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1. Introduction We are interested in functions (scalar valued or vector valued) associated with
Euclidean Jordan algebras. Details on Euclidean Jordan algebras can be found in Koecher’s 1962 lecture
notes [24] and the monograph by Faraut and Kordnyi [I5]. Here we briefly describe the properties of
Euclidean Jordan algebras that are necessary for defining our functions. For research on interior point
methods for optimization problems under the framework of Euclidean Jordan algebras, we refer to [16], [46]
and references therein, and for research on P-properties of complementarity problems, see [20] [54].

Let F be the field R or C. Let V be a finite-dimensional vector space over F endowed with a bilinear
mapping (z,y) — z-y (product) from V x V into V. The pair A := (V,-) is called an algebra. For a given
x €V, let L(z) be the linear operator of V defined by

L(x)y:=xz-y foreveryyeV.
An algebra A is said to be a Jordan algebra if, for all z,y € V:

(i) z-y=y-

(i) @ (2 y) = 2

2.

“(z-y), where z x- .

For a Jordan algebra A = (V,.), we call = - y the Jordan product of z and y.

A Jordan algebra A is not necessarily associative. That is, - (y-z) = (z-y)-z may not hold in general.
However, it is power associative, i.e., for any x € V, 2" - 2% = 2™+ for all integers r, s > 1 [15, Proposition
I1.1.2]. If for some element e € V, z-e = e-a = x for all € V, then e is called a unit element of A.
The unit element, if exists, is unique. A Jordan algebra A does not necessarily have a unit element. In
this paper A = (V,-) is always assumed to have a unit element e € V. Let F[X] denote the algebra over
F of polynomials in one variable with coefficients in F. For z € V, define F(z) := {p(z) : p € F[X]} and
J(x):={peF[X] : p(z) =0}. (F(z),-) is a subalgebra generated by z and e and J(x) is an ideal. Since
F[X] is a principal ring, the ideal J(z) is generated by a monic polynomial which is called the minimal
polynomial of x [24, Page 28]. For an introduction on the concepts of rings, ideals and others in algebra,
see [30L [56].
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For x € V, let {(x) be the degree of the minimal polynomial of z, which can be equivalently defined as
C(z) :=min{ k : {e,z, 22, ... z*} are linearly dependent }.
This number is always bounded by dim(V), the dimension of V. Then the rank of A is well defined by
r:=max{({(z) : x € V}.

An element x € V is said to be regular if {(x) = r. The set of regular elements is open and dense in V
and there exist polynomials a1, as,...,a, : V — F, which are polynomials in the coordinates of z € V for
some fixed basis, such that the minimal polynomial of every regular element z is given by

t"—ar ()" Fag(2)t" 24+ (=) "an(2).
The polynomials a1, as, ..., a, are uniquely determined and a; is homogeneous of degree j, i.e., a;(ty) =
tia;(y) forevery t €e Fandy € V, j = 1,2,...,r [15, Proposition I1.2.1]. The polynomial " —a; (z)t"~* +
az(z)t" 2 + -+ + (=1)"a,.(z) is called the characteristic polynomial of x. For a regular x, the minimal

polynomial and the characteristic polynomial are the same. We call tr(z) := a1(z) and det(x) := a,(x)
the trace and the determinant of x, respectively.

A Jordan algebra A = (V,-), with a unit element e € V, defined over the real field R is called a
Euclidean Jordan algebra, or formally real Jordan algebra, if there exists a positive definite symmetric
bilinear form on V which is associative; in other words, there exists on V an inner product denoted by
(-, -)v such that for all z,y,z € V:

(iii) (z-y,2z)v = (y,x - 2)y.

A Euclidean Jordan algebra is called simple if it is not the direct sum of two Euclidean Jordan algebras.
Every Euclidean Jordan algebra is, in a unique way, a direct sum of simple Euclidean Jordan algebras
[15, Proposition I11.4.4].

Here is an example of (simple) Euclidean Jordan algebras. Let S™ be the space of m xm real symmetric
matrices. An inner product on this space is given by

(X,Y)gm = Tr(XY),

where for X, Y € S™, XY is the usual matrix multiplication of X and Y and Tr(XY) is the trace of
matrix XY. Then, (S™,-) is a Euclidean Jordan algebra with the Jordan product given by

1
XY= i(XY—&-YX), X, Y eS™.
In this case, the unit element is the identity matrix I in S™.

Recall that an element ¢ € V is said to be idempotent if ¢> = c¢. Two idempotents ¢ and ¢ are said to

be orthogonal if ¢- ¢ = 0. One says that {c1,ca,...,cr} is a complete system of orthogonal idempotents
if
k
c?zcj, cj-cp=0if j#4,5i=12,...,k, and ch =e.
j=1

An idempotent is said to be primitive if it is nonzero and cannot be written as the sum of two other
nonzero idempotents. We call a complete system of orthogonal primitive idempotents a Jordan frame.
Then, we have the following important spectral decomposition theorem.

THEOREM 1.1 ([I5, Theorem III.1.2]) Suppose that A = (V,-) is a Fuclidean Jordan algebra and the
rank of A is r. Then for any x € V, there exists a Jordan frame {ci,ca,...,c.} and real numbers
A1(x), A2 (), ..., An(x), arranged in the decreasing order Ai(x) > Ao(x) > -+ > A\(x), such that
x = Z Aj(x)e; = Mi(x)er + Ae(z)ea + - - + A (@) ey
j=1

The numbers A1(x), A2(x),..., A\r(x) (counting multiplicities), which are uniquely determined by x, are
called the eitgenvalues and Z;:1 Aj(x)c; the spectral decomposition of x. Furthermore,

tr(x) = Z Aj(z) and det(z) = H Aj(z).
j=1 j=1
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In fact, the above theorem is called the second version of the spectral decomposition, on which our
analysis relies. It also follows readily that a Jordan frame has exactly r elements. The arrangement
that Aj(x) > Aa(x) > -+ > A\.(z) allows us to consider the function A : V — R". Strictly speaking, the
Jordan frame {ci1,ca,..., ¢} in the spectral decomposition of = also depends on z. We do not write this
dependence explicitly for the sake of simplicity in notation. Let o(z) be the set consisting of all distinct
eigenvalues of . Then o(x) contains at least one element and at most r. For each p; € o(x), denote

Ji(w) =13+ Aj(a) = s} and
bi(x) := Z ¢

JE€Ji(x)
Obviously, {b;(z) : u; € o(x)} is a complete system of orthogonal idempotents. From Theorem we

obtain
T = Z pibi(z)
pi€o(x)

which is essentially the first version of the spectral decomposition stated in [I5] as the uniqueness of
{bi(x) : p; € o(x)} is guaranteed by [I5, Theorem II1.1.1].

Since, by [I5, Proposition II1.1.5], a Jordan algebra A = (V,-) over R with a unit element e € V is
Euclidean if and only if the symmetric bilinear form tr(z - y) is positive definite, we may define another
inner product on V by (x,y) := tr(x-y),x,y € V. By the associativity of tr(-) [15], Proposition II1.4.3], we
know that the inner product (-, -) is also associative, i.e., for all z,y, z € V| it holds that (z-y, 2) = (y, z-2).
Thus, for each x € V, L(x) is a symmetric operator with respect to this inner product in the sense that

(L(x)y, 2) = (y,L(x)z), Vy,z € V.
Let || - || be the norm on V induced by this inner product

T

el = v = (o 0@) L zev,

Jj=1

Let ¢ : R — R be a scalar valued function. Then, it is natural to define a vector valued function
associated with the Euclidean Jordan algebra A = (V,-) [, 25] by

Py () 1= Z (Aj(x))e; = p(M(x))er + p(Aa(a))ea + -+ + d(Ar(z))cr (1)

where 2 € V has the spectral decomposition z = Z;=1 Aj(z)e;. In a seminal paper [35], Lowner initiated
the study of ¢y for the case V = S™. Kordnyi [25] extended Lowner’s result on the monotonicity of
¢sm to ¢y. For nonsmooth analysis of ¢y over the Euclidean Jordan algebra associated with symmetric
matrices, see [0, [7, 50] and over the Euclidean Jordan algebra associated with the second order cone
(SOC), see [5, [I7]. In recognition of Léwner’s contribution, we call ¢y Lowner’s operator (function).
When ¢(t) = t4 := max(0,t), t € R, Lowner’s operator becomes the metric projection operator

4 = (M(@))4e1 + (A2(@)sc2+ -+ (Ar(@))40r
over the convex cone
K:={y*:yecV}
under the inner product (-,-). Actually, K is a symmetric cone [15, Theorem I11.2.1], i.e., K is a self-dual
homogeneous closed convex cone.

Recall that a function f : R" — (—o0, +0o0] is said to be symmetric if for any permutation matrix P in
R", f(v) = f(Pv), i.e, the function value f(v) does not change by permuting the coordinates of v € R".
Then, the spectral function fo X :V — R is defined as

(foM)(x) = f(M(2), A2(), ..., Ar(2)) . (2)
See [33] for a survey and [41] for the latest development of the properties of f o A associated with (S™, ).
In this paper, we shall study various differential properties of f o A and ¢y associated with the Euclidean
Jordan algebras in a unified way.

The organization of this paper is as follows. In Section 2, we present several basic results needed for
further discussion. In section 3, we study important properties of the eigenvalues, Jordan frames and
Lowner’s operator over simple Euclidean Jordan algebras. We then investigate the differential properties
of the spectral functions in Section 4 and conclude the paper in Section 5.
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2. The Building Blocks Let V be the linear space C™ or R™. A function g : V — F is said to be
analytic at z € V if there exists a neighborhood N(Z) of z such that g in N(2) can be expanded into an
absolutely convergent power series in z — Zz:

oo
Z Ajy o jn (Zl - 21)]1 (ZQ - 22)]2 T (Zn - zn)Jn ;
J1,925eJn=0

where all a;, j,...;, € F. If g is analytic at Z € V = R", then g is also called real analytic at Zz.

Let £(V) be the vector space of linear operators from V into itself. Denote by Z € £(V) the identity
operator, i.e., for all z € V, Zx = z. For any 7 € £(V) the spectrum o(7) of T is the set of complex
numbers ¢ such that (Z — 7 is not one-to-one. By the definition of o(7), for any u € o(7), there exists
a vector 0 # v € V such that (7 — pZ)v = 0. The number p is called an eigenvalue of 7, and any
corresponding v is called an eigenvector. Suppose that M, My, ..., M are s linear subspaces in V such
that V=M, + My + --- + M and for all u; € M; such that ijluj = 0 implies u; =0, j =1,2,...,s.
Then V is the direct sum of My, Ms, ... M and is denoted by

V=M &M ®---&M;.

Each x € V can be expressed in a unique way of the form x = u; +ug +---+us, u; € M;, 5 =1,2,...,s.
Denote operators P; € £(V) by

Pix=u;, j=1,2,...,s.
The P; is called the projection operator onto M; along My @--- &M, @M1 ®---OM,, 7 =1,2,...,s.
According to [23 Page 21], we have

S
PP=P;, PiPi=0if i#j i,j=12...,s, Y Pj=LT (3)
j=1

Conversely, let P1,Pa,...,Ps € £(V) be operators satistying (3). If we write M, := P;(V), then V is
an direct sum of M, j =1,2,...,s. Here for any operator 7 € £(V), 7 (V) is the range space of 7.

If My, My, ...,M; are mutually orthogonal with respect to an inner product (,-), then V = M; @
My @ --- ® M is called the orthogonal direct sum of My, Ma, ..., M, and P; is the orthogonal projection
operator onto M; with respect to the inner product (-,-) , 7 = 1,2,...,s. The orthogonal projection
operators {P; : j=1,2,...,s} satisfy

Py =P, P;=P;, PiPi=0if i#j i,j=12...,s, Y P;=1, (4)
where P is the adjoint (operator) of P;, j = 1,2,...,s. For details, see [23, Chapter 1].
2.1 Functions of Symmetric Operators and Symmetric Matrices Let {u,us,...,u,} be an

orthonormal basis of R with an inner product (-, -). Let 8™ C £(R") be the set consisting of all symmetric
operators in £(R"). Let X be a fixed but arbitrary symmetric operator in &™. The representation of the

symmetric operator X’ with respect to the basis {uj,us, ..., u,} is the matrix X € S™ defined by
[Yup Xug -+ Xup] = [ug ug -+ uy)X, (5)
where [uy ug -+ uy] is the matrix of columns wuy, us,. .., and wu,. Conversely, for any given X € S™, the

operator defined by is a symmetric operator in G™.

Let O™ be the set of n x n real orthogonal matrices. Then for any X € S™, there exist an orthogonal
matrix V € O™ and n real values A\1(X), A2(X),..., A\ (X), arranged in the decreasing order A\;(X) >
A2(X) > -+ > A\ (X), such that X has the following spectral decomposition

X = Vdiag\(X)V" =D N\(X)vjo) (6)

j=1
where v; is the jth column of V, j = 1,2,...,n. Denote 0; = [uq us -+ uplv;, j =1,2,...,n. Then
{?1,02,...,0,} is another orthonormal basis of R™. Let P; be the orthogonal projection operator onto

the linear space spanned by v, i.e.,

Pj$:<’(~}j,$>’l~)j7 VaoeR".
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For each j € {1,2,...,n}, P; is a bymmetric operator in &(V) and its matrix with respect to the basis
{u1,us2,...,u,} is given by P; = v, v . Hence, the symmetric operator X € &(V), with matrix X as its
representation with respect to the ba51s {uy,uz,...,u,}, satisfies
n
X = X(X)P;, (7)
j=1

where \;(X) := \;(X) is the jth largest eigenvalue of X' (i.e., X and X share the same set of eigenvalues)
with the corresponding eigenvector v;, j =1,2,...,n.

Let f : R" — (—o0,00] be a symmetric function. Then one can define the scalar valued function
foA:S" =R by
(f o (X)) == fFAL(X), A2 (X), .., An (X)), (8)
where X € S™ has the spectral decomposition @ The composite function fo A inherits many properties
of f. See Lewis [33] for a survey. In [32], Lewis showed that f is (continuously) differentiable at A(X) if
and only f o X is (continuously) differentiable at X and

V(f o A)(X) = Vdiag(Vf(A(X))VT, (9)

which agrees with the formula given in Tsing, Fan, and Verriest [55, Theorem 3.1] when f is analytic at

A(X).
Let ¢ : R — R be a scalar function. Then the matrix valued function ¢g»(X) at X is defined by

dsn (X Z SN (X))vjv] = Vdiag(¢(Mi (X)), 6(A2(X)), .., d(Aa (X)) VT (10)

Correspondingly, one may define ¢gn (X') by

n

P (X) =Y oA (X)P;, (11)

=1

where X is the symmetric operator with its representation given by the matrix X. By @ and , we
obtain

[pen (X)ur gen(X)ug -~ den(X)un] = [ur uz -+ un]gsn (X). (12)

The functions ¢g» and ¢g» have been well studied since Léwner [35]. See [3] 22].

Let ¢ be continuous in an open set containing o(X). Let ¢4 be any function such that ¢, is differen-
tiable at each \;(X) and
(00)' (X(X)) = 6(X;(X)), j=1,2,...,n.
Define fy : R™ — R by

v)i= ) polw), v ER". (13)

Then, f, is symmetric and differentiable at A(X), and by (9),

V(fo o M(X) = dgn (X Zcﬁ (14)

Let & > & > -+ - > &5 be all the 7 distinet values in o(X). For each k =1,2,...,7, let Ji(X) :={j :
Aj(X) =&} Let Y € S™ have the following spectral decomposition

Y = Wdiag(\ = i

with A1 (Y) > Aa(Y) > -+ > A\ (Y) and W € O™. Define

Z ijf. (15)

JETK(X)

Then, X = Y1_, & Pe(X) and ¢g (X) = S, ¢(&) Pi(X).
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For each & € o(X), by taking ¢ (¢) be identically equal to one in an open neighborhood of &, and
identically equal to zero in an open neighborhood of each &; with j # k, we know that for all ¥ € S”
sufficiently close to X, 3

P.(Y)=(¢p)sn(Y), k=1,2,..., 7. (16)

This equivalence and allow us to state the analyticity of each operator P, at X, k = 1,2,...,7;
and the analyticity of ¢s» at X when ¢ is analytic in an open set containing o(X). First, we need the
following theorem from [55, Theorem 3.1].

THEOREM 2.1 Let X € S™. Suppose that f : R™ — (—o00,00] is a symmetric function. If f is real
analytic at the point A\(X), then the composite function f o X is analytic at X.

By , , , and Theorem we have the following proposition, which does not require a
proof.

PROPOSITION 2.1 Let ¢ : R — R be real analytic in an open set (may not be connected) containing o(X).
Then, ¢sn(+) is analytic at X and for all Y € S™ sufficiently close to X,

In particular, each ]Sk() is analytic at X, k=1,2,...,n.

2.2 Hyperbolic Polynomials In order to study Léwner’s operator ¢y and the spectral function
f oA, we need some results under the framework of hyperbolic polynomials. Let V be a finite-dimensional
inner product space over R. Suppose that p : V — R is a homogeneous polynomial of degree r on V
and ¢ € V with p(q) # 0. Then p is said to be hyperbolic with respect to g, if the univariate polynomial
t — p(x + tq) has only real zeros, for every x € V.

Let p be hyperbolic with respect to ¢ of degree r. Then, for each € V, t — p(tq — x) has only real
roots. Let A\i(z) > Aa(z) > -+ > A () (counting multiplicities) be the r roots of p(tg — x) = 0. We say
that A;(z) is the jth largest eigenvalue of x (with respect to p and ¢). Then for z € V,

pltg — x) = plg) [] (¢ — Nj(2))

j=1

and
s

pla+tq) = (=1)"p(—tq — ) = p(q) [ [ (t + N;(2)) .
j=1
The univariate functional ¢t — p(tq—x) is the characteristic polynomial of x (with respect to p, in direction

q). Let oy (x) := Z?Zl Aj(z), 1 <k <r, be the sum of the k largest eigenvalues of x.

A fundamental theorem of Garding [I8] shows that A, () is positively homogeneous and concave on V.
This implies that the (closed) hyperbolic cone

K(p,q) :={z : \p(z) >0},

associated with p in direction g, is convex. By exploring Garding’s theorem further, Bauschke et al. [2]
showed that for each 1 < k < r, oi(+) is positively homogeneous and convex on V. This, by Rockafellar
[44], implies that each \;(-) is locally Lipschitz continuous and directionally differentiable. Actually, by
following Rellich’s approach [43] for Hermitian matrices, we can further show that for any fixed z € V

and h € V|, there exist r functions v1,v9,...,. : R — R, which are analytic at € = 0, such that for all
e € R sufficiently small,
{ri(e),ma(e),...,v-(e)} ={M(z +eh), Aa(x +€h),..., \.(x +€h)}. (17)

The proof can be sketched as follows. For any € € R,
p(tg — (z +¢h)) = p(g) (1" + s1()" ™ 4+ 5,1 ()t + 50(2)) s

where s1, 82, ...,5, are polynomials of . Since p is hyperbolic with respect to ¢, all the roots of t" +
s1(e)t" L+ -+ 5,_1(e)t + s,(¢) = 0 are reals when ¢ € R. Then, by a similar argument to the proof
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in Rellich [43 Page 31], we can conclude that there exist r functions vy, vs,...,1, : R — R, which are
analytic at € = 0, such that holds for all € € R sufficiently small.

Let A = (V,-) be a Euclidean Jordan algebra of rank r introduced in Section 1. By letting p(x) :=
det(x), z € V, we see from Theorem that p is hyperbolic with respect to e of degree r since p(e) =
det(e) = 1 # 0. Furthermore, p is complete, i.e.,

{r eV : Az)} ={0}.

Moreover, p is isometric in the sense of [2, Definition 5.1], i.e., for all z,y € V, there exists z € V such
that

AMz)=Ay) and Az + 2) = Ax) + A(2).
The latter fact can be shown as follows. Let z and y be arbitrary but fixed vectors in V. Then, by
Theorem there exists a Jordan frame {cj, ¢, .., ¢} such that

x = Z Aj(x)e; = Ai(z)er + Ae(z)ea + - - + A (2)cyr
j=1

Let z := 3", Aj(y)c;. Then, A(z) = A(y) and
-
rz=Y (@) +A\w)e
j=1
which, together with A(z) = A(y), implies that Az 4+ 2z) = A(z) + A(y) = A(z) + A(2). The isometric
property of p thus holds. Therefore, by [2, Corollary 3.3 and Theorem 5.5] and , we have

PROPOSITION 2.2 Let A = (V,+) be a Fuclidean Jordan algebra and f : R" — (—o00,00] be a symmetric
convez function. The following results hold.

(i) For each 1 <k <r, ok(-) is positively homogeneous and conver on V.
(ii) f o is differentiable at x if and only if [ is differentiable at A\(z) and
{z €V : Az) = VI(A(@)), (,2) = Ax)"A(2) } = {V(f o N)(@)} .

(i) For any x,h € V, the eigenvalues of x + ch, € € R can be arranged to be analytic at € = 0.

2.3 Semismoothness Let X and Y be two finite dimensional inner product spaces over the field R.
Let O be an open set in X and & : O C X — Y be a locally Lipschitz continuous function on the open set
O. By Rademacher’s theorem, ® is almost everywhere (in the sense of Lebesgue measure) differentiable
(in the sense of Fréchet) in O. Let Dg be the set of points in O where ® is differentiable. Let ®'(z), which
is a linear mapping from X to Y, denote the derivative of ® at x € O if ® is differentiable at x. Then,
the B-subdifferential of ® at x € O, denoted by dp®(x), is the set of V such that V = {limy_.cc @' (x1)},
where {x1} € Dg is a sequence converging to x. Clarke’s generalized Jacobian of ® at x is the convex
hull of dp®(z) (see [10]), i.e., OP(z) = conv{dp®(z)}. It follows from the work of Warga on derivative
containers [57, Theorem 4] that the set d®(z) is actually “blind” to sets of Lebesgue measure zero (see
[10, Theorem 2.5.1] for the case that Y = R), i.e., if S is any set of Lebesgue measure zero in X, then

0%(x) = conv{klim & (zy) : 2y — 2, v €Dy, w1 & S} (18)

Semismoothness was originally introduced by Mifflin [36] for functionals, and was used to analyze the
convergence of bundle type methods [311, 37, [48] for nondifferentiable optimization problems. In particular,
it plays a key role in establishing the convergence of the BT-trust region method for solving optimization
problems with equilibrium constraints. For studying the superlinear convergence of Newton’s method
for solving nondifferentiable equations, Qi and Sun [42] extended the definition of semismoothness to
vector valued functions. There are several equivalent ways for defining the semismoothness. We find the
following definition of semismoothness convenient.

DEFINITION 2.1 Let @ : O C X — Y be a locally Lipschitz continuous function on the open set O. We
say that ® is semismooth at a point x € O if
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(i) @ is directionally differentiable at x; and
(ii) for anyy — x and V € 0®(y),

D(y) — ®(x) = V(y —x) = oflly — zl]) - (19)

In Definition [2.1] part (i) and part (ii) do not imply each other. Condition in part (ii), together
with a nonsingularity assumption on 9% at a solution point, was used by Kummer [26] before [42]
to prove the superlinear convergence of Newton’s method for locally Lipschitz equations. @ is said
to be G-semismooth at z if condition holds. A stronger notion than semismoothness is y-order
semismoothness with v > 0. For any v > 0, ® is said to be vy-order G-semismooth (respectively, -
order semismooth) at z, if ® is G-semismooth (respectively, semismooth) at x and for any y — x and
V € 0(y),

B(y) — @(z) = V(y —2) = O(|ly — «[|"). (20)

In particular, ® is said to be strongly G-semismooth (respectively, strongly semismooth) at x if ® is 1-order
G-semismooth (respectively, 1-order semismooth) at xz, We say that ® is G-semismooth (respectively,
semismooth, p-order G-semismooth, p-order semismooth) on a set Z C O if ® is G-semismooth (respec-
tively, semismooth, y-order G-semismooth, y-order semismooth) at every point of Z. G-semismoothness
was used in [19] and [40] to obtain inverse and implicit function theorems and stability analysis for
nonsmooth equations.

LEMMA 2.1 Let @ : O C X — Y be locally Lipschitz near x € O. Let v > 0 be a constant. If S is a set
of Lebesgue measure zero in X, then ® is G-semismooth (y-order G-semismooth) at x if and only if for
anyy —x,y € Dy, andy ¢ S,

O(y) — @(z) — '(y)(y —x) = o(lly —z|l) (= O(lly — =|I"™)). (21)

Proof. By examining the proof of [5I, Theorem 3.7] and making use of , one can prove the conclusion
without difficulty. We omit the details. O

Lemma is useful in proving the semismoothness of Lipschitz functions. It first appeared in [51]
for the case S = () and has been used in [6] 8, 4T]. Next, we shall use this lemma to show that a
continuous selection of fintely many G-semismooth (respectively, v-order G-semismooth) functions is
still G-semismooth (respectively, v-order G-semismooth). The latter will be used to prove the strong
semismoothness of eigenvalue functions over the Euclidean Jordan algebras.

Let ®&1,®5,--+,®P,, : O C X — Y be m continuous functions on the open set O. A function ® : O C
X — Y is called a continuous selection of {®q,®@a,...,P,,} if ¢ is a continuous function on O and for
each y € O,

2(y) € {1(y), P2(y),-- -, Pm(y)}-
For x € O, define the active set of ® at = by

Io(z) :={j : ®j(z)=®(z), j=1,2,...,m}
and the essentially active set of ® at x by
Ig(x) :={j : z € cl(int{y € O|®;(y) = ®(y)}), j = 1,2,...,m},

where “c]” and “int” denote the closure and interior operations, respectively. The functions ®;, j € Zs(x)
are called active selection functions at x. An active selection function ®; is called essentially active at x
if j € Zg(z). In the proof of [47, Proposition 4.1.1], Scholtes actually showed that for every z € O, there
exists an open neighborhood N (z)(C O) of x such that

O(y) € {2;(y) : J€L5()}, y € N(a). (22)

PROPOSITION 2.3 Let ®1,P,...,P,, : O C X — Y be m continuous functions on an open set O and
®: 0 CX =Y be a continuous selection of {®1,Pg,..., P}, Let x € O and v > 0 be a constant. If all
the essentially active selective functions ®;, j € I (x), at x are G-semismooth (respectively,semismooth,
~-order G-semismooth, ~y-order semismooth) at x, then ® is G-semismooth (respectively,semismooth,
~v-order G-semismooth, y-order semismooth) at x.
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Proof. Let N(z)(C O) be an open set of & such that holds. Suppose that all ®;, j € Z§(z) are
G-semismooth at z. By the definition of G-semismoothness, these functions ®,, j € Zg(x) are locally
Lipschitz continuous functions on N (z). Then, by Hager [21] or [47, Proposition 4.12], ® is locally
Lipschitz continuous on the open set N (z).

Let Sj := N(2)\Da,, j € Zg(z) and

s= J s;.

J€Tg ()
Since all {S; : j € Ig(x)} are sets of Lebesgue measure zero, S is also a set of Lebesgue measure zero.
By Lemma [2.1} in order to prove that & is also G-semismooth at x, we only need to show that for any
y—z,y€Dg,and y & S,
O(y) — (x) — ' (y)(y — ) = o(lly — 2l]). (23)
For the sake of contradiction, assume that does not hold. Then there exist a constant 6 > 0 and a
sequence {yx} converging to x with yr € De NN (x) and y, ¢ S such that
19 (yk) — (x) — @' () (e — )| = llyr. — |
for all k sufficiently large. Since y € Doy NN (z) and y ¢ S, we have for all k that
@' (yi) (yk — ) € {(®;) () (yx — ) : j € Ig(x) }. (24)
On the other hand, by the assumption that ®;, j € Z§ () are G-semismooth at x, we have
D;(y) — j(x) — (25) (k) (e — ) = o(llyx — zll) as k — 00, j € Tg(x),
which, together with and the fact that ®(z) = ®,(z), j € Z§(x) implies

D(yx) — (z) — D' (yr) (Y — ) € {Pj(yx) — Pj(x) — (®;) () (yx — ) @ j € Zg(x)}

=o(||ly* —z||) ask— oo.
So a contradiction is derived. This contradiction shows that holds. Thus ® is G-semismooth at x.

To prove that ® is semismooth at  when all ®;, j € Zg(z) are semismooth at x, we only need to show
that ® is directionally differentiable at x if all ®;, j € Zg(z) are directionally differentiable at x. The
latter can be derived from the proof of [27, Proposition 2.5]. In fact, Kuntz and Scholtes only proved
that @ is directionally differentiable at z under the assumption that all ®;, j € Z(z) are continuously
differentiable functions. A closer examination reveals that their proof is still valid if one replaces the
derivatives of ®;, j € Z¢(x) at by their directional derivatives. Also see [39, Lemma 1] for this result.

Similarly, one can prove that ® is y-order G-semismooth (respectively, y-order semismooth) x if all
®,, j € Ig(z), are y-order G-semismooth (respectively, v-order semismooth) at x. O

3. Eigenvalues, Jordan Frames and Lowner’s Operator Let A = (V,-) be a Jordan algebra
(not necessarily Euclidean). An important part in the theory of Jordan algebras is the Peirce decompo-
sition. Let ¢ € V be a nonzero idempotent. Then, by [I5, Proposition III.1.3], we know that ¢ satisfies
2L3(c) — 3L%(c) + L(c) = 0 and the distinct eigenvalues of the symmetric operator £(c) are 0, 3 and 1.
Let V(c,1),V(c, 3), and V(c,0) be the three corresponding eigenspaces, i.e.,

1
V(e,i):={z eV : Llc)jx=ix}, i= 1,5,0.
Then V is the orthogonal direct sum of V(c,1),V(c, 3), and V(c,0). The decomposition

1) @ V(e 0)

V=V(,1)®V(c, 5

is called the Peirce decomposition of V with respect to the nonzero idempotent c.

In the sequel we assume that A = (V, ) is a simple Euclidean Jordan algebra of rank r and dim(V) = n.
Then, from the spectral decomposition theorem we know that an idempotent c is primitive if and only if
dim(V (e, 1)) =1 [15], Page 65].
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Let {c1,¢2,...,¢,} be a Jordan frame of A. From [I5, Lemma IV.1.3], we know that the operators
L(c;),7 =1,2,...,r commute and admit a simultaneous diagonalization. For 4,j € {1,2,...,7}, define
the following spaces

Vii = V(Ci, 1) = Rci
and when 7 # j,
2
5)-
Then, from [15, Theorem IV.2.1], we have the following proposition.

1
Vij = Ve, 5) N V(e

PROPOSITION 3.1 The space V is the orthogonal direct sum of subspaces V;; (1 < i < j < r), ie.,
V=D,<; Vij. Furthermore,

Vij . Vij CVu+ ij,
Vij -V CV, if i £k,

For any i # j € {1,2,...,r} and s #t € {1,2,...,r}, by [15 Corollary IV.2.6], we have
Let d denote this dimension. Then p
n:r+§r(r71). (25)
For x € V we define
Q(x) := 2L3(x) — L(2?).

The operator Q is called the quadratic representation of V. Let x € V have the spectral decomposition
x = Z;zl Aj(x)e;, where Aq(z) > Ao(z) > --- > A.(z) are the eigenvalues of = and {c1,¢2,..., ¢}
(depending on x) the corresponding Jordan frame. Let €(x) be the set consisting of all such Jordan
frames at z. For 4,5 € {1,2,...,r}, let C;;(x) be the orthogonal projection operator onto V;;. Then, by
[15, Theorem IV.2.1],

C]‘ (.73) = Q(Cj) and CU(JJ) = 4£(Ci)£(0j) = 4£(cj)£(ci) = Cﬂ(l‘) y i,j = 1, 2, ey T (26)
By Proposition and 7 the orthogonal projection operators {C;;(z) : i,j =1,2,...,r} satisfy
Cij(z) = C5(x), CF(x) = Cij(w), Cij(x)Cra(x) = 0if {i,5} # {k, 1}, 0,0, k, 1= 1,27

Z Cij(z) =T.

1<i<j<r

and

From , one can obtain easily that
Cjj(x)e=c; and Cjj(x)e =4c; - ¢; =0if i # 4, i,j=1,2,...,r. (27)
From }",_, ¢; = e and , we get for each j € {1,2,...,7} that

;C(Cj) = [,(Cj)I = E(c])ﬁ(e) = Z£<C,j)£(cl) = £2(Clj) + i chl(l‘) s
=1 =1
1#j

which, together with the facts that Q(c;) = 2£2%(¢;) — L(c;) and Cj;(z) = Q(c;), implies

£(e5) = Cyo) + 5 D2 Cala).

Therefore, we have the following spectral decomposition theorem for £(z), £(x?), and Q(z) (cf. [24]
Chapter V, §5 and Chapter VI, §4].)
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THEOREM 3.1 Let x € V have the spectral decomposition © = Z;Zl Aj(x)e;. Then the symmetric opera-
tor L(x) has the spectral decomposition

L) = Y M@ @)+ 3 3@+ A@)Cala)

1<5<I<r

with the spectrum o(L(x)) consisting of all distinct numbers in {(X;(z) + Ni(x)) : 4,0 = 1,2,...,r},
L(z?) has the spectral decomposition

L6 = Y R@C, @)+ Y S + X @)Cala)
j=1 1<j<i<r

with the spectrum o(L(x?)) consisting of all distinct numbers in {%()\f(x) + A () ¢ 4l =1,2,...,7},
and Q(zx) has the spectral decomposition

Q) =Y N(@)Cj(x)+ D N(@)Ni(2)Ca(w)
j=1 1<j<i<r
with the spectrum o(Q(x)) consisting of all distinct numbers in {\;(x)\(z) : j,l=1,2,...,r}.

Let {u1,u2,...,un} be an orthonormal basis of V. For any y € V, let L(y), Q(y), Cji(y), ... be the
corresponding (matrix) representations of £(y), Q(y), C;i(y), ... with respect to the basis {u1,us, ..., u,}.

Let € denote the coefficients of e with respect to the basis {uy,us,...,un}, i.e.,
n
e= Z(e,uj>uj =Ue,
j=1
where U = [ug ug -+ uy).

Let pq > po > -+ > ur be all the 7 distinct values in o(x). Then there exist 0 =ro <71 <193 < -+ <
rz = r such that

Ay 111(@) =Xy _q2(@) ==X (@) =, 1=1,2,...,T. (28)
Let & > & > -+ > & be all the 7 distinct values in o(L£(x)) and

. 1 ) _
Je(L(@)) ={0:0) + 5@+ ) =&, 1sj<lisr}, k=12....7n.
Then, by Theorem there exist indices ny,na,...,nr € {1,2,... 7} such that

pi =&n,, i=1,2,...,T.

For each i € {1,2,...,7}, denote Ji(z) := {j : Aj(z) = p;}. Let y € V have the spectral de-
composition y = 377 Aj(y)ej(y) with Ai(y) > Ao(y) > --- > Ay(y) being its eigenvalues and
{c1(y), c2(y), ..., cr(y)} € €(y) the corresponding Jordan frame. Define

bi(y) == Z cily), 1=1,2,...,F.

j€Ji(z)

PROPOSITION 3.2 Let € V have the spectral decomposition z ="

j=1j(@)cj. Then,

(i) €(x) is compact and €(-) is upper semi-continuous at x. Furthermore, for each i € {1,2,...,7},
bi(+) is analytic at x.

(ii) For each m € {1,2,...,1r}, om(:) is positively homogeneous and convexr on V.

(iii) For each i€ {1,2,...,7} and ri_1 < m <1y,

i—1 m
Opom(z) = ij(x) + Z ¢ : {c1,C,...,0} € €(x) (29)
j=1 I=r;—1+1

and the directional derivative of o () at z, for any 0 £ h € V, is given by

m

on) @) =3 @b+ max 3 ().

C1,C2,...,Cr }EC
{¢1,¢c2,...,¢r Y€ (I)l:ri,lJrl
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(iv) The function A(-) is strongly semismooth on V.

Proof. (i) The compactness of €(z) follows directly from the fact that every primitive idempotent has
norm one and the upper semi-continuity of €(+) follows from the continuity of A(-) and Theorem [I.1

Next, we consider the analyticity of b;(+) at «, i = 1,2, ..., 7. By the definitions of J;(x) and J,, (L(z)),
one can see that
j € Ji(x) if and only if (j,5) € Jn,(L(x)),i=1,2,...,F.

Hence, by 7 for each i € {1,2,...,7},

by = Y aw=( X cw)e=( X iw)e

j€Ji(x) j€Ji(x) (G:D)€Jn; (L(z))

o> aw)e (30)

(1) €T, (L(z))
which, together with , implies that for all y sufficiently close to  and for each ¢ € {1,2,...,7},
bi(y) = U( > G (y))é = UPy,(L(y))é.
(5,1 €Tn,; (L(z))

Then from Proposition[2.1)and the linearity of L(-) we know that for each i € {1,2,...,7}, b;(-) is analytic
at x.

(ii) This is a special case of part (i) of Proposition

(iii) From part (ii) of Proposition the definition of Ogoy, (), and part (i) of this proposition, we
obtain

i—1 m
Opom(z) €O bi(@)+q Y. @ :f{a.c....6} € ()
Jj=1 l=ri_1+1

For any {¢1,¢,...,¢-} € €(x), by considering

T

vk = _mibi@)+ Y (mi—1/k)a,
szi l=r;_1+1

we can see that y, — x and from (ii) of Proposition for all k£ sufficiently large,

) ) =3 b+ 3 a.
Jj=1 l=r;—1+1

Hence, holds. The form of (¢,,) (x; h) can be obtained by
(o) (x;h) = max (v, h).

VEDT m ()

(iv) Since convex functions are semismooth [36], from part (ii) we have already known that A(-) is
semismooth on V. By Theorem for each z € Vand j € {1,2,...,1},

Aj(x) € {Au(L()), Aa(L(x)), - - -, An (L))}

where A\;(L(z)) is the k-th largest eigenvalue of the symmetric matrix L(z) (note that L(z) is the matrix
representation of £(z)), k = 1,2,...,n. It is known [52] Theorem 4.7] that for each k € {1,2,...,n},
Ak(+) is strongly semismooth on S™. Hence, by the linearity of L(-) and the continuity of A;(-), from
Proposition we derive the conclusion that A;(-) is strongly semismooth on V, j =1,2,...,r. Thus,
A(+) is also strongly semismooth on V. O

REMARK 3.1 From part (iii) of Proposz'tion we know that for any given x,h € V, the eigenvalues of
x+¢eh, e € R can be arranged to be analytic at € = 0. If A is the Euclidean Jordan algebra of symmetric
matrices, the eigenvectors of x + eh can also be chosen to be analytic at e =0 [{3, Chapter 1]. It is not
clear whether this is true for all Fuclidean Jordan algebras.
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Part (i) of Proposition says that for each ¢ € {1,2,...,7}, b;(-) is analytic at . In the sequel,
we establish an explicit formula of the derivative of b;(x). Let ¢ : R — R be a scalar valued function
and ¢y(-) be Lowner’s operator defined by . Let 7 € R". Suppose that ¢ is differentiable at 7,
i=1,2,...,r. Define the first divided difference ¢['1(T) of ¢ at 7 as the 7 x r symmetric matrix with its
ijth entry (¢!(7));; given by [, 7;]s, where

o(1:) — ¢(75) if 7 N
(75, Tjle = Ti —Tj , L,y =1,2,...,r. (31)
¢/(Ti) lf Ti:Tj
By Proposition the fact that dim(V(c;,1)) = 1, (¢j,¢;) = 1, and the definition of the quadratic
operator Q, for any vector h € V and each j € {1,2,...,r}, there exists a;(h) € R such that
aj(h)e; = Qej)h = 262(0]-)/1 - E(c?)h =2¢-(¢j-h)—c¢j-h,

which implies
aj(h) = 2(cj, ¢j - (¢j - h)) = (¢j,¢5 - h) = (cj ¢5 - h) = (¢j, h)
and
2¢;-(¢j-h)=cj-h+{cj,h)c;. (32)
Therefore, any vector h € V can be written as

T

h = XT:CJ](J:)h + Z Cﬂ(I)h = Z <Cj, h> Cj + Z 4Cj . (Cl . h) . (33)

1<j<i<r j=1 1<j<i<r

Koranyi [25, Page 74] proved the following result, which generalized Lowner’s result [35] on symmetric
matrices (see Donoghue [I4] Chapter VIII] for a detailed proof on this) to Euclidean Jordan algebras.

LEMMA 3.1 Letx = > %) Aj(x)c;. Let (a,b) be an open interval in R that contains Aj(x), j = 1,2,...,7.
If ¢ is continuously differentiable on (a,b), then ¢y is differentiable at x and its derivative, for any h € V,
is given by

(6w) (@)h =Y (S A@))siles hy e+ D> 4N A@)jie; - (- h) (34)
j=1

1< <i<r

By , we can write (34) equivalently as
T

(¢v) (2)h = 22 Z[Niaﬂl]gﬁbi(x) (bu(z) - h) - Z ¢’ (ni)bi(x) - h, (35)
i=11=1 i=1
where the fact ¢; - (¢; - h) = L(¢;)L(c)h = L(e))L(cj)h=¢;-(¢j-h), j#1=1,2,...,r is used. Now, we
can calculate b(z), ¢ € {1,2,...,7} is used. Pick an € > 0 such that
(j—epj+e)N(u—em+e)=0,1<j<l<T. (36)

For each i € {1,2,...,7}, let ¢; be a continuously differentiable function on (—oo,00) such that ¢; is
identically one on the interval (u; — €, ; +¢) and is identically zero on all other intervals (u; — e, u; +¢€),
i#j=1,2,...,F. Then for all y sufficiently close to z, b;(y) = (¢;)v(y). Hence, by Lemma[3.1]and (35),
the derivative of b;(-) at z, for any h € V, is given by

T

bh= S MA@ (@ h) =3 ——bi(x) - (b)) (37)

1<j<I<r = Hi T
1#i

Based on the proof in [25, Page 74], we shall show in the next proposition that ¢y is (continuously)
differentiable at z if and only if ¢(-) is (continuously) differentiable at A\;(z), j =1,2,...,r.

THEOREM 3.2 Let x = 22:1 Aj(x)e;. The function ¢y is (continuously) differentiable at x if and only if
for each j € {1,2,...,r}, ¢ is (continuously) differentiable at \;(x). In this case, the derivative of ¢y (-)

at x, for any h € V, is given by , or equivalently by .
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Proof. “ <=" Suppose that for each j € {1,2,...,r}, ¢ is differentiable at A\;(z). As in [25, Lemmal],
we first consider the special case that ¢(X\;(z)) = ¢'(A;j(z)) =0, j = 1,2,...,r. Then, by the Lipschitz
continuity of A(-) and Proposition for any h € V with h — 0 and @ + h = >37_, A\j(z + h)c;j(x + h)
with Aj(z+h) > Ae(z+ h) r(x+h)and {c1(x+h),ca(x+h),...,cr(x+h)} € €(z+h) we have

v(x + h) Z¢ (x4 h))ej(x + h)
= Z i(x+h) = o(X(x))) cj(x + h)
] 1

= Z (@' (A (@) (N + h) = Aj(2)) + oI (@ + h) = A (2)]) ¢j (= + h)

j=1

= o(INj(@ + h) = Xj(@))ej (@ + h) = o(||]]).

j=1

Hence, ¢y is differentiable at x and (¢v)’(x)h = 0 for all h € V, which satisfies (34).

5

Next, we consider the general case. Let p(-) be a polynomial function such that p(A;(z)) = ¢(\;(z))
and p'(\j(z)) = ¢'(N\j(2)), 7 =1,2,...,r. The existence of such a polynomial is guaranteed by the theory
on Hermlte mterpolatlon (cf. [29, Section 5.2]). Hence, by the above proof it follows that the function
(¢ — p)v is differentiable at z. By noting from Lemma that py is differentiable at x, we know that ¢y
is differentiable at z and the derivative of ¢y(-) at x, for any h € V, is given by , which is equivalent

to (35).

Now, we show that ¢y is continuously differentiable at x if for each j € {1,2,...,r}, ¢ is continuously
differentiable at A\j(x). It has already been proved that ¢v is differentiable in an open neighborhood of
x. By (34)), for any y suﬁiciently close to z the derivative of ¢y at y, for any h € V, can be written by

y)h = Z¢[” isles ) hyei(w) + D 4@ AW))jie; () - (aaly) - h)

1<j<i<r
where y has the spectral decomposition y = Z;Zl Aj(y)ei(y) with Ai(y) > Xe(y) > -+ > Ar(y) and
{c1(y), c2(y), ..., cr(y)} € €(y). From the continuity of A(-) and the assumption we know that for any

1<j<i<randy— z,if \j(z) # N(x), then
(@AWt — (@A @))13
and if A\j(z) = Ai(z), then from the mean value theorem,
(@AWt = ¢ (ju() — &' V(@)

where 75;(y) € [Mi(y), Aj(y)]. Therefore, any accumulation point of (¢v)’(y)h for y — = can be written as

T

Y@@ e+ Y AN @)ug - (@ h)

j=1 1<j<i<r
for some {¢1,¢2,...,¢} € €(z). This, together with , implies that for any h € V,
(¢v) (y)h — (o) (2)h

The continuity of (¢v)" at z is then proved.

“ =7 To prove that for each ¢ € {1,2,...,7}, ¢ is (continuously) differentiable at p;, we consider
the composite function of ¢y and u;(t) := x + tb;(x), t € R. For any t € R,

Zaﬁug )+ ¢(ui + t)bi(z),

J#t

P(pi + 1) (bi(x), bi(x)) = (bix), dv(ui(t))) = (bi(x), Py (x + thi(x))) .

Since (b;(z),b;(x)) > 0 and ¢y is (continuously) differentiable at x, ¢ is (continuously) differentiable at

w; with
¢ (i) = (bi(x), (6w)' (2)bi () /1]bs () ]| -
The proof is completed. O

which implies
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REMARK 3.2 Theorem[3. extends the results on the differentiability of Lowner’s function over the sym-
metric matrices in [6, (54, [50] and over SOCs [3]] to all Euclidean Jordan algebras. The approach adopted
here follows the works of [33] and [25] and will be used to study the twice differentiability of the spectral
function over Euclidean Jordan algebras.

Next, we consider the (strong) semismoothness of ¢y at x € V. We achieve this by establishing the
connection between ¢y (x) and ¢sn(L(x)). According to Theorem and the definition of ¢gn,

do (L 2¢> 3 o500 + M) Cala)

1<j<I<r
Thus, by (27)), we obtain
dy(z) = Ugsn (L(x))e. (38)
In particular, by taking ¢(t) = t; = max(0,t), t € R, we get
oy = U(L()) 4. (39)

Hence, we have the following result.

PROPOSITION 3.3 The metric projection operator (-) is strongly semismooth on V.

Proof. Tt is proved in [51] that the metric projection operator (-); is strongly semismooth on S™. Since
L(-) is a linear operator, from we know that (-); is strongly semismooth on V. ]

Let us consider another special, yet important, case. For any € € R, define ¢* : R — R by
) i=Vt2+e2, teR.

Then the corresponding Lowner’s operator ¢, takes the following form

:Zq/)\?(x)-i-EQCj = Va2 +e2e,
=1

which can be treated as the smoothed approximation to the “absolute value” function |z| := Va2, z € V.
On the other hand,

T

L@*) + e =) (@) +*)Cj(2) + Y %(A?(x) +Af () +26%)Cju(x),

=1 1<j<iI<r
which implies

UL(@?) + 21 ¢é

_U<Zw/>\2 )+ 620y (x %\/)\f(x)+>\12(33)+282le(x))é

1<]<l<r
—UZ\/AQ ) +e2Cj(x e—Z,/V )+e2c; = Va2 +e2e
_¢v( ) (40)

Fore e Rand x € V, let
(e,a) = 65 (x) = Va? + <.

Then, by [53] and ([40), we obtain the following result directly.

PROPOSITION 3.4 The function (-,-) is continuously differentiable at (e,x) if € # 0 and is strongly
semismooth at (0,x), x € V.

Proposition [3.3| extends the strong semismoothness of (-); on symmetric matrices in [5I] to Euclidean
Jordan algebras. To study the strong semismoothness of Lowner’s operator, we need to introduce another
scalar valued function ¢ : R — R. Let € > 0 be such that

& —e&+en(G—eg+e)=0,1<j<i<n.
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Then define ¢ : R — R by
- t) ifte i —e, i€
0 otherwise.

Then, by using the fact that C;;(y)e = 0 for j # [, for all y sufficiently close to = we have
ov(y) =Uds(L(y))e.

— U(Z d(Ni(1))Cjj(y)

™

)
U ( S0
j=1

= 0[S0 CHw + Y F(5050) + M) ) Catw)] e
i=1 1< j<I<r
= Udan(L(y))e. (41)

THEOREM 3.3 Let v € (0,1] be a constant and x = Z;Zl Aj(@)ej. ¢y (-) is (y-order) semismooth at x if
and only if for each j € {1,2,...,1}, ¢(-) is (y-order) semismooth at \;(z).

Proof. We only need to consider the semismoothness as the proof for the v-order semismoothness is
similar.

“ &= " The definition of ¢(-) and the assumption that for each j € {1,2,...,7}, ¢(-) is semismooth at
Aj(z) imply that ¢(-) is semismooth at each 3 (A;(z)+X(x)), 1 < j <1 < r. Then by [6, Proposition 4.7]
we know that ¢g» (-) is semismooth at L(z). This, together with , shows that ¢y(+) is semismooth at
x.

“ =" To prove that for each j € {1,2,...,7}, ¢(-) is semismooth at A;(z) is equivalent to prove that
for i € {1,2,...,7}, ¢(-) is semismooth at p;. For each i € {1,2,...,7}, let u;(t) := = + tb;(x), t € R.
For any t € R,

du(ui(t) = D Shy)bj(x) + dlui + t)bilz),
po
which implies
O(ps + )(bi(2), bi(x)) = (bi(z), pv(wi(t))) = (bi(z), pv(z + thi(x))) -
Since ¢y is semismooth at z, (b;(x), ¢v(z + tb;(z)) is semismooth at ¢ = 0. Therefore, ¢ is semismooth
at i - O

REMARK 3.3 The proof of Theorem [3.3 uses the semismoothness result of Lowner’s function over sym-
metric matrices in [6]. It also provides a new proof on Léwner’s function over SOCs considered in [5].

4. Differential Properties of Spectral Functions Let A = (V,.) be a simple Euclidean Jordan

algebra of rank r and dim(V) = n. Let € V have the spectral decomposition x = Z;Zl Aj(z)e;. Let

p1 > po > -+ > pr be all the 7 distinct values in o(x) and 0 =79 <1y < ro < -+ <1z =r be such that
holds.

For two vectors a and  in R", we say that [ block-refines o if aj = oy whenever §; = ; [32].

LEMMA 4.1 If \(z) block-refines a in R”, then the function oT \(-) is differentiable at x with V(aT \)(x) =

> i1 cy.

Proof. Since A\(x) block-refines «,

Op, 41 =0, 42="""=0p, , t=1,2,...,T.
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Let y € V have the spectral decomposition y = >-7_; Xj(y)cj(y) with Ai(y) > Xa(y) > -+ > Ar(y). Let

oo = 0. Then,

@A) = D ad ) = Y 3 A = (o) — o, ().

j=ri—1+1

By (ii) of Proposition oy, (+) is differentiable at x and
Vo, (x) = ch, 1=1,2,...,T.
j=1

Hence, aT\(+) is differentiable at 2 and

T4

V(M) (z) = Zari z cj = Zozjcj.

j=ri—1+1

This completes the proof. (|

Let f: R" — (—o0, 0] be a symmetric function. The properties on the symmetric function f in the
following lemma are needed in our analysis. Parts (i) and (ii) can be checked directly (cf. [34, Lemma

2.1]). Parts (iii) and (iv) are implied by the proof of Case III in [34] Lemma 4.1].

LEMMA 4.2 Let f : R" — (—o00,00] be a symmetric function and v := \(x). Let P be a permutation

matriz such that Pv = v.

(i) If f is differentiable at v, then V f(v) = PTV f(v).

(ii) Let l; := 1341 — 13, i = 1,2,...,7. If f is twice differentiable at v, then V2f(v) = PTV2f(v)P.
In particular,
[ mi1E + B Dy xy ma2E12 mrErr i
12121 MooFEoo + By L1k, - Nor Eor
V3 f(v) = ;
71 B Nr2 o <o NerBrr 4 Beo I <1
where for 1,5 = 1,2,...,7, Ey; is the l; X l; matriz with all entries equal to one, (nij);j=1 is a
real symmetric matriz, 3 := (B1, B2, ..., Br)T is a vector which is block refined by v, and for each

i=1,2,...,7, I;,xi, 1s the l; x l; identity matriz. If l; = 1 for some ¢ € {1,2,..

take n; = 0.

., T}, then we

(111) Suppose that f is twice continuously differentiable at v and j #1 € {1,2,...,r} satisfy v; = v;.

Then for any ¢ € R" with ¢ > 6 > - > 6., ¢ #¢, and s — v,

(Vi) = (Ve (V2f(v))j5 — (V2 ().

Sj —S1

(iv) Suppose that V f is locally Lipschitz continuous near v with the Lipschitz constant k > 0 and
j#1e{1,2,...,r} satisfy v; = v;. Then for any ¢ € R” with¢1 > ¢ > -+ > ¢, g # g, and §

sufficiently close to v,

‘(Vf(c))j - (Vf(c))z‘ <3

Sj— Sl

THEOREM 4.1 E| Let f : R" — (—o0,00] be a symmetric function. Then f o X is differentiable at x =

22:1 Aj(x)e; if and only if f is differentiable at A(x), and in this case
T

V(foN(@) =Y (V@)

Jj=1

"'When this paper was under review, Adrian S. Lewis kindly brought [I] to our attention, where Baes provided a similar

proof to Theorem E without employing the hyperbolic polynomials as we did here.
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Proof. “ <=7 Let v := A(z). Since A(+) is Lipschitz continuous, there exist constants 7 > 0 and g > 0
such that

IAy) = A@)[| < 7lly — =]
for all y € V satistying ||y — z|| < dp. For any given € > 0, since f is differentiable at v = A(z), there
exists a positive number 0(< do7) such that for all ¢ € R” satisfying ||¢ — v|| < § it holds that

[f($) = f(v) = (Vf(0) (s —v)| <ells —vl|.
Hence, for all y € V satisfying ||y — z|| < §/7,
) = f() = (V)T (Ay) — )| <ellAy) —v]| < 7elly — 2] -

On the other hand, by part (i) of Lemma v block-refines V f(v). Then, by Lemma [{.1]} we have

|(VFNTAW) = (VF) 0 = (D (VFW)esy — )| < elly —al
j=1
for all y sufficiently close to . By adding the two previous inequalities we obtain

O = 1) = (Y (VF@)sesy = o)| < (7 + Delly — 2]
j=1
for all y sufficiently close to . This shows that f o A is differentiable at = with

r

V(foN)(x) =Y (Vf(A)))cs.

j=1

“ =7 Suppose that f o \ is differentiable at x. Then it is easy to see that f must be differentiable

at A(z) because one may write
f©)=(fo A)(Z%Cj)
=1

for all ¢ € R". O

REMARK 4.1 Theorem is a direct extension of the first derivative result in [32] on the spectral function
over symmetric matrices.

Let the symmetric function f : R" — (—o0, 00] be twice differentiable at v := A(z). Then by Lemma
. 4.20 V2f(\(z)) has the form as in part (ii) of Lemma Let € > 0 be such that holds. Define
:R— R by

~ B;(z)t if te vi—e,vi+e), j=12,....r
B(t) = Bj(z) (.J J )s J
0 otherwise
where 3(z) is the vector 3 defined in part (ii) of Lemma ie,forr1+1<j<mr,
2 _ (VZf(’U))jj if Ty —Ti—1 = 1
Pi(=) = { (V2f()u — (V2 f(0)is ifrici +1<1#s<r, (42)

where ¢ = 1,2,...,7. Then, by Theorem éV(J is continuously differentiable at x and its derivative,
for any h € V, is given by

Gv)(@h = 222 CAC J( Dy (@) - () - )

i l;éz (43)
+ Z Br, (@)[2bs(x) - (bi(x) - h) = bs() - B].
i=1

Define the symmetric matrix A(z) as follows. Let a;;(z) be the jlth entry of A(z). Then for j,1 =
1,2,...,7,

0 if =1
(

() ifri g +1<j#1<m (44)
(

otherwise,

where 1 =1,2,...,7.
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THEOREM 4.2 Let f : R" — (—o0,00] be a symmetric function and x = 25:1 Aj(x)ej. Then fo X is
twice differentiable at x if and only if f is twice differentiable at \(x). In that case, the second derivative
of foA(:) at x, for any h €'V, is given by

VA(foN(@h =Y [2au(z)e; - (- h) + (V2F(M@))jaler h) ¢j]. (45)

j=11=1

Proof. “ <" By Theorem for any 0 # h € V and h sufficiently small we have

T

V(foX)(@+h) =Y (VA +h))jei(z +h),
j=1
where z +h =377, \j(z + h)cj(z + h) and {c1(x + h),ca(x +h),...,cq(x + h)} € €(x + h). Hence, by
[49] and the directional differentiability and the Lipschitz continuity of A(-),
V(foX)(z+h) =V(foA)(z)
B Z VI (@) + N (@3 ) + o([lhI)))je; (@ + h) = D (VFA@)))j¢
j=1

r

= Z Vi(A@) + N (x;h)))jei(x +h) — Z(Vf(/\(l’)))jca' +o([[Al])

—Z VIA@)));(ej(x 4+ h) —¢;) +Z (V2F (@)X (23 h))je5(x + h) + o(||])
—ZW (bi(z + h) — bi( )+ZV2 sh))jci(z +h) +o([[hll)

which, together with the analyticity of b;(-), part (11) of Lemma and Proposition gives

I

V(foX)(@+h) =V (foX)(x) =Y (VFA@)rbi(z)h — (dv) (z)h

= Z(VQJ‘()\(%))X(OC; h))jej(@ +h) = [y (z + h) = dv(@)] + o(|Ihl])

T4

7227711 (by(z erh)JrZBm(z) Z N (z;h)e(z + h)

=1 [=1 =1 l=r;—1+1
—[dv(x + h) = gv(@)] + o(|[hl])

=D malbi(@), k) (bi(x) + ol ]))) +Zﬁr Z M@+ h) = Au(@)]e(z + h)
i:1~l:1 l=r;_1+1

~[dv( + ) — dy(x)] + o(||h]])

=3 nalbu(x), h) bi(x) —Zﬁm Z N(@)ei(@ + h) + gy (@) + ol ||]))
i=1 =1 l=ri—1+1

=3 nalbi(x) Zﬂr z)pibi(z + h) +Zﬂr pibi(z) + o([|Al])
i:l l*l =1

= ZZW bi(x), h) bi(x) — Zﬁnﬂib;(x)h +o(llAl)
i=1 =1 i=1

where (Wil)f,lﬂ is the symmetric matrix defined in part (ii) of Lemma Therefore, f o A\ is twice
differentiable at = and for any h € V|

T

VA(foN(@h =Y (V@) bi(@)h + (¢v) (@)h

= 1

+ Z Z nzl bl Z ﬂr /f‘zbl

=1 =1
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By using and we obtain for any h € V,

V2(f o A)(z)h
222 (VLD = Ty 0) - 14(a) 1) + () ) 1)
n Z Z ma (o), h) bi(a) =23 b (f”)Z? - ﬁl @y ) - () - h)
i=11=1 =1 1=1 ¢
= 22 Z (VSO — lef( G bi(z) - (bi(z) - h) +2> B (2)bi() - (bi(x) - h)
i=1 i=1 Hi i=1
By Zmz<bl<x>, By bi) = 3 B (@)bi(x) - b
=1 1l=1 i=1
This, together with , , and part (ii) of Lemma implies
V2(f o X)(z)h
=2> "> "au(a)e; - (c +2Zﬁn Z ¢ (¢ h)
Jj= 1 = 1 j=ri—1+1 ~
+ ZZ (V2F(A@)))jeler T Zﬂn Z (e h)ej =Y Bri(@)bi(z) - h
j=11=1 Jj=ri—1+1 i=1
=3 Raj(@)e; - (c-h) + (V2 F(M@)))juler, h) ¢j]
j=11=1 , F
D Bnlx) Y eh=Y Br(a)bi(
i=1 j=ri_1+1 i=1
Thus holds.
“ =7 For any ¢ € R", define
y=x+Y ge =Y (\)+5)e
j=1 j=1

Then, by Theorem for all ¢ € R" sufficiently small, f is differentiable at y and

V(fo ) =Y (V@) +9))5¢
j=1
which implies that
(Vf()\(l‘) + g))j = <V(f © )‘)(y)v Cj> ) ] = 17 27 e, T
Thus f is twice differentiable at A(x). O

The next theorem is about the continuity of V2(f o A)(z). It is a direct consequence of Theorem
and parts (i) and (iii) of Lemma [4.2]

THEOREM 4.3 Let f : R" — (—o0,00] be a symmetric function and x = 22:1 Aj(x)e;. Then fo X is
twice continuously differentiable at x if and only if f is twice continuously differentiable at \(z).

REMARK 4.2 Theorems and extend the twice differentiability results in [34)] on the spectral func-
tion over symmetric matrices to Fuclidean Jordan algebras. This extension builds on known results of
the symmetric function and the differentiability of Lowner’s operator discussed in Section 3.

Let y € V have the spectral decomposition y = 377 A;(y)e;(y) with Ai(y) > Aa(y) > -+ > A(y)
and {c1(y),c2(y),...,cr(y)} € €(y). For any 1 < j <1 < r, there exist d mutually orthonormal vectors

{U]z)( )}, in V such that
d

Ciny) =D S w). ) v (),

i=1
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where d satisfies (25)). Then
d .
{a1@) W, a@ o fw @)W, 1< <1<

is an orthonormal basis of V. Let U(y) be the matrix formed by this basis, i.e., the first 7 columns of

Ul(y) are c1(y), c2(y), ..., c-(y) and the rest are UJ(,;:)(y), 1<j<1<r1<i<d. Leth be the coefficients
of h := y — x with respect to the basis

{awre) . ew. o @0 @), o), 1< <1<

Then there exist numbers ﬁj, Bgll) eR, 1 <j<l<r1<i<dsuch that

h=> hic;m)+ Y Zhﬁ? v W) (46)
j=1 1<j<I<r =1

Let Dy be the set of points in V where A(-) is differentiable.

LEMMA 4.3 Let x = >"

i=12j(@)cj. Then for any 1 < j <1 <7 such that \j(z) = \(z) and y — z with
y € Dy,

B =o(nl?), i=1.2,....d.
Proof. By (i) and (iv) in Proposition and Lemma for any y — x with y € Dy we have

0 =y—z—h= Z/\j(y)cg‘(y) - Z/\j(ﬂf)cg
—Z @) + N (W)h + O([h]*))es(y) = D Aj(a)e; —h
j=1

72 )+ Xi(y Z ¢; —h+ O(||h]]?)
=ZAri(x)(bi( +Z ¢y —h+O([[h]*),

which, together with the analyticity of b;, (37 ., and ., implies

=Y A @bih— > Culy)h+O(|n]?)
i=1 1<]<l<r
=4> A (z ZA 3 culwn+o(in)?)
= 1<j<I<r
=222bi<y>~< — 3 calh+O(|h)?)
i=1 s=1 1<j<iI<r
- Sf‘l,
=2> > wic;(y) - (a - Y Culyh+O(In)?),
j=11=1 1<j<I<r

where for j,l =1,2,...,r,
o { 0 ifryq+1<j41<n
gt 1 otherwise,
t=1,2,...,7. Therefore, for y — = with y € D,

0 = Y wiCawh— Y Calwh+ O(AIP)

1<j<I<r 1<j<I<r
= > Z wit = DRSvE (y) + O(IAI?)
1<j<i<r i=1
which implies that for 1 < j <l <rand 1 <1 <d,

0 = (wjt — DAY @ ), 0§ (1)) + ORI = (wji — DAY + O(IR]1?) .

By observing that for any 1 < j <1 <7, wj; = 0if A;j(z) = A(z), we then complete the proof. O
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THEOREM 4.4 Let f : R" — (—o00,00] be a symmetric function. Let x = 22:1 Aj(z)e; and v € (0,1].
Then V(f o A) is (y-order) G-semismooth at x if and only if Vf is (v-order) G-semismooth at A(x).

Proof. “ <= 7 We only prove the case for the ~-order G-semismoothness. The case for the G-
semismoothness can be obtained similarly. Suppose that Vf is y-order G-semismooth at v := A(z).
By considering the convolution regularization of f (cf. [45 Section 9.K]), we can adapt the proof of [41]
Proposition 4.3] for the case of symmetric matrices and use Lemma and Theorems and to
show that there exists an open set O(x) containing x such that V(f o \) is Lipschitz continuous on O.
For brevity, we omit the details here.

By Theorem Y € Dy(for), the set of differentiable points of V(f o A) in O, if and only if Vf is
differentiable at A(y). Since A(+) is Lipschitz continuous on O, the set S := UJ 1 5; is a set of Lebesgue

measure zero, where S; := O\Dy,, j = 1,2,...,7. Then for any y € Dy(sox) and y & S, V2(f o X)(y)
exists and for any h € V|

NWh = "2a(y)e;(w) - (aly) - h) + (V2FA@)))alaly), k) ¢ (y)],

j=11=1

where for j,l =1,2,...,7,

0 if j=1
aﬂ<y>={ (VIO ~ (VO o (47)
Ai(y) = Xi(y) '

Let h:=y — 2. By Theorem and Lemma for any y — = with y € Dy (fox) and y & S,
V(foX(y) = V(feo)(z)

T

=Y (Vf(\y g

= Z(Vf()\(:v)) + V2 W)(A\y) - )ici + O(IR]*)
= Z(Vf(A(:r)))m (bi(z + h) = bi(x)) + Z(VQf(A(y))/\’(y)h)jCj(y) +O(IR]"),

which, together with and part (iii) of Proposition implies
V(feXN(y) = V(feoA)(z)

T T T

=D (VFA@)ebi @)+ Y > (VAW dea(w), b e (y) + O([hlI+).

i=1 j=11=1

Therefore, for any y — = with y € Dy (fox) and y ¢ 5,
V(foM(y) = V(fol)(z) = V3(foX)(y)h

o3y (WO L T@Deey () - (bu(y) - 1)
= °
23S e () - (@ly) - B) + O(H+)
j 1 l 1
= QZZ D) — auW)le; W) - (aly) - h) + O(|[h]**),
j=11=1
where for 1 < 5,1 <r,
0 ifTi,1+1§j,l§Ti
() = { (VSO@); = (VIO (48)
(@) = N(x) ’
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1=1,2,...,7. Let 6(h _QZZwﬂ x) —a;1(y)]e;(y) - (c(y) - k). Then, by the definition of C;;(y) and
j=11=1
, for y € Dy (for) With y & S,

S(h)y = > [@ul@) — au@)Caly)h

1<j<i<r

d
= Z [Wii(z) —ajly Zﬁﬁl) J(l)

1<j<i<r
We consider the following cases about 8 (h) == [@j1(2) — an(y)|A'y, 1 <j<i<r 1<i<d:
Case 1): \j(z) = A(2). In this case, by (48], Lemma[4.3] and part (iv) of Lemma [4.2]
5 () = [B3(2) = a )y’ = —an(w)h) = O(IRIP)
Case 2): \j(z) # A(z). In this case, by the Lipschitz continuity of Vf(-) and A(:),
59 () (V@) = (VA — (VEAW)); = (ViAW) A%

it Aj(z) — Ni(x) Ai(y) — Ni(y)
_ O(|[1) 76
(N (@) = X(@) (N (y) = M) !

= O(|[RllI7]]) -
Therefore, for any y — = with y € Dy (fox) and y ¢ 5,

V(f o) = V(foA)(x) = V2(foX)(y)h = O(||h]'™).
This, by Lemma shows that V(f o ) is y-order G-semismooth at x.

“ = ” This direction can be done easily by following the proof in the second part of Theorem
O

REMARK 4.3 Theorem is about the G-semismoothness of V(f o \) rather than the semismoothness of
V(foA) as the directional derivative of V(foX) is not involved. For the spectral function over symmetric
matrices, the latter has been done in [{1)]. It is not clear to us whether the result in [{1|] holds in general
for Euclidean Jordan algebras.

5. Conclusions We have studied differential properties of Lowner’s operator and spectral functions
in Euclidean Jordan algebras. The approach consists of adaptations of known arguments for symmetric
matrices and developments of new technical results. Compared to our knowledge of symmetric matrices,
more research is needed for functions in Euclidean Jordan algebras. We conclude the discussion of this
paper by listing below a few interesting questions, which we would like to know the answers in the near
future.

Question 1. The eigenvalue function A(-) defined over Euclidean Jordan algebras is directionally
differentiable. Can we derive formulas on the directional derivative of A(-) as was done in [28, Theorem
7] for the symmetric matrix case?

Question 2. Is that true as for the symmetric matrix case that for any given x, h € V, the eigenvectors
of z 4 €h can be chosen to be analytic at € = 0 (cf. Remark [3.1)7

Question 3. For the symmetric matrix case, it is proved that €(-) is upper Lipschitz continuous at
[7, 51, 52]. Can we extend this to Euclidean Jordan algebras? Lemma presents a partial solution.

Question 4. Can we use the results in [11l 12} [I3] for the symmetric matrix case to get explicit
formulas for the higher-order derivatives of Lowner’s operator over Euclidean Jordan algebras under
sufficient differentiability of ¢?
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Question 5. The first- and second-order derivatives of the spectral function are established. What
can we say about the higher-order derivatives?

Question 6. Under what conditions about V f, V(f o \) is directionally differentiable? This question
is related to Question 2.

Question 7. The metric projection operator over symmetric cones are proved to be strongly semis-
mooth. What kind of differential properties can we say about the metric projection operator over the
closed hyperbolic cone (cf. Section 2.2)? Or less ambitiously, over the closed homogeneous cone (cf. [9])?

Acknowledgments. The authors are grateful to the reviewer for very helpful comments and sug-
gestions on improving the quality of this paper. They also would like to thank Deren Han at Nanjing
Normal University for discussions on Euclidean Jordan algebras, Houduo Qi at University of Southamp-
ton for the “blindness” of Clarke’s Jacobian to any set of Lebesgue measure zero, and Naihua Xiu and
Lingchen Kong at Beijing Jiaotong University for their comments on an earlier version of this paper. The
first author’s research was partially supported by Grant R146-000-061-112 of the National University of
Singapore and the second author’s research was partially supported by Grant R312-000-042/057-112 of
the National University of Singapore and Singapore-MIT Alliance.

References

[1] M. BAEs. Spectral functions on Jordan algebras: differentiability and convexity properties. CORE
Discussion Paper 16, Center for Operations Research and Econometrics, Université catholique De
Louvain, Belgium, 2004.

[2] H.H. BAUSCHKE, O. GULER, A.S. LEwWIs, AND H.S. SENDOV. Hyperbolic polynomials and convex
analysis. Canadian Journal Mathematics 53 (2001) 470-488.

[3] R. BHATIA. Matrix Analysis. Springer (New York, 1997).
[4] H. BRAUN AND M. KOECHER. Jordan-Algebren, Springer (New York 1966).

[5] J. CHEN, X. CHEN, AND P. TSENG. Analysis of nonsmooth vector-valued functions associated
with second-order cones. Mathematical Programming 101 (2004) 95-117.

[6] X. CHEN, H.D. Q1, AND P. TSENG. Analysis of nonsmooth symmetric matrix functions with
applications to semidefinite complementarity problems. STAM Journal on Optimization 13 (2003)
960-985.

[7] X. CHEN AND P. TSENG. Non-interior continuation methods for solving semidefinite complemen-
tarity problems. Mathematical Programming 95 (2003) 431-474.

[8] X.D. CHEN, D. SuN, AND J. SuN. Complementarity functions and numerical experiments on
some smoothing Newton methods for second-order-cone complementarity problems. Computational
Optimization and Applications 25 (2003) 39-56.

[9] C.B. CHUA. Relating homogeneous cones and positive definite cones via T-algebras. STAM Journal
on Optimization 14 (2004) 500-506.

[10] F.H. CLARKE. Optimization and Nonsmooth Analysis. John Wiley and Sons (New York, 1983).

[11] Yu.L. DALECKII. Integration and differentiation of functions of Hermitian operators depending on
a parameter. Amer. Math. Soc. Trans. (2) 16 (1960) 396-400.

[12] Yu.L. DALECKII AND S.G. KREIN. Formulas of differentiation according to a parameter of functions
of Hermitian operators. Doklady Akad. Nauk SSSR (N.S.) 76 (1951) 13-16.

[13] C. Davis. Notions generalizing convexity for functions defined on spaces of matrices. Proceedings
of Symposia in Pure Mathematics, Vol. VII: Convexity, 187-201. American Mathematical Society
(Providence, Rhode Island, 1963).

[14] W.F. DONOGHUE. Monotone Matrix Functions and Analytic Continuation. Springer (New York,
1974).

[15] J. FARAUT AND A. KORANYI. Analysis on Symmetric Cones. Clarendon Press (Oxford, 1994).

[16] L. FayBUsovICH. Euclidean Jordan algebras and interior-point algorithms. Positivity 1 (1997)
331-357.



Sun and Sun: Léwner’s Operator and Spectral Functions 25
Mathematics of Operations Research 33(0), pp. xxx—xxx, (©2008 INFORMS

[17]
[18]
[19]
[20]
[21]

[22]

[39]
[40]
[41]

[42]

M. FukusHIMA, Z.Q. Luo, AND P. TSENG. Smoothing functions for second-order-cone comple-
mentarity problems. SIAM Journal on Optimization 12 (2002) 436-460.

L. GARDING. An inequality for hyperbolic polynomials. Journal of Mathematics and Mechanics 8
(1959) 957-965.

M.S. GowDA. Inverse and implicit function theorems for H-differentiable and semismooth func-
tions. Optimization Methods and Software 19 (2004) 443-460.

M.S. Gowpa, R. SZNAJDER, AND J. TAO. Some P-properties for linear transformations on Eu-
clidean Jordan algebras. Linear Algebra and Applications 393 (2004) 203-232.

W.W. HAGER. Lipschitz continuity for constrained processes. SIAM Journal on Control and Op-
timization 17 (1979) 321-338.

R.A. HOrRN AND C.R. JOHNSON. Topics in Matrix Analysis. Cambridge University Press (Cam-
bridge, 1991).

T. KATO. Perturbation Theory for Linear Operators. Springer (Berlin, 1995).

M. KOECHER. The Minnesota Notes on Jordan Algebras and Their Applications, edited and an-
notated by A. BRIEG AND S. WALCHER, Springer (Berlin, 1999).

A. KORANYI. Monotone functions on formally real Jordan algebras. Mathematische Annalen 269
(1984) 73-76.

B. KuMMER. Newton’s method for non-differentiable functions. in Advances in Mathematical Op-
timization (J. Guddat et al., Eds.), 114-125, Akademie-Verlag (Berlin, 1988).

L. KUNTZ AND S. SCHOLTES. Structural analysis of nonsmooth mappings, inverse functions, and
metric projections. Journal of Mathematical Analysis and Applications 188 (1994) 346-386.

P. LANCASTER. On eigenvalues of matrices dependent on a parameter. Numerische Mathematik 6
(1964) 377-387.

P. LANCASTER. Theory of Matrices. Academic Press (New York, 1969).

S. LANG. Algebra. Addison-Wesley (New York, 1965).

C. LEMARECHAL, J.-J. STRODIOT, AND A. BIHAIN. On a bundle algorithm for nonsmooth

optimization. Nonlinear programming, 4 (Madison, Wisconsin, 1980), 245282, Academic Press
(New York, 1981).

A.S. LEwIs. Derivatives of spectral functions. Mathematics of Operations Research 21 (1996) 576
588.

A.S. LEwis. The mathematics of eigenvalue optimization. Mathematical Programming 97 (2003)
155-176.

A.S. LEwis AND H.S. SENDOV. Twice differentiable spectral functions. SIAM Journal on Matrix
Analysis 23 (2001) 368-386.

K. LOWNER. Uber monotone matrixfunktionen. Mathematische Zeitschrift 38 (1934) 177-216.

R. MIFFLIN. Semismooth and semiconvex functions in constrained optimization. STAM Journal on
Control and Optimization 15 (1977) 957-972.

R. MIrrLIN. Convergence of a modification of Lemaréchal’s algorithm for nonsmooth optimiza-
tion. Progress in nondifferentiable optimization, 8595, ITASA Collaborative Proc. Ser. CP-82, 8§,
Internat. Inst. Appl. Systems Anal. (Laxenburg, 1982).

J. OuTRATA, M. KOCVARA, AND J. ZOWE. Nonsmooth Approach to Optimization Problems

with Equilibrium Constraints: Theory, Applications and Numerical Results, Kluwer Academic
Publishers (Dordrecht, 1998).

J.S. PANG AND D. RALPH. Piecewise smoothness, local invertibility, and parametric analysis of
normal maps. Mathematics of Operations Research 21 (1996) 401-426.

J.S. PANG, D.F. SUN, AND J. SUN. Semismooth homeomorphisms and strong stability of semidefi-
nite and Lorentz complementarity problems. Mathematics of Operations Research 28 (2003) 39-63.

H.D. Q1 AND X.Q. YANG. Semismoothness of spectral functions. STAM Journal on Mathematical
Analysis and Applications 25 (2004) 766-783.

L. Q1 AND J. SUN. A nonsmooth version of Newton’s method. Mathematical Programming 58
(1993) 353-367.



26

Sun and Sun: Léwner’s Operator and Spectral Functions
Mathematics of Operations Research 33(0), pp. xxx—xxx, (©2008 INFORMS

[43]
[44]
[45]
[46]

[47]

[48]

F. RELLICH. Perturbation Theory of Eigenvalue Problems. Gordon and Breach Science Publishers
(New York, 1969).

R.T. ROCKAFELLAR. Convex Analysis. Princeton University Press (New Jersey, 1970).
R.T. ROCKAFELLAR AND R.J.-B. WETs. Variational Analysis. Springer (New York, 1998).

S.H. SCHMIETA AND F. ALIZADEH. Extension of primal-dual interior point algorithms to symmetric
cones. Mathematical Programming 96 (2003) 409-438.

S. ScHOLTES. Introduction to piecewise differentiable equations. Habilitation, Universitat Karl-
sruhe, Germany (1994).

H. SCcHRAMM AND J. ZOWE. A version of the bundle idea for minimizing a nonsmooth function:
conceptual idea, convergence analysis, numerical results. STAM Journal on Optimization 2 (1992)
121-152.

A. SHAPIRO. On concepts of directional differentiability. Journal of Optimization Theory and Ap-
plications 66 (1990) 477-487.

A. SHAPIRO. On differentiability of symmetric matrix valued functions. Optimization Online, 2002.

D.F. SuN AND J. SUN. Semismooth matrix valued functions. Mathematics of Operations Research
27 (2002) 150-169.

D.F. SUN AND J. SUN. Strong semismoothness of eigenvalues of symmetric matrices and its appli-
cations in inverse eigenvalue problems. STAM Journal on Numerical Analysis 40 (2003) 2352-2367.

J. Sun, D.F. Sun, AND L. Q1. A squared smoothing Newton method for nonsmooth matrix

equations and its applications in semidefinite optimization problems. SIAM Journal on Optimization
14 (2004) 783-806.

J. Tao AND M.S. GOWDA. Some P-properties for nonlinear transformations on Euclidean Jordan
algebras. Mathematics of Operations Research 30 (2005) 985-1004.

N.-K. TsiNnGg, M.K.H. FAN, AND E.I. VERRIEST. On analyticity of functions involving eigenvalues.
Linear Algebra and Applications 207 (1994) 159-180.

E.B. VINBERG. A Course in Algebra. American Mathematical Society (Providence, Rhode Island,
2003).

J. WARGA. Fat homeomorphisms and unbounded derivative containers. Journal of Mathematical
Analysis and Applications 81 (1981) 545-560.



