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Abstract

In this paper we consider a mathematical program with semidefinite cone comple-
mentarity constraints (SDCMPCC). Such a problem is a matrix analogue of the math-
ematical program with (vector) complementarity constraints (MPCC) and includes M-
PCC as a special case. We first derive explicit formulas for the proximal and limiting
normal cone of the graph of the normal cone to the positive semidefinite cone. Using
these formulas and classical nonsmooth first order necessary optimality conditions we
derive explicit expressions for the strong-, Mordukhovich- and Clarke- (S-, M- and C-)
stationary conditions. Moreover we give constraint qualifications under which a local
solution of SDCMPCC is a S-, M- and C-stationary point.

Key words: mathematical program with semidefinite cone complementarity constraints,
necessary optimality conditions, constraint qualifications, S-stationary conditions, M-
stationary conditions, C-stationary conditions.
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1 Introduction

Let 8™ be the linear space of all n x n real symmetric matrices equipped with the usual
Frobenius inner product (-,-). For the given positive integer n, let ST (S") be the closed
convex cone of all n x n positive (negative) semidefinite matrices in S". Let n;, i =
1,...,m be given positive integers. The mathematical program with (semidefinite) cone
complementarity constraints (MPSCCC or SDCMPCC) is defined as follows

(SDCMPCC) min  f(2)
st.  h(z)=0,
9(2) 20,
SV 3 Gi(2) LHi(z) eS™M, i=1,...,m, (1)
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where Z and H are two finite dimensional real Euclidean spaces; f: Z — R, h : Z — RP,
g:Z —>Hand G;: Z —- 8" H;: Z — 8™, i=1,...,m are continuously differentiable
mappings; Q € H is a closed convex symmetric cone with a nonempty interior (such as
the nonnegative orthant, the second order cone, and the cone of symmetric and positive
semidefinite real matrices); for each i € {1,...,m}, “G;(z) L H;(z)” means that the matri-
ces Gi(z) and H;(z) are perpendicular to each other, i.e., (G;(z), Hi(z)) = 0; “g(z) 20 07
means that —g(z) € Q. In particular, for a given symmetric matrix Z € S", we use Z < 0
and Z > 0 to denote Z € 8" and Z € S, respectively.

SDCMPCC is a broad framework, which includes the mathematical program with (vec-
tor) complementarity constraints (MPCC) as a special case. In fact, if @ = R%, the
nonnegative orthant in X = R? and n; = 1, i = 1,...,m, the SDCMPCC becomes the
following MPCC problem

(MPCC) min  f(2)
st.  h(z)=0,
9(2) <0,
R 3Gi(z) LHi(z) eR_, i=1,....m. (2)

Denote G(z2) = (G1(2),...,Gm(z)T : Z = R™ and H(2) = (Hi(2),...,Hn(2))T : Z —
R™. Then the constraints (2) can be replaced by the following standard vector complemen-
tarity constraint
RV >G(2) LH(z) e R

MPCC is a class of very important problems since they arise frequently in applications where
the constraints come from equilibrium systems and hence is also known as the mathematical
program with equilibrium constraints (MPEC); see [26, 34| for references. One of the
main sources of MPCCs comes from bilevel programming problems which have numerous
applications; see [12].

Our research on SDCMPCC is motivated by a number of important applications in
diverse areas. Below we describe some of them.

The rank constrained nearest correlation matrix problem. A matrix is said to be
a correlation matrix if it is real symmetric positive semidefinite and its diagonal entries are
all ones. Let C' be a given matrix in S". Let 1 < r < n be a given integer. The rank
constrained nearest correlation matrix problem takes the following form

min f(X)
st. Xy=1, i=1,....n,
i . (3)
X esrt,
rank(X) <r,

where f : 8™ — R is a given cost function that measures the closeness of X to a targeted
matrix. This problem (3) has many important applications in quantitative finance and
engineering, e.g., [58, 66, 7, 24, 8, 28, 49] and the references therein. We may easily cast
(3) in an SDCMPCC form

i S0
S.t. Xuzl, izl,...,n,
(ILUy=r, Ues,

S!'>X1LWU-1)es”.
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This equivalence is a direct consequence of the well known fact that the sum of the first r
largest eigenvalues of X equals the optimal value of the following semidefinite programming
problem (see, e.g., [35, 36, 27]):

max (X,U)
st. (LLU)=r, (4)
vest, I1-UcS8,

where I is the n by n identity matrix. One may refer to [23] for details. More SDCMPCC
examples concerning the matrix rank minimization problems can be found in [67, 5].

Bilinear Matrix Inequality (BMI) problem. Bilinear Matrix Inequalities arise fre-
quently from pooling and blending problems [55], system analysis and robust design [47,
18, 54]. In particular, many problems including robustness analysis [38, 11] and robust
process design problems [46, 55, 56] can be stated as the following optimization problem
with the BMI constraint

min bTu+ dTw

, . g )
st D+ Y0 w AD 437 0 BE 43T S w60 <0, (5)

where v € R™ and v € R" are decision variables, b € R™ and d € R" are given, and
D, AW BW and € §=1,....,m, j =1,...,n are given p by p symmetric matrices.
Denote x := (u,v) € R™T" ¢ := (b,d) € R™™. Then, the optimization problem (5) can be
rewritten as the following optimization problem [15]

min 'z
st D4 Y AY ¢y, oY <o, (6)
W = zaT |

where A = (AM, ..., AM BO)_ . BM) and for cach i,j € {1,...,m} x {L,...,n},
" = o) it e {1,...,m} and j € {1,...,n} and " = 0 otherwise. It is easy to see
that the second constraint in the problem (6) can be replaced by the following constraints

[15]

Z:[ZI; ﬂzo and rank(Z) < 1.

Therefore, similarly as the previous example, we know that the problem (6) can be cast in
the following SDCMPCC form

min 'z

st. D+ e AV ¢y e <o,
(LLUY=1, Ues?,
e [f; ﬂ LWU-Tesm.

Single-firm model in electric power market with uncertain data. Electric power
market is an oligopolistic market, which means that there are several dominant firms in
this market. Each dominant firm has some number of generators, which submit the hourly
bids to an independent system operator (ISO). The firm can be thought of as a leader of a



Stackelberg game, which calculates its bids based on what it anticipates the followers would
do, which is the ISO in this case. Without the uncertain data, it is well-known that this
single-firm problem in the electric power market can be modeled as a bilevel programming
problem [21]. In this bilevel programming model, the upper-level problem is the single
firm’s profit maximization problem and the lower-level problem is the ISO’s single spatial
price equilibrium problem. For simplicity we assume that there are no rival firms. Let
{S;}¥_, and {D, };1-:1 represent the nodes with generators under the control of the firm and
the demand nodes respectively. Suppose the firm (as the leader of the game) decides the
bids (a1, ..., ap). Given the bids (a1, ..., ), the ISO (as the follower of the game) decides
the quantities of the power generated at S;, denoted by s;, i = 1,...,p, the quantities of
the power demanded at Dj;, denoted by dj, j = 1,...,q, and the quantities of the power
transmitted from S; to Dj, denoted by T;;, ¢ =1,...,pand j =1,...,¢ so as to maximize
the social welfare. Let n; — §J2dj(j =1,...,q) and o; + B2s;(i = 1,...,p) be the marginal
demand and supply functions respectively. Then the social welfare is the consumer surplus
minus costs which can be expressed as Y 7_; (1;d; — %gfdg) — 3P (eis;+ 32s?). Note that
in applications, the marginal demand functions, which are decided by the information of
consumers, usually contain uncertainty. For instance, we may assume that the coefficients
n = (,...,n9)T € R and € := (£&,...,&,)T € R of the marginal demand functions are
in the given ellipsoidal uncertainty set, i.e., {(7],5) = (n°,&%) + ZzL:1 w(nh, & | uTu < 1},
where (7°,£°%) € RIx R9 and (n}, ) € RIxRI, [ =1,..., L are given. Define x := (d, s,t) €
R x RP x N. Denote A = diag(£°,3,0) € STPHL 50 = (n°)T, —al, 1)T € RIFPH! and

Al = diag(€¢',0,0) € ST = ((HT, 0,007 e RatrHt 1 =1,... L.

By considering the robust counterpart of the lower-level problem, we obtain the following
robust lower-level problem

min ¢

st. xTATAz — 2072 <0 V(A b) €U,
Te, — s
o =0, 0<(d,s,T)<w,
T e, —d

where w = (d, 3, T) and U C SITPTL x RITPTL is given by

L
U= {(Ab) | (A,b) = (A%%) + ) w (A b)), v u<1}.
=1

From [2, Theorem 3.2], we know that 27 AT Az — 267z < 0, for any (A,b) € U if and only
if y = (z,\,T) € RITPTL x R x RP* satisfies the following SDP constraint

[ 22700 — X 2Tp! .- 2Tol (A%2)T
27! A 0 (Alx)T
Ay = : : C : =0
Tk 0o - A (AT
| A% Atz - Az Iy |

Let M : P x R? x RP — R be the given continuous differentiable revenue function of the
firm and ¢;; > 0 be the unit transmission cost from S; to D;. Then the profit of the firm
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is M(s,d,a) = >0, 23:1 ¢ijT;ij. Therefore, the corresponding robust bilevel programming
problem can be written as

min 3774 320 ¢y — M(s,d, @)

st. 0<a<a,

min 77y
s.t. Aqy =0, (7)
By = Teq—s]:() 0 < Byy=(d,s,T) <w
TTe, —d ’ o ’

where 7 := (0,0,1,0,0) € RITPHL x R x NP*9. Thus, for each given o € NP, by considering
the KKT conditions of the lower-level problem of (7), we obtain the following SDCMPCC
problem
min 377 370 Ty — M(s, d, )
st. 0<a<a,
T+ B+ B3(C—n) + AL =0, Biy =0,
0<nl-By<0, 0<(¢LBy—w<O,
0= Ay LT =0,

where for each given «a, A7, B} and B3 are the corresponding adjoints of the linear operators
./40” Bl and 82.

In this paper, we study first order necessary optimality conditions for the SDCMPCC.
For simplicity, we consider the SDCMPCC problem which has only one semidefinite cone
complementarity constraint. However all results can be generalized to the case of more than
one semidefinite cone complementarity constraints in a straightforward manner.

MPCC is notoriously known as a difficult class of optimization problems since if one
treats an MPCC as a standard nonlinear programming problem, then Mangasarian Fro-
movitz constraint qualification (MFCQ) fails to hold at each feasible point of the feasible
region; see [65, Proposition 1.1]. One of the implications of the failure of MFCQ is that the
classical KKT condition may not hold at a local optimizer. The classical KKT condition for
MPCC is known to be equivalent to Strong (S-) stationary condition. Consequently weaker
stationary conditions such as Mordukhovich stationary condition (M-stationary condition)
and Clarke stationary condition (C-stationary condition) have been proposed and the con-
straint qualifications under which a local minimizer is a M-(C-)stationary point have been
studied; see e.g., [48, 63] for a detailed discussion.

The same difficulties exist for SDCMPCC. The cone complementarity constraint (1)
amounts to the following convex cone constraints:

(G(2),H(2)) =0, G(z)eS", H(z) eS8

For an optimization problem with convex cone constraints, the usual constraint qualification
is Robinson’s CQ. In this paper we show that if we consider SDCMPCC as an optimization
problem with cone constraints, Robinson’s CQ fails to hold at each feasible point of the
SDCMPCC. Hence SDCMPCC is also a difficult class of optimization problems. One of
the implications of the failure of Robinson’s CQ is that the classical KKT condition may
not hold at a local optimizer. It is obvious that the complementarity constraint (1) can be
reformulated as a nonconvex cone constraint:

(G(=). H(2)) € gph N,
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where gph Ngr is the graph of the limiting normal cone to the positive semidefinite cone. We
first derive the exact expressions for the proximal and limiting normal cone of gph NS:&. As
in the vector case, the first order necessary optimality condition based on the proximal and
limiting normal cones are called S- and M-stationary condition respectively. To derive the
C-stationary condition, we reformulate the complementarity constraint (1) as a nonsmooth
equation constraint:

G(z) —Ilsp (G(2) + H(2)) =0

where Hgi denotes the metric projection to the positive semidefinite cone. As in the vector
case, based on this reformulation and the classical nonsmooth necessary optimality condition
we derive the necessary optimality condition in terms of the C-stationary condition. We
also show that the classical KKT condition implies the S-stationary condition but not vice
versa.

To the best of our knowledge, this is the first time explicit expressions for S-, M- and C-
stationary conditions for SDCMPCC are given. In [60], a smoothing algorithm is given for
mathematical program with symmetric cone complementarity constraints and the conver-
gence to C-stationary points is shown. Although the problem studied in [60] may include
our problem as a special case, there is no explicit expression for C-stationary condition
given. It is also the first time precise formulas for the proximal and limiting normal cone
of gph Ngi are given. In particular the precise expression for the limiting normal cone of
gph Ngi is not only important for deriving the M-stationary condition but also useful in the
so-called Mordukhovich criterion for Aubin continuity [45, Theorem 9.40] of a perturbed
generalized equation such as:

S(z) :=={z:2 € H(z) + Nsz(2)}.

We organize our paper as following. In §2 we introduce the preliminaries and prelimi-
nary results on the background in variational analysis, first order conditions for a general
problem and background in variational analysis in matrix spaces. In §3, we give the precise
expressions for the proximal and limiting normal cones of the graph of the normal cone
Ngz. In §4, we show that if SDCMPCC is considered as an optimization problem with
convex cone constraints then the Robinson’s CQ fails at every feasible solution of SDCM-
PCC and derive the classical KKT condition under the Clarke calmness condition. Explicit
expressions for S-stationary conditions are given in §5 where it is also shown that the clas-
sical KKT condition implies the S-stationary condition. Explicit expressions for M- and
C-stationary conditions are given in §6 and §7 respectively.

2 Preliminaries and Preliminary Results

We first give the following notations that will be used throughout the paper. Let X, Y be
finite dimensional spaces. We denote by || - || the Euclidean norm in X. We denote by
B(z,0) :={y € X| |ly — x| < d} the open ball centered at z with radius § > 0 and B the
open unit ball centered at 0. Given a set S C X and a point z € X, the distance from z to
S is denoted by

dist(z, S) := inf{|ly — z|| | y € S}.

Given a linear operator A : X — Y, A* denotes the adjoint of the linear operator A. Given
a matrix A, we denote by AT the transpose of the matrix A. For a mapping F : X — Y
and z € X, F'(x) stands for the classical derivative or the Jacobian of F' at x and VF(x)



the adjoint of the Jacobian. We denote by F’(z;d) the directional derivative of F' at x
in direction d. For a set-valued mapping ® : X = Y, we denote by gph® the graph of
O, ie., gph @ := {(z,v) € X xY| v € ®(z)}. For a set C, we denote by intC, clC,
coC its interior, closure and convex hull respectively. For a function g : X — R, we denote
g7 (x) := max{0, g(x)} and if it is vector-valued then the maximum is taken componentwise.

e Let O™ be the set of all n x n orthogonal matrices.
e For any Z € R™*", we denote by Z;; the (4, j)-th entry of Z.

e For any Z € ™", we use z; to represent the jth column of Z, j = 1,...,n. Let
J C{1,...,n} be an index set. We use Z7 to denote the sub-matrix of Z obtained
by removing all the columns of Z not in 7. So for each j, we have Z; = z;.

o Let ZC {l,...,m}and J C {1,...,n} be two index sets. For any Z € R™*" we use
Z77 to denote the |Z| x | J| sub-matrix of Z obtained by removing all the rows of Z
not in Z and all the columns of Z not in J.

“

e We use “o” to denote the Hardamard product between matrices, i.e., for any two
matrices A and B in R"*" the (i, j)-th entry of Z := Ao B € R"™*" is Z;; = A;;jB;j.
2.1 Background in variational analysis

In this subsection we summarize some background materials on variational analysis which
will be used throughout the paper. Detailed discussions on these subjects can be found in
[9, 10, 31, 32, 45]. In this subsection X is a finite dimensional space.

Definition 2.1 (see e.g., [10, Proposition 1.5(a)] or [45, page 213]) Let £ be a nonempty
subset of X. Given T € clQ, the following convex cone

N&(z):={¢C € X :3M >0, such that (¢, x — &) < M|z —z||*> VzcQ} (8)
1s called the proximal normal cone to set Q) at point T.

Definition 2.2 (see e.g., [10, page 62 and Theorem 6.1(b)]) Let Q be a nonempty subset
of X. Given T € cl€, the following closed cone

No(z) == {lgn GG € NG(zi), @ —T, z; €Q} (9)

is called the limiting normal cone (also known as Mordukhovich normal cone or basic normal
cone) to set Q2 at point T and the closed convexr hull of the limiting normal cone

NG(Z) := clco No(Z).
where is the Clarke normal cone ([9]) to set £ at point T.

Alternatively in a finite dimensional space, the limiting normal cone can be also defined by
the Fréchet (also called regular) normal cone instead of the proximal normal cone, see [31,
Definition 1.1 (ii)]. In the case when ) is convex, the proximal normal cone, the limiting
normal cone and the Clarke normal cone coincide with the normal cone in the sense of the
convex analysis [44], i.e., No(Z) :={( € X : ((,z —z) <0 VzeQ}.



Definition 2.3 Let f : X — R U {+o0} be a lower semicontinuous function and finite at
z € X. The proximal subdifferential ([45, Definition 8.45]) of f at T is defined as

O"f(z) = {¢€X:30>0,6>0 such that f(x) > f(Z) + ({,x — &) — 0|z — Z|?
Vo e B(z,0)}

and the limiting (Mordukhovich or basic [31]) subdifferential of f at T is defined as
0f(z) :={ im G : & € " f(a), @ — &, flax) = f(2)}.
When f is Lipschitz continuous near T,
0 F(2) = co0f ()
is the Clarke subdifferential [9] of f at Z.

Note that in a finite dimensional space, alternatively the limiting subgradient can be also
constructed via Fréchet subgradients (also known as regular subgradients), see [31, Theo-
rem 1.89]. The equivalence of the two definitions is well-known, see the commentary by
Rockafellar and Wets [45, page 345]. In the case when f is convex and locally Lipschitz,
the proximal subdifferential, the limiting subdifferential and the Clarke subdifferential co-
incide with the subdifferential in the sense of convex analysis [44]. In the case when f is
strictly differentiable, the limiting subdifferenial and the Clarke subdifferential reduce to
the classical derivative f'(z), i.e., 0°f(z) = of(z) = {f'(Z)}.

2.2 First order optimality conditions for a general problem

In this subsection we discuss constraint qualifications and first order necessary optimality
conditions for the following general optimization problem:

(GP) min  f(2)
st.  h(z)=0,
9(z) <0
G(z) e K,

where Y, Z are finite dimensional spaces, K is a closed subset of Y, f: Z = R, h: Z — RP,
g:Z —RTand G: Z — Y are locally Lipschitz mappings.
We denote the set of feasible solutions for (GP) by F and the perturbed feasible region
by
F(r,s,P):={z€Z:h(z)+r=0, g¢g(z)+s<0, G(z)+PeK}. (10)

Then F(0,0,0) = F. The following definition is the Clarke calmness [9] adapted to our
setting.

Definition 2.4 (Clarke calmness) We say that problem (GP) is (Clarke) calm at a local
optimal solution Z if there exist positive € and p such that, for all (r,s,P) in B, for all
z € (z+eB)NF(r,s,P), one has

f(2) = f(Z) + pll(r,s, P)|| 2 0.



The following equivalence is obvious.

Proposition 2.1 Problem (GP) is Clarke calm at a local optimal solution z if and only if
(2,G(Z2)) is a local optimal solution to the penalized problem for some p > 0:

(GP), min f(2) + p([[h(2)[| + | max{g(z), 0} + [|G(z) — X|)
s.t. XekK.

Theorem 2.1 Let z be a local optimal solution of (GP). Suppose that (GP) is Clarke calm
at zZ. Then there exist \* € RP, N9 € R? and QF € 8" such that

0 € Of(2) 4+ 8(h, \")(2) + (g, N)(2) + B(G, Q%) (2),
X >0, (g(2),M) =0 QY€ Ng(G(2)).

Proof. The results follow from applying the limiting subdifferential version of the gen-
eralized Lagarange multiplier rule (see e.g., Mordukhovich [32, Proposition 5.3]), calculus
rules for limiting subdifferentials in particular the chain rule in Mordukhovich and Shao
[33, Proposition 2.5 and Corollary 6.3]). [

The calmness condition involves both the constraint functions and the objective func-
tion. It is therefore not a constraint qualification in classical sense. Indeed it is a sufficient
condition under which KKT type necessary optimality conditions hold. The calmness con-
dition may hold even when the weakest constraint qualification does not hold. In practice
one often uses some verifiable constraint qualifications sufficient to the calmness condition.

Definition 2.5 (Calmness of a set-valued map) A set-valued map ® : Z =Y is said to be
calm at a point (z,v) € gph ® if there exist a constant M > 0 and a neighborhood U of Z,
a neighborhood V' of v such that

P(2)NV CP(2)+ M|z —z||[clB VzelU.

Although the term “calmness” was coined in Rockafellar and Wets [45], the concept of
calmness of a set-valued map was first introduced by Ye and Ye in [64] under the term
“pseudo upper-Lipschitz continuity” which comes from the fact that it is a combination of
Aubin’s pseudo Lipschitz continuity [1] and Robinson’s upper-Lipschitz continuity [40, 41].
For recent discussion on the properties and the criterion of calmness of a set-valued mapping,
see Henrion and Outrata ([19, 20]). In what follows, we consider the calmness of the
perturbed feasible region F(r,s, P) at (r,s, P) = (0,0,0) to establish the Clarke calmness
of the problem.

The proposition below is an easy consequence of Clarke’s exact penalty principle [9,
Proposition 2.4.3] and the calmness of the perturbed feasible region of the problem. See
[62, Proposition 4.2] for a proof.

Proposition 2.2 If the objective function of (GP) is Lipschitz near z € F and the perturbed
feasible region of the constraint system F(r,s, P) defined as in (10) is calm at (0,0,0, 2),
then the problem (GP) is Clarke calm at Z.



From the definition it is easy to verify that the set-valued mapping F(r, s, P) is calm at
(0,0,0, 2) if and only if there exist a constant M > 0 and U, a neighborhood of z, such that

dist (2, F) < M||(r,s,P)| VzeUNF(r,s,P).

The above property is also referred to the existence of a local error bound for the feasible
region F. Hence any results on the existence of a local error bound of the constraint system
may be used as a sufficient condition for calmness of the perturbed feasible region (see e.g.,
Wu and Ye [59] for such sufficient conditions).

By virtue of Proposition 2.2, the following four constraint qualifications are stronger
than the Clarke calmness of (GP) at a local minimizer when the objective function of the
problem (GP) is Lipschitz continuous.

Proposition 2.3 Let F(r,s, P) be defined as in (10) and z € F. Then the set-valued map
F(r,s,P) is calm at (0,0,0, 2) under one of the following constraint qualifications:

(i) There is no singular Lagrange multiplier for problem (GP) at z:

{ 0 € O(h, \")(2) + 0(g, \9)(2) + B(G, QC) (%),

0% € Ng(G(2)), M >0, (9(2),29) =0 — (A 9,0% =0,

(i1) Robinson’s CQ ([42]) holds at z: h, g and G are continuously differentiable at z. K
is a closed convex cone with a nonempty interior. The gradients hi(z2)*(i = 1,...,p)
are linearly independent and there exists a vector d € Z such that

hi(Z)d=0, i=1,....p,
gi(2)'d <0, i€l,(z),
G(z)+G'(2)d eint K,
where 14(Z) == {i : g;(2) = 0} is the index of active inequality constraints.
(iii) Linear Independence Constraint Qualification (LICQ) holds at Z:
0 € d(h, \")(2)+0(g, M) (2)+0(G, Q%) (2), Q% € Ng(G(2) = (M, \9,0%) =o.

(iv) h, g and G are affine mappings and the set K is a union of finitely many polyhedral
convex sets.

(v) The perturbed feasible region of problem (GP) is calm at (0,0,0, 2).

Proof. It is obvious that (iii) implies (i). By [6, Propositions 3.16 (ii) and 3.19 (iii)],
Robinson’s CQ (ii) is equivalent to (i) when all functions h, g, G are continuously differen-
tiable and K is a closed convex cone with a nonempty interior. By Mordukhovich’s criteria
for pseudo-Lipschitz continuity, (i) implies that the set-valued map F(r,s, P) is pseudo-
Lipschitz continuous around (r,s,P) = (0,0,0) (see e.g., [33, Theorem 6.1]) and hence
calm. By Robinson [43], (iv) implies the upper-Lipschitz continuity and hence the calmness
of the set-valued map F(r,s, P) at (0,0,0, 2). [ |

Combining Theorem 2.1 and Propositions 2.2 and 2.3, we have the following KKT
conditions.

Theorem 2.2 Let z be a local optimal solution of (GP). Suppose the problem is Clarke
calm at z; in particular one of the constraint qualifications in Proposition 2.8 holds. Then
the KKT condition in Theorem 2.1 holds at Z.
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2.3 Background in variational analysis in matrix spaces

Let A € S™ be given. Denote A\(A) := (A1 (A4),\2(A),..., \(A)T € R* and A(A) :=
diag(A(A)), where for any x € R", diag(x) denotes the diagonal matrix whose i-th diagonal
entry is z;, i = 1,...,n. Let P € O™ be such that

A=PAA)P" . (11)

We denote the set of all such matrices P in the eigenvalue decomposition (11) by O™(A).
Define the three index sets of positive, zero, and negative eigenvalues of A, respectively, by

a:={i: N(4) >0}, B:={i: N(4A) =0} and ~:={i:\(A) <0}. (12)

For any matrix P € O"(A), we use p; to represent the jth column of P, j =1,...,n. Let
J C{1,...,n} be an index set. We use P; to denote the sub-matrix of P obtained by
removing all columns of P not in J. So for each j, we have P(;; = p;. Let X € 8" and
Z,J C{1,...,n} be index sets. We use X77 to denote the sub-matrix of X obtained by
removing all the rows of X not in Z and all columns of X not in J. For any Z € S§", we
use Z = 0 and Z < 0 to denote Z € S and Z € S, respectively.

Proposition 2.4 (see e.g., [16, Theorem 2.1]) For any X € ST andY € 8",
Nsn(Y) = {Y*eS8!:(Y,Y")=0}={Y"eS} YY" =0}.

We say that X, Y € §™ have a simultaneous ordered eigenvalue decomposition provided
that there exists P € O" such that X = PA(X)PT and Y = PA(Y)PT. The following
theorem is well-known and can be found in e.g., [22].

Theorem 2.3 [von Neumann-Theobald] Any matrices X andY in 8™ satisfy the inequality
(X,Y) < MX)"A(Y);

the equality holds if and only if X and Y admit a simultaneous ordered eigenvalue decom-
position.

Proposition 2.5 The graph of the set-valued map Ngn can be written as

gthgi = {(X,Y)ESﬁXSﬁ:HSi(X—I—Y):X} (13)
— {(X,Y) €8T x 8" Mgn (X +Y) =Y} (14)
= {(X,)Y)eSIxS": XY =YX =0,(X,Y)=0}. (15)

Proof. Equations (13) and (14) are well-known (see [13]). Let X € S}. Since Ngr(X) =
ddsn (X), where d¢ is the indicate function of a set C, by [22, Theorem 3], since the function
dsr(X) is an eigenvalue function, for any ¥ € Ng»(X), X and Y commute. Equation (15)
then follows from the expression for the normal cone in Proposition 2.4. [ |

From [51, Theorem 4.7] we know that the metric projection operator Ilsy(-) is direc-
tionally differentiable at any A € S" and the directional derivative of Ils (-) at A along
direction H € §" is given by

o ‘E[aa Haé Eow © Hoe'y o
My (A; H) =P Hig L5 (Hpg) 0 P, (16)
Zg,y o H§7 0 0
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where H := P H P, o is the Hadamard product and

max{A;(A),0} — max{\;(A4),0}

i = N(A) = X (A) ’

ij=1,...,n, (17)

where 0/0 is defined to be 1. Since ILsy(-) is global Lipschitz continuous on S", it is well-
known that s (-) is B(ouligand)-differentiable (c.f. [14, Definition 3.1.2]) on S™. In the
following proposition, we will show that ILsr (+) is also calmly B(ouligand)-differentiable on
S". This result is not only of its own interest, but also is crucial for the study of the
proximal and limiting normal cone of the normal cone mapping Ngi in the next section.

Proposition 2.6 The metric projection operator H‘gi(-) is calmly B-differentiable for any
given A € S™, i.e., for S" > H — 0,

sy (A+ H) — sy (A) — W (A H) = O(||H|?) . (18)

Proof. See the Appendix. [ |

3 Expression of the proximal and limiting normal cones

In order to characterize the S-stationary and M-stationary conditions, we need to give the
precise expressions for the proximal and limiting normal cones of the graph of the normal
cone mapping Ngr at any given point (X,Y) € gph Nsp. The purpose of this section is to
provide such formulas. The result is also of independent interest.

3.1 Expression of the proximal normal cone

By using the directional derivative formula (16), Qi and Fusek [39] characterized the Fréchet
normal cone of gph NS?—' In this subsection, we will establish the representation of the
desired proximal normal cone by using the same formula and the just proved calmly B-
differentiability of the metric projection operator. The proximal normal cone is in general
smaller than the Fréchet normal cone. For the set gph Nm , however, it is well-known that
the Fréchet normal cone coincides with the proximal normal cone. The natural question to
ask is that whether this statement remains true for the set gph Ngz. Our computations in
this section give an affirmative answer, that is, the expression for the proximal normal cone
coincides with the one for the Fréchet normal cone derived by Qi and Fusek in [39].

From Proposition 2.6, we know that for any given X* € 8™ and any fixed X € 8™ there
exist My, My > 0 (depending on X and X* only) such that for any X’ € 8™ sufficiently
close to X,

(X" sy (X') ~ sy (X)) < (X" Men (X X' = X)) + M| X' — X2, (19)

(X7 Msn (X') = Hsn (X)) < (X7 TWgn (X3 X7 = X)) + M| X" = X2 (20)

Proposition 3.1 For any given (X,Y) € gph Ngp, (X*,Y™) € Ng (X,Y) if and only

gph NSn
+
if (X*,Y*) eS8 xS satisfies

(X Ty (X +Y; H)) + (V" W (X + Y3 H)) <0 VHeS™ (21)

12



Proof. “ <= " Suppose that (X*,Y*) € " x 8™ is given and satisfies the condition (21).
By Proposition 2.5, (19) and (20), we know that there exist a constant 6 > 0 and a constant
M > 0 such that for any (X',Y”) € gph Ngp and [[(X',Y") — (X,Y)| <,
<(X*7 Y*)v (X/a Y,) - (Xa Y)>
= <(X*7 Y*)v (HSi (X/ + Y,)a HSf (X, + Y/)) - (HSJ’: (X + Y)v HS? (X + Y))>

IN

MH(X,,Y/) - (X7Y)H2
By taking M = max {]\7, H(X*,Y*)H/(S}, we know that for any (X', Y”) € gph Ngr,

<(X*3Y*)a (Xlayl) - (X>Y)> < M||(X/>Y/) - (X’Y)||2a

which implies, by the definition of the proximal normal cone, that (X*,Y™*) € Nz, Nen (X,Y).
+

“ =7 Let (X*,Y") € nghN.Si (X,Y) be given. Then there exists M > 0 such that
for any (X',Y”) € gph Nsn,
(X7 Y"),(XY) = (X)) < M|[(X"Y') = (X,Y)|°. (22)
Let H € 8™ be arbitrary but fixed. For any ¢ | 0, let
X{=Tsr (X +Y +tH) and Y/ =Ts (X +Y +tH).

By noting that (X}, Y}) € gph Nsn (c.f., (13)-(14) in Proposition 2.5) and Isn (-) and ILsn (-)
are globally Lipschitz continuous with modulus 1, we obtain from (22) that

(X" sn (X + Y5 H)) + (V" Ign (X + Y5 H))

1 1
< Mlim=(||X' = X2+ ||/ = Y|]?) < Mlim = (23| H||>) = 0.
tlg)lt(H t =+ 1Y ) < Efélt( IH|") =0

Therefore, we know that (X*,Y*) € 8™ x S™ satisfies the condition (21). The proof is
completed. ]

For any given (X,Y) € gph NS_’p let A = X + Y have the eigenvalue decomposition
(11). From (13)-(14), we know that X = Ilsr(A4) and YV = Ilgn (A). It follows from the
directional derivative formula (16) that for any H € 8™,

0 0 (Bay — Xay) © ﬁow
— ~ ~ —T
Wen (A; H) = P 0 g5 (Hpp) Hpgy P, (23)
(Bay = Zay)' o Hffy Hgy Hyy
where F is a n X n matrix whose entries are all ones. Denote
Eoo EaB Ea'y 0 0 Ea'y — Ea’y
©r:=| El; 0 0 and ©g := 0 0 Eg, . (24)

Eg’y 0 0 (Eav - Eav)T E,g:'y By

We are now in a position to derive the precise expression of the proximal normal cone to
gph Ngn.
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Proposition 3.2 For any (X,Y) € gph Ngi, let A= X +4Y have the eigenvalue decompo-
sition (11). Then

Ny (X,Y) = {(XY") €87 x 871010 X" + 0307 =0, X35 <0 and Y3, 2 0],

where X* := P' X*P and Y* := P' Y*P.
Proof. By Proposition 3.1, (X*,Y™*) € Ngon Ny (X,Y) if and only if
(X, Ty (A; H)) + (VW (A H)) <0 ¥ H € S,

which, together with the directional derivative formulas (16) and (23) implies that (X*,Y*) €

Ngon Nsy (X,Y) if and only if

(©10X* H) + (020 Y* H) + (X}55, T o1 (Hgp)) + (Y5, s (Hgp)) <0 VH e S"

18] 18]
slf sl

The conclusion of the proposition holds. [ |

3.2 Expression of the limiting normal cone

In this subsection, we will use the formula of the proximal normal cone Ng n, (X,Y)
obtained in Proposition 3.2 to characterize the limiting normal cone Ngpp ngn (X, Y).
+

For any given (X,Y) € gthgi, let A = X 4+ Y have the eigenvalue decomposition
(11) and B be the index set of zero eigenvalues of A defined as in (12). Denote the set of

all partitions of the index set 8 by Z2(3). Let §R|>ﬁ | be the set of all vectors in /%l whose
components being arranged in non-increasing order, i.e.,

For any 2z € ?le |, let D(z) represent the generalized first divided difference matrix for
f(t) = max{t,0} at z, i.e.,

max{z;, 0} — max{z;,0}

6[0,1] ifz,-;ézj,

o ZZ'—Z]' ..
(D(z))l]_ 1 ifZi:Zj>0, Za]_lv"'?|ﬂ|' (25)
0 ifZi:Zj <0,
Denote B -
Upg = {Q eshl . q :klim D(zF), * =0, 2Fe %Lﬁl} (26)
—00 ~

Let 21 € Ujg. Then, from (25), it is easy to see that there exists a partition m(3) :=
(/BJF? BOa B*) S :@(5) such that

E%FB‘F Eﬂ+,30 (El)ﬁﬂﬁf
1= Eﬂ Bo 0 0 ’ (27)

[1]
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where each element of (£1)s, 3 belongs to [0,1]. Let

0 0  Egp —(E)ps
By = 0 0 Ego5. : (28)
(Egyp- — (B1)pp_)” Egyp Ep p_

We first characterize the limiting normal cone Ngpn Ngn (X,Y) for the special case when
+
(X,Y)=(0,0) and 8 ={1,2,...,n}.

Proposition 3.3 The limiting normal cone to the graph of the limiting normal cone map-
ping Nsn at (0,0) is given by

(U V*): E10QIU"Q+E20QTV*Q =0,
Nyt v (0,0) = { 04 @l )
gph Nsn QLgo” QﬁoU Qp, 20, QBOV Qp, = 0
E1 € Un
Proof. See the Appendix. [ |

We now characterize the limiting normal cone Nygph N, (X, Y') for any (X,Y') € gph Ng»
+

for the general case in the following theorem.

Theorem 3.1 Forany (X,Y) € gph Nsn, let A = X+Y have the eigenvalue decomposition
(11) and o, B, be the index sets of positive, zero and negative eigenvalues respectively as
defined in (12). Then, (X*,Y™) € Ngph Nen (X,Y) if and only if

+

L 0 NO )5 Z'y — L }:J a 5:; B8 Y;'y 7
X"=P ~0 {(,g’ﬁ ‘)f;’v P and Y'=P }:ga Yis O P (30)
* * * *
Ko X3p Xy Yie 0 0

with
(XEB, Yﬁ*ﬁ) € ngthlm (0,0) and 3oy o0 Xév + (Eay — Xay) © Y;V =0, (31)
+

where ¥ is given by (17), X* = FTX*F, Y* =P V*P and

(U V*): E10QTU*Q+ZE20QTV*Q =0, }
Noph 0,0) = { ’ N :
gp st\( ) QLEJOW ngU Qp, <0, Q%OV Qp, =0
E1 € Up
Proof. See the Appendix. [ |

Remark 3.1 For any given (X,Y') € gph Ngn, the (Mordukhovich) coderivative D* Ngn (X,Y')
of the normal cone to the set ST can be calculated by using Theorem 3.1 and the definition
of coderivative, i.e., for given Y* € 8™,

X" e D*NSQ(X,Y)(Y*) — (X*,-Y"e Ngph Ngn (X,Y).
+
Furthermore, by (13) in Proposition 2.5, we know that

gph Nsn = {(X,Y) € 8" x §" : L(X,Y) € gphTIgn },
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where L : 8™ x 8" — 8™ x 8™ is a linear function defined by
LIX,)Y)=(X+Y,X), (X,)Y)eS"xS".

By noting that the derivative of L is nonsingular and self-adjoint, we know from [30, The-
orem 6.10] that for any given (X,Y’) € gph Ngp and Y* € 8™,

D* Ny (X,Y)(=Y") = {X* € 8" : (X", V") € L'(X.Y) Ny, (X + Y. X)}.

Thus, for any given U* € 8", V* € D*llsn (X+Y)(U”) if and only if there exists (X*,Y™) €

nghNSi (X,Y) such that (X*,Y*) = L(V*,—=U*), that is,

X*=V*-U* and Y "=V"*.

Note that for any given Z € 8™, there exists a unique element (X,Y’) € gph Ngi such that
Z =X +Y. Hence, the coderivative of the metric projector operator Hgi(-) at any Z € 8™
can also be computed by Theorem 3.1.

4 Failure of Robinson’s CQ

Since for any (G(z), H(z)) € ST x S, by the von Neumann-Theobald theorem (Theorem
2.3), one always has
(G(2), H(2)) < MG(2))"A(H(2)) <0.

Consequently one can rewrite the problem SDCMPCC in the following form:

(CP—SDCMPCC) min  f(z)
st.  h(z)=0,
(2)

9(z) 200,
(G(2),H(2)) 2 0,
(G(2), H(z)) € 8} x 8"

Rewriting the constraints g(z) <o 0 and (G(2), H(z)) € S} x S" as the cone constraint
(9(2), G(2), H(2)) € —Q x S} x ST,

we know that the above problem belongs to the class of general optimization problems with
a cone constraint (GP) as discussed in §2.2. Hence, the necessary optimality condition
stated in §2.2 can be applied to obtain the following classical KKT condition.

Definition 4.1 Let z be a feasible solution of SDCMPCC. We call z a classical KKT point
if there exists (AP, A9, 06, QC, QF) € RP x H x R x S x S™ with M9 € Q, \* <0, QF <0
and QH = 0 such that

0=VFE)+HWEN + ¢ (2N + X[H'(2)*G(2) + G'(2)*H(2)] + G'(2)*Q¢ + H'(2)*Q!
(9(2),M) =0, G(z)0Q%=0, H((ZQ"=0.
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Theorem 4.1 Let Z be a local optimal solution of SDCMPCC. Suppose that the problem
CP-SDCMPCC is Clarke calm at Z; in particular the set-valued map

F(r,s,t, P) =
{z:h(2) +7=0,9(2) +5 20 0, —(G(2),H(2)) +t < 0,(G(2),H(z)) + P € S} x S"}
(32)

is calm at (0,0,0,0,2). Then Z is a classical KKT point.

Proof. By Theorem 2.2, there exists a Lagrange multiplier (A", \®, A9, LG TH) € RP x R x

R xHxS"xS" with \* <0 such that
0=V/f(2) + W ()N + ¢ (2)'N + X[H'(2)"G(2) + G'(2) H(2)] + G'(2)'T¢ + H'(2)'T7,
()\97 FG7 FH) € N—QXSJ?XSE (9(2)7 G(Z)v H(Z))

Since Q is a symmetric cone it follows that A9 € Q and (g(z), \9) = 0. The desired result
follows from the normal cone expressions in Proposition 2.4. [ |

Definition 4.2 We say that (A", A9, 2%, Q% Q) € RP x H x R x 8" x S™ with A9 € Q, \¢ <
0,96 < 0,9 =0 is a singular Lagrange multiplier for CP-SDCMPCC if it is not equal to
zero and

0=HE)MN + ¢ (BN + \[H(2)*G(2) + G'(2)*H(2)] + G'(2)*Q° + H'(z)*QH |
(9(2),A9) =0, G(Z)QG =0, H(Z)QH =0.
For a general optimization problem with a cone constraint such as CP-SDCMPCC, the
following Robinson’s CQ is considered to be a usual constraint qualification:
h'(Z) is onto  ( equivalently h,(z)(i =1,...,p) are linearly independent),

hi(z2)d=0, i=1,...,p,
—g(z) —¢'(2)d € int Q
3d such that < (H'(2)*G(2) + G'(2)*H(z))d > 0,
G(z2) + G'(z)d € int ST,
H(z)+ H'(z)d € int S™.

It is well-known that the MFCQ never holds for MPCCs. We now show that Robinson’s
CQ will never hold for CP-SDCMPCC.

Proposition 4.1 For CP-SDCMPCC, Robinson’s constraint qualification fails to hold at
every feasible solution of SDCMPCC.

Proof. By the von Neumann-Theobald theorem, G(z) = 0 and H(z) =< 0 implies that
(G(z),H(z)) < 0. Hence any feasible solution z of SDCMPCC must be a solution to the
following nonlinear semidefinite program:

min —(G(2), H(2))

st.  G(2) =0, H(z)=0.



Since for this problem, f(z) = —(G(z),H(z)), we have Vf(z) = —H'(2)*G(z) —
G'(2)*H(z). By the first order necessary optimality condition, there exist A* = 1,Q¢ <
0, QH = 0 such that

0= —N[H'(2)°G(z) + G'(3) H(2)] + G'(2)0 + H'()" ",
G(z)2% =0, H(z)Q" =0.

Since (=X, QF, Q) +£ 0, it is clear that (0,0,0, -\, Q% Q) is a singular Lagrange mul-
tiplier of CP-SDCMPCC. By [6, Propositions 3.16 (ii) and 3.19(iii)]), a singular Lagrange

multiplier exists if and only if Robinson’s CQ does not hold. Therefore we conclude that
the Robinson’s CQ does not hold at z for CP-SDCMPCC. [ ]

5 S-stationary conditions

In MPCC literture [26, 61], using the so-called “piecewise programming approach” to rewrite
the feasible region as a union of branches which consist of only ordinary equality and inequal-
ity constraints, one derives the S-stationary condition as a necessary optimality condition
for a local optimal solution under the condition that each branch has a common multiplier.
Moreover it is well-known that S-stationary condition is equivalent to the classical KKT
condition; see e.g., [17]. In this section we introduce the concept of S-stationary condition
and show that the classical KK'T condition implies the S-stationary condition. Unfortunate-
ly for SDCMPCC, “piecewise programming approach” is not applicable any more. Hence
the converse implication may not be true in general.

For MPCC, the S-stationary condition is shown to be equivalent to the necessary op-
timality condition of a reformulated problem involving the proximal normal cone to the
graph of the normal cone operator (see [61, Theorem 3.2]). Motivated by this fact and the
precise expression for the proximal normal cone formula in Proposition 3.2, we introduce
the concept of a S-stationary point for SDCMPCC.

Definition 5.1 Let z be a feasible solution of SDCMPCC. Let A := G(z) + H(Z) have the
eigenvalue decomposition (11). We say that z is a S-stationary point of SDCMPCC if there
exists (AP, N9, TC TH) € RP x H x 8™ x S" such that

33
34
35

0=Vf(z)+HE)N+¢ ()N + 02T + H (2T,
Me@, (Myg(z)=0,

I, =0, I{;=0, TG, =0,

=0, Tf =0 TH=o0, 36

37

(
(
(
(
Yoy © fg«, + (Bay — Xay) © fgv =0, (
(

)
)
)
)
)
)

G TH
r§; <0, T -o, 38

where E is a n X n matriz whose entries are all ones and ¥ € 8™ is defined by (17), and
[¢ =P TSP and T = P'THP,

To see that the S-stationary condition for SDCMPCC coincides with the S-stationary con-
dition in the MPCC case we consider the case when n = 1. In this case, \(A) = A4, P =1
and I'¢ = T'¢, TH = ', In this case SDCMPCC is a MPCC where there is only one
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complementarity constraint. If G(z) > 0, H(z) = 0. Then = v = . So from (35), we
know that I'“ = 0 and T'H free. Similarly if G(2) = 0, H(2) < 0 we have I'! = 0 and I'“
free. If G(z) = H(zZ) = 0. Then we have a = v = (). Consequently from (38), we know that
I'¢ <0and ' > 0.

We now show that the classical KKT condition implies the S-stationary condition.

Proposition 5.1 Let Z be a feasible solution of SDCMPCC. If Z is a classical KKT point,
i.e., there exists a classical Lagrange multiplier (A", A9, \¢, QC QAN e RPxHXxRx S xS
with N9 € Q, \* <0, Q¢ <0 and Q= 0 such that

0=Vf(Z) +HE)N+ ¢ @)\ + N[H (2)*C(Z) + G'(2)*H(2)] + G'(2)* Q¢ + H'(2)*Q"
(W.9(2)) =0, G(2)2%=0, HE" =0,
then it is also a S-stationary point.

Proof. Denote A := A(A). Define I'C := Q¢ + \*H(z) and T'H := Qf + X\*G(2). Then (33)
and (34) hold. It remains to show (35)-(38). By the assumption we have

ST3G()L0%eS8" and S">H(z) L ST,

By Theorem 2.3, we know that G(z) and Q¢ (H(z) and Q) admit a simultaneous ordered
eigenvalue decomposition, i.e., there exist two orthogonal matrices P, P € O™ such that

o 0 N [ Aea 0 0]
QG:P[ p }PT, Gz =P| 0 o0 0 |PT
0 AQC).,., 0 0 0
and _ -
00 0
~ H 7 -~ ~ A~
QH:P[A(QO)W S]PT, H(z=P|0 0 0 |P",
L 0 0 K’YV J

where o/ := {i | \;(2F) > 0} and v := {i | \;(Q2Y) < 0}. Moreover, we have
7Y Ca and o C7, (39)

where & := S U~, ¥ := aU . On the other hand, we know that

Aoa 0 0 . 00 0 .
G(z)=Ts:(A)=P| 0 0 0[P and H(2)=Ts(A)=P|0 0 0 |P .
0 00 0 0 Ay,

Therefore, it is easy to check that there exist two orthogonal matrices S, T" € O™ such that
P=PS and P=PT,
with

- Saa 0 B Tw 0
S_[ 0 Sa] and T_[O Tw]7

where Saq € 01, S5 € 012 and T55 € onl, T, € OMl. Denote

S@@ = [Sl SQ] and T’?’? = [Tl TQ]
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with Sy € RlexI8l 5, e Rlalxhl and Ty € RVl and T, € RIXIBI. Then, we have

00 0
¢ = PHQC+ \H(2)P=STPTQPS+ X[ 0 0 0
00 A,
_[nga OHO 0 HSM o]ﬂegg 8
- T G\ _ _ _
0 S |10 A9Q%aa 0 Sa 0 0 &,
0 0 0
= | 0 STA(Q%)sa5: STA(Q9) 5552
0 STAQY)5aS1 STAQY)aaS2 + A°A,,
and
N ., o Aoa 0 0
T = P (QF £+ XGE)P=TTPTQEPT+X| 0 0 0
0 00
] Ao 0 0
T H,, 1 ax
= TW“’/ T%][A(Q )W O:||:TW T0}+)‘e 0 0 0
.o 1T 0 0 0 T, 0 0 0
[ TEAQT) 35T + AN TEA(QH)55Ty 0
= Ty AMQ")5 T TFAQ")55T2 0
0 0 0

Therefore it is easy to see that (35)-(37) hold. Since A(Q%)aa =< 0, A(QH)55 = 0 and Saa,
T55 are orthogonal, we know that

SI A% aaSaq <0 and T%A(QH)WTW =0.
Hence, we have
PG, = STAQ)aa$1 20 and Ty = TEAQM )3Ty = 0,
which implies (38). Therefore Z is also a S-stationary point. -

Combining Theorem 4.1 and Proposition 5.1 we have the following necessary optimality
condition in terms of S-stationary conditions.

Corollary 5.1 Let z be an optimal solution of SDCMPCC. Suppose the problem CP-
SDCMPCC is Clarke calm at Z; in particular the set-valued map defined by (32) is calm at
(0,0,0,0,2). Then z is a S-stationary point.

6 M-stationary conditions

In this section we study the M-stationary conditon for SDCMPCC. For this purpose rewrite
the SDCMPCC as an optimization problem with a cone constraint:

(GP-SDCMPCC)  min  f(2)
st.  h(z)=0,
9(2)
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Definition 6.1 Let z be a feasible solution of SDCMPCC. Let A = G(z) + H(z) have the
eigenvalue decomposition (11). We say that Z is a M-stationary point of SDCMPCC'if there
exists (A, N9, TG TH) € RP x H x S™ x S" such that (33)-(37) hold and there exist Q € O!°
and 21 € Ujg| (with a partition w(B) = (B+, Bo, B-) of B and the form (27)) such that

E10Q'TQ + 2,0 Q"THQ =0, (40)
ngfgﬁQfBO =0, ngfgﬁQﬁo =0, (41)

where I'¢ = ?TI’Gf, TH =P THP and

0 0  Eg,p—(E1)sep
=y = 0 . 79 Egyp_
(Eppp- — (E1)pip-)" Ejpp Es s

We say that (AP, X9, T9 TH) € RP x H x S x 8™ is a singular M-multiplier for SDCMPCC
if it is not equal to zero and all conditions above hold except the term V f(Z) vanishes in

(33).

To see that the M-stationary condition for SDCMPCC coincides with the M-stationary
condition in the MPCC case we consider the case when n = 1. In this case A(4) = A,
P=1and ¢ =T% T'! = T#, We only need to consider the case G(z) = H(z) = 0 since
the other cases are the same as the S-stationary condition. Then we have o = v = (). Let
m(8) = (B+, Bo, 5—) be a partition of 5. We know that there are only three cases:

e Case 1: =, # (). From (40), we know that I'¢ = 0.
e Case 2: 3= f_ # (). From (40), we know that I''/ = 0.
e Case 3: 3=y # (. From (41), we know that I'® <0 and I'? >0.
Therefore, we may conclude that if G(2) = H(2) = 0, either I < 0, T > 0 or T°T'H = 0.

Theorem 6.1 Let Z be a local optimal solution of SDCMPCC. Suppose that the problem
GP-SDCMPCC is Clarke calm at z; in particular one of the following constraint qualifica-
tions holds. Then Z is a M-stationary point of SDCMPCC.

(i) There is no singular M-multiplier for problem SDCMPCC at Z.

(ii) SDCMPCC LICQ holds at z: there is no nonzero (A", \9,T% TH) € RP x H x S™ x S™
such that

W (2 A+ ¢/ (2)" N + G'(2)*T¢ + H'(z)'TH =0, (42)
¢, =0, =0, I§, =0,
=0, T4 =0 TH=o0,
Say 0T, + (Bay = Zay) o TH = 0.
(iii) Assume that there is no inequality constraint g(z) <o 0. Assume also that Z = X xS™

where X is a finite dimensional space and G(xz,u) = u. The following generalized
equation is strongly reqular in the sense of Robinson:

0 € —F(z,u) + Npaxsn (z,u)
where F(z,u) = (h(z,u), H(x,u)).
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(iv) Assume that there is no inequality constraint g(z) <g 0. Assume also that Z = X xS",
G(z) = u and F(x,u) = (h(z,u),H(z,u)). —F is locally strongly monotone in u
uniformly in x with modulus § > 0, i.e., there exist neighborhood Uy of T and Us of u
such that

—F(x,u) + F(z,v),u —v) >d|lu—v||*> YVuelUsnS?, ves?, zel.
+ +

Proof. Condition (ii) is obviously stronger than Part (i). Condition (i) is a necessary and
sufficient condition for the perturbed feasible region of the constraint system to be pseudo
Lipschitz continuous; see e.g., [33, Theorem 6.1]. See [62, Theorem 4.7] for the proof of
the implication of (iii) to (i). (iv) is a sufficient condition for (iii) and the direct proof can
be found in [64, Theorem 3.2(b)]. The desired result follows from Theorem 2.2 and the
expression of the limiting normal cone in Theorem 3.1. ]

Next, let us consider the following simple SDCMPCC example. Note that for this
example, the optimal solution is a M-stationary point but not a S-stationary point.

Example 6.1 Consider the following SDCMPCC problem
min —(I,X)+(I,Y)
st. X+Y =0, (43)
S!'>X1Yest.

Since the unique feasible point of (43) is (0,0), we know that (X*,Y™*) = (0,0) is the optimal
solution of (43). Note that A = X* 4+ Y™ =0, which implies that

a=0, p={1,...,n} and y=0.

Without loss of generality, we may choose P = I. Therefore, by considering the equation
(33), we know that

—1I n re n n 0O | (O

I re 710"

r“=7-1° and ¥ =—-1-1°, (44)

where I'¢ € S™. Let I'° = I. Then, it is clear that the equation (40) holds for I'¢ =0 and
' = 21 with B = B ={1,...,n}, Bo=B_ =0, and Q = I € O". By noting that
Bo = 0, we know that the optimal solution (X*,Y*) = (0,0) is a M-stationary point with
the multiplier (I,0,—2I) € 8" x 8™ x 8"™. Howewver, the optimal solution (X*,Y*) = (0,0)
is not a S-stationary point. In fact, we know from (44) that if there exists some I'¢ € S™
such that (38) holds, then

0
which implies that

=1 and I'°=<-1I,

which is a contradiction.

Remark 6.1 SDCMPCC LICQ is the analogue of the well-known MPCC LICQ (also called
MPEC LICQ). To see this we consider the case of SDCMPCC with n = 1. Suppose that
G(z) = H(z) = 0. Then we have a« =y = and SDCMPCC LICQ means that (42) implies
that \* = 0, N9 = 0, I'“ = 0, T = 0. The other two cases G(z) > 0, H(2) = 0 and
G(z) =0, H(Z) < 0 are also easy to see. We would like to remark that unlike in MPCC
case, we can only show that SDCMPCC LICQ is a constraint qualification for M-stationary
condition instead of S-stationary condition.
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7 C-stationary conditions

In this section, we consider the C-stationary condition by reformulating SDCMPCC as a
nonsmooth problem:

(NS — SDCMPCC) min  f(z)
s.t. h(z) =0,
(2)

G(2) ~ sy (G(2) + H(2)) = 0.

From (13), we know that the reformulation NS-SDCMPCC is equivalent to SDCMPCC.
As in the MPCC case, C-stationary condition introduced below is the nonsmooth KKT
condition of NS-SDCMPCC by using the Clarke subdifferential.

Definition 7.1 Let z be a feasible solution of SDCMPCC. Let A = G(2) + H(Z) have the
eigenvalue decomposition (11). We say that z is a C-stationary point of SDCMPCC if there
exists (AP, A9, TC TH) € RP x RI x 8™ x S™ such that (33)-(37) hold and

(TS5, Ths) <0, (45)
where TG = P'TCP and TH = P THP. We say that (AP, X9, TG TH) € RP x H x S x S”

is a singular C-multiplier for SDCMPCC if it is not equal to zero and all conditions above
hold except the term V f(Z) vanishes in (33).

Remark 7.1 It is easy to see that as in MPCC case,
S-stationary condition = M-stationary condition = C-stationary condition.

Indeed, since the proximal normal cone is included in the limiting normal cone, it is obvious
that the S-stationary condition implies the M-stationary condition. We now show that the
M-stationary condition implies the C-stationary condition. In fact, suppose that Z is a M-
stationary point of SDCMPCC. Then, there exists (A", A9, T TH) € R x R x 8™ x S”
such that (33)-(37) hold and there exist Q € Ol and =2 € Uy (with a partition m(B) =
(B+,Bo, B=) of B and the form (27)) such that (40) and (41) hold. Let A = G(z) + H(Z)
have the eigenvalue decomposition (11). Therefore, we know that

T 717G T -G T -G
Qp,T5sQs, =0, Q5. T5sQs =0, Q5 I'5sQs, =0,

Qb THQs =0, QFTHs =0, QF THQs =0
which implies that

G TH
(T35, Tgp)

(QTT65Q. Q"T;Q)

~c - ~r -

= 2(Q5,T5sQs_ , QF, TfsQp_) + 20Q5,T55Q8 » Qb LhsQs0) -

Note that for each (i,j) € B4+ x B—, (E1)i; € [0,1] and (E2)ij = 1 — (E1)ij. Therefore, we
know from (40) that N N

(@5, T6pQs » Q3. TH3Qs) 0.
Finally, together with (41), we know that
which implies that Z is also a C-stationary point of SDCMPCC.
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Also, we know that the C-stationary condition coincides with the C-stationary condition
in the MPCC case. To show this we consider the case n = 1. We only need to consider
the case G(z) = H(z) = 0 since the other cases are the same as the S- and M-stationary
conditions. In this case we know from (45) that T¢T'H < 0.

Theorem 7.1 Let z be a local optimal solution of SDCMPCC. Suppose that the problem
NC-SDCMPCC is Clarke calm at Z; in particular suppose that there is no singular C-
multiplier for problem SDCMPCC at z. Then z is a C-stationary point of SDCMPCC.

Proof. By Theorem 2.2 with K = {0}, we know that there exist \* € R, A9 € R? and
I' € 8™ such that

0€dSL(Z, AN, T), A >0 and (M, g(2) =0, (46)

where L(z, W%, \9,T) i= f(2) + (', (=) + (M, g(2)) + (T, G(2) — Ten (G(2) + H(2))).
Consider the Clarke subdifferential of the nonsmooth part S(z) := (I', ILs7 (G(2)+H (z)))
of L. By the chain rule [9, Corollary pp.75], for any v € Z, we have

9°S(2)v C (I, 0°Tlsy (A)(G'(2)v + H'(2)0)) .

Therefore, since any element of the Clarke subdifferential of the metric projection operator
to a close convex set is self-adjoint (see e.g., [29, Proposition 1(a)]), we know from (46) that
there exists V' € 0“Ilsp (A) such that

V() + K E) A+ g'(2)M + G'(2)'T — (G'(2)* + H'(2)))V(D) = 0. (47)

Define I'¢ := T'— V(T') and T'¥ := —V(I'). Then (33)-(34) follow from (46) and (47)
immediately. By [50, Proposition 2.2], we know that there exists W € 9°II S8l (0) such that
+

B Laa R
VD) =P | TLy  W(lg) 0 P,
Il ol 0 0

where ¥ € 8™ is defined by (17). Therefore, it is easy to see that (35)-(37) hold. Moreover,
from [29, Proposition 1(c)], we know that

(W(Tgs),Tgs = W(Il'gg)) =0,
which implies <f§5 , fgﬂ) < 0. Hence, we know Z is a C-stationary point of SDCMPCC. m

Next, we give an example whose optimal solution is a C-stationary point but not a
M-stationary point.

Example 7.1 Consider the following SDCMPCC problem

: 1 1 1
min 52’1 — 52’2 — Z3 — 524

sk, —2z14+23+24 <0,
229 + 23 <0, (48)
23 <0,
83 5G(z) LH(2) € 83,
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where G : R* — 8% and H : R* — S are the linear operators defined as follows for any
Z = (21722)Z3)Z4)T S §R4;

1+2 —1+3 -2 21 2-1 -2-1

Glz):=| -1+% 1+% % and H(z):=| 2 — 2 - -2 -1
_Z1 _Z1 2 _Z2 _ _Z2 _ 2, _

3 3 371 3 3 322 — 1

Since (G(z), H(z)) = z122, one can verify that z = (0,0,0,0) is the unique optimal solution
of the problem (48). Thus, we have

2
A=GE)+H(Z)=P| 0
0

where P is the 3 by 3 orthogonal matriz given by

11 1

V2 V6 V3

P—-| -1 1 1
V2 V6 V3|

0 -2 1

V6 V3

and the index sets of positive, zero and negative eigenvalues are o = {1}, B = {2} and
~v ={3}. In the following we denote by = G the derwative of the mapping G with respective
to variable z,. Since G(z) only depends on z1 and H(z) only depends on za, (33) can be
written as

0 1 —2 0 0 (82,1°) 0
0 -1 0 2 0 0 (98 T H)
— 2 g g9 g 0z
ol =1 31+ | (MM [ M 0 + 0 ,
0 -1 1 0 0 0 0

for some ()\9 I TH) € ®3 x 83 x S3. From the above equation and (34), we obtain that
N=M=1>0 >0 LetT¢ =P TP and TH = P'THP. Let (T% T'") be such that

all entries are zero except the entries (F%,Fg) left to be determined. Then (35)-37) hold
and

0G G oG =G5 T 0G — =G =G
r PTEP" —P,T r
<821 > <821 > < 8 > 22
Similarly we have <gf,I‘H> UL Therefore we obtain IS, = >0, Tl = —3 < 0. Since

f%f% < 0, we know that there exists a multiplier (A9, T TH) € 3 x §% x 8% such that
(33)-(37) and (45) hold. Thus, the optimal solution z = (0,0,0,0) is a C-stationary point.
We now verify that the conditions (40) and (41) do not hold. Since |5] =1, OIFl = {1, -1},
Let 21 € Uy and Q € {1,—1}. If Bo # O, then it is obvious that (41) does not hold. On
the other hand if Bo = 0 then B = B4 or f = f_. If B = B4+, then 21 = [1] and Z5 = [0]
and hence it is clear that the condition (40) does not hold. Alternatively if 8 = [—_, then
=1 =[0] and =3 = [1] and hence the condition (40) does not hold. Therefore, we know that
the optimal solution zZ = (0,0,0,0) is not a M-stationary point.
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Appendix

Proof of Proposition 2.6: Firstly, we will show that (18) holds for the case that A = A(A).
For any H € 8", denote Y := A+ H. Let P € O" (depending on H) be such that

A(A) + H = PA(Y)PT. (49)
Let § > 0 be any fixed number such that 0 < § < % if @ # () and be any fixed positive
number otherwise. Then, define the following continuous scalar function

t if t>9,
flt)y:=1¢ 2t—¢ if S<t<s,
0 if t<3$.

Therefore, we have

{M(4), . Ay (A)} € (6,4+00) and  {Aq41(A), -, An(A)} € (—o0, g)

For the scalar function f, let F' : 8" — S™ be the corresponding Léwner’s operator [25],
i.e., for any Z € 8",

F(Z):= fu(D)uiu] (50)
i=1
where U € O" satisfies that Z = UA(Z)UT. Since f is real analytic on the open set
(—o0, g) U (0, +00), we know from [53, Theorem 3.1] that F' is analytic at A. Therefore,
since A = A(A), it is well-known (see e.g., [4, Theorem V.3.3]) that for H sufficiently close
to zero,

F(A+H)— F(A) - F'(A)H = O(|H|*) (51)
and
Haa Hozﬁ Za'y © How
F'(A)H = Hl, 0 0 ,
YL, 0oHL 0 0

where ¥ € 8™ is given by (17) . Let R(-) := Ilsn(-) — F'(-). By the definition of f, we know
that F'(4) = Ay = Ilgn (A), which implies that R(A) = 0. Meanwhile, it is clear that the
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matrix valued function R is directionally differentiable at A, and from (16), the directional
derivative of R for any given direction H € 8™, is given by

0 0 0
R/(A; H) = sy (A; H) — F'(A)H = | 0 g (Hgs) 0 (52)
0 0 0
By the Lipschitz continuity of A(-), we know that for H sufficiently close to zero,
)
{Al(Y)v SRR )‘|a\(Y)} S (57 +OO)7 {)\|OLH‘1(Y)7 SRR )‘|,3|(Y)} € <_007 5)
and
{)‘|5\+1(Y)7 RN )‘n(Y)} € (—OO, 0) .
Therefore, by the definition of F', we know that for H sufficiently close to zero,
0 0 0
R(A+H)=Tsi(A+H)—F(A+H)=P| 0 (A(Y)gs)+ 0 | P". (53)
0 0 0

Since P satisfies (49), we know that for any S > H — 0, there exists an orthogonal matrix
Q € 08l such that

O(||#1))
Pg=1 Dss and  Pgs = Q +O(|H]?), (54)
O([|#1])

which was stated in [52] and was essentially proved in the derivation of Lemma 4.12 in [51].
Therefore, by noting that (A(Y)gg)+ = O(||H||), we obtain from (52), (53) and (54) that

[ O(|H|*) O(|H|I?) O(|HI]?)
R(A+H)—-R(A) —R(A;H) = | O(H|?) PB,B(A(Y),Bﬁ)JrPgT@—Hsf\(Hﬁﬂ) O(| H|1?)
| O(|lH1%) O(|| H|I*) O(|H|*)
[0 0 0
= |0 Q(A(Y)BﬁhQT—HS@(Hﬁﬁ) 0| +0(|H|?).
0 0 0

By (49) and (54), we know that
A(Y)ss = Py M(A)Ps + P3 HPg = PjgHpsPag + O(|H|*) = Q" HgsQ + O(|H|*).

Since Q € Ol we have

Hgs = QA(Y)35Q" + O(||H|).
By noting that Hs‘f' (+) is globally Lipschitz continuous and Hsf‘ (QA(Y)35QT) = Q(A(Y)p5)+Q7,
we obtain that

Q(A(Y)BBMQT—HS@(HM) = Q(A(Y)BB)JrQT—HSf\ (QA(Y)sQ")+O(IHI?) = O H|P) -

Therefore,
R(A+ H) — R(A) - R'(A; H) = O(|H|]?). (55)
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By combining (51) and (55), we know that for any S" 5 H — 0,
sy (A(A) + H) — sy (A(A)) — Msn (A(A); H) = O(| H]?). (56)
Next, consider the case that A = ?TA(A)F. Re-write (49) as
AA)+ P HP =P PA(Y)P'P.
Let H := P HP. Then, we have
sy (A+ H) = Py (A(A) + H)P' |

Therefore, since P € O™, we know from (56) and (16) that for any S™ > H — 0, (18) holds.
|

Proof of Proposition 3.3: Denote the set in the righthand side of (29) by A/. We first show
that Ngph ngn (0,0) € N. By the definition of the limiting normal cone in (9), we know that
+
(U, V*) € Ngph v _5,(0,0) if and only if there exist two sequences {(U*", V¥")} converging
St
to (U*,V*) and {(U*,V*)} converging to (0,0) with (U*", V¥") ¢ nghNSi (U*, V) and
(U*,V¥) € gph Ngn for each k.

For each k, denote AF := U* 4 V* € 8™ and let A¥ = PFA(AF)(P*)T with P¥ € O™ be
the eigenvalue decomposition of A*. Then for any i € {1,--- ,n}, we have

lim \;(A*) =o0.
k—oo

Since {Pk 122, is uniformly bounded, by taking a subsequence if necessary, we may assume
that {P* }22, converges to an orthogonal matrix @ := klim P¥ € O". For each k, we know
—00

that the vector A\(A¥) is an element of RZ. By taking a subsequence if necessary, we may

assume that for each k, A(A*) has the same form, i.e.,

R 0
A(A") = 0 A(A*) g, 0 ,
0 0 A(AR) 5 5

where [, Bg and [_ are the three index sets defined by
By ={i: N(A%) >0}, Bo:={i: M(AF) =0} and B_:={i: \(4F) <0}.

Since (U**,V**) e NT (U*,V*), we know from Proposition 3.2 that for each k, there

. gph st;
exist
) Borpr  Bposy Sk s
o1 = (EE;B%)T 8 8
B+B8—
and
) 0 0 Egp —Xf 4
ok = 0 0 Epyp.
(Bpp. — %5, 5 )7 (Egop )" Eg 5
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such that . . . .
OfoU* +050Vk =0, Ukg s =0 and Vg =0, (57)

where U = (PFTUK Pk, vk = (PRTVE* Pk and

max{\;(A¥),0} — max{\;(4%),0}
Ai(AF) = X;(AF)

(ZF)iy = V (i, j) € B+ x B-. (58)
Since for each k, each element of E’E+ 5 belongs to the interval [0,1], by further taking a

subsequence if necessary, we may assume that the limit of {ZE+ 57}2":1 exists. Therefore,
by the definition of U, in (26), we know that

lim O =2, e, and lim O ==5,,
k—o0 k—o0

where =; and Zg are given by (28). Therefore, we obtain from (57) that (U*,V*) € N.
The other direction, i.e., Ngph ngn (0,0) 2 N can be proved in a similar but simpler way
+

to that of the second part of Theorem 3.1. We omit it here. ]

Proof of Theorem 3.1: “ = ” Suppose that (X*,Y*) € Nypnngn (X,Y). By the
+

definition of the limiting normal cone in (9), we know that (X*,Y™) (X**, Y*") with

= lim
k—o0

(XF* Yk e Neoh N (xXF YR k=1,2,...,

where (X*,Y*) = (X,Y) and (X*,Y*) € gph Ngn. For each k, denote Ak = XF 1 YF and
let A¥ = PFA(AF)(P*)T be the eigenvalue decomposition of A*. Since A(A) = klim A(AF),
—00
we know that A(A%)aq = 0, A(AF).,, < 0 for k sufficiently large and klim A(AF) g5 = 0. Since
—00

{P* }22, is uniformly bounded, by taking a subsequence if necessary, we may assume that
{P*}%, converges to an orthogonal matrix P € O"(A). We can write P = [Po PsQ P,|,
where Q € OPl can be any |8] x |3| orthogonal matrix. By further taking a subsequence if
necessary, we may also assume that there exists a partition 7(8) = (54, 8o, f—) of 5 such
that for each k,

MN(AF) >0 Viepy, MNA¥)=0 Viefy and MN(AF) <0 Viep_ .
This implies that for each k,
{i: AN >0 =aUBy, {i:MAF)=0}=0F and {i:\(4F) <0} =p5_U~r.

Then, for each k, since (X**,Y*") e Ngon Nn (X*,Y*), we know from Proposition 3.2 that
+

there exist

[ Eoo  Fap, Eag, XE;  3E
Egﬂ+ Eg,py  Epipy EEJHB_ E]E_W
@]f = Eg;ﬁo E§+ﬁo 0 0 0
R 0 0
L ZIOCWT E§+7 0 0 0 J
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and

I 0 0 0 Eup — Egﬁf Eoy — 2%7
0 0 0 Egp —%5 5 Eg,—%f
of = 0 0 0 Egp Egy,
(Bap. —%hg )" (Bpop. — %5 50" Ef s Eg p_ Eg
(B — Elgzv)T (Bpyy = EEH)T Ego“/ Eg—w By
such that . . ey —
Of o Xk +050Yk =0, Xkg, <0 and Ykg g =0, (59)
where Xk = (PHYT XK Pk Yk — (PF)TY** Pk and
max{\;(A4%),0} — max{\;(4*),0} .
k) = ’ AL v € (aU _U7). 60
( )ZJ )\’L<Ak) o )\J(Ak) (’L:j) (Oé ﬁ+> X (/6 7) ( )
By taking limits as £ — oo, we obtain that
nga X;EQ X;V

Xk — pTX*p = (XéﬂQ)TT QZ)S;BQT Qixg7
(X5y)"  (@TXE) Xy

and

I [ Yo, Y5Q Yo
Y = PTY*P = | (Y2,Q)7 QTY;Q QT Y
Ya)©  @@'Yz)" Y,

By simple calculations, we obtain from (60) that

; k _ ; ko _ ; k _
klirgo Yop. = Eap_, klggo Y3,,=0 and kl;rgo Yoy = Lay -

This, together with the definition of U], shows that there exist =1 € U5 and the corre-
sponding =y such that

Eoo Eop Say 0 0 0
klggo @1 = Eﬁa =1 0 =01+ 0 Z 0
¥, 0 0 0 0 0
and
0 0  Fay— Yoy 0 0 0
Jim ek = 0 = Eg, =0+ |0 = 0],
o (Eary — Zav)T Eyp By 0 0 0

where ©1 and O, are given by (24). Meanwhile, since Q € O, by taking limits in (59) as
k — oo, we obtain that

O10X* +00Y* =0, E10QTX}3Q+Z20Q7Y55Q =0 (61)

and
Q};OXEBQﬁo <0 and ngygBng =0.
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Hence, by Proposition 3.3, we conclude that (Xgﬁ, 1% ) € Ngph stl (0,0). From (61), it is

easy to check that (X*,Y™) satisfies the conditions (30) and (31).

“ <=7 Let (X*,Y™) satisfies (30) and (31). We shall show that there exist two sequences
{(X*,Y*)} converging to (X,Y) and {(X**, Y*")} converging to (X*,Y*) with (X*,Y*) €
gph Nsy and (XK YR € ngthf; (X* Y*) for each k.

Since ()256,175*5) € ngthlﬂl(0,0), by Proposition 3.3, we know that there exist an

+
orthogonal matrix Q € Ol and =, e Ujp| such that
E10QTX33Q+E20Q"Y5Q =0, Qf Xj55Q8 <0 and QFY;3Qp =0.  (62)

Since =1 € U »3\7 we know that there exists a sequence {2*} € §R‘>6 | converging to 0 such that

== hm D( ) Without loss of generality, we can assume that there exists a partition
w(B) = (5+,50,ﬁ_) € Z(B) such that for all k,
>0 Viepy, 2F=0 Viepy and 2F<0 Viep_.
For each k, let

AAga 0
(=

)+

xXk—p PT and YF=P

o O O O
TO OO

~—
|

(z

oo oo
cooc oo
coocoo
cooc oo
cooc oo
co oo o
Do o oo

0
0
0

o
@)

A(

where P = [Po P3Q P.| € O"(A). Then, it is clear that {(X*,Y*)} € gph Nsp converg-
ing to (X,Y). For each k, denote

[ Eoa Eaﬁ+ Eaﬁo Egﬂ, EO&V |
o Bag.  Booe B Yos Ths
AF = XF vk ef = EL, E} 5 0 0 0
(z’;&)T (Efﬁ&)T 0 0 0
L (EOW)T (Eka)T 0 0 0 i
and
[ 0 0 0 E.5 — z’;ﬁf Eoy — Zon
0 0 0 Egp —%5,5 EsH—3f
@S = 0 0 0 Epop_ Epoy )
(Eaﬁ_ - 225,)T (E,8+ﬁ— Zﬁ B_ )T Egog, Eg s Eg_y
(Ea7 - EON)T (E5+“/ EBJrW) Egov ngv By
where

max{\;(A¥)),0} — max{\;(A¥)),0}
Ai(AF) = A;(AF)

(£%)ij = V(i,j) € (aUBy) x (B-Un).
Next, for each k, we define two matrices )/(\k*,ﬁ* € 8" Leti,j€{1,...,n}. If (i,9)
and (j,7) ¢ (a x ) U (B4 xv) U (B x ). We define

%

Xk, =Xt Yh,=Vh, k=12 (63)
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Otherwise, denote c* := (3F); j, k = 1,2,.... We consider the following four cases.
Case 1: (i,j) or (j,i) € a x f_. In thls case, we know from (30) that X;; = 0. Since
cx 70 for all k and ¢* — 1 as k — oo, we define

/\* N — % C—l/\*
YE =V and XF, = VR k=120 (64)

Then, we have

R XF 4 (1= cp)VR, =0 Yk and (XF, Yk, ) = (X7,,V7) ask— oo,

Case 2: (i,7) or (j,7) € B+ x ~. In this case, we know from (30) that }71*] = 0. Since
cp # 1 for all k and ¢ — 0 as k — oo, we define
< ' g
X ,]:X and Y’Lv]:Ck)_lX i,j’ k:1,2, (65)
Then, we know that

Ck'in,j + (1 - Ck)Yki,j =0 Vk and (Xk’i,j7 Ykz‘"j) (X,L*], }/;*]) as k — 0.

Case 3: (i,7) or (j,4) € (B x B) \ (B+ x f—). In this case, we define

Xkl]_ql XﬁﬁQ]’ YkZ]_qZ Yﬂﬁq]’ ]f:172, (66)

Case 4: (i,j) or (j,i) € B4+ x B—. Since ¢ € [0,1], we consider the following two
sub-cases:
Case 4.1: ¢ # 1. Since ¢, # 1 for all k large enough, we define

Ck — %

Xk o k=1,2,.... (67)

— % %
Xkij=af Kipay and YR = = Xh ),

Then, from (62), we know that
/\k;* c T)/Z‘* R T}A}* . k
Y i}j—>70_1qi 3845 = @i Ygpy; ask — oo.
Case 4.2: ¢ = 1. Since ¢ # 0 for all k large enough, we define

k
o s o " =1
YR =4 Yise and Xb; = Vh 0 k=12, (68)

Then, again from (62), we know that
ik c—1 4+~ ~
XFbij = TqiTYEBQj =q X}gq; ask— .

For each k, define X** = PXF PT and Y** = PYF PT. Then, from (63)-(68) we

obtain that R R R R
O o PTX¥ P+ 050 PTYF P =0, k=1,2,....
and R L R R L R
(PTX** P PTY* P) - (PTX*P,PTY*P) ask — cc. (69)

Moreover, from (66) and (62), we have

T vk T v+

Q5 X 33Qa = QB X35Qs <0 and QE Y 50Qs = QfV55Qa = 0. k=1.2,....

From Proposition 3.2 and (69), we know that
(XF YRy e NI v, (XRYF) and (X7, V) = lim (XF7,YF).

St k—o0

Hence, the assertion of the theorem follows. [ |
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