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1. Introduction

Let F: " — R" be a continuously differentiable mapping and .S be a nonempty closed convex
set in R™. The variational inequality problem (VIP) is to find a vector x € S such that

(F(x),y—x)>0 forall yeS,

where (-, -) denotes the inner product in R". In the special case where S = R, the VIP reduces
to the complementarity problem. A comprehensive survey of the VIP is given in [13].

In the last several years, much effort has been made to derive merit functions for the VIP,
thereby reformulating the VIP as an equivalent optimization problem with certain desirable
properties. Recent developments of such approaches are summarized in [10]. Early merit func-
tions such as the regularized gap function [9] are intended to reformulate the VIP as a con-
strained differentiable optimization problem. Recently, Peng [24] showed that the difference of
two regularized gap functions constitutes an unconstrained differentiable optimization problem
equivalent to the VIP. Later, Yamashita, Taji and Fukushima [31] extended the idea of Peng
[24] and investigated some important properties related to this merit function. Specifically, the
latter authors considered the function g,g : R" — R defined by

9op(2) = falx) — f(), (1.1)

where o and 3 are arbitrary positive parameters such that o < 8 and f, is the regularized gap
function

fole) = max { (P2~ v) ~ S o~ vl (12)

(The function fg is defined similarly with « replaced by .) In the special case § = 1/« and
a < 1in (1.1), the function g, reduces to the merit function studied by Peng [24]. We call
the function g,g the D-gap function, where D stands for the word “difference”. Note that, in
[31], the quadratic term in the definition (1.1) of gog is replaced by a more general function.
In the present paper, however, we restrict ourselves to the quadratic case, because it makes the
analysis significantly simpler.

As shown in [24, 31], the function g,3 has a number of interesting properties. Among other
things, gag(x) is nonnegative for all x € %", and g,5(x) = 0 if and only if z is a solution of the
VIP. Thus we may say that the VIP is equivalent to the unconstrained minimization problem

minimizezepn  gag(x), (1.3)

whenever the VIP has a solution. Moreover, it is easy to see that the function g,z is continuously
differentiable whenever so is F', and its gradient is given by

Vgas(z) =V fo(z) = V fa(z), (1.4)

in which
Vfa(z) = F(z) + (VF(z) — ol)(z — ya(z)), (1.5)

where y,(z) is the unique maximizer of the right-hand side of the definition (1.2) of f,. V f3(z)
and yg(z) are similarly defined.

Although the function g, is in general nonconvex, its stationary point becomes a global
minimum, provided that the mapping involved in the VIP has positive definite Jacobian [31].
Therefore it is quite natural to attempt to solve the minimization problem (1.3) by a rapidly



convergent iterative algorithm. One thing one should keep in mind is, however, that the function
Jap is once continuously differentiable but not twice differentiable even if F is twice continuously
differentiable. More specifically, (1.4) reveals that Vg,g(z) is represented in terms of y,(z) and
yg(z). Since yo(x) may alternatively be written as

Yo(z) = Tg(x — a1 F(2)), (1.6)

where IIg denotes the projection operator on the set S, the function y,/(+) is in general nondiffer-
entiable. Nevertheless, it is often verified that the projection operator enjoys the property called
semismoothness, under appropriate assumptions on the set S. Therefore we may still expect to
have a rapidly convergent algorithm for minimizing g,z by utilizing the idea from the recently
developed theory for superlinear convergence of generalized Newton methods that relies on the
semismoothness of the gradient mapping [5, 15, 21, 22, 26, 27, 28].

In the remainder of the paper, we suppose that the parameters o and ( are fixed in the
definition (1.1) of go3. Thus, to simplify the notation, we shall write g for g,3. Moreover, we
shall often denote the gradient mapping Vg as G.

A key ingredient for a rapidly convergent algorithm for minimizing ¢ is to calculate some
generalized Hessian of g at an iterative point. To do this, we focus our attention to some special
convex set S. We assume that

S={yeR" | hi(y) <0,i=1,---,m}, (1.7)

where each h; is twice continuously differentiable and convex. However, even if S is defined by
(1.7), it is still very difficult to calculate a generalized Hessian of g at a given point z. The
difficulty arises from three aspects:

i) generalized Jacobians of Ilg at  — a ' F(z) and 2 — 7' F(z) are needed but not easy to
compute.

ii) from existing definitions of generalized Jacobians of a vector function, it is unavoidable
to compute the second-derivative of F' or the generalized Jacobian of VF'. This is not practical
in computation even if V2F exists. If I is only continuously differentiable but VF is not locally
Lipschitz continuous, then the generalized Jacobian of VF with existing definitions does not
exist.

iii) the difference of generalized Hessians of f, and f3 is not necessarily a generalized Hessian
of g with existing definitions.

There are two existing definitions of generalized Jacobians of a locally Lipschitz continuous
function H : ®" — R". By Rademacher’s theorem, H is differentiable almost everywhere and
the B-differential of H at x is given by

OpH(x) ={V e R™" |V = lim VH(zMT, 2% € Qy},
zF—z
where Qp = {z € R"| H is differentiable at z} [26]. For any z € R", dpH(x) is a nonempty
compact set consisting of n x n matrices. On the other hand, the Clarke Jacobian of H [2] at x
is defined by
OH(x) = conv OpH (x).

The above three difficulties occur for both the B-differential and the Clarke Jacobian.
If VF is not locally Lipschitz continuous, then G may also not be locally Lipschitz continuous.
In this case, neither G nor G exists. For example, let S = R, a = %, B =1and F(x) =



Jo p(t)dt, where
1
|t|Sln* [t|]+1 ift#0
p(t) =
1 otherwise.

Then VF(z) = p(z), g(z) = 1F(z)* and G(z) = VF(z)F(z) = p(z)F(z). Note that VF is
everywhere continuous but fails to be Lipschitz continuous around = = 0. Since F'(0) = 0 and
VF(0) =1, we have, for all |z| sufficiently small,

F(|z]) = F(0) + VF(0)[z] + of|z|) = %Ix!-

By taking z* = %WJFW and y* = W, where £k =0,1,2,---, we have
G(*) —GWM)|  _ [VF@EM(F(@*) - F(y*) + (VE(@*) - VE M) F(y*)]
ok — yk| |zk — yk|

S (VF(z¥) = VF(@*)F(y")|  [VF(@EF)(F(F) - Fyh)]
= |k — yF] k= g

T k
WYL i) - o)

 L(Vak + Vi)t

T2 ok — gk

(\/ ZkTr—i—7T + A/ 2k71-+577> 2]67r+3"r
= -0(1)

2]‘77T+ 2k7r+ 3”

- 0(1)

= O0(Vk) —0(1)

for k sufficiently large. So, G is not Lipschitz continuous around x = 0. In this case, neither
0G(0) nor dpG(0) is defined at all.

The above example indicates that the conventional generalized Hessians of ¢ may not be
defined by G or 0g(G, when F is only continuously differentiable. In this paper, we aim to
define a generalized Hessian of g which covers such unfavorable cases and is also computable in
practice.

In Section 2, we propose a computable generalized Jacobian (CGJ) at a given point for the
projection operator IIg with S defined by (1.7). We denote it by dc-1lg(-), where C stands for
the word “computable”. Based on dcIlg(-), in Section 3 we discuss a way to define a computable
generalized Hessian (CGH) of f, at x by using only the first-order information of F' at a given
point. We denote it by He fo(z) and define a CGH for g at z by

Heg(x) = He fo(r) — Ho fg(2).

The CGH of g may not coincide with the Hessian of g even if the latter exists, but it plays a role
of the Hessian matrix of g in our generalized Newton method. Using the CGH of g, we establish
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local superlinear convergence of a generalized Newton method for minimizing g in Section 4.
We propose a trust region algorithm in Section 5 and prove its global convergence in Section
6. In Section 7, based upon the theory developed in Section 4, we establish local superlinear
convergence of the trust region algorithm.

It is noted that globally convergent Newton methods for the VIP have already been proposed
by several authors [17, 30]. Those algorithms, however, require the solution of a linearized
variational inequality problem at each iteration. In contrast with them, the algorithm proposed
in this paper solves at each iteration a quadratic minimization problem with a bound constraint
on the variables. For the inequality constrained VIP, people also consider merit functions for its
Karush-Kuhn-Tucker (KKT) system [1, 6, 7].

2. A computable generalized Jacobian for the projection oper-
ator

In this section, we show how to compute a CGJ of IIg(:), where S is defined by (1.7). Let
gy = Ig(x). Then it is the unique solution of the following nonlinear programming problem in

y: ]
min _ly |
(2.1)
st. hi(y) <0, i=1,---,m.
Let M(z) denote the (possibly empty) set of multipliers A € R™ that satisfy KKT optimality
conditions for (2.1) at y:

y— o+ 2% AiVhi(y) =0,
(2.2)
A >0, hi(y) <0, Nhi(y)=0, i=1,---,m.

For any y € R™, we will denote the active set by

I(y) = {i | hi(y) = 0}.

In order to ensure the nonemptiness of M(x), we need some constraint qualifications. Here we
will use the so-called constant rank constraint qualification (CRCQ), which was used by Janin
[14] for studying the stability of nonlinear programming and recently used by Pang and Ralph
[23] to investigate conditions for piecewise smoothness of IIg(-). The CRCQ is said to hold at
y = IIg(x), if there exists a neighborhood N(y) of § such that for every set J C I(y), the family
of gradient vectors

{Vhi(y) | i€ J}

has the same rank (which depends on J) for all vectors y € N(y). The CRCQ is weaker than
the linear independence constraint qualification (LICQ), i.e., the family of vectors

{Vhi(y) | i e ()}

are linearly independent, and will hold automatically on the whole space R" if S is a convex
polyhedral set. It is known that if the CRCQ holds at g, then M(z) is nonempty [14]. For a
nonnegative vector d € R™, we let supp(d), called the support of d, be the subset of {1,---,m}



consisting of the indices i for which d; > 0. Let B(z) be a family of subsets of {1,---,m} defined
as follows: J € B(x) if and only if supp(\) C J C I(y) for some A € M(z) and the vectors

{Vhi(y) | i e J}

are linearly independent. Here we allow the empty index set to be a member of B(z). So if
I(y) =0, B(z) = {0}. When I(y) # 0, 0 € B(x) if and only if 0 € M(z). In particular, when
I(g) # 0, B(x) = {0} if and only if all Vh(7), i € I1(y), are zero vectors. From the CRCQ, the
latter implies that B(z) = {0} for each z in a neighborhood of z.

The following lemma is proved by Pang and Ralph [23] for the case = ¢ S. By considering
the above observations, the results of this lemma also hold for x € S.

Lemma 2.1 [23] If the CRCQ holds at y = I1g(x), then there exists a neighborhood N(x) of x
such that for all z € N(x),

(i) the CRCQ holds at I1g(z);

(i1) B(z) C B(x).

Now suppose that the CRCQ holds at § = Ilg(x). By definition, for each J € B(x), there
exists A € M(x) such that
supp(A) C J C I(). (2.3)

Consider the following system of nonlinear equations:

y— 2+ 2% 1iVhi(y)
H(y,p,2J) = hy(y) =0, (2.4)

My

where (y, 1) € " x R™ are variables, z € R" are parameters and .J is the complement of .J in
{1,---,m}, ie, J={1,--- ,m}\J. For any partition JUJ = {1,---,m}, we write u = (ps, f.5)

and h(y) = (hs(y), h(y))-
For the vectors y = Illg(x), = A and z = z, it follows from the KKT conditions (2.2) and

the inclusions (2.3) that
H(y, 1,2, J) = 0.

The partial derivative of H(-,-,-;J) with respect to (y, u) is given by
I+ mVPhi(y)  Vhyly)  Vh(y)
Aly, 1) = VyuH(y,p, 2 )" = Vhy(y)" 0 0
0 0 1

It is easy to check that, by the CRCQ, A(y, i) is nonsingular when h; is twice continuously
differentiable and convex. So the implicit function theorem [18] ensures that there exist open
neighborhoods N(z; J) of Z(= x) and N(y, ii; J) of (y, i) such that H(y, i, z; J) = 0 has a unique
solution (y(z;J), u(z;J)) € cl N(y, ii; J) whenever z € cl N(z;J). Moreover (y(z;J), u(z;J)) is
continuously differentiable in z. After easy computations, we have

Vy(z:J) =~ 7' (D"C'D) " DT, (2.5)
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where

C=C(zJ)=1+ im(zz; IV2hi(y(z;J)), D= D(zJ)=Vhy(y(zJ)). (2.6)
i=1

Notice that
y(z;0) = 2
and
Vy(z;0)=1.
Lemma 2.2 The matriz Vy(z;J) is symmetric positive semidefinite and |Vy(z; J)| < 1.

Proof. Let C and D, respectively, denote C(z;J) and D(z;J) evaluated at z = x. It is clear
from (2.5) and (2.6) that Vy(x;J) is symmetric and C' is symmetric positive definite. Let

B=ctD((C7iD)T(C7iD)) (C:D)".

It is easy to check that BT = B, B2 = B, |B| <1 and ||[I — B|| < 1. So for any d € R", we
have . )
(d, Vy(a; J)d) = (d,C~'d) — (C~2d, BC™2d)

> (d,C7d) — (C™2d,C™2d)

=0,

which means that Vy(x;J) is positive semidefinite and
_1 _1 _1
IVy(z; D)l = |C~2(I = B)C || < |C2|*|IT = B|| < 1.
This completes the proof. O

From Lemma 2.1, if the CRCQ holds at IIg(z), then there exists a neighborhood N(z) of
such that the CRCQ holds at II(z) and B(z) C B(x) whenever z € N(x). So by the definition
of y(z;J), J € B(x), we have

Mg(z) = y(5J), J € Bla). (2.7)
Based on these observations, we define the CGJ of IIg(x) as follows:
doTls (@) = {Vy(; ) | J € B(a)}. (2.8)

Note that, when S is a polyhedral set, we have V2h;(y) = 0 for all y € R". Han and Sun [12]
used the set OcIlg(x) to construct Newton and quasi-Newton methods for solving variational
inequalities with a polyhedral set.

From the definition of dcllg(z), to find one element P € dcllg(z) is equivalent to find an
index set J € B(z). This is often not difficult after we have the value of IIg(z). For instance, if
the LICQ holds at IIg(x), we can choose J = I(¥). In fact, any A € M(x) with minimal support
gives an index set J = supp(A) € B(x) no matter whether or not the LICQ holds. A multiplier
A € M(z) with minimal supp(A) can be obtained easily if we have some element of M(z). But
such an element of M(x) is often a by-product of computing IIg(x). In particular, if S is a
polyhedral set and the LICQ holds at IIg(x), the work to find a P € dcllg(x) is approximately
equal to the work to calculate inverses of some matrices (see (2.5) and (2.8)).

The proof of the following lemma is stimulated by the arguments in [23].



Lemma 2.3 Suppose that the CRCQ holds at y = Ilg(x). Let (y(z;J), u(z;J)) be the solution
of (2.4) for given z and J satisfying (2.3). Then there exists a neighborhood U(x) of x such that
for each z € U(x),

(i) Us(z) = y(z; J), J € B(2);

(it) Ocls(z) = {Vy(z; J) | J € B(2)}.

Remark. Note that (i) and (ii) in Lemma 2.3 does not follow immediately from (2.7) and
(2.8), because y(z; J) is related to the equation (2.4) with J determined from the point x rather
than z (see (2.3)).

Proof of Lemma 2.3. From Lemma 2.1, there exists a neighborhood N (x) of x such that for
any z € N(z), the CRCQ holds at IIg(z) and B(z) C B(z).
Let
U(z) C ﬂ N(z;J) N N(z)
JeB(x)

be an open neighborhood of z(= Z) such that for any z € U(z), any A\* € M(z) and J € B(z)
satisfying supp(\*) C J C I(IIg(2)),

(Is(2), %) € N(g, 15 J).

Such U(x) can be chosen because there are only finitely many J’s and, as z — x, we have
-

J € B(z)(C B(x)),
Hs(z) — Is(z) =y = y(2; J)

and
A= (A7, A%) = (¥(2)(z — IIs(2)),0)
— (¥(z)(z —1Is(x)),0)

— (A0 =A== u(z )
with A € M(z) satisfying supp(A) € J C I(y), where ¥(v) is the matrix defined for any
v € N(z;J) by

U(v) = (VhJ(HS(v))TVhJ(HS(v)))71 Vhy(Ig(v))T.

For J € B(z), let
U(z;J) =12 | z€U(x), J € B(z)}.

= U U ).

JeB(x)

Then

For any z € U(x; J),
H(Ilg(2),A\*,z;J) =0
and
(s (2), A%) € N (7, 1 J).-
Thus we obtain
(Is(2), \*) = (y(z3 J), (25 7)),
since the solution of H(y, u,v;J) = 0 is unique in ¢l N(g, a;J) for each v € N(z;J). So (i)
follows.



Next we prove (ii). From the definition of Jclls(z), for each A* € M(z) and J € B(z)
satisfying supp(A\*) C J C I(IIg(z)), there exist two open neighborhoods N(z;J) (C N(z;J))
of z and N(IIg(2),\*;J) of (Ils(2),\*) such that H(y, u,v;J) = 0 has a unique continuously
differentiable solution (y*(v;J), u*(v; J)) € cl N(Ilg(z),\*; J) whenever v € cl N(z;J). So

Icls(z) ={Vy*(z;J) | J € B(2)}-
Since
(7 (2 ), 17(2 J)) = (Hs(2), X") € N(y, 13 J)
and N(y,;J) is an open set, we can assume N(z;J) sufficiently small so that for any v €
cl N(z;J)
(v (v; J), w* (v J)) € N(g, 1 J).

Then from the uniqueness of the solution of H(y,u,v;J) = 0 in cl N(y,p;J) for each v €
cl N(z;J), it follows that for any v € N(z;J) C N(z;J)

(y* (vs J), p*(v; J)) = (y(v; J), p(v; J)).

So we have
Vy(z; J) = Vy(z:J), J € B(2),

and hence,
Icls(z) ={Vy(z J) | J € B(2)}.

This completes the proof. O

From Lemmas 2.1 and 2.3, if the CRCQ holds at IIg(z), there exists a neighborhood N(x)
of z such that for any z € N(x),

Is(z) € {y(z:J) | J € B(x)}.

So we have
Iplls(z) C{Vy(z;J) | J € B(z)} = dclls(z).

If the LICQ holds at IIg(x), then we have
Opllg(xz) = 0cIlg(x)

according to Theorem 3.2 and Corollary 3.2.2 of [20]. In [19, 20] the generalized Jacobian
has been discussed for more general parametric VIP under the LICQ assumption. When the
LICQ does not hold but the CRCQ holds, the above equality does not hold in general. A
counterexample is given in [12].

3. A computable generalized Hessian for the D-gap function

Now let us define the CGH of f, at x as

Hofolz) ={V e R |V =VF(@)" + (VE(z) — al)(I — Pa(I — a 'V F(2))7),
P, € 0cTlg(z — o~ F(x))}

and define H¢ fs(z) similarly. Using these sets, we define the CGH of g at « as

Heg(x) = He fo(z) — He f5(2).



By rearrangements, we have

Heg(x) ={VeR"| V=00B-a)l-Vz+V,,
Vs € B7H(BI - VF(x))0cIls(x — 7' F(x))(BI — VF(x))",
Vo € a Y al — VF(2))0clls(z — a  F(z))(al — VF(z))T}.

The reason that we use Hcg(x) here is that an element V' € Hog(x) is often easier to compute
than V' € 0pG(x) but it still leads to superlinear (and quadratic) convergence of generalized
Newton methods. The above set Heog(x) is, in general, not equal to the generalized Jacobian
OpG(z). In fact, when S = R" and F € C?, we have

Hog(z) = {(a™" = 7 VF(2)VF(x)"} (3.1)
and
OpG(z) = {VG(x)} = {(a™' = p7HVF(2)VF(2)" + (a™' = g7V F(2)F(2)}.  (3.2)

It is generally difficult to establish a relation between dpG and Hcg since the second-order
derivative is not used in Hog. But, if F' is affine, ie., F(x) = Mz + ¢ with M € R™™™ and
c € R, we have

Lemma 3.1 If F'(z) = Mz + ¢ and the CRCQ holds at yo(x) and yg(x), then
0pG(z) C Heog(x).

Proof. From Lemmas 2.1 and 2.3, there exists a neighborhood N(z) of x such that for any
z € N(x),

ya(2) = Tls(z — a"LF(2)) € {y(> — a ' F(2); L) | L € Bz — a"LF(x))}
and
yp(2) = Us(z = 071 F(2)) € {y(z = B F(2);J) | J € B(w — B~ F(x))}.
So for each z € N(z),
G(z) e {GM(2) | L € B(x — o 'F(z)), J € B(x — 7 F(z))},
where
GM(z) =M (y(z = B~ F(2); J) —y(z — a7 'F(2); L)) + Bz — y(z — 71 F(2); ]))
—a(z —y(z —a ' F(2);L)).
Then,
0pG(z) C{VGM(z)| L e B(x—a 'F(x)), J€B(x— B 'F(z))}

= Heg(z).
This completes the proof. O

In the above lemma, the equality does not hold in general. For example, let F(z) = =z,
S =R, and 0 < @ <1< 3. Then

IpG0) ={2—a— " B+a ! -2}
c{2-a—-p18+a ' -2,8—-a,at - 371} = Hog(0).
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Notice that for solving nonlinear equations, the classical Gauss-Newton method uses (3.1)
instead of (3.2) (with ™! — 7! = 1) to avoid computing V2F(x). Now the question is:
Can we still obtain local superlinear convergence even if one only uses V € Heg(x) instead
of V € 0pG(x)? The answer is “yes”. In the next section, we will show that it retains local
superlinear (and quadratic) convergence.

In order to prove superlinear convergence, we need that all members of Hog(x*) are positive

definite for a solution z* of the VIP.

Theorem 3.1 Let x € R" be given. Suppose that the CRCQ holds at yo(x) and yg(x), and
that VF(x) is positive definite. If Apin(VEF(x) + VF(z)T) > a+ 7| VF(2)||?, where Amin(A)
denotes the smallest eigenvalue of a symmetric matriz A, then all V. € Heog(z) are positive

definite.

Proof. For any V € Hcg(z), there exist two positive semidefinite matrices Pg € OcIlg(x —
B~1F(x)) and P, € Ocllg(z — a1 F(x)) such that

V:(ﬁ—a)I—V5+Va,
where
Vs =B 1(BI — VF(x))Ps(BI — VF(x))"

and
Vo = a Yal — VF(z))Py(al — VF(z))T.

Since, from Lemma 2.2, P, is symmetric positive semidefinite and [|Pg|| < 1, we have for any

0#de R,
(d,Vd) = (8- a)dd) — (d,Vsd) + (d, Vad)
> (8 - a)(d,d) - B7HI(BI - VF(2))"d|?
= (d, (VF(z) + VF(2)T)d) — a(d,d) — B~1(d, VF (x)VF(z)7d). (3.3)

Then from the assumption and (3.3), it follows that V is positive definite. a

Note that, for each x, the condition Apin(VF () + VF(2)T) > a+ B7Y|VE(x)|? is satisfied
if we choose 3 sufficiently large and « sufficiently small.

Remark. If v = 2*, then we have z* = y,(2*) for all v > 0. So, in this case, the CRCQ at z*
means that it holds at y.(z*) for each v > 0.

When F is affine, i.e., F(x) = Mx + ¢ with M € R"*" and ¢ € R", we have the following

result:

Corollary 3.1 Suppose that F(z) = Mx + ¢ and M 1is positive definite. If the CRCQ holds
everywhere, in particular if S is polyhedral, and Apin(M + MT) > o+ 37Y|M||?, then matrices
V € Heog(x), x € R", are uniformly positive definite, and hence g is strongly convez.

Proof. By (3.3) in the proof of Theorem 3.1, V' € Heog(x) are uniformly positive definite. The
strong convexity of g follows from Lemma 3.1 and the positive definiteness of V € Heog(z). O
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4. Local superlinear convergence of a generalized Newton method

In this section, we will consider the local convergence properties of the following generalized
Newton method:
gl = b — Vk_lG(xk), k=0,1,---, (4.1)

where Vi, € Hog(z%).
To prove the superlinear convergence of (4.1), we need the following lemma.

Lemma 4.1 Let x* be a solution of the VIP. Suppose that all h; are twice continuously differ-
entiable and convex. If the CRCQ holds at x*, then for any V € Hog(z), we have

G(x)—Gz") = V(e —x") = o||x — z|]). (4.2)
Furthermore if VF and all V?h; are Lipschitz continuous at x*, then
G(z) — Gz*) = V(z —z*) = O(||x — z*||?). (4.3)

Proof. Recall that 2* = Ilg(z* — a 'F(2*)) = llg(z* — B~1F(z*)). By the assumption that
the CRCQ holds at z*, it follows from Lemma 2.1 that there exists a neighborhood N (z*) of z*
such that, for each z € N(z*),

Bz — 7 'F(z)) C B(z* — g~ F(z*))
and
B(z —a 'F(x)) C B(z* —a tF(z*)).

For any V € Hcg(x), there exist Py € dcllg(x — 371 F(x)) and P, € dcllg(x — a1 F(x)) such
that
V=B-a)l-Vz+V,,

where

Vg = 0718 = VF(2))P3(8I — VF(x))"

and
Vo = o Yal — VF(z))Py(al — VF(z))T.

So we can write

Gx)—G@") = V(e —a") =T +To + T3,

where
Ty =VF(z)(ys(z) — yalz)) — V(") (ys(z") — ya(z"))
~VF(2) (Ps(I = BIVF (@) = Pa(I = o 'VF(2))T) (@ - 2%),
T =-p3 (yg(ac) —yg(a*) — Pg(I — BWF () (z — m*))
and

T3 =« (ya(w) —ya(2*) = Po(I = B'VE(2)T (2 — m*)) .
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From Lemma 2.3, we can assume that N (z*) is sufficiently small so that, for each x € N(z*),
there exists J € B(z* — 371 F(2*)) (J may be the empty index set) such that

ys(x) = y(x — B~ F(x); J)

and
Py = Vy(z — 57 F(x); J).

Therefore, we have
ys(x) = ys(a*) — Ps(I = B7'VF(2))" (z — 2¥)
=y(z — 7 F(a); J) —y(a* — 71 F(a*); J)
=Vy(z — B~ F(2); J)(I = B~'VF(2))" (z — %)
=y(e — B F(2); J) —y(z* — B F(2%); J)
~Vy(z — 87 F(2); J)(x — B~ F(z) — (2" = B~ F(a")))
—B7'Vy(x — 871 F(x); J)(F(2) — F(a*) = VF(2)" (z — 2¥))
=o(|z — B~ F(x) = (z* = B71F(2%))|]) + of[|z — z*]))
= o(||x — z*|)). (4.4)

Since there are only finitely many J’s, it follows from (4.4) that T = o(||z — z*||). Similarly
we have T3 = o(]|z — «*||). To prove (4.2), it remains to show 77 = o(|Jz — z*||). Since
ys(z*) — ya(z*) = 2* — 2* = 0, we can write Ty = —VF(z)(87'Ty + o~ 'T3). Hence T} =
o(||z — x*||) follows from T» = o(||x — z*||) and T5 = o(||z — 2*||). Thus we obtain (4.2). Finally,
when VF and all V2h; are Lipschitz continuous, we can easily modify the above arguments to
get (4.3). O

Theorem 4.1 Let z* be a solution of the VIP. Suppose that all h; are twice continuously dif-
ferentiable and convez. If the CRCQ holds at x* and all V € Hog(x*) are positive definite, then
there exists a neighborhood N(x*) of x* such that when the initial point x° is chosen in N(x*),
the sequence generated by (4.1) is well defined and converges to x* Q-superlinearly. Furthermore,
if VF and all V?h; are Lipschitz continuous, then the convergence rate is Q-quadratic.

Proof. From Lemma 2.3 and the definition of Hcog(+), it is easy to see that Hog(z*) is compact,
and Hecg(+) is upper-semicontinuous at z*, i.e., for any € > 0, there exists a positive number §
such that for all z € {y € R"|||ly — 2*|| < 0} we have

Heg(x) C Hog(z*) + eB,

where B is the unit ball of R™. Then from the given assumptions, there exists a neighborhood
N (z*) such that for any z € N(z*), all V. € Heg(x) are uniformly positive definite. So for

13



k=0, (4.1) is well defined. From Lemma 4.1 and (4.1), we have
le* ! = a*]| = [l — 2" = VTGN
= IV H(G(a*) = G(a¥) = Vi(a" —a7))]
= o(||z"* — z*)).

This proves the Q-superlinear convergence of {z*}. If VF and all V2h; are Lipschitz continuous,
by modifying the above arguments, we have the Q-quadratic convergence of {xk} O

Remark. Notice that for the superlinear convergence of the generalized Newton method
(4.1), we only require F' to be continuously differentiable. It is easy to see that the function F’
in the example in Section 1 satisfies the superlinear convergence conditions of Theorem 4.1.

The above method (4.1) only has a local convergence property. There are many ways to
globalize such a method. In the next section we will provide a trust region algorithm to globalize
it.

5. A trust region algorithm

The k-th iteration of the trust region algorithm for solving the unconstrained minimization
problem
minimizeyepn  g(x)

is stated as follows: Given zF € " and Ay > 0, solve the minimization problem

minimize  gy(d) = g(z*) + (G(2*), d) + (d, Vid) (5.1)
subject to ||d|| < A, ‘
where V; is an element of Hog(z¥) or some approximation to it. Let d* denote an optimal
solution of subproblem (5.1). If d¥ = 0, then we terminate the iteration. Otherwise, compute

the ratio
g(a*) — g(a* + d¥)

Pk = 5.2)
§&F) — (@) (
and determine zFt! and A1, respectively, by
k koo
k1 _ z¥+d¥ it pg >,
! B { ak if pr, <m, (5:3)

mAg if pp <m,
Apy1 = Ap it g < pr <o, (5.4)
YA, if pr >,

where 11, 172, 71, v2 are predetermined constants such that 0 <n; <y <land 0 <y <1 < ¥o.
Note that if V} is positive definite, and the constraint ||d|| < A} is inactive at the solution d*
of (5.1), and pj, > 11, then the iteration z¥T! = z* + d* reduces to the Newton iteration (4.1).
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6. Global convergence of the trust region algorithm

The global convergence of trust region algorithms for unconstrained differentiable optimization
problems has been studied quite extensively [25, 29, 8]. For example, Powell [25] showed that
the trust region algorithm as described in the previous section generates a sequence {z*} such
that
liminf ||G(z*)|| =0, (6.1)
k—oo

if the following conditions are satisfied:
(a) g(z) is bounded below;
(b) G(z) is uniformly continuous;

(¢) {Vi} satisfies either

k
IVill S e1+ 2> Ay forall k (6.2)
i—1
or
Vil < 1+ 2k for all k, (6.3)

where ¢; and ¢y are some positive constants.

In the present case where g is the D-gap function defined by (1.1), condition (a) is automatically
satisfied, since g(z) > 0 for all x € R". For condition (b), we have the following lemma. This
lemma has essentially been proved in [11], but we give the proof here for completeness.

Lemma 6.1 Suppose that VF : R" — R"*™ 4s uniformly continuous and bounded. Then the
gradient mapping G = Vg is uniformly continuous.

Proof. First we show that F' is also uniformly continuous. From the mean-value theorem [18],
we have

1
F@)=Fly) = [ VFP@+ty—o) (-
= /OI[VF(.CL‘ +t(y —x)) — VF(2)]T (y — 2)dt + VF(z)T (y — x).

Then it is not difficult to deduce the uniform continuity of F' from the uniform continuity and
the boundedness of VF. Now since the gradient mapping G = Vg is given by

G(z) = VF(@)(ys(z) = ya(2)) + 6z = ys(z)) — alr = ya(2)),

(see (1.4) and (1.5)), and since y, and yg are both composite functions of ' and the projection
operator Ilg (see (1.6)), the uniform continuity of G follows from the uniform continuity of F'
and VF and the boundedness of VF' a

From the above results, the following global convergence theorem is readily established.

Theorem 6.1 Suppose that VE : R — R™*™ is uniformly continuous and bounded. Then the
sequence {wk} generated by the trust region algorithm satisfies (6.1), provided that the sequence
of matrices {Vi} satisfies either of the conditions (6.2) and (6.3).
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Proof. As mentioned just before Lemma 6.1, the function g is bounded below. By Lemma 6.1,
G is uniformly continuous. Consequently, it follows from the result established by Powell [25]
that (6.1) is satisfied. O

It has been shown [31] that if F' is strongly monotone and if either F' is Lipschitz continuous
or S is compact, then the function g has bounded level sets. So when these conditions are
satisfied, the descent property of the trust region algorithm ensures the boundedness of the
generated sequence {z¥}. Moreover, if {A;} is bounded, which is usually the case in the trust
region algorithm, the uniform continuity condition on G, i.e., condition (b), may be replaced
by the weaker condition that G is uniformly continuous on a bounded set containing {z*} and
{x* + d*}. The latter condition is particularly satisfied under the present standing assumption
of continuous differentiability of F'. Thus, in this case, we need not require VF to be uniformly
continuous and bounded. To summarize, we obtain the next theorem.

Theorem 6.2 Suppose that F is strongly monotone and that either F is Lipschitz continuous
or S is compact. Suppose also that {Vi} satisfies either (6.2) or (6.3) and that {Ay} is bounded.
Then the sequence {x*} generated by the trust region algorithm contains a subsequence whose
limit point x* is the unique solution of the VIP.

Proof. As mentioned in the paragraph preceding the theorem, the boundedness of the generated
sequence {z*} is guaranteed under the given hypotheses and the same conclusion as that of
Theorem 6.1 remains true. Hence, there is a subsequence {z*}cr such that

lim G(zF) =o0.

keK
Therefore, by the continuity of G, we may deduce that there exists a subsequence whose limit
point z* satisfies the stationarity condition G(z*) = 0. Moreover, the strong monotonicity of
F ensures not only the existence of a unique solution of the VIP but also the fact that any
stationary point of g solves the VIP [31]. This completes the proof. O

When the generated sequence {2*} is not bounded, we cannot say much about its asymptotic
behavior. In fact, the above-mentioned result by Powell [25] only says that there exists a
subsequence {z¥}rcx which is a stationary sequence for g in the sense that

lim G(a*) =0.
e

In general, this does not imply that {z*}rcx is a minimizing sequence for g in the sense that

1; ky _ s
i g(2%) = inf g(z),
keK

unless some additional conditions are met [11].

7. Superlinear convergence of the trust region algorithm

In this section, we establish local superlinear convergence of the algorithm. In order to do this,
we need the following lemma.
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Lemma 7.1 Let x* be a solution of the VIP. Suppose that all h; are twice continuously differ-
entiable and convez. If the CRCQ holds at x*, then for any V € Heg(x), we have

g9(x) = g(z*) = (G(z%),x — ") - %@? =" V(e —2") = o]z — 2"||*). (7.1)

Proof. Let N(z*) be a neighborhood of z* such that for any = € N(z*),
B(z — o 'F(x)) C B(z* — o ' F(z")),

B(z — f7'F(x)) C B(z" — 51 F (")),

and

Yolz) = y(z — oz_lF(x); L),
ys(z) = y(x — 67 F(x); J)

for any L € B(z — a 'F(z)) and J € B(z — 81 F(x)), respectively. The existence of N(x*)
follows from Lemmas 2.1 and 2.3. Let us define

St ={y e R" [ hi(y) <0, i€ L}
and

F1(2) = max {(F(z),z 9= sz} |

where v = « or . It is known [9] that va is continuously differentiable and

VI (2) = F(2) + VE(2) (2 =y (2)) = (2 — 95 (2)),

where y,%(z) =Tlge(z — v LF(2)).
Let g/ : R — R be defined by

g (2) = f2(2) = f§ (2).

Since all h; are twice continuously differentiable and convex, it follows from Lemma 3 of [23]
that for any z and any L € B(z) we have

Igr(z) = g(z2).
Then, for any L € B(z — o 'F(x)) and J € B(x — 871 F(x)), we have

gt (x) = fl(z) - fi(2)
= [(F@). @ - @) - Sle - k@] - [17@), @ = @) - Sl — @]

= [(F@). o = o) = S~ va @] = [P @) 2 = a(a)) = Sl — o) P

= fa(2) = fp(@)
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and

Vgt (@) = Vik@) - Vi)
— [F@) + VF@)(@ - yk(2) - alz - yk(2))]
~ [F(a) + VF(@)(@ — yj(2) — Bz — yj ()]
= VF(2)(yj(x) — y& (@) + Bz — y}(2)) — alz — yL(x))

= VE(z)(ys(x) = ya(2)) + Bz — ys(r)) — a(z — ya(z))
= Vy(z) = G().
For any V € Hcg(x), there exist L € B(x —a~'F(z)) and J € B(x — 37 'F(x)) such that
V=08-a)l—Vz+V,, (7.2)

where
Vg =B 1Bl — VF(2))Vy(z — B~ F(x); J)(BI — VF(x))"

and
Vo =a Y(al = VF(2))Vy(z — a 'F(z); L)(al — VF(z))T.

Let xy =z + t(x — z*), t € [0,1] and consider

5LJ($)

98 () — g (a7) — (VgH (a), 2 — ) — L — ", V(e — 2*))

where, by the definitions of Vg&/,
! 1
Ty = / (B —a){xy —x*,x —x")dt = 5(ﬂ —a){x — ¥,z —x"),
0

T = [T~ 57 @) )~ VEG @ — 57 R D), - o)

- /01<VF(xt)y(xt —a 'F(zy); L) — VF(z")y(z* — o 'F(z*); L),z — x*)dt

and
Ts = —ﬂ/ (z: — BV (2);: J) — y(a* — B7YF(a%); J), z — a*)dt

+ a/ (y(xy — a 'F(xy); L) — y(z* — a ' F(z*); L),z — z*)dt.
0
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By noting
y(a* —a 'F(a*); L) = y(a* = 7 F(a%); J) = a7,

we have

Ty = /01<VF(x*)Vy(x* — B7YF(2*); (I = BTIVE (@) (2 — %),z — x*)dt
- /01<VF(x*)Vy(x* —a ' F(a); D)(I — o 'VF(@) (2 — 2*), 2 — 2*)dt
+ [ ol — 2l - = e
::QVFQSVMﬁ—ﬂ”F@ﬂhUU—ﬂ“VF@ﬂV@—xﬂw—xﬂ

—%(VF(m*)Vy(:c* —a 'F*); D) — o 'VE(@ ) (2 — 2%),2 — 2¥)

+o(llz - z*|?)
and .
Te = —5/0 (Vy(a* = g7 F(2*); J)I = B7IVF(@)" (2 — %), 2 — 2¥)dt
1
+ a/o (Vy(z* — o 'F(z*); L)Y(I — o 'VF () (2 — %), 2 — 2*)dt
1
+ [ olllee =2l — o et
= —g(Vy(x* — B8R ("), NI - B IVE(@@) (@ — 2%, 2 — 2¥)
—i—%(Vy(x* —a Pz, L) - a 'WWFE ) (@ — 2*),x — 2)
+o([lz —27|?).
Now let
V= (8- a)l -V} + V7,
where
Vi = 871(BI = VF(2"))Vy(a™ — 87 F(a"); J)(BI — VF (2*))"
and

Vi=atYal - VF(z")Vy(z* —a 'F(z*); L)(al — VF(z*))T.
Then we have 1
Ti+ T+ T = Sz — ", V(e —2%)) + o[z — z*)?).
So it follows that

" (x) = %(l‘ =" (V" = V)(@ = 2")) + o([la — 2”||).
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In view of (7.2), we get ||V — V*|| — 0 as  — x*. Therefore,
04 (x) = o(|lz — 2*||?).

Since there are only finitely many L’s and J’s, we have

g(x) —g(z*) = (G(z7),x — 2%) - %(ﬂc -z, V(z —a"))

= g"(@) - gM (") ~ (VgH (@), — ) = Jlo — 2 Vi - 2°)
=6 ()

2
= o([|lz — =*[|%),
which proves (7.1). O
Now we can establish a superlinear convergence result of the trust region algorithm.

Theorem 7.1 Let x* be a solution of the VIP. Suppose that the CRCQ) holds at x* and all V €
Hog(z*) are positive definite. Suppose also that the sequence {x*} generated by the trust region
algorithm converges to x* and Vi, € Heog(2¥) for all k. If the bound constraint in subproblem (5.1)
is inactive for all sufficiently large k, then the sequence {x*} converges to x* Q-superlinearly.
Furthermore, if VE and all V2h; are Lipschitz continuous, the convergence is Q-quadratic.

Proof. From the proof of Theorem 4.1, there exists a neighborhood N (z*) of z* such that when
x € N(z*), all W € Heg(z) are uniformly positive definite. Because the bound constraint is
inactive for all sufficiently large k, we have

d" = -V 'G(a")
when k is sufficiently large. From Theorem 4.1,
lz* +d* —a*|| = o(|la* — 2*),
which means that
|| = [la* — &*|| + o([la* — 2*).
So from Lemma 7.1, for all W, € Hog(z® + d*) we have

g(zf +d*) = g(a*) + (G(z*),2* + d* — z*)
1
+§<mk + dF — 2* Wy (2P + dF — %)) + o||2* + d¥ — z*||?)

= o(|la* — 2*[*) = o(||d"||?)
and
g(zF) = g(*) + (G(z*),a" — a*) + %< F—a* Vi(a® — %)) + o(||2" — 2¥|?)
- %<dk7 Vid®) + o(||d*|?)

:_;G@%@%+owfwy
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Therefore, for any ' € (m1,1), we have

ok +d) — g(a®) — TGN, ) = TG, 44+ of1d4]?)

=0 1k k2
=3 (d%, V. d®) +o(|[d" %)

<0,
when £ is sufficiently large. From this inequality, we can deduce that, for all k sufficiently large,

g(a*) — g(a* + d*)

Pk = > M,
g(x¥) = gr(d¥)
which means
ottt = gh 4 gk
So the superlinear (and quadratic) convergence of {*} follows from Theorem 4.1. 0.

Remark 7.1. Theorem 7.1 assumes that the bound constraint in subproblem (5.1) becomes
inactive eventually. However, G is not continuously differentiable in general, and it does not
seem possible to show that this assumption always holds, as in the smooth case. A possible
remedy for this shortcoming is to use a hybrid technique: In the k-th iteration of the trust

region algorithm, if V} is positive definite, then let @* := —V, 'G(2*) and compute pj as in
(5.2). If
Pk > (7.3)
and
—(G(2"),d") > pl|G(2")[>* (7.4)

for given constants p,e € (0,00), let z*T!1 = zF + d* and A1 = Ag. Otherwise, solve (5.1)
for d* and continue the trust region algorithm as described in Section 5. Note that condition
(7.4) was used in [3] for solving nonlinear complementarity problems, and will hold if z* is close
enough to a solution z* and all V' € Hog(z*) are positive definite. So superlinear convergence
for such a hybrid method can be obtained. Also we may expect (6.1) to hold, because conditions
(7.3) and (7.4) still guarantee a sufficient decrease in the objective value at every iteration such
that z¥*1 £ 2F. Such a hybrid technique may be avoided if we adopt a line search strategy to
globalize the Newton method, because we can always check the unit step size (Newton step)
first. In this case, however, it may be necessary to modify matrix Vj, in such a way that it
becomes positive definite, thereby yielding a descent direction for the function g.

Remark 7.2. Very recently, Kanzow and Fukushima [16] refined the properties of the D-
gap function for box constrained variational inequalities and presented a Gauss-Newton type
algorithm with a line search strategy for minimizing the D-gap function. They tested the whole
set of problems in the MCPLIB test problems with MATLAB version, see [4]. The numerical
results reported in [16] show that most problems in [4] can be solved successfully. In [7], good
numerical results for a similar iterative method with another merit function are also reported for
variational inequalities with box constraints. The advantage of the approach adopted here may
exist in that we handle the problem directly without increasing the dimension of the problem,
while the approach presented in [7] is based on the KKT system involving Lagrange multipliers
associated with the constraints of the problem.
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