . r )  o r  (1 .2 ) ;  fo r  examples ,  see  [9 ,  26 ,28 ,10 ,  3 ,  1 .2 ,  17 ,20 ,4 ,32 ] '  Bu t  when

I' is just semismootir, there are few results. Pang and Qi 118] considered the following

linearly constrained conYex minimization problem

min f (")

s . t .  r  €  C,
( 1 . 3 )

where .f ' ft ' -, W is a continuously differentiable function and C is a polyhedral set'

When V/ is semismooth over ft', a globally and superlinearly convergent Newton method

with a l ine search technique is obtained by Pang and Qi [18].  In [21],  Qi and Jiang

considered the trust region case, correspondingly. Problem (1':), which is a special case

of (1.2), includes stochastic quadratic programming problems l2+] and minimax problems

1fA, ZJ1. In l8] ,  J iang and Qi general ized Josephy's Newton method 19,26] for solving

if .Zl t. the case that F is semismooth. They proved the superlinear convergence of their

Newton method. But no global convergence result is obtained" This arises a question:

can a globally and superlinearly convergent method be obtained for solving (t.2) or

( t . t )  when F is monotone over D'? Recent ly,  Sun l f  t ]  obtained a class of global ly

.onu"rgent i terat ive methods for solving (1.t)  when F is pseudomonotone over C. Then

a natural  way for solving (1.1) is to combine the global ly convergent methods of [31]

and the superl inearly convergent method of l8 l .  However,  in per i terat ion Jiang and Qi 's

method [8] needs to solve a linear variational inequality subproblem defined on C. This

subprobiem is nonlinear and nonconvex, which may make it difficult to solve. So a more

eff ic ient Newton method for solving ( t . t )  or (1.2) is needed. When C is a polyhedral  set,



we will first give such a Newton method that in per iteration the subproblem needed to

solve is a linear equations, which is relatively easy to solve, and then combine the new

resulting Newton method with the global convergent method appeared in [31] to obtain

a globally and superlinearly convergent method'

Denote
C* :  {r  e Cl x is a solut ion of ( f  . f  )} .  (1 '4)

Definition 1.1. The mapping f' : ft" -'f is said to

(i) be monotone over C if

[ r ( " )  - P ( y ) ] r ( r - Y ) > o  V r , Y € c ;  ( 1 ' s )

(ii) be strongly monotone over c if there exists a constant trt > o such that

f r ( " )  -  r (s) l t ( ' -  y )  >  p l l "  -  v l l '  v  r ,  v  e  c ;  (1 '6)

(ii i) be pseudomonotone over C if

F ( r ) ' @  -  x )  2 0 i m p l i e s  F ( v ) r ( v  -  x ' ) 2 0  v  r ,  Y  € c '  ( 1 ' 7 )

Suppose that G : ft, -- ft* is locally Lipschitzian. By Rademacher,s theorem, G is

differentiable almost everywhere . Let Dc be the set where G is differentiable' Let 6G

be the generalized Jacobian of G in the sense of clarke [z]. riren

AG(x) -  co { ,} i .T, ,  G'( t ' ) } '

" k  
- ; "

In order to reduce the nonsingularity assumption of the generalized Jacobian, 09G(r)

was introduced in [17, 20]'  
aBG(r) :  { , lLT. G'("*)}.  (1'8)

" k  
- t

Then
AG@) =  co  03G( t ) '

In order to construct a class of quasi-Newton methods, d6G(r) was introduced in 132, 4i

d 6 c ( r )  : l a G { r ) x 0 6 G 2 ( " ) " ' " x 0 6 G * ( r ) '  ( 1 ' e )

Through similar analysis to that of [2], we can also know that dPG(z) and d6G(r) are

nonempty compact sets of S-" ' ,  and the mappings ABG(')  and d6G(')  are upper semi-

"ont i . , torr ,  [ f ] .  
In the next sect ions'  we wi l l  use dg to represent one of E'  38'  and d6'

Then dgG(c) is a nonempty compact set of  U?7nxn and the mapping ATCO is upper

semi-cont inuous.

I n t h i s c h a p t e r , u n l e s s o t h e r s p e c i f i e d , w e w i l l a s s u m e t h a t C h a s t h e f o r m

C  =  { r 1  A r  1 a '  B r : b } ,

8 1
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w h e r e  A : D r  - ,  S - , 8 :  E ' - '  S p ,  . a e n n , a n d  
b  €  S p '  F o r  t h e  s a k e  o f  s i m p l i c i t y '  w e

wil l  assume that rank (B):P (P 1") '

T h e r e s t o f t h i s c h a p t e r i s o r g a n i z e d a s f o l l o w s . I n $ 2 , w e d e s c r i b e a g l o b a l l y c o n v e r -
gent methoa f.r,tfti"t i i tl *f,"".'F is pseudomonotone-over C' In $ 3' we give such

a new Newton ,."th;;i;, .olui'g (r.r) that in per iteration only a linear equations is

n e e d e d t o s o l v e . I n $ 4 , b y c o m b i n i n g t h e g l o b a l l y c o n v e r g e n t m e t h o d g i v e n i n $ 2 a n d
the superlinearly .oiuerge.tt Newton ,o"ttt"oa given in $ 3, we give a globally and su-

perlinearly .onu".,",'. -'",hod, which is called-suf"gu.rd"d Newton method, for solving

(1.1) when F is pseudomonotone over C and fI is Lregular at a solution point'

2. A GloballY Convergent Method

In this section we wil l describe a globally convergent- method recently obtained by sun

lstl. 1'he search Utr".it.t r1r,91 1"r"" 1z'i;1 "'"a-in 
this chapter is a special case of [31]'

Nearly the same time, the r*..rrdire"tion 9(r,B) also appeared in He [7]' In this section'

c is not necessarily assumed to be a polyhedral'set but a nonempty closed convex set'

Lemrna 2.1 [34]. For the projection operator fl6r' we have

( i )  w h e n  e € ' c , 1 " - f i ; ( ' ) l t [ v - i l 6 ' ( z ) ]  S 0  v z e  f t " ;

i i i l  i ,n ' ( , )  -  n; (v) l l  < l l ,  -  v l l  vv,  z € s ' '

E ( r , i l : r - n c [ t -  g f ( " ) ) '

W h e n  g  =  I ,  E ( r , l ) :  H ( r ) '

Choose an arbi trary "o"t tut t t  
r i  € (0 '1) '  When'4C*'  def ine

( 2 . 1 )

mhmt' 
ir t(c) > o

( ,  , \

otherwise

i f  t ( r )  >  0

otherwise

Define

I

I

1 ,

-  r ( r ) l ) ) " r ( ' ,1 ) '

,,"r: I
(r( ') - F(116lr

q(r)  --
m a x { 4 , 1  -

1 ,

and

(2 .3)

L e x n r n a 2 , 2 . S u p p o s e t h a t F i s c o n t i n u o u s o v e r f t " a n d 4 € ( 0 , 1 ) i s a c o n s t a n t ' I f
s C n ' \ C ' i s a c o m p a c t s e t , t h e n t h e r e e x i s t s a p o s i t i v e 6 ( s 1 ) s u c h t h a t f o r a l l r € S
un i  P  €  (0 ,6 ] ,  when 

" ( r )  
<  1 ,  we have

where  t ( r )  =

{ r ( " ) -F ( r I c1 r -g r ( r ) ) ) \ ' n ( ' , 8 )< (1 -n ( ' ) ) l lE ( ' ' , p ) l l ' l p

Proof.  Simi lar to the proof of Theorem 2'1 of [31] '

(2.4)

D

82



Def ine  
g@,0)=  F( I I6 ' [ '  -  g r ( ' ) ] ) -  r ( " )  +  E( r 'P) lP  (2 '5 )

Then we can describe a globally convergent method appeared in [St]'

Projection and Contraction (PC) Method

Step 0. Choose an arbitrary vector r0 € ft' (in [31]' r0 is chosen in C)' Choose

posit ive constants Q, a € (9, t l l  0, ' " l t  (  Az < 2'  k: :  O' go to step 1'

step 1. calculate 4(rfr)  and ,("e).  rr  
"1"*;  

:  1, . let  gx: l ;  otherwise determine

81, : s(xk)arnt, where -n i, ,ttu smallest nonnegative integer rn such that

{ r ( " * ) - r ( ilx u _ ;,gJi,i, # f , I lH ji; i:,,,:i)#",
holds.

Step 2. Calculate s@k,9x) '
SteP 3. Calculate

:  E(rk ,9*)r  g(rk ,  gn) l l ls@r ,  gn) l l '

42] and set

,btr  :  i lc l rk -  " lk lks{rk,  Bk)) '

PX

Step 4.  Take 11 € [At ,

(2.6)

t . r ' 7 \
\ t . ,  )

/ r  R \

k ' . :  k  +  1 ,  go  to  s teP 1 .

Rernark 2.L. l f  in (2 '8) we just take

rk* !  :  rk  -  l t rpxg( r *  ,0x ) ,

then the following Theorem 2'1 also holds'

SupPose that r-  € C' '  BY taking z :  tk

we have

- gnF(rk) and Y :  r*  in ( i )  of  Lemma 2'1'

{r. - rrc lrk - 81,tr(ro)l}t{"* 
- \nF("r) -f i"I 'r - \nr("k)l} < 0'

Therefore,

( rn  - , . ) ,  E( r r ,  gn)  > pu{n" l r r  -  B*p@k))  - ' * \ r r ( ' * )  +  l lE( rk '  gx) l l '

So if F is pseudomonotone over C' then

{r rc l 'k  -  Bxp@k)l-  r . }"F(t I  
" l ' r  

-  Bf t r ( rk) l )  z 0
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and

( r u  - , . ) ' g ( r o , B n )

:  ( r r  -  r - )"F(n 
" l r r  

-  g*F("n) l )  -  @o -  x.)r  F(rk)

+(rk -  r*)r  E(rk ,  0 i  I  Fr

2 (rr  -  r - )"1(116' I rk -  B1,F(ru)])  -  1sx -  r . ) r  F(rk)

+{nc lx -  B1,F(rk) l  -  
" - }"F( 

rk)  + l lv( t r  ,  Bi l l '  I  Br

)  E(rk , \ i r  F(rrc l rk -  BeF(r*) l )  -  B("*  ,  g i r  F("r)  + l lE(rk ,  g) l l '  I  0*

:  E(rk ,9n)r  g(*k ,  gn)

>- q("k)l lE(rr , gr)l l '  I or.

Therefore, we can get

Theorem 2.1 [31] .  Suppose that F is cont inuous over D'and pseudomonotone over C'

If c- + 0, then the infinite sequence {uk} generated by the above PC method converges

to  a  so lu t ion  o f  (1 .1 ) .

When C is of the following form

C - - { " e S " l  / < r 1 u } , (2.s)

where / and u are two vectors of {,R U {*}}", we can give an improved form of the PC

method. For any r € S' and B > 0, denote

N ( r , i l :  { f l  ( r ;  I  / ;  a n d  ( g ( " , i l ) ;  >  0 )  o r  ( , i 2 u ;  a n d  ( e ( r , f ) ) ;  S  o ) } ,

B ( " , 9 ) :  { 1 ,  . . ' ,  n } \ N ( c '  B ) .

Denote gx(*,8) and sn(r,9) as fol lows

^ \ \  f  o ,  l f  i e  B ( r , B )
(9n ( r ,  P ) ) i :  

|  { n { r ,0 ) ) , ,  o the rw ise  )

kn ( ' ,  gD ;  :  k@, |D i  -  kN( ' '  0 ) ) "  i  :  r '  " ' ' n '

Then for any r* € C* and z € S',

( ,  -  , . ) '  s "b,  i l  2  (x  -  r . ) r  s ( r ,  B) .

So i f  in the PC method we set

,k*r  = l " l r r  -  r*p*gn(rr ,  Pr) l

(2 .10)

( 2 . 1  1 )

(2.r2)
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or

where

rk+r - xk - " l*vxg n(*r, Br),

px :  E(rk  ,0r ) '  g( ro ,0 i l l lsn@k ,  g t " ) l l '  ,

then the convergence Theorem 2.1 holds for the modified PC method' In practtce' we

will use the iterative form (2'13) or (2'la) when C is of the form (2'9)'

3. Superlinearly Convergent Newton Method

Suppose that G : ft' -* ft- is locally Lipschitzian. G is said to be semismooth at z € ftn

if ttre following limit exists for any h e ft"

(2.r4)

(3 .1 )

/ 2  t \

(3  3 )

If G is semismooth at r, then G is directionally differentiable at r and G'(r; h) is equal to

the limit in (3.1). Semismoothnesswa.s first introduced by Miffiin [13] forfunctionals' In

122,20), the definition of semismoothness was extended to G : ft ' --* A-' It was proved

in [zo] that G is semismooth at r if and only if each of its components is semismooth at

r

If G : ft" * ft- is semismooth at r, then we have

(i)  G is f-ai f f"r"r , t iable [27] at  r , i 'e ' ,G'(x;h) exists for al l  h € W" and

l im .  {Vh') .
v € 0 F ( t l t h t \

, r r * r ! .  t l t )

G(r  +h)  :  G(r )  + G'  ( r ; f t ' )  +  o( l l f t ' l l )

as h-- 0. See (z.z) of [zo]
( i i)  For anY V e \G(r + h), h - '  0,

v h - G ' ( r ; h )  = 0 ( l l h l l ) '

See Theorem 2.3 of l22l

In the following sections we will assume that c has the form (r'ro)' For any z €ftn'

| |cQ)is the Eucl idean project ion of z on C,then there exist  mult ip l iers )  € nT, p € np

such that
(  I I " ( t ) - z + A r \ * B r 1 t - o '
I
I

i  
^ -  o , a - A f i 6 ( z ) > 0 ,  ) " ( o - , a r 1 6 ' ( z ) ) : o '  ( 3 ' 4 )

[  '  - B T r c ( " ) : o '

Let /vt(z) denote the nonempty set of multipliers (), /,c) € n? x Sp that satisfy the

K a r u s h . K u h n . T \ r c k e r ( K . K - T ) c o n d i t i o n s ( 3 . 4 ) . F o r - a n o n n e g a t i v e v e c t o r d € f t - , w e
shal l  let  supp(d),c. I t"d the support  of  d, , 'be the subset of {1,  , , ' ,m} consist ing of the

indexes f for d; > 0. Denote

I ( z ) :  { ; l  A i \ l c ( ' ) :  o ; ,  i : | , " ' , r n } '  ( 3 ' 5 )

ft
1l

{
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Define the family B(z) of indexes of {1, "',rn} as follows: K €

supp(.\) g K g 1(z) for some (), p') e M(z) and the vectors

{ A T ,  ;  e  K }  t ' t  { B l ,  i  =  ! , " , P }

W1,s -t  H(rk) :  o

rk+L _ ,k + rk.

B(z) i t  and only i f

are linearly independent. This family g(z) is nonempty because Jvt(z) has an

point which easily yields a desired index set K with the stated properties.

Define

(3 .6)

extreme

P ( z ) :  { P  e  W ' x " l  P :  I  -  ( A T *

where 1 is the unit matrix of W'*' and, A6 is the matrix consisting of the K rows of A'

Remark 3.1. The exisrence - ((^f  
)  

(Al  Bt))  

- t  

.o-",  f rom the l inear indepen-

\ \  
u  

/  /

d e n c e  o f  t h e  v e c t o r s  { A T , i  e  K } v { 4 , i : 1 , . . . , p } .  N o t e  t h a t  f o r  a l l  P  e  P ( z ) , w e

have pr :  P, P2: P, and l lPl l  < 1. These simple facts wi l l  be used later '

combining the results of [19] and the K-K-T condit ions (3.4),  we get

Lemrna 3.1 [5] .  ( i )  There exists a neighborhood N(z) of z such that when y e I{(z),

we have
B ( y )  g  8 ( z )  a n d  P ( v )  9  P ( z ) ;

( i i )  when B(v)  q  B( ) ,n6(v )  :  I I c ( ' )  +  P(v -  z )  v  P  e  P(v ) '

Denote

7 l ( r ) : { W e  W ' " ' l W : I - P ( I _  V ) ,  P e P ( t - r ( " ) ) ,  V  e  E q r ( " ) } "  ( 3 8 )

From the facts that aqF(r) and P(r - r(r)) are nonempty compact sets, and the map-

pings dqp(.)  and P(.)  are upper semi-cont inuous) we know that /vt(r)  is a nonempty

compact set and the mapping /tt(') is upper semi-continuous'

The Newton method for solving (t.1) can be described as following:

Given co € W'.
D o  f o r  k  :  0 ,  1 , . . .  :

Choose V1, e 6qF(tr) ,  P1, e P(rk -  f  (rk)) ,  and compute

W1, ' . :  I  -  Pk( l  -  v * )  €  Iu  ( "0 )

u' )  ( (?)  @T, B\) - ' (?) ,

K e  B (z ) ) ,  ( 3 .7 )

Solve

for sk
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From the above Newton method we know that at the /c-th step one needs to solve a

linear equations while in [8], one needs to solve the following nonlinear subproblem

r  -  nc[r  -  f r ( r f t )  +vx(r  -  ' * ) ] l  :  o

to get cfr+1.

Theorem 3.1. Suppose that -F : D" -* f is locally Lipschitzian and semismmooth at

c*,  c is of  the form (1.10),  and tr* is asolut ion of (1.1).  I f  al l  I '7- ew(r.)  are nonsingular,

then there exists a neighborhood N of c* such that when the initial vector s0 is chosen

in N, then the entire sequence {zft} generated by (3.9) is well defined and converges to

r* Q-superlinearly.

proof. From Lemma 3.1 we know that there exists a neighborhood N of c* such that

B( " -  r ( r ) )  e  B( r .  -  r ( r - ) )  and.  P(c -  r ( r ) )  c  P( t .  -  F ( " - ) )  ho ld  fo r  a l l  s  €  N.  so

from the assumption that all W* e'l,l) (r-) are nonsingular and the facts that 
'l ' l(r.) 

is

a nonempty compact set and the mappingW(') is upper semi-continuous' we know that

there exists a positive number B > 0 such that

l l w _ 1 i l  s  p

for al l  w e 1t)(r) , ,  € N. So (3.9) is wel l  def ined for the f i rst  step.

when rk € l , { ,  B(rr  -  r(" ' ) )  .  B(r.  -  r(r-))  holds. so from ( i i )  of  Lemma 3.1 we

get

r " l r t  -  P( r&) ]  - rc l r .  -  r ( " . ) l  :  Pn l rk  -  p ( "n )  -  ( ' .  -  r ' ( " - ) ) l '

From Wpst  +  H( rk ) :0  we have

wr(ro*t  -  r . )  + wt (r* -  , \  + r /(cfr)  :  6.

Therefore,

l l ' * * t  - ' - l l  <  l l l u ( " n )  -  H ( r . )  - W n ( r o  -  
" - ) l l

:  f { l l l r r  -  r .  -  I ( rn - ' - ) l  -  l i l r l rk -  r ("k1]  -  n"[r-  -  1(r-) ]

-Pr( I  -vr)("r  -  
" - ) l l l )

:  B l lP l , lF ( ro )  -  f  ( r - )  -Vr ( rk  -  r ' ) ] l l

<  g l l P ( r k )  -  F ( ' - )  - v r ( r r  -  
" " ) l l .

Since .F is semismooth at r., each of its components is semismooth at r* also'

(3 .1 )  and (3 .2 )  we know tha t  fo r  any  V e  EqF( r '  +h)

F ( r -  +  h )  -  F ( c " )  - v h :  
" ( l l h l l )

( 3 . 1 0 )

( 3 . 1  1 )

So from

(3 .12 )

as h --* 0.
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Combining (3.11) and (3.12),  we have

l l " *+ t  -  t - l l  =  o ( l l ce  -  r - l l ) ,

which completes the proof of the Q-superlinear convergence of {rft}. !

For the assumption of nonsingularity of w* ew(c*), we have the following result'

Propositiou 3.1. Suppose that V e \qF(r) is strictly copositive on the cone

C ( r ; C ) :  [ . J { r l  A v u  : 0 ,  B v  : O ,  K  e  B ( x -  r ' ( t ) ) } '

K

i pr ' ' ' '  
, r v ,  >  o  v u  e  C ( r ; c ) \ O ,  ( 3 ' 1 3 )

then for any P e P(r -  f  (")) '  the matr ix

W : :  I  -  P( I  -V)  e  l l t ( r )

i s  nons ingu la r .

Proo f .  For  any  P e  P( r -  F ' ( r ) ) ,  there  ex is ts  K  eB( r  -  f ( r ) )  such tha t

P = r  -  (AT*u")  (  (^ ;  )  r^rr"))  (  ? )
Assume that u is such that

W u : 0 ,

i ' " ' '  
u  -  P ( I  - v ) u  : 0 .  ( 3 ' 1 4 )

Mul t ip ly ing (PVu)r  in  both s ides of  (3 .14)  and not ing that  P" :  P and P2:  P,we

have 
o - -  (PVu)r '  -  (Pvv)rP( I  -v) '

:  urvr P, - urvr P2, + (Pv u)r (PV u)

: , f  Vr pv _ urvr p, + (pV v)r (pV v)

:  (Pvu)r  PVu,

i ' e ' '  
PV  u  :  o .  (3 .15 )

Substitut ing (3.15) into (3.14) gives

u  =  Pu .  (3 .16 )
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(g) , . :  (o;)

:  (g)
which ,  and (3 .16) ,  means th

But

u -

U -

Q4T, Br)

u : 0 ,

(aT'

( ^ ; ) , = o
( 3 . 1 7 )

U s i n g  ( 3 , 1 4 )  a n d  ( 3 . 1 5 )  w e  g e t

,Tv, : uTv P, - urv Pv '''

- 0 - 0 : 0 ,

F r o r n  t h i s .  ( 3 . 1 3 ) .  a n d  ( 3 . 1 7 ) .  * ' e  k n o w  t h a t

u  : 0 ,

r i  hic i  s i :or. 's that I f  is nonsingular '  t l

Remark  3 .2 .  Proposr t ron  3 ,1  s ta tes  tha t  i f  (3 '13)  i s  sa t is f ied  a t  r *  fo r  a l l  T -  €  0qF( r . ) '

then  a- .  , {  .  :  
' .1  

l r ' )  a re  nons ingu la r '

Renrark  3 .3 '  \ \ ' hen  C =  D '  and F  €C2, thenons ingu la r i t y  assumpt ion  o f  W.  eW(r " )

is equir .aient ro the b-reguiar assumption l t6l '  For this sake, in the fol lowing we wi l l  say

tha t  . {  i s  L regu lar  a t  r '  i f  a l l  I1 -=  l l ( c . )  a re  nons ingu la r '

Proposit ion 3.2. Suppose that F is local ly Lipschitz ian, semismooth, and b-regular

at the solut ion point r- .  Then there exist  posi t ive constants c1'  c2 e (0, oo) and a

nerghborhood f  of  z '  such that

, r l l ,  - r - l l  <  l l f l ( ' ) l l  <  c2 l l r  -  u ' l l ( 3 . 1 8 )

((s)(?)
(s)

u'))  (g),

Proof.  Since F

cons tan t  c  e  (0 ,

Therefore.

is locally Lipschitzian at tr* ,
oo) such that

there exist a neighborhood N1 of r* and a

5  c l l r  -  ' . 11 .l l r ( r)  -  r( ' - ) l l

l la ( r ) l l  :  l l11( r )  -  I / ( " - ) l l

:  l lz -  r tclr  -  r(") l  -  (c- -  I I5 ' [r-  -  r("-) ]) l l

< l l "  -  
" - l l+  l l r  -  r ( r )  -  ( " *  -  r ( " - ) ) l l

< (2  +  c ) l l c  -  r - l l .
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T a k e  c 2 : 2 1 c ,  t h e n

l l i r ( " ) l l  < , r l l ,  -  
" - l l .  

(3 .1e)

According to Lemma 3.1, there exists a neighborhood N2(c N1) of z* such that

l lw - ' l l  s  B

and
nc[" - r( ')]  - rcl** - r("-) l  :  Plx - F(") - ( '* - r("-) l

for  any W e W(r) ,  P e P(x-  -F ' ( t ) ) ,  and r  e  Nz.
So

H(r)  :  r  -  l rc fc  -  r (c) ]  -  ( ' -  -  I Ic [ t *  -  F(" - ) ] )

I ( r  -  r - )  -  P l "  -  F(" ) -  ( "*  -  f ' ( " - ) ) l

:  l I  -  P ( I  -  v ) l ( '  -  r - )  +  P [ r ( r )  -  F ( r - )  - v ( "  - ' * ) ] ,

r v h e r e  P e  P ( r - f ( r ) )  a n d V e E q F ( r ) .
But

r ( ' )  -  I ( ' - )  -  V ( "  - c - )  :  o ( l l "  -  
" . l l ) .

So * 'e  can choose a neighborhood N(C N2) of  r*  such that

l l r ( " )  -  r ( " - )  - v ( , -  
" - ) l l  t  * l l " -  " - l l '

Define
W  : :  I  -  P ( I  - v )  e  W ( " ) .

So for all r € ,\ ' ,
1  , ,  I  

"  *
l l a ( ' ) ' , .  E l l "  

-  , ' l l  -  
, p l l "  

-  ' - l l

I-- 
'Bll' 

- 
"-ll'

I
Take  c r  =  - ,  t hen-  ' ) H'P  

c rp  ' - l l  S  l l I r ( " ) l l .  (3 .20)

So (3 .19)  and (3 .20)  make tha t  (3 .18)  ho lds .  r

Theorem 3.1 discussed the locally superlinear convergence of the Newton method

established in this section. Next we will discuss a global technique for the Newton

method.
Suppose that F is locally Lipschitzian and semismooth over s'. Define

r(r) :  ruul*1'n1r1.

Then according to the chain rule, we t r,ol* ,nu, r is directionally differentiable and

r t ( r ; d ' ) :  H ( r ) r  H ' ( ' ; d ) ,  ( 3 ' 2 1 )
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where Ht(r; d) -- d - lI '"(r

see [14]. It is easy to see

H(") * 0, then for a given

that

- f  (") ;  i I  -  F'(r ;d)) .  For the expl ic i t  descr ipt ion of I I i ' ( ' ; ' ) '

that ii there is a direction of d such that rt(r;d) < 0 and

scalar o € (0, ll2) thete exists a positive constant 6 such

r ( r  *  td )  S  r ( r )  - f  o t r ' ( r ;d ) .

holds for all t e [0, 6].

This, and Theorem 3.1, Proposition 3.2, stimulates us to give the following modifica-

tion of the basic Newton method.

Newton Method with Line Search

Step 0. Choose an arbi trary vector r0 € Wt. Choose scalars o and o with a € (0,1)

and o  €  (O, l l2 ) .  / c  : :  0 ,  go  to  s teP 1 .

Step 1. Choose V1, e 6qF(ro),  Pr e P(rk -  f  ("*)) ,  and compute

W k ' . :  I  -  P x U  - V )  e ' l u ( x k ) '

-  S tep  2 . I f  Wk is  s ingu la r ,  s top ;  o therw ise  so lve

W 1 , s + H ( r k )  : g

f o r  - . i ,  i f  r i r " - - ' - " k )  <  ( 1 - o ) r ( r e ) , I e t  r t + l  :  x k * r k ,  k ' . :  / c 1 1 ,  g o  t o  s t e p  1 ;  o t h e r w i s e ,

g o  t o  s t e p  3 .
S tep  g  t f  , , ( r t : - . k ;  <  O.  le t  dk  :  sk  and go  to  s tep  5 ;  o therw ise  go  to  sep 4 .

St .p  +  I f  r , ( r i , -sk )  <  0 .  le t  dk  :  - " t  and go  bo  s tep  5 ;  o therw ise ,  s top .

Step 5 Let J" :  a^k. u.here mt is the f i rst  nonnegat ive integet mfot which

,(rk -  o* dk) < t("k) + oa^r '  (rk ;  dk) '

Se t  r i - t  :  r ' -  3 "dk  and k  
" - -  

k  -_  l  Go to  s tep  1 '

Remark 3.4. ln the above method, the search direction dk is obtained by solving a

Iinear equations u.hile in itol, dt is obtained by solving the following equations

n @ o )  +  H ' ( r k ; d )  : 0 ,

u'hich is a nonlinear and nonconvex subproblem in general'

Due to the nonsmoothness of H(r),we can't expect the above algorithm to have such

a global convergent property that every accumulation point of the infinite sequence {ct}

is-a solut ion of a1r) '= b. B,r t  when,F has some monotonici ty condit ion, we can combine

the pc method described in $ 2 and the modified Newton method to obtain a globally

and superlinearly convergent method. Such a method will be discussed in $ 4'

4. Safeguarded Newton Method

The \e*.ton method with l ine search established in $ 3 may lose global convergence'

a l though i t  has local ly  super l inear  convergence.  When l l  is  pseudomonotone over  C,  a

9 1



prac t i ca lway toge tg loba land loca l l ysupe r l i nea rconve rgence i s tocomb ine theg loba l l y

convergent method introduc"d in $ 2 ani the Newton method introduced in $ 3' In this

section we wil l give such a method. Suppose that F is locally Lipschitzian, semismooth

over W', and Pseudomonotone over C'

Safeguarded Newton Method

Step 0.  Choose an arb i t rary vector  r0 € f t ' '  Choose scalars 4 '  a '1 'e6 € (0 '1) '

o  €  (O , l l 2 ) .  and  0  <  A1  (  n ' ,  12 '  
I c  : :  O '  go  t o  s tep .1 '

Step 1.  Choose v1,  e \qf  ( t ' ) ,  P1,  € P(rk -  f  ( tk) ) '  and compute

W 1, 
'.: I - Pk(I - Vn) € IU ("n)'

Step 2.  I f  t i -k  is  s ingular ,  go to s tep 6;  otherwise solve

W 1 , s * H ( t k ) = O

for . . '  .  I l
r ( x k * " k )  < ( 1  -  o ) r ( r k ) , (4 .1 )

: I E ;

] :  e ;

" ' r  -

: : e t

n i  s u a l

:  r i  -  - .k.  A'  ,= k -  I ,  go to step 1; otherwise, go to step 3'

? ,  I l  r ' ( r " : - . ' ;  .  - ro r l i t ; .  te t  j k  =  sk  and go  to  s tep  5 ;  o therw ise  go  to  sep 4 '

,  t t  , ) ( r t , - rk )  <  - r , r ( r * ) ,  le t  dk  :  -s& and go  to  s tep  5 ;  o therw ise '  go  to

,safeguarding step)  Let  3k - -  Q^k,  where rn l  is  the f i rs t  nonnegatrve Int 'eger
,]

, i r d .

O I
a ^  1 1

ho lds

I f  J "  :  1 .  l e t  r ' - 1  :  xk  -  | t " dk , l r : :  k11 ,  and  go  to  s tep -1  ;  o the rw ise '  go  t o  s tep  6 '

Step 6.  Set  y ' '  :  t '  u"J i  : :  0 '  Take'g0 as the i r r ig l l \vector  and use PC method

es tab l i shed  i n  $  2  un t i i  t o  ge t  a  sequence  { y0 '  91 ' " ' ' ' ; ( t ) }  such  tha t  f ( k )  i s  t he  f i r s t

, ( rk -  o* dk) S r@n) + oa*r '  (rk ;  dk)

posit ive integer r  such that
, ( y i ) < ( 1  - o ) r ( r k ) '

Se t  r i -1  =  y i ( t )  and k  ' . :  k+  1 '  Go to  s tep  1 '

Before giving the convergence theorem' we make several remarks'

Remark 4.1. we use the safeguarding step because Il is not continuously differentiable'

Remark 4.2. The pr"rdo-oiotonicity assumption of F is used only when the Newton

s tep  fa i l s ,
Rentark 4'3.  Step 6 is guaranteed by Theorem 2'1'

Theorenr 4.1. Let F be locally Lipschitzian and semismooth over w'' Suppose that F

is  pseudomonotone over  C,  C.  +  A ,and C6 ' :  { "1  r ( r )  3  " ( "0 ) }  
i s  bounded '  Then the

sequence {r.} generated by the above safeguaried Newton method is well defined and
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e v e r y a c c u m u l a t i o n p o i n t o f { r f t } i s a s o l u t i o n o f ( 1 . 1 ) . F u r t h e r m o r e , i f l /
an accumulation point r (i 'e'' all w t;G;'t'" """"i"tular)' 

then {rk}

Q-superlinearlY'

Proof. According to the safeguarded Newton method' we have

, ( rk* t )  <  (1  -  o les) r (c t )

S  (1  -  a1e6)e+ l r (co) '

Therefore,

is b-regular
converges to

at
6

(4 .2)
l im r(rt) :  0.

,lc - oo
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