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/1 Robinson’s Constraint Qualification \
and Optimality Conditions

Let us first consider the following simple one-dimensional

optimization problem

1,
min —x
reR 2

s.t. x<0.

The corresponding Lagrangian function is

Liz, \) = %gﬂ FOna), (1)) € R

\
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/The unique optimal solution and its corresponding Lagrangian \
multiplier are given by

=0 & N =0,

which satisfy the Karush-Kuhn-Tucker (KKT) condition

VoL(x®, A ) =2+ X =0, 0<z" L X" >0.

The Hessian of L with respect to =™ is:

V2 L(x*,\*) =1 (the best one can dream of).

\
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Now, let us consider the following equivalent forms:

min t
(t,x)ER?
s.t. x <0,
1
—? <t
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(SOC)
min t
(t,x)€eR?
S.t. r <0,

(22,2 —t)||2 <2+t &= (2+1t,22,2 1) € K?,

where for each n > 1, K"*! is the (n + 1)-dimensional second-order

cone

Kt = {(t,z) € R x R" : t > ||z]|2}.
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The Lagrangian function for (SOC) is

L(t,:c,)\,u) =1+ <>\,CE> + <N7 (2+t72x72 _t)> :

The Hessian of L with respective to (¢, z) now turns to be

Ve e Lt 2, A ) =0 (too bad???) .
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The seemingly harmless transformations have completed changed
the Hessian of the corresponding Lagrangian functions (from I to

0).

This change should be related to the non-polyhedral structure of
et

This simple example suggests that when we talk about
second-order optimality conditions and perturbation analysis, we

need to include the “curvature” of the non-polyderal set involved.

o %
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Let’s now turn to the general optimization problem

(OP)
min  f(z)
st. G(x) e K,

where f: X — R and G : X — Y are C! (continuously
differentiable), X, Y finite-dimensional real Hilbert vector spaces?®

each equipped with a scalar product (-,-) and its induced norm
| - ]|, and K is a closed convex set in Y.

2 A real vector space H is called a Hilbert space if there is an “inner product”
(or a “scalar product”) denoted (-,-) satisfying i) (z,y) = (y,x) Vz,y € H; ii)
x+vy,z) = (x,z) + (y,2) Va,y, and z € H; iii) (az,y) = alz,y) Va € R and
x,y € H;iv) (x,z) > 0Vz € H; and v) (z,z) = 0 only if x = 0.

o %
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The problem (OP) is very general and includes

(i) Linear programming (LP): when f is a linear functional, g is
affine, and K is a polyhedral convex cone.

(ii) Nonlinear programming (NLP): when f or g is nonlinear and
K is a polyhedral convex cone.

(iii) Linear conic programming: when f is a linear functional, g is

affine, and K is a closed (non-polyhedral) convex cone.

(iv) Nonlinear conic programming: when f or g is nonlinear and

K is a closed (non-polyhedral) convex cone.

o 9
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In particular, it includes the nonlinear semidefinite programming

(NLSDP)

min  f(x)

reX

where S? is the linear space of all p X p real symmetric matrices,

and S is the cone of all p X p positive semidefinite matrices.

Difficulty:

SY is not a polyhedral set.
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/N ote that (NLSDP) can be equivalently written as either \

semi-infinite programming problem

min  f()
s.t. h(x)=0,

d'g(x)d >0 V|d]z =1

or nonsmooth optimization problem

min  f(z)
s.t. h(z)=0,

Amin(g(2)) 2 0,
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-

where Amin(g(2)) is the smallest eigenvalue of g(x).

Indeed, early in seventies and eighties of the last century,
researchers working on semi-infinite programming problems and
nonsmooth optimization problems realized that in order to get

satisfactory second-order necessary and sufficient conditions, an

be added.

o

additional term, which represents the curvature of the set K, must

~

9
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/Some notation: \

Suppose that X’ and Y’ are two finite-dimensional real Hilbert
spaces and that F': X x X' — Y'. If I is Fréchet-differentiable® at
(x,2") € X x X', then we use JF(x,z’) (respectively, J. F(x,x'))
to denote the Fréchet-derivative of F' at (z,z’) (respectively, the

partial Fréchet-derivative of F' at (x,x’) with respect to x).

2A function ¥ : X — Y is said to be Fréchet-differentiable at x € X if there
exists a linear operator, denoted by JWV(x), such that

V(r+ Az) —¥(z) — TV(x)(Az) = o(||Az])).
For example, if ¥(x) = Ax + AT, where z € SP and A € RPXP, then
TV (z)(Az) = AAz + AzAT VYV Az e SP.
Another example is ¥(z) = z2, x € SP. By the definition, one can check directly

JV(z)(Azx) = z(Azx) + (Ax)xr VAz € S

o %
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Let

VF(z,2") := JF(x,2")*

be the adjoint® of JF(x,x") (respectively,
VoF(x,x") .= T, F(x,z)*, the adjoint of J,.F(x,z")).

aFor a linear operator A : X — Y, its adjoint is the unique linear operator
mapping Y into X, denoted by A*, satisfies

(y, Ar)y = (A*y,x)x Ve € X and y €Y.

o %




NUS

Graduate University of Chinese Academy of Sciences 15

-

If F'is twice Fréchet-differentiable at (x,x") € X x X', we define

~

J?°F(x,2") = J(JF)(x,2")
jﬁxF(ZE,QZ‘/) = jx(ijXZE,ZC/),

V2F(z,3") = J(VF)(z,2'),

Vi F(x,2") = Jp (Vo F)(z,2').
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Some definitions.

Definition 1.1 The following two sets are called the upper and

lower limits of a parameterized family A, of subsets of Y :

limsupA; = {yeY :3t, — ty such that

t—to

yn — y for some y,, € Ay }

and

liminf A, := {y €Y : forevery t, — ty 3

t—>t0

Yn € Ay, such that y, — y}.
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/Deﬁnition 1.2 For any closed set D CY and a point y € D, we\

define the radial cone
Rp(y) :={d €Y : 3t* > 0 such that y+td € D Vt € [0,t"]};

the inner tangent cone

| D—y
T := lim inf ;
p(y) := lim inf ——=;
the contingent (Bouligand) cone
D —
Tp(y) := limsup y;
£10 t

and the Clarke tangent cone

D —v

T5y) = lir?l%nf
D3y’ —y

o %
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Obviously, we have

Ro(y) € TH(y) € Tp(y).

The contingent, inner, and Clarke tangent cones are closed while

the radial cone is not closed.

From Definitions 1.1 and 1.2 we have the following equivalent forms
for 73 (y) and Tp(y):

Th(y) ={d €Y : dist(y +td, D) = o(t), t > 0}
Tp(y) = {d eY : d¢t,. |0, dist(y + t1.d, D) = O(tk)}.

where for each w € Y, dist(w, D) := inf{||w —d|| : d € D}.

o %
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Proposition 1.1 If D is a closed convex set and y € D, then

Ro(y) = | J{t7"(D - y)}

t>0

and

Tp(y) = Tp(y) = T5(y) = cl[Rp(y)].

where “cl” denotes the topological closure.

o %
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Therefore, when D is a closed convex set, the inner tangent cone

and the contingent cone are equal:

To(y) =Th(y) ={d €Y : dist(y +td,D) =o(t),t >0}, yeD.

We use Nk (y) to denote the normal cone of K at y in the sense of

convex analysis

{deY : {d,z—y) <0 Vze K} ifyeK,
0 if y ¢ K.
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Let IIp : Z — Z denote the metric projector over D:

Let Z be another Hilbert space and D be a closed convex set in Z.

~

, 1
min {2~y —y)
s.t. ze€D.

L.

o

The operator Il (+) is globally Lipschitz continuous with modulus

9




NUS Graduate University of Chinese Academy of Sciences 22

4 N

Next, we demonstrate how to compute Zgs» (+).

For A and B in SP,

(A,B) :=Tr (A"B) = Tr (AB) ,

where “Tr” denotes the trace of a square matrix (i.e., the sum of all
diagonal elements of the symmetric matrix). Let A have the

following spectral decomposition

A = PAPT,

where A is the diagonal matrix of eigenvalues of A and P is a

corresponding orthogonal matrix of orthonormal eigenvectors.

o %
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in the next talk):

Then, one can check without difficulty that (more about this part

~

A+ = Hsi <A> = PA+PT,

where Ilgr (A) is the metric projector of A onto S% under the

above trace inner product.

Note that computing A, is equivalent to computing the full

eigen-decomposition of A, which in turn needs 9n® flops. For a

n = 1,000 and less than 90 seconds for n = 2, 000.

o

typical Pentium IV type desktop PC, it needs about 10 seconds for

9
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Define

a:={i: \>0}, g:={i: N =0} v:={i: )\ <O0}L

Write
A O 0 ]
A=1 0 0 0 |andP=[P, P3 P, |
00 A,
Define U € SP:

max{A;, 0} + max{};, 0} ij=1,...,p
Ail + [ Ay o -

where 0/0 is defined to be 1.

o %

Ui' =
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~

I1 st is directionally differentiable, i.e., there exists a positive

homogeneous function denoted by II'y» (4;-), such that for any
+
H e SP,

HSi(A—I-tH) _HSi(A) _tH:gi(AQH) =o(t) Vt|O0,

with

Msn (A H) = P PiHF. Ty (P§HP) 0 P,

where o denotes the Hadamard product. Note that II', (A4; H) does
+
not depend on any particularly chosen P. /

-
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When |§] =0, ILs» (+) is continuously differentiable around A and

the above formula reduces to the classical result of Lowner?.

The tangent cone of S¥ at A} = ILsr (A) is b:

Tsr (Ay) ={B € S" : P; BPy = 0}.

where & := {1,...,p}\a and P := [P3 P,].

aK. LOWNER. Uber monotone matrixfunctionen. Mathematische Zeitschrift
38 (1934) 177-216.

PV.I. ARNOLD. Matrices depending on parameters. Russian Mathematical
Surveys, 26 (1971) 29-43.

o %
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One may use the following relations to get Tsi (Ay) directly:

Tsr (Ay)
={B €8P : dist(AL +tB,S}) =o(t), t > 0}

—(BeSP: ||Ay +tB —Tg (A, +tB)| = ot), t > 0}
_|_

={BeS8P: ||A, +tB—[A, +tH:9i(A+;B) +o(t)]|| = o(t),t >0

—{BeS: B=1l(As; B)}
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and
- PTBP, PTHP, |
Msr (Ay;B) =P P,
N PIHP, 1 a (PTHPs)
L + -

The lineality space of 7. st (Ay), i.e., the largest linear space in
Tgi (Ay), is thus given by

lin (Tsi<A+)) — {B ceS" PgBP@ — O},
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Now, let us define Robinson’s constraint qualification (CQ).

Definition 1.3 Let & be a feasible solution to (OP). Robinson’s

constraint qualification s as follows:

0 € int{G(z) + JG(2)X — K}, (1)

where “int” denotes the topological interior.

Proposition 1.2 Suppose that G(Z) € K. Then Robinson’s CQ
(1) is equivalent to

JG(x)X + T (G(z)) =Y. (2)
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Proposition 1.3 If Y 1is the Cartesian product of Y1 and Ys, and
K=K x Ko CYy] xXY5, where K1 and K5 are closed convex
subsets of Y1 and Y5, respectively. Let

G(x) = (G1(x),Ga(x)) € Y1 X Ys. Assume that G(T) € K. Suppose
that JG1(x) is onto and that Ko has a nonempty interior. Then
Robinson’s CQ) (1) is equivalent to the existence of d € X such that

Gl(f) + le(f)d e Kq.
(3)

Gg(f) + jGQ(CE)d c int(Kg) :

[If K1 = {0}, the first relation in (3) becomes an equation. |

o %
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/In particular, for conventional nonlinear programming \

(NLP)

Robinson’s C(Q reduces to the well-known Mangasarian-Fromovitz
constraint qualification (MFCQ):

Jhi(z), i=1,...,m, are linearly independent,

JdeX: Jhi(@)d=0,i=1,....,m, Jg;()d <0, jeI(),
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Proposition 1.4 Let T be a feasible solution to (OP) and
P:={rxe X :Gx)e K} =G YK). Then we have

(i) The point d =0 is an optimal solution to

i%i;r% Jf(x)d n
s.t. de€ Tcp(f) .

to the linearized problem

(ii) If Robinson’s CQ (1) holds, then d =0 is an optimal solution

inei}% Jf(x)d (5)
s.t. JG(x)d € Tk (G(Z)) .

~




NUS Graduate University of Chinese Academy of Sciences 33

4 N

Proof. (i) Let d € 73(x). Then there exist sequences t,, | 0 and
Tn, =T+ t,d + o(t,) such that x,, € ®. Since Z is a local solution
to (OP), we obtain

n—=oo n

Thus, d = 0 is an optimal solution to (4).

(ii) Since Robinson’s CQ holds, the inner and outer tangent sets to

® at T coincide and are the same as the feasible solution set of (5).
Then (ii) follows from (i). ]

o %
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The Lagrangian function L : X x Y — R for (OP) is defined by

L(z,p) := f(z) + (1, G(2)), (z,p) € X XY. (6)

We say that 1 € Y is a Lagrangian multiplier of (OP) at z if it,
together with Z, satisfies the Karush-Kuhn-Tucker (KKT)

condition:

V.L(Z,i) =0 and e Ng(G(Z)).
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If K is a closed convex cone, then the KKT system is equivalent to

V@) +VGx)pn=0 & K>3GZx) L (—p) e K",

where K™ is the dual cone of K given by

K':={deY : (dy)>0 Vye K}.
For example, if K = {0}™ x S¥, then
K*=R" xSV

Let M (Z), possibly empty set, denote the set of Lagrangian
multipliers of (OP) at z. We call Z a stationary point of (OP) if

M(Z) £ 0.

N %
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Theorem 1.1 Let & be a locally optimal solution to (OP). Suppose
that Robinson’s CQ (1) holds. Then M(Z) is a nonempty and

bounded convex set.

Proof. The proof is based on Proposition 1.4 and some duality
theory for the linearized problem (5). We omit the details here. [

Note that the converse part of Theorem 1.1 is also true, i.e., if
M(Z) is nonempty and bounded, then Robinson’s CQ (1) holds.

o %
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Let = be a feasible solution to (OP). The critical cone of (OP) at

is defined as

C(z):={de X : JG(z)d € Tx (G(Z)), T f(x)d < 0}.

The cone C(Z) consists of directions for which the linearized
problem (5) does not provide any information about the optimality
of z, and will be useful in the study of second-order optimality

conditions.

o %
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/Proposition 1.5 Let & be a feasible solution to (OP). If \
M(Z) # 0, then d =0 is an optimal solution to the linearized
problem (5) and

C(z) ={de X : JG(z)d € Tx(G(x)), Jf(x)d = 0}.

Moreover, for any u € M(Z),

C(z) :={de X : JG@)d € Tx(G(z), (u, TG(z)d) = 0}.

Note that for any u € M(x),

0= (V.L(z,p),d) =T f(@)d+ (p, TG(z)d) .

o %
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¢ A

e inner and outer second order tangent sets® to the set D at the
point y € D and in the direction d € Y are defined by

. 1
T (y,d) == {w €Y : dist(y + td + 5t2w,D) =o(t?), t > 0}

and

1
Ty, d) :=={weY : It | 0 & dist(y + trd + §tiva) = o(t3)}.

2J.F. BONNANS AND A. SHAPIRO. Perturbation Analysis of Optimization
Problems, Springer (New York, 2000). This is also our major reference book

9

on this part.

N
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We have T5°(z,d) C TA(y,d) and T;5%(z,d) = ) (respectively,
T5(z,d) = 0) if d ¢ T} (y) (respectively, d ¢ Tp(y)).

In general, 7,;%(z,d) # T2(z,d) even if D is convex. However,
when K := {0} x S¥ C Y :=R" x SP,

T (y,d) =T (y,d) Vy,deY.

Recall that for any set D C Z, the support function of the set D is
defined as

o(y,D) = sup(z,y), yeY.
zeD




NUS

Graduate University of Chinese Academy of Sciences 41

-

Theorem 1.2 (Second-Order Necessary Condition.)

holds. Then for every d € C'(Z) and any convex set
T(d) C TA(G(z, JG(z)d), the following inequality holds

Suppose that f and G are twice continuously differentiable. Let T be
a local optimal solution to (OP). Suppose that Robinson’s CQ (1)

~

sup {d, V2, L(z,p)d)y — o (un, T(d)} >0.
peEM(Z)

need below the concept of C?-cone reducibility.

o

Before we state the second order sufficient conditions for (OP), we

9
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Definition 1.4 A closed (not necessarily convex) set D CY is
called C?-cone reducible at a point § € D if there exist a

neighborhood V C'Y of 4, a pointed closed convex cone @ (a cone

finite dimensional space Z and a twice continuously differentiable

mapping = : V — Z such that:

(1) E(y) =0€ Z,

(ii) the derivative mapping J=(y) : Y — Z is onto, and
(iii) DNY ={y € V|E(y) € Q}. We say that D is C*-cone

a different pointed cone Q).

o

said to be pointed if and only its lineality space is the origin) in a

reducible if D is C*-cone reducible at every point § € Y (possibly to

~

18

9
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Many interesting sets such as
the polyhedral convex set,
the second-order cone, and
the cone S¥

are all C2-cone reducible, and

the Cartesian product of C?-cone reducible sets is again C?-cone

reducible

In particular, K = {0} x S¥ is C*-cone reducible.

o %
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Suppose that f and G are twice continuously differentiable. Let T be

a stationary point to (OP). Suppose that Robinson’s CQ) (1) holds
and that the set K is C*-cone reducible at yj :== G(Z). Then the
following condition

Theorem 1.3 (Second-Order Sufficient Condition.)

s {(d, V2, L(Z, p)d) — o (1, TZ(G(T), TG(z)d)) } >0

for all d € C(Z)\{0} is necessary and sufficient for the quadratic
growth condition at the point T:

flz)> f(Z) +clz—z|> VzeN such that G(z) € K

for some constant ¢ > 0 and a neighborhood N of x in X.

o %
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By combining Theorems 1.2-1.3 and the C?-cone reducibility of

polyhedral convex sets and S, we can now state the “no-gap”

second order necessary condition and the second order sufficient
condition for (NLSDP).

Theorem 1.4 (Second-Order Necessary and Sufficient Conditions
for (NLSDP).)

Let K = {0} x S C R™ x SP. Suppose that T is a locally optimal
solution to (NLSDP) and Robinson’s CQ holds at . Then

68/1\141?_) {d, V2, Lz, p)d)y — o (u, TE(G(Z), TG(T)d)) } >0

for all d € C(Z).

o %
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(continued)

Conwversely, let T be a feasible solution to (NLSDP) such that
M(Z) is nonempty. Suppose that Robinson’s C'Q holds at . Then

the following condition

ES/I\J/(p(_) {d, V2, Lz, p)d)y — o (u, TE(G(Z), TG(T)d))} >0

for all d € C(2)\{0} is necessary and sufficient for the quadratic

growth condition at the point T:
Flz)> f(Z) +cllz—z|> VzeN such that G(z) € K

for some constant ¢ > 0 and a neighborhood N of x in X.

o %
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(Since N

T2 (G(z), TG(Z)d) C Tr (G () (T G(Z)d)

and

T1y (@) (T G(T)d) = el {Tk(G(7)) + span(T G(z)d)}

we have for any p € M(z) and d € C(z),

o (1, TR(G(%), TG(Z)d)) < 0 (1, Trye (a(a)) (T G(T)d)) = 0.

\
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Kl’hus, unless 0 € 72(G(z), JG(z)d) for all h € C(x) as in the Case\
when K is a polyhedral convex set, the additional “sigma term” in
the necessary and sufficient second-order conditions will not
disappear.

Example. Let Z be a feasible solution to (NLSDP) such that
M(Z) is nonempty. Then for any ({,I') € M(x) with ( € R and
[' € §P, one has

To() (T, T9(2)d) = o (T, T (9(2), Tg(3)d))  Vd € C(3)

where

YT, A):=2(I,ABT4), (I, A)e 8P x SP.




NUS Graduate University of Chinese Academy of Sciences 49

4 N

Exercises.

1. Let U(x) = Az? AT where x € 8P and A € RP*P. Compute
JU(z) and J?¥(x).

2. Prove the converse part of Theorem 1.1.
3. Show that all polyhedral convex sets and second-order-cones
are C?-cone reducible.
For details on topics discussed here, see the following excellent
monograph

J.F. BONNANS AND A. SHAPIRO. Perturbation Analysis of
Optimization Problems, Springer (New York, 2000)

o %




