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Abstract In this paper we consider a mathematical program with semidefinite cone
complementarity constraints (SDCMPCC). Such a problem is a matrix analogue of
the mathematical program with (vector) complementarity constraints (MPCC) and
includes MPCC as a special case. We first derive explicit formulas for the proximal
and limiting normal cone of the graph of the normal cone to the positive semidefinite
cone. Using these formulas and classical nonsmooth first order necessary optimality
conditions we derive explicit expressions for the strong-, Mordukhovich- and Clarke-
(S-, M- and C-)stationary conditions. Moreover we give constraint qualifications under
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which a local solution of SDCMPCC is a S-, M- and C-stationary point. Moreover
we show that applying these results to MPCC produces new and weaker necessary
optimality conditions.
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1 Introduction

Let 8™ be the linear space of all n x n real symmetric matrices equipped with the usual
Frobenius inner product (-, -) and its induced norm || - ||. For the given positive integer
n, let S (S) be the closed convex cone of all n x n positive (negative) semidefinite
matricesinS”. Letn;, i = 1, ..., m be given positive integers. The mathematical pro-
gram with (semidefinite) cone complementarity constraints (MPSCCC or SDCMPCC)
is defined as follows

(SDCMPCC) min f(2)
s.t. h(z) =0,

g(z) 200,
S >5Gi(z) LHi(z)eS", i=1,....m, (1)

where Z and H are two finite dimensional real Euclidean spaces; f : Z — N, h :
Z >N g¢g:7Z—> HadG; : Z - S H : Z — S",i =1,...,mare
continuously differentiable mappings; Q@ < H is a closed convex symmetric cone
with a nonempty interior (such as the nonnegative orthant, the second order cone, or
the cone of symmetric and positive semidefinite real matrices); foreachi € {1, ..., m},
“Gi(z) L H;i(z)” means that the matrices G;(z) and H;(z) are perpendicular to each
other, i.e., (G;(z), H;(2)) = 0; “g(z) <o 0” means that —g(z) € Q. In particular, for
a given symmetric matrix Z € 8", we use Z < 0 and Z > 0 to denote Z € S”" and
Z € S, respectively.

Our research on SDCMPCC is motivated by a number of important applications in
diverse areas. Below we describe some of them.

A rank constrained nearest correlation matrix problem. A matrix is said to be a
correlation matrix if it is real symmetric positive semidefinite and its diagonal entries
are all ones. Let C be a given matrix in S”. Let 1 < r < n be a given integer. The
rank constrained nearest correlation matrix problem takes the following form

min  fc(X)

st. X;=1, i=1,...,n,
X ed], @
rank(X) <r,
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First order optimality conditions

where fc : 8" — N is a given cost function that measures the closeness of X to
a targeted matrix C. For instance, fc can be simply chosen as %HX — C||? in some
applications. Problem (2) has many important applications in quantitative finance and
engineering, e.g., [7,8,24,28,48,56,64] and the references therein. We may easily cast
(2) in a SDCMPCC form

min fc(X)

X, U

sit. X;=1, i=1,...,n, 3)
(I,U) =, UGSi,
SiaXLWU-1)eSs".

We refer to [23] for details on the equivalence of these two formulations. More
SDCMPCC examples concerning the matrix rank minimization problems can be found
in [5,65].

A bilinear matrix inequality (BMI) problem. Bilinear matrix inequalities arise fre-
quently from pooling and blending problems [54], system analysis and robust design
[18,46,53]. In particular, many problems including robustness analysis [11,37] and
robust process design problems [45,54,55] can be stated as the following optimization
problem with the BMI constraint

min bTu + dTv

s.t. D—l—Zu A(’)—l-Zv B(])—i-ZZu v; ) <0, @

i=1 j=1

where u € N and v € N" are decision variables, b € N and d € R" are given,
and D, AD, BD and CW) i =1,..., m, j=1,...,nare given p by p symmetric
matrices. Denote x := (u, v) € X" ¢ := (b,d) € W Then, the optimization
problem (4) can be rewritten as the following optimization problem [15]

min ¢Tx
& o i
s.t. D~|—Zx,A + Z wi;C" <0, )
i,j=1
W:xxT,
where Zi AW o Am gD B™Y) and for each i, jef{l,...,m}x

(lj) =(ij)

(,....n},C7 =CcWWifie{l,...,myand j € {I,...,n}and C"”’ = 0 other-
wise. It is easy to see that the second constraint in the problem (5) can be replaced by
the following constraints [15]

z:[z‘; ﬂzo and rank(Z) < 1.

Therefore, similarly as the previous example, we know that the problem (5) can be
cast in the following SDCMPCC form
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T

min ¢ x
m—+n . m+n .

s.t. D+ inA(l) + Z WijC(U) =<0,
i=1 i,j=1

(LU)=1, UeS§,
n W'x n
St s o 1 1LWU-1)es".

A single-firm model in electric power market with uncertain data. The electric
power market is an oligopolistic market, which means that there are several dominant
firms in this market. Each dominant firm has some number of generators, which submit
the hourly bids to an independent system operator (ISO). The firm can be thought of as
a leader of a Stackelberg game, which calculates its bids based on what it anticipates
the followers would do, which is the ISO in this case.

Without the uncertain data, it is well-known that this single-firm problem in the
electric power market can be modeled as a bilevel programming problem [21]. In
this bilevel programming model, the upper-level problem is the single firm’s profit
maximization problem and the lower-level problem is the ISO’s single spatial price
equilibrium problem. In practice it is more realistic to assume that the lower-level
problem involves uncertainty. For instance, the coefficients of the marginal demand
functions, which are decided by the information of consumers, usually contain uncer-
tainty. Therefore, it makes sense to consider a robust bilevel programming problem
where for a fixed upper-level decision variable x, the lower-level problem is replaced
by its robust counterpart:

Pe: min{f(x,y,8):g(x,y,8) =0 V¢ e},

where U is some “uncertainty set” in the space of the data. It is well-known (see
[2,3]) that if the uncertainty set U/ is given by a system of linear matrix inequalities,
then the deterministic counterpart of the problem P, is a semidefinite program. If
this semidefinite programming problem can be equivalently replaced by its Karush—
Kuhn-Tucker (KKT) condition, then it yields a SDCMPCC problem.

SDCMPCC is a broad framework, which includes the mathematical program with
(vector) complementarity constraints (MPCC) as a special case. In fact, if Q = %Y , the
nonnegative orthant in H = %% and n; = 1,i = 1, ..., m, the SDCMPCC becomes
the following MPCC problem

(MPCC) min f(z)
s.t. h(z) =0,
8(z) =0,
Ny 2Gi(2) LH@)eR, i=1,...,m. 6)

Denote G(z) = (G1(2), ..., Gm(z)T:Z — K" and H(z) = (H\(2), ..., Hu(2)T :

Z — ™. Then the constraints (6) can be replaced by the following standard vector
complementarity constraint
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N} > G(z) L H(z) e R,

MPCC is a class of very important problems since they arise frequently in applica-
tions where the constraints come from equilibrium systems and hence is also known
as the mathematical program with equilibrium constraints (MPEC); see [26,34] for
references. One of the main sources of MPCCs comes from bilevel programming
problems which have numerous applications; see [12].

In this paper, we study first order necessary optimality conditions for SDCMPCC.
For simplicity, we consider the SDCMPCC problem which has only one semidefinite
cone complementarity constraint. However all results can be generalized to the case
of more than one semidefinite cone complementarity constraints in a straightforward
manner.

MPCC is notoriously known as a difficult class of optimization problems since if
one treats a MPCC as a standard nonlinear programming problem, then Mangasarian
Fromovitz constraint qualification (MFCQ) fails to hold at each feasible point of the
feasible region; see [63, Proposition 1.1]. One of the implications of the failure of
MEFCQ is that the classical KKT condition may not hold at a local optimizer. The
classical KKT condition for MPCC is known to be equivalent to the strong stationary
condition (S-stationary condition). Consequently weaker stationary conditions such
as the Mordukhovich stationary condition (M-stationary condition) and the Clarke
stationary condition (C-stationary condition) have been proposed and the constraint
qualifications under which a local minimizer is a M-(C-)stationary point have been
studied; see e.g., [47,61] for a detailed discussion.

The same difficulties exist for SDCMPCC. The cone complementarity constraint
(1) amounts to the following convex cone constraints:

(G(2),H(2)) =0, G(z) eS8}, H(z)eS .

For an optimization problem with convex cone constraints, the usual constraint qual-
ification is Robinson’s CQ. In this paper we show that if we consider SDCMPCC as
an optimization problem with cone constraints, Robinson’s CQ fails to hold at each
feasible point of the SDCMPCC. Hence SDCMPCC is also a difficult class of opti-
mization problems. One of the implications of the failure of Robinson’s CQ is that
the classical KKT condition may not hold at a local optimizer. It is obvious that the
complementarity constraint (1) can be reformulated as a nonconvex cone constraint:

(G(2), H(z)) € gph Nsr,

where gph Ng» is the graph of the normal cone to the positive semidefinite cone.
We first derive the exact expressions for the proximal and limiting normal cone of
gph Ngr. As in the vector case, the first order necessary optimality condition based
on the proximal and limiting normal cones are called S- and M-stationary condition
respectively. To derive the C-stationary condition, we reformulate the complementarity
constraint (1) as a nonsmooth equation constraint:

G(2) — s (G(2) + H(z)) =0,
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where Mgn denotes the metric projection to the positive semidefinite cone. As in
the vector case, based on this reformulation and the classical nonsmooth necessary
optimality condition we derive the necessary optimality condition in terms of the
C-stationary condition. We also show that the classical KKT condition implies the
S-stationary condition but not vice versa.

To the best of our knowledge, this is the first time explicit expressions for S-, M-
and C-stationary conditions for SDCMPCC are given. In [58], a smoothing algorithm
is given for mathematical program with symmetric cone complementarity constraints
and the convergence to C-stationary points is shown. Although the problem studied in
[58] may include our problem as a special case, there is no explicit expression for C-
stationary condition given. It is also the first time precise formulas for the proximal and
limiting normal cone of gph Ngn are developed. In particular the precise expression for
the limiting normal cone of gph N, st is not only important for deriving the M-stationary
condition but also useful in the so-called Mordukhovich criterion for characterizing
the Aubin continuity [44, Theorem 9.40] of a perturbed generalized equation such as:

S() :={z:x € H@) + N1 (2)}.

We organize our paper as following. In Sect. 2 we introduce the preliminaries and
preliminary results on the background in variational analysis, first order conditions
for a general problem and background in variational analysis in matrix spaces. In
Sect. 3, we give the precise expressions for the proximal and limiting normal cones of
the graph of the normal cone Ngn . In Sect. 4, we show that if SDCMPCC is considered
as an optimization problem with convex cone constraints then Robinson’s CQ fails at
every feasible solution of SDCMPCC and derive the classical KKT condition under
the Clarke calmness condition. Explicit expressions for S-stationary conditions are
given in Sect. 5 where it is also shown that the classical KKT condition implies the
S-stationary condition. Explicit expressions for M- and C-stationary conditions are
given in Sects. 6 and 7 respectively. In Sect. 8 we reformulate MPCC as a particular
case of SDCMPCC by taking the vector complementarity functions as matrices with
diagonal values. Comparisons between the S-, M- and C-stationary points are made.
We show that the S-stationary condition for the two formulations are equivalent while
the M- and C-stationary conditions for SDCMPCC may be weaker.

2 Preliminaries and preliminary results

We first give the following notation that will be used throughout the paper. Let X and
Y be finite dimensional spaces. We denote by || - || the Euclidean norm in X. We denote
by B(x,d) :={y € X| |ly — x|| < &} the open ball centered at x with radius § > 0
and B the open unit ball centered at 0. Given a set S € X and a point x € X, the
distance from x to S is denoted by

dist(x, S) :=inf{||y — x|| | y € S}.

Given a linear operator A : X — Y, A* denotes the adjoint of the linear operator .A.
Given a matrix A, we denote by A7 the transpose of the matrix A. For a mapping
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F:X — Y and x € X, F'(x) stands for the classical derivative or the Jacobian of
F at x and V F (x) the adjoint of the Jacobian. We denote by F’(x; d) the directional
derivative of F at x in direction d. For a set-valued mapping ® : X = Y, we denote
by gph® the graph of @, i.e., gph & := {(z,v) € X x Y | v € ®(z)}. For a set C,
we denote by int C, clC, coC its interior, closure and convex hull respectively. For a
function g : X — 9, we denote g*(x) := max{0, g(x)} and if it is vector-valued
then the maximum is taken componentwise.

e Let O" be the set of all n x n orthogonal matrices.

e For any Z € W"*", we denote by Z;; the (i, j)th entry of Z.

e Forany Z € \"*" and a given index set J C {1, ..., n}, we use Z 5 to denote the
sub-matrix of Z obtained by removing all the columns of Z not in J. In particular,
we use Z; to represent the j-th columnof Z, j =1, ..., n.

e LetZ C{l,...,m}and J C {1,...,n}betwo index sets. For any Z € RN"*" we
use Z7 7 to denote the |Z] x || sub-matrix of Z obtained by removing all the rows
of Z not in Z and all the columns of Z notin J.

e We use “o” to denote the Hardamard product between matrices, i.e., for any two
matrices A and B in W *" the (i, j)thentryof Z := Ao B € W"*"is Z;; = A;; B;;.

o Letdiag(:) : W" — S™ be a linear mapping defined by for any x € %", diag(x)
denotes the diagonal matrix whose ith diagonal entry is x;, i = 1, ..., n.

2.1 Background in variational analysis

In this subsection we summarize some background materials on variational analysis
which will be used throughout the paper. Detailed discussions on these subjects can
be found in [9,10,31,32,44]. In this subsection X is a finite dimensional space.

Definition 2.1 (see e.g., [10, Proposition 1.5(a)] or [44, page 213]) Let Q2 be a non-
empty subset of X. Given x € cl €2, the following convex cone

NE(x):={¢ e€X:3M >0, suchthat ({,x —x) < M|x —)E||2 VxeQ} (7)

is called the proximal normal cone to set €2 at point x.

Definition 2.2 (see e.g., [10, page 62 and Theorem 6.1(b)]) Let 2 be a nonempty
subset of X. Given x € cl L, the following closed cone

Nq(x) = [ll_lfglo Si ¢ e NG(xi), xi = X, x; €Q )

is called the limiting normal cone (also known as Mordukhovich normal cone or basic
normal cone) to set 2 at point X and the closed convex hull of the limiting normal
cone

NG (%) :=clco No(x).

is the Clarke normal cone [9] to set 2 at point x.
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Alternatively in a finite dimensional space, the limiting normal cone can be also
defined by the Fréchet (also called regular) normal cone instead of the proximal
normal cone, see [31, Definition 1.1 (ii)]. In the case when 2 is convex, the prox-
imal normal cone, the limiting normal cone and the Clarke normal cone coincide
with the normal cone in the sense of the convex analysis [43], i.e., No(x) =
{ceX: {,x—x)<0 VxeQ}.

Definition 2.3 Let f : X — RNU {400} be alower semicontinuous function and finite
at x € X. The proximal subdifferential ([44, Definition 8.45]) of f at x is defined as

3" f(%) :={¢ € X :30>0,8>0such that f(x) > f(¥) + (¢, x — ) —o ||]x — x|
Vx € B(X, 8)}

and the limiting (Mordukhovich or basic [31]) subdifferential of f at x is defined as

af (x) :== klirgoék (€T fx), xk — X, fx) — f(f)]~
When f is Lipschitz continuous near x,

3¢ £ (%) 1= codf (X)

is the Clarke subdifferential [9] of f at x.

Note that in a finite dimensional space, alternatively the limiting subgradient can
be also constructed via Fréchet subgradients (also known as regular subgradients), see
[31, Theorem 1.89]. The equivalence of the two definitions is well-known, see the
commentary by Rockafellar and Wets [44, page 345]. In the case when f is convex
and locally Lipschitz, the proximal subdifferential, the limiting subdifferential and
the Clarke subdifferential coincide with the subdifferential in the sense of convex
analysis [43]. In the case when f is strictly differentiable, the limiting subdifferenial
and the Clarke subdifferential reduce to the classical gradient of f at x, i.e., 0 f(x) =

af (x) ={V (X))}

2.2 First order optimality conditions for a general problem

In this subsection we discuss constraint qualifications and first order necessary opti-
mality conditions for the following general optimization problem:

(GP) min f(z)
s.t. h(z) =0,
8(z) =0,
G(z) €K,

where Y, Z are finite dimensional spaces, K is a closed subsetof Y, f : Z — M, h :
Z—> NP, g:Z—> N and G : Z — Y are locally Lipschitz mappings.
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We denote the set of feasible solutions for (GP) by F and the perturbed feasible
region by

F@,s,P):={z€eZ:h(z)+r=0, g2)+s<0, Gz +PeK}. 9

Then F(0, 0,0) = F. The following definition is the Clarke calmness [9] adapted to
our setting.

Definition 2.4 (Clarke calmness) We say that problem (GP) is (Clarke) calm at a local
optimal solution 7 if there exist positive ¢ and p such that, for all (r, s, P) in ¢ B, for
all z € (z+¢B)NF(r,s, P), one has

f@) = f@) +pl@,s, P =0.
The following equivalence is obvious.

Proposition 2.1 Problem (GP) is Clarke calm at a local optimal solution 7 if and only
if (z, G(2)) is a local optimal solution to the penalized problem for some p > 0:

(GP), gn}p F @)+ pdh@)I + || max{g(z), O} + G (z) — XD
s.t. X eK.

Theorem 2.1 Let 7 be a local optimal solution of (GP). Suppose that (GP) is Clarke
calm at 7. Then there exist \" € WP, A8 € R and QO e S" such that

0€df(@)+ah, @) +d(g, 15) @) + (G, Q9 (),
28>0, (g(2),25) =0 QF e Ng(G(2)).

Proof The results follow from applying the limiting subdifferential version of the
generalized Lagarange multiplier rule (see e.g., Mordukhovich [32, Proposition 5.3]),
calculus rules for limiting subdifferentials in particular the chain rule in Mordukhovich
and Shao [33, Proposition 2.5 and Corollary 6.3]). O

The calmness condition involves both the constraint functions and the objective
function. It is therefore not a constraint qualification in classical sense. Indeed it is a
sufficient condition under which KKT type necessary optimality conditions hold. The
calmness condition may hold even when the weakest constraint qualification does not
hold. In practice one often uses some verifiable constraint qualifications sufficient to
the calmness condition.

Definition 2.5 (Calmness of a set-valued map) A set-valued map ® : Z = Y is said

to be calm ata point (z, v) € gph @ if there exist aconstant M > 0 and a neighborhood
U of z, a neighborhood V of v such that

PNV CP(R)+Ml|z—1z|lclB YzeU.
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Although the term “calmness” was coined in Rockafellar and Wets [44], the concept
of calmness of a set-valued map was firstintroduced by Ye and Ye in [62] under the term
“pseudo upper-Lipschitz continuity” which comes from the fact that it is a combination
of Aubin’s pseudo Lipschitz continuity [1] and Robinson’s upper-Lipschitz continuity
[39,40].

For recent discussion on the properties and the criterion of calmness of a set-valued
mapping, see Henrion and Outrata [19,20]. In what follows, we consider the calmness
of the perturbed feasible region F(r, s, P) at (r,s, P) = (0,0, 0) to establish the
Clarke calmness of the problem.

The proposition below is an easy consequence of Clarke’s exact penalty principle
[9, Proposition 2.4.3] and the calmness of the perturbed feasible region of the problem.
See [60, Proposition 4.2] for a proof.

Proposition 2.2 [f the objective function of (GP) is Lipschitz near z € F and the
perturbed feasible region of the constraint system F(r, s, P) defined as in (9) is calm
at (0, 0,0, 2), then the problem (GP) is Clarke calm at .

From the definition it is easy to verify that the set-valued mapping F(r, s, P) is
calm at (0, 0, 0, z) if and only if there exist a constant M > 0 and U, a neighborhood
of z, such that

dist (z, F) < M||(r,s, P)|| YzeUNZF(r,s, P).

The above property is also referred to the existence of a local error bound for the
feasible region F. Hence any results on the existence of a local error bound of the
constraint system may be used as a sufficient condition for calmness of the perturbed
feasible region (see e.g., Wu and Ye [57] for such sufficient conditions).

By virtue of Proposition 2.2, the following four constraint qualifications are stronger
than the Clarke calmness of (GP) at a local minimizer when the objective function of
the problem (GP) is Lipschitz continuous.

Proposition 2.3 Let F(r,s, P) be defined as in (9) and 7 € F. Then the set-
valued map F(r, s, P) is calm at (0,0, 0, 2) under one of the following constraint
qualifications:

(i) There is no singular Lagrange multiplier for problem (GP) at z:

[Oea<h,xh>(2)+a<g,xg)(2)+a<G, Q9 (3). — ksl =0,

Q% € Nk(GZ)), 28>0, (g2),28) =0

(ii) Robinson’s CQ [41] holds at 7: h, g and G are continuously differentiable at Z.
K is a closed convex cone with a nonempty interior. The gradients h(2)*(i =
1, ..., p) are linearly independent and there exists a vector d € Z such that

hi(®)d=0, i=1,...,p,
gi@)'d <0, i€l(),
G(@) + G'(2)d € int K,

where I4(z) := {i : g;(z) = O} is the index of active inequality constraints.
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(iii) Linear Independence Constraint Qualification (LICQ) holds at 7:

0 € d(h, A" (@) +0(g, 25)@) + (G, Q9)(2), Q° € Nk (G(2))
— W', 28, Q% =0.

(iv) h, g and G are affine mappings and the set K is a union of finitely many polyhedral
convex sets.

Proof 1t is obvious that (iii) implies (i). By [6, Propositions 3.16 (ii) and 3.19 (iii)],
Robinson’s CQ (ii) is equivalent to (i) when all functions %, g, G are continuously
differentiable and K is a closed convex cone with a nonempty interior. By Mor-
dukhovich’s criteria for pseudo-Lipschitz continuity, (i) implies that the set-valued
map F(r, s, P) is pseudo-Lipschitz continuous around (r, s, P) = (0, 0, 0) (see e.g.,
[33, Theorem 6.1]) and hence calm. By Robinson [42], (iv) implies the upper-Lipschitz
continuity and hence the calmness of the set-valued map F(r, s, P)at (0, 0, 0, 7). O

Combining Theorem 2.1 and Propositions 2.2 and 2.3, we have the following.

Theorem 2.2 Let 7 be a local optimal solution of (GP). Suppose the problem is Clarke
calm at 7; in particular one of the constraint qualifications in Proposition 2.3 holds.
Then the KKT condition in Theorem 2.1 holds at 7.

2.3 Background in variational analysis in matrix spaces

Let A € 8" begiven. Weuse L1 (A) > A2(A) > --- > A, (A) todenote the eigenvalues
of A (all real and counting multiplicity) arranging in nonincreasing order and use A(A)
to denote the vector of the ordered eigenvalues of A. Denote A(A) := diag(A(A)).

Consider the eigenvalue decomposition of A, i.e., A = PA (A)FT, where P € O" is
a corresponding orthogonal matrix of the orthonormal eigenvectors. By considering
the index sets of positive, zero, and negative eigenvalues of A, we are able to write A
in the following form

—T

L A(A)ga 0 0 Poi
A=[P, Pg P,]|0 00 Fﬂ ) (10)

0 0 A(A)y, || B

Y

where a 1= {i : ,;(A) > 0}, B:={i : 4;(A) =0} and y := {i : 1;(A) < O}.

Proposition 2.4 (see e.g., [16, Theorem 2.1]) Forany X € S and Y € S",
Nsn(X) = {X* € 8" : (X, X*) =0} = (X" e S" : XX* =0},
Nsn(Y) ={Y*eS" : (Y, Y") =0} ={Y*eS": YY" =0}.

We say that X, Y € S” have a simultaneous ordered eigenvalue decomposition
provided that there exists P € O" such that X = PA(X)PT and Y = PA(Y)PT.
The following theorem is well-known and can be found in e.g., [22].
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Theorem 2.3 (von Neumann-Theobald) Any matrices X and Y in 8" satisfy the
inequality

(X,Y) < MX)A(Y);

the equality holds if and only if X and Y admit a simultaneous ordered eigenvalue
decomposition.

Proposition 2.5 The graph of the set-valued map N, st can be written as

gph Ngy = {(X,¥) € ST x 8" : Mg (X +Y) = X} (11)
={(X,Y)eS" x 8" : Mg (X +Y) =7} (12)
—{(X,Y) e8I x8" : XY =YX =0, (X,Y) =0}. (13)

Proof Equations (11) and (12) are well-known (see [13]). Let X € S’}. Since
Ngi(X) = 8855:r (X), where §¢ is the indicate function of a set C, by [22, Theo-
rem 3], since the function 831 (X) is an eigenvalue function, for any Y € ngr (X), X
and Y commute. Equation (13) then follows from the expression for the normal cone
in Proposition 2.4. O

From [50, Theorem 4.7] we know that the metric projection operator I"Igi(-) is
directionally differentiable at any A € S&” and the directional derivative of I1 st (-) at
A along direction H € S" is given by

Eaa Haﬁ _ Zay o gc{y .
M, (A; H) =P H, _ Tgp(Hgp) 0 P (14
%4, 0 HL, 0 0

where H := P’ HP, o is the Hadamard product and

L max{A;(A), 0} — max{A;(A), 0}
v Ai(A) = 1j(A)

., Lj=1,...,n, (15)

where 0/0 is defined to be 1. Since s () is global Lipschitz continuous on 8", it is
well-known that H51(~) is B(ouligand)-differentiable (c.f. [14, Definition 3.1.2]) on
S". In the following proposition, we will show that I1 st (+) is also calmly B(ouligand)-
differentiable on S". This result is not only of its own interest, but also is crucial for
the study of the proximal and limiting normal cone of the normal cone mapping Ns»
in the next section.

Proposition 2.6 The metric projection operator Il st () is calmly B-differentiable for
any given A € §", i.e., for §" 3 H — 0,

My (A + H) — Mg, (A) = Mgy (A H) = O(IHIP), (16)

Proof See the “Appendix”. O
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3 Expression of the proximal and limiting normal cones

In order to characterize the S-stationary and M-stationary conditions, we need to give
the precise expressions for the proximal and limiting normal cones of the graph of the
normal cone mapping N at any given point (X, Y) € gph Ngn. The purpose of this
section is to provide such formulas. The result is also of independent interest.

3.1 Expression of the proximal normal cone

By using the directional derivative formula (14), Qi and Fusek [38] characterized the
Fréchet normal cone of gph N sn- In this subsection, we will establish the representation
of the desired proximal normal cone by using the same formula and the just proved
calmly B-differentiability of the metric projection operator. The proximal normal cone
is in general smaller than the Fréchet normal cone. For the set gph N however, it is
well-known that the Fréchet normal cone coincides with the proximal normal cone. The
natural question to ask is that whether this statement remains true for the set gph N st
Our computations in this section give an affirmative answer, that is, the expression for
the proximal normal cone coincides with the one for the Fréchet normal cone derived
by Qi and Fusek in [38].

From Proposition 2.6, we know that for any given X* € §” and any fixed X € §”
there exist My, M, > 0 (depending on X and X* only) such that for any X’ € S"
sufficiently close to X,

(X*, Mgy (X)) — Ty (X)) < (X*, Mg, (X; X' = X)) + Myl X = X[, (17)
(X*, TLgn (X)) — Mg (X)) < (X*, Mgu (X: X' — X)) + Ma| X' — X% (18)

Proposition 3.1 For any given (X,Y) € gph Nsn, (X*,Y*" € ngh N X,Y)if
+
and only if (X*,Y*) € 8" x 8" satisfies

(X", Mgy (X +Y; H) + (Y, g (X +Y; H)) <0 YHeS". (19

Proof “<=" Suppose that (X*, Y*) € §" x 8" is given and satisfies the condition
(19).

By Progosition 2.5, (17) and (18), we know that there exist a constant § > 0 and a
constant M > 0 such that for any (X', Y’) € gph Ng: and (X', Y)— (X, V)| <86,
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<(X*7 Y*)9 (X/’ Y/) - (Xa Y)>
= ((X*, Y*), (Mgr (X' + Y'), Tgn (X' +Y") = (Mg1 (X + ), [gn (X + Y)))
< M|(X',Y) — (X, V)|

By taking M = max {A7[, (x*, Y*)||/8}, we know that for any (X', Y’) € gph Nsr,
(X*, Y, (X, Y)— (X, 7)) < M[|[(X".Y) = (X, V)|,

which implies, by the definition of the proximal normal cone, that (X*,Y*) €

T
N gy X 1.

“==" Let (X*,Y*) € ngh N (X, Y) be given. Then there exists M > 0 such
+

that for any (X', Y') € gph Ng»,
(X*, 7, (X' Y) = (X, 7)) < MI|(X". Y)) — (X, V)|*. (20)
Let H € 8" be arbitrary but fixed. For any ¢ | 0, let
X; = Mg (X +Y +1H) and Y/ =Tg (X +Y +1tH).

By noting that (X}, ¥/) € gph Ngn (c.f., (11)~(12) in Proposition 2.5) and I1g~ (-) and
I1sn (-) are globally Lipschitz continuous with modulus 1, we obtain from (20) that

(X*, Mgy (X + Y5 H)) + (Y™, Ty (X + Y5 H)
1 1
< Mlim —(|X; — X|> + 1Y, — Y|») < Mlim - Q*|H|*) = 0.
< zlflolt(” t =+ 1Y 1) = zlfolt( IHI)
Therefore, we know that (X*, Y*) € S" x S" satisfies the condition (19). The proof
is completed. O
For any given (X, Y) € gph Nsr, let A = X 4Y have the eigenvalue decomposition

(10). From (11)—(12), we know that X = 1'151 (A) and Y = Tlgn (A). It follows from
the directional derivative formula (14) that for any H € S”,

0 0 _ (an - Zay) © ﬁay
Mls: (A; H) = PO ~ IISL‘“(HW) qﬂy ,
(Eozy _Zay)T o Hgy Hﬂj/ HVV
(21)
where E is a n x n matrix whose entries are all ones. Denote
Eyo Eaﬁ an 0 0 an — an
CI= Eoz;ﬂ 0 0 and ®,:=|0 0 Eg,
=5, 0 0 (Eay — Zay)" Ef, Eyy
(22)
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We are now in a position to derive the precise expression of the proximal normal cone
to gph N, st

Proposition 3.2 For any (X,Y) € gph Ngn, let A = X + Y have the eigenvalue
decomposition (10). Then

;;)h NS" (Xv Y)
"
= {(X*,Y*) €8 x8": 010X + 007" =0, Xj3 < 0and Vi 30},
where X* := P X*P and Y* := P Y*P.
Proof By Proposition 3.1, (X*, Y*) € ngh N (X, Y) if and only if
+

(X", My (A5 H)) + (Y*, g (A H)) 0 VH € S,

which, together with the directional derivative formulas (14) and (21) implies that

(X*,Y* e Ng)hN , (X, Y) if and only if
sh

(©10 X" H) + (020 V", H) + (Xjg. g (Hpp)
+(Vg, Mg (Hgp)) <O VH e S".

The conclusion of the proposition holds. O

3.2 Expression of the limiting normal cone

(X, Y)

obtained in Proposition 3.2 to characterize the limiting normal cone Ngph v o~ (X,7).
+

In this subsection, we will use the formula of the proximal normal cone N, gph Ngn
1

For any given (X, Y) € gphNgn,let A = X +Y have the eigenvalue decomposition
(10) and B be the index set of zero eigenvalues of A. Denote the set of all partitions of

the index set 8 by Z(B). Let 9{@ be the set of all vectors in )t!#! whose components
being arranged in non-increasing order, i.e.,

M = (e el 221> > g ).

Forany z € m'f', let D(z) represent the generalized first divided difference matrix for

£(t) = max{t, 0} at z, i.e.,

max{z;, 0} — max{z;, 0}

€ [O, 1] ifZi 752]',

= iz =
(D(Z))l]— 1 lel:Z]>07 l’.l_l’~--’|ﬂ|'

0 ifz =2; <0,
(23)
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Denote B B
Up ={QesFl . Q= Jlim D@, £ -0, Feny 24)
— 00 ~

Let 1 € Ug|. Then, from (23), it is easy to see that there exists a partition 7 (8) :=
(B+, Bo, B-) € Z(B) such that

E/;+ﬁ+ Eg.g (E1)pp-
B = Emﬁ% 0 0 . (25)
(Epgp 00

where each element of (E1)g, g_ belongs to [0, 1]. Let

0 0 Eg.p. — (E1)pp-
By:=|0 , 0 , Epyp- : (26)
(Ep.p. — (E1)prp) Eﬁoﬁ_ Ep p_

We first characterize the limiting normal cone Ngph v sn (X, Y) for the special case
+
when (X,Y) =(0,0)and B = {1,2,...,n}.

Proposition 3.3 The limiting normal cone to the graph of the limiting normal cone
mapping N at (0, 0) is given by

. u*, v . E]OQTU*Q+EQOQTV*Q=O,
nghNSi(()’O)_ U { QgOU*Qﬂofoa QgOV*Qﬂozo

QeOn
81 elUn
27
Proof See the “Appendix”. O

We now characterize the limiting normal cone Ngpp Ngn (X,Y) forany (X,7Y) €
+
gph Ng» for the general case in the following theorem.

Theorem 3.1 Forany (X,Y) € gph Nsn, let A = X +Y have the eigenvalue decom-
position (10).
Then, (X*,Y*) € Ngphngu (X, Y) if and only if
+

Y Ve Oy yx
* D 0 Q’* {iy =T * D Zo;a 'Y"%kﬁ Yay T
Y O 0
ya “yp “Tyy va

with

(X35 Yjg) € Neph Ny (0:0) and Zgy o X%y +(Eay — Say) 0 ¥Vg =0, (29)
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where X is given by (15), X* = FTX*F Y*=P Y*P and

(U*, V¥ : EioQlU*Q+ 820 0TV*Q =0, ]

N, 0,0) =
gph st‘ ( ) U QgOU* Qﬂo < O, ng V* Qﬂo > 0

0colf
1 EM“‘;‘

Proof See the “Appendix”. O

Remark 3.1 For any given (X,Y) € gphNg:, the (Mordukhovich) coderivative
D*NS«? (X, Y) of the normal cone to the set S/ can be calculated by using Theo-
rem 3.1 and the definition of coderivative, i.e., for given Y* € S,

X" e DN (X, Y)(Y") = (X*,-Y") e Ngph v gy (X, ¥).
Furthermore, by (11) in Proposition 2.5, we know that
gph Ng» ={(X,Y) € S"x 8" L(X,Y) € gph Mgn },
where L : 8" x §" — S§" x §" is a linear function defined by
LX,Y)=X+Y,X), (X,Y)eS"x8".

By noting that the derivative of L is nonsingular and self-adjoint, we know from [30,
Theorem 6.10] that for any given (X, Y) € gph Ng» and Y*eS",

D*Ngi (X, Y)(—Y*) = {X* € 8" : (X*.Y*) € L'(X. Y)Ngpn 1 (X + Y. X)}.
+

Thus, for any given U* € §", V* € D*HS_"'_ (X + Y)(U™) if and only if there exists
(X*,Y*) € Ngph g (X, Y) such that (X*, Y*) = L(V*, —=U¥), that is,
+

X*=V*—-U* and Y*=V*

Note that for any given Z € S", there exists a unique element (X, Y) € gph Ngn such
that Z = X + Y. Hence, the coderivative of the metric projector operator IT 51(~) at
any Z € S" can also be computed by Theorem 3.1.

4 Failure of Robinson’s CQ

Since for any (G(z), H(z)) € S} x S", by the von Neumann-Theobald theorem
(Theorem 2.3), one always has

(G(2), H@)) < M(G@) r(H(2)) < 0.
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Consequently one can rewrite the SDCMPCC problem in the following form:

(CP—-SDCMPCC) min f(2)
s.t. h(z) =0,
g(2) 200,
(G(z),H(z)) = 0,
(G(2),H(z)) € S} x S".

Rewriting the constraints g(z) <g 0 and (G(z), H(z)) € S x §" as the cone
constraint

(8(2),G(2), H(z)) € —Q x 8} x &~

we know that the above problem belongs to the class of general optimization problems
with a cone constraint (GP) as discussed in Sect. 2.2. Hence, the necessary optimality
condition stated in Sect. 2.2 can be applied to obtain the following classical KKT
condition.

Definition 4.1 Let 7 be a feasible solution of SDCMPCC. We call 7 a classical KKT
point if there exists A8, 28, Q0 Q) € RP x H x R x 8" x 8" with A8 €
Q,1¢ <0,2% <0and QF > 0 such that
0=Vf@+ h’(Z)*)»h + 8 @A+ A[H (D*GR) + G (R)*H ()]
+G'@*QC + H' @R, (52,28 =0, GO’ =0, HR? =0.

Theorem 4.1 Let 7 be a local optimal solution of SDCMPCC. Suppose that the prob-
lem CP-SDCMPCC is Clarke calm at Z; in particular the set-valued map

F(r,s,t,P):={z:h(x)+r=0,g() +s5 200, —(G(2), H(2))
4+t <0,(G(z),H(z))+ P € Sﬁ x 8"} (30)
is calm at (0,0, 0, 0, z). Then 7 is a classical KKT point.

Proof By Theorem 2.2, there exists a Lagrange multiplier (A", 1¢, 22, ¢, T'#) ¢
RP x R? x R x H xS" x 8" with A¢ < 0 such that

0=Vf@+h@DM+¢ @+ [H' @GR + G RO*HDI+ G @)'TY
+H' @ T, 08,79 TH) € N gy st x5 (8(), GR), HR)).

Since Q is a symmetric cone it follows that A8 € Q and (g(z), A8) = 0. The desired
result follows from the normal cone expressions in Proposition 2.4. O

Definition 4.2 We say that (A", A%, 1¢, QC, Q) € NP x H xR x " x S" with A8 €
Q,1¢ <0, <0, > 0is a singular Lagrange multiplier for CP-SDCMPCC if
it is not equal to zero and
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0=h@E@)"\ +¢ @ +2[H @D*GE) + G @*HE)] + G ()" Q°
+H' @ (5(2),28) =0, G =0, H@Q" =o0.

For a general optimization problem with a cone constraint such as CP-SDCMPCC,
the following Robinson’s CQ is considered to be a usual constraint qualification:

K (Z) is onto ( equivalently h;(Z)(i =1, ..., p) are linearly independent),
h(2)d =0, i=1,...,p,
—8(@) —g'(0)d e int Q
Jd suchthat § (H'(2)*G(Z) + G'(2)*H(2))d > 0,
G(Z) + G (Z)d € int S,
H(Z) + H'(2)d € int S".

It is well-known that the MFCQ never holds for MPCCs. We now show that Robin-
son’s CQ will never hold for CP-SDCMPCC.

Proposition 4.1 For CP-SDCMPCC, Robinson’s constraint qualification fails to hold
at every feasible solution of SDCMPCC.

Proof By the von Neumann-Theobald theorem, G(z) > 0 and H(z) < 0 implies that
(G(z), H(2)) < 0. Hence any feasible solution z of SDCMPCC must be a solution to
the following nonlinear semidefinite program:

min —(G(2), H(2))
s.t. G(z) =0, H(z) <0.

Since for this problem, f(z) = —(G(z), H(z)),wehave Vf(z) = —H'(2)*G(z) —
G'(2)*H (z). By the first order necessary optimality condition, there exist A =
1,26 <0, Q" = 0 such that

0=—A[H'@D*GE) + G @*HEDI+ G @) + H D)*Q",
G =0, HoQ! =o.

Since (—1¢, QC¢, Q") £ 0, it is clear that (0,0, 0, —A¢, Q°, Q) is a singular
Lagrange multiplier of CP-SDCMPCC. By [6, Propositions 3.16 (ii) and 3.19(iii)]),
a singular Lagrange multiplier exists if and only if Robinson’s CQ does not hold.
Therefore we conclude that the Robinson’s CQ does not hold at 7 for CP-SDCMPCC.

O

5 S-stationary conditions

In the MPCC literature [26,59], using the so-called “piecewise programming
approach” to rewrite the feasible region as a union of branches which consist of only
ordinary equality and inequality constraints, one derives the S-stationary condition as
a necessary optimality condition for a local optimal solution under the condition that
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each branch has a common multiplier. Moreover it is well-known that the S-stationary
condition is equivalent to the classical KKT condition; see e.g., [17]. In this section we
introduce the concept of S-stationary condition and show that the classical KKT con-
dition implies the S-stationary condition. Unfortunately for SDCMPCC, “piecewise
programming approach” is not applicable any more. Hence the converse implication
may not be true in general.

For MPCC, the S-stationary condition is shown to be equivalent to the necessary
optimality condition of a reformulated problem involving the proximal normal cone to
the graph of the normal cone operator (see [59, Theorem 3.2]). Motivated by this fact
and the precise expression for the proximal normal cone formula in Proposition 3.2,
we introduce the concept of a S-stationary point for SDCMPCC.

Definition 5.1 Let 7 be a feasible solution of SDCMPCC. Let A := G(z)+ H (z) have
the eigenvalue decomposition (10). We say that 7 is a S-stationary point of SDCMPCC
if there exists (Ah, A8, TC 'y e fP x H x S" x S" such that

0=V @) +h@N+¢ @ +6@T% + H @Y, 31)
e, (A%,g(@) =0, (32)
re, =0, T =0 Tg, =0, (33)
Iy =0, Tj, =0, Tjj=0, (34)
Say 0TS, + (Eay — Zay) o T, =0, (35)
I, <0, Thy =0, (36)

where E is a n x n matrix whose entries are all ones and ¥ € S” is defined by (15),
and 0 = FTFGF and TH = FTFHF.

We now show that for SDCMPCC, the classical KKT condition implies the
S-stationary condition.

Proposition 5.1 Let z be a feasible solution of SDCMPCC. If 7 is a classical KKT
point, i.e., there exists a classical Lagrange multiplier (Ah, A8, A8, QO QH) e NP x
H xR xS xS withr8 € Q,1° < 0,20 < 0and Q¥ > 0 such that

0=VfER)+NRDN +g @+ 1 [H (*GE) + G R*HE)] + G @)*Q°
+H' @*Q", 0%, 2(2) =0, GONY =0, HZHQ" =0,

then it is also a S-stationary point.

Proof Denote A := A(A). Define I'C := Q6 + A*H((Z) and TH := Q¥ +1¢G(2).
Then (31) and (32) hold. It remains to show (33)—(36). By the assumption we have

S13G(E) LQ%eS" and S" > HE) LY €S,
By Theorem 2.3, we know that G(z) and Q¢ (H(Z) and Q) admit a siniulgz\ineous

ordered eigenvalue decomposition, i.e., there exist two orthogonal matrices P, P € O”"
such that
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70 0 B [ Aww 0 0] _
chP[ G }PT, G@H=P|0 0 o0]|PT

0 AR, o 00

and
000

o~ H ! oyl —~ o~ —~
QH:P[S\(Q o 8 }PT, HG=P|lo oo |BT,

00 A,

where o’ := {i | 1; () > 0} and y =i A (29) < 0}. Moreover, we have
y' Ca and o Cy, (37)

wherew ;== Uy, y :=aUpB.
On the other hand, we know that

[ Aew 007 __ _Jooo 7,
G@=Mg(A)=P|0 0 0|P and HE=TMg(A)=P|0 00 |P .
0 00 00 A,

Therefore, it is easy to check that there exist two orthogonal matrices S, T € O" such
that

P=PS and P = PT,

with

[ Saa O Ty O
S—[O S&&] and T_[O T,, |’

where Sqq € 011, Sz € 0% and 75 € OV1, T),,, € OVI. Denote
Saa = [S1 S21 and Tyy = [T1 T2]

with S] € RleIxIBl s, e Rlalxlvland T, € RI7I¥1el and T, € RI7I*IBI. Then, we have

000
FC =P Q0 +2HE@)P =STPTQ°PS+2|0 0 0
00 Ay
0
0
A

0

0

0
R HOO MSWO ]He 00
Lo S0 AQ%as [0 - 0 0

0 0 0
=0 STAQ%a:S1 STAQY)5aS2
L0 STAQ%aaS1 STAQC)aaSr + 1Ay,
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and

. T _ . . Ao 0
=P @Y +2ce)P=TTPTQYPT+2¢|0 0
0

T A
[Tw OTH:A(QH)W OHTW 0 ]Jrke o
o 1l ][0 0]10 Ty, 0

TI;A(QH)WTIJFMXW TI;A(QH)WTz 0
7T AQH) 55T T, AQM)y5T2 0
0 0 0

Therefore it is easy to see that (33)—(35) hold.
Since A(R%)aq < 0, A(2);5 > 0and Szz, Ty are orthogonal, we know that

SpaA(Q%aaSaz <0 and T, AQ)55Ty5 = 0.
Hence, we have
I:g,s = STA(Q%)3581 <0 and fgg =Ty AQ7);; T > 0,

which implies (36). Therefore z is also a S-stationary point. O

Combining Theorem 4.1 and Proposition 5.1 we have the following necessary
optimality condition in terms of S-stationary conditions.

Corollary 5.1 Let 7 be an optimal solution of SDCMPCC. Suppose the problem CP-
SDCMPCC is Clarke calm at z; in particular the set-valued map defined by (30) is
calm at (0,0, 0,0, 7). Then Z is a S-stationary point.

6 M-stationary conditions

In this section we study the M-stationary conditon for SDCMPCC. For this purpose
rewrite the SDCMPCC as an optimization problem with a cone constraint:

(GP-SDCMPCC) min f(z)
s.t. h(z) =0,
g(z) 200,
(G(2), H(2)) € gph Ng.

Definition 6.1 Let 7 be a feasible solution of SDCMPCC. Let A = G(2) + H(Z) have
the eigenvalue decomposition (10). We say that z is a M-stationary point of SDCMPCC
if there exists (M, A8, TG, TH) € P x H x S" x 8" such that (31)=(35) hold and
there exist 0 € Ol and & € Up| (with a partition 7(8) = (B4, Bo, B—) of B and
the form (25)) such that
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E10Q'THO+Er00'TH0 =0, (38)
05 T5:0p <0, Q0 TH 0p =0, (39)

where G = P' TGP, H = P' THP and E, is defined by (26).

We say that (A", A8, 79 T'H) € ®P x H x 8" x S" is a singular M-multiplier
for SDCMPCC if it is not equal to zero and all conditions above hold except the term
V f(z) vanishes in (31).

The following result is on the first order necessary optimality condition of SDCM-
PCC in terms of M-stationary conditions.

Theorem 6.1 Let 7 be a local optimal solution of SDCMPCC. Suppose that the prob-
lem GP-SDCMPCC is Clarke calm at z; in particular one of the following constraint
qualifications holds.

(i) There is no singular M-multiplier for problem SDCMPCC at Z.
(ii) SDCMPCC LICQ holds at 7: there is no nonzero (A", 28, T9, TH) € MP x H x
8™ x 8" such that

R @A + ¢ ()28 +G'@)'TC + H'@)*TH =0,

re, =0, T =0, Tg, =0,

ny =0, Fﬂy =0, Fyﬁ = (40)
Say o TG, + (Eay — Zay) 0 Fg’y =0.

(iii) Assume that there is no inequality constraint g(z) =g 0. Assume also that Z =
X x 8" where X is a finite dimensional space and G (x, u) = u. The following
generalized equation is strongly regular in the sense of Robinson:

O € _F(xau) +quq><si(x7u)a

where F(x,u) = (h(x,u), H(x, u)).

(iv) Assume that there is no inequality constraint g(z) <o 0. Assume also that Z =
X x 8" G(iz) =uand F(x,u) = (h(x,u), H(x,u)). —F is locally strongly
monotone in u uniformly in x with modulus § > 0, i.e., there exist neighborhood
U of x and U, of u such that

(—F(x,u) + F(x,v),u —v) > 8[lu—v||*> YuelrNSL, veSt, xel.

Then z is a M-stationary point of SDCMPCC.

Proof Condition (ii) is obviously stronger than (i). Condition (i) is a necessary and
sufficient condition for the perturbed feasible region of the constraint system to be
pseudo Lipschitz continuous; see e.g., [33, Theorem 6.1]. See [60, Theorem 4.7] for
the proof of the implication of (iii) to (i). (iv) is a sufficient condition for (iii) and the
direct proof can be found in [62, Theorem 3.2(b)]. The desired result follows from
Theorem 2.2 and the expression of the limiting normal cone in Theorem 3.1. O
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Next, we give two SDCMPCC examples to illustrate the M-stationary conditions.
Note that in the first example the local solution is a M-stationary point, but not a
S-stationary point.

Example 6.1 Consider the following SDCMPCC problem
min —(/, X))+ ([,Y)
st. X+Y =0, (41)
Sis>X1Yeds”.

Since the unique feasible point of (41) is (0, 0), we know that (X*, Y*) = (0, 0) is
the optimal solution of (41). Note that A = X* + Y* = 0, which implies that

a=0, B={1,...,n} and y =40.

Without loss of generality, we may choose P = I. Therefore, by considering the
equation (31), we know that

el e L )= ]

r —=71-r¢ and T = -1 -1°, (42)

which implies that

where ['* € §". Let I'* = I. Then, it is clear that the equation (38) holds for rd=o0
and TH = 2T with gy =B =1{l,....n},po=p_ =W, and Q =1 € O".
By noting that By = @, we know that the optimal solution (X*, Y*) = (0,0) is a
M-stationary point with the multiplier (7,0, —27) € 8" x &" x S§". However, the
optimal solution (X*, Y*) = (0, 0) is not a S-stationary point. In fact, we know from
(42) that if there exists some I'® € S" such that (36) holds, then

r‘>171 and T'° =< —I,
which is a contradiction.

Example 6.2 Asadirect application, we characterize the M-stationary condition of the
rank constrained nearest correlation matrix problem (2). For any given feasible point

X € 8" of (2), suppose that X has the eigenvalue decomposition X = PA X)P".
It is easy to check that (X, U) € 8" x §" is a feasible solution of (3) if and only if

U = Z;zl F,-Fir (see e.g., [23,27,35,36] for details). Assume rank(Y) =r <r.
Then, the index sets of positive, zero and negative eigenvalues of A = X + (U — I)
aregivenbyoa ={1,...,r},B={r+1,....,r}andy = {r+1, ..., n}, respectively.
Therefore, we say that the feasible X € S” is a M-stationary point of (2), if there exist

OB 28, DO THY e " x it x 8" x 8" x ", Q € Ol and By € Ujg such that
0] [Vfe®X) diag(A") ro 0
[0]_[0 Tlairaas | Tlo [ TrH | 43)
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0<U L8 <0, (44)
re, =0 TS =0 Tg =0 T/ =0 Tf =0 T[y=0 @45
%7’; X(;(()—‘f)-l) Lj=0 ica jey. (46)
E10Q'TH0+800"Tj0=0, (47)
Q4 T50p, 0. Q0 Ti0p =0, (48)

where 76 = P' TGP, TH = P' THP and B, is defined by (26).

Remark 6.1 SDCMPCC LICQ is the analogue of the well-known MPCC LICQ (also
called MPEC LICQ). However, we would like to remark that unlike in MPCC case, we
can only show that SDCMPCC LICQ is a constraint qualification for a M-stationary
condition instead of a S-stationary condition.

7 C-stationary conditions

In this section, we consider the C-stationary condition by reformulating SDCMPCC
as a nonsmooth problem:

(NS — SDCMPCC) min f(z)
s.t. h(z) =0,
8(2) 200,
G(z) — s (G(2) + H(z)) = 0.
From (11), we know that the reformulation NS-SDCMPCC is equivalent to SDCM-

PCC. As in the MPCC case, the C-stationary condition introduced below is the non-
smooth KKT condition of NS-SDCMPCC by using the Clarke subdifferential.

Definition 7.1 Let 7z be a feasible solution of SDCMPCC. Let A = G(Z) + H(Z) have
the eigenvalue decomposition (10). We say that 7 is a C-stationary point of SDCMPCC
if there exists (A", 18, 79, TH) € NP x R x S" x S" such that (31)—(35) hold and

(T, Th) <0, (49)
where TG = P TGP and T = P' THP. We say that (A", 28, TG, T'H) € %P x

H x 8" x 8" is a singular C-multiplier for SDCMPCC if it is not equal to zero and
all conditions above hold except the term V f(z) vanishes in (31).

Remark 7.1 1t is easy to see that as in MPCC case,
S-stationary condition —> M-stationary condition —> C-stationary condition.

Indeed, since the proximal normal cone is included in the limiting normal cone,
it is obvious that the S-stationary condition implies the M-stationary condition.
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We now show that the M-stationary condition implies the C-stationary condition.
In fact, suppose that z is a M-stationary point of SDCMPCC. Then, there exists
(A", A8, TG, THY € P x M9 x " x S” such that (31)~(35) hold and there exist
0 € Oland E| € Up) (witha partition 7(B) = (B4, Bo, B—) of B and the form (25))
such that (38) and (39) hold. Let A = G (z) + H () have the eigenvalue decomposition
(10). Therefore, we know that
T G T G T G
Op, TppQp, =0, Qp Tgg0p =0, Qp I'ggQp, =0,
Qf Tih0p =0, QpTHhOp =0. Qp T304 =0.
which implies that
Ty Thy) = (0'Tg0, 0T 0)
T G T 7H T G T TH
= 2(0p, TggQp-. O, TppQp.) +2(Qp, T Q0. Qs Co)-

Note that for each (i, j) € B4 x B, (E1);j € [0,1] and (E2);; = 1 — (Ep)j.
Therefore, we know from (38) that

(04, Tfp Qs 0, Tjp0p ) < 0.
Finally, together with (39), we know that
(T, Ths) <0,
which implies that z is also a C-stationary point of SDCMPCC.

We present the first order optimality condition of SDCMPCC in terms of
C-stationary conditions in the following result.

Theorem 7.1 Let 7 be a local optimal solution of SDCMPCC. Suppose that the prob-
lem NS-SDCMPCC is Clarke calm at z; in particular suppose that there is no singular
C-multiplier for problem SDCMPCC at 7. Then 7 is a C-stationary point of SDCM-
PCC.

Proof By Theorem 2.2 with K = {0}, we know that there exist A" € %?, A8 e R
and I' € §” such that

0€d L A" 28, 1), 28>0 and (2% g(2) =0, (50)
where L(z, A", A%, T) := f(2) + (A", h(2)) + (%, g(2)) + (T, G(2) — Mg (G(2) +
H(2))).
Consider the Clarke subdifferential of the nonsmooth part S(z) := (I, I1 st G+
H(z))) of L.
By the chain rule [9, Corollary pp.75], for any v € Z, we have

3°S(@Dv S (T, 3Tsn (A)(G' @) + H'(D)v)).
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Therefore, since any element of the Clarke subdifferential of the metric projection
operator to a close convex set is self-adjoint (see e.g., [29, Proposition 1(a)]), we
know from (50) that there exists V € 0 Cl'[gﬁzr (A) such that

V@) +H @M+ @8+ G @)'T — (G @+ H @"HVT) =0. (51)

Define 'C := T — V(I') and ' := —V(I"). Then (31)—(32) follow from (50) and
(51) immediately. By [49, Proposition 2.2], we know that there exists W € 9 “I1 Sl 0)

+
such that

Toa Tup Say 0 Ly
v =P | Tl W(Tgs) 0 2
rl ozl 0 0

where ¥ € S" is defined by (15). Therefore, it is easy to see that (33)—(35) hold.
Moreover, from [29, Proposition 1(c)], we know that

(W(Tgp), Tps — W(Tgp)) = 0,

which implies (I:g3 , fgg) < 0. Hence, we know Z is a C-stationary point of SDCM-
PCC. O

Next, we give an example whose optimal solution is a C-stationary point but not a
M-stationary point.

Example 7.1 Consider the following SDCMPCC problem

] 1 1
min EZ] — EZZ — 73 — §Z4
sit. —2z1+z23+24 <0,
222+ 73 <0, (52)
2 <0,

S15G(@) LH@eS?,

where G : t* — S3and H : %* — S are the linear operators defined as follows
forany z = (21,22, 23, 24)7 € M4,

(1+% —1+% -4
G = |—-1+% 1+% -4 | and
|
TRl -1 %o
H@:=|2-1 2-1 -%-1
| -2-1 -2-1 &

Since (G (z), H(z)) = z122, one can verify that 7 = (0, 0, 0, 0) is the unique optimal
solution of the problem (52). Thus, we have
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11 1
V2 6 3
P N W
PR EE
Y V.

and the index sets of positive, zero and negative eigenvalues are ¢ = {1}, 8 = {2}
and y = {3}. In the following we denote by the derivative of the mapping G with
respect to variable z;. Since G(z) only depends on z; and H (z) only depends on z7,
(31) can be written as

~2 ($Z,19)

| | —

+

8 &
A$+ A+

[N eNeNo)
|
—_—— O
S =N O
[N e N No)

0
0
0

Sz
-
=

_|_
OO~ O W= NI

for some (A8, 9, T'H) e N3 x §* x S3. From the above equation and (32) we
obtain that A{ = xg =41>0,1>0LetT¢ =P "GP and TH = P THP.

Let ('Y, T'#) be such that all entries are zero except the entries (F22, F22) left to be
determined. Then (33)—(35) hold and

<§, FG> = <E PTOP > <PT G5, FG> =TS,
9z 921 971

Similarly we have (3H rdy = FH Therefore we obtain cmz = % > 0, fZHz = —% <
0. Since T$TH < 0, we know that there exists a multiplier (A%, %, T'H) e 93 x
S3 x 83 such that (31)—(35) and (49) hold. Thus, the optimal solution z = (0, 0, 0, 0)
is a C-stationary point. We now verify that the conditions (38) and (39) do not hold.
Since |B] = 1, 0¥l = {1,—1}. Let 8, € U; and Q € {1, —1}. If By # O, then
it is obvious that (39) does not hold. On the other hand if o = ¥ then § = B4 or
B = p_.If B = B4, then E; = [1] and E» = [0] and hence it is clear that the
condition (38) does not hold. Alternatively if 8 = B_, then E1 = [0] and E, = [1]
and hence the condition (38) does not hold. Therefore, we know that the optimal
solution z = (0, 0, 0, 0) is not a M-stationary point.
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8 New optimality conditions for MPCC via SDCMPCC

As we mentioned in the introduction, the vector MPCC problem (6) can be considered
as a SDCMPCC problem with m one dimensional SDP complementarity constraints.
Consequently, in this way, all the stationary conditions developed for SDCMPCC
coincide with those for MPCC.

On the other hand, the vector MPCC problem (6) can also be considered as the
following SDCMPCC with one m dimensional SDP complementarity constraint:

min  f(z)
s.t.  h(z) =0,
¢(2) <0, (53)

ST 3 D(G(2)) L D(H(2)) € S™,

where G(z) = (G1(2)s ..., G 1 Z > RN and H(z) = (H,(2), ..., Hu(2)T :
Z — RN and D : " — S™ is the linear operator defined by D(y) = diag(y) for
any y € 0. We now compare the resulting S-, M- and C-stationary conditions for
the two formulations. Since in this SDCMPCC reformulation the multipliers for the
matrix complementarity constraints are matrices, it may provide more flexibilities and
hence the resulting necessary optimality conditions may be weaker and more likely
to hold at an optimal solution. We now demonstrate this point.

First, consider the S-stationary condition. It is easy to see that if a feasible point
7 is a S-stationary point (see e.g., [47,61] for the definitions) of the original vector
MPCC problem, then z is a S-stationary point of the special SDCMPCC problem
(53). We now show that the converse is also true. In fact, by the Definition 5.1, we
know that if the feasible point z of (53) is a S-stationary point, then there exists
A a8, 76 THY e P x M9 x 8™ x S™ such that (31)—(36) hold. In particular, we
have

0=VfQE)+hE@DN+g @+ G @*D*TY + H @)D*TH),
where D* : S™ — R™ is the adjoint of the linear operator D given by
D*(A) = (a11, -, dmm)’, A €S™.
Denote by % := D*(I'%) € %" and n# := D*(I') € W™, Also, since A =
D(G(z))+D(H (z)) is a diagonal matrix, we can just choose P = I in the eigenvalue

decomposition (10) of A. Therefore, by (33) and (34), we have that

n® =0 if G;() > 0and H;(7) =0,
n/ =0 if G;(?) =0and H;%) < 0.

Moreover, since FﬂGﬂ = Fgﬂ < 0 and Fgg = Fgg > 0, we know that the diagonal
elements n¢ and n satisfy

n® <0 and nf >0 if G;(2)=0 and H;(7) =0. (54)

@ Springer



C. Ding et al.

Therefore, we conclude that the feasible point 7 is also a S-stationary point of the
original vector MPCC problem with the Lagrange multiplier (A", A8, n¢, nf1) € RP x
R x R x R,
For the M- and C-stationary conditions, it is easy to check that if a feasible point
Z is a M- (or C-)stationary point (see e.g., [47,61] for the definitions) of the original
MPCC problem, then 7 is also a M- (or C-)stationary point of the SDCMPCC problem
(53). However, the converse may not hold. For example, consider the following vector
MPCC problem
min z; — 25 — 23 — 324
st <0, (55)
0<G@@) LH@Z =<0,

where G : * — RZ and H : R* — N2 are defined as

G(2) ::[Sfl_“_“} and H(z) ::[Z”“] 7 e Rt

It is easy to see that z* = (0, 0,0, 0) is the unqgiue optimal solution of (55). By
considering the weakly stationary condition (see e.g., [61] for the definition) of (55),
we know that the corresponding Lagrange multiplier (A%, n¢, nf) € R x R2 x K2

satisfies
—1/2 1/2
g G __ H _
A8 >0, n —[2 i| and 7 _|:1/8:|'

Therefore, the optimal solution z* = (0, 0, 0, 0) is a weakly stationary point. However,
by noting that z} = z5 = 0, but ng > 0 and nf’ > 0, we know that z* is neither the
M-stationary point nor the C-stationary point.

Next, consider the corresponding SDCMPCC problem (53), i.e.,

min zj — %zz -3 — %Z4
sit. 23 <0, (56)
S% 3 D(G(2)) L D(H(2)) € S>.

We know that the Lagrange multiplier (A%, I'¢, T'#) € )t x S§? x S? with respect to
the optimal solution z* satisfies

A8 >0, TP =-1/2, T =2, T =1/2 and T4 =1/8.

Choose

[-120 CT1/2 1/4
FG_[O 2] and F[1'_[1/4 1/8]‘

Let

_[-2/v5 145
Q_[—l/ﬁ —2/\6}602'
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Then, we have

QTFGQz[(l) é/z] and QTFHQz[g/S 8]

Conisder the partition S+ = @, Bo = {1}, B— = {2}. Since ngFG 0p, = 0 and
Q;OFHQ,;;O = 5/8, we know that there exist 0 € O'Pl and a partition 7(8) =
(B, Bo. B—) of B such that the Lagrange multiplier (A%, T¢, T#) € % x S? x
S? satisfies (31)—~(35) and (38)—(39). Therefore, although the optimal solution z* =
(0,0,0,0) is not even a C-stationary point of the original MPCC (55), it is a M-
stationary point (also a C-stationary point) of the corresponding SDCMPCC (56).

Acknowledgments The authors are grateful to the anonymous referees for their constructive suggestions
and comments which helped to improve the presentation of the materials in this paper.

9 Appendix

Proof of Proposition 2.6 Firstly, we will show that (16) holds for the case that A =
A(A).Forany H € §",denote Y := A+ H.Let P € O" (depending on H) be such
that

A(A)+ H = PAY)PT. (57)

Let § > 0 be any fixed number such that 0 < § < % if o« # () and be any fixed
positive number otherwise. Then, define the following continuous scalar function

t if t>3,
f)y:=12t—8 if 5 <1<,
0 if r<3.

Therefore, we have
)
{A(A), ..., Ag(A)} € (6, 400) and {Ajg+1(A), ..., X, (A)} € (—oo, 5) .

For the scalar function f, let F' : S" — S" be the corresponding Lowner’s operator
[25], i.e., forany Z € S",

F(Z):= > fOi(D)uin], (58)
i=1

where U € O" satisfies that Z = UA(Z)UT. Since f is real analytic on the open
set (—o0, %) U (8, +00), we know from [52, Theorem 3.1] that F' is analytic at A.
Therefore, since A = A(A), it is well-known (see e.g., [4, Theorem V.3.3]) that for
H sufficiently close to zero,

F(A+ H)— F(A) — F'(A)H = O(|H|*) (59)
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and

Hy, Hyp Yy o Hyy
F'(A)H = | HJy 0 0 .
£l oHL, 0 0
where ¥ € §” is given by (15) . Let R(-) := 1'[51(~) — F(-). By the definition of f,
we know that F(A) = A4 = 1'1531r (A), which implies that R(A) = 0. Meanwhile, it

is clear that the matrix valued function R is directionally differentiable at A, and from
(14), the directional derivative of R for any given direction H € §”, is given by

00 0
R'(A; H):Hgi(A;H)—F/(A)Hz 0 Hsf\(Hﬁ,s) 0. (60)
00 0

By the Lipschitz continuity of A(-), we know that for H sufficiently close to zero,

8
M), .. A (N} € (6, 400),  {Ajaj+1(Y), ..., A (Y)} € (—OO, 5)

and
A1 (), .., A (Y)} € (=00, 0).

Therefore, by the definition of F, we know that for H sufficiently close to zero,

00 0
RA+H)=Tg(A+H)—F(A+H) =P |0 (A¥)g)y 0[P (61)
00 0

Since P satisfies (57), we know that for any " 3 H — 0, there exists an orthogonal
matrix Q € Ol such that

O(IHI)
Pg = | Pgp and Pgg = Q+ O(IH|?). (62)
O(IHI)

which was stated in [51] and was essentially proved in the derivation of Lemma 4.12
in [50]. Therefore, by noting that (A(Y)gg)+ = O(||H]||), we obtain from (60), (61)
and (62) that

R(A+ H)— R(A) — R'(A; H)

O(HI® OUH|? O(IH|?)
= | OUIHI?) Ppp(A(Y)pp)+ Py — T g (Hgg)  OCIH )
O(IHI>) OWHI|? O(IH|?)
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0 0
Q(AM)pp)+ Q" = Mgpi(Hgp) O |+ O(IHIP).
0 0

|
o oo

By (57) and (62), we know that
A(Y)pg=P5 A(A)Pg+ P HPg=PisHpg Pppg+O(|H|*)=Q" Hpp QO+ O(| H|*).
Since Q € OBl we have
Hps = QA(V)ps Q" + O(IH ).
By noting that HS"B‘ (+) is globally Lipschitz continuous and HS"B‘ (OA(Y)pgp o7y =
+ +
Q(A(Y)pp)+QT, we obtain that
QA )pp)+ Q" = Mgypi(Hgp)
= 0(A(M)pp)+ Q" = Mgy (QAY)ps Q") + OCIH|?)

= O(lH|?).

Therefore,
R(A+H)—R(A) —R (A H) = 0(||H||2). (63)

By combining (59) and (63), we know that for any S" 5 H — 0,
Hgn (A(A) + H) — Tlgn (A(A)) — H:gi(A(A)Q H)=O0(|H|?. (64)
Next, consider the case that A = P' A(A)P. Re-write (57) as
A(A)+ P HP =P PA(Y)P"P.
Let H := FT H P. Then, we have
— ~ T
HSi(A +H)=P HSi(A(A) + H)P .

Therefore, since P € O", we know from (64) and (14) that for any S" > H — 0,
(16) holds. O

Proof of Proposition 3.3 Denote the set in the righthand side of (27) by N. We
first show that Ngph ng, (0,0) < N. By the definition of the limiting normal cone
+

in (8), we know that (U*, V*) € ngth‘ﬁ‘ (0, 0) if and only if there exist two
+

sequences {(Uk*, Vk*)} converging to (U*, V*) and {(Uk, Vk)} converging to (0, 0)
with (UF*, V&™) € Ngoh N g (U, V¥) and (U*, V¥) € gph Ng» for each k.
+
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For each k, denote A¥ :=U*+V* e §" and let Ak = P¥A(AX)(P)T with Pke O
be the eigenvalue decomposition of A¥ . Then for anyie{l,...,n}, we have

lim A; (A% = 0.
k—o00

Since {P"},‘?‘;1 is uniformly bounded, by taking a subsequence if necessary, we may
assume that {Pk},?i | converges to an orthogonal matrix Q := limk%ooPk e O". For
each k, we know that the vector A(AF) is an element of MY. By taking a subsequence

if necessary, we may assume that for each k, A(Ak) has the same form, i.e.,

. AAYpp, O 0
AAH =0 A(AMYgog, O ,
0 0 A(Ap g

where B4, Bo and B_ are the three index sets defined by
By :={i: x(A5 >0}, Bo:={i: 2 =0} and B_:={i: 1 (4" <0}

Since (Uk*, Vk*) € N;)h N (Uk, vy, we know from Proposition 3.2 that for each
+

k, there exist

k
Ep g, Ep gy g, p

X T
Of=| Egp 0 0
K NT
(Xpp) 0 0
and
k
0 0 Eﬁ-%—ﬂ—_zﬁ.;.ﬂ_
0=10 kT 0 T Epop-
(Epp-—2pp ) (Epp ) Epp
such that

ok ok ~ % —~x
O o U + @50 VA =0, UKy, <0 and Vi, >0, 65)
where UK = (PHTUK* Pk, v = (P*)T v¥* pk and

_ max{};(A%), 0} — max{2;(A%), 0}

= ;= D oAb VG, )€ By x B (66)
i i

Since for each k, each element of Ef§+ rs belongs to the interval [0, 1], by further

taking a subsequence if necessary, we may assume that the limit of {X }]§+ 5 Yo exists.

@ Springer



First order optimality conditions

Therefore, by the definition of U, in (24), we know that

lim ©f =& e, and lim ©5 = &,
k— 00 k— 00

where E1 and E, are given by (26). Therefore, we obtain from (65) that (U*, V*) € N.
The other direction, i.e., Ngph v o (0, 0) © N can be proved in a similar but simpler
+

way to that of the second part of Theorem 3.1. We omit it here. O

Proof of Theorem 3.1 “=" Suppose that (X*, Y*) € Ngph ng, (X, ¥). By the defin-
+

ition of the limiting normal cone in (8), we know that (X*, Y*) = limk_mo(Xk*, Yk*)
with

* *
(XY € Ngnygy XY k=1.20

where (Xk, Yk) — (X,Y) and (Xk, Yk) € gthSi' For each k, denote A¥ :=
XK 4+ Y and let A* = P A(Ak)(Pk)T be the eigenvalue decomposition of AX . Since
A(A) = limg_, 0o A (A¥), we know that A (A%)gq > 0, A(AF),, < 0 for k sufficiently
large and limg_, oo A (A%) g5 = 0.

Since {Pk Jt=; is uniformly bounded, by taking a subsequence if necessary, we
may assume that {Pk},‘j‘; | converges to an orthogonal matrix Peon (A). We can

write P = [Po PgQ P, ], where Q € Ol canbe any || x |B| orthogonal matrix.
By further taking a subsequence if necessary, we may also assume that there exists a
partition 7 (8) = (B4, Bo, B—) of B such that for each &,

2 (AN >0 VieBy, 2AH=0 Viepy and 2;(A%) <0 Viep_.
This implies that for each &,
{i : % (A > 0)=a U B4, (i : 1A =0}=By and {i:r;(A") <0}=B_Uy.

Then, for each k, since (Xk*, Yk*) € ngh N (Xk, Yk), we know from Proposition
+
3.2 that there exist

[Eww  Eap,  Eapy 35, 35, 7]
Egs, Eope Epp Zhp Th,
O = | Eapy  Ehypy O 0 0
st om0 0 0
_Zil){lVT E§+VT 0 0 0 .
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and
0 0 0 Eop — by Eay— 3k,
k k
0 0 0 Epp — %k 5 Epy—3f
e5=|0 0 0 Epp_ Egyy
k k
(Eap — T )" (Epop. —Zf 5 ) Efg Epp Ep y
k k
(Eay — an)r (Epyy — Eﬁw)T E;W Eg—y Eyy
such that
ko yk* ko yr* _ vi* vkt
®1OX +®2OY —O, X /3()/30 ﬁO and Y ﬂOﬁO EO, (67)

where 5(7‘* = (Pk)TXk*Pk, ﬁ* = (Pk)TYk*Pk and

max{}; (A¥), 0} — max{x;(A¥), 0}

(5h)ij = D (A Vi, j) € (@UB) x (B-Uy). (68)
i J

By taking limits as k — oo, we obtain that
X;a X;ﬁ 0 X:;y
7k o~ o~ ~ ~ ~
X - PTx*P=| X507 0"X3,0 07X;,
X' @TX5)" Xy,
and
Vo V0 Yo
% ~ ~ ~ ~
v - PTy* P = | (0" 0'vz0 07V,
7 \T Ty« \T ¥
S50 Lo X0 G- L O
By simple calculations, we obtain from (68) that

. k . k . k
klggo Eam = Eup_, kli>ngo Zﬁw =0 and kli)néo an = Zay.

This, together with the definition of Ug|, shows that there exist E1 € Ug| and the
corresponding E; such that

Eqa Eaﬂ an 00 0
lim &% =| Eg, E1 O =0,+|0 E 0
(o 000 00
and
0 0  Eyy— oy 00 0
Jim es=10 g, Eg, =@+ [0 8 0],
- (Eqy — Zay)T Eyp Eyy 00 0
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where ®; and ©, are given by (22). Meanwhile, since Q € Ol by taking limits in
(67) as k — oo, we obtain that

OloX*+00V* =0, E100"X},0+8,007Y;5,0=0 (69

and
T v Ty

Hence, by Proposition 3.3, we conclude that (izﬂ, ?gﬁ) € Ngph Ns'f' (0, 0). From

(69), it is easy to check that (X*, Y*) satisfies the conditions (28) and (29).

“e=" Let (X*, Y*) satisfies (28) and (29). We shall show that there exist two
sequences {(X¥, Y*)} converging to (X, Y) and {(X¥", Y*™)} converging to (X*, Y*)
with (X¥, Y¥) € gph Ng» and (X Yy e Ngoh N gn (X*, Y*) for each k.

+

Since (f:;ﬂ, ?gﬂ) € Ngpn N (0, 0), by Proposition 3.3, we know that there exist
+
an orthogonal matrix O € O'#l and &) € Ujg) such that

E100Q X530+ 8200"Y}30=0, 0 X},04 <0 and Qf Yj30p, > 0.
(70
Since &1 € U|g), we know that there exists a sequence () € EH'f' converging to 0
such that E; = limk_>ooD(zk). Without loss of generality, we can assume that there

exists a partition 7w (8) = (B4, Bo, B—) € £ (B) such that for all k,

X>0 Viepy, =0 Viepy and £<0 Viep_.

For each k, let

AA)ag O 000 0000 0
0 @+ 000 0000 0
xk=Plo 0 000|PT and Y =P|0 0 0 0 0 PT,
0 0 000 000 H_ o0
0 0 000 0000 A(A)yy

where P = [Po PgQ Py] € O"(A). Then, it is clear that {(X*, Y*)} € gph Ngn converging
to (X, Y). For each k, denote

Eao  Eap, Eapy Sgp Zay
oo | e Emee Eem Thy %
AT=X"4Yh, ef = | Ely Ef g, 0 0 0

(e )" (Zp 507 0 0 0

(Bap)T  (=Fp 0T 0 0 0
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and
0 0 0 Eop — z{;% Eqy — Z“Z
) 0 0 0 Epp — %k 5 Epy—3k
©2=\0 k N\T 0 k T 0 T Epop- Epor ’
(Eop_ — Eaﬁ,) (Ep p_ — zmﬁ,) Eﬁoﬁ, Ep_p_ Eg y
(Eay = Zay)"  (Bpy — 2§07 Ef, Ef, Eyy
where
max{}; (A1), 0} — max{2,;(4")), 0}
(=) = V(i j) € (@UB) x (B-Uy).
b Ki(AR) — (AR
Next, for each k, we define two matrices ﬁ*, f/\k* e S". Leti,je{l,...,n}.If

(i, j)and (j,i) ¢ (@ x B-) U (By x y) U (B x B). We define

— % ~ —x ~
Xk =X5, Ykoo=YE k=12, (71)
Otherwise, denote cf := (Ek),-, j»k=1,2,.... We consider the following four cases.

Case 1 (i, j) or (j, i) € o x B_. In this case, we know from (28) that fl*] = (0. Since
cx # 0 forall k and ¢ — 1 as k — oo, we define

k

— — 1 —~x

—~ ~ c
vk ;=Y and in’jzc—kYk,-,j, k=1,2,.... (72)

Then, we have

*

ik viF Vi vi* T P
cka,-,j+(l —ck)Yk,-’j =0 Vk and (Xk,-’j,Ykl-,j)—> (X7, Y} ask — oo.
Case 2 (i, j) or (j,i) € B+ X y. In this case, we know from (28) that Z*j = 0. Since

cx # 1 forall k and ¢ — 0 as k — oo, we define

koo

- =~ s c
Xk =Xp; and ¥h ;= XK k=120 (73)

Then, we know that

*

O . T L (P
CkX i,j +(] _Ck)y ij =0 Vk and (X i,j’Y i,j) — (X Yi,j) as k — 00.

i,j°
Case 3 (i, j) or (j,i) € (B x B)\(B+ x B-). In this case, we define
=% ~ —% ~
XK =0/ X505 YA =0]Y505 k=12 (74)

Case 4 (i, j) or (j,i) € B+ x B—. Since ¢ € [0, 1], we consider the following two
sub-cases:
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Case 4.1 ¢ # 1. Since ¢ # 1 for all k large enough, we define

k

o~
Xk .,
ck -1 L]

Xk =07X3,0; and YK, = k=1,2,.... (75

Then, from (70), we know that
. . _ B
Yk = P 1'QiTX:§/3Qj =0/ Y30, ask — oo.

Case 4.2 ¢ = 1. Since ¢; # 0 for all k large enough, we define

ck—1 =«

., - .,
Y& =0]Y50; and XK =-——Yk

Y5 k=12 (76)

Then, again from (70), we know that
/7<* ¢ — l T v* T v+ k
Xt — TQi YppQj = Qi XpgQj ask — oo.
For each k, define X = ﬁﬁ*ﬁT and Y** = ﬁf/\k*ﬁT Then, from (71)—(76)
we obtain that
ko PTXK'P+0ko PTYN'P =0, k=1,2,....

and
(PTX* P, PTY" Py - (PTX*P, PTY*P) ask — oo. (77)

Moreover, from (74) and (70), we have

T vi* _ ATy T vi* _ ATy
Qp, X pp Qpy = Qpy XppQpp <0 and Qi Y¥ 08, = Qp Vi3 0p = 0,
k=1.2.....

From Proposition 3.2 and (77), we know that

(X*, 7" e o Ny (X5 Y5 and (XY = lim (X*, ¥k,

Hence, the assertion of the theorem follows.
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