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Abstract This paper is devoted to the design of an efficient and convergent semi-
proximal alternating direction method of multipliers (ADMM) for finding a solution
of low to medium accuracy to convex quadratic conic programming and related prob-
lems. For this class of problems, the convergent two block semi-proximal ADMM
can be employed to solve their primal form in a straightforward way. However, it
is known that it is more efficient to apply the directly extended multi-block semi-
proximal ADMM, though its convergence is not guaranteed, to the dual form of these
problems. Naturally, one may ask the following question: can one construct a con-
vergent multi-block semi-proximal ADMM that is more efficient than the directly
extended semi-proximal ADMM? Indeed, for linear conic programming with 4-block
constraints this has been shown to be achievable in a recent paper by Sun et al.
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(2014, arXiv:1404.5378). Inspired by the aforementioned work and with the con-
vex quadratic conic programming in mind, we propose a Schur complement based
convergent semi-proximal ADMM for solving convex programming problems, with
a coupling linear equality constraint, whose objective function is the sum of two
proper closed convex functions plus an arbitrary number of convex quadratic or linear
functions. Our convergent semi-proximal ADMM is particularly suitable for solving
convex quadratic semidefinite programming (QSDP) with constraints consisting of
linear equalities, a positive semidefinite cone and a simple convex polyhedral set. The
efficiency of our proposed algorithm is demonstrated by numerical experiments on
various examples including QSDP.

Keywords Convex quadratic conic programming - Multiple-block ADMM -
Semi-proximal ADMM - Convergence - QSDP

Mathematics Subject Classification 90C06 - 90C20 - 90C22 - 90C25 - 65F10

1 Introduction

In this paper, we aim to design an efficient yet simple first order convergent method
for solving convex quadratic conic programming. An important special case is the
following convex quadratic semidefinite programming (QSDP)

1

min §<X’ oX) + (C, X)

st. AgX =bg, A/ X>b;, Xe€ Sj’r NK, (1)
where S} is the cone of n x n symmetric and positive semi-definite matrices in the
space of n x n symmetric matrices S” endowed with the standard trace inner product
(-, -) and the Frobenius norm | - ||, Q is a self-adjoint positive semidefinite linear
operator from 8" to 8", Ag : 8" — RN™E and Aj : 8" — R™! are two linear maps,
C € 8", bg € W"E and by € N are given data, I is a nonempty simple closed

convex set,e.g., XL ={W e S": L <W <U}withL, U € §" being given matrices.
By introducing a slack variable W € S§", we can equivalently recast (1) as

1
min E(X, OX) + (C, X) + (W)
st. ApX =bg, A/ X>b;, X=W, Xe¢ S_rll_, 2)

where S (+) is the indicator function of K, i.e., §xc(X) = 0if X € K and §xc(X) = o0
if X ¢ K. The dual of problem (2) is given by

1
max —8;-(—=Z) + (br, yr) — E(X, OX) + (be, YE)
st. Z4+Ajyr — QX +S+Apye=C, y1 >0, Se&], 3
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where for any Z € S", §3-(—Z) is given by

S (=2) = —V‘i};%(Z, W) = ;l;%(—Z, w). “

Due to its wide applications and mathematical elegance, QSDP has been extensively
studied in the literature, see, for examples [1-6], and references therein.

It is evident that the dual problem (3) is in the form of the following convex opti-
mization model:

p q
min @)+ > 6i(y) + W) + D 9;(z))

i=1 j=1

P q
s.t. f*u—i—ZAfyi—i-g*v-l-ZB’;Zj =c, (5)
i=1 Jj=1

where p and g are given nonnegative integers, f : U{ — (—o00, +00], g : V — (—o00,
+o00l, 6; : Vi = (=00, +o0l, i =1,...,p,and ¢; : Z; — (—00,+0o0], j =1,
.., q are closed proper convex functions, 7 : X - U, G: X — V, A; : X — ),
i=1,...,pand B; : X — Z;, j =1,...,q are linear maps, U, V, V|, ..., V),
Z1, ..., 24 and X are all real finite dimensional Euclidean spaces each equipped with
an inner product (-, -) and its induced norm || - ||.
In this paper, we make the following blanket assumption.

Assumption 1 Fori =1,...,pand j =1,...,q, each §;(-) and ¢;(-) are convex
quadratic functions.
Note that, in general, problem (3) does not satisfy Assumption 1 unless y; is vac-

uous from the model or K = S". However, one can always reformulate problem (3)
equivalently as

1
min (§x-(—Z) + Sy ) — (b1, yr) + §<X, QX) +8s1(S) — (bE, YE)

st. Z4+Ajyr —OX+ S+ Ayye =C, (6)
D*u —D*y; =0,

where D : W™ — NR"™! is any given nonsingular linear operator and &g (+) is the
Nt

indicator function over ﬂ%ﬁ’ . Now, one can see that problem (7) satisfies Assumption
1.

There are many other important cases that take the form of model (5) satisfying
Assumption 1. One prominent example comes from the matrix completion with fixed
basis coefficients [7-9]. Indeed the nuclear semi-norm penalized least squares model
in [8] can be written as

. 1
min [ ApX — d|I* 4+ p(IX|ls — (C, X))

Xehmxn

st. ApX =bg, XeK ={X]||RoX|s < a}, @)
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where || X ||« is the nuclear norm of X defined as the sum of all its singular values, || - || oo
is the element-wise /o norm defined by || X || = max;—1 ., max;=1 . . |X;jl,
Ap : R — R\ and Ap : R — R'E are two linear maps, p and « are two
given positive parameters, d € N'F, C € W"*" and by € N"E are given data, 2 C

{1,...,m} x {1, ..., n}isthe set of the indices relative to which the basis coefficients
are not fixed, R : W™ — RI®l is the linear map such that R X := (Xij)ijeq-
Note that when there are no fixed basis coefficients (i.e., 2 = {1, ..., m} x {1, ..., n}

and Ag are vacuous), the above problem reduces to the model considered by Negahban
and Wainwright in [10] and Klopp in [11]. By introducing slack variables n, R and
W, we can reformulate problem (7) as

1
min ~[1711% + p (IR ]l = (C, X)) +8c(W)
S.t..AFX—dZn, Apx =bg, X=R, X=W. (8)
The dual of problem (8) takes the form of
* 1 2
max —dy-(—Z2) — EIIEII +(d, §) + (be, yE)
st. Z+ApE+ S+ Apye = —pC, ISl < p, )
where || S| is the operator norm of S, which is defined to be its largest singular value.

Another compelling example is the so called robust PCA (principle component
analysis) considered in [12]:

. A2 2
min Al + Al Elh + 1217

StA+E+Z=W, A E,ZecR"", (10)
where W € R™*" is the observed data matrix, || - |1 is the elementwise [/ norm
givenby [|E|ly := 23/L; 3211 |Eijl, || - || is the Frobenius norm, 11 and A, are two

positive parameters. There are many different variants to the robust PCA model. For
example, one may consider the following model where the observed data matrix W is
incomplete:

) A2
min [|All, + ALl Efl1 + 7”7’9(2)”%
st. Po(A+E+2Z2)=Po(W), A, E,ZeR"", (11

i.e. one assumes that only a subset £2 C {1, ..., m} x {1, ..., n} of the entries of W
can be observed. Here Pg : R™*" — R™*7 ig the orthogonal projection operator
defined by

X if @, j) € £2,

Pa(X) = 0 otherwise.

(12)
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A Schur complement based semi-proximal ADMM 337

Again, problem (11) satisfies Assumption 1. In [13], Tao and Yuan tested one of
the equivalent forms of problem (11). In the numerical section, we will see other
interesting examples.

For notational convenience, let Y := Vi x a2 X, ..., Vp, Z 1= Z1 X 22X, ..., Z,.
We write y = (y1,¥2,...,Yp) € Yand z = (21,22, ..., 2¢) € Z. Define the linear
map A : X — ) such that its adjoint is given by

P
Ay = ZAfy,- Vy e V.

i=1

Similarly, we define the linear map 5 : X — Z such that its adjoint is given by

q
Bz = ZB;‘ZJ- Vze Z.
j=1

Additionally, let 6(y) == X7, 6; (i), y € Yand ¢(2) := >%_, ¢;(z;), z € Z. Now
we can rewrite (5) in the following compact form:

min f(u) +0(y) + g@) + ¢(2)
st. FFu+ Ay + G*v+ Bz =c. (13)

Problem (5) can be view as a special case of the following block-separable convex
optimization problem:

min {Zq‘)i(wi) | ZH?‘wi = c} , (14)
i=1 i=1

where foreachi € {1, ..., n}, W, isafinite dimensional real Euclidean space equipped
with an inner product (-, -) and its induced norm || - ||, ¢; : W; — (—o0, +00] is a
closed proper convex function, H; : X — W, is a linear map and ¢ € X is given.
Note that when we rewrite problem (5) in terms of (14), the quadratic structure in
(5) is hidden in the sense that each ¢; will be treated equally. However, this special
quadratic structure will be thoroughly exploited in our search for an efficient yet simple
ADMM-type method with guaranteed convergence.

Let 0 > 0 be a given parameter. The augmented Lagrangian function for (14) is
defined by

2
n n n
o
LoW1, ..., Wy, X) = Zd)i(wi) + <xZH;‘wi — c> + 5 ZH;‘wi —c
i=1 i=1 i=1
forw; € W;,i = 1,...,n and x € X. Choose any initial points w? € dom(¢;),
i =1,...,qand x* € X. The classical augmented Lagrangian method consists of
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the following iterations:

k+1 k+1
(wi™, .. w,

n
K =k 4 1o (Z 'H;"wfle — c), (16)

i=1

) = argmin Ea(wl,...,wn;xk), (15)

where T € (0, 2) guarantees the convergence. Due to the non-separability of the
quadratic penalty term in L., it is generally a challenging task to solve the joint
minimization problem (15) exactly or approximately with high accuracy. To overcome
this difficulty, one may consider the following n-block alternating direction methods
of multipliers (ADMM):

k+1 . k k. .k
w; " = argmin Ly (w1, w5 ..., w,; x"),
k+1 _ . k+1 k+1 . k k. .k
w; T = argmin Lo (W), .o W Wi, Wi, Wy X0,
(17)
k+1 . k+1 k+1 .k
w," =argmin Lo (w", ..., w7, wyiXxY),

n
= ko (ZH?wf“ — c).

i=1

The above n-block ADMM is an direct extension of the ADMM for solving the
following 2-block convex optimization problem

min {¢1 (w1) + ¢2(w2) | Hiwi + Hyws = c}. (18)

The convergence of 2-block ADMM has already been extensively studied in [14—
19] and references therein. However, the convergence of the n-block ADMM has
been ambiguous for a long time. Fortunately this ambiguity has been addressed very
recently in [20] where Chen, He, Ye, and Yuan showed that the direct extension of
the ADMM to the case of a 3-block convex optimization problem is not necessarily
convergent. On the other hand, the n-block ADMM with T > 1 often works very well
in practice and this fact poses a big challenge if one attempts to develop new ADMM-
type algorithms which have convergence guarantee but with competitive numerical
efficiency and iteration simplicity as the n-block ADMM.

Recently, there is exciting progress in this active research area. Sun et al. [21]
proposed a convergent semi-proximal ADMM (PADMM3c) for convex programming
problems of three separable blocks in the objective function with the third part being
linear. One distinctive feature of algorithm PADMM3c is that it requires only an inex-
pensive extra step, compared to the 3-block ADMM, but yields a convergent and faster
algorithm. Extensive numerical tests on the doubly non-negative SDP problems with
equality and/or inequality constraints demonstrate that PADMM3c can have superior
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A Schur complement based semi-proximal ADMM 339

numerical efficiency over the directly extended ADMM. This opens up the possibility
of designing an efficient and convergent ADMM type method for solving multi-block
convex optimization problems. Inspired by the aforementioned work, in this paper we
shall propose a Schur complement based semi-proximal ADMM (SCB-SPADMM) to
efficiently solve the convex quadratic conic programming problems to medium accu-
racy. The development of our algorithm is based on the simple yet elegant idea of
the Schur complement and the convenient convergence results of the semi-proximal
ADMM given in the appendix of [22]. Our primary motivation for designing the pro-
posed SCB-SPADMM is to generate a good initial point quickly to warm-start locally
fast convergent method such as the semismooth Newton-CG method used in [23,24]
for solving linear SDP though the method proposed here is definitely of its own interest.

The remaining parts of this paper are organized as follows. In the next section,
we present a Schur complement based semi-proximal augmented Lagrangian method
(SCB-SPALM) to solve a 2-block convex optimization problem where the second
function g is quadratic and then show the relation between our SCB-SPALM and the
generic 2-block semi-proximal ADMM (SPADMM). In Sect. 3, we propose our main
algorithm SCB-SPADMM for solving the general convex model (5). Our main conver-
gence results are presented in this section. Section 4 is devoted to the implementation
and numerical experiments of using our SCB-SPADMM to solve convex quadratic
conic programming problems and the various extensions. We conclude our paper in
the final section.

Notation Define the spectral (or operator) norm of a given linear operator 7 by
71| := supjjy=1 I7w]l. For any w € U, we let

1
Prox s (w) := argmin, f(u) + §||u - w||2.

2 A Schur complement based semi-proximal augmented Lagrangian method

Before we introduce our approach for the multi-block case, we need to consider the
convex optimization problem with the following 2-block separable structure

min f(u) + g(v)
st. F*u+G*v =c, (19)

where f : U — (—oo,+o0]and g : V — (—o0, +00] are closed proper convex
functions, 7 : X — U and G : X — V are given linear maps. The dual of problem
(19) is given by

min{(c, X))+ )+ g @) | Fx+5 =0, gx—l—t:O}. (20)

Leto > 0be given. The augmented Lagrangian function associated with (19) is given
as follows:

Lo, v;x) = fu)+gw) + (x, F'u+G'v—c)+ %H.’F*u +G*v — |’
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340 X.Lietal

The semi-proximal ADMM proposed in [22], when applied to (19), has the follow-
ing template. Since the proximal terms added here are allowed to be positive semi-
definite, the corresponding method is referred to as semi-proximal ADMM instead of
proximal ADMM as in [22].

Algorithm SPADMM: A generic 2-block semi-proximal ADMM for solving (19).
Leto > Oand r € (0, 00) be given parameters. Let 7 and 7, be given self-adjoint
positive semidefinite, not necessarily positive definite, linear operators defined on
U and V), respectively. Choose %, 0%, x% e dom(f) x dom(g) x X. For k =
0, 1,2, ..., perform the kth iteration as follows:

Step 1. Compute

uFt = argmin,, L, (u, v*; x*) + %IIM - ukllzyf- (2D

Step 2. Compute
okl = argmin,, Lo @ v K + %Hv - Uk||%é- (22)

Step 3. Compute
= Xk 4 ro (FuF 4+ gkt — o). (23)

In the above 2-block semi-proximal ADMM for solving (19), the presence of 7
and 7, can help to guarantee the existence of solutions for the subproblems (21)
and (22). In addition, they play important roles in ensuring the boundedness of the
two generated sequences {u !} and {v¥*!}. Hence, these two proximal terms are
preferred. The choices of 7 and 7, are very much problem dependent. The general
principle is that both 7 and 7, should be as small as possible while ukt 1 and vkH!
are still relatively easy to compute.

Let df and dg be the subdifferential mappings of f and g, respectively. Since
both df and dg are maximally monotone, there exist two self-adjoint and positive
semidefinite operators X'y and X, such that for all u, & € dom(f), & € 9f (u), and
Eeafa, )

(=& u—a)=u—il, 24)

and for all v, v € dom(g), ¢ € dg(v), andf € dg(v),
(€= v=—10) = v =1l3,. (25)

For the convergence of the 2-block semi-proximal ADMM, we need the following
assumption.

Assumption 2 There exists (i, 0) € ri(dom f x dom g) such that F*u + G*0 = c.
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A Schur complement based semi-proximal ADMM 341

Theorem 1 Let Xy and X, be the self-adjoint and positive semidefinite operators
defined by (24) and (25), respectively. Suppose that the solution set of problem (19)
is nonempty and that Assumption 2 holds. Assume that Ty and T, are chosen such
that the sequence {(u*, v, xX)} generated by Algorithm SPADMM is well defined.
Then, under the condition either (a) T € (0, (1 ++/5)/2) or (b) T > (1 ++/5)/2
but 332 (1G* M — o) |12 4 71 FHub T 4 GFok T — ¢|1%) < oo, the following
results hold:

Q) If (u™, v>°, x*) is an accumulation point of {(u*, v*, x*)}, then (u™, v>°) solves
problem (19) and x*° solves (20), respectively.

(i) If both o} Xr+Ty+FF* and o ! X, + 71, + GG are positive definite, then
the sequence {(uk , vk, xk)}, which is automatically well defined, converges to a
unique limit, say, (u®, v, x*°) with (u®, v®>°) solving problem (19) and x*°
solving (20), respectively.

(iii)) When the u-part disappears, the corresponding results in parts (i)—(ii) hold under
the condition either T € (0, 2) or T > 2 but Z,fio IG* vk — ¢ < oo.

Remark 1 The conclusions of Theorem 1 follow essentially from the results given in
[22, Theorem B.1]. See [21] for more detailed discussions.

Next, we shall pay particular attention to the case when g is a quadratic function:
1
g(U)=§<U, Egl})—(b, U>9 UGV, (26)

where X, is a self-adjoint positive semidefinite linear operator defined on V and b € V
is a given vector. Problem (19) now takes the form of

1

min f(u) + z(v, X.v) — (b, v)

s.t. F*u+G*v =c. 27)
The dual of problem (27) is given by

min{(c, )+ fF)+g*@) | Fx +s =0, gx+t=0}. (28)
In order to solve subproblem (22) in Algorithm SPADMM, we need to solve a linear
system with the linear operator givenby o ! & ¢+GG*. Hence, an appropriate proximal
term should be chosen such that (22) can be solved efficiently. Here, we choose 7, as
follows. Let £ : V — V be a self-adjoint positive definite linear operator such that it
is a majorization ofJ’IEg + GG*ie.,
& = o '3, +GG*.

We choose &, such that its inverse can be computed at a moderate cost. Define

Ty =8 —0 'Z, — GG* > 0. (29)
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342 X. Lietal.

Note that for numerical efficiency, we need the self-adjoint positive semidefinite linear
operator 7, to be as small as possible. In order to fully exploit the structure of the
quadratic function g, we add, instead of a naive proximal term, a proximal term based
on the Schur complement as follows. For a given 7y > 0, we define the self-adjoint
positive semidefinite linear operator

Tp =Ty + FG*E; ' GF*, (30)

For later developments, here we state a proposition which uses the Schur comple-
ment condition for establishing the positive definiteness of a linear operator.

Proposition 1 It holds that

~

G e (7))

if and only if FF* —I—a_lEf +7r > 0.
Proof We have that

wo (FFto 'S +T; FG*
- GF* GG* +o0 ' 5, + T, )

Since &, = GG* + ol X, +71, > 0, by the Schur complement condition for ensuring
the positive definiteness of linear operators, we have VW > 0 if and only if

FF*+07 5 + Ty — FG*E;\GF* - 0.

By (30), we know that the conclusion of this proposition holds. O

Now, we can propose our Schur complement based semi-proximal augmented
Lagrangian method (SCB-SPALM) to solve (27) with a specially chosen proximal
term involving 7 and 7.

Algorithm SCB-SPALM: A Schur complement based semi-proximal augmented
Lagrangian method for solving (27).

Leto > 0 and 7 € (0, 0o) be given parameters. Choose w®, v, x9% € dom( f) x
VYV x X.Fork =0,1,2, ..., perform the kth iteration as follows:

Step 1. Compute

k+1  k+1 . ok @ k2 o k2
@t v = argmin,, , Lo (u, v; x )~|—E|lu—u ||?f +E||v—v ||Tg.
(31)

Step 2. Compute

=5k o (F U 4 gk — o). (32)
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A Schur complement based semi-proximal ADMM 343

Note that problem (31) in Step 1 is well defined if the the linear operator VV defined
in Proposition 1 is positive definite, or equivalently, if FF* 4+ o~ % r+Tr > 0.
Also, note that in the context of the convex optimization problem (27), Assumption 2
is reduced to the following:

Assumption 3 There exists (i1, v) € ri(dom f) x V such that 7*i + G*0 = c.

Now, we are ready to establish our convergence results for Algorithm SCB-SPALM
for solving (27).

Theorem 2 Let Xy, X, and I, be three self-adjoint and positive semidefinite oper-
ators defined by (24), (26) and (29), respectively. Suppose that the solution set of
problem (27) is nonempty and that Assumption 3 holds. Assume that Ty is cho-
sen such that the sequence {(u*, v*, x¥)} generated by Algorithm SCB-SPALM is
well defined. Then, under the condition either (a) Tt € (0,2) or (b) T > 2 but
S0 IF Ukt 4 Gkl — ¢|12 < oo, the following results hold:

1) If u®, v>®, x®) is an accumulation point of {(u*, v, x¥)}, then (U™, v™°) solves
problem (27) and x*° solves (28), respectively.

(i) Ifo~! Xy + Ty + FF* is positive definite, then the sequence {(uk, vk, X0} is
well defined and it converges to a unique limit, say, (u®, v>°, x°°) with (u®, v>°)
solving problem (27) and x*° solving (28), respectively.

Proof By combining Theorem 1 and Proposition 1, one can prove the results of this
theorem directly. O

The relationship between Algorithm SCB-SPALM and Algorithm SPADMM for
solving (27) will be revealed in the next proposition.

Let 6, : U x V x X — U be an auxiliary linear function associated with (27)
defined by

Se(u,v.x) = FGE; (b —Gx — Zgv+0G(c — F'u—G*v)).  (33)

Letu ed,v € V,x € X and ¢ € X be given. Denote
Gi=c—Fi—G and §y = 8,(a, 0. 5)=FG*E; (b~ GF — Ty0 +0Go).
Let (u™, v") € U x V be defined by
ut,vt) = argmin, | Lo, v: %) + = |lu —idl> + Zlv — 5|12 (34)
) - g u,v o s Uy 2 Tf 2 ’];,
Proposition 2 Letra := o~ 'b + T, 0+ G(c — o~ 1X). Define v' € V by
' = argmin, L, (i, v; ) + — v — 53 =& @— GF*i 35
v’ = argmin, a(u,v,x)+5llv—v||7—g— . (@ — u). (35)
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344 X. Lietal.

The optimal solution (u™, v*") to problem (34) is generated exactly by the following
procedure

ut = argmin, L, (u, 03 %) 4+ (8, u) + S llu — |3,
I g u ~o g 2 Ty (36)

vt = argmin, Lo (u™, v; %) + Sllv — au% = & a—GFru).

Furthermore, (u™, v") can also be obtained by the following equivalent procedure

ut = argmin, L, (u, v'; %) + Sllu — i)
I S o 2 7 (37)

vt = argmin, Lo (™, v; %) + Sllv— an%; = & @ —GFrut).
Proof First we show that the equivalence between (34) and (36). Define

Lo, vi®) = Lo u,vi 8 + Sl —iily + Ty =0l%, (v) €U x V.

By simple algebraic manipulations, we have that

F 7)) — S — Al _ L
Lo, vi%) = fu) + Zllu —ill7, +é,v) — —lI¥]I% (38)
where

o _ o _
G, v) = g) + ZIFu+Gv+o % —cl’ + Zllv =7,

=2 (. &) 4200, GFu—a@) + 1Fu+ 075 =’ + I31F,)

with « as defined in the proposition. For any given u € U, let
v(u) 1= argmin, .y, ¢ (1, v) = Eg_l(& — GF*u).

Then by using the fact that min, %(v, Eqv) + (g, v) = —%(q, 5g_1q) forany g € V,
we have that

o vw) = 2 (= (GFu=a &' GFu=a)+1Fu+o' 5 —cl? + 1313

= %((M, (JTJT* _ Fg*g;lgf*)u) +2(I/t, f(g*ggl& _{_0_71)E —C))) +K0’

where ko = §(llo ™% — ¢ + 19]7, — ll&ll}_,). Let
8

— o P S
K1 =Ko+ QIIQ}' ullgg_u e X1l

- o - - _
= —(e, ®) + S Ulel® + 19F g + 1917, = &5 -
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A Schur complement based semi-proximal ADMM 345

From (38), we have that for any given u € U,
r .z o =112 o * =\ 112
Lo, v(u);x) = f) + Ellu —ullz, + EIIQ}' (u — u)llggl
|
+ou, vu) — 2—IIXII
o
= f@ + Tl =l + o, FGE a+07'E -0 - FGEGF )
+%(u, FFU) + 1
o
5

= Fa+3 =l + (. S)+ (. FE+0(G75 = D)+ 5 (. FFu) +

_ o _
= Lo (u, U; %) + (u, 8g)+5||u—u||%—f+lc2, (39)

where k2 = k1 — g(V) — 5[1G*v — c||> = (¥, G*v — ¢). Note that with some manipu-
lations, we can show that the constant term

o o
Ky = —[IGFFall>., — = ||E,0 —al*_,.
2 2|| ”ggl 2||g ||5g1
Now, we have that

min Ly (u, v; ¥) = min (min Lo (i, v )z)) — min £y (u, v(u); %),
ueld,veV ueld \veV ueld

where Eg (u, v(u); x) satisfies (39). From here, the equivalence between (34) and (36)
follows.

Next, we prove the equivalence between (36) and (37). Note that, the first mini-
mization problem in (37) can be equivalently recast as

0€dfh) +Fxi+oF(Fut +G" —c)+oTrut — i),
which, together with the definition of v’ given in (35), is equivalent to
0€dfWh) +Fi+oF(Fut —c+G 6 @—GF ) +oTr® —ip). (40)
The condition (40) can be reformulated as

0€dfwh) +Fx+oF(Fut+Gv—c)
+oFGHE; (@ — GF it — £,0) + o Ty (ut —it).

Thus, we have
0edfwh) +Fx+oF(Fut + G0 —c)+8; +oTr(u™ — i), (41)
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which can equivalently be rewritten as

. - . o _
ut = argmin, Lo (u, U; %) + (8, u) + E”M — u||27f.

The equivalence between (36) and (37) then follows. This completes the proof of this
proposition. o

Proposition 3 Let (Siﬁ = 8g(uk, vk, x") fork = 0,1,2, ... We have that kL and
V&1 obtained by Algorithm SCB-SPALM for solving (27) can be generated exactly
according to the following procedure:

Wt = argmin,, Lo (u, v5; x%) + (85, u) + S llu —u*|13,
Vit = argmin, Lo Wt vixk) + G v — kaI%;, (42)

xk-‘,—l — xk + ‘[(T(f*uk+l +g*vk+l —0).

Equivalently, u**', v**1) can also be obtained exactly via:

ok = argmin, L, (u*, v; x*) + Zlv — vk||%;7,
uFt! = argmin, Lo (u, 0% x%) + llu — uk||%—f,
VA = argmin, L, @, v; x%) + S v — vk||%-g,

XK = k4 ro (Frukt! 4 groktl — o).
Proof The results follow directly from (36) and (37) in Proposition 2. O

Remark 2 (i) Note that comparing to (21) in Algorithm SPADMM, the first subprob-
lem of (42) has an extra linear term (Slg, -). It is this linear term that allows us
to design a convergent SPADMM for solving multi-block convex optimization
problems.

(ii) The linear term (8%, ) will vanish if £, = 0, & = GG* > 0 and a proper
starting point (1°, v, x0) is chosen. Specifically, if we choose x° € X’ such that
Gx" =band °,1%) € dom(f) x V such that v = &, 'G(c — F*uP), then it
holds that Gx* = b and v¥ = Eg_lg(c — ]-"*uk), which imply that 8’; =0.

(iii) Observe that when 77 and 7, are chosen to be 0 in (42), apart from the range
of 7, our Algorithm SCB-SPALM differs from the classical 2-block ADMM for
solving problem (27) only in the linear term (8§, -). This shows that the classical
2-block ADMM for solving problem (27) has an unremovable deviation from
the augmented Lagrangian method. This may explain why even when ADMM
type methods suffer from slow local convergence, the latter can still enjoy fast
local convergence.

In the following, we compare our Schur complement based proximal term 5 [lu —
uk ||%A. +% lv—v¥ %- used to derive the scheme (42) for solving (27) with the following
f g

proximal term which allows one to update « and v simultaneously:
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o .
S (G v) = @O+ e = bl + o =087 with @)
_( D1 —-FG*
M=(_g 5 ) o0

where D1 : U — U and D, : V — V are two self-adjoint positive semidefinite linear
operators satisfying

Dy = V(FGHFGH* and Dy = J(GFHNGF*)*.

A common naive choice will be D} = AnaxZi and Dy = AmaxZy where Apax =
NFG*ll2, Zy : U — U and I : V — V are identity maps. Simple calcula-
tions show that the resulting semi-proximal augmented Lagrangian method generates
(uktL ok Xkt ag follows:

uk ! = argmin, Lo (u, v*; 5 + $lu — u¥ 13 7
VA = argmin, L, v; x%) + v — vk||%2+717, (44)

XK = xk 4 oro (Fruktt 4 groktl — o).

To ensure that the subproblems in (44) are well defined, we may require the following
sufficient conditions to hold:

o' S+ T+ FF +Di =0 and o ' X, + T, + GG+ D, > 0.

Comparing the proximal terms used in (31) and (43), we can easily see that the dif-
ference is:

2

_ .k

vs. [l v) = @F o915,

To simplify the comparison, we assume that

Dy = V(FGHNFGH* and Dy = (GF*)(GF*)*.

By rescaling the equality constraint in (27) if necessary, we may also assume that
[IFIl = 1. Now, we have that

FGE;'\GFF < FF*
and

k
I

k2 k2
llu —u < llu—ullzp < llu—u|”

2
FG*E;'GF+
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In contrast, we have

e 0) = @ )R =2 (e = a1, + o = 041,
= 217G (lu = k12 + o = 0¥

= 21G1 (e = w2 + v = o)),

which is larger than the former upper bound |u — uk )% if |G = 1/2. Thus we

. _ k .
can conclude safely that the proximal term |ju — u|| Fgre; g7 can be potentially

much smaller than ||(«, v) — (u*, v¥) I|3\4 unless ||G|| is very small. In fact, as a simple
extension to (43), for the general multi-block case, one can always design a similar
proximal term M to obtain an algorithm with a Jacobian type decomposition.

The above mentioned upper bounds difference is of course due to the fact that the
SCB semi-proximal augmented Lagrangian method takes advantage of the fact that
g 1s assumed to be a convex quadratic function. However, the key difference lies in
the fact that (44) is a splitting version of the semi-proximal augmented Lagrangian
method with a Jacobi type decomposition, whereas Algorithm SCB-SPALM is a split-
ting version of semi-proximal augmented Lagrangian method with a Gauss-Seidel
type decomposition. It is this fact that provides us with the key idea to design Schur
complement based proximal terms for multi-block convex optimization problems in
the next section.

3 A Schur complement based semi-proximal ADMM

In this section, we focus on the problem

p q
min f() + D600 +g0) + D ¢;(z)

i=1 j=I

P q @3)
s.t. Ffu + ZA?)’I‘ +G%v+ ZB;fzj =c
i=1 j=1
with all 6; and ¢; being assumed to be convex quadratic functions:
1 1
0; (i) = E(yi, Piyi) = (bis yi),  @j(z;) = 5(2/» Qjzj) —(dj, z;),
fori=1,...,pand j =1,...,q, where P; and Q; are given self-adjoint positive
semidefinite linear operators. The dual of (45) is given by
P q
max { —(c, x) — f*(=Fx) = D67 (=Aix) — g*(—=Gx) = D ¢} (-Bjx) { .
i=1 j=1
(46)
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which can equivalently be written as

4 q
min (¢, x) + () + D_07() + 8" () + D ¢F(w))

i=1 j=1
st. Fx+s=0, Aix+ri=0, i=1,...,p, 47)
Gx+t=0, Bjx+w;=0, j=1,...,q.

Fori = 1,..., p, let &, be a self-adjoint positive definite linear operator on )
such that it is a majorization of ¢ ~'P; + Ai A% e,

&g =07 P+ AiAL
We choose &, in a way that its inverse can be computed at a moderate cost. Define
Ty, =E —0 P —AAF =0, i=1,...,p. (48)

Note that for numerical efficiency, we need the self-adjoint positive semidefinite linear
operator Zg, to be as small as possible for each i. Similarly, for j =1, ..., ¢, let S(p_ j

be a self-adjoint positive definite linear operator on Z; that majorizes o ~' Q; + B; B}
in a way that é'g;jl can be computed relatively easily. Denote
Ty =&y, —0'Q; —BjBi =0, j=1,....q. (49)

o

Again, we need the self-adjoint positive semidefinite linear operator 7, to be as small
as possible for each ;.
For notational convenience, we define

ySi :=(}’17YZ,--~,Yi), Yzi:=(yi,yi+l,~~7)’p), l=07’p+1

with the convention that yo = y,11 = y<0 = y>py1 =¥. Fori =1, ..., p, define
the linear operator A<; : X — ) by

Ajx
Aox
. = Agyx = Aix x Ayx ... x Aix Vx e X.
A;ix
In a similar manner, we can define z<;, z> for j =0, ..., g + 1 and define the linear
operator B<; for j =1, ..., q. Note that by definition, we have y = y<), z = z<4,

A= A<, and B=B,.
Define the affine function I" : U x YV x V x Z — X by

F'u,y,v,2) =Fu+A'y+Gv+B2—c Yu,y,v,2) eU xY xV x Z.

Leto > 0be given. The augmented Lagrangian function associated with (45) is given
as follows:

@ Springer



350 X.Lietal

Ls(u,y,v,2;x) = fu) +0(y) +gw) + i)+ (x, I'(u,y,v,2))
+ 2T Gy, 0. 2
where 0(y) = Zle 0; (v;) and ¢(z) = 23:1 ©;(z)).

Now we are ready to present our SCB-SPADMM (Schur complement based semi-
proximal alternating direction method of multipliers) algorithm for solving (45).

Algorithm SCB-SPADMM: A Schur complement based SPADMM for solving
45).
Let 0 > 0 and © € (0, 00) be given parameters. Let 77 and 7, be given self-
adjoint positive semidefinite operators defined on U/ and V respectively. Choose
(uo, yo, w9, 20, xo) e dom(f) x Y xdom(g) x Zx X.Fork =0, 1,2, ..., generate
(uktt, ykF1 k1 2kt 1y and xk+1 according to the following iteration.

Step 1. Compute fori = p,..., 1,

<k

. _ o
yi = argmin, Lo, (5% i F2ip0) 05 852 + Sl = i1
where 7p, is defined as in (48). Then compute

) _ o
uktl — argmin, Lo (u, v¢, ok, 25 xR + 5||u — uk||2Tf.

Step 2. Compute fori =1,..., p,

k+1 k+1

k+1 <k k k. ky O k)2
y[ ,()’5,'_17 Yis y2i+1)1v y 45X )+El|yl - )i ”7—91

= argmin,, Lo (u

Step 3. Compute for j =g, ..., 1,

—k _ . k+1 k+1 k(. k =k Coky 9 k2
;= argming, Lo u"",y ,v,(zi,_l,z,,zzﬁl),x)+5||z,—zj||7—¢j,

where 7, ; is defined as in (49). Then compute

1 — o
VT = argmin, £, 0,2 + S — o
Step 4. Compute for j =1,...,q,
1kl kel kel ok
21 = argmin Lo ’yk+2’v LS 2 i)
+ A |
' 9| 3z - i,

Step 5. Compute

xk+1 :xk + ‘Eo’(]:*uk_l_l +A*yk+1 +g*vk+1 +B*Zk+1 —0).
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In order to prove the convergence of Algorithm SCB-SPADMM for solving (45),
we need first to study the relationship between SCB-SPADMM and the generic
2-block semi-proximal ADMM for solving a two-block convex optimization prob-
lem discussed in the previous section.

Define forl/ =1, ..., p,

[
fiw) = f@),  firru,y<) = f@)+ 2 0;i) Y@, y<) €U x Ve,

i=1
where Y<; = V1 X V2 x ... x Y. Similarly, for/ =1, ..., g, define Z; = Z| x
Zy X ... x Z;,and
!
g1(v) =g, g1, z<) :=gW)+ 2 9j(z;) Y, z<) €V x 2.
Jj=1

Denote Aj = F|' = F* and By = G = G*. Let

% __ % * * * _ * * *
i+1—(f» 1""’Ai)’ j+1—<g, 1""’Bj)’

fgri =1,...,pand j =1, ..., q. Define the following self-adjoint linear operators:
Tfl = 'Tf + f]ATge_llAlf*,
T /j:f-_l xo—1 * .
Tfl = ! ) +EA1891 Alﬁy l:21-"7p (50)
i—1
and Ty, := T, + G\B;E, ' B1G},
"f . /?8;'—1 * o—1 * .
g = ,]:p 1 +ngj€<Pj ngj’ j=2,...,q. (1))
i

Let (v,z,x,¢) €V x Z x X x X be given. Denote
C=c—Gv—B%2 and y:=-I'(1,y,7,7).
Define
Bp.j = A1 Ay, by — ApX = Ppyp +o A7), j=1....p (52

andfori=p—1,...,1,

14
Bij = Aj-1 A7 (bi — D Briti — Ak —Piyi + GM), j=1i0
k=i+1
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Let
B p
8o =D Bil- (53)
i=1

We will show later in Proposition 4 that 8y is the auxiliary linear term associated with
problem (45). Recall that

_ - _ _ _ _ o -
Lo, y, v,z %)= fw)+0(y)Hg0)+e(@)+(X, F(u,y,v,z)>+5||1“(u,y,v,z)||2-
Fori = p,...,1,lety! € ); be defined by

. - - - - - o _
yi = argminy, Lo (@, (i1, ¥ Y1), 0,5 ) + i = 5illg,

= 5971(0_1171' — o\ AE + To 5 + AL AT — AT (i, (G<io1, i, ¥eit1): 0, 2)
(54)

with the convention y’ | = . Define (u™, y™) e U x Y by

Loy, 9,75 %) + Sl yp-1) = @@, I<p-DlI3 ]
n L

*,y") ;= argmin,

@™, y™") arg u,)l—i—%“)’p_yp”z%p

(55)
The following proposition about two other equivalent procedures for computing
(u™, y1) is the key ingredient for our algorithmic developments. The idea of proving
this proposition is very simple: use Proposition 2 repeatedly though the proof itself
is rather lengthy due to the multi-layered nature of the problems involved. For (55),
we first express y, as a function of (u, y<,_1) to obtain a problem involving only
(u, y<p—1), and from the resulting problem, express y,_1 as a function of (u, y<,—2)
to get another problem involving only (u, y<,—2). We continue this way until we get
a problem involving only (u, yi).

Proposition 4 The optimal solution (u™, y*) defined by (55) can be obtained exactly
by

{ wh = argmin, Lo (u, 3, 0,2 %) + (8g. u) + Gllu — 7.

yi =argming, Lo @t (0503 ¥50), 0,5 0+ 5 Iy = Fillg, . i=1,....p
(56)
where the auxiliary linear term 8y is defined by (53). Furthermore, (u™, yt) can also
be generated by the following equivalent procedure

u" = argmin, Lo (u,y', 0,72 %) + §llu — IZIIZTI,
yl+ = argminyl- LO’(MJ’_? (}’;_1’ yi7 y/zi_l,_l)a l_)7 Z’ i) + %”yl - .)_}l”%) ’ i=]""’p‘
(57)
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Proof We will separate our proof into two parts and for each part we prove our con-
clusions by induction.

Part one. In this part we show that (u™, y*) defined by (55) can be obtained exactly
by (56). For the case p = 1, this follows directly from Proposition 2.

Assume that the equivalence between (55) and (56) holds for all p < [. We need
to show that for p = [ + 1, this equivalence also holds. For this purpose, we consider
the following optimization problem with respect to (u, y<;) and y;41:

min fip1(u, y<i) + G141 (vi+1) + g(0) + ¢(2)
st Fipy (u, y<) + Al e = € (58)

The augmented Lagrangian function associated with problem (58) is given by

Ly y<r), yrats 9,7 %) = fio1 (s y<1) + 041 (Gi1) + 8(0) + 92
+(x, Tlu, y, 6,2)>+%||F(u,y,ﬁ,z>||2. (59)

We denote the vector dg,,, as the auxiliary linear term associated with problem (58)
by

o1 = Frt A &y L (i — Arpr® — Proa i + o A p). (60)

1+1

Note that by the definition of ;41 and p = [ + 1, we have

l
(80, . y<1)) = (Bp.1. w) + D _(Bp.jt1. ¥j)

j=1

with B8, j, j =1,...,1+ 1, defined as in (52).
By noting that L. ((u, y<1), yi41; 0,2, %) = Lo, y<i, Y41, U, Z; %), We can
rewrite problem (55) for p =1 + 1 equivalently as

(@, y5), v

[ LNy s 9,2, 0) + Sl y=) — @, F=DlIE
= argmin - - i1 (61)
+ 3l = ynllg
Then, from Proposition 2, we know that problem (61) is equivalent to
LU, y<0), 1415 0,2, %) + (6,410 W, y<1))
. a (i 5 2
", y%) =argming, ,_, 1 T2 I Cue, )’fl—l) (u, ysz—l)llel ,
+5 v — ylll%;,l
(62)
. R o -
i =argming, L@, yE), v 0.2.8) + 5 Iyt = Jig 1%, (©3)
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By observing that L5 ((u™, yE), yig1:0.2,%) = Low™, yE, v, 0,2 X), we
know that problem (63) can equivalently be rewritten as B

. __ 0 _
iy =argming Lo, yE, vy, 0,2 %) + Sy = yl+1||%;)[+l- (64)

In order to apply our induction assumption to problem (62), we need to construct a
corresponding optimization problem. Define fori =1, ...,1, b; :=b; — Bp i+1,

0 (i) = 6;() + (Bp.iv1. i) = 3001, Piyi) — (b yi) ¥ yi € i,
fiw) = f@)+ (Bp.1, u), and
i
frnr@, y<) = fr) + D" 8;(y) V@, y<) €U x V<.
j=1
We shall now consider the following optimization problem with respect to (1, y<):

!
min i) + > 6 ) + 641 Gi) + 8(0) + 9(2)

i=1
s.t. Fu + A”[;lyfl = c— Al Vi1 (65)
The augmented Lagrangian function for the problem (65) is defined by
1
Lo, y<i; 41,9, 2,%) = fi@) + D600 + 01 Gipn) + 2@) + 9(2)
i=1
(D G ), 0. 9) + S0 (vt ). 8.9
Define
7?;1_ =Ty, and TﬁE’Tfl., i=1,...,1.
By using the definitions ofg,- and f:-, i=1,...,1, we have
Eg=8 and T;=Tp, i=1...1 (66)

Therefore, problem (62) can equivalently be rewritten as

Lo , Lo (u, y<is i1, 9,2, %)
(0 2) = 88y | + 51 ya-n) = G Fa-DIF + Sl =5l |
1 1

(67)
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Define

Bl = A ATE B — AE =P+ o A, =1,
andfori=/—1,...,1,and j=1,...,1,

~ ~ [

Bi,j = Aj—lAfr‘:g_il (bi - k:;Hﬂk,H-l —Aix =Py + UAiJ;)-

The auxiliary linear term 8 associated with problem (67) is given by

!
5= > il (68)
i=1
We will show that fori =1,...,1,

Bii=pB; Yi=1,...,i (69)
First, by using (66), we have for j = 1, ..., [ that
B = AjflA?‘ngl(gz —Aix =Py +oAiy)
= Ajfl-AZkggjl(bl = Biri+1 — AX =Py + o Aiy) = B ;.

Ihat is, (69) holds fori = [ and j = 1,...,l. Now assume that we have proven
Bi,j = Bi,j foralli > k+1withk+1 </and j =1,...,i. We shall next prove that
(69) holdsfori = kand j =1, ..., k. Again, by using (66), we have for j = 1, ...,k
that

!
Br.j = Aj—lAigg_kl (Ek - Z Bkt — Ak — Pidi + (7.Ak]7)
s=k+1

!
= Aj 1A, (bk —Boks1 — D Bkt — AX — Piji + U-Ak);)
s=k+1

+1
= Aj A8, (bk — D Bokrt — Ak — Pidi + G.AkJ;) = Br.j
s=k+1
which, shows that (69) holds fori = kand j = 1, ..., k. Thus, (69) is proven.
Fori =1,...,1, define y; € ); by
~ . 5 = = ~ .- R g -2
y; = argming Lo, (Y<i—1, Vi, Y>i11); V41, U, 2, %) + E”)’i = Yillz
= 5571 (U_lgi — U_I.Ai)f + 7;7,)71 + .Ai.A;k}_)l‘

—AiT (@, (i1 Vis Yojy1s Yi41): 0, 2)),
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where we use the convention y; +1 = ¥. We will prove that
W=y Vi=l.. 1 (70)

We first calculate

/ - -1, -1 ~1 - - -
Yigt = Vw1 = &g (0 b — 0 A X + Toy Yier + At Ay Vi

+A Y — Eoy Y1)
Epl (0 by — o T At E — o T P B + A7),

= Y041

which, together with the definitions of 8, ; in (52), implies

A Vg = ) =0 Bpipt Yi=0,...,1 (71)

Now, by using (66), (71) and the definitions of y; and y;, we have

=V = 5971 (07" Bpuast + ALAT L Gt — Y4)
= 5971(0—_1,31?,l+1 — o 'B,111) =0.
That s, (70) holds for i = /. Now assume that we have proven y; = y! foralli > k41

with k + 1 < [. We shall next prove that (70) holds for i = k. Again, by using the
definitions of y; and y; and noting

F(ﬁa (ygk, 73]{4.1’ yl+1)5 57 E) - F(I/_l’ (yfkv y/zk+1)7 l_)a Z) = A?J,_[(yl‘#l - yl/+1)7
we obtain that

Vi =T = &5 (07 bk = bi) + AeAfy Grer — Y4p)
=&, (07 Bparr + AcATL Gt — ¥i10)
= gél(gilﬁp,kﬂ — o "Bpit1) =0,

which, shows that (70) holds for i = k. Thus, (70) holds.
By applying our induction assumption to problem (67), we obtain equivalently that

. ~ _ _ - - o _
u® = argmin, Lo, <3 541, 0, 2, 5) + (85, w) + 5 lu — a7, (72)

. 5 ~ - - o _
vt = argming, Lo @, (v5 5 v )i i 0,250 + Sl = 5illg, (73

fori = 1,...,1, where we use the facts that Tfl = T¢ and ’Z};l, = Ty, fori =
1,...,1. By combining (69) and the definitions of 5 and 85 defined in (53) and (68),
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respectively, we derive that

_ / [
S0 =2 Bi1+ By =2 Bit + Biy1,1 =85 + P11 (74
i=1 i=1

By direct calculations,

I
Lo, <5 141, 0,2, %) = Lo, 3,0, 2 %) + (Brr1, Zﬂl+lz+1, 3i)-
(75)

Using (70), (71) and the definition of Zg, we have fori =1, ..., that

Lot 0F i Yo )i 9141 0. 2.5 = Lo 0%,y vLi0). 0.5 0)
= Lo @™, 7L _p yi yipre o0 3D Frg1, 9,2, )
— Lo, (v v ¥ei40)5 0,2 X)
= (Bp.it1, yi) + (O AALL Gt — yip)s vi) +ai
= ci, (76)

where ¢; is a constant term given by

i—1

ci = (B ut) + D (B i+ Z (Bi+1,j+1, ¥;)

j=1 Jj=i+1
+ 041G D) — O 1 () + F, Al Gt — Yigp))

o -
5 (AT G = 31D, 2T+ AL S

l
+ D A =8+ AR G+ )

j=i+1

Thus, by using (74), (75) and (76) we know that (72) and (73) can be rewritten as

i =argming, Lo @t (v5 v o), 0. 5045y = Sillg, . i=1.00

ut = argmin, Lo (u, 3, 0, % %) + (8, u) + Gllu — ﬁllsz,

Y
which, together with (64), shows that the equivalence between (55) and (56) holds for
p =1+ 1. The proof of this part is completed.

Part two. In this part, we prove the equivalence between (56) and (57). Again, for the
case p = 1, it follows directly from Proposition 2.

Assume that the equivalence between (56) and (57) holds for all p < [. We
shall prove that this equivalence also holds for p = [ + 1. Write fo(-) = f(-) +
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Zﬁ:l (Bi.1, -). Since fy differs from f only with an extra linear term, we define
T4, = Tr. In order to use Proposition 2, we consider the following optimization
problem with respect to u and y;1:

l
min fo(u) + 041 (Vi+1) + 291' i) +g) + @)
i=1
s.t. Fru + A7+1y1+1 =c— A;l)_g]. (77)

The augmented Lagrangian function associated with problem (77) is given as follows:

I
L, yig1s Y1, 0,2, %) = fou) + 1 (1) + Zei(ﬁi) + () +¢(2)
i=1
_ _ o _ _ -
+ T, Gty 3140, 0, D)+ SN, G i), 3, DI
By observing that
I
LY. Fr41: <1, 0. 2. %) = Lo, 5. 0.2 5) + D (Bir. u) and Tp, =Ty,
i=1

we can rewrite the first subproblem in (56) as

ut

ety o 2
= argmlnu Eo‘(uv yl+1v yflv v, Z, -x) + <18l+1,la M) + —”M - M”Tfo (78)

2
By using the definition of y; 41 given in (54), we have

Vi = 59;11 (0™ b1 — At ) + Top Vit + At A i + A 7). (79)
Since
1
LY@,y F<i, 0,2, %) = Lo (@, (Gt yi41), 0,2 %) + D _(Bit, @),
i=1
the point y; 41 can be rewritten equivalently as

/ . 0/~ N -2
Vigy = argming Lo (i, yi415 Y<i, U, 2, X) + Ellym —yiellg, - B0

Then, by applying Proposition 2 to problem (77) with respect to # and y;1, we know
that problem (78) is equivalent to

. _ R o _
ut = argmin,, Lg(u, yl’+1; Y<i,V,2,X) + EHM — u||%?0. (81)

@ Springer



A Schur complement based semi-proximal ADMM 359

In order to apply our induction assumption to problem (81), we need to consider
the following optimization problem with respect to (u, y<;):

I
min £ () + D 0:(3i) + 01 (0740) + 8@D) + 9(2)

i=1
s.t. Fr(u) + AL y<p = ¢ — A1V (82)
The augmented Lagrangian function associated with problem (82) is given by
!
Lo, y<is Y412 0,2, %) = f@) + D 60:(3) + 011 (1) + 8(0) + ¢(2)
i=1
+(x, T, <, ¥149)5 0, 2) + %IIF(u, (y=t> ¥i1), 0 DI
Define
yi=—I, <, y40).0,2) and by :=bj — Aix —Piyi, i=1,...,L
For problem (82), we define the following associated terms
Blj = A A (i +oAp), j=1.....1
andfori=/—-1,...,1,
l
E,j = Aj—lA}kgf;l (hi — Z Briti —i—aAﬁ), j=1,...,i
k=i+1

The auxiliary linear term 3 associated with problem (82) is given by

—~ L
s =2 Bi1 (83)
i=1
We will show that, fori =1,...,1,
Ez‘,j = Bij Yj=1,...,0 (84)

Similar to what we have done in part one, we shall first prove that E; j = B, for
j=1,...,l.Infact, for j = 1,...,1, we have
Bij = A1 A (i — By + o Aiy)
= A1 ALy (= ALAT L €L (hist + 0 A7) + 0 Arp)
= Aj1 A7 €y (i — o AT @, (1. ¥]41). 0. 2)
= Aj 1 ATE  (h + o A1) = Buj.

@ Springer



360 X.Lietal

where the third equation follows from (79) and simple calculations. This shows that
(84)holdsfori =land j =1, ..., l.NowweassumethatB\,-,j =, jforalli > k+1
withk +1 <land j = 1,...,i. Next, we shall prove that (84) holds for i = k and
j =1,..., k. By direct calculations, we know for j = 1, ..., k that

I+1
Br,j = Af]A,fé‘ezl (hk — Z Bs.k +0Ak)7)

s=k+1

I
= AjflAz%;‘ (hk - Z Bsk — Btk + OAk?)

s=k+1

l
= A1 A& (hk = > Bk — ACALLE ] G + 0 Ay + 0Ak77)
s=k+1

l
= Aj1ALE! (hk — > Sok — o AT, (Gt V4. By 2))
s=k+1

I
= Aj,lAzggzl (hk - Z o,k +0J4k57) = Brj
s=k+1

which, shows that (84) holds fori = k and j = 1, ..., k. Therefore, we have shown

that (84) holds.
Fori =1,...,1, define y; € ); as

. -~ = - [ o _
Vi = argminy, Lo (it, (J<i—1, Yi» Yoi 1) Vg1, 05 2, %) + S lyi = inI%;,i
= 5971((7_1@ — U_I.A,')E + 7o, yi +.Ai./4;k)—1,'
_AZF(IZ, (yfi—l’ )_}l" 37,2[-1,-11 yl/-l,-l)’ l_)v Z))s

where we use the convention y; 41 = Y. We will prove that
Y=y Vi=1,...,L (85)
From (85), we know that

Y =& (o b — o T AE + To, 1 + ALAT T — AT (@, (G<imt, 315 V) 11)s 5 2))s

1

which is exactly the same as yl’ defined in (54). This shows that (85) holds fori = [.
Now we assume that 3/ = y/ for all i > k + 1 with k + 1 < [. Next, we shall prove
that (85) holds for i = k. Again, by using the definition of 'y’j{ in (85) and the definition
of y; in (54), we see that
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5 = &1 o~ b —_o__lAk)E —1— To, i + AkA,f)_i_k i
k Ok _Akr(u»(yfk—l» yka,)yzk_f_l’ y[/+1)1 v, Z)
=& (07 b — o AkE+ T, r+ Ac AL Tk — AT (i1, (F<k—1: ko Yopp1) 9. 2))

!/

Thus, (85) is proven to be true.
By direct calculations, we obtain from (83) and (84) that

1
Lo, yyy1s Pty 0.5, %) = Lo, 5t Yy, 0,2, 0) = D (Bit, u) = (3, u).

i=1

By using (86) and 75, = 7y, we can reformulate problem (81) equivalently as

* = argming Lo (. <13 Y}y y0 0.2, 5) + (0, 1) + —||u — i) 87
u _argmlnu U(u7y§l7 yl+1,v,Z,X)+( s M)“r‘ 2”” u”Tf ( )

Then, from our induction assumption we know that problem (87) can be equivalently
recast as,

P (% . R <12
i = angming, Lo, (V<iots ¥is Yoy 1) ¥igrs 050 + Slyi = illz,  i=1,...,1
u+ = argminu Eo'(ua 3]\,5]; y[,+17 l_)v Z’ )E) + %”u - lz”%’['

(88)
By using (85) and observing
Lo, y<i: Y11, 0,2, %) = Lo (U, y<i, Yi41, U, 2 X)),
we know that (88) is equivalent to
vl = argming, Lo, (Gzimt. ¥ Vo) 0. 50 + Sl = 5il% . i=1....1,
ut = argmin, Lo (u, (yop0 y/41)s 0,2 %) + 5 llu — ﬁllsz,

which, together with (80), shows that the equivalence between (56) and (57) holds for
p =1+ 1. This completes the proof to the second part of this proposition. O

Proposition 5 For any k > 0, the point (x**1, y*¥1 yk+1 241y obtained by Algo-
rithm SCB-SPADMM for solving problem (45) can be generated exactly according to
the following iteration:
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e . Lo (u, y, 05, 245 x5
utl,yt") = argmin,, ,

5w y=p-1) = @5, IR+ Slve = VI,
(vk+1 21 = aremin Er Ly w2

TR g0 ez — 0R  DIE Sl -l [
xk+1 — xk + tG(f*ukJrl +A*yk+1 +g*vk+1 +B*Zk+1 _ C).

Proof The (u**!, y**1) part directly follows from Proposition 4. The conclusion
for the (vF*!, z¥+1) part can be obtained in similar arguments to the part about
(u*+1, yk+1) Hence, the required result follows. O

Write Xy = Xy and Xy, = X. Define

e Efi—l P
Zf[.._( Pi_l)’ i=2,....,p+1

and

2. .
Z'gj:z( 8j-1 le), j=2,...,9+ 1.

In order to prove the convergence of our algorithm SCB-SPADMM for solving problem
(45), we need the following proposition.

Proposition 6 [t holds that

7,
fp+1f;+1+o_12fp+l+( Fr )>0©.7:.7:*+a_12f+7f>0, (89)

T,

~

7 .
w )>O¢>gg*+a IS, + T, > 0. (90)

-1
Gg+1G441+ 07 Ty + ( .
q

Proof We only need to prove (89) as (90) can be obtained in the similar manner. For
i=3,...,p+ 1, wehave

~

_ oy

_ (fi—lfi*_l +o7'Z + T, FitAf )
Ai1F A A +o P+ T, )

Since &,_; = Ai—1 A} + o P+ Tg,_, > Oforalli > 3, by the Schur comple-
ment condition for ensuring the positive definiteness of linear operators, we have
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(ﬁ'lﬁ*_l +o7 Dy + T, fi1«4}"_1) .0
Aifl}-i*—l o,
_
FiaFf 40 2+ Ty — Fia A & AL FE -0
¢

7;.
FiaFr +o7 1z +( fi2 ) > 0.
i—1/7 fie1 7’91_72

Therefore, by taking i = 3, we obtain that

-~

_ 7, _
Fpr1Fppto T +( I T )>0©}"2f2*+0 12f2+<Tf1 72)l) > 0.
14

Note that

_ '? ]'—1.7:*4-0'_12 +§> Fr A%
Ty 5> N — 1 WAl N 1
272te f2+( 7, AT ALAL + 0P+ T,

Since &, = A A} + o~'Py + Ty, > 0, again by the Schur complement condition
for ensuring the positive definiteness of linear operators, we have

FIFi+07' S5 + T FATY
Alfik &,
¢
FIFf+07 5y + Tp, — FLALE, A1 Ff = 0
¢
]—“]—“*+o—12f+7'f > 0.

Thus, we have

_ T
fp+1f;+l to lZ‘f]7+1 +( T T

Op

)>O©ff*+o_12f+’ff>0.

The proof of this proposition is completed. O

Note that in the context of the multi-block convex optimization problem (45),
Assumption 2 takes the following form:

Assumption 4 There exists (i, y, U, z) € ri(dom f) x ) x ri(dom g) x Z such that
F*u+ A*y + G*0 + B*Z = c.

After all these preparations, we can finally state our main convergence theorem.

Theorem 3 Let X'y and X, be the two self-adjoint and positive semidefinite operators
defined by (24) and (25), respectively. Suppose that the solution set of problem (45)
is nonempty and that Assumption 4 holds. Assume that Ty and T, are chosen such
that the sequence {(u*, y*, v, zX, x*)} generated by Algorithm SCB-SPADMM is well
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defined. Recall that Ty, is defined in (48) for 1 < i < p and I, is defined in (49)
for 1 < j < q. Then, under the condition either (a) T € (0, (1 + \/5)/2) or (b)
T > (1+/5)/2 but 332, (1G* W — vk + BF(*HT — 2|12 + =1 Pkt +
Asyktl gkt L Bkt _ )12) < oo, the following results hold:

Q) If u®, y*©, v™>®, z2°, x®) is an accumulation point of {(u*, y*, v, X, x*)}, then
U, y*°, v, z%°) solves problem (45) and x° solves (48), respectively.

@ii) Ifboth o ! Ye+Ty+FF*and o ! X +T,+GG" are positive definite, then the
sequence {(uk, yk, vk, 7, xk)}, which is automatically well defined, converges
to a unique limit, say, (u®, y>°, v>°, z°°, x®) with (u°, y*>°, v*>°, z°°) solving
problem (45) and x*° solving (48), respectively.

(iii) When the u, y-part disappears, the corresponding results in parts (i)—(ii) hold
under the condition either T € (0,2) or T > 2 but Z/fio ||g*vk+1 + BrhFl —
c||2 < Q.

Proof By combining Theorem 1 with Propositions 5 and 6, we can readily obtain the
conclusions of this theorem. O

Remark 3 Our SCB-SPADMM algorithm actually provides a potentially efficient
approach to handle large-scale and dense linear constraints. When dealing with such
difficult linear systems, instead of being trapped with the possible convergence issues
brought about by inexact solvers such as conjugate gradient methods, one can always
first decompose the large systems into several smaller pieces, and then apply our SCB-
SPADMM algorithm to the decomposed problems. As a result, these smaller systems
can always be handled by adding suitable proximal terms or by solving them exactly.

4 Numerical experiments

We first examine the optimality condition for the general problem (45) and its dual
(46). Suppose that the solution set of problem (45) is nonempty and that Assumption
4 holds. Then in order that (u*, y*, v*, z*) be an optimal solution for (45) and x™* be
an optimal solution for (46), it is necessary and sufficient that (u*, y*, v*, z*) and x*
satisfy

Fru+ Yl Ay + G v+ Z?:] Bizj=c,
f@) + f*(=Fx) = (=Fx, u), 0;(yi)) +07(—=Aix) = (—=Aix, yi), (1)
g() + g"(=Gx) = (=Gx, v), ¢;i(z) + ¢ (=Bix) = (=Bix, z),

fori =1,...,p,and j =1, ..., g. We will measure the accuracy of an approximate
solution based on the above optimality condition. If the given problem is properly
scaled, the following relative residual is a natural choice to be used in our stopping
criterion:

n=max{np, s, Ng. N6. Mg} ©2)
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where
B |F*u 4+ A*y + G*v + B*z — ¢|| o lu — Proxs(u — Fx)||
L+ ell ’ L+ Jull + 1 Fxl
0. = lv — Proxg(v — Gx)| o = max lyi — Proxg, (yi — Aix)|l
¢ L+ ol +11Gx] i=l..p 14yl + 1 Aixl 7
llzj — Proxy, (zj — Bjx)|
Ne =

max
j=leg L llzill + 1Bjxl
Additionally, we compute the relative gap by

objp — objp
1+ | objp|+|objpl’

Ngap =

where objp := f(u) + Z;."zl Gi(y,) +g) + Z? L 9j(zj) and objp 1= —(c, x) —
f*(s) — le 105 (ri) — g%(t) — j 1 9] *(wj). We test the following problem sets.

4.1 Numerical results for convex quadratic SDP

Consider the following QSDP problem

1
n §<X, QX) +(C, X)
st. AgX =bg, A/ X>b;, X ES_T_HIC 93)

and its dual problem

1
max —8;-(—Z) + (b, yr) — E(X/’ OX') + (bg, yE)
st. Z4+Ajyr — QX'+ S+ Apye =C, y; >0, Se8i. (94)

We use X’ here to indicate the fact that X’ can be different from the primal variable
X. Despite this fact, we have that at the optimal point, QX = QX’. Since Q is
only assumed to be a self-adjoint positive semidefinite linear operator, the augmented
Lagrangian function associated with (94) may not be strongly convex with respect
to X’. Without further adding a proximal term, we propose the following strategy
to rectify this difficulty. Since Q is positive semidefinite, Q can be decomposed as
Q = B*B for some linear map B. By introducing a new variable & = —BX’, the
problem (94) can be rewritten as follows:

1
max —85-(—2) + (br, yr) — —||E||% + (bE, YE)
st Z+ Ay +B*E+S+Apye=C, y1 >0, Se&]. (95)
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Note that now the augmented Lagrangian function associated with (95) is strongly
convex with respect to ='. Surprisingly, much to our delight, we can update the itera-
tions in our SCB-SPADMM without explicitly computing B or B*. Given Z, ¥;, S, &
and X, denote

ot
=’

. 1 fo _ — _ =
‘= argming §||5||2 + E”Z + A5+ B*E + S+ Aye — C + o' X
= —(Z+0oBB*)"'BR,
where R = X +0(Z + A;5; + S + A 3g — C). In updating the SCB-SPADMM
iterations, we actually do not need £+ explicitly, but only need T := —-B*Z*.From

the condition that (Z +o0 BB*)(—&71) = BR, we get (I +0B*B)(-B*E1) = B*BR,
hence we can compute T+ via Q:

t =T +090) "1 (QR).

Infact, Y := —B*Z canbe viewed as the shadow of QX’. Meanwhile, for the function
5,’%(—2), we have the following useful observation that for any A > 0,

1
Z* = argmin ‘SIC( Z)+—||Z Z||2 7+ - H;c( 2Z), (96)
where (96) follows from the following Moreau decomposition:
X = Prox;s«(x) + tProx s/ (x/7), V7 > 0.

In our numerical experiments, we test QSDP problems without inequality con-
straints (i.e., A; and b; are vacuous). We consider first the linear operator Q given
by Q(X) = %(BX + X B) for a given matrix B € S’}. Suppose that we have the
eigenvalue decomposition B = PAPT, where A = diag(A) and A = (A, ..., A,)7T
is the vector of eigenvalues of B. Then

(X, QX)

—(X AX + X A) ZZX (A +Aj)

11/1

= ZZXZ H} = (X, B*BX),

i=1 j=I

where X = PTXP, Hj; = /23 BX = Ho(PTXP)and B*E = P(Ho 5)PT.

In our numerical experiments, the matrix B is a low rank random symmetric positive
semidefinite matrix. Note that when rank(B) = 0 and K is a polyhedral cone, problem
(93) reduces to the SDP problem considered in [21]. In our experiments, we test both
the cases where rank(B) = 5andrank(B) = 10. All the linear constraints are extracted
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from the numerical test examples in [21] (Sect. 4.1). For instance, we construct QSDP-
BIQ problem sets based on the formulation in [21] as follows:

1 1
min §(X, QX) + §<Q, Xo) + {c, x)
s.t. diag(Xg) —x =0, a=1,

Xo x n . n .
X:(xTa)ES+, XGIC:{XESXEO}

In our numerical experiments, the test data for Q and c are taken from Biq Mac Library
maintained by Wiegele, which is available at http://bigmac.uni-klu.ac.at/bigmaclib.
html. In the same sprit, we construct test problems QSDP-BIQ, QSDP-6., QSDP-QAP
and QSDP-RCP.

Here we compare our algorithm SCB- SPADMM with the directly extended ADMM
(with step length = 1) and the convergent alternating direction method with a
Gaussian back substitution proposed in [25] (we call the method ADMMGB here and use
the parameter ¢ = 0.99 in the Gaussian back substitution step). We have implemented
all the algorithms SCB- SPADMM, ADMM and ADMMGB in MATLAB version 7.13. The
numerical results reported later are obtained from a PC with 24 GB memory and
2.80GHz dual-core CPU running on 64-bit Windows Operating System.

We measure the accuracy of an approximate optimal solution (X, Z, &, S, yg) for
QSDP (93) and its dual (95) by using the following relative residual obtained from
the general optimality condition (91):

Ngsdp = Max{np, Np, Nz, Ns;,Ns,}» o7
where
IAEX — bEg| ||Z+B*E+S+A’gyE—C||
np=———""-—, 1Ip= ,
1+ [lbEll L+ (C]l
|1 X — (X — 2)| [(S, X)| X — st (X))
7IZ = ’ USI I ——— nSZ = T v
L+ 1 X+ 11 Z]| L+ IS+ 11Xl I+ [1X|

We terminate the solvers SCB- SPADMM, ADMM and ADMMGB when ngsdp < 10~°
with the maximum number of iterations set at 25,000.

The table in the supplementary material (Online Resource 1) reports detailed numer-
ical results for SCB- SPADMM, ADMM and ADMMGB in solving some large scale QSDP
problems. Here, we only list the results for the case of rank(B) = 10, since we obtain
similar results for the case of rank(B) = 5. Our numerical experience also indicates
that the order of solving the subproblems generally has no influence on the performance
of SCB- SPADMM . From the numerical results, one can observe that SCB- SPADMM is
generally the fastest in terms of the computing time, especially when the problem size
is large. In addition, we can see that SCB- SPADMM and ADMM solved all instances to
the required accuracy, while ADMMGB failed in certain cases.

Figure 1 shows the performance profiles in terms of the number of iterations and
computing time for SCB- SPADMM, ADMM and ADMMGB, for all the tested large scale
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Performance profile: iterations

Performance profile: time
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Fig. 1 Performance profiles of SCB- SPADMM, ADMM and ADMMGSB for the tested large scale QSDP

QSDP problems. We recall that a point (x, y) is in the performance profiles curve
of a method if and only if it can solve (100y)% of all the tested problems no slower
than x times of any other methods. We may observe that for the majority of the
tested problems, SCB- SPADMM takes the least number of iterations. Besides, in terms
of computing time, it can be seen that both SCB- SPADMM and ADMM outperform
ADMMGB by a significant margin, even though ADMM has no convergence guarantee.

4.2 Numerical results for nearest correlation matrix (NCM) approximations

In this subsection, we first consider the problem of finding the nearest correlation
matrix (NCM) to a given matrix G € §™:

1
min || H o (X - G)|% + (C, X)

st. AgX = bg, Xe S_r:_ N K, 98)

where H € S" is a nonnegative weight matrix, Ag : 8" — N is a linear map,
G €S, C € §"and bg € N™E are given data, K is a nonempty simple closed convex
set, e.g, L ={W e S": L <W <U}with L,U € S" being given matrices. In
fact, this is also an instance of the general model of problem (93) with no inequality
constraints, QX = H o H o X and BX = H o X. We place this special example of
QSDP here since an extension will be considered next.

Now, let’s consider an interesting variant of the above NCM problem:

min ||H o (X — G)[l2 + (C, X)

st. Ak X = bg, Xc¢€ Si NK. 99)

Note, in (99), instead of the Frobenius norm, we use the spectral norm. By introducing
a slack variable Y, we can reformulate problem (99) as

min [|[Y]2 +(C, X)

st Ho(X—G)=Y, ApX=bg, XeS.NK. (100)
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The dual of problem (100) is given by

max —83-(—=Z) 4+ (H o G, &) + (bg, yE)
SLZ+HoE+S+ Apyp=C, |El.<1, Ses, (101)

which is obviously equivalent to the following problem

max —85-(—=Z) + (H o G, &) + (bg, yE)
st.Z+HoE+S+Asye=C, |Tl.<1, Sed8",

D* — D*E =0, (102)

where D : §" — S" is a nonsingular linear operator. Note that SCB- SPADMM can
not be directly applied to solve the problem (101) while the equivalent reformulation
(102) fits our model nicely.

In our numerical test, matrix G is the gene correlation matrix from [26]. For testing
purpose we perturb G to

G:=(1-a)G +«E,

where « € (0, 1) and E is a randomly generated symmetric matrix with entries in
[—1,1]. We also set G;; = 1, i = 1, ..., n. The weight matrix H is generated from
a weight matrix Hp used by a hedge fund company. The matrix Hp is a 93 x 93
symmetric matrix with all positive entries. It has about 24 % of the entries equal to
107 and the rest are distributed in the interval [2, 1.28 x 103]. It has 28 eigenvalues
in the interval [—-520, —0.04], 11 eigenvalues in the interval [—5 x 10713, 2 x 10_13],
and the rest of 54 eigenvalues in the interval [10™%, 2 x 10%]. The MATLAB code for
generating the matrix H is given by

tmp = kron(ones(25,25),H0); H = tmp(l:n,1l:n); H = (H'+H)/2.

The reason for using such a weight matrix is because the resulting problems gener-
ated are more challenging to solve as opposed to a randomly generated weight matrix.
Note that the matrices G and H are generated in the same way as in [27]. For simplicity,
we furtherset C =0and L ={X € §": X > —0.5}.

Generally speaking, there is no widely accepted stopping criterion for spectral norm
H-weighted NCM problem (100). Here, with reference to the general relative residue
(92), we measure the accuracy of an approximate optimal solution (X, Z, Z., S, yg)
for spectral norm H-weighted NCM problem problem (99) [equivalently (100)] and its
dual (101) [equivalently (102)] by using the following relative residual derived from
the general optimality condition (91):

Nsnem = Max{np, Np, Nz, UNENY Nz}, (103)
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Table 1 The performance of SCB- SPADMM, ADMM, ADMMGB on Frobenius norm H-weighted NCM

problems [dual of (98)] (accuracy = 10*6)

Problem ng a Iteration Ngsdp Ngap Time
scbladmm|gb scbladmm|gb scbladmm|gb scbladmm|gb
Lymph 587 0.10 263|522|696 9.9-7|9.9-7|19.9-7 -4.4-7|-4.5-7|-4.0-7 30|53|1:23
587 0.05 264|356|592 9.9-7|9.9-7|19.9-7 -3.9-7|-3.4-7|-3.0-7 29|35|1:08
ER 692  0.10 268|355|711  9.9-7|9.9-7|19.9-7 -5.1-7|-4.7-7|-4.2-7 43|51|1:58
692  0.05 226/293|603 9.9-7|9.9-7|19.9-7 -4.2-7|-3.8-7|-3.3-7 37|43|1:54
Arabid. 834 0.10 510|528]725 9.9-719.9-719.9-7 -5.9-7|-5.3-7|-3.9-7 2:11|2:02|3:03
834 0.05 444|470/650 9.9-7|19.9-719.9-7 -5.8-7|-5.2-7|-4.8-7 1:51|1:43|2:44
Leukemia 1,255 0.10 292|420(826  9.9-7|9.9-7|19.9-7 -5.4-7|-5.3-7|-4.4-7 3:13|4:11]9:13
1,255 0.05 251/408|670 9.9-7|9.7-7|19.6-7 -5.4-7|-4.9-7|-4.0-7 2:48]4:03|7:35
Heredit. 1,869 0.10 555|634|871  9.9-7|19.9-7|19.9-7 -9.1-7|-9.1-7|-7.0-7  17:39]18:38|28:01
1,869 0.05 530/626/839  9.9-7|19.9-7|19.9-7 -8.7-7|-8.7-7|-5.2-7 16:50|18:15|26:34

In the table, “scb” stands for SCB- SPADMM and “gb” stands for ADMMGB, respectively. The computation
time is in the format of “hours:minutes:seconds”

where
I AEX = bEl| _NZ+HoZ+ S+ Apyel
1+ |lbell L+1ZI+ 1Sl ’
X — (X = 2)| (S, X)| X — Isn (X
nz = ) 7751 = T ol o wn 7752 = T v
L+ X1+ 11Z] L+ IS+ 11X L+ [X]
ne = & — Hixepnen x),<1y(& — H o (X — Gl

L+EN+[H o (X -Gl

Firstly, numerical results for solving F-norm H-weighted NCM problems (99) are
reported. We compare all three algorithms, namely SCB- SPADMM, ADMM, ADMMGB
using the relative residue (97). We terminate the solvers when ngsap < 10~° with the
maximum number of iterations set at 25,000.

In Table 1, we report detailed numerical results for SCB- SPADMM, ADMM and
ADMMGSB in solving various instances of F-norm H-weighted NCM problem. As we
can see from Table 1, our SCB- SPADMM is certainly more efficient than the other two
algorithms on most of the problems tested.

The rest of this subsection is devoted to the numerical results of the spectral norm
H-weighted NCM problem (99). As mentioned before, SCB- SPADMM is applied to
solve the problem (102) rather than (101). We implemented all the algorithms for
solving problem (102) using the relative residue (103). We terminate the solvers
when ngnem < 10~3 with the maximum number of iterations set at 25,000. In Table
2, we report detailed numerical results for SCB- SPADMM, ADMM and ADMMGB in
solving various instances of spectral norm H-weighted NCM problem. As we can
see from Table 2, our SCB- SPADMM is much more efficient than the other two
algorithms.
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Table2 The performance of SCB- SPADMM, ADMM, ADMMGB on spectral norm H-weighted NCM problem

(102) (accuracy = 10*5)

Problem ng o Iteration Nsnem Ngap Time
scbladmm|gb scbladmm|gb scbladmm|gb scbladmm|gb
Lymph 587 0.10 4110[6048|7131  9.9-6/9.9-6|1.0-5 -3.4-5|]-2.8-5]-2.7-5 13:21]17:10|21:43
587 0.05 5001]7401|8101  9.8-6]9.9-6|9.9-6 -2.0-5|-2.3-5|-8.1-6  19:41|21:25|25:13
ER 692  0.10 3251]4844|6478  9.9-6/9.9-6|1.0-5 -3.1-5]-2.6-5]-6.0-6  15:06]19:30|28:03
692  0.05 4201[5851|7548  9.3-6/9.8-6]1.0-5 -3.5-5|-2.9-5|]-3.4-5 18:44]23:46|32:57
Arabid. 834 0.10 3344|6251|7965  9.9-6|9.7-6]1.0-5 -3.8-5]-2.0-5|-3.7-5 23:20[40:12|54:31
834 0.05 2496|3101|3231  9.9-6|9.9-6]1.0-5 -9.1-5]-4.3-5]-5.3-5 17:03]19:53|21:56
Leukemia 1,255 0.10 435161027301  9.9-6]9.9-6|1.0-5 -3.7-5|-3.3-5|-3.0-5 1:22:42|1:49:022:16:52
1,255 0.05 3957|5851]10151 9.9-6]9.7-6|9.5-6  -7.2-5|-5.7-5|-1.1-5  1:18:19]1:44:47|3:26:08

In the table, “scb” stands for SCB- SPADMM and “gb” stands for ADMMGB, respectively. The computation
time is in the format of “hours:minutes:seconds”

Table3 The performance of LADMM, LADMMGB on spectral norm H-weighted NCM problem(101) (accu-
racy = 1079)

Problem ng o Iteration Nsnem Ngap Time
ladmml|Igb ladmml|Igb ladmml|Igb ladmm|lgb

Lymph 587 0.10 8,401 | 25,000 9.9-6 | 1.4-5 -1.6-5]-2.1-5 23:59 | 1:22:58

Lymph 587 0.05 13,609 | 25,000 9.9-6 | 2.3-5 -1.6-51-4.2-5 39:29 | 1:18:50

In the table, “Igb” stands for LADMMGB. The computation time is in the format of “hours:minutes:seconds”

Observe that although there is no convergence guarantee, one may still apply the
directly extended ADMM with 4 blocks to the original dual problem (101) by adding
a proximal term for the = part. We call this method LADMM. Moreover, by using the
same proximal strategy for &, a convergent linearized alternating direction method
with a Gausssian back substitution proposed in [28] (we call the method LADMMGB
here and use the parameter « = 0.99 in the Gasussian back substitution step) can
also be applied to the original problem (101). We have also implemented LADMM and
LADMMGB in MATLAB. Our experiments show that solving the problem (101) directly
is much slower than solving the equivalent problem (102). Thus, the reformulation of
(101)—(102) is in fact advantageous for both ADMM and ADMMGB. In Table 3, for the
purpose of illustration we list a couple of detailed numerical results on the performance
of LADMM and LADMMGB.

5 Conclusions
In this paper, we have proposed a Schur complement based convergent yet efficient
semi-proximal ADMM for solving convex programming problems, with a coupling

linear equality constraint, whose objective function is the sum of two proper closed
convex functions plus an arbitrary number of convex quadratic or linear functions. The
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ability of dealing with an arbitrary number of convex quadratic or linear functions in
the objective function makes the proposed algorithm very flexible in solving various
multi-block convex optimization problems. By conducting numerical experiments on
QSDP and its extensions, we have presented convincing numerical results to demon-
strate the superior performance of our proposed SCB-SPADMM. As mentioned in the
introduction, our primary motivation of introducing this SCB-SPADMM is to quickly
generate a good initial point so as to warm-start methods which have fast local con-
vergence properties. For standard linear SDP and linear SDP with doubly nonnegative
constraints, this has already been done by Zhao et al. [23] and Yang, Sun and Toh in
[24], respectively. Naturally, our next target is to extend the approach of [23,24] to
solve QSDP with an initial point generated by SCB-SPADMM. We will report our
corresponding findings in subsequent works.
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