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Abstract. We present two second-order algorithms, one for solving a class of finite generalized
min-max problems and one for solving semi-infinite generalized min-max problems. Our algorithms
make use of optimality functions based on second-order approximations to the cost function and of
corresponding search direction functions. Under reasonable assumptions we prove that both of these
algorithms converge Q-superlinearly, with rate at least 3/2.
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1. Introduction. As is also the case with ordinary min-max problems, general-
ized min-max problems can be either finite or semi-infinite. Both are of the form

(1.1) P min f(x),
where
(1.2) f(e) = F((x)) ,

with F: R™ — R is a smooth function and ¥ : £* — R™ is a nonsmooth, vector-
valued function. In the case of generalized finite min-max problems, the components
of ¥(-) are of the form®
(1.3) ¢ () = max fH*(z),
kEajy

where the functions f7* : R* - R, j € m and k € qj, are continuously differentiable
and the sets qj := {1,2,...,¢;} are of finite cardinality.?

In semi-infinite generalized min-max problems the components of ¢ (-) are of the
form

(1.4) Y (x) = max ¢ (z,y5) .
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where the functions ¢/ : R" x R™ — R, j € m, and Y; C ™, j € m.
Finite generalized min-max problems are obviously a special case of semi-infinite
generalized min-max problems, since when the sets

(1.5) Y = {Yjrtheq »
we can define the functions f7*(z) by
(1.6) FPE(a) == ¢ (2, y58) -

The best known generalized min-max problem occurs when an optimization prob-
lem with a max function cost and equality and inequality constraints is set up for so-
lution using exact penalty functions, which results in an unconstrained optimization
problem with f°(z) in (1.1) of the form

(1.7) fO(z) = maxc'(z) + 7 Z |7 (@)] + 7 Y max{0, f*(2)}

i€
P k=1

where 7. and 7; are two positive penalty parameters.
Another simple example occurs in a least squares problem involving max func-
tions, in which case

(1.9 @)= > v

where each 17 (z) is as in (1.3).

As a last example, in trying to approximate a structural optimization problem,
the aim of which was to minimize the sum of the probability of failure? plus the cost
of the steel in the structure, using linearizations of a state-limit function, we obtained
a cost function of the form

(1.9) fO(@) = F(~a/(4(x) +1)),
where F'(y) > 0, a > 0,

(1.10) P(z) = max g(z,u) ,

ueB,

B, is a ball of radius p, centered at the origin in the space of the random variables
u, and g(x,u) is a smooth state-limit function which defined the boundary between
outcomes that result in structural failure from those that do not [4].

Functions of the form fO(x) = F(y(x)), with ¢(-) as in (1.4), are the best known
examples of quasi-differentiable functions and are treated in depth in [3]. Hence
generalized min-max problems can be solved using algorithms developed for quasi-
differentiable functions; see, e.g., [3, 6, 7, 8]. Under the additional assumption that
OF (y)/0y? > 0 for all y € R™ and j = 1,...,m, finite generalized min-max problems

o) >0 ¢(u)du, with ¢(-) the normal probability

density function.
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can be solved using transformations? into a smooth, constrained nonlinear program-
ming problem (see, e.g., [1, 5, 9]). Direct methods that depend on the assumption
that OF (y)/0y’ > 0 for all y € R™ and j = 1,...,m can be found, for example, in
[6, 8] and in [17].

We will consider semi-infinite generalized min-max problems under the following
hypotheses.

Assumption 1.1. We will assume that

(a) the functions F(-) and ¢/(-,y), j € m, y € Y;, are at least once continuously
differentiable;

(b) there exists a positive number cx > 0 such that dF(y)/0y’ > cp for all
y € R™ and j € m;

(c) the sets Y are either compact sets of infinite cardinality, or sets of finite
cardinality, of the form given in (1.5).

Parts (a) and (b) of Assumption 1.1 ensure that when both the F'(-) and the 17 ()
are convex, the function f°(-) is also convex. In addition, as we will see, when all
parts of Assumption 1.1 hold, the function f°(-) has a subgradient. In [17], this fact
was used in defining an optimality function and an associated descent direction for the
problem P and in extending the Pshenichnyi-Pironneau—Polak (PPP) Algorithm 4.1
in [13] (see also [18, 10, 11]) to finite generalized min-max problems and the Polak—He
PPP Rate-Preserving Algorithm 3.4.9 in [13] (see also [14]) to semi-infinite generalized
min-max problems.

In this paper we make use of the following observations, described in section 3.3
of [13] and also used in [15] and [16], for constructing Q-superlinearly converging
algorithms for solving finite and semi-infinite min-max problems, of the form (1.1)
and (1.2).

First, suppose that the sets Y;, j € m, are as in (1.5), i.e., they are of finite
cardinality; that the cost function f°(-) is strongly convex at the minimizer %, i.e.,
there exist a < oo such that

(1.11) Folai) = £2(2) > afla; — 2] 5

and that we have a local model fo(azi,az — x;) for the cost function at z;, with the
property that for some k < oo,

(1.12) 10@) = fOwi = 20)| < mllz — i
Then, a local algorithm of the form

(1.13) Tiy1 € arg méiRn O,z — ;)
Ie n

converges superlinearly, and, in particular, there exists a & < oo such that
(1.14) |zigr — &) < w'fles — 2] .

4These transformations result in a smooth problem with more variables than in the nonsmooth
problem. There is a fair bit of anecdotal evidence that they can induce considerable ill-conditioning
in the smooth problem because they introduce arbitrary scaling. In particular, all methods based
on the smooth transformations require the linear independent constraint qualification (LICQ) to be
satisfied, which is unlikely to be true for the problem considered here, and some of these methods also
require the strict complementarity condition to hold. Instead of using smooth transformations, we
directly exploit the problem structure to avoid assuming either LICQ or the strict complementarity
condition. However, we do need to solve a slightly more complicated subproblem at each iteration
than methods based on smooth transformations.
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Next, consider a problem P, with a unique solution #, and a sequence of approx-
imating problems P, with unique solutions Zy, such that £y — Z, as N — oo.
Suppose we have an algorithm for solving the problems Py such that the iterates
that it constructs satisfy the relation

(1.15) [zit1 — 2N <Al —an|”

for some v < oo and 7 > 1. If we choose N at each iteration so that
(1.16) lZn = 2| < Vllws — 2N 7

for some ' < 0o and any 1 < 7 < o, then there exists a 7/ such that
(1.17) [zitr — 2 <" llws — 2|

Note that our convergence analysis is heavily dependent on Assumption 2.4, to
be introduced in section 2, and hence our results are valid only for convex problems.

In section 2, we present a continuous optimality function and its associated search
direction function which, together with a backstepping rule, constitute the backbone of
our algorithms. In section 3, we extend the Polak-Mayne-Higgins Newton’s method
[15], for solving finite min-max problems, to generalized finite min-max problems.
We prove the Q-superlinear convergence of this extension in section 4. In section 5,
we make use of the theory of consistent approximations developed in [13] and the
algorithm presented in section 3 to develop an algorithm for solving generalized semi-
infinite min-max problems and prove its convergence and Q-superlinear convergence.
Section 6 is devoted to some numerical results to demonstrate the behavior of the
proposed algorithms. We sum up in the concluding section 7.

2. Optimality conditions. We will now present optimality conditions for the
semi-infinite generalized min-max problem, defined in (1.1), (1.2), (1.4), both in “clas-
sical” form and in terms of an optimality function which leads to a superlinearly
converging second-order algorithm.

LEMMA 2.1 (see [17]). Suppose that F' : R™ — R is continuously differentiable
and that v : R™ — R™ is a locally Lipschitz continuous function that has directional
derivatives at every x € R™. Let fO: R" — R be defined by

(2.1) o) = F(¥(2)) .

Then, given any x € R", and any direction vector h € R", the function fO(:) has a
directional derivative df°(z;h) which is given by

(2.2) df°(z; h) = (VF(¢(x)), d (s h)) .

Suppose that Assumption 1.1 is satisfied. Then it follows from Lemma 2.1 that the
directional derivative of f9(-), at a point z € R" in the direction h, is given by

Powh) =Y %(M@)WWIW)

(2.3)
_ Z 87F(1p(x)) max <Vm¢j(x7yj)7h’>’

jEm
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where

(2.4) Yj(@) = {y; €Y; | ¢/ (z,;) =9’ (2)}.
When all the sets Y; are as in (1.5), (2.3) assumes the form

(2.5) i) =Y g—;wu)) max (V7 (x), h) |

o= ke (x)
where the functions f7:*(.) are defined by

(2.6) fik(x) = ¢/ (x, yik), k € qj,

and the sets §j(z) by
(2.7) dj(z) = {k € q; | f7*(z) = ¢/ (2)} .

Hence the following result is obvious.
THEOREM 2.2. Suppose that & is a local minimizer for the problem (1.1), (1.2),
(1.4). Then for all h € R",

ACOIEDY %@/z(»)dw%h)
(2.8) o
=Y 55W(@) max (Voo/(,y;),h) 2 0.

JjEmM

Furthermore, (2.8) holds if and only if 0 € 0f°(%), where the subgradient 0f°(%) is
given by

(2.9) of°@) = {convyjeyj(i) {g;(iﬁ(:%))vzgﬁj(i,yj)}} :

JjEmM

Since (2.8) is a necessary condition of optimality, any point & € R™ that satisfies
(2.8) will be called stationary.

When all the sets Y; are of the form (1.5), the expressions (2.8) and (2.9) assume
the following form:

oF

(210) @&k = ) F50@) max (VFH@),E) 20 VheER,
(.11 0@ = 3 comien o { S DITIE)]

DEFINITION 2.3. We will say that 8 : " — R is an optimality function for
problem (1.1), (1.2), (1.4) if

(a) 0(-) is upper semicontinuous,

(b) 0(x) <0 for all x € R", and

(c) for any & € R™, (2.8) holds if and only if (%) = 0.

Assumption 2.4. We will assume that
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(a) the functions ¢’(-,y;), j € m, y; € Y;, and F(-), in (1.1), (1.2), (1.4), are
twice Lipschitz continuously differentiable on bounded sets,

(b) the functions ¢/ (-,y;), V2¢’(-,y;), and V2¢?(-,y;) are locally Lipschitz con-
tinuous, j € m, y; € Y;, and

(c) there exist constants 0 < ¢ < C' < oo, such that for all j € m, y; € Y;, x € R,
h € R", and w € R™,

(2.12) c|[n)|* < (h, V3¢ (z,y;)h) < C||h|?
and
(2.13) 0 < (w, V2F(¢(x))w) < Clull”

For the sake of convenience, for any z,h € R and w € R, we define
(2.14) u(z, hyw) = (VF(4(x)), §(z, h) — () + w)
and
(2.15) vz, hyw) = §(b(z, h) = (@) + w, V2F (@) ((x, h) = b(z) + w)),
where ¢ (x,h) = (Y (x, h), ..., 9™ (x,h)), and

(216) (2, h) := max {9 (w, ;) + (Yot (2.9;), h) + 5 (h, V2 (. 9)h) -
J J
The reason for the introduction of the artificial variable w is as follows. The
function

(2.17) fOz, h) == F((x)) + ulz, h,0) +v(z, h,0)

is a perfectly good second-order approximation to F(¢(x+h)), but unfortunately, it is
not always convex and hence leads to problems in developing an algorithm for solving
semi-infinite generalized min-max problems. By introducing the artificial variable w,
we can define the function

(2.18) fOx, ) := min {F((x)) + u(x, h,w) + vz, h,w)}

w@RT

which, as we will later see, is a convex second-order approximation to F(i(x + h))
and hence much more useful in algorithm construction.

We define the function 6 : R* — R and the associated search direction function
H:R" — R" by

(2.19) 0(x) := }{gimql{wnelg}n [u(z, hyw) + v(x, h,w)]}
and
(2.20) H(x) := arg min { min [u(x, h,w) + v(z, h,w)]} .

heER™ “weER™T
Note that

(2.21) 0(x) = muin {(w.h) — (@)}
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We will shortly see that the function 6(-) is an optimality function for the problem
(1.1), (1.2), (1.4). For any y, by € R™, let

(2.22) F(y,by) = in {F(y) + (VF(y), 8y +w) + 3(6y +w, VF(y)(8y +w))}.

LEMMA 2.5. Suppose that Assumptions 1.1 and 2.4 are satisfied. For any y, by €
R, let Q* (y, 6y) C N7 be the solution set of (2.22). Then Q*(y, 6y) is nonempty and
compact and for any w* € Q*(y, by), we have

(2.23) VFE(y) + V?F(y)by + V2 F(y)w* > 0.

Proof. Since VF(y) > 0 and V?F(y) is positive semidefinite, for any w € R
and ||Jw|] — oo we have

(2.24) F(y) +(VF(y), by +w) + %(63/ +w, V2F(y)(6y + w)) — 400.

Thus, Q*(y, dy) is nonempty and compact.
Suppose that w* € Q*(y, 6y). Then w* satisfies the following first-order optimality
conditions which follow directly from (and are equivalent to) the KKT conditions:

VE(y) + V2F(y)(6y + w*) — A" =0,

(2.25)

w* >0, A >0, (w*,A*) =0,
ie.,

VE(y)+ V2F(y)(6y +w*) >0,
(2.26) w* >0,

(w*, VF(y) + V2F(y)(6y +w*)) = 0.
Clearly, (2.26) implies that for any w* € Q*(y, éy), we have
(2.27) VE(y) + V2F(y)oy + V*F(y)w* >0. O

LEMMA 2.6. Suppose that Assumptions 1.1 and 2.4 are satisfied. Then for any
z € R™ there exists an € > 0 such that for all h € R™ with ||h|] < € and for all x € R™
with ||z — z|| < e we have

(2:28) fO(a,h) = F(¥(x)) + u(, h,0) + v(z, h, 0),
(2:29) fO(x,h) = oz, h),

where fO(-,-) is defined by (2.17).
Proof. Since F(i(x)) + u(x, h,-) + v(zx, h,-) is a convex quadratic function, any
w € N satisfying the first-order conditions

w >0,
(2.30) VEW(z)) + V2 (3(2)) (4 (x, h) — b(z) +w) > 0,

(w, VF((x)) + V2F (()) (4 (x, h) = () +w)) = 0
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is a solution of (2.18). Then, because 0F(y)/dy; > cp, for every j € m and y € R,
and 1[)(, -) is uniformly continuous on any compact set and 1[)(x,0) = (), we see
that for any z € R"™ there exists an € > 0 such that for all h € " with ||| < ¢ and
for all x € ™ with ||z — z|| < e, w = 0 satisfies (2.30). This implies that for all those
h and z, we have

(2.31) Oz, h) = F(ip(z)) + u(x, h,0) + v(z, h,0) = fO(x, h).

Hence our proof is complete. 0

The above lemma shows that fO(:E, h) is identical to fo(x, h) for all h sufficiently
small. This fact will be used in proving our superlinear convergence results.

In general, fO(x,h) is not convex in h. We will now show that fO(z,h) is convex
in h.

LEMMA 2.7. Suppose that Assumptions 1.1 and 2.4 are satisfied. Then for any
fized x € R™, fo(x, \) is a convex function. Moreover, f0(~, 1) is continuous.

Proof. First we will show that fo(x, -) is a convex function. For any y € "™ and
oy € R™, we have

(2.32) Py, 8y) = Fy) + (VF(y),6y) + 5(6y, V> F(y)8y) + S(8y),
where
(2.33) S(by) = wnelglﬂ(VF(y) + V2F (y)6y, w) + %(w, V2F (y)w) .

It is easy to verify that S(8y) is a concave function and that its subgradient is given
by

(2.34) 9S(8y) = conv{V2F (y)w* : w* € Q*(y, 6y)},

where Q*(y, 6y) C R is the solution set of (2.33). It now follows from (2.32) that for

any y € R™, F(y,-) is locally Lipschitz continuous and that its generalized gradient
at 6y in the sense of Clarke [2] is given by

(2:35) 05, F(y, 8y) = conv{VF(y) + V*F(y)6y + V*F(y)w" : w* € Q*(y,6y)}.

Since, by Lemma 2.5, for any w* € Q*(y, by),

(2.36) VFE(y) + V2F(y)éy + V2F(y)w* >0,

we conclude that s > 0 for any s € ds,F(y,y). Hence, since 97 (z,-) is convex for
every j € {1,...,m}, it follows that fO(z,h) = F(¢(x),d(x, h) — (z)) is convex in
h € R™ (because it is the composition of a convex function with positive elements in
the generalized gradient and a vector function whose components are convex).

Next, we will prove that fo(:z:, h) is continuous. First, since 0F (y)/0y; > c¢p > 0
and V2F(y) is positive semidefinite for all j € {1,...,m} and y € R™, it follows
from (2.22) that Q*(y,6y) is uniformly bounded in a neighborhood of given point
(2,62) € R™xR™. Tt now follows from Corollary 5.4.2 in [13] that F'(-, -) is continuous.
Hence

(2.37) F(y,6y) — F(2,62) as y— 2,0y — 6z,
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which implies that fO(z, h) is continuous on R" x R" because

(2.38) Flx,h) = F(y (), d(z, h) = d(z))
with y := () and 6y := (z, h) — (). 0

The following theorem shows that 6(-) is indeed an optimality function for the
problem (1.1), (1.2), (1.4) and that the set-valued function H(-) is a descent direction
function for £9(-).

THEOREM 2.8. Suppose that Assumptions 1.1 and 2.4 are satisfied. Consider the
functions 0(-) and H(-) defined by (2.19) and (2.20), respectively. Then the following
hold:

(i) For all x € R™,

(2.39) 6(x) <0.
(ii) For all x € R,
(2.40) a3 ) < 0(z) — Bl ¥ h € H(z),

where df°(x;h) is the directional derivative of fO at x in the direction h and v =
imepe.

(iii) For any x € R", 0 € 0f°(x) if and only if O(x) = 0, where Of°(x) is the
subgradient of fO(-) at z, defined in (2.9). Moreover, for any x* € R™ such that
6(x) =0 we have H(x) = {0}.

(iv) The set-valued map H(-) is (a) bounded on bounded sets, (b) compact valued,
and (c) outer-semicontinuous, i.e., for any x € R", H(zx) is closed and, for every
compact set S such that H(x) NS =0, there exists a p > 0 such that H(z) NS =0
for all z € Bz, p) :={y € R"|lly — =|| <p}.

(v) The function 0(-) is continuous.

Proof. (i) Since h = 0 is admissible in (2.19) that 6(x) < 0 for all z € R™.

(i) Since Yj(x) C Yj, it follows directly from the definition of f(x) in (2.19) that
for any h € H(x),

0e) > min (VEW(). (. h) ~ ¥() +v)
— (VF((x)). bl h) — ()
(241) D)) §;<w<x>>%r€n%>(<m) {8/ (2, 95) = (2)
+H(Vad? (2,5), k) + 5e|[]*}
> df(z,h) + mercllhll.

Thus we have shown that (2.40) holds.
(iii) For any « € R™, let

2.42 ‘= min mi h,w) = mi h,0) .
(2.42) n(z) }}ggbwnelg}fucv, yw) = min u(z,h,0)

We will first prove that

(2.43) 0(z) =0 < n(x) = 0.
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It is easy to see that n(z) = 0 = 6(x) = 0 because 6(x) > n(x) and 6(z) < 0. Hence
we only need to show that 8(x) =0 = n(z) =0.

Suppose that 6(z) = 0 but n(x) < 0. Then, there exists an b’ € R™ such that
n(x) = u(z,h',0) <O0.

For any j € {1,...,m}, we have

P (@, h) — 47 ()

241y ] = max{e! (@,y;) + (Voo (@), 1) + 3, Vaud? (0,95 h)} =0 (@)

< glgé{mw(x,yj), h) + (b, Vaad’ (z,y;)h)}
and

)7 (w, h) — 9 (x)

> ng%}((x){qu(z,yj) (Vo (2, 95), B) + L(h, Viaad (2, y;)0) } — 0 ()
(2.45)

y; €Y; ()

Y;€Y;

Thus, there exists a constant Cy such that

(2.46) lé(2, h) — ()| < Comax{|lhll, |*} ¥ heR",
which further implies that there exists a constant C such that
(2.47) 0 < w(x, h,0) < Cymax{||h]? ||h]*} V¥ heR™

Since u(z,-,0) is a convex function and u(z,0,0) = 0, for A > 0 sufficiently small we
have

u(z, AR, 0) +v(z, AW, 0) < Au(z,h',0) + N2C1 |||

(2.48) A(z) + X2C |12

< 0,

which contradicts that 6(x) = 0. Hence 6(z) = 0 = n(z) = 0.

Next, with f°(z) the subgradient of f°(-) at x, defined in (2.9), by emulating
the proof of Lemma 2.5.5 in [13], we can prove that for any z € R, 0 € 9f°(x) if and
only if n(x) = 0, and therefore if and only if 6(z) = 0.

Finally we will show that for any z € " such that 8(x) = 0 we have H(z) = {0}.
For the sake of contradiction, suppose that there exists an z € R™ such that 6(z) =0
but H(xz) # {0}. Then there exist 0 # h € R" and w € R such that

(2.49) u(z, hyw) + v(z, h,w) = 6(z) =0,
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which, together with the fact that v(z, h,w) > 0 implies that u(z, h,w) < 0. Hence
we conclude that both u(x, h, w) = 0 and w = 0 because otherwise n(x) < u(z, h,0) <
u(z, h,w) < 0, which contradicts (2.43). However, n(x) = u(z, h,0) = 0 implies that
h = 0 because u(x, h,0) is strongly convex in h and u(x,0,0) = 0.

(iv) According to our definition, for each h € R™ there exists a w(h) € R such
that

(2.50) Oz, h) = F(p(z)) + u(z, h,w(h)) + v(z, h,w(h)),

which, together with the fact that VF(y) > 0, y € R and v(x, h,w(h)) > 0, implies
that

(2.51) fO(w,h) = F(4p()) + ulz, hyw(h)) = F(x)) + ulz, h,0).
Since for each j € {1,...,m} and h € R",

(2.52) P (2, h) > max{¢’ (x,y;) + (Vad’ (x,;), h) + Selh, h)}

Y;€Y;
it follows from (2.51) that for all s in any bounded neighborhood of z,
(2.53) fOs,h) — 00 as ||h| — oco.

Consequently, for any x € R™, H(z) is nonempty and bounded and H(-) is bounded
on bounded sets. Since fO(x,h) is continuous (Lemma 2.7), it follows that H(z) is
closed. Next we will prove that for every x € ™ and every compact set S such that
H(z)NS = 0, there exists a p > 0 such that H(z)NS = () for all z € B(z, p). Suppose
not; then there exists an € R" and a compact set S such that H(z) NS = ) and a
sequence {x;} converging to x such that H(x;) NS # (. Hence there exists a sequence
{h;} such that h; € H(x;) NS. Since S is a compact set, without loss of generality,
we can assume that

(2.54) h;i — hes.
By definition of H(x;),
(2.55) O, hi) < fO>xish) Y heR"

Since fO(,-) is continuous, it follows from (2.55) that

(2.56) Oz, h) < fOx,h) ¥V heR™,

which implies that h € H(x). This contradicts that H(x) NS = (). Thus, we have
shown that H(-) is outer-semicontinuous.

(v) Finally, it follows from Corollary 5.4.2 in Polak [13] that 6 is
continuous. 0

By introducing an additional variable, we can rewrite the expression for 6(z),
defined in (2.19), as follows:

{ 0(z) = min  {(VF(¥(x)),p) + 3(p, V2F(¥(x))p)}

(p,h)

(2.57) )
st. p—1(x,h)+P(x) > 0.
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The constraints in (2.57) involve maximum functions, and hence (2.57) appears to
be a nonsmooth problem. However, (2.57) can be reformulated as a smooth problem
with quadratic cost and quadratic constraints, as follows:

0(x) = in {{(VF((x)),p) + 5(p, VZF (¥(x))p)}

s.t. pj - ¢j($7yj) - <Vx(bj(l’,yj), h> - %<h7 vi¢J(I7yj)h> + W(f) >0,
jem,y; €Y;.

(2.58)
Under the assumptions in this paper, (2.58) is convex, and hence can be solved using
the smoothing Newton method in [19] (see [19, 21] for the details of the implemen-
tation of the smoothing Newton method as well as section 6 for numerical results).
Alternatively, one can use primal-dual interior point methods, described in [20] and
references therein.

THEOREM 2.9. Suppose that Assumptions 1.1 and 2.4 are satisfied and the sets
Y; are as in (1.5). For any x € R", let I'(x) be the solution set of (2.57), i.e., any
(p,h) € T'(z) solves (2.57). Then

(i) problem (2.57) is a convex quadratic problem with convex quadratic constraints;

(ii) for x € R™, T'(x) is nonempty and compact and T'(+) is outer-semicontinuous
and bounded on bounded sets;

(iii) if =z € R™ is such that 0(z) = 0, then I'(z) = {(0,0)} and there exist a
neighborhood N(z) of z and an € > 0 such that for any (p,h) € I'(x), z € N(z), we
have

(2.59) O(z) < —¢lh|.

Proof. (i) Under the conditions of Assumptions 1.1 and 2.4, V2F(¢)(x)) is positive
semidefinite and for each j € {1,2,...,m}, ¥’ (x,-) is strongly convex. Hence (2.57)
is a convex quadratic problem with convex quadratic constraints.

(ii) Since for all z in a bounded neighborhood N(z) of z and j € {1,2,...,m},

(2.60) W (2, h) — 7 (z) — 400 as ||h| — oo,

it follows that for all z € N(x) and (p, h) € R™ x R" satisfying

(2.61) p > (2, h) = (2),
we have
(2.62) (VF(¥(2)),p) + 5(p, V2F((2))p) > cr Z P’ — o0 as ||(p, h)]| — oo

Hence, for all © € R™, I'(x) is nonempty and compact, and I'(+) is bounded on bounded
sets.

The outer-semicontinuity of I'(-) follows from the fact that 6(-) is continuous and
the constraint set in (2.57) is outer-semicontinuous.

(iii) Since z € R™ is such that 6(z) =0, (0,0) € I'(z). For any z € R", the KKT
conditions for (2.57) are

VE((x)) + V2F((2)p = A,
(2.63) 0€ > Now (x,h),

jEm

A>0, p—i(z,h) + () >0, AT (p—(x,h) +¥(x)) = 0,
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where 8;L@Z3j(x, h) is the subgradient of 1/;j(x, h) with respect to h.

Suppose that (p,h) € I'(z). By (iii) of Theorem 2.8, we have h = 0. Hence it
follows from (2.63) and the fact that ¢(z,0) = 1(z) that

(2.64) (P, VE(%(2))) + (p, V2F(4(2))p) = 0,

which implies that p = 0 because p > 0, VF(1(z)) > 0 and V2F(1(z)) is positive
semidefinite. Thus, we have proved that I'(z) = {(0,0)}. Hence, since I'(-) is outer-
semicontinuous, it follows that if z — z and (p,h) € I'(z), then

(2.65) (p,h) — (0,0) .

It now follows from (2.63), (2.65), and the fact that for any y € R™, dF (y)/0y’ >
crp >0 for j € {1,2,...,m} that there exists a neighborhood N(z) of z such that for
all x € N(z), the multiplier A in the KKT (2.63) must have all components positive
and hence for all © € N(z), the KKT conditions for (2.57) become

VE () + V2F(i(x))p = A,
(2.66) 0€ Y Nopy(z,h),

jEm

A>0, p—l[}(m,h)—l-w(x):

Thus, for any ¢ € N(z) and j € {1,2,...,m}, there exist nonnegative numbers
€ [0,1] satisfying Zkeqj p?* =1 such that for any (p,h) € T'(z)

(2.67) SN @RV (@) + VR a)h) =0,
JjEmM  kEqj

where

(2.68) A= VF(@(x)) 4+ V2F((x))p > 0,

and for any k£ € q; such that

(2.69) W (@, h) > @) + (V@) ) + 5, V2R ()h),
we have

(2.70) ik =0,
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We conclude from (2.66), (2.67), and (2.68) that for all z € N(z) and (p, h) € T'(z),
0(z) = (VF((x)),p)+ 5(p, V2 F(¢(2))p)

= (Ap) =3, V2 F(¥(2))p)

< (Ap)

= (\ad(a,h) = ()

= DN WM @) 7 (@) + (V@) ) + 5 (h, VR R (@)h)

JjEM  kEg;

= 3N W @) — 4 (@) = S0, TR )

JEmM keq;
< TN S (@) — (@) — Selh, b
JjEM  kEgq;j
JjEm

(2.71)

where the last inequality follows from the fact that f7*(z) < ¢’(z) for all k € q;
and j € m. By shrinking N(z) if necessary, we conclude from (2.68), (2.71), and
Assumptions 1.1 and 2.4 that there exists a positive number £ > 0 such that for all
x € N(z) and (p, h) € I'(z), 0(x) < —¢||h||>. d

3. An algorithm for solving generalized finite min-max problems. An
algorithm for solving generalized finite min-max problems is obviously of interest in
its own right. However, we will also need it as a subroutine for our algorithms for
solving generalized semi-infinite min-max problems. Hence, for the time being, we
will assume that the sets Y; are of the form (1.5) and that the functions f7*(-) are as
n (2.6). As a result, our generalized finite min-max problem assumes the form (1.1),
(1.2), (1.4), with

: 0
Iin f7(z)

(3.1)
P(a) = (PH(z), ..., " (2)),

Vi(a) = max @), jem,
qj

where, in view of Assumption 1.1, the functions F(-) and f%*(:), j € m, k € q; are
all continuously differentiable, where f7*(-) are defined by (2.6).

We are now ready to state an algorithm for solving generalized finite min-max
problems. This algorithm is a generalization of the Polak—-Mayne-Higgins Newton’s
algorithm for solving finite min-max problems [15].

ALGORITHM 3.1 (solves problem (3.1)).

Parameters. « € (0,1), 8 € (0,1), and 6 > 0.
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Data. zg € R™.

Step 0. Seti=0.

Step 1. Compute the optimality function value 0; := 0(z;) and a search direction
h; € H(x;) according to the formulae (2.19) and (2.20).

Step 2. If 6; = 0, stop. Else, compute the step-size

(3.2) i = M) = ?%{{5’“| fOx; + B%h;) — fO(xi) — BFab; < 0},
€

where N :={0,1,2,...}.

Step 3. Set

(3.3) Tiy1 = T; + Aihi,

replace i by i + 1, and go to Step 1.
LEMMA 3.2 (see [17]). Suppose that Assumption 1.1 holds. Then for any y,y’ €
R™ such that y' >y,

(3.4) F(y')—F(y) > cr Y (4 — u))-

j€m

LEMMA 3.3 (see [17]). Suppose that Assumptions 1.1 and 2.4 are satisfied. Then
there exists a constant T > 0 such that for all x, 2’ € R™ and X\ € [0,1],

(35)  fOr+ 1 =Na) <A0@) + (1= Nf) = 5TAL = Nle — o).

THEOREM 3.4. Suppose that Assumptions 1.1 and 2.4 are satisfied and that all
the Y;, j € m, are of the form (1.5), so that problem (1.1), (1.2), (1.4) reduces to
problem (3.1). If {x;}32, is an infinite sequence generated by Algorithm 3.1 and x* is
the unique solution of (3.1), then {z;}2, converges to x*.

Proof. Suppose that {z;}32, is an infinite sequence generated by Algorithm 3.1.
Since f(+) is strongly convex by Lemma 3.3, the sequence {z;}$2, is bounded. Suppose
that & is an accumulation point of this sequence. Since the cost function fO(-) is
continuous, f°(%) is an accumulation point of the cost sequence. Hence, since, by
construction, the cost sequence {f°(z;)}3%, is monotone decreasing, it follows that
fOx;) — f°(2), as i — oc.

Now, for the sake of contradiction, suppose that §(&) < 0. Since for any x € R",
H(z) is compact, and H(-) is bounded on bounded sets and is outer-semicontinuous
((iv) of Theorem 2.8), it follows from Theorem 5.3.7 (b) in Polak [13] that there
exists a subsequence {j;}32, of the integers such that x;, — # and h;, — h € H(%),
as i — oo. It follows from (ii) and (iii) of Theorem 2.8 that h # 0 and

(3.6) df'(@;h) < 0(2) —~[|h]*.
Let € > 0 be such that 0 < o« — € < 1. Then it follows from the definition of the
directional derivative of f9(-) that there exists a k. € N such that

FO(& + BFh) — fO(2) < BF(a—e)dfO(d; h)
(3.7) .
< B (a = e)[0(&) — vI[h[%).
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Hence,

(38)  fO(&+ BMh) - fO(2) — BHab(@) < —pF[e0(2) + (o — )] 2],
Now,

(3.9) e0(2) 4+ (a—e)y||h)?> > 0

for all € > 0 such that

(3.10) e<e = M.
—0(2) +~[|hl]?

Let ¢ := 2¢’. Then, since f°(-) and 6(-) are continuous and hj, — h, as i — oo, there
exists a p > 0 such that for all z;, € B(Z;p),

(3.11) FOaj + B%hy,) — fO(x),) — Bab(z;,) <0,

which shows that for all z;, € B(#;p), A(zj,) > B*¢. Next, since 6(-) is continuous,
there exists p € (0,p) such that for all z;, € B(&;p), 0(z;,) < 30(2). It therefore
follows from the step-size rule (3.2) that for all z;, € B(&;p),

(3'12) fo(xji+1) - fo(xJL) < ﬁkgae(xji) < %ﬁkaae(‘%) .

Since {f°(z;)}$°, is monotone decreasing, (3.12) implies that f°(z;) — —oc0, as i —
o0, contradicting the fact that fO(x;) — fY(%#), as i — oco. Hence we conclude that
9(2) = 0, and therefore that # = z*. Since by Lemma 3.3, f°(-) is strongly convex,
the whole sequence {x;} converges to x*. d

4. Rate of convergence of Algorithm 3.1. We will now show that (1.11)-
(1.13) hold for Algorithm 3.1.

PROPOSITION 4.1. Suppose that Assumptions 1.1 and 2.4 are satisfied and that
& is the unique minimizer of f°(-). Then for all z € R",

(4.1) P~ () > Seepmlle — 2.

Proof. By Lemma 3.3, f°(-) is a strongly convex function. Hence, for any x € "
we have

> 3 G - P @)
(4.2) > %; ayj ¥(@) max {F(@) =y (@)

H(V7R(@), @ — &) + §lle — 2%}
> 3 OF (0a)) max ((VFH(@).x— ) + £l — 2],

e kEQy ()
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where §;(x) is defined by (2.7). It now follows from (2.5) and (4.2) that
(4.3) F(¢(z)) — F($(2)) > df*(&, 2 — &) +

Since df°(%,z — %) > 0, (4.1) follows. 0
PROPOSITION 4.2. Suppose that Assumptions 1.1 and 2.4 are satisfied. Then for
any compact convex set S there exists a k > 0 such that for any x,z € S,

(4.4) /(@) = fO(z,2 = 2)| < ko — 2%,

where fO(z,x — z) was defined in (2.17).
Proof. First, it follows from Polak [13, Lemma 2.5.4] or [15] that there exists a
constant Ly < oo such that for any x, z € R",

mcpc

lz — 2%,

(1.5 [9(2) = (2 = 2)| < 2L — 2] € m.

Let S C R™ be a compact set, and let La(> C) < oo be a constant associated with
S, such that for any z € .5,

(4.6) IVE()(2))]| < Lo.
Then for all x, z € S, by the mean-value theorem, it holds that

fO(z) = F((x))
= F(¢(2)) + (VF(¢(2)), ¥(x) — ¥(2))
+3((x) — ¥(2), VEF(4(2)) (¢ () — (2)))

1 1
— z 2 z S xT) — z
+ / " / (b(x) = (=), [V2F((2) + st((z) — ¥(2)))

—V2F((2)](¢(x) — () dsdt
S F((2) +(VE((2)),¥(z) = ¢(2))
(@) = ¥(2), VPF(1(2)) (v () = $(2))) + Z (@) — v (2)]?

= [z 2 — 2) +(VF(¥(2)), ¥(z) — d(z,2 — 2))
(W(@) —(2), VEF (4 (2)) (¥(z) — ¥(2)))

(4.7)

+

N|—=

!

_|_

N |—=

(2,0 = 2) = (2), VEF((2)) (2,2 = 2) = 9(2))

+ () — v .
Thus, according to (4.5) and (4.7), we have

fola) < FOzx—2) + Lallz — 2[° + v (@) — (=)

N|=

(4.8) +5(%(2) = ¥(2), VEF($(2)) ((x) — Pz, 2 = 2))

(SIS

+3(0(@) = (z @ = 2), V(W (2) (2, 2 — 2) = 9(2))),

[N
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where Lg := mLyL,/6. For z,z € S and j € m, by the definition of ¢ (-,-) (see
(2.16)), it holds that

P (z,m = 2) = (2)

= max{fH(2) + (V4 ()0 = 2) + 3o = 2 V2P @ = 2)} = 97 (2)

< max f8(z) + max{(V7*(2), 2 — 2) + 3z — 2, V2P (2) (@ = 2))} = 07 (2)
€q; €q;

= glaz{ij’k(Z)vfﬂ —2)+ 3a — 2, V2R (2) (z — 2))}
€q;

and, on the other hand,

V(2,2 = 2) = (2)

= max{f7H(2) + (VFH(2)0 = 2) + 3o = 2 V2P )@ = 2)} = 97 (2)

> kmj_%x IR + (VR (2), 2 — 2) + %(az — 2, V2R () (z = 2))} — I (2)
€4q;(2)

= max (VI (), = 2) + 5 (z = 2, V2R (2) (@ - 2))}
€4;(z)

where the definition of §;(z) can be found in (2.7). Thus, since S is compact, there
exists a positive number L, such that for all z,z € S,

(4.9) Iz = 2) = (2)[| < Lallz — 2.

By the Lipschitzian property of ¢ and (4.5) it follows that there exists a positive
number Ls(> Ly4) such that for all z,z € 5,

(4.10) () = (2)|| < Lsl|z — 2|
and
(4.11) [v(x) = (2,2 — 2)|| < Ls||lz — 2|,

Hence for all z,z € S,

(4.12) @) = Oz x —2) < wle—2|®
with

LyL
(4.13) K= Ly + 222 4 L2

The other half of the inequality of (4.4) follows similarly (with x as defined in
(4.13)). O

THEOREM 4.3. Suppose that Assumptions 1.1 and 2.4 are satisfied, that all the
Y;, j € m are of the form (1.5), so that problem (1.1), (1.2), (1.4) reduces to problem
(3.1). If {z:}2, is a sequence constructed by Algorithm 3.1, in solving problem (3.1),
then, {x;}52, converges superlinearly with Q-order at least 3/2.
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Proof. First we will prove that after a finite number of iterations, the step-size A;
stabilizes to 1, so that eventually x,11 = x; + h; holds for the sequence {z;}32,. We
will then complete our proof by making use of results in [13, Corollary 2.5.8].

It follows from Theorem 3.4 that the sequence {x;}5°, converges to the unique
minimizer # of f°(-). Hence we conclude from Theorem 2.8 that

(4.14) h; —0 asi— oo.

In view of this, we conclude from Lemma 2.6 that there exist a positive number € > 0
and a nonnegative integer ig such that for all i > i,

(4.15) fO(xi, hs) = w(as, hi, 0) 4+ v(xs, by, 0) = fO(zi h) =  min  fO(xy, k).
heRm ||h]|<e

Suppose that g is sufficiently large to ensure that for all ¢ > i,
(4.16) [hill <e, flws—2|| <e.
Then, making use of (4.1), we find that, for i = ig,i9 + 1,40 + 2,. ..,
%chmelv +h; — 2|2

< @i+ hi) = £2(2)

(4.17) ] )
= fO(zi + hi) = [, he) + fOwis hi) — fO(2)

< fO(@i 4 i) = fO(i, he) + fO(wi, & — @) — fO(2),

because fO(z;, hi) < fO(xs, & — x;), by (4.15). It now follows from Proposition 4.2
that there exists a x > 0 such that for all ¢ > ig,

%chmei +h; — 2|2
(4.18) < /@(Hxi—i—hi —.%‘iHB-F ||.T1—§:‘H3)
< &[(llzi + hi = || + [Jo; = 2])? + [Jz; — 2]°].

Now, by Theorem 2.9, there exist a positive integer i1 > ip and an £; > 0 such
that for all i > 4,

(4.19) 0(z;) < —ex ||
Next, Proposition 4.2 and (4.15) imply that for all ¢ > iy,
O(w;) = [xihi) = [O(x)

= fOxihi) = fO(x)

= fOai hi) = fOai + hi) + fO(wi + he) — fO(x:)

(4.20)

> —klhl® + fO (i + hi) — O ().
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Hence, from (4.20) and (4.19), we have
Oz + hy) — fOxi) — ab(z;)

IN

(1 — a)0(z;) + x||hil|?
(4.21)

IN

—(1 = a)er||hi|* + &>

It now follows from (4.21) and the fact that h; — 0 as ¢ — oo that for all ¢ sufficiently
large,

We therefore conclude from [13, Corollary 2.5.8] or [15], (4.18), and (4.19) that {x;}5°,
converges to & superlinearly with Q-order at least 3/2. 0

5. An algorithm for solving generalized semi-infinite min-max prob-
lems. We are now ready to tackle the generalized semi-infinite min-max problems
defined in (1.1), (1.2), (1.4). Such problems can be solved only by discretization tech-
niques. We will use discretizations that result in consistent approximations (as defined
in section 3.3 of [13]) and use them in conjunction with a master algorithm that calls
Algorithm 3.1 as a subroutine. We will see that under a reasonable assumption, the
resulting algorithm retains the rate of convergence of Algorithm 3.1.

5.1. Consistent approximations. Let Ny be a strictly positive integer, and,
for N € Ny := {No,No +1,Ng +2,...}, let Y; 5 be finite cardinality subsets of Y7,
j € m, such that Y; y C Y} y41 for all N and the closure of the set limYj y is equal
to Y;, j € m. Then we define the family of approximating problems Py, N € Ny, as
follows:

(5.1) Py min fR(a),
where

(5:2) (@) = P (),
Un(@) = (W} (@), ... YR (2)), and for j € m,

(5.3) Un(@) = max ¢(z.y;) .

It should be clear that the approximating problems Py are of the form (3.1) and
that one can define optimality functions @x(-) for them of the form (2.19). We will
refer to the original problem (1.1), (1.2), (1.4) as P.

DEFINITION 5.1 (see [13]). We will say that the pairs (Pn,0N) in the sequence
{(PN, ON)}Nen, are consistent approzimations to the pair (P, 0) if the problems PN
epi-converge to P (i.e., the epigraphs of the f(-) converge to the epigraph of f°(-) in
the sense defined in Definition 5.3.6 in [13]) and for any infinite sequence {xn}Nek,
K C Ny, such that vy —% 2, limyerfn(zn) < ().

Assumption 5.2. We will assume as follows:

(a) For every N € N, the problem (5.1) has a solution.

(b) There exists a strictly positive valued, strictly monotone decreasing function
A : N — R, such that A(N) — 0, as N — oo, and a L < oo, such that for every
N > Ny, j € m, and y € Y}, there exists a ¢y’ € Y; y such that

(5.4) ly — || < LA(N).
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For example, if for all j € m, Yj is the unit cube in R™7, ie., ¥; = I"™, with
I :=[0,1], then we can define Y; y = I, where

In ={0,1/a(N),2/a(N),...,(a(N) —1)/a(N), 1},

with a(N) := 2V¥~No_ In this case it is easy to see that A(N) = 1/a(N) and L =
%maxjem {mj(l/ mi)}. Similar constructions can be obtained for other polyhedral
sets.

For any z,h € R and w € R™, we define

(5.5) un (x, hyw) i= (VF(n (), P (2, h) = n (@) + w)
and
oy (z, h,w)

(5.6) ) )

= %WN(% h) - wN(x) +w, VQF(Q/JN(CU))('(/}N(‘%'7 h‘) - ¢N($) + w)>7
where
(57) &N(aj)h) = (1;11\1(1‘7]7'))’17;%(737]1))
and
(58) 'lZ)gV($7 h) = max {¢j(xayj) + <Vz¢j($7yj)a h> + %<ha Vi¢j($,yj)h>} .

(ZIS NS

We infer from (2.19) that the optimality functions x(-), for the problems Py
have the following form:

(5.9) On(z) = gg;gl{wrg;% (un (, h,w) + vn(z, h,w))}.

Since the cardinality of the sets Y y is finite, it is obvious that the Oy (x) can be
evaluated.

As was also done in the Polak-Mayne-Higgins rate-preserving method [16] (see
also [17]), we use an alternative optimality function for the problems Py for precision
adjustment in our algorithm. This optimality function is defined by

_ _ oF ;
(5.10) On(z) = min SRl h) = 2 @(¢N(x))¢gv($)v
where
i (z,h)
(5.11) OF _ )
= Z @(wN(x))yrélgx [¢7 (x,y;) + (Vad (z,y;), h) + 36([h]1%],
JEmM i=taN

with 6 > 0, a constant.

Similarly (as in [17]), we define an alternative optimality function for the problem
P by

(5.12) 0e) = min Pah) = 3 5 () (2),
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where

(513) [ ) = 32 O () max 09 (w,05) + (Ve (w,05), ) + 8P,
jem Y Y; €Y
with ¢ > 0 the same constant as in (5.11).

PROPOSITION 5.3 (see [17]). Suppose that Assumptions 1.1 and 5.2 are satisfied
and that for all N € Ny, f%(+) is defined by (5.2) and On(-) by (5.10). Let S C R™ be
a bounded subset and let L < oo be a Lipschitz constant valid for the functions ¢ (-, )
and V7 (-,+) on S x Yj, j € q. Then there exists a constant Cs < oo such that for
allz € S,N € Ny,

(5.14) |f3(x) = fO(x)] < CsA(N),
and
(5.15) |§N(ac) — 0_(;6)| < CsA(N).

5.2. The superlinear rate-preserving algorithm.
ALGORITHM 5.4 (solves problem (1.1), (1.2), (1.4)).
Parameters. o, 8 € (0,1), § >0, D >0, 0 > 3.
Data. xg € R™, Ny € N.
Step 0. Seti =0, N = Np.
Step 1. Compute the optimality function value Oy (x;) according to (5.10) and (5.11).
Step 2. If

(5.16) DA(N) < |On(z:)|7,

go to Step 3. FElse, replace N by N + 1, and go to Step 1.
Step 3. Compute the second optimality function value 6y (z;) according to (5.9), i.e.,

(5.17) On(z;) = hrgélkr}m{wrgglzz(ujv(xi, hyw) +vn (2, h,w))}

and the corresponding search direction h; according to

(5.18) h; € arg }{lélg}l{wl’ggil(UN(xi, hyw) + vy (25, h,w))}.

Step 4. Compute the step-size

(5.19) i = I,?E%{ﬁk\ I @i+ 85hy) = f (i) — BFabn (a;) < 0},
and go to Step 5.
Step 5. Set

Set N; = N, replace i by i+ 1, and go to Step 1.

Remark.

(a) It follows from Proposition 5.3 that Ox(z;) — 6(z;), as N — co. Hence,
whenever 0(z;) # 0, the loop consisting of Step 1 and Step 2 of Algorithm 5.4 yields
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a finite discretization parameter ;. For simplicity, we will assume that Algorithm
5.4 does not produce an iterate z; such that 6(x;) = 0.

(b) Note that the work needed to compute x; by Algorithm 5.4 increases with the
iteration number i.

The purpose of the following results is to show that the relations (1.15)—(1.17)
hold for Algorithm (5.4)

LEMMA 5.5. Suppose that Assumptions 1.1, 2.4, and 5.2 are satisfied and that
Algorithm 5.4 has constructed a sequence {x;}52, together with the corresponding se-
quence of discretization parameters {N;}2,. If the sequence {x;}52, has at least one
accumulation point, then N; — 00 as i — o0.

Proof. For the sake of contradiction, suppose that the sequence {z;}$2, has an
accumulation point & and that the sequence {N;}$°, is bounded. Then, because
{N;}3°, is a monotonically increasing sequence of integers, there exists an ig € N,
such that for all ¢ > ip, N; = N;, =: N*. Hence for ¢ > iy, the construction of
the sequence {z;}5°, is carried out by Algorithm 3.1 applied to problem (5.1) with
N = N*. Furthermore, it follows from (5.16) that there exists an ¢ > 0, such that
0; = O+ (2;) < —¢ for all i > i. However, it follows from Theorem 3.4 that Oy (%) =
0. Thus, by (iii) of Theorem 2.8, 0 € df$.(z;). By [17, Theorem 2], 0 € 9% (z;)
implies Oy+(z;) = 0. Then, from the continuity of fx-(-) [17, Theorem 2], it holds
that Oy« (z;) — On+(2) = 0 as i — 00,7 € K, where the infinite subsequence {z;};c,
K C N, converges to &, which contradicts the previous finding, and hence completes
our proof. O

THEOREM 5.6. Suppose that Assumptions 1.1, 2.4, and 5.2 are satisfied and that
Algorithm 5.4 has constructed a bounded sequence {x;}32,. Then every accumulation
point & of {x;}52, satisfies 0(z) = 0.

Proof. By applying Theorem 3.3.23 of [13] or theorems in section 5 of [12] and
Lemma 5.5 to Algorithm 5.4, we obtain the desired result. 1]

THEOREM 5.7. Suppose that Assumptions 1.1, 2.4, and 5.2 are satisfied and that
Algorithm 5.4 has constructed a bounded sequence {x;}52,. Then {x;} converges to
the unique minimizer & of f°(-) with Q-order 3/2.

Proof. First, by Theorem 5.6 and the fact that f°(-) has a unique minimizer Z,
the whole sequence {z;} converges to &. Hence one can deduce from Theorem 4.3 and
the proof of [13, Theorem 3.4.20], that {z;} converges to & with Q-order 3/2. Since
the derivation is straightforward, we omit the details here. 0

6. Some numerical results. We now present some numerical results that illus-
trate the behavior of the algorithm proposed in section 5 for generalized semi-infinite
programming problems. The algorithm was implemented in Matlab. Throughout the
computational experiments, the parameters used in the algorithm were o = 0.05, 5 =
0.5,6 = 1.0,D = 107'°, and ¢ = 3.1. For both examples, we used the starting point
(1,1). The iteration of the algorithm is stopped at z; if for some N the meshsize
A(N) < 0.005 and |0y(z;)] < 1078. A Matlab code developed in [21], which was
based on a smoothing Newton method [19] for variational inequalities, was used to
solve our search direction finding subproblem (2.57).

Ezample 1. In this case, fO(z) = F(¢(x),v?*(x)), with z = (z1,2%) € R?,
F(z) = 2t + 22, with z = (21, 2?) € R2, and

P(z) = Igfg/}({t2 — (tz +e'z?) + (2t + 22 4 (D)2 + (222 + 6(11”2)}
1
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TABLE 6.1
Numerical results for Example 1.

Iteration 0 1 2 3 4

[[z; — 2] 1.6 x 109 [5.7x 1071 [51x 1072 [2.9 x 10~% [ 0.0

Discretization level | 1 1 1 1 9
TABLE 6.2

Numerical results for Example 2.

Iteration % 0 1 2 3 4
Mz — | 1.7x100 [6.4x10"1 [5.0x 1072 [1.9x10~%]0.0
Discretization level | 1 1 1 1 9

and

Y3(@) = max{(t = 1% + 0.5(a! +2%)° — 26(a’ + ) + 0.5(@")? + (22)2)),

where Y7 = [0,1] and Y2 = [-1,0].

Ezample 2. In this case, the functions f0(-), ¥'(-), and ¥?(-) are also defined as
in Example 1, but F(+) is defined by

F(2) =0.5(z" +/(21)2 +4) +In(1 + 622) +0.5((z1)% 4 (29)?), z=(2'2%) e R%

The numerical results are summarized in Table 6.1 and Table 6.2. In these two
tables the first row represents the iteration number, the second row is the residue
[|z; — Z|| (we used the last iterate as a substitute for &) and the third row shows
the discretization level (the meshsize at the present level is decreased to half of the
previous one) refined by the master algorithm at the i-th step. It is clear from the
numerical results that the rate of convergence is superlinear.

7. Conclusion. We have presented two superlinearly converging algorithms, one
for solving finite generalized min-max problems of the form (1.1), (1.2), (1.3) and
one for solving generalized semi-infinite min-max problems of the form (1.1), (1.2),
(1.4). These algorithms were obtained by making use of the concepts underlying
the construction of the Polak—Mayne-Higgins Newton’s method [15] and the Polak—
Mayne-Higgins rate-preserving method [16], respectively. The construction of the
algorithms depends on the cost function having a subgradient and their rate of con-
vergence depends on convexity and second order smoothness, and hence Assumption
2.4 is essential.

Our numerical results are consistent with our theoretical prediction that the al-
gorithms converge Q-superlinearly.
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