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Abstract The class of matrix optimization problems (MOPs) has been recognized in
recent years to be a powerful tool to model many important applications involving
structured low rank matrices within and beyond the optimization community. This
trend can be credited to some extent to the exciting developments in emerging fields
such as compressed sensing. The Lowner operator, which generates a matrix valued
function via applying a single-variable function to each of the singular values of a
matrix, has played an important role for a long time in solving matrix optimization
problems. However, the classical theory developed for the Lowner operator has become
inadequate in these recent applications. The main objective of this paper is to provide
necessary theoretical foundations from the perspectives of designing efficient numer-
ical methods for solving MOPs. We achieve this goal by introducing and conducting
a thorough study on a new class of matrix valued functions, coined as spectral oper-
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ators of matrices. Several fundamental properties of spectral operators, including the
well-definedness, continuity, directional differentiability and Fréchet-differentiability
are systematically studied.

Keywords Spectral operators - Directional differentiability - Fréchet differentiability -
Matrix valued functions - Proximal mappings

Mathematics Subject Classification 90C25 - 90C06 - 65K05 - 49J50 - 49]J52

1 Introduction

In this paper, we introduce a class of matrix valued functions, to be called spectral
operators of matrices. This class of matrix valued functions frequently arises in various
applications such as matrix optimization problems (MOPs). MOPs have recently been
found to have many important applications involving matrix norm approximation,
matrix completion, rank minimization, graph theory, machine learning, and etc. [2—
4,6,9,14,16,17,20,26,36,42-44]. A simple class of MOPs takes the form of

min fo(X) + f(X) 1)
st. AX=b, XelX,

where X is the real Euclidean vector space of real/complex matrices over the scalar
field of real numbers R, fy : X — R is continuously differentiable with a Lipschitzian
gradient, f : X — (—o0, oo] is a closed proper convex function, A : X — R? is a
linear operator, and b € R?. By taking X = S™, the real vector subspace of m x m real
symmetric or complex Hermitian matrices, fo(X) = (C, X) := Re(trace(CTX )), and
f= BSrﬁ , the convex indicator function of the positive semidefinite matrix cone S},

one recovers semidefinite programming (SDP) [41]. Here CT is either the transpose
or the conjugate transpose depending on whether C is a real or complex matrix. By
[37, Corollary 28.3.1] and [31], the Karush-Kuhn-Tucker (KKT) conditions of (1) are
equivalent to the following Lipschitzian system of equations

Vfo(X) — A*y +T
AX —b -0,
X —Pr(X+T)

where Py : X — X is the proximal mapping of f at X from convex analysis [37],
ie.,

. 1
Pp(X) = argmmYEX[f(Y) +351Y - X||2], XeX. @)
The optimal value function (denoted by /) for the minimization problem in (2) is
called the Moreau-Yosida regularization of f. It is continuously differentiable with

the Lipschitzian gradient Vi r(X) = X — Py(X). The proximal mappings form one
of the most important classes of spectral operators of matrices, and the differential
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Spectral operators of matrices 511

properties of Py play a crucial role in the algorithmic designs of MOPs, see e.g.,
[7,24,48].

Proximal mappings of unitarily invariant proper closed convex functions belong
to a class of matrix functions studied previously in two seminal papers by Lewis
[19], and Lewis and Sendov [21]. In [19], Lewis defined a Hermitian matrix valued
function by using the gradient mapping g(-) = V¢ (-) : R" — R™ of a symmetric
function ¢ : R™ — (—o00, 0o]. The corresponding Hermitian matrix valued function
G :S" — S™isdefinedby G(Y) = Y 7", & ()»(Y))p,-p?, where {p1, ..., pn} forms
an orthonormal basis of R” (or C™) and A : S — R is the mapping of the ordered
eigenvalues of a Hermitian matrix satisfying A1(Y) > A (Y) > ... > A, (Y) for
Y € §™. Properties of G such as conditions assuring its (continuous) differentiability
are well studied in [19,21]. The (strong) semismoothness [28,35] of G is studied in
[34]. Note that if the function g has the form g(y) = (h(y1), ..., h(yn)) Y y € R™ for
a given function 2 : R — R, then the corresponding Hermitian matrix valued function
G is called Lowner’s (Hermitian) operator [25] (see e.g., [8,40] for more details).

In the potentially non-Hermitian case, i.e., X = V"™*" where V"*" is either
R™" or C™*" with m < n, the mapping g above is assumed to be the gradient
mapping of an absolutely symmetric function ¢, that is, ¢(x) = ¢(Qx) for any
x € R™ and any signed permutation matrix Q, i.e., an m X m matrix each of whose
rows and columns has one nonzero entry which is 1. In [18], Lewis studied the
corresponding matrix valued function G(Y) = Y /L gi(o (Y ))u,-v?r for Y e yx1,
where {uy, ..., u,} and {vy, ..., v,} are two orthonormal bases of R™ (or C™) and
o is the mapping of the ordered singular values of matrices (see also [22] for more
details). The related properties of Lowner’s (non-Hermitian) operators are studied by
Yang [47]. The spectral operators of matrices considered here go well beyond proximal
mappings, and so the theoretical results of this paper are not covered by the previously
mentioned works [19,21,34,47]. More general spectral operators have been used and
played a pivotal role in the study of the low-rank matrix completion problems with fixed
basis coefficients [27], where a non-traditional spectral operator G was introduced as
the rank-correction function. It is shown in [27, (24)—(26)] that this spectral operator
does not arise from either a proximal mapping or gradient mapping of an absolutely
symmetric function.

Our main contributions here consist of defining a new class of matrix valued
functions involving both Hermitian/symmetric and non-Hermitian/non-symmetric
complex/real matrices, which we call spectral operators of matrices and providing
the first extensive study of their first- and second-order properties, including the well-
definedness, continuity, directional differentiability, and Fréchet-differentiability. We
believe that these results are fundamental for both the computational and theoretical
study of the general MOPs, based on the recent exciting progress made in solving the
SDP problems [5,13,30,38-40,46,48], in which the Lowner operator has played an
essential role in the algorithmic design. Therefore, it is expected that the theoretical
results for spectral operators established here will shed new light on both designing
efficient numerical methods for solving large scale MOPs and conducting second-order
variational analysis of the general MOPs.

The remaining parts of this paper are organized as follows. In Sect. 2, we give the
definition of spectral operators of matrices and study their well-definedness. We study
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the continuity, directional and Fréchet-differentiability of spectral operators defined
on the single matrix space V" in Sect. 3. In Sect. 4, we extend the corresponding
results to spectral operators defined on the Cartesian product of several matrix spaces.
We make some final remarks in Sect. 5.

Below are some common notations and symbols to be used:

For any X e V™*", we denote by X;; the (i, j)-th entry of X and x; the j-th
columnof X.Let I C {1,...,m}and J C {1, ..., n} be two index sets. We use
X j to denote the sub-matrix of X obtained by removing all the columns of X not
in J and X to denote the |7| x |J| sub-matrix of X obtained by removing all the
rows of X not in / and all the columns of X not in J.

— For X € V"*™ diag(X) denotes the column vector consisting of all the diagonal
entries of X being arranged from the first to the last. For x € R, Diag(x) denotes
the m x m diagonal matrix whose i-th diagonal entry is x;, i = 1, ..., m.

— We use “o” to denote the usual Hadamard product between two matrices, i.e., for
any two matrices A and B in V"*" the (i, j)-thentry of Z := Ao B € V"*" is
Zij = AjjBijj.

— For any given vector y € R™, let | y|¥ be the vector of entries of |y| =
(J¥l1y -+, |yln) being arranged in the non-increasing order |y|1¢ >, > |y|,¢n.

— Let QP (p = m, n) be the set of p x p orthogonal/unitary matrices. Denote P” and

+P? the sets of all p x p permutation matrices and signed permutation matrices,

respectively. For any ¥ € S and Z € V"*"* we use Q" (Y) to denote the set of
all orthogonal matrices whose columns form an orthonormal basis of eigenvectors

of Y, and use O™ " (Z) to denote the set of all pairs of orthogonal matrices (U, V),

where the columns of U and V form a compatible set of orthonormal left and right

singular vectors for Z, respectively.

2 Spectral operators of matrices

In this section, we will first define the spectral operators on the Cartesian product
of several real or complex matrix spaces. The study of spectral operators under this
general setting is not only useful but also necessary. In fact, spectral operators defined
on the Cartesian product of several matrix spaces appear naturally in the study of
the differentiability of spectral operators, even if they are only defined on a single
matrix space (see the discussion below). Moreover, the spectral operators used in
many applications are defined on the Cartesian product of several matrix spaces. See,
e.g., [12,45] for more details.

Let s be a positive integer and 0 < 59 < s be a nonnegative integer. For given

positive integers mj, ..., my and ngy1, ..., Ny, define the real vector space X" by
X = S" x L ox ST x VMot X sorl e x Y™ XM Without loss of generality,
we assume that my < ng, k = 5o+ 1,...,s. Forany X = (Xy,...,X;) € X, we

have for 1 <k <wsg, X € S andsg+ 1 <k <s, X} € V"k*%,

Denote ) := R™ x ... x R™0 x R™0 x ... x R™s, For any X € X, define
K(X) € Yby k(X) := (M(X1), ..., A(X5), 0 (Xs941), - - ., 0(Xy)). Define the set P
byP :={(Q1,...,05) | Qx € P"™, 1 <k <sgand Qy € £P", 5o+ 1 <k <s}.
Let g : Y — )Y be a given mapping. For any x = (xy, ..., x;) € Y with x; € R,
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Spectral operators of matrices 513

we write g(x) € Y in the form g(x) = (g1(x), ..., gs(x)) with gr(x) € R™ for
1<k<s.

Definition 1 ! The given mapping ¢ : ) — ) is said to be mixed symmetric, with
respectto P, at x = (x1,...,x5) € YV with x; € R if

g(Q1x1, ..., Osxs) = (Q181(x), ..., Qsgs(¥)) V(Q1,...,0)€P. (3)

The mapping g is said to be mixed symmetric, with respect to P, over aset D C ) if
(3) holds for every x € D. We call g a mixed symmetric mapping, with respect to P,
if (3) holds for every x € ).

Note that for each k € {1, ..., s}, the function value gz (x) € R™* is dependent
onall xq, ..., x;. When there is no danger of confusion, in later discussions we often
drop “with respect to P” from Definition 1. The following result on g can be checked
directly from the definition.

Proposition 1 Suppose that the mapping g : Y — Y is mixed symmetric at x =
(X1, ...,x5) € Ywithxy, € R"_ Then, forall 1 <k <sandanyi, j € {l,...,my},
(gx(x))i = (gu(x))j if (k)i = (xx)j and for all so +1 < k < s and any i €
{1, ...omi}, (ge(x))i = 0if (xx)i = 0.

Let \V be a given nonempty set in X. Define kpr := {k(X) € YV | X e N}

Definition 2 Suppose that g : } — ) is mixed symmetric on « zr. The spectral opera-
tor G : N — X withrespectto gisdefinedby G(X) := (G((X), ..., Gs(X)), X =
(X1,..., X5) € N with

_ [ PeDiag(gr (e (X)) P! if 1 <k < so,
GelX) := { Uy [Diag(gx(c(X))) O]V ifso+ 1<k <s,

where P, € O™k (X)), 1 <k <sg, (Ui, Vi) € Q™% (X)), 50 +1 <k <.

Before showing that spectral operators are well-defined, it is worth mentioning that
for the case that X = S (or V"*™) if g has the form g(y) = (h(y1), ..., h(yn)) €
R™ with y; € R for some given scalar valued functional 2 : R — R, then the
corresponding spectral operator G is called the Lowner operator [40] in recognition
of Lowner’s original contribution on this topic in [25] (or the Lowner non-Hermitian
operator [47] if h(0) = 0).

Let Y € S” be given. Let ity > [, > ... > i, denote the distinct eigenvalues of
Y. Define the index sets oy == {i |A;(Y) =5, 1 <i <m},l=1,...,r.Let A(Y)

! Note that Definition 1 is different from the property (£) used in [29, Definition 2.2] for the special
Hermitian/symmetric case, i.e., X = S"'1. The conditions used in [29, Definition 2.1 & 2.2] do not seem to
be proper ones for studying spectral operators. For instance, consider the function f : R2 — R2 defined by
f(x) = xV for x € RZ, where x! is the vector of entries of x being arranged in the non-increasing order,
ie., )cl¢ > x2¢. Clearly, f satisfies [29, Definition 2.1 & 2.2] and f is not differentiable at x with x| = x3.
However, the corresponding matrix function F'(X) = X is differentiable on Sz, which implies that [29,
Corollary 4.2] is incorrect.

@ Springer



514 C. Ding et al.

be the m x m diagonal matrix whose i-th diagonal entry is A; (Y). Then, the following
elementary property on the eigenvalue decomposition of ¥ can be checked directly.

Proposition 2 The matrix Q € O™ satisfies QA(Y) = A(Y)Q if and only if there
exist Q) € Ol | = 1,...,r such that Q is a block diagonal matrix whose [-th
diagonal block is Qy, i.e., Q = Diag(Q1, Q2, ..., Q).

Let Z € V™*" be given. We use v; > V2 > ... > v, > 0 to denote the nonzero

distinct singular values of Z. Let a,l =1,...,r,a,band c be the index sets defined
by
a:=liloi(Z)=v;, 1<i<m), l=1,....,r, a:={iloy(Z) >0,1<i <m),

b:=1{iloij(Z)=0,1<i<m} and c:={m+1,...,n}.
“)
By combining Propositions 1 and 2 and [12, Proposition 5] with the mixed sym-
metric property of g, one can check the following result on the well-definedness of
spectral operators readily. For simplicity, we omit the detailed proofs here.

Theorem 1 Let g : Y — Y be mixed symmetric on kr. Then the spectral operator
G : N — X defined in Definition 2 with respect to g is well-defined.

3 Continuity, directional and Fréchet differentiability

In this section, we will first focus on the study of spectral operators for the case that
X = V™" The corresponding extensions for the spectral operators defined on the
general Cartesian product of several matrix spaces will be presented in Sect. 4. Let
N be a given nonempty open set in V”*”, Suppose that g : R” — R™ is mixed
symmetric, with respect to P = +P" (called absolutely symmetric in this case), on
an open set 67 in R™ containing o = {o(X) | X € N}. The spectral operator
G : N — V™*" with respect to g defined in Definition 2 then takes the form of
GX)=U [Diag(g(o(X))) 0] VT, X e N, where (U, V) € Q™"(X). For the
given X € N, consider the singular value decomposition (SVD) for X, ie.,

X=U[=X 0]V', 5)

where = (X) is an m x m diagonal matrix whose i-th diagonal entry is 0; (X), U € O™
and V = [V V3] € 0" with V| € V™ and V5 € V""" Let 5 := o (X) €
R™. Leta, b,c,a;,l =1, ..., r bethe index sets defined by (4) with Z being replaced
by X.Denote a := {1, ...,n} \ a. Foreachi € {1, ..., m}, we also define 1;(X) to
be the number of singular values which are equal to o;(X) but are ranked before i
(including i), and 1;(X) to be the number of singular values which are equal to o; (X)
but are ranked after i (excluding i), i.e., define /; (X) and 1;(X) such that

aX)z...20 X >0 5uX)=...=0aX) =...=0,5xX

> ‘Ti+i,-®+1(7) > ... >onX). (6)
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Spectral operators of matrices 515

In later discussions, when the dependence of /; and i, on X is clear from the context,
we often drop X from these notations for convenience. We define two linear matrix
operators S : VPXP — SP T : YP*P — YP*P by

S(Y) := %(Y +vh, Tw) = %(Y YT, yevrrr, 7

Next, we introduce some notations which are used in later discussions. For any given
X € N, let 0 = o(X). For the mapping g, we define three matrices S?(o), 63(0) €
R™*™ and FO(o) € R™* =™ (depending on X € N) by

€0y = | (§TEEONGTID G F et m), ®

(E9(0));; = (()85(0)+gj(0))/(05 +0j) gtlfér—;gé #0, el ... m},
9
i i if oy .. )
(Foo))ij == g(")/(’ ;t}‘l’erfvisoe ie(l,....ml, jell,....,n—m}.

(10)

When the dependence of 5?(0), Eg (o) and FO (0) on o is clear from the context,
we often drop o from these notations. In particular, let 3(1), Eg € V’”i’" and 70 €
Ymx(=m) pe the matrices defined by (8)-(10) with respect to & = o (X). Since g is
absolutely symmetric at o, we know that for alli € a;, 1 <[ < r, the function values
gi (o) are the same (denoted by g;). Therefore, for any X € N/, define

Gs(X) := Zé_’lul(X) and Gg(X) := G(X) — Gg(X), a1
=1

where Uj(X) = ), a u,-v?r with @™ " (X). The following lemma on the differen-
tiablity of G g follows from the derivative formula of Léwner’s Hermitian operators (see
e.g., [1]). By constructing a special Lowner’s non-Hermitian operator and employing
the relationship between the SVD of a given X € V™*" and the eigenvalue decom-

position of its extended symmetric counterpart [ :| € S one can derive the

xTo
corresponding derivative formula of I, especially the three components £ ? (o), Eg (o)
and FO (o) defined by (8)-(10) (see [23, Section 5.1] for details).

Lemmal Let Gs : . N — V"X be defined by (11). Then, there exists an open
neighborhood B of X in N such that G is twice continuously differentiable on B,
and for any V"*" 3 H — 0, Gs(X + H) — Gs(X) = G'((X)H + O (| H||?) with

Gy(X)H =TU[E) o ST HV\)+E 0T HVy) F o HVV' . (12)
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516 C. Ding et al.

Lemma 1 says that in an open neighborhood of X, G can be decomposed into a “smooth
part” G plus a “nonsmooth part” G r. As we will see in the later developments, this
decomposition simplifies many of our proofs.

Next, we will first study the continuity of spectral operators. The following simple
observation essentially follows from the absolutely symmetric property of g on 6,
directly.

Proposition3 Let U € O" and V = [V] V] € O" with Vi € V"™ and V, €
VX 1=m) e given. Let y € 6r. Then, for Y = U [Diag(y) 0] VT it always holds
that G(Y) = U [Diag(g(y)) 0] V' = UDiag(g(»)V{".

Proof Let P € P be a signed permutation matrix such that Py = |y|*. Then, we
know that o (Y) = |y|* and Y has the following SVD

Y = U[P Diag(lylYW 0]v"T = UP[Diag(lyl*) 0][viw"™ Wva]",

where W := |P| € P™ is the m by m permutation matrix whose (i, j)-th element is
the absolute value of the (i, j)-th element of P. Then, we know from Definition 2 that

G(Y) = UP"[Diag(g(ly[")) 0][viw™ Wa]".

Since g is absolutely symmetric at y, one has Diag(g(]y|¥)) = Diag(g(Py)) =
Diag(Pg(y)) = PDiag(g(y))W". Thus, G(Y) = U PT[ PDiag(g(y))W" 0][ViWT

VZ]T =U [Diag(g( ) O] VT, which proves the conclusion. O

By using [12, Proposition 7], we have the following result on the continuity of the
spectral operator G.

Theorem 2 Suppose that X € N has the SVD (5). The spectral operator G is con-
tinuous at X if and only if g is continuous at o (X).

Proof “ <="1et X € N.Denote H = X — X and 0 = o(X). Let U € O™
and V € Q" besuchthat X = X + H = U[Z(X) 0]VT. Then, we know from
(5) that [£(X) 0]+ T HV =T U[S(X) 0]VTV. It follows from [12, (31) in
Proposition 7] that for any X sufficiently close to X, there exist O € 04, 9" € Q!
and Q" € Q" 14l such that

0

=T, |00 =T, |0Q
UU_[ ]+0(||H||) and VV_[OQ”

00 ] + O(IHID, 13)

where Q = Diag(Q1, 0, ..., Q,), Q; € Q! On the other hand, from the defini-
tion of the spectral operator G one has U (G(X) — G(X))V = [Diag(g(c)) 0] —
UTU[Diag(g(@)) O]VTV. Thus, we obtain from (13) and Proposition 1 that for any
X sufficiently close to X, UT(G(X)—G(X))V = [Diag(g(c)—g(@)) 0]+ O(IH|).
Therefore, since g is assumed to be continuous at o, we can conclude that the spectral
operator G is continuous at X.
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Spectral operators of matrices 517

“ =" Suppose that G is continuous at X . Let (U, V) € ©@"*"(X) be fixed. Choose
any o € 6 and denote X := ﬁ[Diag(a) O]VT. Then, it follows from Proposition
3 that G(X) = UDiag(g())V, and Diag(g(c) — g(@)) = U (G(X) — G(X))V}.
Hence, we know from the assumption that g is continuous at o. O

Secondly, we study the directional differentiability of spectral operators. Let Z and
Z’ be two finite dimensional real Euclidean spaces and O be an open set in Z. A
function F : O C Z — Z’ is said to be Hadamard directionally differentiable at
z € O if the limit

F th’y — F
lim (z & th) @) exists forany i € Z. (14)
110, h'—h t

Itis clear that if F is Hadamard directionally differentiable at z, then F is directionally
differentiable at z, and the limit in (14) equals the directional derivative F’(z; h) for
any h € Z.

Assume that the g is directionally differentiable at o. Then, from the definition of
directional derivative and the absolutely symmetry of g on the nonempty open set o a7,
it is easy to see that the directional derivative g'(7; -) : R™ — R™ satisfies

§'(@: Qh) = Qg'@:h) Y Q € £P% and VheR", (15

where £IP2 is the subset defined with respect to o by P2 := {Q € £P" |0 = Q7.
Sinceo; #0; > 0ifi eajand j € ap forall [,I" =1,...,r with [ # I', we know
that Q € £PZ if and only if

Q =Diag(Q1,..., Or, Or+1) with QP 1=1,...r and Q,4; € P’

(16)
Denote V := R4l x ... x RI“| x Rl For any h € V, we rewrite g'(; h) in the
following form ¢ (h) := g'(@; h) = (¢1(h), ..., ¢, (h), dr11(h)) with ¢y (h) € R,
I =1,...,r and ¢,41(h) € RIPl Therefore, it follows from (15) and (16) that the
function ¢ : V — V is a mixed symmetric mapping, with respect to P14l x ... x
Plorl s £ PPl Let W = Sl@1l x .. x Slarl x yIPIX(=1aD Define the spectral operator
® : W — W with respect to the mixed symmetric mapping ¢ as follows: for any
W=Wi,...,W,, Wep1) e W,

D(W) = (®1(W), ..., D, (W), @i 1(W)) 7)

with &;(W) = P,Diag(¢y(x(W))) P if 1 <1 < r and &;(W) = MDiag(¢; (x(W)))
NTif I = r 4 1, where k(W) = (W), ..., 2(W,),a(W,41)) € R™; P €
Olrl(W)); and (M, N) € OP"=1a(W, 1), N := [Ny N>] with Ny e V@r—labxlbl,
]Vz € Y(r—laDx(—m) From Theorem 1, we know that @ is well defined on W.

In order to present the directional differentiability results for the spectral operator
G, we define the following first divided directional difference g/ (X; H) € V"™*" of
g at X along the direction H € V"*" by
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(X H) = [E? o ST HV) +EoTTU HVy) Fo ﬁTHV2]+a3(D(H)),
(18)

where ??, 3(2), ?0 are defined as in (8)-(10) at & = o (X),
—T  — T — =T, — —
D(H) = (S(UalHVal), ST, HV,), U, HIV, Vz]) eW (19
and forany W = (W1, ..., Wy, W,41) € W, D(W) € V™" is defined by

(20)

6(W)::[Diag(cbl(W),...,CD,(W)) 0 }

0 @1 (W)

For the directional differentiability of the spectral operator G, we have the following
result.

Theorem 3 Suppose that X € N has the SVD (5). The spectral operator G is
Hadamard directionally differentiable at X if and only if g is Hadamard directionally
differentiable at & = o (X). In that case, the directional derivative of G at X along
any direction H € V"*" [s given by

G'X:H)=Us(X: H)V". Q1)

Proof ** <="Let H € V™" be any given direction. For any V"*" 5 H" — H and
7 > 0, denote X := X + tH'. Consider the SVD of X, i.e.,

X=U[=X) 0vT. (22)

Denote o = o (X). For T and H’ sufficiently close to 0 and H, let Gg and G g be the
mappings defined in (11). Then, by Lemma 1, we know that

1 — _
lim  —(Gs(X) —Gs(X)) =Gs(X)H, (23)
10, H—H T

where G/S (X)H is given by (12). On the other hand, for T and H’ sufficiently close to

0 and H, we have U (X) = > ~v?r,l:1,...,rand

iEalul

r

Gr(X) =G(X)=Gs(X) =YY [gi(0)—g@luiv]+>_ gi(@uvf.  (24)

=1 ieq ieb

For T and H' sufficiently close to 0 and H, denote A;(t, H') = % Zieul [gi(o) —
gi@uiv,l=1,....,rand Apyi (v, H) = 13, gi(o)u;vl.
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Spectral operators of matrices 519

Firstly, consider the case that X =[Z(X) 0]. Then, from the directional differen-
tiability of the singular value functions (see e.g., [23, Section 5.1] or [12, Proposition
6]), we know that for any T and H' € V"*" sufficiently close to 0 and H,

o(X)=0X)+10'X:H)+ 0| H'|?), (25)

where (6/(X; H'))g = M(S(H},,)).l = 1,....rand (o/(X; H)), = o ([H}, H} ).
Denote 4’ :=o'(X; H') and h := ¢’ (X; H). By using the fact that the singular value
functions of a general matrix are globally Lipschitz continuous, we know that

lim (W +O@G|H'||?) =h. (26)
tl0, H—>H

Since g is assumed to be Hadamard directionally differentiable at o, we have

—o(o 1
im  $9-¢@ lim  —[g@ +t(h + O|H'|})) — g@)]
tl0, H—H T tl0,H—H T

g@h)y=¢M,

where ¢ = ¢'(c;-) : R" — R™ satisfies the condition (15). By noting that uiv;ﬂ‘,
i =1, ..., m are uniformly bounded, we know that for T and H' sufficiently close to
Oand H, Aj(z, H) = UalDiag(qsl(h))Vg +o(),l=1,...,rand A, (t, H) =
U;,Diag(¢>,+1(h))VbT + o(1). By [12, (31) in Proposition 7], we obtain that there
exist Q; € Q! [ =1,....,r,M € 0%l and N = [N, N,] € 0" 14l with N; €
Yo=laDxIbl and Ny € VO—laDx=m) (depending on 7 and H’) such that

O(zllH'|)) O(z|lH'])
Uy =| Q+OCIHD |, Vo=| Q+O0CIH |I=1,....7,
O(z|H'|)) O(z|lH'])
_ O(z|lH'l)) _ O(zllH'l)
Up = |:M+ 0(r||H’||)]’ Vo Vel = [N+ 0(r||H’II)} '
Thus, we have
[0 0 0
Ai(t,H') = | 0 QDiag(¢i(h)Q] 0 |+ O|H'|)+o(), I=1,....r,
| 0 0 0
(27
n_ [0 0 /
Arpi(t. H) =1 g MDiag(d),H(h))NF] + O@|H) +o(1). (28)
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We know from [12, (32) and (33) in Proposition 7] that

1
S(Hiya) = S(Haa) + 0(1) = — Q2 (Xayey = Vil 10] + O H'|%),
l=1,...,r, 29)
1
(Hy, Hp)=I[Hp Hpl+o(l)= ;M[E(X)bb — V1l INT + O || H'|P).
(30)

Since Q;,l =1,...,r, M and N are uniformly bounded, by taking subsequences if
necessary, we may assume that when t | 0 and H "— H, Q;, M and N converge to
Q I M and N , respectively. Therefore by ta.kmg limits in (29) and (30), we obtain from
(25) and (26) that S(Hyq) = QIA(S(Ha,a,))Ql ,I=1,...,rand [Hpy, Hp] =

MI[Z((Hp Hpl) OINT = MS([Hp, Hpc])NY. Hence, by using the notation
(17), we know from (24), (27), (28) and (20) that

1 r+1 .
lim  —Ggr(X)= lim Y A, H) = ®(D(H)), (1)
tl0,H—-H T tl0, H—H =

where D(H) = (S(Haya)): - - -+ S(Haya)s Hoa).
To prove the conclusion for the general case of X, rewrite (22) as

[=X) 01+ U HV=U"UsX) 0vTV
~ T  ~ T T S - —T —
LetU :=U U,V:=V Vand H=U HV.Denote X :=[X(X) O0]+U H'V.

Then, we obtain that Gg(X) = UGg ()?)VT. Thus, we know from (31) that

1 S
lim  ~Gr(X)=UdDHE))V" . (32)
110, H—H T

Therefore, by combining (23) and (32) and noting that G(X) = Gs(X), we obtain
that for any given H € V">,

. G(X)—G(X) . Gs(X) — Gs(X) + Gr(X)
lim —_— = lim
tl0, H—-H T tl0, H—>H T

= ﬁg“](Y; ﬁ)VT

where g!'(X; H) is given by (18). This implies that G is Hadamard directionally
differentiable at X and (21) holds.

“ =" Suppose that G is Hadamard directionally differentiable at X. Let (U, V) €
Q™" (X) be fixed. For any given direction 1 € R, suppose that R” 3 h’ — h.
Denote H' := U[Diag(h') O]V and H := U[Diag(h) O]V . Then, we have
H' — H as K" — h. Since for all T > 0 and 4’ sufficiently close to O and 7,

@ Springer



Spectral operators of matrices 521

o :=0 + th’ € 6, we know from Proposition 3 that for all © > 0 and 4’ suffi-

ciently close to 0 and #, G(X + tH’) = UDiag(g(c + th’))Vqlr. This implies that

= hY—o(T —T . X N— X)\v7
h g+t T) g(U)) = U (hm‘fio, H —H M)Vl ThuS,

g@+th') —g@)

Diag( limg o, p—s

we know from the assumption that  lim exists and that g is
0, h'—h T
Hadamard directionally differentiable at &. O

Remark 1 Note that for a general spectral operator G, we cannot obtain the directional
differentiability at X if we only assume that g is directionally differentiable at o (X).
In fact, a counterexample can be found in [19]. However, since V"*" is a finite
dimensional Euclidean space, it is well-known that for locally Lipschitz continuous
functions, the directional differentiability in the sense of Hadamard and Gateaux are
equivalent (see e.g. [32, Theorem 1.13], [10, Lemma 3.2], [15, p.259]). Therefore,
if G and g are locally Lipschitz continuous near X and o (X), respectively (e.g., the
proximal mapping P and its vector counterpart), then G is directionally differentiable
at X if and only if g is directionally differentiable at o (X).

Finally, we shall study the Fréchet differentiability of spectral operators. For a
given X € N, suppose that the given absolutely symmetric mapping g is F(réchet)-
differentiable at o = o (X). The following results on the Jacobian matrix g’(c) can
be obtained directly from the assumed absolute symmetry of g on s and the block
structure (16) for any Q € +£P”.

Lemma 2 For any X € N, suppose that g is F-differentiable at 0 = o (X). Then,
the Jacobian matrix g' (o) has the following property g'(c) = QT g'(6)Q for any

0 e £P7.
In particular,
(&' (@)ii = (&' @)y ifoi =opandi,i’ €fl,..., m},

(' ©@))ij =@ Ny ifoi=opr,05=0j,i#ji #jandi,i’,j, j €{l,...,m},
(g'(@))ij = (g'(0))ji =0ifo; =0,i # jandi, je{l,...,m}

Lemma 2 is a simple extension of [21, Lemma 2.1] for symmetric mappings. But
one should note that the Jacobian matrix g’ (o) of g at the F-differentiable point o may
not be symmetric since here g is not assumed to be the gradient mapping as in [21,
Lemma 2.1]. For example, the absolutely symmetric mapping g defined by [27, (26)]
is differentiable at x = (2, 1) by taking m = 2 and T = ¢ = 1. However, it is easy to
see that the Jacobian matrix g’(x) is not symmetric.

Let n(o) € R™ be the vector defined as

(&' ()i — (g’(a)),-j if3je{l,..., m} and j # i such that o; = oj, ;
(&' (@)ii otherwise ,

n(0)); = {

(33)
Define the corresponding divided difference matrix £, (o) € R™*™  the divided addi-
tion matrix & (o) € R™ ™ the division matrix F(o) € R™ =™ respectively,
by
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@ (G))ij = { Ef;i(gfa)))i_ silonion=a) i)ftl?éréisaé CoLjefl...om}, (34
oy = | o OO D T e,

| (35)
gi(0)/oiifoi 0,y e nem). (36)

(g'(0));; otherwise,

(F(0))ij = {

Define the matrix C(o) € R™*™ to be the difference between g’(o) and Diag(n (o)),
ie.,
C(0) := g'(0) — Diag(n(0)) . (37)

When the dependence of 5, £, &, F and C on o is clear from the context, we often
drop o from the corresponding notations. Note that the divided difference matrix
&1(o) is similar with that of [21, (3.1)] for the symmetric matrix case. Furthermore,
the divided addition matrix £ (o) and the division matrix F (o) arise naturally for
general non-Hermitian matrices.

Let X € N be given and denote & = o (X). Denote 7 = n(c) € R” to be the
vector defined by (33). Let £1, &>, F and C be the real matrices defined in (34)—(37)
with respect to o. Now, we are ready to state the result on the F-differentiability of
spectral operators. It is worth to note that the following result, when reduced to the
special symmetric case, is consistent with those obtained in [21].

Theorem 4 Suppose that the given matrix X € N has the SVD (5). Then the spectral
operator G is F-differentiable at X if and only if g is F-differentiable at &. In that
case, the derivative of G at X is given by

G'(X)H = U[€0S(A)+Diag (Cdiag(S(A)))+E20T (A) FoB|V' VH eym™<n

(38)
where A = ﬁTHVL B = ﬁTHVQ and for any X € V™™ diag(X) denotes the
column vector consisting of all the diagonal entries of X being arranged from the
first to the last. Moreover, G is continuously differentiable at X if and only if g is
continuously differentiable at & = o (X).

Proof By employing the decomposition Gg and G g defined in (11), Lemma 1 and
the properties of the Jacobian matrix g’(c) obtained in Lemma 2, one can derive the
first part easily in the similar manner to Theorem 3. For brevity, we omit the detail
proofs of the first part and only focus on the second part here.

“ <" By the assumption, we know from the first part that there exists an open
neighborhood B € A of X such that the spectral operator G is differentiable on 1,
and for any X € B3, the derivative G'(X) is given by

G'(X)H = U[£10S(A)+Diag (Cdiag(S(A)))+E0T (A) FoBlVT VH e V",

(39)
where (U, V) € O™"(X), A = UTHV,, B = UTHV, and n, &1, &, F and C are
defined by (33)-(37) with respect to o = o (X), respectively. Next, we shall prove that
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lim G'(X)H — G'(X)H VYH e V™", (40)
X=X

Firstly, we will show that (40) holds for the special case that X = [Z(X) 0]
and X = [Z(X) 0] - X. Let {F@)} be the standard basis of V"*", i.e., for each
ie{l,...,m}and j € {1,...,n}, F) € V"™*" is a matrix whose entries are zeros,
except the (i, j)-th entry is 1 or /—1. Therefore, we only need to show (40) holds for
all FU/) Note that since o (-) is globally Lipschitz continuous, we know that for X suf-
ficiently close to X, o; #o0;ifo; #cj. Foreachi e {1,...,m}and j € {1,...,n},
write FU/) in the following form F@) = [Fl(” ) Fz(” )] with F 1(” ) e ymxm and
Fz(” ) ¢ ymxm=m) Y et us consider the following cases.

Casel:i,j € {1,...,m}and i = j. In this case, since g’ is continuous at &, we
know that if F/) is real, then limy G'(X)F) = limy [Diag(g’(o)e,-) 0] =
[Diag(g'(@)e;) 0] = G'(X)F/, where e; is the vector whose i-th entry is one, and
zero otherwise; if F ) ig complex, then

gi(o)+gjlo)

lim G'(X)F) = lim [ T(F) 0]

X—>X X—>X 0; +0j
() +gi(o i —
- [—gl(_) 8@ (g 0] =6’ ®FD.
o; —}—O’j
Case2:i,je{l,...,m},i # j,0; =0jand o; = o > 0. Therefore, we know
that there exists / € {1,...,r} such that i, j € ;. Since g’ is continuous at &, we

know from (33) that

gi(0) +g;(©)

lim G'COFD = [ (/@i — (' @iy) S + T(F7) 0]

X—=X o; +(7j
=G'X)F.
Case3:i,je{l,...,m},i # j,0; #0;ando; =0 ; > 0. In this case, we know
that G'(X) F 1) = [ S8 g (pi) 1 SCOZEO (D) 0] Lets, 1 € R™ be
i J i J
two vectors defined by
. . opifp #1, ],

s :={""?fp7é’.’ and 1,:=0;ifp=i, pe{l,....m}. (4]

ojifp=i =i

o 1L p I

It is clear that both s and ¢ converge to & as X — X. By noting that g is absolutely
symmetric on 6,7, we know from (3) that g; (o) = g; (), since the vector ¢ is obtained
from o by swapping the i-th and the j-th components. By the mean value theorem
(cf. e.g., [33, Page 68-69]), we have
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gi(o) —gj(o) _ gi(0) —gi(s) + gi(s) — gj(o)

Ui—CTj 6,'—(7]‘
0gi
) %(m —0/) + 8i(s) — g;(0)
o O’l‘—Uj
g (€)
i —oi)+gi(t) —g;j 2
_da®) | o, @17 ors O =8O ) awd)
- o 0; —0j B o o ’

(42)

where £ € R™ lies between o and s and £ € R™ is between s and 7. Consequently,

we have ¢ —> g and € — o as X — X. By the continuity of g’, we obtain that

i — i(0)+ i(0)+gj(0
th—)X %fé(g) (g/(o_))” (g (o_))u and th_)X 8i (‘;)+§J/(‘7) — 8 (;l)+§jj(0)

Therefore, we have

. . _ _ ij gi(0) +g;(0) i
lim G'(X)F = [ ((¢'@)ii — (¢ @)ij) S(F) + 222221 (R 0]
X—>X 0;i+0;
=G'X)F .
Cased:i,je{l,...,m},i #j,0; >0o0ro; >0ando; # 7. Then, we have

0; >0oro; > 0ando; # 0. Since g’ is continuous at &, we know that

lim G'(X)F@) = [MS(FW)) n 8i(0) +gj(0)T(F(,-,->) 0}
X—X G;—0; Gi+0; 1
=G'X)F),
Case5: j ¢ {m+1,...,n} and 5; > 0. Since g’ is continuous at &, we have

lim G'(X)F'% = lim [0 g’(")FW)] [0 8@ FiD = 6/ @) Fi.
X—X X—>X o g
Case6:i,j €{l,...,m},i # j,0; =0, =0and o; = o; > 0. Therefore, we

know that

gi(o) +gjo)
o —{-O’j

G'OFD =] ((¢'@is — (8'@y)) SF™) + TR o],

We know from (33) and Lemma 2 that
lim (¢'(0))ii = (¢'(@))ii =7; and  lim (¢'(0))ij = (¢'(@));j =0.  (43)
X—>X X—X

Let §, f € R™ be two vectors defined by

. . o, ifp#i,j,
o, ifp#i, )T
Sp'_{—ajifp:i and 1), := Z/g;;—lj, pefl,....,m}. (44)
—0; =7,
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Also, it clear that both § and 7 converge to @ as X — X. Again, by noting that g is abso-
lutely symmetric on 6z7, we know from (3) that g; (o) = —gj () and gjlo)=—gi @).
By using similar arguments for deriving (42), we have

gi(0) +gj(0) _ 38i(8) n 0gi (%) 7 (45)
o; +0;j i o

where ¢ € R’:’ is between o and s and 2 e R™ is between § and 7. Consequently, we
know that ¢, ¢ — @ as X — X. By the continuity of g’, we know from (33) that

gi(o) + gj(o)
X—>X o +0j

lim = (' @) =7; . (46)

Therefore, from (43) and (46), we have limy_ G'(X)Fi) = [ﬁ,- Fl(ij ) 0] =
G' @) Fh),

Case7:i,je{l,....m},i #j,06;=0;=0,0; #0jando; > Ooro; > 0.
Let s, ¢ and §, 7 be defined by (41) and (44), respectively. By the continuity of g’, we
know from (42) and (45) that lim, 5 G'(X) F) = Tim,,_, [MS(F(”)) +

o;—0
gi(0)+g;(o) i) (i)
orto; L) 0] = [mF" 0] =G X)FUP.

Case8:i # j €{l,...,m},5; =0 = 0and 0; = o = 0. By the continuity of
g’, we obtain that

lim G'(X)F® = Jim [(g @i F{7 0] = [mF" 0] =G/ TFD.
X—>X

Case9: j € {m+1,...,n},5; = 0and 0; > 0. We know that G'(X)F{/) =
8i(9) ij opif p #1i,
0 =] 0 ifp=i,
{1, ..., m}. Therefore, we have 5 converges to o as X — X. Since g is abso-
lutely symmetric on &7, we know that g;(§) = 0. Also, by the mean value
theorem, we have g;(0)/o; = (gi(o) — gi(5))/o; = dgl'u(f’), where p € R" is

. Let § € R™ be a vector given by §, = {

between o and §. Consequently, we have p converges to @ as X — X. By the

continuity of g’, we know from (33) that lim, % = (¢'(@))ii = 7;. Thus,

limy 5 G'OOF) =timy_ [0 ST F [0 7, FP] = 'R P,
Casel0: j e {(m+1,. } o= O and o; = 0. By the continuity of g’, we know
that

lim G'(X)F™ =[0 (¢@)iuF\"] =G X)F .
X—>X

Finally, for the general case that X = U [£(X) 0]VTandX = U [£(X) 0]V,

it follows from the first part of this theorem that G is F-differential at X if and
only if G is F-differential at [Z(X) O] and for any H € V™" G'(X)H =
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U (G'(=2(X) ODWTHV))VT. Thus, we know from the above analysis that (40)
holds, which implies that G is continuously differentiable at X. -
“ ="' Suppose that G is continuously differentiable at X. Let (U, V) € Q"™*"(X)
be fixed. For any o € R™, define X := U[Diag(o) O]VT. For any 7 € R™, let
H = ﬁ[Diag(h) O]VT. By the derivative formula (38), we know from the assump-

tion that for all o sufficiently close to &, Diag(g’(o)h) = ﬁT(G/(X)H)Vl for all
h € R™. Consequently, g is continuously differentiable at &. O

Remark 2 In order to compute (38), it appears that one needs to compute and store
V, € Vx=m) explicitly, which would incur huge memory costs if 7 >> m. Fortu-
nately, due to the special form of F, the explicit computation of V5 can be avoided as
we shall show next. Let f = (f1,..., fn)! be defined by f; = gi(6)/5; if 5; # 0
and f_, = (g/(6));; otherwise. Observe that the term in (38) involving Vsis given by

UF o (U HV)Vy = UDiag(HU H(, — V1V})
= UDiag(HU" (H — (HV )V ).

Thus, in numerical implementations, the large matrix V5 is not needed.

4 Extensions

In this section, we consider the spectral operators defined on the Cartesian product of
several real or complex matrices. The corresponding properties, including continuity,
directional differentiability and (continuous) differentiability, can be studied in the
same fashion as those in Sect. 3 though the analysis for the general case is more
involved. For simplicity, we omit the proofs here. For readers who are interested in
seeking the complete proofs, we refer them to the PhD thesis of Ding [11] for worked
out details.

Without loss of generality, from now on, we assume that X = S™! x V™2*"2 and
Y =R™ x R™ withm = mj +mj. Forany X = (X1, X2) € ™! x V"2*"2_denote
k(X) = (MX1),0(X2)) € V. Let / be a given nonempty open setin X'. Suppose that
g : Y — )Y is mixed symmetric, with respect to P = P! x +P™2, on an open set K \r
in R™ containing kpr = {«(X) € Y | X € N}.Let G : X — X be the corresponding
spectral operator defined in Definition 2.

Let X = (X1, X2) € N be given. Suppose the given X| € "™ and X, € V2>
have the following decompositions

X1 = PDiag(M\(X1))P" and X» = U[Diag(c(X2)) 0]V, (47)
where P € O™, U € O™ and V = [V| V3] € O™ with V| € V"™ and
V, e Yx(m=m2) Denote A = A(X]), o = 0(X3) and ¥ := (X, 7). We use

V1 > ... > V,, todenote the distinct eigenvalues of X; and Vil > oo > Vpygy, >0
to denote the distinct nonzero singular values of X;. Define the index sets a; :=

@ Springer



Spectral operators of matrices 527

il =V, 1l =i <mll=1..ra::={0, =7 1<i=<m)
l=ri+1,...,ri+randb:={i|o; =0, 1 <i <my}.
First, we have the following result on the continuity of spectral operators.

Theorem 5 Let X = (X1, X2) € N be given. Suppose that Y_l and X» have the
decompositions (47). The spectral operator G is continuous at X if and only if g is
continuous at k (X).

In order to present the results on the directional differentiability of spectral operators
of matrices, we introduce some notations. For the given mixed symmetric mapping

g=10(g1,8):Y —> ), letf(l) € S, 3(2) € Vmxmy gnd FO @ Ymax(n-ma) pe the
matrices given by (8)-(10) with respect to ¥ = (A, o), and 7\0 € S™! be the matrix
defined by

(710)1,]_ — {(()(gl(K))i —(g1(®)) )/ (i —Aj) if A #Aj, el .om).

otherwise,

Suppose that g is directionally differentiable at k. Then, we know that the directional
derivative g'(x; -) = (g/1 (ic; -, g5 (i ~)) : Y — Y satisfies that for any (Q1, Q2) €
Pr and any (h1, hy) € R™ x R™2,

(81(7; (Q1h1, O2h)), g5(x; (Q1h1, thz)))
= (181 ®: (1, h2), 028(®; (1, h2)) ) (48)

where Py is the subset of P = P! x +P™2 defined with respect to k¥ by Pr =
{(Q1, Q2) € P x £P"™ | (A, ) = (Q1A, Q20)}. Note that ; # A; if i € a; and
jeayforalll,l'=1,...,rywithl #1"ando; #0; > 0ifi € gj and j € ay for
alll,l'! =ri +1,...,r +ry with [ # [’. Therefore, we have (Q1, Q;) € Pg if and
only if there exist Ql1 ePlal 1 =1,...,r, Qé ePlal | =r +1,...,r1 +r and
o5t ¢ 4Pl such that

Q1 =Diag(Ql,..., 0]") € P" and Q, =Diag(Qy'"', ..., 077, 0yt e P2

(49)
Denote V := Rl x ... x RI%1+n| x Rl Forany h € V, rewrite g'(; h) =: ¢ (h) €
Vas ¢p(h) = (p1(h), ..., ¢r4rm+1(h)) with ¢j(h) € Rl for I = 1,....r1 + 1,
and @, 4r,+1(h) € RI®I. Therefore, we know from (48) and (49) that the directional
derivative ¢ is mixed symmetric mapping, with respect to P41 x . . . x Plar+r2l x 4 plbl,
Denote W := Slail x ... x Slan+nl x ylbbxUbl+n2=m2) et & : W — W be the
corresponding spectral operator defined in Definition 2 with respect to the mixed
symmetric mapping ¢, i.e., forany W = (Wi, ..., Wy 4y, Wy gryp1) € W, (W) =
(@1W), ..., @y (W), Dpy 4y 1 (W) with

RiDiag(¢y (c (W) R ifl=1,....r1 +r,

QW) =1 ~ ~r .
MDiag(pr +r,+1((W)))N; ifl=ri+r+1,

@ Springer



528 C. Ding et al.

where R, € Ql4l(W)), (M, N) e QPLIPI+m=ma (W, 4 1) and
(W) = (MW1), oo AWy 4ry) 0 (Wi grpi1)) € R
Then, the first divided directional difference g“](Y; H) € X of g at X along the
direction H = (Hy, H>) € X is defined by WX H) = ( 1](X H), gm(X; H))
with
NXm)y=A"oP HP+ Diag(cbl (D(H)), ..., ®, (D(H))) e sm

and

dNX ) = [E) o ST HV )+ Ey o TW MV F ol H2V2:|

. [Diag (®ri41(DCH), ..., ®py 4, (D(H))) 0 ]Evmm
0 Dy 4 +1(D(H)) '
where
—T . — = —T
D(H) = (P, H\Pq, ..., P H] ary s S(Uar Ve ). 8WU,,

HyVa, ) Uy Hz[Vsz]) eW.

Now, we are ready to state the results on the directional differentiability of the
spectral operator G.

Theorem 6 Ler X = (X1, X2) € N be given. Suppose that X1 and X, have the
decompositions (47). The spectral operator G is Hadamard directionally differentiable
at X if and only if g is Hadamard directionally differentiable at «(X). In that case,
G is directionally differentiable at X and the directional derlvatlve at X along any

direction H € X is given by G'(X; H) = (Pgl X: P, UgM(X: H)V )
In order to present the derivative formulas of spectral operators, we introduce the fol-
lowing notation. For the given X = (X1, X») € N, suppose that g is F-differentiable

at k. Denote by g’(k) € R™*™ the Jacobian matrix of g at k. Let 7; € R™! and
7, € R™2 be the vectors defined by for eachi € {1, ..., m},

(i) { (g1®))ii — (81 (®)i+1 if3Fje(l,...,mi}and j #i suchthat; = 1;,
m); =

(g1 ®))ii otherwise ,
and foreachi € {1, ..., ma},

_ (85())ii — (g5(®))ii+1y if3jefl,...,mr}and j # i suchthatz; =5,
('72)- = . .
(g5(x))ii otherwise .
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Define the corresponding divided difference matrices A € R™1*™1 by
)y = { ((g1®N;i = (1)) i =hj) ki #hjs oy

(m ®)); otherwise,

Let £ € R™2Xm2 £, ¢ RM2X™2 apnd F e R™2X(27m2) by the matrices defined by
(34)—(37) with respect to k. Moreover, define the matrices Ci € Rm>*m and C, €
R™2XM by Cy = g/ (k) — [Diag(7;) 0] and C, = gh(k) — [0 Diag(7,)]. Then, we
have the following results on the F-differentiability of spectral operators.

Theorem 7 Ler X = (Y],Yz) € N be given. Suppose that X1 and X, have the
decompositions (47). The spectral operator G is (continuously) differentiable at X if
and only if g is (continuously) differentiable at & = k (X). In that case, the derivative
of G at X is given by for any H = (Hy, H>) € X,

G'X)(H) = (F[Z o P H,P + Diag (E] h)]FT,
U I:El o S(UTszl) + Diag (62h) + 32 o T(ﬁTszl) Fo ﬁTH2V2] VT) s

where h := (diag(P' H P), diag(S[U " HV1))) € R™.

5 Conclusions

In this paper, we have introduced a class of matrix-valued functions, termed spectral
operators of matrices and have systematically studied several fundamental properties
of spectral operators, including the well-definedness, continuity, directional differen-
tiability and Fréchet-differentiability. These results provide the necessary theoretical
foundations for both the computational and theoretical aspects of many applications
such as MOPs. Consequently, one is able to use these results to design some efficient
numerical methods for solving large-scale MOPs arising from various applications.
For instance, Chen et al. [7] proposed an efficient and robust semismooth Newton-CG
dual proximal point algorithm for solving large scale matrix spectral norm approxima-
tion problems. The work done in this paper on spectral operators of matrices is by no
means complete. Due to the rapid advances in the applications of matrix optimization
in different fields, spectral operators of matrices will become even more important and
many other properties of spectral operators are waiting to be explored.
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