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Abstract

In this paper we consider a mathematical program with semidefinite cone com-
plementarity constraints (SDCMPCC). Such a problem is a matrix analogue of the
mathematical program with (vector) complementarity constraints (MPCC) and includes
MPCC as a special case. We derive explicit expressions for the strong-, Mordukhovich-
and Clarke- (S-, M- and C-)stationary conditions and give constraint qualifications un-
der which a local solution of SDCMPCC is a S-, M- and C-stationary point.
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1 Introduction

Let 8™ be the linear space of all n X n real symmetric matrices equipped with the usual
Frobenius inner product (-,-). Let ST (S") be the closed convex cone of all n x n positive
(negative) semidefinite matrices in S™. In this paper we study first order necessary opti-
mality conditions for the mathematical program with (semidefinite) cone complementarity
constraints (MPSCCC or SDCMPCC):

(SDCMPCC) min  f(z)
st.  h(z)=0,
9(z) <0,
SY>G(2) LH(z) e S", (1)

where Z is a finite dimensional space, f : Z - R, G: Z - S", H: Z - 8", h: Z — RP,
g : Z — R? are continuously differentiable mappings, and “G(z) L H(z)” means that the
matrices G(z) and H(z) are perpendicular to each other, i.e., (G(z), H(z)) = 0.

SDCMPCC can be considered as a matrix analogue of the mathematical program with
(vector) complementarity constraints (MPCC) since when the semidefinite cone compleme-
natrity constraint (1) is replaced by the vector complementarity constraint R > G(z) L
H(z) € R™, it becomes a MPCC. MPCC is a class of very important problems since they
arise frequently in applications where the constraints come from equilibrium systems and
hence is also known as the mathematical program with equilibrium constraints (MPEC);
see [15, 21] for references. One of the main sources of MPCCs comes from bilevel program-
ming problems which have numerous applications; see [6]. For simplicity in this paper we
include only one semidefinite cone complementarity constraint. However all results can be
generalized to the case of more than one semidefinite cone complementarity constraints in a
straightforward manner. Therefore we may consider MPCC as a special case of SDCMPCC
with the following n semidefinite cone complementarity constraints:

R+ > Gi(z) L Hi(z) e R, i=1,...,n.

The generalization from MPCC to SDCMPCC has very important applications. In
practice it is more realistic to assume that an optimization problem involves uncertainty.
A recent approach to optimization under uncertainty is robust optimization. For example,
it makes sense to consider a robust bilevel programming problem where for a fixed upper
level decision variable z, the lower level problem is replaced by its robust counterpart:

Po: min{f(z,y.0): g(x,y,¢) <0 VCEUL,

where U is some “uncertainty set” in the space of the data. It is well-known (see [1])
that if the uncertainty set I/ is given by a system of linear matrix inequalities, then the
deterministic counterpart of the problem P, is a semidefinite program. If this semidefinite
program can be equivalently replaced by its Karush-Kuhn-Tucker (KKT) condition, then
it yields a SDCMPCC.

MPCC is notoriously known as a difficult class of optimization problems since Man-
gasarian Fromovitz constraint qualification (MFCQ) fails to hold at each feasible point
of the feasible region; see [41, Proposition 1.1]. One of the implications of the failure
of MFCQ is that the classical KKT condition may not hold at a local optimizer. The



classical KKT condition for MPCC is known to be equivalent to Strong (S-) stationary
condition. Consequently weaker stationary conditions such as Mordukhovich stationary
condition (M-stationary condition) and Clarke stationary condition (C-stationary condi-
tion) have been proposed and the constraint qualifications under which a local minimizer is
a M-(C-)stationary point have been studied; see e.g. [39, 30| for a detailed discussion. For
SDCMPCC, the usual constraint qualification is Robinson’s CQ. In this paper we show that
Robinson’s CQ fails to hold at each feasible point of the SDCMPCC. Hence SDCMPCC
is also a difficult class of optimization problems. One of the implications of the failure of
Robinson’s CQ is that the classical KKT condition may not hold at a local optimizer. In this
paper we introduce the concepts of S-, M- and C-stationary conditions for SDCMPCC and
derive exact expressions for S-, M- and C-stationary conditions. Under certain constraint
qualifications we show that a local minimizer of SDCMPCC is a S-; M- and C-stationary
point.

To the best of our knowledge, this is the first time explicit expressions for S-, M- and C-
stationary conditions for SDCMPCC are given. In [36], a smoothing algorithm is given for
mathematical program with symmetric cone complementarity constraints and the conver-
gence to C-stationary points is shown. Although the problem studied in [36] may include
our problem as a special case, there is no explicit expression for C-stationary condition
given.

We organize our paper as following. In §2 we introduce the preliminaries and prelimi-
nary results on the background in variational analysis, first order conditions for a general
problem and background in variational analysis in matrix spaces. In §3, we give the precise
expressions for the proximal and limiting normal cones of the graph of the normal cone Ngz.
In §4, we show that the Robinson’s CQ fails at every feasible solution of SDCMPCC and de-
rive the classical KKT condition under the Clarke calmness condition. Explicit expressions
for S-stationary conditions are given in §5 where it is also shown that the classical KKT
condition implies the S-stationary condition. Explicit expressions for M- and C-stationary
conditions are given in §6 and §7 respectively.

2 Preliminaries and Preliminary Results

2.1 Background in variational analysis

In this subsection we summarize some background materials on variational analysis which
will be used throughout the paper. Detailed discussions on these subjects can be found in
[4, 5, 18, 19, 29]. In this subsection X is a finite dimensional space.

Definition 2.1 (see e.g. [5, Proposition 1.5(a)] or [29, page 213]) Let Q be a nonempty
subset of X. Given T € cl, the closure of set 2, the following convex cone

N&(z):={C€ X :3M >0, such that ((,x — ) < M|z —Z|* VzeQ} (2)
1s called the proximal normal cone to set ) at point T.

Definition 2.2 (see e.g. [5, page 62 and Theorem 6.1(b)]) Let Q be a nonempty subset of
X. Giwen T € clQ2, the following closed cone

Nq(z) := {l;m Gi:G € Ny(x), zi—x, x€0} (3)



is called the limiting normal cone (also known as Mordukhovich normal cone or basic normal
cone) to set Q2 at point T and the closed conver hull of the limiting normal cone

NG(Z) := cleco No(z),

where clco C' denotes the closure of the convex hull of set C, is the Clarke normal cone ([4])
to set ) at point .

Alternatively in a finite dimensional space, the limiting normal cone can be also defined by
the Fréchet (also called regular) normal cone instead of the proximal normal cone, see [18,
Definition 1.1 (ii)]. In the case when  is convex, the proximal normal cone, the limiting
normal cone and the Clarke normal cone coincide with the normal cone in the sense of the
convex analysis [28], i.e.,

No(@)={e X :((,z—z) <0 VzeQ}.

Definition 2.3 Let f : X — RU {400} be a lower semicontinuous function and finite at
z € X. The proximal subdifferential ([29, Definition 8.45]) of f at T is defined as

O"f(Z) = {¢€X:30>0,6>0 such that f(x) > f(Z) + ({,x — &) — 0|z — Z|?
Vo e B(z,0)}
and the limiting (Mordukhovich or basic [18]) subdifferential of f at T is defined as
0f(z) := { im G : & € 0" f(w), 2 — T, flax) = f(2)}.
When f s Lipschitz continuous near T,
O f(x) == codf(T)
is the Clarke subdifferential [4] of f at T.

Note that in a finite dimensional space, alternatively the limiting subgradient can be also
constructed via Fréchet subgradients (also known as regular subgradients), see [18, Theo-
rem 1.89]. The equivalence of the two definitions is well-known, see the commentary by
Rockafellar and Wets [29, page 345]. In the case when f is convex and locally Lipschitz,
the proximal subdifferential, the limiting subdifferential and the Clarke subdifferential co-
incide with the subdifferential in the sense of convex analysis [28]. In the case when f is
strictly differentiable, the limiting subdifferenial and the Clarke subdifferential reduce to
the classical derivative f'(Z), i.e., 0°f(z) = of(z) = {f'(Z)}.

2.2 First order optimality conditions for a general problem

In this subsection we discuss constraint qualifications and first order necessary optimality
conditions for the following general optimization problem:

GP)  min  f(2)
st.  h(z)=0
(2) <0,



where Y, Z are finite dimensional spaces, K is a closed subset of Y, f: Z = R, h: Z — RP,
g:Z —R1and G : Z — K are locally Lipschitz mappings.
We denote the set of feasible solutions for (GP) by F and the perturbed feasible region
by
F(r,s,P):={2z€Z:h(z)+r=0, g(z)+s<0, G(z)+PeK}.

Then F(0,0,0) = F. The following definition is the Clarke calmness [4] adapted to our
setting.

Definition 2.4 (Clarke calmness) We say that problem (GP) is (Clarke) calm at a local
optimal solution Z if there exist positive € and p such that, for all (r,s,P) in B, for all
z € (z+eB)NF(r,s,P), one has

f(Z) - f(i) +MH(T787P)” > 0.
The following equivalence is obvious.

Proposition 2.1 Problem (GP) is Clarke calm at a local optimal solution z if and only if
(2,G(Z)) is a local optimal solution to the penalized problem for some p > 0:

(GP), min f(2) + p([[h(2)[| + | max{g(z), 0} + [|G(2) — X|)
s.t. X eK.

Theorem 2.1 Let Z be a local optimal solution of (GP). Suppose that (GP) is Clarke calm
at Z. Then there exist \* € RP, A9 € R and QF € S such that

0 € 0f(2) + 0lh, \")(2) 4+ 9g(2)* N + (G, Q%) (%),
AN >0, (g9(2),N) =0,
0% € Ng(G(2)).

Proof. The results follow from applying the limiting subdifferential version of the gener-
alized Lagarange multiplier rule (see e.g. [19, Proposition 5.3]), calculus rules for limiting
subdifferentials in particular the chain rule in [20, Proposition 2.5 and Corollary 6.3]). ®

The calmness condition involves both the constraint functions and the objective func-
tion. It is therefore not a constraint qualification in classical sense. Indeed it is a sufficient
condition under which KKT type necessary optimality conditions hold. The calmness con-
dition may hold even when the weakest constraint qualification does not hold. In practice
one often uses some verifiable constraint qualifications sufficient to the calmness condition.

Definition 2.5 (Calmness of a set-valued map) A set-valued map ® : X =Y is said to be
calm at a point (Z,0) € gph ® if there exist a constant M > 0 and a neighborhood U of Z,
a neighborhood V- of v such that

P(2)NV C®(z2)+ M|z—z2|B VzeU.

Although the term “calmness” was coined in [29], the concept of calmness of a set-valued
mapp was first introduced by Ye and Ye in [40] under the term “pseudo upper-Lipschitz
continuity” which comes from the fact that it is a combination of Aubin’s pseudo Lipschitz
continuity [13] and Robinson’s upper-Lipschitz continuity [24, 25]. For recent discussion



on the properties and the criterion of calmness of a set-valued mapping, see Henrion and
Outrata ([11, 12]). In what follows, we consider the calmness of the perturbed feasible
region F(r, s, P) at (r,s, P) = (0,0,0) to establish the Clarke calmness of the problem.

The proposition below is an easy consequence of Clarke’s exact penalty principle [4,
Proposition 2.4.3] and the calmness of the perturbed feasible region of the problem. See
[38, Proposition 4.2] for a proof.

Proposition 2.2 If the objective function of (GP) is Lipschitz near z € Z and the perturbed
feasible region of the constraint system F(r,s, P) defined as in (2.2) is calm at (0,0,0, 2),
then the problem (GP) is Clarke calm at Z.

From the definition it is easy to verify that the set-valued mapping F(r, s, P) is calm
at (0,0,0, z) if and only if there exists a constant M > 0 and U, a neighborhood of z, such
that

dist (2, F) < M||(r,s,P)|| VzeUNF(r,s,P).

The above property is also referred to the existence of a local error bound for the feasible
region F. Hence any results on the existence of a local error bound of the constraint system
may be used as a sufficient condition for calmness of the perturbed feasible region (see e.g.
Wu and Ye [35] for such sufficient conditions).

By virtue of Proposition 2.2, the following four constraint qualifications are stronger
than the Clarke calmness of (GP) at a local minimizer when the objective function of the
problem (GP) is Lipschitz continuous.

Proposition 2.3 Let F(r, s, P) be defined as in (2.2) and z € Z. Then the set-valued map
F(r,s,P) is calm at (0,0,0, z) under one of the following constraint qualifications:

(i) There is no singular Lagrange multimplier for problem (GP) at z:
0 € 9(h, \")(2)+0g(2)* M +d(G, Q%) (2), QF € Ng(G(2)) = (\",)\9,0% =0,
where A* denotes the adjoint of a linear operator A.

(ii) Robinson’s CQ ([26]) holds at zZ: h, g and G are continuously differentiable at z. K is
a closed convex cone with a nonempty interior. The gradients Vh;(Z) := hl(2)* (i =
1,...,p) are linearly independent and there exists a vector d € Z such that

hi(z)d=0, i=1,...,p,
g;(Z)d < 07 i € Ig(z) )
G(z)+G'(2)deint K,
where 14(2) := {i : gi(Z) = 0} is the index of active inequality constraints.
(i4i) Linear Independence Constraint Qualification (LICQ) holds at z:

0 € dh, AN (2) 4+ 8g(2)* N +9(G, Q%) (2) = (" N,Q% =0.

(iv) h, g and G are affine mapping and the set K is a union of finitely many polyhedral
convex sets.



Proof. It is obvious that (iii) implies (i). By [3, Propositions 3.16 (ii) and 3.19 (iii)],
Robinson’s CQ (ii) is equivalent to (i) when all functions h, g, G are continuously differen-
tiable and K is a closed convex cone with a nonempty interior. By Mordukhovich’s criteria
for pseudo-Lipschitz continuity, (i) implies that the set-valued map F(r,s, P) is pseudo-
Lipschitz continuous around (r,s, P) = (0,0,0) (see e.g. [20, Theorem 6.1]) and hence
calm. By Robinson [27], (iv) implies the upper-Lipschitz continuity and hence the calmness
of the set-valued map F(r, s, P) at (0,0,0, 2). [

Combining Theorem 2.1 and Proposition 2.3, we have the following KKT conditions.

Theorem 2.2 Let z be a local optimal solution of (GP). Suppose either the problem is
Clarke calm at Z or one of the constraint qualifications in Proposition 2.3 holds. Then the
KKT condition in Theorem 2.1 holds at Z.

2.3 Background in variational analysis in matrix spaces

Let A € 8™ be given. We use A\1(A4) > Aa(A4) > ... > A\, (A) to denote the real eigenval-
ues of A (counting multiplicity) being arranged in non-increasing order. Denote A(A) :=
(A1 (A), 22(A), ..., A\ (A))T € R™ and A(A) = diag(A\(A)), where for any = € R", diag(z)
denotes the diagonal matrix whose i-th diagonal entry is z;, ¢ = 1,...,n. Let O" be the set
of all n x n orthogonal matrices. Let P € O™ be such that

A=PAAP" . (4)

We denote the set of all such matrices P in the eigenvalue decomposition (4) by O™(A).
Define the three index sets of positive, zero, and negative eigenvalues of A, respectively, by

a:={i:N(A) >0}, B:={i:N(A) =0} and ~:={i:\(A4) <0}. (5)

For any matrix P € O"(A), we use p; to represent the jth column of P, j =1,...,n. Let
J C{1,...,n} be an index set. We use Ps to denote the sub-matrix of P obtained by
removing all columns of P not in J. So for each j, we have Py, = p;. Let X € S" and
Z,J C{1,...,n} be index sets. We use X77 to denote the sub-matrix of X obtained by
removing all the rows of X not in Z and all columns of X not in J. For any Z € §™, we
use Z = 0 and Z < 0 to denote Z € ST and Z € 8™, respectively.

Proposition 2.4 (see e.g., [9, Theorem 2.1]) For any X € S} and Y € S”,
Nsp(X) = {X*e8":(X,X")=0}={X"e8": XX* =0},
Ngn(Y) = {YTeS! (Y, Y)=0}={Y"eS!:YY"=0}.

We say that X, Y € S™ have a simultaneous ordered eigenvalue decomposition provided
that there exists P € O" such that X = PA(X)PT and Y = PA(Y)PT. The following
theorem is well-known and can be found in e.g. [13].

Theorem 2.3 [von Neumann-Theobald] Any matrices X andY in 8™ satisfy the inequality
(X,Y) < AMX)TA(Y);

the equality holds if and only if X and Y admit a simultaneous ordered eigenvalue decom-
position.



Proposition 2.5 The graph of the set-valued map Ngi can be written as

gthSi = {(X,Y)GS_T_XSEZHSi(X-f—Y):X,HSf(X-FY):Y} (6)
— {(X,Y) €S8 xS": XY =YX = (X,Y) =0}, (7)

where for any closed convex set K C 8", Ilk(-) denotes the metric projector operator over
K.

Proof. Equation (6) is well-known (see [7]). Let X € S. Since Ngr (X) = 9dsn (X), where
dc is the indicate function of a set C, by [13, Theorem 3], since the function 633_ (X) is an
eigenvalue function, for any Y € Ngn» (X), X and Y commute. Equation (7) then follows
from the expression for the normal cone in Proposition 2.4. ]

From [32, Theorem 4.7] we know that the metric projection operator Hgi(-) is direc-
tionally differentiable at any A € 8™ and the directional derivative of Hsz(') at A along
direction H € §" is given by

H,, Hp Yoy 0 Hoy
W, (4 H)=P | Hi;  Tga(Hgp) 0 P, (8)
T 7T
Yoy 0 Hy, 0 0
where H := ?THF and
Ai(A),0} — Ai(A), .
S max{A;(A), 0} — max{};(4),0} ii=1....m ()

Xi(A) — A;(A4) ’

where 0/0 is defined to be 1. Since ILsy(-) is global Lipschitz continuous on S", it is well-
known that Ilsr () is B(ouligand)-differentiable (c.f. [8, Definition 3.1.2]) on S". In the
following proposition, we will show that ILsn (+) is also calmly B(ouligand)-differentiable on
S™. This result is not only of its own interest, but also is crucial for the study of the
proximal and limiting normal cone of the normal cone mapping Ngi in the next section.

Proposition 2.6 The metric projection operator Hgi(-) is calmly B-differentiable for any
given A € 8", i.e., for 5" 5 H — 0,

sy (A+ H) = sy (A) = Wen (A H) = O(||H|]?) . (10)

Proof. See the Appendix. [ ]

3 Expression of the proximal and limiting normal cones

In order to characterize the S-stationary and M-stationary conditions, we need to give the
precise expressions for the proximal and limiting normal cones of the graph of the normal
cone mapping Ngr at any given point (X,Y) € gph Ngp. The purpose of this section is to
provide such formulas. The result is also of independent interest.



3.1 Expression of the proximal normal cone

By using the directional derivative formula (8), Qi and Fusek [23] characterized the Fréchet
normal cone of gph Ngi. In this subsection, we will establish the representation of the
desired proximal normal cone by using the same formula and the just proved calmly B-
differentiability of the metric projection operator. The proximal normal cone is in general
smaller than the Fréchet normal cone. For the set gph NM , however, it is well-known that
the Fréchet normal cone coincides with the proximal normal cone. The natural question to
ask is that whether this statement remains true for the set gph Ngi. Our computations in
this section give an affirmative answer, that is, the expression for the proximal normal cone
coincides with the one for the Fréchet normal cone derived by Qi and Fusek in [23].

From Proposition 2.6, we know that for any given X* € §™ and any fixed X € 8™ there
exist My, My > 0 (depending on X and X* only) such that for any X’ € 8™ sufficiently
close to X,

(X Hsp (X') = Isp (X)) < (X" Ien (X X' = X)) + My | X" — X%, (11)

(X", Tn (X') = TLsn (X)) < (X, Ign (X5 X' = X)) + Mo X" — X (12)

Proposition 3.1 For any given (X,Y) € gph Ngp, (X*,Y™) € ngthi (X,Y) if and only
if (X*,Y*) e S8" x 8™ satisfies

(X", Wy (X + Y5 H)) + (Y* I (X + Y H)) <0 VH € S™ (13)
Proof. “ <= " Suppose that (X*,Y*) € ™ x 8™ is given and satisfies the condition (13).

Denote the set in the right-hand side by C. By Proposition 2.5, (11) and (12), we know that

there exist a constant § > 0 and a constant M > 0 such that for any (X', Y”’) € gph Ng_?ﬁ
and [|(X",Y") — (X, Y)] <6,

<(X*7Y*)7 (ley/) - (Xv Y)>
= (XY, (Tsp (X4 Y7), Hsn (X4 Y") — (g (X + ), Hse (X + 1))

IN

M|(X"Y") — (XY
By taking M = max {M, H(X*,Y*)H/(S}, we know that for any (X', Y”) € gph Ngr,
(XY, (XY) = (X,Y)) < M|(X",Y) = (X, V)%,

which implies, by the definition of the proximal normal cone, that (X*,Y*) € N, aph Ngn (X,Y).
+
“ =7 Let (X*,Y") € Ngj, g, (X,Y) be given. Then there exists M > 0 such that
+
for any (X', Y”) € gph Ngn,

(XY, (XY) = (X,Y)) < M|(X",Y) = (X, Y)|*. (14)
Let H € 8™ be arbitrary but fixed. For any ¢ | 0, let

X;=lsp(X +Y +tH) and Y/=TIs(X +Y +tH).



By noting that (Xj,Y}) € gph Ns» (c.f., (6) in Proposition 2.5) and Ilgn (-) and s~ (-) are
globally Lipschitz continuous with modulus 1, we obtain from (14) that

(X" Wsn (X + Y5 H)) + (V" Ign (X + Y5 H))

1 1
< Mlim=(||X/ = X2+ ||/ = Y|]?) < Mlim = (2t3|H||?) = 0.
;fgt(ll t =+ 1Y ) < ;fgt( IH|") =0

Therefore, we know that (X*,Y*) € 8™ x 8™ satisfies the condition (13). The proof is
completed. ]

For any given (X,Y’) € gph Nz, let A = X +Y have the eigenvalue decomposition (4).
From (6), we know that X = Ilsz(A) and Y = IIsn(A). It follows from the directional
derivative formula (8) that for any H € 8™,

0 0 (Bay — Lary) © Hary
g (A; H) = P 0 Mg (Hs) Hg, P, (15
ﬁg’y o (Ecw - Ecw)T ﬁﬁ’y ﬁw
where F is a n X n matrix whose entries are all ones. Denote
Eoo Eoap Yoy 0 0  FEoy— Yoy
Or:=| El; 0 0 and Og := 0 0 Eg, . (16)

Eg’y 0 0 (Ecw - Eav)T E,g:'y By

We are now in a position to derive the precise expression of the proximal normal cone to
gph Ngn.

Proposition 3.2 For any (X,Y) € gph Ngi, let A= X +4Y have the eigenvalue decompo-
sition (4). Then

N gy (X.) = {(X*,Y*) €S8" X 8" : 010X +0y0V* =0, X5 <0 and Vi, = o} :

where X* := ﬁTX*P and Y* = FTY*F.

Proof. By Proposition 3.1, (X*,Y™*) € Ngon Ny (X,Y) if and only if

(X*, Wen (A; H)) + (V" Ien (A H)) <OV H € 8",

which, together with the directional derivative formulas (8) and (15) implies that (X*,Y™) €

Ngon Ny (X,Y) if and only if

(©10X* H) + (020 Y*, H) + (X}5, Lo (Hgp)) + (Y5, I gs1 (Hgg)) <0 VH e S™

18] 18]
slf sl

The conclusion of the proposition holds. ]
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3.2 Expression of the limiting normal cone

In this subsection, we will use the formula of the proximal normal cone Nz y, (X,Y)
+
obtained in Proposition 3.2 to characterize the limiting normal cone Ngpp, ngn (X, Y).
+

For any given (X,Y) € gph Nsz, let A = X + Y have the eigenvalue decomposition
(4). Firstly, we will characterize Ngph v 1 (0,0) for the case that 8 # (). Denote the set of
S
+

all partitions of the index set 8 by Z2(/3). Let §R|>ﬁ| be the set of all vectors in RI° whose
components being arranged in non-increasing order, i.e.,

For any 2z € §R|>ﬁ |, let D(z) represent the generalized first divided difference matrix for
f(t) = max{t,0} at z, i.e.,

max{z;, 0} — max{z;,0}

€[0,1] if z # 2,

R ZZ'—Z]‘ .
(D(z))l]_ 1 lfzz:2]>07 Za]_]-a"'?|ﬂ|' (17)
0 ifZi:Zj <0,
Denote B -
Upg = {Q eslf . :klim D(zF), * =0, 2Fe 9?'5'} (18)
—00 ~

Let 21 € Ujg. Then, from (17), it is easy to see that there exists a partition m(3) :=
(B+, Bo, B—) € P(B) such that

EﬂT+6+ Es 5y, (Z1)p,8-
E = Eﬂ Bo 0 0 ) (19)

=0k, o 0

where each element of (£1)s, 3_ belongs to [0,1]. Let

0 0 Eﬁ+@7 - (El)ﬁ#L
2y = 0 i To Egy5. : (20)
(Epip. — (E1)pep)’ Epp Eg p_

Proposition 3.3 The limiting norm cone to the graph of the normal cone mapping NS'B'
+

at (0,0) is given by

U { (U*,V*): Z10QTU*Q +Z20QTV*Q =0, } (21)

ngthlf| (0,0) = Q%OU*Qﬁ() =0, QgOV*QﬁO =0

c ol8l
€ Upp

v

Proof. See the Appendix. [ |

We characterize the limiting normal cone Ngph ng, (X,Y) for any (X,Y) € gph Ngp in
+

the following theorem.
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Theorem 3.1 Forany (X,Y) € gph Ngi, let A = X+Y have the eigenvalue decomposition
(4). Then, (X*,Y™) € NgphNgn (X,Y) if and only if
+

L 0 ~0 )527 —r L }:ota }:;,8 Yof'y —r
X =P| 0 X3 X5 |P and Y =P| Vi Yz 0 |P (22)
* * * *
X'Ya XWﬁ X’Y’Y Y'ya 0 0

with
(X§B7 Ygﬁ) € nghNSf‘ (0,0) and X, o0 X;v + (Eay — Xay) © ij =0, (23)

where X is given by (9), X* = P'X*P andV* =P Y*P.
Proof. See the Appendix. [ |

Remark 3.1 For any given (X,Y') € gph Ngn, the (Mordukhovich) coderivative D* Ngn (X,Y')
of the normal cone to the set ST can be calculated by using Theorem 3.1 and the definition
of coderivative, i.e., for given Y* € S",

X" e D*N‘gi (X, )(Y") = (X*,-Y")e ngthi (X,Y).
Furthermore, by (6) in Proposition 2.5, we know that
gph Nsy = {(X,Y) € 8" x 8" : L(X,Y) € gph Iy },
where L : 8™ x 8™ — 8™ x 8™ is a linear function defined by
LX) Y)=(X+Y,X), (X,Y)eS"xS".

By noting that the derivative of L is nonsingular and self-adjoint, we know from [17, The-
orem 6.10] that for any given (X,Y’) € gph Ng» and Y* € 8",

D*Nsr (X, Y)(-Y*) ={X*eS": (X*,Y*) ¢ L’(X7Y)nghH51(X +Y,X)}.

Thus, for any given U* € 8", V* € D*Ilsn (X+Y)(U*) if and only if there exists (X*,Y™) €
Ngph Ngn (X,Y) such that (X*,Y*) = L(V*,-U"), that is,
+

X'=V*-U* and Y* =V*.
Note that for any given Z € S™, there exists a unique element (X,Y) € gph Ngi such that

Z = X +Y. Hence, the coderivative of the metric projector operator Hgi(-) at any Z € 8"
can also be computed by Theorem 3.1.

4 Failure of Robinson’s CQ
Since for any (G(z), H(z)) € ST x 8", by the von Neumann-Theobald theorem (Theorem

2.3), one always has

(G(2), H(2)) < MG(2))"A(H(2)) <0.

12



Consequently one can rewrite the problem SDCMPCC in the following form:
(CP—-SDCMPCCQC) min  f(z)

st.  h(z)=0,
9(2) <0,
(G(2), H(2)) 2 0,
(G(2),H(2)) € ST xS".

The above problem belongs to the class of general optimization problems with a cone con-
straint (GP) with K = S} x 8" as discussed in §2.2 and hence the necessary optimality
condition stated in §2.2 can be applied to obtain the following classical KKT condition.

Definition 4.1 Let Z be a feasible solution of SDCMPCC. We call Z a classical KK'T point.
If there exists (A", A9, 2%, Q% Q) € RP x NI x RN x S™ x 8™ with N9 >0, A* <0, Q¢ <0
and Q= 0 such that
0=VF(2)+hE) N+ g ()N +XH(2)°G(z) + G'(2) H(2)] + G'(2)"Q° + H'(2)"Q",
(9(2), A7) =0, G(Z)QG =0, H(Z)QH =0.

Theorem 4.1 Let z be a feasible solution of SDCMPCC. Suppose the problem CP-SDCMPCC
18 Clarke calm at z. Then Z is a classical KKT point.

Proof. By Theorem 2.2, there exists a Lagrange multiplier (A", A9, \*, T¢ TH) € RP x R x
R x S" x 8™ with A9 > 0, \* < 0 such that

0=VF(Z)+H(E)N + g ()N + X[H (2)"G(2) + G'(2)"H(2)] + G'(2)'TY + H'(2)"T",
(9(2),M) =0, (P9.T) € Nspxsn(G(2), H(2)) .-
The desired result follows from the normal cone expressions in Proposition 2.4. ]
Definition 4.2 We say that (A", A9, 2%, Q% Q) € RP x NI x R x S™ x S™ with N > 0, \¢ <

0,06 < 0,9 =0 is a singular Lagrange multiplier for CP-SDCMPCC if it is not equal to
zero and

0=h(Z) N 4+ ¢/ ()N + XN [H'(2)'G(2) + G'(2)*H(2)] + G'(2)* QY + H'(2)*Q
(9(2),M) =0, G(z)0Q%=0, H(ZQ"=0.

For a general optimization problem with a cone constraint such as CP-SDCMPCC, the
following Robinson’s CQ is considered to be a usual constraint qualification:

B'(Z) is onto  ( equivalently h;(z)(z =1,...,p) are linear independent) ,
( hi(z)d = i=1,...,p,
gi(z)d < iely(2),
3 d such that ¢ (H'(2)* ( )+ G'(2)*H(2))d > 0,
G(z)+ G'(z)d € int ST,
H(z)+ H'(2)d € int 8™

It is well-known that the MFCQ never holds for MPCCs. We now show that Robinson’s
CQ will never hold for CP-SDCMPCC.

13



Proposition 4.1 For CP-SDCMPCC, Robinson’s constraint qualification fails to hold at
every feasible solution of SDCMPCC.

Proof. By the von Neumann-Theobald theorem, G(z) = 0, H(z) =< 0implies that (G(z), H(z)) <
0. Hence any feasible solution z of SDCMPCC must be a solution to the following nonlinear
semidefinite program:

min —(G(z), H(2))
st.  G(2) =0, H(z)=0.

Since for this problem, f(z) = —(G(z),H(z)), we have Vf(z) = —H'(2)*G(z) —
G'(2)*H(z). By the first order necessary optimality condition, there exist \* = 1,Q¢ <
0,0 > 0 such that

G(z)0% =0, HEZOQT=0.

Since (—\¢, Q% Q) £ 0, it is clear that (0,0,0, -\, Q% Q) is a singular Lagrange mul-
tiplier of CP-SDCMPCC. By [3, Propositions 3.16 (ii) and 3.19(iii)]), a singular Lagrange
multiplier exists if and only if Robinson’s CQ does not hold. Therefore we conclude that
the Robinson’s CQ does not hold at z for CP-SDCMPCC. ]

5 S-stationary conditions

In the MPCC literature it is well-known that S-stationary condition is equivalent to the
classical KKT condition; see e.g. [10]. In this section we introduce the concept of S-
stationary condition and show that the classical KKT condition implies the S-stationary
condition.

For MPCC, the S-stationary condition is shown to be equivalent to the necessary op-
timality condition of a reformulated problem involving the proximal normal cone to the
graph of the normal cone operator (see [37, Theorem 3.2]). Motivated by this fact and the
precise expression for the proximal normal cone formula in Proposition 3.2, we introduce
the concept of a S-stationary point for SDCMPCC.

Definition 5.1 Let zZ be a feasible solution of SDCMPCC. Let A := G(Z) + H(Z) have the
eigenvalue decomposition (4). We say that z is a S-stationary point of SDCMPCC' if there
exists (A", N9, TC TH) € RP x RI x 8" x 8" such that

0=VFE)+HWEN+¢(E)N +G(2)TC + H (2)'TH, (24)
A >0, (M,g(2) =0, (25)
r¢, =0, I$;=0 T¢, =0, (26)
=0, T =0 TH=o0, (27)
Say 0TS, + (Bay — San) o TH =0, (28)
r§; =0, TH=o, (29)

where E is a n X n matriz whose entries are all ones and ¥ € 8™ is defined by (9), and
T¢ = P'TP and TH = P'THP.
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To see that the S-stationary condition for SDCMPCC coincides with the S-stationary con-
dition in the MPCC case we consider the case when n = 1. In this case, A(4) = A, P =1
and TC = e, 'l = TH. In this case SDCMPCC is a MPCC where there is only one
complementarity constraint. If G(z) > 0,H(z) = 0. Then = v = . So from (26), we
know that T'® = 0 and T free. Similarly if G(Z) = 0, H(2) < 0 we have ' = 0 and T'“
free. If G(z) = H(z) = 0. Then we have a = v = ). Consequently from (29), we know that
¢ <0and T'7 > 0.

It turns out that we can show that the classical KKT condition implies the S-stationary
condition. However we are not able to show that the S-stationary condition implies the
KKT condition for a general SDCMPCC unless it is a MPCC.

Proposition 5.1 Let z be a feasible solution of SDCMPCC. If Z is a classic KKT point,
i.e., there exists a classical Lagrange multiplier (A", A\, \¢, &, Q) € RP X RIXx Rx S" x S
with A9 >0, \¢ <0, OF <0 and Q= 0 such that

0=VFE)+NEN+¢(E)N +N[H (2)*G(2) + G'(2)*H(Z)] + G'(2)*Q° + H'()*Q
(W,9(2)) =0, G(2)2%=0, H(2)Q" =0,
then it is also a S-stationary point.

Proof. Denote A := A(A). Define I'C := QF + \*H(z) and T'H := Qf 4 X\*G(Z). Then (24)
and (25) hold. It remains to show (26)-(29). By the assumption we have

ST3G(2) L0%eS” and S">H(z) L ST,

By Theorem 2.3, we know that G(2) and Q¢ (H(z) and Q) admit a simultaneous ordered
eigenvalue decomposition, i.e., there exist two orthogonal matrices P, P € O™ such that

o 0 N [ Aea 0 07
QG:P[ pe }PT, Gz=P| 0 0 0[P
0 AQ%)yy 0 0 o
and ) ;
00 0
~ Hy N ~ .
QH:P[A(QO)O‘a S]PT, H(z=P|0 0 o0 |PT,
_O 0 KVW_

where o/ := {i | \;(2F) > 0} and v := {i | \;(QY) < 0}. Moreover, we have
7Y Ca and o C#. (30)

On the other hand, we know that

Ao 0 0 . 00 0 .
G(Z)=Ts(A)=P| 0 0 0 |P and H(2)=Ts(A)=P|0 0 0 |P .
0 00 0 0 Ay

Therefore, it is easy to check that there exist two orthogonal matrices S,T € O™ such that
P=PS and p:ﬁT,
with

. Saa 0 . TW 0
S_[ 0 S@'] and T_[O Tw]7
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where & := U7, 7 := aUB and Saq € 01, S55 € 018 and Ty5 € ONI) T, € OV,

Denote

S@@ = [Sl SQ] and Tﬁ,—y = [Tl TQ]

with Sy € RlaIxI8l g, e Rlalxhl and 7y € Rl and T, € RIXIBI. Then, we have

00 0
¢ = PQC +)H(2)P =STPTQPS+Xx| 0 0 0
00 A,
[ sE, 0 0 0 Saa 0 e 88
- 0 ST 0 AQ%aa 0 Saa
0 0
[0 0 0
= | 0 STA(Q%)sa5: STA(Q9) 5552
| 0 STA(Q%)aaS1 STA(QY)aa52 + XA,
and
N - Moo 0 0
M = PO+ xGE)P =T PTQUPT+Xx| 0 0 0
0 00
T H Kozoz
_ | T OTHA(Q ) OHTw 0 }+Ae 0
0 1T 0 0 0 T, 0
TEAQU) 5Ty + AA e TEA(QH)55T2 0
= Ty MQT)53 T TIA(QT)55T2 0
0 0 0

=

o O O

7Y

o O O

Therefore it is easy to see that (26)-(28) hold. Since A(Q%)sa =< 0, A(QH)55 = 0 and Saa,

T55 are orthogonal, we know that
STAA(Q%) 6650 <0 and  TLA(QT)55T55 = 0.

Hence, we have

fgﬁ = STA(Q%)aaS1 <0 and fgﬁ = TIAQT )Ty = 0,

which implies (29). Therefore Z is also a S-stationary point.

Combining Theorem 4.1 and Proposition 5.1 we have the following necessary optimality

condition in terms of S-stationary conditions.

Theorem 5.1 Let z be a feasible solution of SDCMPCC. Suppose the problem CP-SDCMPCC

1s Clarke calm at z. Then Z is a S-stationary point.
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6 M-stationary conditions

In this section we study the M-stationary conditon for SDCMPCC. For this purpose rewrite
the SDCMPCC as an optimization problem with a cone constraint:

(GP-SDCMPCC)  min f(2)
s.t. h(z) =
9(2)

Definition 6.1 Let z be a feasible solution of SDCMPCC. Let A = G(Z) + H(Z) have the
eigenvalue decomposition (4). We say that z is a M-stationary point of SDCMPCC if there
exists (\", A9, TG TH) € RP x RI x 8™ x S™ such that (24)-(28) hold and there exist Q € O
and Z1 € Uyg| (with a partition w(B) = (B+, Bo, B-) of B and the form (19)) such that
Z10QTTOQ + 20 Q'THQ =0, (31)
ngfgﬁQﬁo =0, ngfgﬁQﬁo =0, (32)

where TG = FTPGF, TH — P THP and

0 0  Egp —(E1)ss
=, = 0 .0 Ego5.
(Epp — (Er)pep)’ Eppp Eg p_

We say that (A", M9, TC TH) € RP x NI x 8" x S™ is a singular M-multiplier for SDCMPCC
if it is not equal to zero and all conditions above hold except the term V f(Z) vanishes in

(24)-

To see that the M-stationary condition for SDCMPCC coincides with the M-stationary
condition in the MPCC case we consider the case when n = 1. In this case A(4) = A,
P=1and ¢ =T¢ T'" =TH_ We only need to consider the case G(2) = H(z) = 0 since
the other cases are the same as the S-stationary condition. Then we have o = v = (). Let
m(8) = (B+, Bo, 5—) be a partition of 5. We know that there are only three cases:

e Case 1: 3 =3, # (). From (31), we know that ' = 0.
e Case 2: 3= 3_ # (). From (31), we know that T'// = 0.
e Case 3: 3=y # 0. From (32), we know that I <0 and I'? >0.
Therefore, we may conclude that if G(2) = H(2) = 0, either T < 0, T# > 0 or T¢T'H = 0.

Theorem 6.1 Let Z be a local optimal solution of SDCMPCC. Suppose that either the
problem GP-SDCMPCC is Clarke calm at zZ or one of the following constraint qualifications
holds. Then z is a M-stationary point of SDCMPCC.

(i) There is no singular M-multiplier for problem SDCMPCC at Z.
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(ii) SDCMPCC LICQ holds at Z: there is no nonzero (A", N9, TC TH) € RP x RI x S x S™
such that

WA+ ¢ (2)" N + G'(2) TC + H'(2)'TH =0, (33)
g, =0, I$;=0, I4, =0,

=0, T =0, TH=o0,

Say 0T, + (Bay = Saqy) o TH = 0.

(i1i) Assume that there is no inequality constraint g(z) < 0. Assume also that Z = X x 8"
where X is a finite dimensional space and G(x,u) = u. The following generalized
equation is strongly reqular in the sense of Robinson:

0 € —F(z,u) + Npaxsn (z,u),
where F(z,u) = (h(z,u), H(x,u)).

(iv) Assume that there is no inequality constraint g(z) < 0. Assume also that Z = X xS",
G(z) = uw and F(x,u) = (h(z,u), H(x,u)). —F is locally strongly monotone in u
uniformly in x with modulus § > 0, i.e., there exist neighborhood Uy of T and Us of 4
such that

—F(x,u) + F(z,v),u —v) >d|lu—v||*> YVuelUsn8?, ves8?, zel.
+ +

Proof. Condition (ii) is obviously stronger than Part (i). Condition (i) is a necessary and
sufficient condition for the perturbed feasible region of the constraint system to be pseudo
Lipschitz continuous. See [38, Theorem 4.7] for the proof of the implication of (iii) to (i).
(iv) is a sufficient condition for (iii) and the direct proof can be found in [40, Theorem
3.2(b)]. The desired result follows from Theorem 2.2 and the expression of the limiting
normal cone in Theorem 3.1. |

Remark 6.1 SDCMPCC LICQ is the analogue of the well-known MPCC LICQ (also called
MPEC LICQ). To see this we consider the case of SDCMPCC with n = 1. Suppose that
G(z) = H(z) = 0. Then we have « =y = and SDCMPCC LICQ means that (33) implies
that \* = 0, M = 0, 'Y = 0, ' = 0. The other two cases G(z) > 0, H(2) = 0 and
G(z) =0, H(z) < 0 are also easy to see. We would like to remark that unlike in MPCC
case, we can only show that SDCMPCC LICQ is a constraint qualification for M-stationary
condition instead of S-stationary condition.

7 C-stationary conditions

In this section, we consider the C-stationary condition by reformulating SDCMPCC as a
nonsmooth problem:

(NS — SDCMPCC) min  f(z)
st.  h(z)=0,
9(2) <0,



From (6), we know that the reformulation NS-SDCMPCC is equivalent to SDCMPCC. As in
the MPCC case, C-stationary condition introdued below is the nonsmooth KKT condition
of NS-SDCMPCC by using the Clarke subdifferential.

Definition 7.1 Let z be a feasible solution of SDCMPCC. Let A = G(z) + H(Z) have the
eigenvalue decomposition (4). We say that Z is a C-stationary point of SDCMPCC if there
exists (A", N9, TG TH) € RP x RI x 8" x 8" such that (24)-(28) hold and

<fgﬂ 7f§6> <0, (34)
where T¢ = P TGP and TH = P'THP. We say that (A", M9, TC TH) € RP x RI x S™ x S
is a singular C-multiplier for SDCMPCC' if it is not equal to zero and all conditions above
hold except the term V f(Z) vanishes in (24).
It is easy to see that as in MPCC case,
S-stationary condition = M-stationary condition = C-stationary condition.

Also, we know that the C-stationary condition coincides with the C-stationary condition
in the MPCC case. To show this we consider the case n = 1. We only need to consider
the case G(z) = H(z) = 0 since the other cases are the same as the S- and M-stationary
conditions. In this case we know from (34) that T¢T'H < 0.

Theorem 7.1 Let Z be a local optimal solution of SDCMPCC. Suppose that the problem
SDCMPCC is Clarke calm at z or there is no singular C-multiplier for problem SDCMPCC
at Z. Then zZ is a C-stationary point of SDCMPCC.

Proof. By Theorem 2.1 with K = {0}, we know that there exist A" € R, \9 € R7 and
I' € S™ such that
0€dLL(Z, A N,T), A >0 and (M, g(2) =0, (35)

where L(z, A%, \0,T) i= f(2) + (', (=) + (M, g(2)) + (T, G(2) — Tgn (G(2) + H(2).
Consider the Clarke subdifferential of the nonsmooth part S(z) := (I', sz (G(2)+H (z)))
of L. By the chain rule [4, Corollary pp.75], for any v € Z, we have
9°S(z)v = (T, 0 Ilsy (A)(G'(2)v+ H'(2)v)) .

Therefore, since V is self-adjoint (see e.g., [16, Proposition 1(a)]), we know from (35) that
there exists V' € 9°Ilsn (A) such that

VFE) + W E)MN + ¢ (E)* N+ G (2T - (G'E)+H ((Z))V(I)=0. (36)
Define I'¢ := T'— V(T') and T'¥ := —V(I"). Then (24)-(25) follow from (35) and (36)
immediately. By [31, Proposition 2.2], we know that there exists a W € 861_[8@(0) such
+
that

- EO‘O‘ Fgﬂ Yoy © fa.y .
VIO =P | TL;  W(ls) 0 P,
rg, 0%y, 0 0

where ¥ € 8™ is defined by (9). Therefore, it is easy to see that (26)-(28) hold. Moreover,
from [16, Proposition 1(c)], we know that

(W(Tgp),Lgp = W(I'g3)) 20,
which implies <fgﬂ , fgﬂ) < 0. Hence, we know Z is a C-stationary point of SDCMPCC. m
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Appendix

Proof of Proposition 2.6: Firstly, we will show that (10) holds for the case that A = A(A).
For any H € 8", denote Y := A+ H. Let P € O™ (depending on H) be such that

A(A)+ H = PA(Y)PT. (37)

Let 6 > 0 be any fixed number such that 0 < § < % if & # () and be any fixed positive
number otherwise. Then, define the following continuous scalar function

t if t>9,
flt)y:=1¢ 2t—¢ if $<t<s,
0 if t<3$.

Therefore, we have

{)\1(A), ceey )\|a|(A)} € ((5, +o00) and {)\|a‘+1(A), e ,)\n(A)} € (—oo, g) .

For the scalar function f, let F' : S” — S™ be the corresponding Léwner’s operator [14],

ie.,

F(Z):= En: fOi(2)uul VZeSm, (38)
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where U € O™(Z). Since f is real analytic on the open set (—oo, g) U (0, +00), we know
from [34, Theorem 3.1] that F' is analytic at A. Therefore, it is well-known (see e.g., [2,
Theorem V.3.3]) that for H sufficiently close to zero,

F(A+H) - F(A) - F'(A)H = O(|H|?) (39)
and
Hao Haﬁ Za'y OHory
F'(A)H = Hl, 0 0 ,
SL,oHL, 0 0

where ¥ € 8" is given by (9) . Let R(:) := Ilsz(-) — F'(-). By the definition of f, we know
that F'(A) = Ay := Ilsn (A), which implies that R(A) = 0. Meanwhile, it is clear that the
matrix valued function R is directionally differentiable at A, and from (8), the directional
derivative of R for any given direction H € 8", is given by

0 0 0
RI(A;H) =Tlsy (A; H) — F'(A)H = | 0 s (Hzg) 0 (40)
0 0 0
By the Lipschitz continuity of A(-), we know that for H sufficiently close to zero,
)
{)\1(Y), ceey )\|a‘(Y)} S ((5, +OO), {)‘|a\+1(Y)7 ceey )\|ﬁ|(Y)} S (—OO7 5)
and
{)‘|5\+1(Y)7 RN )‘n(Y)} € (—OO, 0) .
Therefore, by the definition of F', we know that for H sufficiently close to zero,
0 0 0
R(A+H)=Tsi(A+H)—F(A+ H)=P| 0 (A(Y)gs)+ 0 | P (41)
0 0 0

Since P satisfies (37), we know that for any 8™ 5 H — 0, there exists an orthogonal matrix
Q € 08l such that

O(|lH#1])
Pg=1 Dos and  Psg = Q+O(|H?), (42)
O([lH11)

which was stated in [33] and was essentially proved in the derivation of Lemma 4.12 in [32].
Therefore, by noting that (A(Y)gg)+ = O(||H||), we obtain from (40), (41) and (42) that

[ O(|H|*) O(|H|1*) O(IH]1?)
R(A+ H)— R(A) —R(A;H) = | O(HI?) PBB(A(Y)B,B)+P5T5—stf\(Hﬁ/J’) O(|H|?)
| O(lH1?) O(||H|I?) O(|HI1?)
[0 0 0
= |0 Q(A(Y)56)+QT—HSf|(H6ﬂ) 0| +o(H|?).
0 0 0
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By (37) and (42), we know that
A(Y)s5 = P§A(A)Ps + P HPs = PigHssPss + O(| H|*) = Q" HgpQ + O(||HIP?) .

Since Q € Ol we have
Hgs = QA(Y)35Q" + O(|IH|).

By noting that I (+) is globally Lipschitz continuous, we obtain that
+

Q(A(Y)BB)JrQT—HS\fI(HBB) = Q(A(Y)Bﬁ)—i-QT—HS\f\ (QA(Y)sQ")+O(IH|*) = O(I HP?) .

Therefore,
R(A+ H) — R(A) = R'(A; H) = O(|H|]?). (43)

By combining (39) and (43), we know that for any S" 3 H — 0,
sy (A(A) + H) — sy (A(A)) — Mgy (A(A); H) = O(| H*). (44)
Next, consider the case that A = FTA(A)F. Re-write (37) as
A(A)+ P HP =P PA(Y)P'P.
Let H := P HP. Then, we have
Msy(A+ H) = Pllsy (A(A) + H)P" .

Therefore, since P € O, we know from (44) and (8) that for any 8™ > H — 0, (10) holds.
|

Proof of Proposition 3.3: Denote the set in the righthand side of (21) by A/. We first show
that Ngph v, (0,0) € N. By the definition of the limiting normal cone in (3), we know that
S
+

(U*,V*) € Ngph nv_5, (0,0) if and only if there exist two sequences {(U¥,VF)} converging
Sy
to (U*,V*) and {(U*, V¥)} converging to (0,0) with (U*", V") ¢ Ngon N |ﬁl(Uk,Vk) and
S+
(U*, VF) € gph Ny for each k.
+
For each k, denote A¥ := U*F + V¥ ¢ SIfl and let AF = PEA(AF)(PF)T with P* € OIF
be the eigenvalue decomposition of A*. Then for any i € {1,---,|8|}, we have
lim \;(A*) =o0.
k—o0
Since {P* }22 4 is uniformly bounded, by taking a subsequence if necessary, we may assume

that {Pk}i":1 converges to an orthogonal matrix () := klim P¥ ¢ 0Pl For each k, we know
—00

that the vector A(A¥) is an element of 3?';3 ) By taking a subsequence if necessary, we may

assume that for each k, A(A¥) has the same form, i.e.,

N A(Ak)ﬁ+5+ ]9 0
A(AY) = 0 A(A )5050 0 )
0 0 A(Ak)g_g_
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where 81, Bo and [_ are the three index sets defined by
By ={i: (A" >0}, Bo:=1{i: M(AF) =0} and B_:={i: N(AF) <0}.

Since (Uk*, Vk*) € Ny N s (U*,V*), we know from Proposition 3.2 that for each k, there
+

exist
N E@jﬁﬁ Es, g ng,
= Loa 0 0
(g ) 0 0
and
0 0 Egp —Xf 4
e = 0 0 Esop.
(Bpp. =25, 5 )7 (Egop )" Eg 5
such that . . . .
OfoU* +050Vk =0, Ukg s =0 and Vkgg =0, (45)

where UF = (PF)TUK Pk Yk = (PFTVF Pk and

max{)\;(A4%),0} — max{\;(A4%), .
(Ek)i,j = A (iz()A?% — )\j(A{k);J(A ), 0} V(i,j) € By x . (46)

Since for each k, each element of Eg+ 5 belongs to the interval [0,1], by further taking a

subsequence if necessary, we may assume that the limit of {EZ+ g,}iil exists. Therefore,
by the definition of U in (18), we know that

. k = . k =
lim O] = =) €lUg and lim Oy =5y,
k—o0 k—o00

where 1 and =y are given by (20). Therefore, we obtain from (45) that (U*,V*) € N.
Conversely, let (U*,V*) € N. By the definition of N/, we know that there exist Z; € Ujg
(with a partition (8) = (B4, Bo, B-) € Z(B) ) and Q € O such that

E10QTU Q+E20Q"V*Q =0, Q}U"Qs =0 and QfV*Qgz =0.  (47)

Since Z1 € U)g|, there exists a sequence {2F} € %‘f', 2% — 0 such that Z; = klim D(zF).
~ — 00

Without loss of generality, we can assume that for all k sufficiently large,
>0 Viepy, 2F=0 Vief and zF<0 Viep..

For each k, define

z§+ 00 00 0
UF=Q| 0 0 0]Q, VF=Q|0 0 0 |QF and A*:=Qdiag(z")Q".
0 00 0 0 2k

B_
From Proposition 2.5, it is clear that for each k, (U*, V*) € gph Ngis and Uk +VFk = Ak,
+

Since z¥ — 0 as k — 0o, we know that

AP 0 and (U*,VF) = (0,0) as k— oo.
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For each k, define
Ep Eps. o EEJFB,

Of=| Bl 0 0
(25, 5.) 0 0
and
0 0 Em&—za&
@g = 0 0 Eﬂoﬁf s
(Bsp- =3k, 5 )" (Egop )" Eg g

where E,](cﬁﬁ, = (D(zk))5+5_. ) )
Next, we define a sequence {(U*", V¥")}2° | such that for each k,

(U, VF) € N, (U5 VE) and (U, V") = Jim (U, V).
+

Let 7,57 € {1,...,|8|}. If (i,7) and (j,7) ¢ B+ x S—, then by observing that
(©1)ij = (E1)iy and  (O5)i; = (E2)iy,

we define

—~— %k ~ T~k ~
k = JT* k —
U ij = Uv,L7‘7 and V ij = V

i

k=1,2,.... (48)

Now, suppose that (i,5) or (j,i) € B4 x B_. For each k, denote c¢* := (E§+B— )i,j- Then,
from (46), we have

e (0,1) Yk and & —c:=(Z1)i;€[0,1] ask — 0.

Consider the following two cases:
Case 1: ¢ # 1. Since ¢* # 1 for all k, we define

e

By (47), we know that cﬁi*j +(1- c)f/i*j = 0, which implies 17;*]- = Lﬁ;‘j = lim ﬂw
» ’ T em1 T phee B

Therefore, we obtain that

*

4,30

VE ) = (U5, V) ask — oo,

ClcUki,j + (1 — Ck)Vkm‘ =0 Vk and (U* i3 Vi

Case 2: ¢ = 1. Since c¥ # 0 for all k, in this case we define

R e g
V i,j = i,j and U i,j - Ck i,j’ k = 1, 2, “ee e (50)
~ — 1~ ~ %
Again, by (47), we know that Ul = ¢ V5 = lim Uk, ;- Therefore, we have
’ c ’ k—o00 ’

*

Z'7j’

VE ) = (U5, Vi) ask — oo,

CkUki,j + (1 — Ck)vkm =0 Vk and (Uk i Vi,j

Finally, by (47), we know that the sequence {(U*", V¥%)}2¢ | defined by (48), (49) and (50)

satisfies

e L Tt —~—% - —~ % ~
70Uk +030VF =0, Ukﬁoﬁo = Ugoﬁo =0 and Vkﬁoﬁo = vﬁ*oﬁo = 0.
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. . . * *
This implies that for each k, (U¥",VF") € ngthW' (U*,V*) and
+

(U*,V*) = lim (U*",V*7).
k—oo

Therefore, (U*,V*) € Ngph N 9] (0,0). Hence, the assertion of the proposition follows. ®
Sy

Proof of Theorem 3.1: “ = ” Suppose that (X*,Y*) € Nypnngn (X,Y). By the
+

definition of the limiting normal cone in (3), we know that (X*,Y™) (X**, Y*") with

= lim
k—o0

(Xk 7Yk ) gthsi(Xk7Yk) k:172a"'7

where (X*,Y*) = (X,Y) and (X*,Y*) € gph Ngn. For each k, denote AF = Xk 4 Yk and
let A¥ = PFA(AF)(P*)T be the eigenvalue decomposition of A*. Since A(A) = klim A(AR),
— 00
we know that A(A¥)ae = 0, A(A¥)., < 0 for k sufficiently large and klim A(AF) g5 = 0. Since
—00

{p* }22, is uniformly bounded, by taking a subsequence if necessary, we may assume that
{P*}%° | converges to an orthogonal matrix P € O"(A). We can write P = [Po PgQ P,|,
where Q € Ol can be any || x || orthogonal matrix. By further taking a subsequence if
necessary, we may also assume that there exists a partition 7(8) = (54, 5o, 5—) of § such
that for each k,

MN(AF)Y >0 Viepy, MNAF)=0 Viepy and XN(AF) <0 Viep_.
This implies that for each k,
{i: AN >0 =aUBy, {i:MAF)=0}=pF and {i:\(4AF) <0} =p6_U~r.

Then, for each k, since (X**, Y*") € N7

#ph Ny (X*,Y*), we know from Proposition 3.2 that

there exist

Eoa Eap, Eap, EZ,B_ Elccw
Egs, Ess Bps Ths T,
@lf = Egﬁo Eg+50 0 0 0
EQB*T % s 0 0 0
L Zlgé’Y Z]EJ’JHY 0 0 0 J
and
[ 0 0 0 Eap_ —Shs  Eay—XE,
0 0 0 Egp —%f,5 Es,—3f,
ek = 0 0 0 Esyp. Egsy
(Bap. —3Zks )T (B — 25,5 )" Ehs Eg 5 Eg_,
(Eory = ZQV)T (Epyny — ZEM/)T Egov Eg’lv Eyy
such that . . . .
OV o Xk +O05oYk =0, Xkg, <0 and Yhzg =0, (51)
where Xk = (POYTXF* Pk Yk — (PFTY** Pk and
(2, = DA O = maxl (4D 0}y e qupy x(piuy). (2)

Ai(AF) = A;(AF)
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By taking limits as & — co, we obtain that

[ & Xe R
Xk 5 PTXP = | (X,Q)7 QTX1,Q QTXp,
(Xa)" (@TXE )T X,

and

I [ Yo, Y55Q Yo
YR o PTY'P=| (V507 QY50 Q7Y
Yo' (@TYg)" Y,

By simple calculations, we obtain from (52) that

klgrolo Yos. = Eap_, klggo ¥5.,=0 and kli}l“{.lo Yoy = Xay -

This, together with the definition of U|g|, shows that there exist =1 € U|g and the corre-
sponding =, such that

Eoa Eop oy 0 0 0
G R T
ay
and
0 0  Eay—Zoy 0 0 0
Jim e = 0 = Eg, =60+ |0 Z 0|,
(EaV*EaV)T Eyp Ly 0 0 0

where ©; and O are given by (16). Meanwhile, since Q € OPl, by taking limits in (51) as
k — oo, we obtain that

O10X*+O050Y* =0, EloQT)?EﬁQ—i—EQoQT?B*BQ:O (53)
and
T v T %
Qs XppQp 0 and QY5 = 0.
Hence, by Proposition 3.3, we conclude that ()?Eﬁ, f”ﬁ*ﬁ) € Ngph N s (0,0). From (53), it is

+
easy to check that (X*,Y™) satisfies the conditions (22) and (23).
“ <=7 Let (X*,Y™) satisfies (22) and (23). We shall show that there exist two sequences
{(X*,Y*)} converging to (X,Y) and {(X*", Y*")} converging to (X*,Y*) with (X* ,Y*) €
gph Ns» and (X*°,Y*) e NI, Ner (X* Y*) for each k.

Since ()?EB,?EB) € NgPhNSIfI(O’O)’ by Proposition 3.3, we know that there exist an

orthogonal matrix Q € Ol and =, e U|p| such that

E10QTX}3Q +E20QTY5Q =0, Q4 X35Qs =0 and QFY53Qp =0.  (54)

181
>

Since =1 € U, we know that there exists a sequence {z*} € R converging to 0 such that

== klim D(zk) Without loss of generality, we can assume that there exists a partition
—00
w(B) = (B+, Bo, B—) € P(B) such that for all k,

zf>0 Yie By, zf:O Vi€ fy and zf<0 Viep_.
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For each k, let

AMAae 0 0 0 0 000 O 0
0 ")y 0 0 0 000 O 0
Xk=p 0 0 00 0|P" and YF'=P|0 0 0 0 0 PT,
0 0 000 0 0 0 (2F)_ 0
0 0 000 000 0 A(d),,

where P = [Po P3Q P.| € O"(A). Then, it is clear that {(X*,Y*)} € gph Nsp converg-
ing to (X,Y). For each k, denote

[ Eaa EOéﬁJr Eaﬁo EZ,B_ Ea’y |
T k k
o Eap,  Eoep Eom 265 Y5,
(Eaﬁ_)T (2€+ 5 )T 0 0 0
| Bay)” (BFs14) 0 0 0]
and
[ 0 0 0 Eap_ =%t Eay—Zoy
) 0 0 0  Egp —%5 5 Epqy—3h,
0 = ( 0 o 0 . 0 Epgyp_ Boy ;
E.5. — % Es 5 —% E Es_5_ Es_
(g - zaﬁST (Ey. - — 2£+BST B ET B
ay T oy By T iy Boy B~ k!
where

max{\;(4%)),0} — max{/\j(Ak)), 0}
Ai(AF) — X;(AF)

(29 = Y (i,5) € (@UBy) x (B-UA).

Next, for each k, we define two matrices )/(\’“*,}//7“* € 8" Leti,5 € {1,...,n}. If (4,))
and (j,i) ¢ (ax ) U (By xv)U (B x B). We define

— % ~ —~ % ~
Xko=Xp, YR =Y, k=12, (55)
Otherwise, denote ¢* := (E’“)m, k=1,2,.... We consider the following four cases.

Case 1: (i,j) or (j,7) € a x B_. In this case, we know from (22) that )A(:;"J = 0. Since
¢ # 0 for all k and ¢ — 1 as k — oo, we define

Yi; and XF 5 =—p—=V%

Yk k=1,2,.... (56)

ij =

Then, we have

—~ % ~

Yk )= (X7, Y) ask— oo,

ckai,j +(1- Ck)ykz’,j =0 Vk and (X* OV ER ]

27‘7’
Case 2: (i,7) or (j,i) € B+ X 7. In this case, we know from (22) that }71*] = 0. Since
cp # 1 for all k and ¢* — 0 as k — 0o, we define

ks

— % ~ %k
Xkiy=Xty and Yhj= oo Xk k=12 (57)
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Then, we know that

*

i?j’

YR ) = (X7, V7)) ask— o0,

Ckai,j + (1 _ C/f)yki,j =0 Vk and (Xk 3,50 14,5

Case 3: (i,7) or (j,i) € (8 x B)\ (B+ x S-). In this case, we define
/\k* T v /z* T r*

Case 4: (i,j) or (j,i) € B4+ x f—. Since ¢ € [0,1], we consider the following two
sub-cases:
Case 4.1: ¢ # 1. Since ¢ # 1 for all k, we define

— ko
* *

~ —~ %
Xk =ql Xjpq; and Y=

Then, from (54), we know that

/7€* ¢ T v * T<rx
Y= 1k Xppqi = q; Ygpa; as k — oo.
Case 4.2: ¢ = 1. Since ¢ # 0 for all k, we define

R

Yk = quYf}kﬁqJ' and XF; ;= CTyki,j? k=1,2,.... (60)

Then, again from (54), we know that
it c—1 V7 * vk
Xk, = qurYﬁﬁqj = q;‘FXﬁﬁqj as k — 00.

For each k, define X** = PXF PT and Y** = PYF PT. Then, from (55)-(60) we
obtain that R R R R
O o PTXMP+0ko PTYP=0, k=1,2,....

and
(PTX* P, PTY* P) — (PTX*P,PTY*P) ask — co. (61)

Moreover, from (58) and (54), we have
T /\74;* — T v* T ,\é* — T v*
QBOX ﬁﬂQﬁO = QﬁOXBBQBO = 0 and QBOY /BBQBO = QBOY,BBQIBO > 0, k= 1,27 e
From Proposition 3.2 and (61), we know that
(X YR € Ny v, (X5, Y% and (X%, V™) = lim (X*,VF7).
St k—o0

Hence, the assertion of the theorem follows. ]
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