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Summary

In this thesis, we design and implement specialized algorithms for solving various
large scale optimization problems arising from literature. It is mainly divided

into three parts.

For the first part of the thesis, we study a binary classification problem arising
from the field of statistics and machine learning. High dimension low sample
size statistical analysis is important in a wide range of applications. In such
situations, the highly appealing discrimination method, support vector machine
(SVM), can be improved to alleviate data piling at the margin. This leads
naturally to the development of distance weighted discrimination (DWD), which
can be modeled as a second-order cone programming problem and solved by
interior-point methods when the scale (in sample size and feature dimension)
of the data is moderate. Here we design a scalable and robust algorithm for
solving large scale generalized DWD problems. Numerical experiments on real
data sets from the UCI repository demonstrate that our algorithm is highly
efficient in solving large scale problems, and sometimes even more efficient than
the highly optimized LIBLINEAR and LIBSVM for solving the corresponding
SVM problems.

In the second part of the thesis, we turn our focus on a problem of special
structure. We propose a semi-proximal augmented Lagrangian based decom-

position method for convex composite quadratic conic programming problems

xi



with primal block angular structures. Using our algorithmic framework, we
can naturally derive several well-known augmented Lagrangian based decom-
position methods for stochastic programming such as the diagonal quadratic
approximation method of Mulvey and Ruszczynski. Moreover, we derive novel
enhancements and generalizations of these well-known methods. We also propose
a semi-proximal symmetric Gauss-Seidel based alternating direction method of
multipliers for solving the corresponding dual problem. Numerical results show
that our algorithms can perform well even for very large instances of primal
block angular convex QP problems. For example, one instance with more than
300, 000 linear constraints and 12, 500, 000 nonnegative variables is solved in less
than a minute whereas Gurobi took more than 3 hours, and another instance
gp-gridgenl with more than 331,000 linear constraints and 986,000 nonnega-
tive variables is solved in about 5 minutes whereas Gurobi took more than 35

minutes.

A natural extension of the second part of this study is to look at optimization
problems having dual block angular structure. Thus in the last part of this the-
sis, we design an inexact proximal augmented Lagrangian based decomposition
methods for convex composite conic programming problems with dual block an-
gular structures. Similarly, the algorithmic framework is based on the recently
developed symmetric Gauss-Seidel (sGS) decomposition theorem for solving a
proximal convex composite quadratic programming problem. Besides the guar-
anteed convergence, the advantage of our algorithm is that the computation
of subproblems are easy to be parallelized, thus it possesses great potential for
solving optimization models with a huge number of constraints and/or variables.
Our methods are particularly well suited for convex quadratic conic program-
ming problems arising from stochastic programming models. Furthermore, we
present an application of the proposed algorithms to the doubly nonnegative

relaxations of uncapacitated facility location problems.

xii
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Section 1.1

Chapter

Introduction

In this thesis, we focus on designing and implementing efficient algorithms for
solving various large scale optimization models arising from the literature. In
particular, we are interested in solving structured convex programming problem

with huge numbers of constraints and/or variables.

1.1 Motivation and related methods

We examine several methods that are popular nowadays for solving large scale
optimization problem. Firstly, we investigate several variants of the alternat-
ing direction method of multipliers (ADMM), which is an algorithm that solves
convex optimization problems by breaking them into smaller pieces, each of
which is then easier to handle. It has been applied widely into a number of
statistical problems, such as constrained sparse regression, image restoration,
etc. The classical ADMM was originally proposed by Glowinski and Marroco
(1975) and Gabay and Mercier (1976) for solving a 2-block convex optimization
problem with a collection of coupling linear constraints. Over the years, there
have been many variations of ADMM proposed and applied to a great variety of
optimization problems. A natural modification is to extend the original ADMM
from two-block to multi-block settings. However, in Chen et al. (2016), it was
shown that the directly extended ADMM may not be convergent. Thus it is
necessary to make some modifications to the directly extended ADMM in order

to get a convergent algorithm. In Sun et al. (2015), the authors proposed a
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semi-proximal ADMM for solving a convex conic programming problem with 3
blocks of variables and 4 types of constraints. The algorithm is a convergent
modification of the ADMM with an additional inexpensive step in each itera-
tion. In Li et al. (2016), the authors proposed a Schur complement based (SCB)
convergent semi-proximal ADMM for solving a multi-block linearly constrained
convex programming problem whose objective function is the sum of two proper
closed convex functions plus an arbitrary number of convex quadratic or lin-
ear functions. One of the key contributions in Li et al. (2016) is the discovery
of the Schur complement based decomposition method which allows the multi-
block subproblems to be solved efficiently while ensuring the convergence of the
algorithm. More recently, Li et al. (2015) generalized the SCB decomposition
method in Li et al. (2016) to the inezact symmetric Gauss-Seidel decomposition
method, which provides an elegant framework and simpler derivation of the SCB
decomposition method. Based on this previous research, in Chen et al. (2017),
the authors proposed an ineract symmetric Gauss-Seidel based multi-block semi-
proximal ADMM for solving a class of high-dimensional convex composite conic
optimization problems, which has been demonstrated to have much better per-
formance than the possibly non-convergent directly extended ADMM in solving

high dimensional convex quadratic semidefinite programming problems.

Inspired by the above research, we find that ADMM is a potentially powerful
tool in application for solving high dimensional structured convex programming
problems, henceforth our work will depend heavily on this method. In the sub-
sections below, we elaborate in details the motivations and related methods for

each class of problems that we consider.

1.1.1 Generalized distance weighted discrimination

In the first part of this thesis, we consider the problem of finding a (kernelized)
linear binary classifier for a training data set. By far, the most popular and suc-
cessful method for getting a good linear classifier from the training data is the
support vector machine (SVM), originally proposed by Vapnik (1995). Indeed,

it has been demonstrated in Ferndndez-Delgado et al. (2014) that the kernel
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SVM is one of the best performers in the pool of 179 commonly used classi-
fiers. Despite its success, it has been observed in Marron et al. (2007) that SVM
may suffer from a “data-piling” problem in the high-dimension-low-sample size
(HDLSS) setting (where the sample size is smaller than the feature dimension).
The authors proposed a new linear classifier, called “Distance Weighted Dis-
crimination” (DWD), as a superior alternative to the SVM. DWD has become
a workhorse method for a number of statistical tasks, including data visual-
ization (Marron and Alonso 2014), hypothesis testing linked with visualization
in very high dimensions (Wei et al. 2016), and adjustment for data biases and

heterogeneity (Benito et al. 2004; Liu et al. 2009).

It is well known that there is a strong need for efficient HDLSS methods for
the settings where the feature dimension is large, say in the order of 10*-10°,
especially in the area of genetic molecular measurements (usually having a small
sample size, where many gene level features have been measured), chemometrics
(typically a small sample of high dimensional spectra) and medical image analysis
(a small sample of 3-d shapes represented by high-dimensional vectors). On the
other hand, given the advent of a huge volume of data collectible through various
sources, especially from the internet, it is also important for us to consider the
case where the sample size is large, while the feature dimension may be moderate.
Thus in this thesis, we are interested in the problem of finding a linear classifier
through DWD for data instances where sample size and/or feature dimension

are large.

In Marron et al. (2007), DWD is formulated as a second-order cone program-
ming (SOCP) problem, and the resulting model is solved by using a primal-dual
interior-point method for SOCP problems implemented in the software SDPT3
(Toh et al. 1999). However, the IPM based solver employed for DWD in Marron
et al. (2007) is computationally very expensive for solving problems where sam-
ple size or feature dimension is large, thus making it impractical for large scale
problems. A recent approach to overcome such a computational bottleneck has
appeared in Wang and Zou (2015), where the authors proposed a novel reformu-
lation of the primal DWD model which consists of minimizing a highly nonlinear

convex objective function subject to a ball constraint. The resulting problem is
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solved via its dual and an MM (minimization-majorization) algorithm is designed
to compute the Lagrangian dual function for each given dual multiplier. The
algorithm appears to be quite promising in theory for solving large scale DWD
problems. However, the current numerical experiments and implementation of
the proposed algorithm in Wang and Zou (2015) are preliminary and limited to
small scale data instances, and it appears that substantial work must be done
to make it efficient for large scale instances. As it is premature to compare our
proposed algorithm with the one in Wang and Zou (2015), we will not consider

the latter algorithm any further in this thesis.

1.1.2 Primal block angular convex composite quadratic conic

programming problems

In the second part of the thesis, we focus on solving convex composite quadratic
conic programming problems with a primal block angular structure, i.e. opti-
mization problems with a separable convex objective function and conic con-
straints but the variables are coupled by linking linear constraints across differ-
ent variables. Without specially designed strategies to exploit the underlying
block angular structure, it is expected that the computational inefficiency of a
generic algorithm for solving such a class of problems will be severe because the

constraints cannot be decomposed completely.

In practical applications, quadratic and linear problems with primal block
angular structure appear in many contexts, such as multicommodity flow prob-
lems (Assad, 1978) and statistical disclosure control (Hundepool et al., 2012).
These problems are often very large scale in practice, and standard interior
point methods such as those implemented in Gurobi or Mosek may not be ef-
ficient enough to solve such problems. In the literature, specialized algorithms
designed to solve these problems have been studied extensively. Three of the
most widely known algorithmic classes are (i) decomposition methods based on
augmented Lagrangian and proximal-point algorithms, see for example Mulvey
and Ruszczynski (1992); Rockafellar and Wets (1991); Ruszczyniski (1986, 1989,

1995, 1999); (ii) interior-point log-barrier Lagrangian decomposition methods
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such as those studied in Zhao (1999, 2001, 2005); Mehrotra and Ozevin (2007,
2009a); and (iii) standard interior-point methods which incorporate novel numer-
ical linear algebraic techniques to exploit the underlying block angular structures
when solving the large linear systems arising in each iteration, for example in
Birge and Qi (1988); Choi and Goldfarb (1993); Gondzio et al. (1997); Schultz
and Meyer (1991); Todd (1988).

Besides quadratic and linear problems, semidefinite programming (SDP) prob-
lems with primal block angular structures are beginning to appear in the litera-
ture more frequently. It is gaining more attention as practitioners become more
sophisticated in using SDP to model their application problems. For example,
Hanasusanto and Kuhn (2017) reformulated a two-stage distributionally robust
linear program as a completely positive cone program which bears a block an-
gular structure and applied the reformulation to solve a multi-item newsvendor
problem. Although linear programming problems with primal block angular
structures have been studied extensively, the more complicated SDP version is
still in its infancy stage. Apart from Mehrotra and Ozevin (2007), Sivaramakr-

ishnan (2010) and Zhu and Ariyawansa (2011), we are not aware of other works.

By focusing on designing efficient algorithms for solving general conic pro-
gramming problems with primal block angular structures, we can in general also
use the same algorithmic framework to solve the primal block angular linear
and quadratic programming problems efficiently through designing novel nu-
merical linear algebraic techniques to exploit the underlying structures. In this
thesis, our main objective is to design efficient and robust (distributed) algo-
rithms for solving large scale conic programming problems with block angular
structures. Specifically, we will design an inexact semi-proximal augmented La-
grangian method (ALM) for the primal problem which attempts to exploit the
block angular structure to solve the problem in parallel. Our algorithm is mo-
tivated by the recent theoretical advances in inexact semi-proximal ALM that
is embedded in Chen et al. (2017). In contrast to most existing augmented
Lagrangian based decomposition algorithms where the solution for each sub-
problem must be computed exactly or to very high accuracy, our algorithm has

the key advantage of allowing the subproblems to be solved approximately with
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progressive accuracy. We will also elucidate the connection of our algorithm to
the well-known diagonal quadratic approximation (DQA) algorithm of Mulvey

and Ruszczynski Mulvey and Ruszczyniski (1992).

In the pioneering work in Kontogiorgis et al. (1996), an ADMM based frame-
work was designed for the primal block angular problem (PBA) wherein the
variables are duplicated and auxiliary variables are introduced to make the first
ADMM subproblem in each iteration solvable in a distributed fashion and that
the succeeding second ADMM subproblem is a sufficiently simple quadratic pro-
gram which is assumed to be easy to solve. However, the problem might still
be difficult to solve if the scale of the original problem gets very large. To over-
come the potential computational inefficiency induced by the extra variables and
constraints, and also the relatively expensive step of having to solve a QP sub-
problem in each iteration in the primal approach, in this thesis we will adopt
the dual approach of solving PBA. Specifically, we will design and implement
a semi-proximal symmetric Gauss-Seidel based alternating direction method of
multipliers (sGS-ADMM) to directly solve the dual problem, which will also solve
the primal problem as a by-product. The advantage of tackling the dual problem
directly is that no extra variables are introduced to decouple the constraints and
no coupled QP subproblems are needed to be solved in each iteration. We note
that the sGS-ADMM is an algorithm designed based on the recent advances in

Chen et al. (2017); more details will be presented later.

1.1.3 Dual block angular convex composite conic programming

problems

In the final part of the thesis, we study a another structured problem that can
be considered as the dual of those studied in the second part. In this case, the
structure it bears is a dual block angular (DBA) instead of primal block angular.
The DBA problem generally has a separable convex objective function and conic
constraints but the linear constraints are coupled by a linking variable across
diferent constraints. The dimension of these problems can grow large easily

especially when the number of blocks increases, thus it is advisable to devise a
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specialized algorithm to fully exploit the block angular structure; otherwise the

computational inefficiency will be severe.

In practical applications, optimization problem with DBA structure arised in
many contexts. One of the most common problem class is the two-stage stochas-
tic conic programming problems. The deterministic equivalence of this kind of
problem is a typical example class of DBA problems. In the literature, some com-
monly used methods are interior point log-barrier decomposition algorithms such
as those implemented by Mehrotra and Ozevin (2009a,b); Zhao (2001), which
successfully decompose the two stage stochastic problems by solving the two
stages subproblem separately instead of solving the entire deterministic equiva-
lence model. While this may work well for small problem, when the scale of the
problem gets larger, the Newton systems arised in solving the subproblem might

become more time consuming to be solved.

Another problem class having DBA structure is the uncapacitated facility
location (UFL) problem. This is a model used to determine a subset of facility
locations to open and to allocate each customer to opened facilities so that
the cost of facility opening as well as customer allocation are minimized. This
binary integer program is usually solved by Benders Decomposition such as those
implemented in Fischetti et al. (2017). However, it is well known that directly
solving an integer program is hard and is often time consuming, not to mention
when the problem size is big. Thus relaxation is often needed in the process
to gain some information about the solution to the original integer problem. In
the context of this thesis, we study the doubly nonnegative relaxations of UFL
problems and solve the resulting dual block angular semidefinite problem using

our specialized algorithmic framework.

Our main objective here is to design and implement an efficient and robust
(distributed) algorithms for solving large scale conic programming problems with
dual block angular structures. We propose an inexact symmetric Gauss-Seidel
based proximal ADMM (sGS-ADMM) to solve the dual problem which attempts
to exploit the block angular structure and hence enable us to solve the subprob-

lems efficiently. The advantage of using sGS-ADMM is that when the dimension
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of the linear system of equation arising from the subproblem get larger, we can
simply add a symmetric positive semidefinite proximal term so that the linear
system of equation can be decomposed and solved in parallel. This method is
particularly well-suited for convex composite problem with multiple blocks of
variables, and is again inspired by the recent theoretical advances in inexact

sGS-ADMM that is proposed in Chen et al. (2017).

1.2 Contributions

In the first part of the thesis, the main contribution is to design a new method
for solving large scale DWD problems, where we target to solve a problem with
the sample size n ~ 10%-10% and/or the dimension d ~ 10*~10°. Our method is
a convergent 3-block semi-proximal alternating direction method of multipliers
(ADMM), which is designed based on the recent advances in research on con-
vergent multi-block ADMM-type methods (Sun et al. 2015; Li et al. 2016; Chen

et al. 2017) for solving convex composite quadratic conic programming problems.

To be more specific, the first contribution we make is in reformulating the
primal formulation of the generalized DWD model (using the terminology from
Wang and Zou (2015)) and adapting the powerful inexact sGS-ADMM frame-
work for solving the reformulated problem. This is in contrast to numerous
SVM algorithms which are primarily designed for solving the dual formulation
of the SVM model. The second contribution we make is in designing highly
efficient numerical techniques to solve the subproblems in each of the inexact
sGS-ADMM iterations. If n or d is moderate, then the complexity at each iter-
ation is O(nd) + O(n?) or O(nd) + O(d?) respectively. If both n and d are large,
then we employ the conjugate gradient iterative method for solving the large
linear systems of equations involved. We also devise various strategies to speed
up the practical performance of the sGS-ADMM algorithm in solving large scale
instances (with the largest instance having n = 256,000 and d ~ 3 x 10°) of
DWD problems with real data sets from the UCI machine learning repository
(Lichman 2013). We should emphasize that the key in achieving high efficiency

in our algorithm depends very much on the intricate numerical techniques and
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sophisticated implementation we have developed.

In the second part of the thesis, our first contribution is in proposing several
variants of augmented Lagrangian based algorithms for directly solving the pri-
mal form (PBA) of the convex composite quadratic conic programming problem
with a primal block angular structure. We also show that they can be considered
as generalizations of the well-known DQA method. Our second contribution is
in the design and implementation of a specialized algorithm for solving the dual
problem of (PBA). The algorithm is easy to implement and highly amenable to
parallelization. Hence we expect it to be highly scalable for solving large scale

problems with millions of variables and constraints.

In the third part of the thesis, our first contribution is to design an efficient
and scalable algorithm for solving the dual block angular (DBA) form of the
convex composite conic programming problem. Besides conducting numerical
experiments on various practical dataset, we also generate some random DBA
problems. Our numerical results show that our algorithm performs well on the
random DBA problems. As a side products, we also derived concrete DBA
convex composite conic programming problems arising from doubly nonnegative
relaxations of common mixed integer programming problems such as uncapaci-

tated facility location problems.

In every problem we mentioned, we implement the code in MATLAB and
conduct comprehensive numerical experiments to evaluate the performance of
our algorithms against other highly competitive state-of-the-art solvers such as
Gurobi. Numerical results show that our algorithms can achieve good perfor-

mance and sometimes much better than the state-of-the-art solvers.

1.3 Thesis organization

The rest of this thesis is organized as follows. In Chapter 2, we present some pre-
liminaries that are related to our subsequent discussions, which includes the in-
troduction of the symmetric Gauss-Seidel (sGS) decomposition theorem and the
sGS based alternating direction method of multipliers. In Chapter 3, we design

an efficient algorithm for solving the large scale generalized distance weighted
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discrimination problems. We provide the convergence theorem of our proposed
algorithm as well as the numerical experiment. Next, we solve primal block
angular convex composite quadratic conic programming problems in chapter 4.
Algorithms are presented in details for both primal and dual formulation. In
chapter 5, we present an algorithmic framework for solving dual block angular
convex composite conic programming problems. In particular, we focus on its
dual formulation and the possible application in solving the SDP relaxation of
uncapacitated facility location problem. Finally, we give conclusion of this thesis

and discuss several possible future research directions in the last chapter.

10
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Chapter

Preliminaries

2.1 Notations

We would like to emphasize that the meaning of a symbol might differ in each
chapter. For example, y is a class label in chapter 3, but it is just an ordinary dual
variable in chapter 4. On the other hand, the following mathematical notations

are used throughout the entire thesis:

e We denote the 2-norm of a vector x by ||z||, and the Frobenius norm of a

matrix M by || M||p. The inner product of two vectors z,y is denoted by

(z, y).

o If S is a symmetric positive semidefinite matrix, then we denote the weighted

norm of a vector z with the weight matrix S by ||z||s := /(x, Sz).

e We denote [P; Q] or (P; Q) as the matrix obtained by appending the matrix
@ to the last row of the matrix P, whereas we denote [P, Q] or (P, Q) as the
matrix obtained by appending @) to the last column of matrix P, assuming
that they have the same number of columns or rows respectively. We also
use the same notation symbolically for P and ) which are linear maps

with compatible domains and co-domains.

e For any linear map 7 : X — ), we denote its adjoint as 7*. If X = ),

and 7 is self-adjoint and positive semidefinite, then for any = € X we have

the notation ||z|7 := /(z, Tx).

11
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e Let f: X — (—00,400] be an arbitrary closed proper convex function. We
denote domf as its effective domain and df as its subdifferential mapping.

The Fenchel conjugate function of f is denoted as f*.

e The Moreau-Yosida proximal mapping of f is defined by Prox;(y) :=

arg ming {f(z) + 3|z — y|*}.

2.2 The symmetric Gauss-Seidel (sGS) decomposi-

tion theorem

In this section, we discuss the sGS decomposition theorem, which is an important

theorem that our algorithms rely heavily on.

Let @ : X — X be a given self-adjoint positive semidefinite linear operator,

and n € X'. Suppose that Q is partitioned according to X} x - -+ x X as

Q1,1

| Qi

Ql,s

Qs,s

=U+D+U",

(2.1)

where D and U denote the block diagonal part and the strictly upper block

triangular part of 9, respectively. That is,

0 Q2 ... Qs Q1,1
U= . D- @22 (22)
C2571,5
0 Qs,s
Assuming that );; is positive definite for all ¢ = 1,...,s. Then we can define the

following symmetric Gauss-Seidel linear operator associated with Q:

sGS(Q) =UD'u*.
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For a given x = (z1;...;x5), we define

T>i = (Ti;..52s),  T<i = (T15...;%5),

We also define z>541 = 0.
Theorem 2.1. (sGS decomposition theorem) Let u € X’ be given. Suppose

8,0 € X are two given error vectors with §; = d;. Define

A(8,8) =6 +UD™'(5 - &). (2.3)

Let p : X1 — (—00,00] be a proper closed convex function and h(z)
2z, Q) — (n, z) ¥V 2 € X. Consider the following convex composite quadratic

programming problem:
+ . : 1 2 !
" = argmin < p(z1) + h(z) + 2”33 —ullg — (z, A(8,9)) | ze X, (24)

where § = sGS(Q) is the symmetric Gauss-Seidel linear operator associated

with Q. Then z% can be computed in the following symmetric Gauss-Seidel

fashion. For i = s,...,2, compute 2} € X; defined by

xy = argmin p(ur) + h(u<i—1; @z 05, 1) — (0, @)

_ i—1
= Qi,il (77i +0; — 23:1 Gty — Zj‘ziHQiJm;’)‘

Then the optimal solution z* for (2.4) can be computed exactly via the following

steps:
z] = argmin p(z;) + h(z1;25,) — (61, 21),
T1€AL
xf = argmin P(x;r) + h‘(xii—l; xi;iflziﬂ) — (i, ;) (2.6)
T, €EX; -
-1 i—1 ~x .
L = Qi,i (77i +0; — Z;‘:le,ixj_ - Zj’:i+1Qin;')’ 1=2,...,8.

Proof. See (Li et al., 2018a, Theorem1).
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Note that the role of the error vectors ¢’ and 0 in the above block sGS de-
composition theorem is to allow for inexact computation in (2.5) and (2.6).
There is no need to know these error vectors in advanced. We should view
the computed z} and z;" from (2.5) and (2.6) as approximate solutions to the
minimization subproblems without the terms involving §; and ;. Once these
approximate solutions have been computed, they would generate d; and §; auto-
matically. With these known error vectors, we know that the computed approx-
imate solutions are the exact solutions to the slightly perturbed minimization
problems in (2.5) and (2.6). In particular, for i = s,...,2, we know that o]
is the residual vector obtained when we solve the linear system of equations
Qi = n; — Z;;ll iU — Z;:H—lQin;' in (2.5). Similar ¢; (i = 2,...,s) is the

residual vector obtained when we solve the linear system of equations in (2.6).

2.3 The inexact sGS-ADMM

Now we shall describe briefly the inexact sGS based majorized semiproximal

ADMM (sGS-imsPADMM) that was introduced in Chen et al. (2017).
Let Z, X1,...,&s (s > 2) and Vi,..., ) (t > 2) be given finite-dimensional
inner product spaces. Also, define X := X1 X --- X Xy and Y := Y X --- X V.

Consider the following general convex composite programming model:

(GCCP)  mingexyey  pi(z1) + f(w1, . 25) + a1(y1) + g(y1, -, yt)
s.t. A*x + B*y = ¢,

where p; : A1 — (—o0,00] and ¢1 : Y1 — (—o00,00] are two closed proper
convex functions, f : X — (—o00,00) and g : J — (—o0,00) are continuously
differentiable convex functions whose gradients are Lipschitz continuous. The
linear mappings A: Z — X and B: Z — ) are defined such that their adjoints
are given by A*zx = >"7 | Afx; for x = (21, ,x5) € X, and By = 22:1 By,
for y = (y1, - ,y) € Y, where A7 : X; — Z,i=1,---,sand B : J; —
Z,j =1,...,t are the adjoints of the linear maps A; : Z — &; and B; : Z —
Y; respectively. For notational convenience, we define the functions p : X —

(—o0,00] and ¢ : ¥ — (=00, 00] by p(x) := p1(z1) and q(y) := q1(y1).

14
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The augmented Lagrangian function of (GCCP) is given by
* *k o * *
Lo(z,y;2) = p(@) + f(2) +a(y) + 9(y) + (2, A"z + B’y — ) + || A + By — c|*

(GCCP) could be solved by many methods in the literature; one of the most
popular algorithm is the alternating direction method of multipliers (ADMM).
As mentioned in section 1.1, the direct extension of the original ADMM from
two-block to multi-block setting may not be convergent and hence various en-
hancements have been done to improve the convergence; see for example Sun
et al. (2015); Li et al. (2016, 2015); Chen et al. (2017). In particular, based on
the sGS decomposition theorem, by applying the corresponding sGS operator,
the simplified version of the algorithmic framework for solving (GCCP) described

by Chen et al. (2017) has the following template:

15



Chapter 2

Section 2.3

sGS-imsPADMM: An inexact sGS based majorized semi-proximal ADMM
for solving (GCCP). Suppose S;;, i = 1,...,5s and S,;, j = 1,...,t are self-

adjoint positive semidefinite linear operators. Let 7 € (0, 1J”[) be the step-

length and {€;}r>0 be a summable sequence of nonnegative numbers. Choose

(20,90, 2°) € domp x domg x Z. For k =0, 1, ..., perform the following steps:

Step la. (Backward GS sweep) Compute for i = s, ..., 2

_ 1
B~ argn)l{ln{ﬁ o(@i_y 2, T R ) + llzi = 213, ),
x; €

such that there exists
6k 68 £ (x<z 17$k+1 'CCI;—:j-lvy z )+S.Z‘( k+1 :Z,’f)
satisfying ||6F| < &.

Step 1b. (Forward GS sweep) Compute for i =1,...; s

1
oi T~ argmin{ Lo (a5 @i, 2571 08 2F) + S llzi = zil|%,

T, €X; ¢
such that there exists

k k1 k41 ~k+1 k+1 k
0; € 0y, Lo (a:<l_1,9: x>z+1,y z )+Sx( — )

with ||6F]| < &.

Step 2a. (Backward GS sweep) Compute for j =¢,...,2

' - 1
gt~ argrgl,ln{ﬁg(w’“l,y%—lv Ui U540 20) + 2l = ny?sij
Yi€dj

such that there exists

_k _k+1 —k+1 k+1 k
Vj anjﬁa( 7y<j 1ay]Jr 7y>j+1; )JFSyJ(?J]Jr —v5)
with [|55]] < &.

Step 2b. (Forward GS sweep) Compute for j = 1,...,¢

k1 : k+1 . k+1
Y; argmin{ L, (z 1 Y<j— 17y]7y>]+17 )
Y; €Y,

such that there exists

1 k2
+5lys = yills,, b

k k+1 | k+1 k+1 —k+1 k+1 k
V€ Oy Lo (™ YLy g ) + S, (T = o)
with ||7;€|| < €.

Step 3. Compute 2"+ = 2 + 70(A*z + B*y — ¢).
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In short, by adding an inexpensive step in step la and step 2a respectively
(note that these are the steps that do not involve the expensive computation
of the possibly nonsmooth objective p and ¢), we can improve the convergence
of the directly extended ADMM in multi-block setting. In the following parts
of the thesis, most of our problems will have a multiblock setting and hence it
would be useful to apply this sGS-imsPADMM framework. We defer the details,
including the specific applications and the corresponding convergence theorems

to later chapters.
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Chapter

Fast algorithms for large scale
generalized distance weighted

discrimination

In this chapter, we focus on designing a new method for solving the generalized
distance weighted discrimination model to find a linear classifier for a training
data set {(x,y;)}, with z; € R? and the class label y; € {—1,1} for all i =
1,...,n for data instances. Here we target to solve a problem with the sample size
n =~ 10%-10° and/or the dimension d ~ 10%-10°. Our method is a convergent 3-
block semi-proximal alternating direction method of multipliers (ADMM), which
is designed based on the recent advances in research on convergent multi-block
ADMM-type methods (Sun et al. 2015; Li et al. 2016; Chen et al. 2017) for

solving convex composite quadratic conic programming problems.

We will conduct extensive numerical experiments to evaluate the performance
of our proposed algorithm against a few other alternatives. Relative to the
primal-dual interior-point method used in Marron et al. (2007), our algorithm
is vastly superior in terms of computational time and memory usage in solving
large scale problems, where our algorithm can be a few thousands times faster.
By exploiting all the highly efficient numerical techniques we have developed

in the implementation of the sGS-ADMM algorithm for solving the generalized

19



Chapter 3

Section 3.1

DWD problem, we can also get an efficient implementation of the possibly non-
convergent directly extended ADMM for solving the same problem. On the
tested problems, our algorithm generally requires fewer iterations compared to
the directly extended ADMM even when the latter is convergent. On quite a
few instances, the directly extended ADMM actually requires many more itera-
tions than our proposed algorithm to solve the problems. We also compare the
efficiency of our algorithm in solving the generalized DWD problem against the
highly optimized LIBLINEAR (Fan et al. 2008) and LIBSVM (Chang and Lin
2011) in solving the corresponding dual SVM problem. Surprisingly, our algo-
rithm can even be more efficient than LIBSVM in solving large scale problems
even though the DWD model is more complex, and on some instances, our algo-
rithm is 50-100 times faster. Our DWD model is also able to produce the best
test (or generalization) errors compared to LIBLINEAR and LIBSVM among

the tested instances.

The remaining parts of this chapter are organized as follows. In section 3.1, we
present the DWD formulation in full detail. In section 3.2, we propose our inexact
sGS-based ADMM method for solving large scale DWD problems. We also
discuss some essential computational techniques used in our implementation. We
report our numerical results in section 3.3. We will also compare the performance

of our algorithm to other solvers on the same data sets in this particular section.

3.1 Generalized distance weighted discrimination

This section gives details on the optimization problems underlying the distance
weighted discrimination. Let (z;,v;), ¢ = 1,...,n, be the training data where
z; € R? is the feature vector and y; € {+1, —1} is its corresponding class label.
We let X € RY*" be the matrix whose columns are the x;’s, and y = [y1, ..., yn]? .
In linear discrimination, we attempt to separate the vectors in the two classes
by a hyperplane H = {z € R? | w"z + = 0}, where w € R? is the unit normal
and || is its distance to the origin. Given a point z € R%, the signed distance

between z and the hyperplane H is given by w” z + 3. For binary classification
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where the label y; € {—1,1}, we want
yi(B+alw)>1-& Vi=1,..,n,

where we have added a slack variable £ > 0 to allow the possibility that the pos-
itive and negative data points may not be separated cleanly by the hyperplane.

In matrix-vector notation, we need
ro= ZTw+By+£€ > 1, (3.1)

where Z = Xdiag(y) and 1 € R" is the vector of ones.

In SVM, w and § are chosen by maximizing the minimum residual, i.e.,
max{é—C(l, & | ZTw+ By +€>061, £>0, wngl}, (3.2)

where C > 0 is a tuning parameter to control the level of penalization on &.
For the DWD approach introduced in Marron et al. (2007), w and /3 are chosen

instead by minimizing the sum of reciprocals of the r;’s, i.e.,

min {

Detailed discussions on the connections between the DWD model (3.3) and the

1
—+C, 8 |r=ZTw+By+& r>0,6>0 wlw<l, weRd}.(SB)
-

n
=1 !

)

SVM model (3.2) can be found in Marron et al. (2007). The DWD optimization
problem (3.3) is shown to be equivalent to a second-order cone programming
problem in Marron et al. (2007) and hence it can be solved by interior-point

methods such as those implemented in the solver SDPT3 (Toh et al. 1999).

Here we design an algorithm which is capable of solving large scale generalized

DWD problems of the following form:
min {Cb(r, )= 0y(ri) +Cle, &) | ZTw+ By +€E—r=0, Juw|<1,¢> 0},(3.4)
i=1

where e € R™ is a given positive vector such that |e]l.c = 1 (the last condition

is for the purpose of normalization). The exponent ¢ can be any given positive
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number, though the values of most interest are likely to be ¢ = 0.5,1,2,4, and

8,(r;) is the function defined by
1. :
b,(t) = " ift >0, and 64(t) =00 ift<O.

Observe that in addition to allowing for a general exponent ¢ in (3.4), we also
allow for a nonuniform weight e; > 0 in the penalty term for each &;. By a simple

change of variables and modification of the data vector y, (3.4) can also include

the case where the terms in ) ;" ; %q are weighted non-uniformly. For brevity,

we omit the details.

q+1

Proposition 1. Let k = Tq#. The dual of problem (3.4) is given as follows:

L
—min{\II(a) =|Za| — nZa;‘“ |0 <a<Ce (y a)= O}, (3.5)
«
i=1

Proof. Consider the Lagrangian function associated with (3.4):

L(r,w, B,& a,m, \)
A
= Xﬁﬂ%VH+CW%©—Q%ZTw+5y+§—T%+§WMP—1%—W£>

= ST A(r0) + {r, @) + (€, O —a— ) = Bly, o) — (w, Za) + 5 ((w, w) — 1)

where r € R”, w € R?, B € R, £ € R, a € R", A\, > 0. Now

q

kol if oy >0,
inf {Qq(n) + Oéﬂ“i} =
" —00 if a; < 0;

— L[ Zal? if A >0,
mf{—<Za,w>+44mm2}:

w

o

if A =0, Za =0,
—00 ifA=0, Za #0;

) 0 ifCe—a—-—n=0,

1?{@Jk—a—m}:

—o00 otherwise;

wtl o)==

—oo otherwise.
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Let Fp={aeR"|0<a<Ce/ (y, o) =0}. Hence

.
kY el =& Zal? -5, i A>0,a€ Fp,

_q
min L(r,w,B,§a,m,A) =9 w30 o, ifA=0,Za=0,ac Fp,

/r.7w7/8’£

—o00, fA=0,Za#0,a€ Fp,or a& Fp.

Now for a € Fp, we have

9
Maxy>0,,>0 { Minywge L(r,w, B, & a,n, N} = k>0, af™ — || Zal.

From here, we get the required dual problem. ]

It is straightforward to show that the feasible regions of (3.4) and (3.5) both
have nonempty interiors. Thus optimal solutions for both problems exist and

they satisfy the following KKT (Karush-Kuhn-Tucker) optimality conditions:

ZTw+By+£_T:0a <y,0é>:(),
r>0,a>0, a<Ce ¢>0, (Ce—a,&) =0, (3.6)
o = Tq%, i=1,...,n, either w = Iég\\’ or Za =0, |lw|?<1.

Let (r*,&*, w*, f*) and o* be an optimal solution of (3.4) and (3.5), respec-
tively. Next we analyse some properties of the optimal solution. In particular,

we show that the optimal solution a* is bounded away from 0.

Proposition 2. There exists a positive § such that o] > 6 Vi=1,...,n.

Proof. For convenience, let Fp = {(r,&,w,) | ZTw +py + & —r = 0, |w|| <
1,€ > 0} be the feasible region of (3.4). Since (1,1,0,0) € Fp, we have that

Cemin&; < Cle, &) < @(r*, " w*, f%) < ®(1,1,0,0) =n+CY " je; Vi=1,...,n,

n+C 30 e

€min

where epin = minj<j<,{e;}. Hence we have 0 < £€* < p1, where ¢ :=

Next, we establish a bound for |8*|. Suppose f* > 0. Consider an index 1
such that y; = —1. Then 0 < 8* = ZI'w* + & —rf < || Zi|l|w*]| + & < K + o,

where Z; denotes the ith column of Z, K = maxi<j<n{||Z;||}. On the other
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hand, if 8* < 0, then we consider an index k such that y =1, and 0 < —3* =

ZFw* + & — r; < K + 0. To summarize, we have that |3*| < K + o.

Now we can establish an upper bound for r*. For any ¢ = 1,...,n, we have
that

v = 20wt 4 By € < | Zilllwt] 187+ & < 2(K + o).

From here, we get af = (7’7‘)% >4 i =1,...,n. This completes

— q
= ERT207 ¥

the proof of the proposition. O

3.2 Aninexact SGS-based ADMM for large scale DWD

problems

We can rewrite the model (3.4) as:

n ZTUJ+/By+£_T:07
min{ > 0y(ri) + Cle, &) + 6p(w) + orn (§) ,
i=1 w e Rda Tag € R"

where B = {w € R? | ||w|| < 1}. Here, both §5(w) and drr (§) are infinity
indicator functions. In general, an infinity indicator function over a set C is

defined by:

0, if x € C;

400, otherwise.

The model above is a convex minimization problem with three nonlinear

blocks. By introducing an auxiliary variable u = w, we can reformulate it as:

min 37 Og(r;) + Cle, &) + dp(u) + drn (€)

st. ZTw+By+&—r=0, (3.7)

D(w—u)=0, w,ucR? BER, r &R,

where D € R%*? is a given positive scalar multiple of the identity matrix which

is introduced for the purpose of scaling the variables.

24



Chapter 3 Section 3.2

For a given parameter o > 0, the augmented Lagrangian function associated

with (3.7) is given by

LO—(T’7’UJ,5,£,’U,;C¥,p)
= 2y Og(ri) + Cle, &) + dp(u) + 0rn (§) + §1 27w + By + € —r — o7 la|?
+5[ID(w —u) =o' pl* = g5 all? = 55 1ol

The algorithm which we will design later is based on recent progress in algorithms
for solving multi-block convex conic programming. In particular, our algorithm
is designed based on the inexact ADMM algorithm in Chen et al. (2017) and we
made essential use of the inexact symmetric Gauss-Seidel decomposition theorem
in Li et al. (2016) to solve the subproblems arising in each iteration of the

algorithm.

We can view (3.7) as a linearly constrained nonsmooth convex programming
problem with three blocks of variables grouped as (w, /), r, (u,&). The template
for our inexact sGS based ADMM is described next. Note that the subproblems

need not be solved exactly as long as they satisfy some prescribed accuracy.

Algorithm 1. An inexact sGS-ADMM for solving (3.7).

Let {e} be a summable sequence of nonnegative nonincreasing numbers.
Given an initial iterate (r® w® 8% €9 u®) in the feasible region of (3.7),
and (a?, p%) in the dual feasible region of (3.7), choose a d x d symmetric
positive semidefinite matrix 7, and perform the following steps in each

iteration.

Step la. Compute
_ 3 . g
(wk+17 ﬁk+1) ~ argmlnw,ﬁ {LU(Tk7 w, 57 gk:’ uk; ak? pk) + EHU) - wkH%—}

In particular, (@*+!, f¥*1) is an approximate solution to the following
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(d+1) x (d+ 1) linear system of equations:

ZZT+ D>+ T Zy| |w

(Zy)" y"y| |8
A
_Z(gk _ Tk _ 0.—1ak) + D2uk + D(U—lpk) + ka

(3.8)

—yT (€l — 7k — 5= 1ak)

We require the residual of the approximate solution (w*+1, B**1) to satisfy

Ih* — A[*+ 3| < ey (3.9)

Step 1b. Compute r*! ~ argmin, cgn Lo (r, @* 1, EFL ¢F 0k o pF). Specif-
ically, by observing that the objective function in this subproblem is actu-

+

ally separable in r; for ¢ = 1,...,n, we can compute rf L as follows:

rf—i_l ~ arg minri {Hq(rz) + %”Ti - CfHQ}

(3.10)
= argminrpo{r%—l—%”ri—cé‘:HQ} Vi=1,...,n,

where ¢ = ZT@kFt! + k1 4 ¢k — 5=1a*. The details on how the above

k+1

one-dimensional problems are solved will be given later. The solution r,

is deemed to be sufficiently accurate if

q k k .
_W+U(Ti+l_ci) <ep/vn VYi=1,...,n.
(2

Step 1c. Compute
: o
(w1, 541) ~ argmin 5 { Lo (4w, 8,65, 05 b, o)+l — w3 ),

which amounts to solving the linear system of equations (3.8) but with
r* in the right-hand side vector h* replaced by r**1. Let h* be the new
right-hand side vector. We require the approximate solution to satisfy the

accuracy condition that
Hhk _ A[wk+1;ﬁk+1m < 5ep.
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Observe that the accuracy requirement here is more relaxed than that
stated in (3.9) of Step la. The reason for doing so is that one may hope to
use the solution (u_)k“, B*+1) computed in Step la as an approximate solu-
tion for the current subproblem. If (w**!, 3¥+1) indeed satisfies the above
accuracy condition, then one can simply set (wF*1!, gF+1) = (wh+!, ghtl)

and the cost of solving this new subproblem can be saved.

Step 2. Compute (uff! ¢F1) = argmin,, ¢ Lo (rFH1 aktt ghtl ¢ sk, pF).
By observing that the objective function is actually separable in u and

¢, we can compute uFt! and £¥t! separately as follows:

k e Nk
, o g if [lg"[l < 1,
w1 = argmin {5B(u) + §HD(u — M =
g*/|lg*|| otherwise;
ghtl Tz (Tk—i-l B e WY o S PN 0,—1063)’

where g* = wFt! —o=1D~1pF and Ign (+) denotes the projection onto R}.

Step 3. Compute

o = ok r(ZTwk Y oy BETL 4 gkt kL

k+1

o = F — roD(wFt — k)

where 7 € (0, (1 ++/5)/2) is the steplength which is typically chosen to be
1.618.

In our implementation of Algorithm 1, we choose the summable sequence
{ek}k>0 to be ex = ¢/(k + 1)1 where ¢ is a constant that is inversely pro-
portional to ||Z||r. Next we discuss the computational cost of Algorithm 1. As
we shall see later, the most computationally intensive steps in each iteration of
the above algorithm are in solving the linear systems of equations of the form
(3.8) in Step la and lc. The detailed analysis of their computational costs will
be presented in subsection 3.2.3. All the other steps can be done in at most
O(n) or O(d) arithmetic operations, together with the computation of Z7wk*!,

which costs 2dn operations if we do not take advantage of any possible sparsity
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in Z.

3.2.1 Convergence results

We have the following convergence theorem for the inexact sGS-ADMM, estab-
lished by Chen, Sun and Toh in Chen et al. (2017, Theorem 1). This theorem
guarantees the convergence of our algorithm to optimality, as a merit over the

possibly non-convergent directly extended semi-proximal ADMM.

Theorem 3.1. Suppose that the system (3.6) has at least one solution. Let
{(rk, wk, BF, €% uF; o, p*)} be the sequence generated by the inexact sGS-ADMM
in Algorithm 1. Then the sequence {(r*, w*, ¥, ¥ u¥)} converges to an optimal
solution of problem (3.7) and the sequence {(a*, p*)} converges to an optimal

solution to the dual of problem (3.7).

Proof. In order to apply the convergence result in Chen et al. (2017), we need

to express (3.7) as follows:

min {p(r) + /(r,w, B) + q(¢, ) + 9(&w) | Air + Asfuws B + B[gu] = 0}, (3.11)

where

p(r) =221 04(ri), f(r,w,8) =0, q(& u) =0p(u) + Cle, §) + Irn (§), g(§u) =0

-1 VAT I 0
AT = 5 A; = y B* =
0 D 0 0 —-D

Next we need to consider the following matrices:

0 0 O
Ay . I [-ZT, —y]
A ( 1 A2> + 0 T O = [ T ]T )
2 —Z » Y M
0 0 O
I 0
BB* = ,
0 D?
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where
ZZT+ D>+ T Zy
M = > 0.
(Zy)" vy
One can show that M is positive definite by using the Schur complement lemma.
With the conditions that M = 0 and BB* > 0, the conditions in Proposition
4.2 of Chen et al. (2017) are satisfied, and hence the convergence of Algorithm

1 follows by using Theorem 1 in Chen et al. (2017). O

We note here that the convergence analysis in Chen et al. (2017) is highly
nontrivial. But it is motivated by the proof for the simpler case of an exact
semi-proximal ADMM that is available in Appendix B of the paper by Fazel
et al. (2013). In that paper, one can see that the convergence proof is based
on the descent property of a certain function, while the augmented Lagrangian

function itself does not have such a descent property.

3.2.2 Numerical computation of the subproblem (3.10) in Step
1b

In the presentation of Algorithm 1, we have described how the subproblem in
each step can be solved except for the subproblem (3.10) in Step 1b. Now we
discuss how it can be solved. Observe that for each i, we need to solve a one-

dimensional problem of the form:

1 o

min {(p(s) =t 5(8 —a)?| s> 0}, (3.12)

where a is given. It is easy to see that ¢(-) is a convex function and it has a
unique minimizer in the domain (0,00). The optimality condition for (3.12) is

given by

go~!

S—a = ——71
Sq+l7

where the unique minimizer s* is determined by the intersection of the line
-1
s — s — a and the curve s — ‘igﬁ for s > 0. We propose to use Newton’s

method to find the minimizer, and the template is given as follows. Given an
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initial iterate s, perform the following iterations:

q+2

_ 1
q(qg+2)o71 + as?t
Ska1 = Sk — ¢ (sk) /" (s1) = si ( ) n k , k=0,1,...
q(g+1)o~1 + s}

Since ¢ (s*) > 0, Newton’s method would have a local quadratic convergence
rate, and we would expect it to converge in a small number of iterations, say

less than 20, if a good initial point s° is given. In solving the subproblem (3.10)

in Step 1b, we always use the previous solution rf as the initial point to warm-
start Newton’s method. If a good initial point is not available, one can use the
bisection technique to find one. In our tests, this technique was however never

used.

Observe that the computational cost for solving the subproblem (3.10) in Step
1b is O(n) if Newton’s method converges within a fixed number of iterations
(say 20) for all i = 1,...,n. Indeed, in our experiments, the average number of
Newton iterations required to solve (3.12) for each of the instances is less than

10.

3.2.3 Efficient techniques to solve the linear system (3.8)

Observe that in each iteration of Algorithm 1, we need to solve a (d+1) x (d+1)
linear system of equations (3.8) with the same coefficient matrix A. For large
scale problems where n and/or d are large, this step would constitute the most
expensive part of the algorithm. In order to solve such a linear system efficiently,
we design different techniques to solve it, depending on the dimensions n and d.

We consider the following cases.

(1) The case where d < n and d is moderate

This is the most straightforward case where we set 7 = 0, and we solve (3.8) by
computing the Cholesky factorization of the coefficient matrix A. The cost of
computing A is 2nd? arithmetic operations. Assuming that A is stored, then we
can compute its Cholesky factorization at the cost of O(d®) operations, which

needs only to be performed once at the very beginning of Algorithm 1. After
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that, whenever we need to solve the linear system (3.8), we compute the right-
hand-side vector at the cost of 2nd operations and solve two (d + 1) x (d + 1)

triangular systems of linear equations at the cost of 2d? operations.

(2) The case where n < d and n is moderate

In this case, we also set 7 = 0. But solving the large (d+ 1) x (d + 1) system of
linear equations (3.8) requires more thought. In order to avoid inverting the high
dimensional matrix A directly, we make use of the Sherman-Morrison-Woodbury
formula to get A~! by inverting a much smaller (n+1) x (n+1) matrix as shown

in the following proposition.

Proposition 3. The coefficient matrix A can be rewritten as follows:

~ Z 0
A = D+UEUY, U= . E=diag(I,,—1), (3.13)

y Iyl

where D = diag(D, ||y||2). It holds that
A" = D'-D'wH'UTD, (3.14)

where

el Li+Z"D Z +yy" /yl* v/l
H=E"'+UTD U = . (3.15)

y'/lyll 0

Proof. 1t is easy to verify that (3.13) holds and we omit the details. To get (3.14),
we only need to apply the Sherman-Morrison-Woodbury formula in Golub and

Loan (1996, p.50) to (3.13) and perform some simplifications. O

Note that in making use of (3.14) to compute A~'h* we need to find H~'.
A rather cost effective way to do so is to express H as follows and use the

Sherman-Morrison-Woodbury formula to find its inverse:

H=J+ygy", J=diag(I,+2Z"D'Z -1), 5=I[y/llyl; 1].
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With the above expression for H, we have that

Hl1—Jg1_ m(J—lg)(J—lg)T‘
Thus to solve (3.8), we first compute the n x n matrix I,, + ZT D~'Z in (3.15) at
the cost of 2dn? operations. Then we compute its Cholesky factorization at the
cost of O(n?®) operations. (Observe that even though we are solving a (d + 1) x
(d + 1) linear system of equations for which d > n, we only need to compute
the Cholesky factorization of a much smaller n X n matrix.) Also, we need to
compute J 17 at the cost of O(n?) operations by using the previously computed
Cholesky factorization. These computations only need to be performed once at
the beginning of Algorithm 1. After that, whenever we need to solve a linear
system of the form (3.8), we can compute h* at the cost of 2nd operations, and
then make use of (3.14) to get A~'h¥ by solving two n x n triangular systems
of linear equations at the cost of 2n? operations, and performing two matrix-
vector multiplications involving Z and Z7 at a total cost of 4nd operations. To

summarize, given the Cholesky factorization of the first diagonal block of H, the

cost of solving (3.8) via (3.14) is 6nd + 2n? operations.

(3) The case where d and n are both large

The purpose of introducing the proximal term %||w —w*||3- in Steps la and 1c is
to make the computation of the solutions of the subproblems easier. However,
one should note that adding the proximal term typically will make the algorithm
converge more slowly, and the deterioration will become worse for larger ||77].
Thus in practice, one would need to strike a balance between choosing a sym-
metric positive semidefinite matrix 7 to make the computation easier while not
slowing down the algorithm by too much.

In our implementation, we first attempt to solve the subproblem in Step la
(similarly for 1¢) without adding a proximal term by setting 7 = 0. In particular,
we solve the linear system (3.8) by using a preconditioned symmetric quasi-
minimal residual (PSQMR) iterative solver (Freund 1997) when both n and d

are large. Basically, it is a variant of the Krylov subspace method similar to the

32



Chapter 3

Section 3.2

idea in GMRES (Saad 2003). For more details on the PSQMR algorithm, the
reader is referred to the appendix. In each step of the PSQMR solver, the main
cost is in performing the matrix-vector multiplication with the coefficient matrix
A, which costs 4nd arithmetic operations. As the number of steps taken by an
iterative solver to solve (3.8) to the required accuracy (3.9) is dependent on the
conditioning of A, in the event that the solver requires more than 50 steps to
solve (3.8), we would switch to adding a suitable non-zero proximal term 7 to

make the subproblem in Step la easier to solve.

The most common and natural choice of 7 to make the subproblem in Step
la easy to solve is to set T = Apaxd — Z ZT, where Apax denotes the largest
eigenvalue of ZZ7'. In this case the corresponding linear system (3.8) is very easy
to solve. More precisely, for the linear system in (3.8), we can first compute f*+1
via the Schur complement equation in a single variable followed by computing
w as follows:

(y"y — (Zy)T Amax] + D)"H(Zy)) B = Bk, — (Zy)T (Amax] + D)71RE, 510

wk+1 = (Amax-[ + D)_l(ﬁlf:d - (Zy)6k+1)7

where B’fz 4 denotes the vector extracted from the first d components of h¥. In our
implementation, we pick a 7 which is less conservative than the above natural
choice as follows. Suppose we have computed the first ¢ largest eigenvalues of
ZZ7T such that A\ > ... > \_1 > )\, and their corresponding orthonormal set

of eigenvectors, v1,...,v,. We pick T to be
T =Xl + 2 00 = M)ow! — 227, (3.17)

which can be proved to be positive semidefinite by using the spectral decomposi-
tion of ZZT. In practice, one would typically pick £ to be a small integer, say 10,
and compute the first ¢ largest eigenvalues and their corresponding eigenvectors
via variants of the Lanczos method. The most expensive step in each iteration
of the Lanczos method is a matrix-vector multiplication, which requires O(d?)
operations. In general, the cost of computing the first few largest eigenvalues of

ZZ" is much cheaper than that of computing the full eigenvalue decomposition.
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In MATLAB, such a computation can be done by using the routine eigs. To
solve (3.8), we need the inverse of ZZ* + D+ T. Fortunately, when D = uly, it

can easily be inverted with
(ZZ"+D+T) " = (u+ M) Lo+ 21 ((+2) ™ = (4 2) wio]

One can then compute ¥ and w* as in (3.16) with (Amax! + D)~ replaced by

the above inverse.

3.3 Numerical experiments

In this section, we test the performance of our inexact sGS-ADMM method on
several publicly available data sets. The numerical results presented in the sub-
sequent subsections are obtained from a computer with processor specifications:
Intel(R) Xeon(R) CPU E5-2670 @ 2.5GHz (2 processors) and 64GB of RAM,

running on a 64-bit Windows Operating System.

3.3.1 Tuning the penalty parameter

In the DWD model (3.7), we see that it is important to make a suitable choice
of the penalty parameter C. In Marron et al. (2007), it has been noticed that a
reasonable choice for the penalty parameter when the exponent ¢ = 1 is a large
constant divided by the square of a typical distance between the z;’s, where
the typical distance, dist, is defined as the median of the pairwise Euclidean
distances between classes. We found out that in a more general case, C' should
be inversely proportional to dist?t!. On the other hand, we observed that a
good choice of C' also depends on the sample size n and the dimension of fea-

tures d. In our numerical experiments, we empirically set the value of C' to be

1
g+1 109~ ! log(n) max{1000,d} 3
1097 max {1, RS,

}, where log(+) is the natural logarithm.

3.3.2 Scaling of data

A technique which is very important in implementing ADMM based methods in

practice to achieve fast convergence is the data scaling technique. Empirically, we
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have observed that it is good to scale the matrix Z in (3.7) so that the magnitude
of all the blocks in the equality constraint would be roughly the same. Here we
choose the scaling factor to be Zsca1e = /|| X||F, where || - ||r is the Frobenius

norm. Hence the optimization model in (3.7) becomes:

min Y7L, Jr + Cle, §) + 05(@) + Ory (6)

st. ZTo+By+E&—r=0,7>0, (3.18)
D(W—a)=0, @,acR? r¢eR,
where 7 = Zsfale’ W = ZscaleW, U = Zgcalelt, and B= {w e RY | |@]] < Zgscate}-

Therefore, if we have computed an optimal solution (r*,w*, 8*,&*, a*) of (3.18),

then (r*, Z;;leu?*, B*, ", Zs_calﬂeﬂ*) would be an optimal solution of (3.7).

3.3.3 Stopping condition for inexact sGS-ADMM

We measure the accuracy of an approximate optimal solution (r,w, 3, &, u, a, p)
for (3.18) based on the KKT optimality conditions (3.6) by defining the following

relative residuals:

ly" o] _ [€7(Ce—0)] lloe—s]|*

_ 1y« — 3 L— _49
nc, = 1xo NCy 1+C ) ncs = 1xc with s; = T;z-o—lv
_ 127 w+By+e—r| _ |pa-—a)] _ max{[|d] - Zscate,0}
np = 1+C y NPy = 1+C nps = 1+Cscae )
_ ||min{0,a}|| _ Imax{0,a—Ce}|
D, = 1+C Dy = 1+C )

where Zg..1e is a scaling factor which has been discussed in the last subsection.

Additionally, we calculate the relative duality gap by:

|Objprimal - Objdual|
1+ ’Objprimal’ + |Objdual”

Ngap =

where Objprimal = Z?:1 %+C<e, £); ODjgual = KZL a,f%—ZscaleHZaH, with £ =
ﬂqlqﬁ. We should emphasize that although for machine learning problems, a
high accuracy solution is usually not required, it is important however to use
the KKT optimality conditions as the stopping criterion to find a moderately

accurate solution in order to design a robust solver.
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We terminate the solver when max{np,np} < 1075, min{nc, ngap} < V1075,
and maX{UCa 77gap} < 0.05. Here, nc = maX{UC& ’ 770237703}7 np = maX{UPl ) 77P277]P3}7
and np = max{np,,np,}. Furthermore, the maximum number of iterations is

set to be 2000.

3.3.4 Adjustment of Lagrangian parameter o

Based upon some preliminary experiments, we set our initial Lagrangian param-
eter o to be o9 = min{10C, n}9, where ¢ is the exponent in (3.7), and adapt the
following strategy to update o to improve the convergence speed of the algorithm

in practice:

Step 1. Set x = £, where np and np are defined in subsection 3.3.3;

np’

Step 2. If x > 6, set op+1 = (oy; elseif i >0, set o1 = %Jk'

Here we empirically set 6 to be 5 and ¢ to be 1.1. Nevertheless, if we have
either np < np or np <K np, then we would increase ( accordingly, say 2.2 if

max{x, %} > 500 or 1.65 if max{y, i} > 50.

3.3.5 Performance of the sGS-ADMM on UCI data sets

In this subsection, we test our algorithm on instances from the UCI data repos-
itory (Lichman 2013). The datasets we have chosen here are all classification
problems with two classes. However, the size for each class may not be balanced.
To tackle the case of uneven class proportions, we use the weighted DWD model
discussed in Qiao et al. (2010). Specifically, we consider the model (3.4) using
e = 1 and the term Y., 1/ is replaced by Y ' | 7 /r!, with the weights 7;

given as follows:

=
max{7T4,7_}

T =

N S
max{74,7_}

1
where 74 = (]ni|K_1) +a, Here n4 is the number of data points with class

label £1 respectively and K := n/log(n) is a normalizing factor.
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Data n d C Iter | Time (s) | psqmr|double | Train-error (%)
a8a 22696 123 6.27e+02 | 201 2.28 0]201 15.10
a9a 32561 123 6.49e+02 | 201 2.31 0]201 14.93
covtype 581012 54 3.13e+03 | 643 104.34 0[191 23.74
gisette 6000 4972 1.15e404 | 101 39.69 0| 49 0.17
gisette-scale 6000 4956 1.00e+4-02 | 201 59.73 0]201 0.00
ijennl 35000 22 4.23e403 | 401 3.16 0]401 7.7
mushrooms 8124 112 3.75e+02 | 81 1.09 0| 81 0.00
real-sim 72309 20958 | 1.55e+04 | 210 47.69 875|210 1.45
w7a 24692 300 5.95e+02 | 701 4.84 0]701 1.17
w8a 49749 300 6.36e+02 | 906 9.43 0]906 1.20
rcvl 20242 44505 | 9.18e+03 | 81 9.18 234] 49 0.63
leu 38 7129 1.00e+4-02 | 489 2.84 0]489 0.00
prostate 102 6033 1.00e4-02 | 81 3.19 0| 81 0.00
farm-ads 4143 54877 | 3.50e+03 | 81 6.92 792| 81 0.14
dorothea 800 88120 | 1.00e+02 | 51 4.44 0] 51 0.00
url-svm 256000 | 685896 | 1.18e+06 | 121 294.55 364|121 0.01

Table 3.1: The performance of our inexact sGS-ADMM method on the UCI data

sets.

Table 3.1 presents the number of iterations and runtime required, as well as
training error produced when we perform our inexact sGS-ADMM algorithm to
solve 16 data sets. Here, the running time is the total time spent in reading the
training data and in solving the DWD model. The timing for getting the best
penalty parameter C is excluded. The results are generated using the exponent
g = 1. In the table, “psqmr” is the iteration count for the preconditioned
symmetric quasi-minimal residual method for solving the linear system (3.8). A
‘0’ for “psqmr” means that we are using a direct solver as mentioned in subsection
3.2.3. Under the column “double” in Table 3.1, we also record the number of
iterations for which the extra Step lc is executed to ensure the convergence of

Algorithm 1.
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Denote the index set S = {i | y;[sgn(B8 + 2l w)] < 0,4 = 1,...,n} for which
the data instances are categorized wrongly, where sgn(z) is the sign function.
The training and testing errors are both defined by ‘—le x 100%, where |S| is the
cardinality of the set S.

Our algorithm is capable of solving all the data sets, even when the size of
the data matrix is huge. In addition, for data with unbalanced class size, such

as w7a and w8a, our algorithm is able to produce a classifier with small training

error.

3.3.6 Comparison with other solvers

In this subsection, we compare our inexact sGS-ADMM method for solving (3.4)
via (3.7) with the primal-dual interior-point method implemented in Toh et al.
(1999) and used in Marron et al. (2007). We also compare our method with
the directly extended (semi-proximal) ADMM (using the aggressive step-length
1.618) even though the latter’s convergence is not guaranteed. Note that the
directly extended ADMM we have implemented here follows exactly the same
design used for sGS-ADMM, except that we switch off the additional Step 1c
in the Algorithm 1. We should emphasize that our directly extended ADMM is
not a simple adaption of the classical ADMM, but instead incorporates all the

sophisticated techniques we have developed for sGS-ADMM.

We will report our computational results for two different values of the expo-

nent, ¢ = 1 and ¢ = 2, in Tables 3.2 and 3.3, respectively.

exponent ¢ = 1 sGS-ADMM direct ADMM IPM
Data n d C Time(s)|Iter|Error(%)||Time(s)| Iter |Error(%)|| Time(s) |Iter|Error(%)
a8a 22696 | 123 [6.27e4+02|| 2.28 |201| 15.10 2.01 |219| 15.10 1321.20 | 47| 15.09
a%a 32561 | 123 [6.49e+02|| 2.31 |201| 14.93 2.12 | 258 | 14.93 2992.60 | 43 | 14.93
covtype [581012| 54 [3.13e403|| 104.34 |643| 23.74 100.26 | 700 | 23.74 - - -
gisette 6000 | 4972 |1.15e4-04|| 39.69 |101| 0.17 33.14 | 70 0.25 2403.40 | 62 | 20.50%*
gisette-scale| 6000 | 4956 [1.00e+02|| 59.73 |201| 0.00 152.05 {2000 0.00 49800.58| 84 | 17.80*
ijennl 35000 | 22 |4.23e+03|| 3.16 |401| 7.77 2.95 | 501 7.7 1679.34 | 34 7.7
mushrooms| 8124 | 112 |3.75e+4-02|| 1.09 |81 0.00 1.42 |320| 0.00 136.67 | 50 0.00
real-sim | 72309 | 20958 |1.55e+-04|| 47.69 |210| 1.45 89.55 | 702 1.42 - - -
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exponent g = 1 sGS-ADMM direct ADMM IPM

Data n d C Time(s)|Iter|Error(%)||Time(s)| Iter |Error(%)|| Time(s) |Iter|Error(%)

wTa 24692 | 300 |5.95e+02(| 4.84 |701| 1.17 8.52 |2000| 1.16 4474.13 | 53 1.17

w8a 49749 | 300 |6.36e+4-02|| 9.43 |906 1.20 13.58 |2000| 1.16 - - -

revl 20242 | 44505 |9.18e+03|| 9.18 |81 | 0.63 16.07 | 245| 0.63 9366.41 |43 | 0.17

leu 38 7129 |1.00e+02|| 2.84 (489 0.00 5.35 (2000[ 0.00 1.33 |11 0.00

prostate 102 | 6033 |1.00e+-02{| 3.19 |81 | 0.00 4.13 |2000{ 0.00 7.73 (19| 0.00

farm-ads | 4143 | 54877 |3.50e+03|| 6.92 |81 0.14 4.20 | 61 0.14 642.79 | 54 0.24

dorothea | 800 |88120 |1.00e+-02(| 4.44 |51 0.00 37.31 |2000{ 0.00 15.53 | 23| 0.00

url-svm  [256000(685896|1.18e+-06| 294.55 |121| 0.01 264.52 | 195 0.00 - - -

Table 3.2: Comparison between the performance of our inexact sGS-ADMM,
directly extended ADMM “directADMM?”, and the interior point method “IPM”
on the UCT data sets. A “*’ next to the error in the table means that the problem

¢

set cannot be solved properly by the respective solver; -> means the algorithm
cannot solve the dataset due to insufficient computer memory.

Table 3.2 reports the runtime, number of iterations required as well as the
training error of 3 different solvers for solving the UCI data sets. We can ob-
serve that the interior point method is almost always the slowest to achieve
optimality compared to the other two solvers, despite requiring the least num-
ber of iterations, especially when the sample size n is large. The inefficiency of
the interior-point method is caused by its need to solve an n X n linear system
of equations in each iteration, which could be very expensive if n is large. In
addition, it cannot solve the DWD problem where n is huge due to the excessive

computer memory needed to store the large n x n matrix.

On the other hand, our inexact sGS-ADMM method outperforms the directly
extended (semi-proximal) ADMM for 9 out of 16 cases in terms of runtime. For
the other cases, we are only slower by a relatively small margin. Furthermore,
when our algorithm outperforms the directly extended ADMM, it often shortens
the runtime by a large margin. In terms of number of iterations, for 14 out of
16 cases, the directly extended ADMM requires at least the same number of
iterations as our inexact SGS-ADMM method. We can say that our algorithm

is remarkably efficient and it further possesses a convergence guarantee. In
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contrast, the directly extended ADMM is not guaranteed to converge although

it is also very efficient when it does converge. We can observe that the directly

extended ADMM sometimes would take many more iterations to solve a problem

compared to our inexact sGS-ADMM, especially for the instances in Table 3.3,

possibly because the lack of a convergence guarantee makes it difficult for the

method to find a sufficiently accurate approximate optimal solution.

To summarize, our inexact SGS-ADMM method is an efficient yet convergent

algorithm for solving the primal form of the DWD model. It is also able to solve

large scale problems which cannot be handled by the interior point method.

exponent ¢ = 2 sGS-ADMM direct ADMM IPM
Data n d C Time(s)|Iter|Error(%)|| Time(s)| Iter |Error(%)|| Time(s) |Iter|Error(%)
a8a 22696 | 123 |1.57e+04|| 2.77 |248| 15.10 2.97 533 15.11 7364.34 | 45| 15.17
a%a 32561 | 123 [1.62e+04|| 2.92 |279| 14.94 5.78 |1197| 14.94 ||16402.05| 48 | 14.95
covtype [581012| 54 [1.52e405|| 81.63 |368| 23.74 275.29 {2000 23.74 - - -
gisette 6000 | 4972 |1.0le+06|| 39.72 (101| 0.03 28.42 | 81 0.03 2193.74 | 55 0.00
gisette-scale| 6000 | 4956 [1.00e+03|| 88.89 |439| 0.00 147.80 {2000 1.20 31827.33| 53 0.00
ijennl 35000 | 22 |2.69e+05(| 2.76 |233| 7.94 4.80 [1056| 7.87 1959.68 | 38 7.98
mushrooms| 8124 | 112 |7.66e+03|| 1.59 |301| 0.00 3.63 (2000 0.17 594.33 | 52 0.00
real-sim | 72309 | 20958 |1.10e4-06{| 43.20 {180 1.51 23.56 | 181 1.51 - - -
w7a 24692 | 300 |1.44e+04|| 3.96 |473| 1.15 7.83 (2000 2.69 5448.78 | 48 1.18
w8a 49749 | 300 |1.54e+04|| 7.07 |543| 1.13 13.57 |2000| 2.68 - - -
rcvl 20242 | 44505 |4.69e4-05|| 9.47 |81 1.16 7.54 | 101 1.16 8562.76 | 47 | 0.24*
leu 38 7129 |1.00e+03|| 1.72 (204| 0.00 4.52 12000 0.00 2.82 23 0.00
prostate 102 | 6033 |1.00e4-03|| 3.32 |111| 0.00 3.87 |2000{ 0.00 8.33 |21 0.00
farm-ads | 4143 | 54877 |5.21e4-04|| 37.79 [401| 0.19 831 |146| 0.19 343.13 | 43 0.27
dorothea 800 | 88120 |1.00e+03|| 4.39 |51 0.00 31.49 (2000{ 0.00 16.84 |25 0.00
url-svm  [256000(685896|5.49e+-07|| 452.81 |205| 0.02 587.46 | 490 | 0.02 - - -
Table 3.3: Same as Table 3.2 but for ¢ = 2.

Table 3.3 reports the runtime, number of iterations required as well as the

training error of 3 different solvers for solving the UCI data sets for the case

when ¢ = 2. Again, we can see that the interior point method is almost always
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the slowest to converge to optimality.

Our sGS-ADMM algorithm outperforms the directly extended ADMM algo-
rithm in 12 out of 16 data sets in terms of runtime. In terms of the number of
iterations, it has the best performance among almost all the data sets. On the
other hand, for 8 data sets, the number of iterations required by the directly
extended ADMM hits the maximum iterations allowed, probably implying non-
convergence of the method. For the interior point method, it takes an even
longer time to solve the problems compared to the case when ¢ = 1. This is due
to an increase in the number of constraints generated in the second-order cone

programming formulation of the DWD model with ¢ = 2.

The numerical result we obtained in this case is consistent with the one we
obtained for the case ¢ = 1. This further shows the merit of our algorithm in a
more general setting. We could also expect the similar result when the exponent

is 4 or 8.

3.3.7 Comparison with LIBSVM and LIBLINEAR

In this subsection, we will compare the performance of our DWD model to
the state-of-the-art model support vector machine (SVM). We apply our sGS-
ADMM algorithm as the DWD model and use LIBSVM in Chang and Lin (2011)
as well as LIBLINEAR in Fan et al. (2008) to implement the SVM model. LIB-
SVM is a general solver for solving SVM models with different kernels; while
LIBLINEAR is a solver highly specialized in solving SVM with linear kernels.
LIBLINEAR is a fast linear classifier; in particular, we would apply it to the
dual of L2-regularized L1-loss support vector classification problem. We would
like to emphasize that the solution given by LIBSVM using linear kernel and
that given by LIBLINEAR is not exactly the same. This may be due to the
reason that LIBLINEAR has internally preprocessed the data and assumes that

there is no bias term in the model.

The parameters used in LIBSVM are chosen to be the same as in Ito et al.
(2015), whereas for LIBLINEAR, we make use of the default parameter C' = 1

for all the datasets.
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Table 3.4 shows the runtime and number of iterations needed for solving the
binary classification problem via the DWD and SVM models respectively on the
UCI datasets. It also gives the training and testing classification error produced
by the three algorithms. Note that the training time excludes the time for com-
puting the best penalty parameter C'. The stopping tolerance for all algorithms
is set to be 107°. For LIBLINEAR, we observed that the default maximum num-
ber of iteration is breached for many datasets. Thus we increase the maximum

number of iteration from the default 1000 to 20000.

In terms of runtime, LIBLINEAR is almost always the fastest to solve the
problem, except for the two largest datasets (rcvl,url-svin) for which our algo-
rithm is about 2-3 times faster. Note that the maximum iteration is reached for
these two datasets. On the other hand, LIBSVM is almost always the slowest
solver. It may only be faster than sGS-ADMM for small datasests (3 cases).
Our algorithm can be 50-100 times faster than LIBSVM when solving large data
instances. Furthermore, LIBSVM may have the risk of not being able to handle
extremely large-scaled datasets. For example, it cannot solve the biggest dataset

(url-svm) within 24 hours.

In terms of training and testing error, we may observe from the table that
the DWD and SVM models produced comparable training classification errors,
although there are some discrepancies due to the differences in the models and
penalty parameters used. On the other hand, the testing errors vary across
different solvers. For most datasets, the DWD model (solved by sGS-ADMM)
produced smaller (sometimes much smaller) testing errors than the other algo-
rithms (8 cases); whereas the SVM model (solved by LIBLINEAR) produced the
worst testing errors among all algorithms (5 cases). The discrepancy between the
testing errors given by LIBSVM and LIBLINEAR may be due to the different
treatment of the bias term in-built into the algorithms.

It is reasonable to claim that our algorithm is more efficient than the extremely
fast solver LIBLINEAR in solving large data instances even though our algorithm
is designed for the more complex DWD model compared to the simpler SVM

model. Moreover, our algorithm for solving the DWD model is able to produce
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testing errors which are generally better than those produced by LIBLINEAR

for solving the SVM model.

DWD via sGS-ADMM SVM via LIBLINEAR SVM via LIBSVM
Data n d ntest || Time |Iter|Errer|Erriest|| Time | Iter |Errir|Erriest|| Time | Iter |Erri|Erriest
a8a 22696 | 123 | 9865 || 2.28 |201|15.10| 14.67 || 0.69 [20000{15.32| 14.87 || 50.45 |34811|15.44| 14.80
a9a 32561 | 123 |16281 || 2.31 |201|{14.93| 15.19 || 0.79 |6475|15.01| 15.02 || 93.91 |25721|15.24| 15.03
covtype [581012| 54 / 104.34/643|23.74| / 23.53{20000(23.69| / 19641.19|224517|23.70|  /
gisette 6000 | 4972 | 1000 |[39.69(101| 0.17 | 3.00 || 4.34 | 132 [ 0.00 | 10.70 || 85.93 |14818|0.40 | 14.30
gisette-scale| 6000 | 4956 | 1000 || 59.73|201| 0.00 | 2.50 || 33.07| 484 | 0.00 | 2.30 152.27 | 15738 | 0.40 | 2.20
ijennl 35000 22 [91701|| 3.16 |401| 7.77 | 7.82 || 0.55 |11891| 8.70 | 8.35 27.04 |10137|9.21 | 8.76
mushrooms| 8124 | 112 / 1.09 {81 0.00 / 0.19 | 326 | 0.00 / 0.64 | 1003 | 0.00 /
real-sim | 72309 [ 20958 | / 47.69 |210| 1.45 / 7.56 | 1190 1.07 / 3846.07| 52591 | 1.37 /
w7a 24692 | 300 |25057|| 4.84 |701| 1.17 | 1.30 || 0.43 | 1689 1.28 | 10.12 14.79 |62830| 1.37 | 1.38
w8a 49749 | 300 |14951|| 9.43 |906] 1.20 | 1.31 2.45 (13095| 1.18 | 9.64 63.27 [124373| 1.36 | 1.43
revl 20242 | 44505 |677399|| 9.18 |81 | 0.63 | 5.12 || 33.9820000| 0.15 | 5.17 || 819.32 | 33517 | 0.62 | 13.82
leu 38 | 7129 | 34 2.84 |489( 0.00 | 5.88 || 0.30 | 27 | 0.00 | 20.59 0.59 184 | 0.00 | 17.65
prostate 102 | 6033 / 3.19 |81 0.00 / 2.73 | 353 | 0.00 / 2.54 | 1063 | 0.00 /
farm-ads | 4143 |54877| / 6.92 |81 0.14 / 6.11 | 5364 0.14 / 10.34 |15273|0.14 /
dorothea | 800 |[88120| 350 || 4.44 |51|0.00| 5.14 || 0.83 | 11 |0.00 | 8.86 7.48 | 4553 | 0.00 | 7.71
url-svm  [256000/685896| / 294.55(121] 0.01 / 660.39/120000( 0.01 / - - - -

Table 3.4: Comparison between the performance of our inexact sGS-ADMM on
DWD model with LIBLINEAR and LIBSVM on SVM model. nyeg is the size of
testing sample, Erry,. is the percentage of training error; while Erry.q is that of
the testing error. ‘-’ means the result cannot be obtained within 24 hours, and
‘/” means test sets are not available.
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Chapter I

A semi-proximal augmented

Lagrangian based decomposition
method for primal block angular
convex composite quadratic conic

programming problems

In this chapter, we will focus on designing efficient and robust (distributed)
algorithms for solving large scale convex composite quadratic conic programming
problems with a primal block angular structure, i.e. optimization problems with
a separable convex objective function and conic constraints but the variables are

coupled by linking linear constraints across different variables.
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We consider the following primal block-angular optimization problem:

(PBA-P) min N, fi(a;) := 0;(x;) + 3z, Qi) + (ci, 1)

.A() ./41 PN .AN o bo
'Dl T1 bl
s.t. = ,
L DN 1L N ] L bN ]
B
r;, €K, i=0,1,..., N,
where for each i = 0,1,..., N, 0; : X; — (—o0,00] is a proper closed convex

function, Q; : X; — A} is a positive semidefinite linear operator, A; : X; — )
and D; : X; — ); are given linear maps, ¢; € X; and b; € ); are given data,
K; C X is a closed convex set that is typically a cone but not necessarily so, and
X;,Y; are real finite dimensional Euclidean spaces each equipped with an inner
product (-, -) and its induced norm || - ||. Note that the addition of the proper
closed convex functions in the objective gives us the flexibility to add nonsmooth
terms such as ¢; regularization terms. We should also mention that a constraint
of the form b, — D;x; € C;, where C; is a closed convex set can be put in the
form in (PBA-P) by introducing a slack variable s; so that [D;, I](x;;s;) = b;
and (z;;8;) € K; x C;.

Without loss of generality, we assume that the constraint matrix B in (PBA-
P) has full row-rank. Let n; = dim(A&;) and m; = dim()};). Observe that
the problem (PBA-P) has Zivz oM linear constraints and the dimension of the
decision variable is Zi]\;() n;. Thus even if m; and/or n; are moderate numbers,

the overall dimension of the problem can easily get very large when N is large.

In the important special case of a block angular linear programming problem
for which Q; =0 and 6; =0 for all ¢ =0, ..., N, the Dantzig-Wolfe decomposi-
tion method (which may be viewed as a dual method based on the Lagrangian
function Zﬁ\;()(ci, x;) — (u, by — Zi\io A;x;)) is a well known classical approach
for solving such a problem. The Dantzig-Wolfe decomposition method has the

attractive property that in each iteration, x; can be computed individually from

46



Chapter 4

Section 4.1

a smaller linear program (LP) for ¢ = 1,...,N. However, it is generally ac-
knowledged that an augmented Lagrangian approach has a number of important
advantages over the usual Lagrangian dual method. For example, Ruszczynski
stated in Ruszezynski (1995) that the dual approach based on the ordinary La-
grangian can suffer from the nonuniqueness of the solutions of subproblems. In
addition, solving the subproblem of the augmented Lagrangian approach would
be more stable. In that paper, the well-known diagonal quadratic approximation
(DQA) method is introduced. The DQA method is a very successful decomposi-
tion method and it has been a popular tool in stochastic programming. Thus it
would be a worthwhile effort to analyse it again to see whether further enhance-

ments are possible.

This chapter is organized as follows. We will derive the dual of (PBA-P) in
section 4.1. In section 4.2, we will present our inexact semi-proximal augmented
Lagrangian methods for the primal problem (PBA-P). In section 4.3, we will
propose a semi-proximal symmetric Gauss-Seidel based ADMM for the dual
problem of (PBA-P). For all algorithms we introduce, we conduct numerical
experiments to evaluate their performance and the numerical results are reported

in section 4.4.

4.1 Derivation of the dual of (PBA-P)

For notational convenience, we define

X:/YoXXlX--'XXN, y:ygxylx"‘xy]v, ’C:IC0X’C1><‘--XICN.(4~1)

Foreachz € X,y € Y, and c € X, b € Y, we can express them as

= (zo;z15---32N), Y= (Yoiy1: - ;YN),
(4.2)

c=(co;c1;--5en), b= (bosbi;---;bN).

We also define A, Q and 6 as follows:

A= [Ag, At ..., Ax], O(x) = (Qo(w0); Qi1(x1); - . .; On(aw)), O(x) = oy 0;(a;). (4.3)
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Using the notation in (4.1)—(4.3), we can write (PBA-P) compactly in the form

of a general convex composite quadratic conic programming problem:
min{O(:p) + 1@, Qu)+ (e, 2) [Be—b=0, x € IC}. (4.4)

By introducing auxiliary variables u,v € X, problem (4.4) can equivalently be

written as the following model:

min 0(u) + 3 (z, Qz) + (¢, z) + 5xc(v)
(4.5)

st. Br—b=0,u—xz=0,v—2=0.
To derive the dual of (4.4), consider the following Lagrangian function for (4.5):
L(z,u,v;y,s,2)

= O(u)+ %(x, Qx) + (¢, ) + 0pc(v) — (y, Bx —b) — (s, x —u) — (2, x — v)

_ %@, Or) + (e — By — 5 — 2, &) + O(u) + (5, u) + Opc (v) + (2, v) + (y, b),

where x,u,v,s,z € X,y € Y. Now for a given subspace W C X containing

Range(Q), the range space of Q, we have

1
inf L(z,u,v;y,s,2) = infq= (ch*yfsfz,@}
z x 2
%w Quw), ifc—B*y—s—z=—Quw for some w € W,
otherwise.
Also,

inf L(z,u,v;y,s,2) = inf [B(u)+ (s, u)] = —0*(—s);
inf £(z,u,v;y,s,2) = inf [6xc(v) + (z, v)] = —03c(=2).
Hence the dual of (4.5) is given by
max inf L(z,u,v;y,s,z)

Y,8,2 T,U,V

48



Chapter 4 Section 4.1

i | ~QutBytsti=c
= max { —0*(—s) — §<w, Qu) + (y, b) — 0 (—2) ’
Y,8,2,W weW

or equivalently,

—min 6*(—s) + %<UJ, Qu) — (b, y) + 5;C(_Z)
st. —Quw+By+s+z=c, (4.6)

seX,yeY, wew.

It is not difficult to check that for all z = (z0;21;...52n), s = (S0;$1;---;8N) €

X, we have

Oic(=2) = o0, (=21),  0°(=s) = 11005 (—si)- (4.7)

Assume that both the primal and dual problems satisfy the (generalized)
Slater’s condition. Then the optimal solutions for both problems exist and they

satisfy the following Karush-Kuhn-Tucker (KKT) optimality conditions:

Bx —b=0,

—Quw+BYyYy+s+z—c=0, Quw—Qxr=0, weW, (4.8)
4.8

—s € 00(x) < x—Proxg(z —s) =0,

r—Ijc(x—2)=0.

By applying the structures in (4.1)—(4.3) and (4.7) to (4.6), we get explicitly the
dual of (PBA-P):

(PBA-D) —min YN 05(—s;) + 0%, (—2) + & (wi, Qiwi)) — (bi, i)

Aj —Qowg + Sg + 20
Aj Diyr — Quwy + 51+ 21
s.t. Yo + =, (4.9)
Ay | Dyyn — QNwN + SN + 2N |

w; € Wi, 1=0,1,..., N,
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where foreach i = 0,1,..., N, W, C Aj is a given subspace containing Range(Q;).

4.2 Inexact semi-proximal augmented Lagrangian meth-

ods for the primal problem (PBA-P)

First we rewrite (PBA-P) in the following form:
N
min { > filw) + 0, (xi) | Az = by, x = (z0;z15. .. ;2N) € X}7 (4.10)

=0

where Fy = Ky, and F; = {x; € X; | Dijx; = bj,x; € K;},i=1,...,N. For a
given parameter o > 0, we consider the following augmented Lagrangian function

associated with (4.10):

Lo(z390) = Yoo fi(mi) + 0p,(2:) + S Az — by — 0 yol|? — o5 [lyol?. (4-11)

The augmented Lagrangian method for solving (4.10) has the following template.

ALM. Given o > 0 and yj € )p. Perform the following steps in each iteration.
Step 1. z**! ~ argmin, L, (z;yf).

Step 2. yit! = yb + 70(by — AzFT1), where 7 € (0,2) is the step-length.

As one may observe from Step 1 of the ALM, an undesirable feature in the
method is that it destroys the separable structure in the Dantzig-Wolfe decompo-
sition method. Although the feasible sets for the x;’s are separable, the objective

function has a quadratic term which couples all the x;’s.

Here we propose to add a semi-proximal term to the augmented Lagrangian
function to overcome the difficulty of non-separability. In this case, the function
Ly (;y%) in Step 1 of the ALM is majorized by an additional semi-proximal term

at the point z*, i.e.,
k g k
Lo(ws ) + ko — o

where T is a given positive semidefinite self-adjoint linear operator which should
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be chosen appropriately to decompose the computation of the z;’s in Step 1 of
the ALM while at the same time the added proximal term should be as small as
possible. In this section, we choose 7 to be the following positive semidefinite

linear operator:
T = diag(Jo, ..., In) — A A, (4.12)

where J; = B;I + AfA;, with 3; = Z;V:o,j;si | A*Ajll2 for each i = 0,1,..., N.
Such a choice is generally less conservative than the usual choice of 7 that will
be given later in (4.20). It is especially a good choice when A; and A; are nearly

orthogonal to one another for most of the index pairs (i, j).

With the choice in (4.12), we get

k g k
Lo(w:yt) + 5l — *|F

o _ 1 o
(fi(xi) + 5F¢($i)) + §||Am —bo— o yo* - %H?JOHQ + §H$ - ffk”%’

M= 11

Il
=)

(@) + 0 (@) + 51, Tows) = 2w, Af(bo + 0™y — Aa*) + Tiah)] )

7

- 1
+2 [llbo + g0l + llz* 17| = 5-llwoll”.

2ol Q

The inexact semi-proximal ALM (sPALM) we consider for solving the primal

block angular problem (PBA-P) through (4.10) is given as follows.
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sPALM. Given o > 0 and y8 € Yo. Let {e;} be a given summable sequence of

nonnegative numbers. Perform the following steps in each iteration.

Step 1. Compute

. . o
M x ZRL = argmin{ L, (z; y¥) + EHx — |3}, (4.13)

with residual
A" € 0, Lo (2" yf) + o T (28T — 2%), (4.14)

satisfying [|d* || < e4. Let G; = Qi+0J;, gF = QualF+c;+ o A (Axk —by—
o tyk) — G;x¥. Due to the separability of the variables in (4.13) because

of the specially chosen 7, one can compute in parallel for i = 0,1,..., N,

(2

~ . 1
ot~ g = argmm{Gi(a:i) + 5(:1:1, Gizi) + (gF, x) | 23 € Fi},(4.15)

with the residual df“ = vf“ + giasz + gf for some vf“ e J9(6; +

0r, ) (zF1) and satisfying

)

1
| 4.16
i || < R (4.16)

Step 2. yitt = yb + 70(by — AzFT1), where 7 € (0,2) is the steplength.

Observe that with the introduction of the semi-proximal term § |z — z*||% to
the augmented Lagrangian function in Step 1 of the SPALM, we have decomposed
the large coupled problem involving x in ALM into N + 1 smaller independent
problems that can be solved in parallel. For the case of a quadratic or linear
program, we can employ a powerful solver such as Gurobi or Mosek to efficiently

solve these smaller problems.

In order to judge how accurately the decomposed subproblems in Step 1 must
be solved, we need to analyse the stopping condition for (4.15) in detail. In
particular, we need to find vf“ € 0(6; + 5Fi)(xk+1) for : = 0,1,...,N. This

)

can be done by considering the dual of the subproblem (4.15), which could be
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written as:
—min 6} (—s;) + 3(w;, Giw;) — (b, yi) + O, (—2i)
st. —Gw; +Djy; +s; + 2 = gf, (4.17)

SlGXu yleyuwzewl? /L:]-avN

Note that for ¢« = 0, we have a similar problem as the above but the terms

involving y; are absent. For the discussion below, we will just focus on the case

where i = 1,..., N, the case for ¢ = 0 can be derived similarly. One can estimate
k+1 ktl_ k1l ket . k1 okl ktl
v; 7" to be =D}y, s; " —z; " for a computed dual solution (y; ", s; ", ")

d+1

and the residual is simply the residual in the dual feasibility constraint in

the above problem.

Remark 1. In the sPALM, some of the dual variables for (PBA-D) are not
explicitly constructed. Here we describe how they can be estimated. Recall that

for (PBA-D), we want to get
— Qi+ Alyo+Dfy; +si +2i—c;=0 Vi=0,1,...,N.

Note that for convenience, we introduced D§ = 0. From the KKT conditions for

(4.15) and (4.17), we have that

— Gt 4 Dyl 4 sk R gk pd & g

K3 K3

k+1 k+1
giwi+ _gixi+ ~ 0.

k+1

By using the expression for G;, gZ and y5 ", we get

— Qi k:+1 ./4* k+1 nyf“ ‘l‘Serl _|_ZZ[£+1 — ¢

= R4 (Gl — G ™) + o Ti(at T — 2F) + o AT A(LF — 2P

+(r — D)o Al (by — Axkﬂ).

Note that the right-hand-side quantity in the above equation will converge to

0 based on the convergence of sSPALM and the KKT conditions for (4.15) and
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(4.17). Thus by using the dual variables computed from solving (4.17), we can
generate the dual variables for (PBA-D).

4.2.1 Convergence of the inexact sPALM

The convergence of the inexact sSPALM for solving (4.10) can be established
readily by using known results in Chen et al. (2018). To do that, we need to

first reformulate (4.10) into the form required in Chen et al. (2018) as follows:
min{h(m) +(x) | Az =boy, x = (zo;21;...;2N) € X}, (4.18)

where h(z) = vazo %(wz, Qix;) + (¢, x;) and P(x) = Zij\io 0i(zi) + O0p, (x;). Its
corresponding KKT residual mapping is given by
b() — Az
R(z,y0) = VaeX, yo €. (4.19)
x — Proxy(z — Qx — ¢ — A*yp)
Note that (z,yo) is a solution of the KKT system of (4.18) if and only R(x, yo) =
0.
Now we state the global convergence theorem here for the convenience of the

readers. Define the self-adjoint positive definite linear operator V : X — X by

2 oA A).

V= TU(Q—i—UT—i—

We have the following convergence result for the inexact sPALM.

Theorem 4.1. Assume that the solution set to the KKT system of (4.10) is
nonempty and (Z,7%,) is a solution. Then, the sequence {(z*,y%)} generated by

sPALM is well-defined such that for any k& > 1,

k ~k k k ~k
||.TU o x +1||2Q+JT+J.A*A < (d —H?x +_ z +1>

i
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and for all kK =0,1,...,

_ k _ _ _
(lat =212, + 1™ = 50ll?) = (2" = 2,5 + 1o — 5oll?)
<

~ (%l = T+ = 2F R~ 2ro(d 25 7))

where V = V + 2102 A* A. Moreover, the sequence {(z",y¥)} converges to a

solution to the KKT system of (4.10).

Proof. The result can be proved directly from the convergence result in (Chen

et al., 2018, Theorem 1). O

The local linear convergence of sSPALM can also be established if the KKT
residual mapping R satisfies the following error bound condition: there exist
positive constants « and r such that dist((z,y0), Q) < k||R(z, yo)|| for all (x,yo)
satisfying ||(z,y0) — (z*,y3)|| < 7, where Q is the solution set of (4.18) and
(x*,y3) is a particular solution of (4.18). In order to save some space, we will
not state the theorem here but refer the reader to (Chen et al., 2018, Theorem

2).

4.2.2 Comparison of sPALM with the diagonal quadratic ap-

proximation method and its recent variants

Let p:= (N +1)~!. Consider the following linear operator
T = diag(&, ..., En) — A*A, (4.20)

where & = p~LA*A; for alli = 0,1,..., N. It is not difficult to show that T = 0.

If instead of (4.12), we choose T to be the linear operator given in (4.20), then

instead of SPALM, we get the following variant of the inexact sPALM.
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sPALM-b. Given o > 0 and y € Vy. Let {ex} be a given summable sequence

of nonnegative numbers. Perform the following steps in each iteration.
Step 1. Let gF = Q;xF + ¢; + 0 Af (AzF — by — o7 yb) — (Q; + 0&)xF. Compute

(in parallel) for i =0,1,..., N,

1
xf“ ~ argmin{@i(mi) + 5(261, (Qi+ d&i)zi) + <gf, x;) | x; € E},(4.21)

with the residual df“ = vf“ +(Qi + Ué’i)xfﬂ + gF for some vF! €

i

0(0; + (5Fi)(xf+1) and satisfying ||df+1|| < \/ﬁsk.

Step 2. y§+1 = yk + 70(bp — Az**1), where T € (0,2) is the steplength.

In Ruszezynski (1989), Ruszezyniski proposed the diagonal quadratic approxi-
mation (DQA) augmented Lagrangian method that aims to solve a problem of
the form (PBA-P). As already mentioned, the DQA method is a very successful
decomposition method that is frequently used in stochastic programming. Al-
though it was not derived in our way in Ruszczyniski (1989), we shall see later
that the DQA method can roughly be derived as the augmented Lagrangian
method described in ALM where the minimization problem in Step 1 is solved
approximately by a proximal gradient method, with the proximal term chosen
specially using the linear operator T in (4.20) to make the resulting subproblem

separable.
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ALM-DQA-mod. Given o > 0, yJ € ) and 2° € X. Let {ex} be a given
summable sequence of nonnegative numbers. Perform the following steps in each

iteration.

Step 1. Starting with #° = 2*, iterate the following step for s = 0,1,... until

convergence:
e Compute #°™ ~ argmin{L,(z;y§) + ||z — @SH?? | z € X}. As the

problem is separable, one can compute in parallel for : =0,1,..., N,

filai) + §{xi = 27, &l — 27))

+(ai = 27, 47)

a1l .
xf+ ~ argmm{ | z; € Fz}

{ 0:(z:) + (x4, (Qi + 0&i);)

= argmin | z; € Fi},(4.22)

where g = o AF(AZ® — by — 0~ 'yk), 35 = Qidf + ci + o AT (AZ® — by —
o lyg) — (Qi + 0&)i;.

k+1 +1

At termination, set x =25

Step 2. ylgﬂ = yb + 70(bp — Az**1), where 7 € (0,2) is the steplength.

Observe that the subproblem (4.21) in Step 1 of SPALM-b is exactly one step
of the proximal gradient method (4.22) in Step 1 of the ALM-DQA-mod. As
solving the problem of the form in (4.22) multiple times for each iteration of
the ALM-DQA-mod may be expensive, it is highly conceivable that the overall
efficiency of sSPALM-b could be better than that of the ALM-DQA-mod.

Next, we elucidate the connection between ALM-DQA-mod and the DQA
method described in Ruszczyniski (1989). Given & € F;, we can parameterize a

given x; as

x; =2 +pdi = (1 — p)@i + p(zi +d;), 1 =0,1,...,N,

with p = (N +1)71 € (0,1]. Then by convexity, fi(z;) < (1—p)fi(23) + pfi(25 +

d;). Also, if &} + d; € F;, then z; € Fj since &7 € F;. From here, we have that
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for all z € Fy x F1 X --- X Fy,

k g “ 1 k
Lo(z;y5) + 5 llz — 2%+ %HQOHQ

N N 2
~S ~S g ~S — g
< (L= p) Y Si@) + o) fild +di) + SIAG + pd) = bo — o b ? + o= d]2
=0 =0
N op? N
= D _pfild] +di) + pldi, §7) + =5 (di, Edi) + (1= p) D fil3)
i=0 i=0
5 47 = bo — o1y 2 (4.23)

Hence instead of (4.22), we may consider to minimize the majorization of L, (z;y&)+

Zllx — ai'SH?f in (4.23), and compute for i =0,1,..., N,
dstl — ; (45 4+ . 9P d:. p&E:d: di &3 | 25+ d. - de X
4 —argmlnp{fz(xi+ z)+ 9 < is PCi z>+< (2] gz’> ’xi+ ZEFZ7 i € z}‘(4'24)

We get the DQA method of Ruszczyniski (1989) if we take & = p~ LA A;, com-

pute d*T1 exactly in the above subproblem (4.24), and set
st =25 4 pdstt, i=0,1,..,N,

instead of the solution in (4.22). Thus we may view the DQA method as an
augmented Lagrangian method for which the subproblem in Step 1 is solved
by a majorized proximal gradient method with the proximal term chosen to be

A 2 .
o — xSH? in each step.

Remark 2. When the A;’s are matrices, the majorization A*A < diag(&y,...,EN)
can be improved as follows, as has been done in Chatzipanagiotis et al. (2015).

Let

Ii={ie{0,1,...,N}|e] A4 #0}, x:=max{|[;||j=1,...,m} < N+1=p"".
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Then

N N
A ]? = [ 30550 Aswil|* = 2070 | 205 g ef Ail® = 3070 [ ey, €f Avail®
< S (1] Sier, el Ail?) < Xy Ciey, el Aiaif?

N N
= XZ;‘n:I >i=0 |€]TA2'~’U¢‘2 =X im0 [ A

That is, A*A =< diag(xAjAo, -, XANAnN). Such an improvement has been
considered in Chatzipanagiotis et al. (2015). It is straightforward to incorporate
the improvement into ALM-DQA-mod by simply replacing & = p LA A; in
(4.20) by xA*A; for each i =0,1,..., N.

With the derivation of the ALM-DQA-mod as an augmented Lagrangian
method with its subproblems solved by a specially chosen proximal gradient
method, we can leverage on this viewpoint to design an accelerated variant of this
method. Specifically, we can improve the efficiency in solving the subproblems
by using an inexact accelerated proximal gradient (1IAPG) method, and we will
also use a proximal term based on the linear operator (4.12), which is typically

less conservative than the term §|jz — azkH? used in the DQA method.
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ALM-iAPG. Given o > 0, y§ € Yp and 2° € X. Let {e;} be a given summable

sequence of nonnegative numbers. Perform the following steps in each iteration.
Step 1. Starting with 2° = z° = 2%, ¢ty = 1, iterate the following step for

s =0,1,... until convergence:

+1

e Compute 2°™' ~ argmin{L,(z;y§) + $llz — z°|% | @ € Fi,i =

0,1,...,N } As the problem is separable, one can compute in parallel

fori=0,1,...,N,
#t o~ argmin{ei(ﬂﬂi) + @i, Giwi) + (@i, G5) | @ € E}» (4.25)

where G; = Q; +0.7;, G5 = Qi%5 + ¢ + o AF (AZS — by — o~ 1yk) — Gz,
e Compute tsy1 = (14 /1 +4t2)/2, Boy1 = (ts — 1)/tss1.

e Compute 25! = (1 + Bgy 1) — Bei12°.
At termination, set zFt! = #st1,

Step 2. yitt = yb + 10(by — AzFT1), where 7 € (0,2) is the steplength.

4.2.3 Numerical performance of sSPALM and ALM-DQA-mod

In this subsection, we compare the performance of the sSPALM and ALM-DQA-
mod algorithms for solving several linear and quadratic test instances. The
detailed description of the datasets is given in Section 4.4. We also report the
number of constraints and variables of the instances in the table. For all the
instances, we have m; = mo = ... = my and n; = no = ... = ny. Hence we
denote them as m; and n; respectively.

Table 4.1 compares the performance of the two solvers sSPALM and ALM-DQA-
mod for the primal problem (PBA-P) through (4.10) against that of the solver
sGS-ADMM for the dual problem (PBA-D). The details of the dual approach
will be presented in the next section. Here, we could observe that sPALM and
ALM-DQA-mod always require much longer runtime to achieve the same accu-
racy level in the relative KKT residual when compare to sGS-ADMM, although

the former algorithms generally take a smaller number of outer iterations. In
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addition, the ALM-DQA-mod algorithm is slightly slower than sPALM on the
whole though the difference is not too significant. Note that our preliminary
implementation of the algorithms is in MATLAB which does not have a good
support for parallel computing. In a full scale implementation, one may try to
implement these algorithms on an appropriate parallel computing platform with
a good parallelization support. Nevertheless, the inferior performance of the two
primal approaches has motivated us to instead consider the dual approach of

designing an efficient algorithm for the dual problem (PBA-D).

sGS-ADMM sPALM ALM-DQA-mod
Data mo|m; noln; N || Iter | Time(s) || Iter | Time (s) || Iter | Time (s)
gp-rand-m1-n20-N10-t1 1]1 20 | 20 10 || 321 0.50 153 8.43 12 15.62
gp-rand-m50-n80-N10-t1 50 | 50 80 | 80 10 || 421 0.64 268 59.88 44 192.17
gp-rand-m10-n20-N10-t2 10 | 10 20 | 20 10 || 1501 | 1.20 2971 | 208.56 54 137.83
gp-rand-m50-n80-N10-t2 50 | 50 80 | 80 10 || 141 0.20 92 19.20 32 150.32
tripartl 2096 | 192 | 2096 | 2096 | 16 |{1981| 3.01 3880 | 1212.86 || 1422 | 1113.26
tripart2 8432 | 768 | 8432 | 8432| 16 || 6771 | 51.65 || 5000 | 6369.20 ||1610| 5723.31
gp-tripartl 2096 | 192 | 2096 | 2096 | 16 || 653 1.44 308 94.60 114 202.45
gp-tripart2 8432 | 768 | 8432 | 8432 16 || 971 9.79 347 | 419.16 124 | 1043.54
gp-pdsl 87| 126 372372 |11 || 971 0.99 538 49.18 535 79.24
qp-SDC-r100-c50-1100-p1000-t1 5000 | 150 0] 5000 |100|| 32 1.52 10 37.49 7 61.51
qp-SDC-r100-c50-1100-p1000-t2 5000 | 150 0] 5000 |100]| 31 1.34 9 34.22 2 33.40
qp-SDC-r100-c50-1100-p5000-t1 5000 | 150 0] 5000 |100|| 32 1.40 10 37.75 8 75.85
qp-SDC-r100-c50-1100-p5000-t2 5000 | 150 0] 5000 |100]|| 31 1.37 9 34.50 3 36.63
qp-SDC-r100-¢50-1100-p10000-t1 | 5000 | 150 0] 5000 [100| 32 1.37 10 37.93 9 86.82
qp-SDC-r100-¢50-1100-p10000-t2 | 5000 | 150 0]5000 [100|| 31 1.35 9 34.78 3 37.30
qp-SDC-r100-¢100-1100-p1000-t1 | 10000 | 200| 0 | 10000 |100|| 31 2.67 10 73.50 7 116.72
qp-SDC-r100-¢100-1100-p1000-t2 | 10000 | 200| 0 | 10000 |100|| 31 2.67 9 68.08 2 63.91
gp-SDC-r100-¢100-1100-p5000-t1 | 10000 | 200| 0 | 10000 |100|| 31 2.70 10 74.02 8 137.19
qp-SDC-r100-¢100-1100-p5000-t2 | 10000 | 200| 0 | 10000 |100|| 31 2.63 9 68.04 2 64.26
gp-SDC-r100-¢100-1100-p10000-t1 | 10000 | 200| 0 | 10000 |100|| 32 2.65 10 74.65 8 147.16
qp-SDC-r100-¢100-1100-p10000-t2 | 10000 | 200 | 0 | 10000 |100|| 31 2.63 9 67.66 3 71.18
qp-SDC-r100-¢100-1200-p20000-t1 | 10000 | 200 | 0 | 10000 |200 || 41 6.68 10 183.21 8 302.29
qp-SDC-r200-¢100-1200-p20000-t1 | 20000 | 300 | O | 20000 |200|| 34 11.96 10 360.48 7 513.61
qp-SDC-r200-¢200-1200-p20000-t1 | 40000 | 400 | O | 40000 |200 || 31 22.33 10 783.49 7 1068.04
M64-64 405 | 64 511|511 | 64 ||1991| 3.16 5000 | 2874.88 || 625 | 1241.12
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Data mo|m; noln; ‘ N || Tter ‘Time(s) Iter | Time (s) || Iter | Time (s)

Table 4.1: Comparison of computational results between sGS-ADMM and two
variants of ALM for primal block angular problem. All the run result are ob-
tained using single thread. Here, “Iter” is the number of outer iterations

sGS-ADMM sPALM ALM-DQA-mod

performed, and “Time” is the total runtime in seconds.

4.3 A semi-proximal symmetric Gauss-Seidel based

ADMM for the dual problem (PBA-D)

In the last section, we have designed the sPALM algorithm to solve the pri-
mal problem (PBA-P) directly. One can also attempt to solve (PBA-P) via
its dual problem (PBA-D). Based on the structure in (PBA-D), we find that it
is highly conducive for us to employ a symmetric Gauss-Seidel based ADMM
(sGS-ADMM) to solve the problem, as we shall see later when the details are

presented.

To derive the sGS-ADMM algorithm for solving (PBA-D), it is more conve-

nient for us to express (PBA-D) in a more compact form as follows:

min {p(s) + f(y1.n,w,s) + q(z) + g(yo, 2) | F*[y1.n;w; s] + G [yo; 2] = ¢},(4.26)

where y1.x = [y1;...;yn], and
Fro= Dt -0 1] = 1]
1
p(S) = 0*(_8)7 f(y12N7w75) = _<b1:N7 yl:N> + §<w) QU}> + (5)/\}(11)),
a(z) = 03 (=2), 9(yo,2) = —(bo, Yo)-

Here we take W = Range(Q). This is a multi-block linearly constrained convex
programming problem for which the direct application of the classical ADMM is
not guaranteed to converge. Thus we adapt the recently developed sGS-ADMM

(Chen et al. 2017; Li et al. 2016) whose convergence is guaranteed to solve the
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dual problem (PBA-D).
Given a positive parameter o, the augmented Lagrangian function for (PBA-

D) is given by

ﬁo‘(ya w, s, z; ZL') = p(S) + f(yl:N7 w, 8) + Q(z) + g(yOa Z)+
SNF* [yrn; ws ] + G*[yo; 2] — e+ 22 — 55 [|2|?
= SN0 0r(=si) + 05 (—zi) + 3 (wi, Qaws) — (bi, yi)

+2|| — Qowo + Afyo + so + 20 — co + o ao||? — 55 [|zo |-

+ N 8l - Qiw; + Afyo + Diyi + si+ zi — ¢+ o ]| — ok [|a] 2

Now to develop the sGS-ADMM, we need to analyze the block structure of
the quadratic terms in L, (y,w, s, z; x) corresponding the blocks [y1.n;w; s] and

[yo; 2], which are respectively given as follows:

DD* -DQ D

FF* = | —gDp* @* -Q
- D* _Q I -
_0 -DQ D | _DD* 0 O_

*

(o 0o o | | 0 0 I
Ur Dr
AA* A 0 A AA* 0
gg* = = + + U,
i A T 0 0 0 I
;1; Dg

Based on the above (symmetric Gauss-Seidel) decompositions, we define the fol-

lowing positive semidefinite linear operators associated with the decompositions:
sGS(FF*) = UrDz'Ur, sGS(GG*) = UGDg'Ug. (4.27)

Note that here we view Q as a linear operator defined on VW and because we
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take W = Range(Q), Q? is positive definite on W and hence Dr is invertible.

Since A is assumed to have full row-rank, Dg is also invertible.

Given the current iterate (y*,s*,w”, z¥ 2%), the basic template of the sGS-

ADMM for (4.26) at the k-th iteration is given as follows.

Step 1. Compute

p(S) + f(yl:N7 w, 5)

( k+1 k+1 Sk—H)

YN W = argming, s | I v wss] + Gyl 2] — e + St

"‘% H [Z/l:N; ws 5] - [lef:m wk§ Sk] ||§GS(]—"]—"*)

Step 2. Compute

q(2) + 9(yo, 2)

(yg-i-l zk-‘rl)

= argming, . o+ F* [yl wh M + G yo; 2] — e + Lak?

I

+&l[yos 2] = [v8: 2"l 2as o)

Step 3. Compute zFt! = 2F + 7o (F [y} whtl; sFH1) 4 G yi ™ 21 — o),

where 7 € (0, 1+2\/5) is the steplength.

By using the sGS-decomposition theorem in Li et al. (2018a), we can show
that the computation in Step 1 can be done by updating the blocks (y1.n,w, s)
in a symmetric Gauss-Seidel fashion. Similarly, the computation in Step 2 can
be done by updating the blocks (yp,z) in a symmetric Gauss-Seidel fashion.
With the above preparations, we can now give the detailed description of the

sGS-ADMM algorithm for solving (4.9).

sGS-ADMM on (4.9). Given (y°,w?, s%,2%,2%) € YxWx X x X x X, perform
the following steps in each iteration. Note that for notational convenience,

we define Dy = 0 in the algorithm.

Step la. Let g¥ = A*yt + 2% — ¢+ o~ 12F. Compute
(gllc7)rg§€\7) = a‘rgminy17,,,7y1\,{£0((y§7yl;"‘7yN)7wk7Sk)Zk;xk)}7
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which can be done in parallel by computing for i =1,..., N,
_ ) o .
U= argmlnyi{ = (i, yi) + 5l = Qiwf + Djy; + s} +95H2}-

Specifically, for i = 1,...,N, g*

 is the solution of the following linear

System:

D;Dfy; = o ‘b —Di(—Qul + sF + gb). (4.28)

Step 1b Compute w* = argmin{ﬁ(,((yg, T ,gjé“v), w, s*, zk;xk)} by comput-

ing in parallel for ¢ =0,1,..., N,
_ . 1 o .
wf = argmlnwi{§<wiv Qiw;) + §|| — Q,w; + Dj yf + sf + ngQ | w; € Range(Qi)}.

It is important to note that U_Jf is only needed theoretically but not needed
explicitly in practice. This is because in practical computation, only inf
is needed. To compute Qﬂbf, we first compute the solution ﬁ)f of the linear

system below:
(I +0Q)w; = o(Djyf + s + gp). (4.29)

Then we can compute inf = Qﬂbf The precise mechanism as to why
the latter equality is valid will be given in the remark after the presentation

of this algorithm.

Step 1c. Compute

(s]5+1,...,s]fv+1) = argmins()’._.,SN{ﬁU((ylg,gj'f,...,gj}“v),wk,(so,sl,...,s]v),z;xk)},

which can be done in parallel by computing for ¢ = 0,1,..., N,

. * g _ % —
S = argming, {67 (—50) + 2| — Quaf + DI + 5+ 6P}

= —Prox@;«/a(—inf‘i‘Dfﬂf +g7)

1 - * — _ * —
= —Prox, (o(—Qiwl + DiyF + gF)) — (—Qiwf + DiyF + gF).
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Step 1d Compute w*™! = argmin{L, ((y§, 7, ..., 9%), w, s"™, 2¥; %) } by com-

puting in parallel for ¢ =0,1,..., N,

+2| — Qiw; + Dk + i + gk |12

N[ =

W+

A = argmin,, )wi € Range(Q;)

Note that the same remark in Step 1b is applicable here.

Step 1le Compute

(y]fH, . ,yfvﬂ) = argmin,, yN{L'(,((yg, Yy - -, yN),wkH, st zk;xk) },
which can be done in parallel by computing for i =1,..., N,
) o .
= argming, { — (b 1) + 2l — Quub !+ Diys+ s+ g2

Step 2a. Let h* = —QuF ! + D*yft1 4 b1 — ¢ 4 612k Compute

~k _ . k+1 k+1 k+1 _k+1 k. Kk
Yo = argmlnyo{ﬁa((ym% yoe 9 YN ),U} S IRy )}

N
: o * a *
= argming, { — (bo, o) + 2 AGwo + 2 + W12 + D ZIATyo + 28 + 1|2},
i=1

Specifically, g is the solution to the following linear system of equations:

N N
(ZAZ-A;“)yO — o7l — Y Ai(E + hb). (4.30)
i=0 i=0
Step 2b Compute 2Ft! = argmin{ﬁg((g’g,ylfﬂ,...,yf\,“),wk“,skﬂ,z;xk)}

by computing in parallel for i =0,1,..., N,

. * o * =
A = argmin (0%, (<20) + 347 + = + 1)
B * —k k
= —PI“OXU—llg)*Ci (Az Yo + hz)

1 * — * —
= i, (o(Aigg + hi)) — (Aidig + hy)-
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Step 2¢ Compute

k+1 k+1 k+1

yO = argminyo{cd((y[)ayl o 7yN ),wk+lask+1azk+1;xk)}

N
. g * g *
= avgminy, { — (b0, o) + 2|l Abyo + 4+ + A2+ Tl Ato + 2 + 1|2,
=1

Note that the computation in Step 2a is applicable here.

Step 3 Compute

Now we make some important remarks concerning the computations in sGS-

ADMM.

1. If the term @ = 0 in Step lc, then this step is vacuous, and Step 1b and
Step 1d are identical. Hence the computation needs only to be done for

Step 1d. Hence Step 1 only consists of Step la, 1d, and le.

2. If @ =0, then Step 1b and 1d are vacuous. Therefore Step 1 only consists

of Step 1a, 1c, and le.

3. The computation in Step 1d can be omitted if the quantity uif computed in
Step 1b is already a sufficiently good approximate solution to the current
subproblem. More precisely, if the approximation w{.‘f for wf“ satisfies the
admissible accuracy condition required in the inexact sGS-ADMM designed

i u’)ﬁC instead of using the

in Chen et al. (2017), then we can just set w}
exact solution to the current subproblem. Similar remark is also applicable

to the computation in Step le and Step 2c.

4. The sGS-ADMM in fact has the flexibility of allowing for inexact compu-
tations as already shown in Chen et al. (2017). While the computation in
Step la and le (similarly for Step 1b and 1d, Step 2a and 2c¢) are assumed

to be done exactly (up to machine precision), the computation can in fact
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be done inexactly subject to a certain predefined accuracy requirement on
the computed approximate solution. Thus iterative methods such as the
preconditioned conjugate gradient (PCG) method can be used to solve the
linear systems when their dimensions are too large. We omit the details

here for the sake of brevity.

. In solving the linear system (4.30), the mgy x my symmetric positive definite

matrix Efi o AiAY is fixed, and one can pre-compute the matrix if it can
be stored in the memory and its Cholesky factorization can be computed

at a reasonable cost. Then in each sGS-ADMM iteration, g’g and ylg

1 can
be computed cheaply by solving triangular linear systems. In the event
when computing the coefficient matrix or its Cholesky factorization is out
of reach, one can use a PCG method to solve the linear system. In that
case, one can implement the computation of the matrix-vector product in
parallel by computing A; Afyo in parallel for ¢« = 0,1,..., N, given any
yo. Note that when the PCG method is employed, the use of the inexact

sGS-ADMM framework just mentioned above will become necessary.

The same remark above also applies to the linear system (4.28) for each

i=1,...,N.

For the multi-commodity flow problem which we will consider later in the
numerical experiments, we note that the linear system in (4.30) has a
very simple coefficient matrix given by Zﬁio A;Af = (N + 1)1, and the
coefficient matrix D; D} in (4.28) is equal to the Laplacian matrix of the
network graph for all ¢ = 1,..., N. Thus both (4.30) and (4.28) can be

solved efficiently by a direct solver.

. In Step 1b, we claimed that inf = Qzﬁ}f Here we show why the re-

sult holds. For simplicity, we assume that Q; is a symmetric positive
semidefinite matrix rather than a linear operator. Consider the spectral
decomposition Q; = UDUT, where D € R"*" is a diagonal matrix whose
diagonal elements are the positive eigenvalues of Q; and the columns of
U € R™*" are their corresponding orthonormal set of eigenvectors. We

let V € RMix(mi—r) he the matrix whose columns form an orthonormal set
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of eigvectors of Q; correspond to the zero eigenvalues. With this decom-

position and the parameterization w; = U¢ (because w; € Range(Q;)), the

k

minimization for w; is equivalent to the following:

e o o .
argmin{ (¢, DE) + Z|Dg = UTg|? + TV gl € € R}, (431)

where we have set g = z¥ + h¥ for convenience. Now from solving (4.29),

we get that
(I+oD)UTwF =oUTg, VTaF=0VTy.

This show that UT@¥ is the unique solution to the problem (4.31). Hence
wF = U(UT@F) is the unique solution to (4.29). From here, we have that

7

Q" = UDUT(UUT®F) = UDUT @k = Quik.

4.3.1 Convergence theorems of sGS-ADMM

The convergence theorem of sGS-ADMM can be established directly by using
known results from Chen et al. (2017) and Zhang et al. (2018). Here we present
the global convergence result and the linear rate of convergence for the conve-

nience of reader.

In order to state the convergence theorems, we need some definitions.

Definition 4.3.1. Let F : X = Y be a multivalued mapping and denote its

inverse by F~!. The graph of multivalued function F is defined by gphF :=
{(z,y) € X x Y |y € F(a)}.

Denote u := (y,w,s,z,x) €U ==Y x W x X x X x X. The KKT mapping
R:U — U of (4.4) is defined by

Bx—b
—Quw+By+s+z—c

r — Proxg(x — s)

r— e (x — 2)
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Denote the set of KKT points by . The KKT mapping R is said to be
metrically subregular at (@,0) € gphR with modulus > 0 if there exists a

scalar p > 0 such that

dist(u, Q) < n||R(u)|| Yu € {uecl : |u—1ul| < p}.

Now we are ready to present the convergence theorem of sGS-ADMM.

Theorem 4.2. Let {u* := (y*,w", s*,2*;2%)} be the sequence generated by

sGS-ADMM. Then, we have the following results.

(a) The sequence {(y*, w*, s*, 2%)} converges to an optimal solution of the com-
pact form (4.6) of the dual problem (PBA-D), and the sequence {z*} converges

to an optimal solution of the compact form (4.4) of the primal problem (PBA).

(b) Suppose that the sequence {u*} converges to a KKT point @ := (g*, w*, 5%, 2%, z¥)
and the KKT mapping R is metrically subregular at (u,0) € gphR. Then the

sequence {u*} is linearly convergent to .

Proof. (a) The global convergence result follows from that in Chen et al.
(2017). (b) The result follows directly by applying the convergence result in
(Zhang et al., 2018, Proposition 4.1) (which slightly improves an earlier result
in Han et al. (2017)) to the compact formulation (4.6) of (PBA-D). O

Remark 3. By Theorem 1 and Remark 1 in Li et al. (2018b), we know that
when (PBA-P) is a convex programming problem where for each i = 0,..., N, 6;
is piecewise linear-quadratic or strongly convex, and IC; is polyhedral, then R is
metrically subregular at (@,0) € gphR for any KKT point 4. Thus sGS-ADMM
converges locally at a linear rate to an optimal solution of (PBA-P) and (PBA-
D) under the previous conditions on #; and ;. In particular, for the special
case of a primal block angular quadratic programming problem where 6; = 0
and KC; = R} for all 4, we know that sGS-ADMM is locally linearly convergent,

which can even be proven to converge globally linearly.
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4.3.2 Computational cost

Now we would discuss the main computational cost of sGS-ADMM. We could
observe that the most time-consuming computations are in solving large linear
system of equations in Step la, 1b, 1d, le, 2a, and 2c.

In general, suppose for every iteration we need to solve a d x d linear system

of equations:

Mz =r. (4.33)

Assuming that M is stored, then we can compute its Cholesky factorization at
the cost of O(d®) operations, which needs only to be done once at the very be-
ginning of the algorithm. After that, whenever we need to solve the equation, we
just need to compute the right-hand-side vector r and solve two d x d triangular

systems of linear equations at the cost of O(d?) operations.

We can roughly summarize the costs incurred in solving Mz = r as follows:

(C1) Cost for computing the coefficient matrix M (only once at the beginning

of algorithm);

(Cs) Cost for computing Cholesky factorization of M (only once at the begin-

ning of algorithm);
(C3) Cost for computing right-hand-side vector r;

(Cy4) Cost for solving two triangular systems of linear equations.

The computational cost Cy, Cy, Cs, Cy above for each of the equations in Step

la, 1b, 1d, le, 2a, and 2c are tabulated in Table 4.2.

Step C1 (once) | Cy (once) | Cs (each iteration) | Cy (each iteration)
la and le
O(mini) | O(m7) O(nf + mqn) O(m3)
(i=1,...,N)
1b and 1d
O(n3) O(n) O(min;) O(n3)
(t=1,...,N)
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2a and 2c O(m3ny) O(m}) O(mono) O(m3)

Table 4.2: Computational cost for solving the linear systems of equations in each
of the steps.

4.4 Numerical experiments

In this section, we evaluate the performance of the algorithm we have designed for
solving the problem (PBA). We conduct numerical experiments on three major
types of primal block angular model, including linear, quadratic, and nonlinear
problems. Apart from randomly generated datasets, we would demonstrate that
our algorithms can be quite efficient in solving realistic problems encountered in

the literature.

4.4.1 Stopping condition

Based on the optimality conditions in (4.8), we measure the accuracy of a com-

puted solution by the following relative residuals:

n = max{np,Np,NQ, MK NS}

where
gp = WBz=bl | -QuBytstiocl . [Qu=Qa|
L+ oIl L+ ] ! 1+
ne = |z — My (x — 2)|| nS:Hx—PrOXg(x—s)H
A E Tl Tl

We terminate our algorithm when 7 < 1072,

4.4.2 Block angular problems with linear objective functions

In this subsection, we perform numerical experiments on minimization problems
having linear objective functions and primal block angular constraints. Mul-

ticommodity flow (MCF) problems are one of the main representative in this
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class of problems. It is a model to solve the routing problem of multiple com-
modities throughout a network from a set of supply nodes to a set of demand
nodes. These problems usually exhibit primal block angular structures due to
the network nature in the constraints.

Consider a connected network graph (N, &) with m nodes and n = |€| arcs
for which N commodities must be transported through the network. We assume
that each commodity has a single source-sink pair (sg,t;) and we are given
the flow 7, that must be transported from s, to ¢z, for k = 1,...,N. Let
M e R"™*I€l be node-arc incidence matrix of the graph. Then the MCF problem

can be expressed in the form given in (PBA-D) with the following data:

KOZ{xOERn’OSH:OSU}, K:Z'ZRT_T_, i=1,..., N,
Q;i=0, 0;()=0, ¥i=0,1,..,N,
Ao=1,, A;=—-1,, Vi=1,...,N,

D1 =Dy =--- =Dy = M is the node-arc incidence matrix.

For this problem, z; denotes the flow of the i-th commodity (i = 1,...,N)
through the network, xg is the total flow, and u is a given upper bound vector

on the total flow.

Description of datasets

Following Castro and Cuesta (2011), the datasets we used are as follows.

tripart and gridgen: These are five multicommodity instances obtained with
the Tripart and Gridgen generators. They could be downloaded from

http://www-eio.upc.es/~jcastro/mmcnf_data.html.

pds: The PDS problems come from a model of transporting patients away from
a place of military conflict. It could be downloaded from

http://www.di.unipi.it/optimize/Data/MMCF.html#Pds.

M{n}-{k}: These are the problems generated by the Mnetgen generator, which

is one of the most famous random generator of Multicommodity Min Cost
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Flow instances. Here n is the number of nodes in the network and & is
the number of commodity. It could be downloaded from http://www.di.

unipi.it/optimize/Data/MMCF.html#MNetGen.

Numerical results

In Table 4.3, we compare our sGS-ADMM algorithm against the solvers Gurobi
and BlockIP. We should emphasize that Gurobi is a state-of-the-art solver for
solving general linear and quadratic programming problems. Although it is
not a specialized algorithm for primal block angular problems, it has been so
powerful in solving sparse general linear and convex quadratic programming
problems that it should be used as the benchmark for any newly developed
algorithm. On the other hand, BlockIP (Castro, 2016) is an efficient interior-
point algorithm specially designed for solving primal block angular problems,
especially those arising from MCF problems. As reported in Castro (2016), it
has been successful in solving many large scale instances of primal block angular

LP and QP problems.

In the following numerical experiments, we employ Gurobi directly on the
compact formulation (4.4). To be more specific, we input B as a general sparse
matrix. The feasibility and objective gap tolerance is set to be le-5, and the
number of threads is set to be 1. All the other parameters remain as default
setting. Similarly for BlockIP, all the three tolerances (primal and dual feasibil-
ity, and relative objective gap) are set to be le-5 for consistency. Its maximum

number of iteration is set to be 500.

sGS-ADMM Gurobi BlockIP

Data mo|m; noln; N || Iter | Time(s) Iter | Time (s) || Iter | Time (s)
tripartl 2096 | 192 2096 | 2096 16 || 1981 3.01 5155 0.78 48 1.23
tripart2 8432 | 768 8432 | 8432 16 || 6771 51.65 42070 42.81 67 10.32
tripart3 16380 | 1200 | 16380 | 16380 | 20 || 5561 | 104.96 85390 189.37 81 48.70
tripart4 24815 | 1050 | 24815 | 24815 | 35 || 8581 | 343.32 246340 | 1685.50 115 | 139.36
gridgenl 3072 | 1025 3072 | 3072 | 320 || 7541 | 409.75 || 497709 | 8039.40 || 203 | 1589.04
pdsl5 1812 | 2125 7756 | 7756 11 || 2893 | 22.60 8545 1.01 81 12.19
pds30 3491 | 4223 | 16148 | 16148 | 11 || 4471 | 111.49 27645 4.79 110 51.66
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sGS-ADMM Gurobi BlockIP
Data mo|m; no|n; N || Tter | Time(s) Iter | Time (s) || Iter | Time (s)
pds60 6778 | 8423 | 33388 | 33388 | 11 || 7719 | 465.06 70168 17.57 145 | 403.23
pds90 8777 | 12186 | 46161 | 46161 | 11 || 5315 | 479.59 100858 25.18 162 | 822.45
M64-64 405 | 64 511 | 511 64 || 1991 3.16 7601 0.77 51 0.85
M128-64 936 | 128 1171 ] 1171 64 || 2601 7.32 18108 3.93 52 3.15
M128-128 979 | 128 1204 | 1204 | 128 || 3801 28.89 32736 7.24 127 11.75
M256-256 | 1802 | 256 2204 | 2204 | 256 || 6821 | 225.31 103561 18.53 97 89.92
M512-64 3853 | 512 4768 | 4768 64 || 2631 | 45.77 48235 8.76 72 48.44
M512-128 | 3882 | 512 4786 | 4786 | 128 || 3581 | 137.23 87659 17.96 97 144.77
M512-512 707 | 512 1797 | 1797 | 512 || 7021 | 373.58 199260 16.79 146 | 308.95

Table 4.3: Comparison of computational results between sGS-ADMM, Gurobi,
and BlockIP for linear primal block angular problems. All the results are ob-
tained using a single thread. ‘Iter’ under the column for Gurobi means the
total number of simplex iterations.

From Table 4.3, we observe that Gurobi is the fastest to solve 11 out of 16 in-
stances. Gurobi is extremely fast in solving the pdsxx and Mxxx-xx problems but
have difficulty in solving tripart4 and gridgen1 efficiently. On the other hand,
sGS-ADMM and BlockIP are highly efficient in solving the latter instances. On
the other hand, BlockIP is the fastest when solving the tripart2,3,4 instances

while sGS-ADMM is the fastest in solving the gridgen1 and M512-128 instances.

Our sGS-ADMM solver outperforms Gurobi when the instance is both hard
and huge, for example, tripart4 and gridgenl. For the latter instance, it is
in fact the fastest solver. Intuitively, we can expect sGS-ADMM to perform
stablely as the scale of the data increases. We also noticed that BlockIP is quite
sensitive to the practical setting of the upper bound on the unbounded variables.
For example, setting “9e6” and “9e8” as the upper bounds for the unbounded

variables can lead to a significant difference in the number of iterations.
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4.4.3 Block angular problems with convex quadratic objective

functions

In this subsection, we perform numerical experiments on optimization prob-
lems having convex quadratic objective functions and primal block angular con-
straints.

One of the main class of this type of problem is again from the multicommodity
flow problem. Following Castro (2016), we add in the quadratic objective term,
Q; =0.11, Vi =0, ..., N. The corresponding datasets start with a prefix "qp-",
including tripart, gridgen and pds.

Another main class of quadratic primal block angular problems arises in the
field of statistical disclosure control. Castro (2005) studied the controlled tabular
adjustment (CTA) to find a closest, perturbed, yet safe table given a three-
dimensional table for which the content need to be protected. In particular, we

have

Q;=1,6;()=0,i=0,...,N,
Ay=1I, A;=—I, Yi=1,.. N,

Dy =Dy =--- =Dy is a node-arc incidence matrix

and IC; (1 =0,1,...,N) is the same as in section 4.4.2.

Description of datasets

The datasets we used are as follows.

rand: These instances are randomly generated sparse problems. Here we gen-

erated two types of problems.

e Type 1 problem (with suffix -t1) has diagonal quadratic objective
cost, i.e. Q; is a random diagonal matrix given by

spdiags(rand(n_i,1),0,n.i,n i).

e Type 2 problem (with suffix -t2) does not necessarily have diagonal

76



Chapter 4

Section 4.4

quadratic objective cost. In this case Q; is still very sparse but re-

mained to be positive semidefinite. We use the following routine to

generate Q; for every i = 0,1, ..., N:

tmp=sprandn(n_i,n i,0.1); @; = tmp*tmp’.

For both types of problems, we generate A; and D; similarly for i = 0, ..., N

using MATLAB command sprandn with density 0.5 and 0.3 respectively.

Note that by convention we have Dy = 0.

L2CTA3D: This is an extra large instance (with a total of 10M variables and

210K constraints) provided in http://www-eio.upc.es/~jcastro/huge_

sdc_3D.html.

SDC: These are some of the CTA instances we generated using the gener-

ator provided by J. Castro at http://www-eio.upc.es/~jcastro/CTA_

3Dtables.html.

Numerical results

As in the last subsection, we compare our sGS-ADMM algorithm against Gurobi

and BlockIP solver in Table 4.4.

sGS-ADMM Gurobi BlockIP
Data mo|m; noln; N || Iter | Time(s)||Iter| Time (s)||Iter|Time (s)
gp-rand-m50-n80-N10-t1 50 | 50 80 | 80 101421 | 0.64 14| 0.28 29| 0.13
gp-rand-m1000-n1500-N10-t1 1000 | 1000 | 1500 | 1500 |10 || 748 | 57.67 || 15 | 1641.91 || 39 | 360.12
gp-rand-m100-n200-N100-t1 100 | 100 200 | 200 |100|| 331 | 3.81 18| 14.09 || 54| 8.51
gp-rand-m1000-n1500-N100-t1 1000 | 1000 | 1500 | 1500 [100|| 361 | 312.61 || 18 [17175.81| / /
gp-rand-m100-n200-N150-t1 100 | 100 200 | 200 |150(| 341 | 6.56 19| 20.94 58 | 60.17
qp-rand-m1000-n1500-N150-t1 1000 | 1000 | 1500 | 1500 |150|| 448 | 559.20 || 17 |36591.57|| / /
gp-rand-m10-n20-N10-t2 10 | 10 20 | 20 10 ({1501| 1.20 14| 0.25 * *
gp-rand-m50-n80-N10-t2 50 | 50 80 | 80 10 (| 141 | 0.20 14| 0.44 * *
gqp-rand-m1000-n1500-N10-t2 1000 | 1000 | 1500 | 1500 |10 || 131 | 50.81 || 12 |6916.43 || * *
gp-rand-m100-n200-N100-t2 100 | 100 200 | 200 |100|| 81 3.61 14 | 28.40 * *
gp-rand-m1000-n1500-N100-t2 1000 | 1000 | 1500 | 1500 [100(| 220 | 576.62 || 13 | 8823.43 || * *
gp-rand-m100-n200-N150-t2 100 | 100 200 | 200 |150|| 74 | 5.36 15| 45.91 * *
gp-rand-m1000-n1500-N150-t2 1000 | 1000 | 1500 | 1500 [150(| 252 | 930.81 || 13 [15299.33|| * *
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sGS-ADMM Gurobi BlockIP
Data mo|m; noln; N || Iter | Time(s)||Iter| Time (s)||Iter|Time (s)
qp-tripartl 2096 | 192 | 2096 | 2096 |16 || 653 | 1.44 15 1.17 24| 0.22
qp-tripart2 8432 | 768 | 8432|8432 16 (/971 | 9.79 19| 6.66 38| 1.36
qp-tripart3 16380 | 1200 |16380 | 16380| 20 |{1034| 27.09 || 22| 30.08 || 55| 6.78
qp-tripart4 24815 | 1050 {24815 | 24815| 35 ||5871| 413.35 || 22 | 238.92 || 67 | 17.46
qp-gridgenl 3072 | 1025 | 3072 | 3072 |320(|4081| 308.05 || 40 | 2143.19 (|208| 1197.24
qp-pdsl5 1812 | 2125 | 7756 | 7756 |11 {{1110| 10.40 || 48 | 14.49 90 | 11.56
qp-pds30 3491 | 4223 [16148 | 16148| 11 ||1941| 57.58 || 53 | 59.95 |[|113| 44.32
qp-pds60 6778 | 8423 [33388 | 33388| 11 ||4685| 337.13 || 58 | 226.56 (|134| 192.85
qp-pds90 8777 | 12186 46161 | 46161| 11 ||3021| 318.43 || 58 | 402.51 ||165| 547.32
qp-L2CTA3D_100x100x1000-5000(110000 | 1000/ 0 | 100000 [100|| 21 | 31.24 8 16696.47 || 7 | 22.72
qp-SDC-r100-c50-1100-p1000-t1 5000 | 150 0| 5000 |100|| 32 1.52 8 | 101.91 7 0.84
qp-SDC-r100-¢c50-1100-p1000-t2 5000 | 150 0| 5000 |100|| 31 1.34 6 | 96.47 6 0.80
qp-SDC-r100-c50-1100-p5000-t1 5000 | 150 0| 5000 |100|| 32 1.40 8 | 100.84 || 8 0.93
qp-SDC-r100-c50-1100-p5000-t2 5000 | 150 0| 5000 |100|| 31 1.37 6 | 106.82 || 6 0.79
qp-SDC-r100-¢50-1100-p10000-t1 | 5000 | 150 0| 5000 |100|| 32 1.37 8 | 97.74 8 0.94
qp-SDC-r100-¢50-1100-p10000-t2 | 5000 | 150 0| 5000 |100|| 31 1.35 6 | 102.74 || 6 0.77
qp-SDC-r100-¢100-1100-p1000-t1 | 10000 | 200 0| 10000 |100|| 31 2.67 8 | 810.58 || 7 2.16
qp-SDC-r100-¢100-1100-p1000-t2 | 10000 | 200 0| 10000 |100|| 31 2.67 6 | 1107.95|| 6 2.10
qp-SDC-r100-¢100-1100-p5000-t1 | 10000 | 200 0| 10000 |100|| 31 2.70 8 [1266.75 || 7 2.12
qp-SDC-r100-¢100-1100-p5000-t2 | 10000 | 200 0| 10000 [100|| 31 2.63 6 | 751.24 6 2.02
qp-SDC-r100-¢100-1100-p10000-t1| 10000 | 200 0| 10000 (100|| 32 2.65 8 | 779.24 8 2.42
qp-SDC-r100-¢100-1100-p10000-t2| 10000 | 200 0| 10000 |100|| 31 2.63 6 | 810.03 || 6 1.98
qp-SDC-r100-¢100-1200-p20000-t1| 10000 | 200 0| 10000 |200|| 41 6.68 8 | 1418.31 || 8 4.87
qp-SDC-r200-¢100-1200-p20000-t1| 20000 | 300 0| 20000 [200|| 34 | 11.96 8 |5194.45 || 8 9.47
qp-SDC-r200-¢200-1200-p20000-t1| 40000 | 400 0 | 40000 |200(| 31 | 22.33 8 153964.31|| 7 | 23.34
qp-SDC-r500-¢50-1500-p50000-t1 | 25000 | 550 0| 25000 |500|| 41 | 43.36 8 [11025.98|| 8 | 24.56
qp-SDC-r500-¢500-150-p5000-t1  [250000 | 1000 O | 250000 |50 || 20 | 27.04 8 |11360.16(| / /

Table 4.4: Comparison of computational results between sGS-ADMM, Gurobi,
and BlockIP for quadratic primal block angular problems. All the results are
obtained using single thread. ‘Iter’ under the column for Gurobi means the
total number of barrier iterations. A ‘/” under the column for BlockIP means

that the solver runs out of memory, and a

to solve the problem.
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Table 4.4 shows that Gurobi is almost always slowest to solve the test instances
in this case, whereas our sGS-ADMM performs almost as efficiently as BlockIP
in solving these quadratic primal block angular problems. It is worth noting that
our sGS-ADMM method works very well on the large scale randomly generated
problems compared to BlockIP, because for these instances the matrices A; and
Q; are no longer simple identity matrices for which the BlockIP solver can take
special advantage of. Also, BlockIP runs out of memory for three of the huge in-
stances gp-rand-m1000-n1500-N100-t1, qp-rand-m1000-n1500-N150-t1 and

qp-SDC-1500-c500-150-p5000-t 1.

It is also observed that BlockIP solver could not solve for the qp-rand-xxx-t2
problem because it is not designed to cater for solving problems with nondiagonal
quadratic objective cost. For these types of problem, our sGS-ADMM algorithm

can substantially outperform Gurobi, sometimes by a factor of more than 10.

4.4.4 Block angular problems with nonlinear convex objective

functions

In this subsection, we perform numerical experiments on optimization prob-
lems having nonlinear convex objective functions and primal block angular con-
straints. Nonlinear multicommodity flow problems usually arise in transporta-
tion and telecommunication. The two most commonly used nonlinear objective

functions are:

Yoty fre(ti; cap;), known as Kleinrock function;
h(t) =
>, feer(ti;cap;, i), known as BPR (Bureau of Public Roads) function,
where
2 f0<a<e, ra[l + B(2)7] ifa >0,
Jie(osc) = fBpr(O;c,7) =
400 otherwise, 400 otherwise.

The Kleinrock function is normally used to model delay in a telecommunication

problem; whereas the BPR function is mainly used to model congestion in a
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transportation problem. Here cap, is the capacity of arc ¢, r; is the free flow

time of arc ¢, and 3, B are two positive parameters.

Thus in our problem setting, we have

0o(xo) = h(xo), Oi(z;) =0, Vi=1,...,N,
Q;=0,¢,=0,Vi=0,...,N,

Ao=1, A;j=—-I,Vi=1,...,N,

Dy =Dy =--- =Dy is a node-arc incidence matrix,

bo=0, b; =d; Vi=1,..., N for some demand d; for each commodity 1,

[0, cap;], for Kleinrock function;

K=
R, for BPR function.

Following Babonneau and Vial (2009), the datasets we used are the planar
and grid problems, which could be downloaded from http://www.di.unipi.

it/optimize/Data/MMCF.html#Plnr.

Remark 4. In Step 1c of the sGS-ADMM algorithm, we need to update sf“

by
1 — * — _ * — -
sith = —Proxep, (o(=Quwf + Dj3; +¢7)) — (= Quwf + D +97) i=0,1,...
To compute the proximal mapping for a given s:
. 1 9
Prox,g,(s) = argmin {g(t) := 06;(t) + §||t —s*},

we can use Newton’s method to solve the equation Vg(t) = 0. In each sGS-

ADMM iteration, we warm-start Newton’s method by using the quantity already

k

computed in the previous iteration to generate s;.

k+1

Another point to note is that although s/ is not computed exactly, the

convergence of the sGS-ADMM algorithm is not affected as long as sf“ is com-
puted to satisfy the admissible accuracy condition required in each iteration of

the inexact sGS-ADMM method developed in Chen et al. (2017).
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Numerical results

In this subsection, we compare our sGS-ADMM algorithm against BlockIP and

IPOPT. IPOPT is one of the state-of-the-art solvers for solving general nonlinear

programs. We use the Kleinrock function as our objective function here.

sGS-ADMM BlockIP IPOPT

Data mo|m; no|ng N || Tter | Time(s) || Iter | Time(s) || Iter | Time (s)
gridl 80 | 24 80 | 80 50 591 0.66 28 0.13 76 3.10
grid3 360 |99 | 360|360 | 50 381 0.53 41 1.60 86 21.30
grid5 840 | 224 | 840 | 840 | 100 || 581 1.95 - - 90 | 127.50
grid8 2400 | 624 {2400 | 2400 | 500 || 4171 | 261.73 || 215 | 4568.28 || 51 | 5027.50
grid10 2400 | 624 {2400 | 2400 [ 2000 || 3432 | 893.98 || 221 | 36035.85 || 14 | 5340.39
planar30 150 | 29 150 | 150 92 431 0.44 93 1.59 90 7.55
planar80 440 | 79 440 | 440 | 543 || 1875| 20.07 - - 430 | 1400.91
planar100| 532 |99 | 532 | 532 |1085|(2614| 70.99 - - 117 | 1184.46

Table 4.5: Comparison of computational results between sGS-ADMM, BlockIP
and IPOPT for nonlinear primal block angular problem.

for BlockIP means that the solver encounters memory issue.

Table 4.5 shows that IPOPT is almost always the slowest to solve the test
instances but it is very robust in the sense that it is able to solve all the test

instances to the required accuracy. It is not surprising for it to perform less

efficiently since it is a general solver for nonlinear programs.

On the other hand, we observed that BlockIP runs into memory issue when
solving almost half of the instances. This may be due to the fact that BlockIP
uses a preconditioned conjugate gradient (PCG) method and Cholesky factor-
ization to solve the linear systems arising in each iteration of the interior-point
method. At some point of the iteration, the PCG method did not converge and
the algorithm switches to use a Cholesky factorization to solve the linear system,

which causes the out-of-memory error. Even when the PCG method works well,

‘-> under the column

it might still converge in almost 10 times slower than our algorithm.
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Chapter 5

On proximal augmented Lagrangian

based decomposition methods for
dual block angular convex composite

conic programming problems

Let X and Y be an n-dimensional and m-dimensional inner product spaces re-
spectively. Similarly X; and ); are n;-dimensional and m;-dimensional (i =
1,---, N) inner product spaces respectively. We consider the following convex
composite conic programming problem with the so called dual block angular

structure (DBA):

min  0(z) + (¢, z) + SN, (%) + (¢, )

4

B x b
B b T b
1 1
- TN i)N
By By )

rek, zek;,CcXx,Vi=1,...,N,

83



Chapter 5

Section 5.0

where b€ ), c€ X, b;€ Yiand ¢; € X; (i =1,...,N) are given data; A: X —
Y, B;: X - Y; and B; : X; — )); are given linear maps; 6 : X — (—o0, ]
and 6; : X; — (—00,00] (i = 1,...,N) are given proper closed convex functions;
KcCXand K; C A& (i =1,...,N) are given closed convex sets. In the above

problem, we allow the case where A is absent.

Let m = sz\il m; and 1 = Zf\; n; with n; being the dimension of X;. Define

X=X x--xXpn, 37=y1><---><yN, K:’C1X"'XICN,
f:[fl;...;f]v]e.)?, E:[El;...;EN]EA_), 5:[61;...;bN]€y,

B=[Bi;...;By|, B=diag(B,...,By), 0&) =", 0;(z). (52)

Note that the dimension of X is 2 and that of ) is m. For convenience, we will
sometimes refer to B; as an m; X n; matrix to mean its matrix representation
with respect to the standard basis in X; and );. A similar convention may also

be used for A and B;.

We can rewrite (5.1) as an instance of the following general conic programming

problem with a block angular structure:

(DBA-P) min 60(z)+ (c, z) + 6(Z)+ (¢, T)

s.t. Az =b, zek,

8

e,

oy
8
+
oy
I
Il
el
I

where A: X - ), B: X - Y, B: X — Y. The above structure is often referred
to in the literature as a dual block angular structure. We should mention that
the problem (DBA-P) is very general. For example, it includes block angular
convex quadratic conic programming problems as a special case when 6(-) and

0;() (1 =1,...,N) are convex quadratic functions.
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We shall show later that the dual of (DBA-P) is given by

(DBA-D) —min 0*(—v) +65(—2) — (b, y) +0*(—0) +5(—2) — (b, ¥

N

s.t. Ay+ B*y+z4+v=c¢, 2z€ X, veEX,
By+z+v=c¢ Z€EX, 1€X,

where z = [21;...;2v] € X, 0 = [01;...;08] € X, ¥ = [§1;...;9n] € Y, K* the
dual cone of K and K* = K} x - - x 4. Observe that the problem (DBA-D) has
six blocks of variables (y, 9, z, Z,v,0) coupled together by the linear constraints

A'y+B*j+z+v=cand B*'j+ 2+ v =cC.

We made the following assumption on the problem data throughout this chap-

ter.

Assumption 1. A € R™*" has full row rank (if it is present), and [B, B] has

full row rank.

Assumption 2. The projection IIx(z) and IIg(2) can be computed efficiently
such as in the case when K is a nonnegative orthant, a second-order cone or S
(the cone of symmetric positive semidefinite matrices). We also assume that the

proximal mappings for # and @ can be computed analytically or very efficiently.

This chapter is organized as follows. We will elaborate some example classes of
the conic programming problem with dual block angular structure in section 5.2.
In section 5.3, we will derive the dual (DBA-D) of the primal problem (DBA-P).
We present some preliminary in section 5.4 before we provide the algorithmic
details of our inexact symmetric Gauss-Seidel proximal ADMM and ALM for
solving (DBA-D) in section 5.5. In section 5.6, we discuss an extension where
we incorporate a semismooth Newton-CG method in our proposed algorithm.
Finally, we conduct numerical experiment in section 5.7 and conclude the chapter

in the last section.
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5.1 Example classes of (DBA)

In this section, we shall give three example classes of the dual block angular

problems.

5.1.1 Examples from 2-stage stochastic conic programming prob-

lems

Here we show that the dual block angular structure shown in (5.1) naturally
arises from a 2-stage stochastic conic programming problem. Consider the fol-
lowing 2-stage stochastic optimization problem:

glei}vl {9(56) +(c, ) +EQ(x;§) | Ax = b, x € IC}. (5.3)

Here £ is a random vector, E¢(-) denotes the expectation with respect to £, and

Qr:¢) = min {05(33) 4 (G, T) : Bet =be — Bew, T € ICl} :

where for each given scenario &, ¢ € A7, I;g € ) are given data, Be : X — Vi,
Bg : X1 — Vi are given linear maps, and K; C A7 is a given closed convex
set, 55 : X1 — (—o0,00] is a given proper closed convex function. Note that
there is no loss of generality in considering only equality constraints in (5.3)
since constraints of the form b — Az € Q, x € K can always be reformulated as
[A, I)(z;8) =, (z;5) € K x Q.

By sampling IV scenarios for £, one may approximate E:Q(x;€) by the sample
mean Ef\; 1 PiQ(x; &), with p; being the probability of occurrence of the ith
scenario, and hence approximately solve (5.3) via the following deterministic

optimization problem which has exactly the same form as (5.1):

. 0(z) + (c, x) Ax =b, x € K
min , (5.4)

N j /= _ _ _
+Zi:1 0:(Z;) + (Ci, T;) Bix+ By =b;, y; € Ky, Vi=1,...,N

where ¢; = p;c¢, and 0; = pié&, B, = Bfi,BZ- = B&.,Ei = B& are the data,

and T; = Z¢;, € A is the second stage decision variable associated with the ith
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scenario.

5.1.2 Examples from doubly nonnegative relaxations of unca-

pacitated facility location problems

The uncapacitated facility location (UFL) problem is one of the most studied
problems in operations research. Here we consider the general UFL with lin-
ear and/or separable convex quadratic allocation costs that was introduced in

Gunluk et al. (2007):

(UFL)  min 327y cqui+ D204 D05 cijsig + 50155
st Yrys=1Vi=1...,q
sij<ui, Vi=1,...,p, j=1,...,¢ (5.5)
5;; >0, Vi=1,....,p, j=1,...,q

wie{0,1}Vi=1,....p,

where ¢; > 0 for all ¢, and ¢;j,q;; > 0 for all ¢, 5 are given data. Observe that
the allocation cost for customer j is a convex quadratic function of his demand

si; served by the opened facility 1.

Let U = uu’. One can see that the constraint u; € {0,1} is equivalent to
the constraint that uz2 = U; = u;. Also, by introducing the nonnegative slack
variable z;;, we can convert the inequality constraint s;; < u; to the equality
constraint s;; + z;; = u;.

Let S = (s45) € RP*Y and Z = (z;;) € RP*9. Also let e € RP be the vector of
all ones and S; be the jth column of S. Then one can express the problem (5.5)

equivalently as follows:

min Y7 ciuq + Y0 Y0 cijsig + 56i5s3;
st el'Sj=1, Vi=1,...,¢
Si+Zj=u, S;,Z; >0, Vj=1,...,q

u—diag(U) =0, U=wuul, u>0,U¢€SP.
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Let C = (¢ij) € RP*? and @ = (¢;5) € RP*9. By relaxing the rank-1 constraint
U = uu® to U = wu” and using the equivalence that U = wu”! if and only if

[1, uT;u, U] = 0, we get the following doubly nonnegative (DNN) relaxation of

(5.5):

min  ([0; ], [asul) + 3291 (Cy, ;) + 5(S;, diag(Q;)S;)

0 el of S 1
s.t + =

u 1, -1, | | z 0
u—diag(U) =0, a=1,

a ul
U .=

u U

X :Sl+p7 y:Rl-‘rp’ X] :RQ(]’ y] :R1+p7 ] = 17"'aQ7

o(U) = on(U), K =S,

1 . .
0,(155: 2,) = 5(5), diag(Q,)S)), K =B, j=1,.

i ?q7
<A07 U>
1 « A, U
b= e RYP, A(U) = Y v )
0 u — diag(U)
| (4, U)
(0, U)
0 (Ey, U) _ el o7
B;(U) = = ‘ , Bj=
u -1, —I,
| (B, U) |
- 1
bj = eRYP j=1,...,¢q
0
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est? U>0, 5;,2;>0,j=1,...,q

Now we can express the above DNN programming problem in the form (5.1) by

defining the following inner product spaces, functions, cones and linear maps:
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where V' = {X € S'*? | X > 0} and

1 o 0 ief 0 el
Apg = , A= , Bi= , t=1,...,p.
1 T 1
0 Opxp 96 —Ei¢ 2¢i Opxp

In the above, e; is the ith unit vector in RP. Observe that for the problem (5.6),
we have

Blz---qu, B1=---=Bq.

Thus given any U € X and § € X} x- - - X X}, the evaluation of B(U) and B*y can
be done very efficiently since B(U) = [B1(U)|j_, and B*y = Bi (g1 + - + ¥g)-

For later purpose, we note that B]B; has a very simple inverse given by
(B;B})™! = +— 2, e, j=1,...,¢. (5.7

5.1.3 Computation of a Wasserstein barycenter for a family of

discrete distributions

Consider a family of discrete distributions {(sgi),pg-i)) | j=1,...,mi}, 1 =

1,..., N, such that the probability of the ith distribution taking the value s}i) €

R is given by pgi) for j =1,...,m;. The Wasserstein barycenter for the family is
the distribution {(sj,p;) | j = 1,...,m} that solves the following minimization
problem:

N (D) (i) — N _ (i)
min (M@, X0y XWel =p, (XW)'e=p", peA,

. . . (5.8)
=1 X@ e gmxmi x(0) >0 j=1,...,N

where A = {p € R™ | eTp = 1, p > 0}, e is the vector of all ones in R™, and e is
the vector of all ones in R™, i = 1,..., N. In the above problem, M) ¢ R7*mi
is defined by M lg) = ||sx — sg.i) 2. In (5.8), we consider the version of the problem
where the support vectors z1,...,z,, of the centroid are given. (Note that in
practice, one may cluster the support vectors vazl{sgi) |j=1,...,m;} into m
clusters and the vectors s; may be taken to be the center of mass of the jthe

cluster.)

89



Chapter 5 Section 5.2

Next, we show that the problem (5.8) has a dual block angular structure.
Define

X=R" Y=R", K=A, Bij=1,,i=1,...,N,
Xy =R i Y =R K ={XO e &y | (XN Te=p®, xO >0},

B;: X; —Y; suchthat B;(X®)=_-X®e® =1 N.
Then we can express (5.8) as the following block angular problem:

min  Jx(p) + S (MO, XD) 4 5, (X))

B, By (x(M) 0 (5.9)
By By (X)) 0
Observe that for the above problem, we have that By = ... = By = I, B;‘ (y;) =
—gi(e(i))T, and
R p*\—1 1 .
(B;B;)"" = —1Ip, i=1,...,N.

)

Note that for this problem, the projection onto K can be computed analytically.
Similarly, the projection onto IC; can also be computed analytically as follows.

Given G € R™*"™i

1 )
Mg, (G) = argmin{Z[|IX - GJ? | XTe =p, X >0}
= argmin{ > JIIX; — Gj[? | e7X; = p, X; € R, j=1,...,mi},
j=1

where X; and G denote the jth column of X and G, respectively. Thus the jth

column of Iy, (G) can be computed analytically for j =1,...,m,.
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5.2 The derivation of (DBA-D) and KKT conditions

In this section, we will provide the derivation of dual problem (DBA-D) of (DBA-

P) in details. We introduce the auxiliary variables, u =z, u =%, s =z, § =T

and replace 0(z), 0(), dx(x), 5g(®) by O(u), 0(u), dx(s), dg(5) respectively.

Consider the Lagrangian function for (DBA-P):

L(x,Z,u,u,s,5Y,7,0,0,2Z)

= 0(u) + {(c, x) + 0(w) + (¢, T) + 5k (s) + 0 (5) — (y, Ax — b) — (3, Bx + Bz —b)

—(v,z—u)— (v, —u)y—(z,x—s)—(Z, T —5)

= (c—Ay—BYy—v—2z2)+(-BY—v—% z)+0(u) + (v, u) + 0(u) + (v, u)

+oxc(s) + (2, 8) + g (5) + (2, 5) + (b, ) + (b, 9),

We have the following:

12fﬁ(m, T, u,u,S8,8;Y,7,0,0,2, %)

1I%f£(:n, T, U, Uy S, 8,Y,Y,0, 0,2, Z)

12f£(m, T, u,u,S8,8;Y,7,0,0,2, %)
I%f E(.:U, a_;‘7 u’ a? 87 5; y? g7 ,U7 fl_j? Z7 2)
ugfﬁ(:n, T,u,0,8,8,Y,Y,0,0,2,Z)

inf £(z, Z,u, U, 8,59, 9,v, 0, 2, Z)

inf{(c— A"y — B*'y—v—2z, x)}
0, ifc— A*y—B*y—v—2=0,

—00, otherwise;

igf{(—B*g —v—2z,2)}

0, if B*j+v+2z=0,

—00, otherwise;

inf{0(u) + (v, u)} = =0"(-v);
inf{f(a) + (v, @)} = —0"(~);
inf{oi(s) + (2, )} = =0 (=2);

inf{0(5) + (2, 5)} = —65(~2).

Hence the dual (DBA-D) of (DBA-P) is given by

max inf
7u7

y7g7v’/l7?z72 x7:i?u S7§

L(x,T,u,u,s,5Y,7,0,70,% %)
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—0*(—v) — 0*(—0) = 65(—2) | c—A*y—B*j—v—2=0,

PRUTEE | _§E(=2) + (b, y) + (b, §) B'y+v+z=0

Assume that the feasible regions of both the primal and dual problem has
nonempty interiors. Then the optimal solutions for both problems exist. The
Karush-Kuhn-Tucker (KKT) conditions for the problems (DBA-P) and (DBA-

D) are given as follows:

(5.10)
r=1Ig(x—2), z=Ug(T-2),

x = Proxg(z —v), Z = Proxg(z — 7).

5.3 Inexact symmetric Gauss-Seidel proximal ADMM
and ALM for solving (DBA-D)

Now we are ready to discuss our proposed inexact symmetric Gauss-Seidel (sGS)
proximal ADMM algorithm for solving (DBA-D). We shall also show that the
algorithm reduced to sGS proximal augmented Lagrangian method (ALM) for

a special case where the nonsmooth objective terms disappear.

Given a penalty parameter o > 0, the augmented Lagrangian function associ-
ated with (DBA-D) is given as follows: for (y,%,2,2,v,7) € YXYXX XX XXX X,
(,2) € X x X,

Lo(y,y,2,2,0,0;x,T)
* * T x (= 7= 1 o 1.
= 07(=v) + 0c(=2) = (b, y) + 0"(=0) + 5 (=2) = (b, 9) — o [|2lI” — ||

g o -
Ay + BG4z +v—ct o ta|? + SIB g+ z+v—c+ otz
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5.3.1 An inexact symmetric Gauss-Seidel proximal ADMM for
solving (DBA-D)

The inexact symmetric Gauss-Seidel based proximal ADMM method for solv-
ing the dual problem (DBA-D) of the block angular problem (DBA-P) has the

following template:

Algorithm DBA-sGS-ADMM. Given the initial points (y°, 7, 2%, 2%, v, 2°) €
VXxYxXAxXxXxX, (201 € X x X, perform the following steps in each

iteration.

Step 1. Let J : Y — Y be a given self-adjoint positive semidefinite linear oper-
ator, and S be a positive semidefinite linear operator that is to be chosen

later. Compute

L, (y, 5", 2, 2,0, 0% 2%, 7F) + y e,

(Zk—H, k+1 k—f—l)

AR 7] /2 argmin

2y —y*I1% + 5ll(z5y) — (R 9M)E z€eX,zeX

Let RVF = A*yF + B*gF 4 2F 4 oF — F, R*F = B*gF + zF + o8 — &*, where

cf = c—o712¥ and & = ¢— o~ 1zF. Observe that z and (y, z) are separable.

k+1
)

Hence we can compute 257! and (2F*1,y#*+1) separately by solving

Rl — argmin{%nz — 2+ RPF|P 4 65(-2) |z € 2\?}, (5.11)

—(b, y) + 05 (—2)+
. yel,
argmin ¢ Z||A*y + z + B*gk 4 oF — k|2 ‘ (5.12)
z€eX

(zk+17y

k+1) ~
Slly =" + 5l (=) — (FyM)E
Notice that z¥*1 can be computed by solving the following N subproblems

in parallel, i.e.,

(2

. g, _ _ * _ _
s argmln{§||zi—zf—l—R?’kHQ—I—(SK;i(—zi)|zi6Xi} (5.13)

20k _k .
= —Proxg_l(;k(Ri —zi), 1=1,...,N.

To compute (y**1, zF*+1) efficiently, we can choose S = sGS(Q,,), the
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sGS linear operator associated with the following operator to decompose

the computation of y*+1 and zF*1:
I, A*
Q. =
A AA*+J

Then we can compute (y*+1, 2¥+1) in a symmetric Gauss-Seidel fashion as

follows:
yids = argmin{ — (b, y) + 3| A*(y — v*) + RY¥|12 + Slly — "3 — O55, v)}
= Y+ (A + D) (o7 (b + o5) — ARME),
AT = argmin{§||z — 2F + A* (Yt — y*) + BYF2 + 65(—2) | 2 € A}
= —Prox, 15 (A% (Yl — ¥*) + RBY — 25),
yml::a@mm{_@wﬁ+ﬂMﬂy—¢ﬁ+RM+w“l—ﬁW

+3ly — yF|13 — (65T, y)

= yk + (AA* 4+ J)_l(a_l(b + 5k+1) - A(Rl’k + 2R+ zk))

Step 2. Let .J be a given block diagonal linear operator with J = diag(.J1, ..., Jy)
such that each J; : J; — ) is self-adjoint positive semidefinite, and 7 be

a positive semidefinite linear operator that is to be chosen later. Compute

k+1 5 Jk+1 zk+1 =k 2k
‘Ca(y + yYs 2 + y R + y U, V327, )+

yeR™,
(Uk+1,@k+1,§k+1) ~ argmin %H?? _ ng% veEX,
" - eX
+2 (0 — 05 — 0¥ g — )2 ve
Let
M = BB* + BB* + J, (5.14)

and R3F = A*yFtl 4 Brgk 4 2kl Lok — 8 = RLF 4 A*(y”“r1 — yk) +
(KT — 2F), R = Brgh 4 ZFH 4ok —&F = RPF 4 (2M1 - 2F). To

compute (vFT1 oF 1 gE+L) efficiently, we choose T = sGS(Qys,5), the sGS
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linear operator associated with the following linear operator

I, 0 ’B*
Qvf},g: 0 In B*
B B ’ M

Then we can decompose the computation of (vF+1 g¢+1 g*+1) in a sym-

metric Gauss-Seidel fashion as follows:

~b.w+ 3B =7 + 5185 - 7*) + R4

gjfr;r; = argmin
+51g = 7*1% = (5tis» 9)
= §°+ M7 (o7 b+ 05fy) — BRY — BRYY);
okl = argmin{G*(—v) + Sllv — vk + B*(yﬁﬁ; k) + Rg’kH2 |ve X}; (5.15)
M = argmin{0*(—v) + §|v — 0" + B*(glhs — §F) + RM|* |0 € X}
—(b. 9) + §I1B*(5 — 7") + " — o + RIE|P?
"1 = argmin

+Z1B* (5 — 7*) + 0" = oF + RY)2 4 Iy — 7|3 — (6%F, )

=y + Mo b+ 6") — B(R¥F - oF ! —oF) — B(RYF 4 oML — 5F)).

We should note that the computation of #**! in (5.15) can be done in

parallel by solving N smaller subproblems where
_ . A — 0 _ =% _
vf+1 - argmm{@i (=) + 5”02 — o + B; ((yfnf;) ) (RMYilI? | s € X}
= —Prox, 1;; (B;‘((yfg;) g+ R —of), i=1.. N (5.16)
Step 3. Compute

:E]H—l — l‘k _|_TO_(A*yk;+1 +B*gk+1 + Zk—i—l —|—’Uk+1 _ C),

" = g 4 ro(BrgT 4 2R R g,

where 7 € (0, (1 + v/5)/2) is the step-length, which is usually set to be

1.618.
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5.3.2 An inexact symmetric Gauss-Seidel proximal ALM for

solving (DBA-D)

When the functions 6(-) and 6;(-) (i = 1,..., N) are absent in (5.1), we can
design a symmetric Gauss-Seidel proximal augmented Lagrangian method (sGS-
ALM) to solve the problem. In this case, the variables v and © are absent in
(DBA-D), and the associated augmented Lagrangian function is given as follows:

for (y,9,2,2) €Y x Y x X x X, (2,7) € X x X,

Lo(y, 5,2 %2,8) = —(b,y)— (b, §) + 0(—2) + 65(—2)
+Z|A*y + B*y+z—c+ o 1z|?

+5B* g+ 2 —c+ o 'z|? — 5 llol® — 51712

Algorithm DBA-sGS-ALM. Given the initial points (2°,2% 4°,7%) € X x

X xYx), (2°,2°) € X x X, perform the following steps in each iteration.

Step 1. Let J: Y — Yand J : Y — Y be given self-adjoint positive semidefinite
linear operators, and S be a positive semidefinite linear operator that is
to be chosen later. Let {€x} be a given summable sequence of nonnegative

numbers. Compute

k (zk‘-i—l

L k+1  k+1 —k+1
o = Y )

) % Y

Loy, 7, 2,z 2%, z") i

k ) yel,ye),
~at = argmin g +3|ly —oF |3 + §lly — 5F(I% ~
zeX,ze X

k 2

+51(z; 255 9) — (255 255 0% 07) 1%

with residual d**! € 9oLy (a* 1, B%) + 0T (aF+! — o) satisfying ||d* 11| <
ek, where T := S + diag(0,0,J,J). If we choose S = sGS(Qs,,5), the
sGS linear operator associated with the following operator

I, 0 0 B*
0 I, A* B*
Qiz,y,gj - ;
0 A | AA*+J AB*
B BA* BB*+ BB*+J
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k+1 ~k+1

then we can decompose the computation of (ZF+1 ZF+l ¢kl zk+1) in a

1

symmetric Gauss-Seidel fashion as follows. Let ¢¥ = ¢ — o~ 12* and " =

¢ — o~ 'z%. Compute

—(b, ) + S| B*y + A*yF + 2F — F|?

gjfg; = argmin ;
o\l R*~ = — ol = — <k —
+511B*g + 2 — 217 + 5115 — 7*11% — Oty 9)
ko1 i _<ba y>+%||A*y+B*gfmp+Zk_ckuz
Ypmp = argmin ;
[l k
+5lly = "5 = Oidp, v)
.
= argmin{§lz + ATy + By — FIP 4 05(—2) | 2 € X}
— Proxyuy (AT + B — )
Zf'H = argmin{%Héi + Bf(yfn";;)z —f|)? + (5}%2,(—21-) | z; € Xi}
= —Prox,-15 (Bj(gfg}%)z — Ef) i=1,...,N;
* *—k+1
k+1 . — (b, y) + G A"y + B Gy + 2 = P
Y = argmin )
+5lly = "5 — (0", )
—(b, §) + G| B g + A*yFHl 4 2P CF|P2
7" = argmin

| +5l1Bg+ 2 — P+ g lg - 1% - (F, )
Step 2. Compute

xk—&-l — .’Ek +TU(A*yk+1 +B*yjk+1 _|_Zk+1 _ C),

= ¢ 4ore(BrgET + 2 — o),
where 7 € (0,2) is the step-length which is usually set to be 1.9.

5.3.3 Convergence of the inexact sGS-ADMM and sGS-ALM

algorithms

The convergence theorem of the inexact sGS-ADMM and sGS-ALM algorithms

could be established directly using known results from Chen et al. (2017), Zhang
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et al. (2018), and Chen et al. (2018). Here we state the theorems again for the
convenience of readers.

Denote u := (y,7,v,0,2,%,2,Z) EU =Y x Y X X XX XX x X x X x X.
The KKT mapping R : U — U of (5.1) is defined by

Ax —b
Bxr+ Bz —b
Ay+ B*y+z+v—c
B*j+z+uv—¢
R(u) := . (5.17)
x—i(z — 2)
z—Ilg(z — 2)

x — Proxg(x — v)

z — Proxg(z — v)

Theorem 5.1. Let {u® := (y*, 4%, v* 0¥, 2, 2% 2 Z%)} be the sequence gener-

ated by sGS-ADMM. Then, we have the following results.

(a) The sequence {(y*,3",v* vF, 2*, Z¥)} converges to an optimal solution of
the dual problem (DBA-D) and the sequence {(z*,z*)} converges to an

optimal solution of the primal problem (DBA-P).

(b) Suppose that the sequence {u*} converges to a KKT point

N ok ik ok

a = (gF, g, ok, ok, 2

L0k, 2k 2k &k 2F) and the KKT mapping R is metrically
subregular at (,0) € gphR. Then the sequence {u*} is linearly convergent

to 4.

Proof. 'We refer the reader to section 4.3.1 for the definition of metrically sub-
regularity. The result of the theorem follows directly by applying the convergence
result in (Zhang et al., 2018, Proposition 4.1) to (DBA-D). O

Remark 5. By Theorem 1 and Remark 1 in Li et al. (2018b), we know that when
(DBA-P) is a convex programming problem where for each i = 1,..., N, 6 and

0; are piecewise linear-quadratic or strongly convex, and I, K; are polyhedral,

then R is metrically subregular at (u,0) € gphR for any KKT point a.
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Similarly, the convergence of the sGS-ALM can be established readily by using
known results in Chen et al. (2018). Define the self-adjoint positive definite linear
operator H,V : X — X by

[OIA* B*}+ [IOOB*],

W = ~ O
oo o 9~

We have the following convergence result for the inexact sGS-ALM.

Theorem 5.2. Define o := (Z, z,y,7) and 8 := (z,Z). Assume that the solution
set to the KKT system of (DBA-D) is nonempty and (@, 3) is such a solution.
Then, the sequence {(a*, 8¥)} generated by DBA-sGS-ALM is well-defined such

that for any k > 1,

”akJrl _ ak+1‘|§( < <dk+1’ ak+1 . ak+1>

T+H)

and for all K =0,1,...,

(ot = @3, , + 18541 = BJ2) = (llo* — a2, + 18* — BII)
S —

(G5EIIB* = B2 + ot — o — 270(d*, o™ —@))

where V = V + Q_TTTO'Q'H. Moreover, the sequence {(a*, %)} converges to a

solution to the KKT system of (DBA-D).

Proof. The result can be proved directly from the convergence result in (Chen

et al., 2018, Theorem 1). O

5.3.4 The efficient computation of g, and y**!

To implement the DBA-sGS-ALM or DBA-sGS-ADMM efficiently, the efficient

computation of gﬁ:; and 7**t! must be carefully addressed. To compute the

solution gjfnf; in (5.15), we would need to solve a generally very large m x m
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system of linear equations of the form:
My = h, (5.18)

where the m x m matrix M given in (5.14) has the following structure:

*

By By B1B;
M= : : + +J. (5.19)

By | | B ByBj,

Here we design several strategies which are crucial for cutting down the com-

putational cost of solving (5.18).

(a) Suppose we choose J = diag(Jy,...,Jn) where each J; : &; — A& is a
self-adjoint positive semidefinite linear operator. To compute the inverse
of M in (5.19), we may make use of the Sherman-Morrison-Woodbury
(SMW) formula which we shall describe next. Let D = diag(Dx, ..., Dy),
where D; = BiB;‘ +J;, i =1,...,N. Assume that D; is invertible for all

1 =1,..., N, then we have that
M~h=(D+BB*)"'‘h=D"'h—- D 'BG-'B*D~'h,
where G : X — X is given by
N
G:=I,+Y BiD;'B (5.20)
i=1

Thus to solve (5.18), we only need to solve a linear system of the form

Gz = g.

Observe that to compute G, the component matrices B;‘D;lBi, i=1,...,N,
can be computed in parallel, and operations such as D;lhi, t1=1,...,N,
can also be done in parallel. Similarly operations such as evaluating Bx

and B*y for given x € X and § € Y can also be done in parallel.

(i) Generally, one would expect the n x n matrix B} D; IB; to be dense

even if B; is sparse, unless D; has a nice structure such as being a diagonal
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matrix. If the memory required to store the matrix G and its Cholesky
factor is prohibitive, then one may choose J; such that D; is a diagonal

matrix. For example, we may choose

Ji = Amax(BiB}) I, — B;B}, i=1,...,N.
Hence D; = )\maX(BiB;)Imi. In which case, G = n+Zij\i1 )\maX(BiBf)_lB;Bi,

and it is more likely to be sparse.

(ii) In general, we can expect the matrix symmetric positive definite ma-
trix G in (5.20) to be well conditioned, especially if for each i, we choose
Ji = a;l, for a sufficiently large nonnegative scalar o;. In this case, a
preconditioned conjugate gradient (PCG) method applied to solve Gx = ¢
is expected to converge in a small number of steps. In addition, for a given
x, the matrix-vector product Gz can also be computed very efficiently
since the component vectors, BjDi_lBZw, 1 =1,...,N, can be computed

in parallel.

(b) It is possible to solve (5.18) in a parallel fashion if we choose J appropriately.

For example, if we choose
J = diag(B; B} + ij:L#iHBiB;HQ I, |i=1,...,N)—BB* = 0, (5.21)
then

M = diag(E, ..., En), (5.22)

where E; = B;B} + BiB} + Y1, ;4| BiB}||2Im,, i = 1,...,N. Then the

solution ¢ in (5.18) can be computed in parallel by solving
Eiﬂi:hi, i=1,...,N.

We should mention that in the literature, a standard way to decompose
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M into a block diagonal form is to choose J to be:
J = Ndiag(B1Bj,..., BNyBy) — BB* = 0,

where the positive semidefiniteness of J*'¢ can be shown by using the
inequality that || SN, #]|> < N SN | ||#;]|? for any € X. However, such

a choice is usually too conservative compared to the one in (5.21).

(c) We should also take special consideration when the optimization problem

(5.1) has the property that By = By = --- = By. In this case

G =1,+B;(X),D;")B.

1=1"1

Thus if m; is not too large, one can precompute the m; X m; matrix
quj\;l Di_ ! once at the beginning of the algorithm so that the matrix-vector
product Gz can be evaluated very efficiently for any given z € X. If in
addition, we also have that B; = --- = By such as in the case of the DNN

relaxation (5.6) of the UFL problem, then we get
G =1I,+ NB;D;'B.

In this case, obviously there is tremendous saving in the computation of

the matrix-vector product Gz for any given x.

5.4 Incorporating a semismooth Newton-CG method
in DBA-sGS-ADMM and DBA-sGS-ALM for solv-
ing (DBA-D)

Recall that in computing (2¥+1, y*+1) in (5.12) for Algorithm DBA-sGS-ADMM,
we have added a proximal term based on the sGS linear operator sGS(Q. ) to
decouple the computation of 2*T! and y**'. We should note that while the

k+1

computation of the individual z and y*t! has been made easier, the negative

effect of adding a possibly large proximal term is that the overall algorithm
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may take more iterations to converge to a required level of accuracy. Thus in
practice, a judicious choice must always be made to balance the two competing
factors. In particular, if an efficient solver is available to compute (zk“, ka)
simultaneously in (5.12) without the need to add a proximal term, i.e., J =0
and S = 0, then one should always adopted this option. In this case, we have

that

- b7 +5* - - 5k+17 €y7
F+1) — argmin (b, y) + 0x(=2) — ( y) Yy (5.23)

+3| A%y + 2+ B*gF +oF —F|2 T zeXx

(zk:—i-l’y

In Step 1 of Algorithm DBA-sGS-ALM, if we choose J = 0 and § = sGS(Qz.y.5),
the sGS linear operator associated with the following operator

I 0 0 B*
0 I, A* B*
Qzzyy = ;
0 A AA* AB*
B B BA* | BB*+ BB*+J

k+1 _k+1 , k+1 ~k+1
)

then we can compute (Z 2T yRTE R in a symmetric Gauss-Seidel fash-

1

ion as follows. Let ¢® = ¢ — o0~ 1zF and & = ¢ — o~ 1ZF. Compute

- | =)+ 5IB Y+ Atk 4 2E = |2 4 G Brg o+ 2h |
ﬂt;{p = argmin

_ <k _
+5 17 = 715 = (O 7

(51, y**1) = argmin :

2+ Ay + Bl — k|2 — (gFH1, ) z€X | (5.24)

—(b, y) + o5 (—2)+ ‘ yey,

Zhtl — argmin{%HZ + B*anﬁ — "% + 6e(=2) |z € QE},

- —(b, 9) + §IIB g + ATyt 4 25— P 4 g Brg o+ 2 -
gt = argmin

+%1l7 — 715 — (0F T, )
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In both (5.23) and (5.24), we need to solve a problem of the form:

—(b, y) + dx(—2)
1) = argmin . yel, ze Xy, (5.25)

e+ A7y — 2 - (0, )

(2" y

for some given ¢*. By making use of the projection onto C, we can first compute

k+1

y**1 from the following minimization problem, and obtain z**! once y**1! is

computed as follows:

yrtt = argmin{ — (b, y) + e (A*y — )| — (5", y) }yey},

Zk+1 - H]C* (/C\k - A*yk+1)

In this case, we could employ a Newton based conjugate gradient method (New-

Zk+1’

yk+1)

ton CG) to update the variable y and hence are able to compute (
simultaneously. This method is however not implemented in the context of this
thesis and might be a possible future enhancement for our algorithm in solving

dual block angular problems.

5.5 Numerical experiments

Here we describe the numerical experiments we have conducted on several data

classes of (DBA).

5.5.1 Stopping conditions

Based on the optimality conditions in (5.10), we measure the accuracy of a

computed solution by the following relative residuals:

n = max{np,np, 0.1, np,p, 0.1 },

where
_ Az _ Ay B g+ tu—c| _ Jla=Tig(z—2)||
P = "> 0= T[] [ W ) N P
_ _ ||Bz+Bz-b|| __ IBrgrzro—g| __ lz-Tg@-3)|
P i+ 0D el 0 R T IERE
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In addition, we also compute the duality gap by:

’ObjPrimal B ObjDual|

ngap B 1 + |ObjPrimal| + |Ob.jDual|7
where
Objprimar = 0(x) + (¢, z) +6(2) + (¢, 7), and
Objpyar = 0°(—v) 4+ 0x(=2) — (b, y) + 0*(—0) + 55(—2) — (b, ¥),

are the primal and dual objective functions respectively. We terminate our

algorithm when 1 < 1075 and Ngap < 1074,

5.5.2 2-stage Stochastic Conic Programming Problems

In this subsection, we run numerical experiment on the two-stage stochastic
conic programming problems. Our main objective here is to test the efficiency
of our algorithm for quadratic stochastic programming (QSP). Since there are
not much QSP test data available, we will follow the idea mentioned in Lau and
Womersley (2001) to extend stochastic linear programming to QSP by artificially
adding a small quadratic term in the objective. That is, we choose to set §(z) =
Sl (@) = Szl

Other than those data sets that have been studied in Linderoth et al. (2006),
we also examine several other data sets found in the literature. The datasets
assets, env, phone, and 4node are from the website http://www4.uwsp.edu/
math/afelt/slptestset/download.html; pltexp and storm are from http://
users.iems.northwestern.edu/~jrbirge/html/dholmes/post.html; and at
last gbd could be downloaded from http://pages.cs.wisc.edu/~swright/

stochastic/sampling/. Below we describe each of the dataset in more details.

assets. This network model represents the management of assets. Its nodes are
asset categories and its arcs are transactions. The problem is to maximize
the return of an investment from every stage with the balance of material

at each node.
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env. This model assists the Canton of Geneva in planning its energy supply
infrastructure and policies. The main objective is to minimize the instal-
lation cost of various types of energy, while meeting all the supply-demand
at each node and satisfying several realistic constraints such as the envi-

ronmental constraints.

phone. This is a problem which models the service of providing private lines
to telecommunication customers, often used by large corporations between
business locations for high speed, private data transmission. The goal is

to minimize the unserved requests, while staying within budget.

4node. This is a two stage network problem for scheduling cargo transporta-
tion. While the flight schedule is completely determined in stage one, the
amounts of cargo to be shipped are uncertain and shall be determined in

stage two.

pltexp. This is a stochastic capacity expansion model that tries to allocate new
production capacity across a set of plants so as to maximize profit subject

to uncertain demand.

storm. This is a two period freight scheduling problem described in Mulvey
and Ruszczynski. In this model, routes are scheduled to satisfy a set of
demands at stage 1, demands occur, and unmet demands are delivered at

higher costs in stage 2 to account for shortcomings.

gbd. This is the aircraft allocation problem where aircraft of different types are
to be allocated to routes in a way that maximizes profit under uncertain
demand, and minimizes the cost of operating the aircraft as well as costs
associated with bumping passengers when the demand for seats outstrips

the capacity.

In Table 5.1, we compare the numerical performance of our proposed sGS-
ADMM method against the state-of-the-art solver Gurobi. As mentioned in
previous chapter, although Gurobi is not a specialized algorithm for solving DBA
problem, it is so efficient that it should be a benchmark for any newly-developed

algorithm. When running Gurobi, we set the stopping tolerance to be le-5 for

106



Chapter 5

Section 5.5

consistency and input the DBA problem as the usual quadratic programming

problem without any special structure.

sGS-ADMM Gurobi

Data mo|lm; | nolns N Obj Iter |Time(s)| dy|dy ||Iter|Time(s)

assets_small 515 13113 100 ||1.86e+4-05(| 1351 | 1.23 86697 || 20| 0.16

assets_large 515 13| 13 | 37500 ||5.09e+06(|20000| 761.06 |1752 | 5190|| 33 | 17.83

env_aggr 32|48 6985 5 6.38e+04(| 501 | 0.43 501 |18 || 23| 0.16

env_imp 32| 48| 6985 15 ||1.22e405(| 1022 | 0.50 | 1022 |46 || 25| 0.17

env_1200 32|48 69|85 | 1200 ||6.74e+06|| 5251 | 24.37 | 5251 | 630 || 36 | 4.66

env_1875 32|48| 69|85 | 1875 ||1.05e+07|| 4800 | 37.66 |4800 | 635 38 | 7.45

env_3780 32|48 69|85 | 3780 ||2.11e+07|| 5099 | 105.69 | 5099 | 667 || 39 | 15.50

env_5292 32|48 69|85 | 5292 ||2.95e+07|| 5361 | 156.86 | 5361 | 707 || 40 | 23.94

env_Irge 32| 48| 69|85 | 8232 ||4.58e+07|| 4611 | 225.64 | 4611 | 838 || 44 | 37.07

env_xlrge 32|48 69|85 |32928 ||1.83e+08|| 5633 |1389.10(5633 | 1667|| 39 | 157.56

phone 1]23 9193 |32768 [|2.74e+05|| 4201 | 489.65 |4199 | 1579|{195| 573.03

phone_1 1]23 9193 1 4.77e401|| 157 | 0.09 64 | 28 121 0.12

4node_256 14| 74| 60 | 198 | 256 ||1.25e4+04|| 881 | 1.48 199 145 || 26| 1.92

4node_512 14| 74| 60 | 198 | 512 ||1.39e404|| 764 | 1.98 160 | 31 || 29| 4.08

4node_1024 14| 74| 60 | 198 | 1024 ||1.64e404|| 691 | 5.17 18214 |/ 29| 8.39

4node_2048 14| 74| 60 | 198 | 2048 ||2.15e4-04|| 763 | 11.69 | 138 |14 || 28| 18.49

4node_4096 14| 74| 60 | 198 | 4096 ||3.14e+04| 873 | 26.02 99 | 14 51| 65.65

4node_8192 14| 741 60 | 198 | 8192 ||5.05e4+04|| 912 | 54.08 80 | 10 59 | 166.00

4node_ 16384 |14 | 74| 60 | 198 | 16384 (|8.65e+04|| 839 | 103.17 | 71|14 54 | 305.55

4node_32768 |14 | 74| 60 | 198 | 32768 ||1.55e+05|| 646 | 178.71 | 93|40 |{135]1237.64

4node_base_1024 | 16 | 74| 60 | 198 | 1024 ||1.60e+04|| 501 | 4.10 111 | 54 || 68| 17.14

4node_base_2048 | 16 | 74 | 60 | 198 | 2048 [|2.02e+04|| 501 | 8.93 | 163|112 || 49 | 31.17

4node_base_4096 | 16 | 74 | 60 | 198 | 4096 |(|2.85e+04|| 501 | 18.15 | 170 | 160 || 55 | 67.81

4node_base_8192 | 16 | 74 | 60 | 198 | 8192 |(|4.51e+04|| 811 | 65.50 | 265 | 500 ||229| 535.85

4node_base_16384| 16 | 74 | 60 | 198 | 16384 ||7.83e+04|| 931 | 148.14 | 234 | 500 ||156|1390.91

4node_base_32768| 16 | 74 | 60 | 198 | 32768 ||1.44e+05|| 1271 | 419.45 | 296 | 500 || 62 | 695.07

pltexpA2.6 |62 | 104| 188 | 272 6 6.50e+04(20000{ 10.35 | 19968 | 8 || 25| 0.18

pltexpA2_16 |62 | 104|188 | 272 | 16 ||1.54e+05([20000| 14.93 |19988 | 104|| 24 | 0.27
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sGS-ADMM Gurobi

Data mo|lms | noln; N Obj Iter |Time(s)| dy|dy Iter|Time(s)

stormG2_8 58 | 528|179 | 1377| 8 1.83e+07|{14401| 30.49 | 14398 | 0 || 65| 0.99

stormG2.27 |58 | 528|179 | 1377| 27 ||2.11e+07|| 8101 | 26.98 | 8096 |0 || 76| 5.44

stormG2.125 |58 | 528|179 | 1377| 125 ||3.04e+07||15501| 180.01 | 15494 | 0 || 98 | 64.89

ghd 415 21| 10 |646425||8.21e+08|| 1211 | 436.94 | 1002 | 372 || 21 | 167.61

Table 5.1: Comparison of computational result between sGS-ADMM and Gurobi
for two-stage quadratic stochastic programming problem. All the run result are
obtained using single thread. Under the column d,|dy, we also record the
number of times y and § are updated twice.

From table 5.1, we could observe that Gurobi is indeed very efficient for solving
the quadratic stochastic programming problems. Overall, we can still say that
our algorithm is on comparable term with Gurobi, and it has better performance

for 15 out of 32 datasets, particularly for the phone and 4node datasets.

5.5.3 Uncapacitated Facility Location (UFL) Problem
(1) Linear UFL problem

In this subsection, we aim to solve some actual data of UFL problems arising from

the literature. We have two benchmark datasets of different scales, namely the

small scale Bilde-Krarup dataset and the large scale Koerkel-Ghosh dataset.

Both of these data instances could be downloaded from the UflLib at http://

resources.mpi-inf.mpg.de/departments/d1l/projects/benchmarks/Uf1Lib/
index.html. These are all linear UFL problem, i.e. (); =0Vj =1,...,¢ in equa-

tion (5.6).

We first solve the linear relaxation of the UFL problem by relaxing the in-
tegrality constraint in (5.5), i.e. for all ¢ = 1,...,p, we replace the constraint
u; € {0,1} by u; € [0,1]. Since the nonsmooth objective does not exist in this
case, we would employ the sGS-ALM algorithm to solve the linear relaxation
instead. The numerical results obtained by sGS-ALM will be compared against

Gurobi and reported in table 5.2.
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Next, we solve the SDP relaxation (5.6) of the UFL problem arised from
relaxing the uncapacitated facility location problem (5.5) using sGS-ADMM.
We would compare our numerical results against MOSEK. MOSEK is one of the
state-of-the-art SDP solver for solving general SDP problems. When MOSEK is

employed to solve the dual block angular problem, we input the left hand side

matrix in the constraint without assuming any special structure.

In both tables, we would also report the optimal objective function value of

the original integer problem and the resulting relaxation gap.

Original IP LP relaxation via sGS-ALM LP relaxation via Gurobi

Data |mg|m;| mno|n, N Obj Obj Gap | Iter |Time(s)| dyl|dy Obj Gap | Iter |Time(s)
B1l.1 0] 51| 50| 100 |100|| 23468.00 23372.97 | 0.40 (3639 2.61 |0 | 3639|| 23368.40 | 0.42 | 1429 0.12
B1.10 | 0| 51| 50 | 100 |100|| 21864.00 21193.70 | 3.07 [2358| 1.62 |0 | 2358|| 21192.18 | 3.07 | 1406 0.12
C1l.1 0] 51| 50| 100 |100|| 16781.00 16038.66 | 4.42 (2021 1.38 |0 | 2021|| 16036.80 | 4.43 | 1003 | 0.13
C1.10 [0 | 51| 50 | 100 |100|| 17994.00 17150.08 | 4.69 [1427| 0.96 |0 | 1427|| 17149.54 | 4.69 | 1191 0.16
El.1 0] 51| 50| 100 |100|| 15042.00 13877.78 | 7.74 |1461| 1.01 |0 | 1461|| 13876.52 | 7.75 | 1015 0.16
E1.10 0] 51| 50| 100 |100|| 14630.00 13324.01 | 8.93 |1511| 1.02 [0 | 1511 13324.52 | 8.92 | 985 0.17
E5.1 0] 51| 50| 100 |100|| 32377.00 20288.08 | 9.54 (1011| 0.70 |0 | 1011|| 29288.97 | 9.54 | 1965 0.19
E5.10 0] 51| 50| 100 |100|| 34086.00 30123.69 [11.62(1731| 1.17 |0 | 1731|| 30122.65 |11.63| 2001 0.18
E10.1 0] 51| 50| 100 |100|| 46832.00 42496.39 | 9.26 (1411| 0.95 |0 | 1411|| 42495.70 | 9.26 | 2709 0.20
E10.10 [0 | 51 | 50 | 100 [100|| 47449.00 43179.36 | 9.00 |1791| 1.18 |0 | 1791|| 43179.42 | 9.00 | 2682 0.21
ga250a-1|0 | 251| 250 | 500 |250(| 257957.00 |[257602.28| 0.14 |2061| 10.12 [0 | 2061||257618.98| 0.13 | 970 3.03
ga250b-2(0 | 251| 250 | 500 |250(| 275141.00 ||272715.83| 0.88 [1251| 6.14 |0 | 1251||272721.53| 0.88 | 3897 3.56
ga250c-3|0 | 251 250 | 500 [250(| 333662.00 ||322880.36| 3.23 [1581| 7.71 |0 | 1581||322884.50( 3.23 [15500| 3.23
gab500a-4|0 | 501|500 | 1000{500(| 511047.00 |[510526.04| 0.10 [2201| 90.41 |0 | 2201||510382.61| 0.13 | 3073 | 17.05
ga500b-5|0 | 501{500 | 1000|500(| 537482.00 ||533027.15| 0.83 |1301| 53.05 [0 | 1301|[532968.81| 0.84 |12685| 17.43
ga500c-1(0 | 501|500 | 1000(500(| 621360.00 [|602873.29| 2.98 |1791| 74.01 [0 | 1791|{602860.99| 2.98 |44632| 19.58
ga750a-2|0 | 751|750 | 1500(750|| 763674.00 |[762602.53| 0.14 [3501| 320.01 |0 | 3501||762520.15| 0.15 | 5504 | 67.87
ga750b-3|0 | 751{750 | 1500|750|| 796130.00 ||789639.63| 0.82 |1951| 182.52 [0 | 1951|[789618.46| 0.82 |22224| 56.82
ga750c-4|0 | 751|750 | 1500|750(| 900044.00 ||875458.52| 2.73 |1941| 183.79 [0 | 1941|[875565.93| 2.72 |82495| 59.52
gs250a-1(0 | 251| 250 | 500 |250(| 257964.00 ||257647.60| 0.12 |2601| 14.29 |0 | 2601||257640.74| 0.13 | 881 2.55
gs250b-2(0 | 251| 250 | 500 (250(| 275675.00 [|273062.38( 0.95 |1251| 6.61 |0 | 1251|{273034.93| 0.96 | 4271 2.66
gs250¢-3|0 | 251| 250 | 500 |250(| 333000.00 |{321994.92| 3.30 |{1621| 8.10 [0 | 1621||321988.94| 3.31 [15368| 3.42
gs500a-4|0 | 501(500 | 1000{500(| 511137.00 ||510439.57| 0.14 [2001| 81.60 |0 | 2001{|510369.57| 0.15 | 2770 | 17.76
gs500b-5(0 | 501|500 | 1000(500(| 538270.00 [|533107.87| 0.96 |1361| 54.44 [0 | 1361|[533098.15| 0.96 |{11974| 17.90
gs500c-1|0 | 501(500 | 1000{500|| 620041.00 |[601950.27| 2.92 [1731| 71.17 |0 | 1731{|601986.20| 2.91 [43477| 17.68
gs750a-2|0 | 751(750 | 1500(750|| 763548.00 ||762632.87| 0.12 [3851| 330.23 |0 | 3851(|762529.44| 0.13 | 5631 | 62.84
gs750b-3|0 | 751|750 | 1500|750(| 796589.00 [|790041.76| 0.82 |1751| 155.15 [0 | 1751|{789935.57| 0.84 |22439| 51.68
gs750c-4 (0 | 751|750 | 1500|750|| 901339.00 ||875326.27| 2.89 |1951| 168.32 |0 | 1951||875410.57| 2.88 |82798| 49.20

Table 5.2: Comparison of computational result for the LP relaxation of UFL

problem using sGS-ALM and Gurobi. Under the column d,|dy, we also record
the number of times y and § are updated twice. Under the column ‘Gap’, the
relaxation gap is also reported.
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Original IP

SDP relaxation via sGS-ADMM

SDP relaxation via MOSEK

Data

mo|m;

ng|n;

Obj

Obj

Gap

Iter

Time(s)

dyldy

Obj

Gap

Iter

Time(s)

B1.1

51| 51

51 | 100

23468.00

23367.68

0.43

1883

3.33

768 | 1883

23296.71

0.73

21

49.71

B1.10

51| 51

51 | 100

21864.00

21192.78

3.07

1911

3.21

379 | 1911

21147.47

3.28

21

48.60

C1.1

51 | 51

51 | 100

100

16781.00

16034.28

4.45

2151

3.82

847 | 2151

16000.42

4.65

30

63.74

C1.10

51| 51

51 | 100

100

17994.00

17150.73

4.69

1973

3.47

538 | 1973

17113.25

4.89

26

57.58

El.1

51| 51

51 | 100

100

15042.00

13876.46

7.75

1969

3.80

586 | 1969

13833.35

8.04

24

53.73

E1l.10

51| 51

51 | 100

100

14630.00

13323.19

8.93

1872

3.64

561 | 1872

13292.16

9.14

31

66.52

E5.1

51| 51

51 | 100

100

32377.00

29289.55

9.54

1603

3.05

247 | 1603

29223.74

9.74

22

49.99

E5.10

51| 51

51 | 100

100

34086.00

30122.05

11.63

1854

3.53

365 | 1854

30057.47

11.82

18

43.66

E10.1

51| 51

51 | 100

100

46832.00

42495.90

9.26

1321

2.52

310 | 1321

42367.00

9.53

20

46.25

E10.10

51| 51

51 | 100

47449.00

43179.16

9.00

1869

3.56

133 | 1869

43082.90

9.20

18

42.99

ga250a-1

251 | 251

251 | 500

257957.00

257640.39

0.12

1751

39.20

1570 | 1751

ga250b-2

251 | 251

251 | 500

275141.00

272733.10

0.88

1646

34.87

1249 | 1646

ga250c-3

251 | 251

251 | 500

333662.00

322880.76

3.23

1504

31.52

526 | 1504

gab00a-4

501 | 501

501 | 1000

511047.00

510427.92

0.12

2601

259.07

2150 | 2601

ga500b-5

501 | 501

501 | 1000

537482.00

532995.96

0.83

2901

282.99

2777 | 2901

ga500c-1

501 | 501

501 | 1000

621360.00

602860.72

2.98

1796

173.45

809 | 1796

ga750a-2

751 | 751

751 | 1500

763674.00

762536.78

0.15

3001

765.85

2428 | 3001

ga750b-3

751 | 751

751 | 1500

796130.00

789652.09

0.81

5601

1402.37

5475 | 5601

ga750c-4

751 | 751

751 | 1500

900044.00

875561.41

2.72

2197

544.13

1328 | 2197

gs250a-1

251 | 251

251 | 500

257964.00

257690.01

0.11

2091

45.41

1699 | 2091

gs250b-2

251 | 251

251 | 500

275675.00

273048.49

0.95

1578

32.31

1263 | 1578

£s250c-3

251 | 251

251 | 500

333000.00

321990.63

3.31

1707

34.93

736 | 1707

gs500a-4

501 | 501

501 | 1000

511137.00

510417.22

0.14

3101

313.15

2983 | 3101

gs500b-5

501 | 501

501 | 1000

538270.00

533119.62

0.96

3401

332.51

3297 | 3401

gs500c-1

501 | 501

501 | 1000

620041.00

601982.83

2.91

1871

180.30

1002 | 1871

gs750a-2

751 | 751

751 | 1500

763548.00

762567.38

0.13

3251

829.55

2790 | 3251

gs750b-3

751 | 751

751 | 1500

796589.00

789952.48

0.83

4601

1154.16

4410 | 4601

gs750c-4

751 | 751

751 | 1500

901339.00

875413.80

2.88

2608

648.66

1972 | 2608

Table 5.3: Comparison of computational result for the SDP relaxation of UFL
problem using sGS-ADMM and MOSEK. Under the column d,|dy, we also record
the number of times y and § are updated twice. Under the column ‘Gap’, the
relaxation gap is also reported.

From Table 5.2, we could observe that Gurobi is still very efficient in solving

this kind of problem even if the scale is very huge. However, we should emphasize

that our main focus is not on its LP relaxation, but on the SDP relaxation. From

Table 5.3, we could observe that sGS-ADMM is always the fastest in solving

the SDP relaxation of the UFL problem when compared against MOSEK, as

expected. The runtime is almost 10-20 times faster than that is achieved by
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MOSEK. For the large scale UFL problems, we also tried to use MOSEK to
solve them but they often run out of memory in our machine. In addition,
due to the inefficiency of MOSEK as observed when small scale UFL dataset is
used, we would not report the numerical result of MOSEK for large scale UFL

problem.

(2) Quadratic UFL Problem

In this subsection, we would generate some random quadratic UFL problem
following a procedure mentioned in Gunluk et al. (2007). We first solve the QP
relaxation of these qUFL problems with our sGS-ADMM algorithm and Gurobi
in Table 5.4, and then solve its SDP relaxation with sGS-ADMM and MOSEK
in Table 5.5.

We should take note that MOSEK could not accept the model with both
quadratic objective function value and semidefinite constraint, thus we reformu-
late (5.6) to be a conic programming model with rotated quadratic cone con-
straint. Assuming we can find the Cholesky factorization for each Q; := H]TH 3

we have:

min ([0 ¢], [asul) +3751(Cy, Sj) + 3701t

0 6T OT Sj 1
s.t + = o J=1.q
u -1, —I, Z; 0

u—diag(U) =0, a=1;

@ u (5.26)

U := GSi+p, UZO, SJ7Z3207]:1a7q7

y; = H;S;, j7=1,...q

Bj
Bj =1, ti | € Q;:={zre RP2: 2py29 > Zf:?? z3, x1 >0, 2 > 0}.

Yy
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QP relaxation via sGS-ADMM||QP relaxation via Gurobi
Data mo|m; noln; N || Obj |Iter |Time(s)| dyl|dy Obj |Iter Time(s)
randQUFL-m50-n10 0|11 10 | 20 50 |[83.73| 151 | 0.22 210 83.73| 15 0.26
randQUFL-mb50-n20 0] 21 20 | 40 50 |[68.11| 196 | 0.10 8]0 68.11| 17 0.24
randQUFL-m50-n30 0] 31 30 | 60 50 ||45.78| 411 | 0.14 110 45.78| 16 0.27
randQUFL-m200-n50 | 0 | 51 | 50| 100 |200 ||73.52| 754 | 0.79 9]0 73.52| 22 0.38
randQUFL-m200-n100 |0 | 101 | 100 | 200 | 200 ||46.97| 813 | 1.06 1410 46.97| 21 0.56
randQUFL-m200-n150 |0 | 151 | 150 | 300 | 200 ||42.00| 773 | 1.40 2110 42.00( 30 1.01
randQUFL-m200-n200 | 0 | 201 | 200 | 400 | 200 ||38.35/1016| 2.29 2710 38.35| 27 1.36
randQUFL-m1000-n200 | 0 | 201 | 200 | 400 [1000||79.85|1665| 26.34 14 |0 79.85| 30 5.26
randQUFL-m1000-n500 | 0 | 501 | 500 | 1000 [1000||47.94/3037| 119.68 360 47.94| 41 17.59
randQUFL-m1000-n1000{0 | 1001|1000 | 2000|1000||35.29|2559| 233.04 5110 35.29| 44 37.79
randQUFL-m1000-n2000(0 | 2001|2000 | 4000|1000||24.95|2056| 436.06 5810 24.95| 40 73.93

Table 5.4: Comparison of computational result for the QP relaxation of random
large scale QUFL problem using sGS-ADMM and Gurobi. All the run result
are obtained using single thread. Under the column d,|dy, we also record the
number of times y and § are updated twice.

SDP relaxation via

SDP relaxation via

sGS-ADMM MOSEK
Data mo|m; no|ng N || Obj |Iter [Time(s)| dy|dy || Obj |Iter Time(s)
randQUFL-m50-n10 1111 11120 50 (|83.73|101| 0.22 |5 49(|83.73| 8 0.81
randQUFL-m50-n20 21|21 21 | 40 50 (|68.11| 107 | 0.14 |8 |50 (|68.11 8 1.33
randQUFL-m50-n30 31|31 31| 60 50 ||45.78| 173 | 0.20 |37 | 92(45.77| 11 3.03
rand QUFL-m200-n50 51| 51 511|100 |200 ||73.52|402| 0.81 |11 | 62||73.52|10 108.46
randQUFL-m200-n100 | 101 | 101 | 101 | 200 | 200 {|46.97| 385 | 1.60 |30 | 50((46.97| 15 980.51
randQUFL-m200-n150 | 151 | 151 | 151 | 300 | 200 ||42.00| 469 | 3.35 |34 | 40((42.00| 16 3536.43
randQUFL-m200-n200 | 201 | 201 | 201 | 400 | 200 ||38.35| 501 | 6.13 (36 | 34|| - - -
randQUFL-m1000-n200 | 201 | 201 | 201 | 400 [1000((79.85| 611 | 16.59 |28 | 24|| - - -
randQUFL-m1000-n500 | 501 | 501 | 501 | 1000 {1000{{47.94|1021| 109.07 |68 | 11| - - -
rand QUFL-m1000-n1000{1001 | 1001|1001 | 2000|1000(|35.29| 791 | 312.37 (80 | 10|| - - -
rand QUFL-m1000-n2000{2001 | 2001|2001 | 4000|1000(|24.95| 651 | 999.62 (111 | 0| - - -

Table 5.5: Comparison of computational result for the SDP relaxation of random
large scale QUFL problem using sGS-ADMM and MOSEK. All the run result
are obtained using single thread. Under the column dy|dy, we also record
the number of times y and 7 are updated twice.
experiment is not performed due to the inefficiency.

112

(0

means that the numerical




Chapter 5

Section 5.5

Table 5.4 shows that Gurobi is still quite efficient in solving the QUFL prob-
lems, probably because the quadratic objective is diagonal that makes the decom-
position easy. In Table 5.5, our sGS-ADMM algorithm clearly overtakes MOSEK
to be the most efficient algorithm in solving the QUFL problems. Although the
number of iterations required by MOSEK is small, the runtime needed in each
iteration is huge and thus slows down the overall process. For the last five test
instances, we do not run MOSEK due to the inefficiency observed in the smaller

test instances.

5.5.4 Randomly generated problems

To demonstrate the generality and superiority of our algorithm, we conduct
numerical experiment on some randomly generated dual block angular problem
in this section. We have two classes of random data sets, namely the DBA-QP

and DBA-SDP problems.

(1) DBA-QP

Here we generate some random quadratic problems with dual block angular

structure. In particular, we have the following:

0(z) = %@, Q) and 0,(z;) = %@ Qi) Vi = 1,..., N,

with the bounds K :=R%}, K; ;=R Vi =1,...,N.

We generate A, B by MATLAB command sprand with density 10/ng. Similarly
B is generated with the same command with density 10/n;. On the other hand,
we generate the symmetric positive definite matrices Q and Q; by the MATLAB

routine sprandsym(n0,2/n0,1,1) and sprandsym(ni,2/ni,1,1) respectively.

sGS-ADMM Gurobi

Data mo|m; no|ng N Obj Iter | dy|dy |Time(s)||Iter| Time(s)
randQP-m10-n20-N10 10 | 10 20|20 |10 |[3.523e+02|| 104 | 23| 0 0.22 13| 0.25
randQP-m50-n80-N10 50 | 50 80 | 80 |10|1.806e+03|[ 151 | 70| 0 | 0.16 11| 0.29
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sGS-ADMM Gurobi

Data mo|m; no|n; N Obj Iter | dy|dy |Time(s)||Iter| Time(s)

randQP-m100-n200-N10 | 100 | 100 | 200 | 200 |10 ||3.707e403|| 283 | 269] 0 | 0.59 13| 0.99

randQP-m200-n300-N10 | 200 | 200 | 300 | 300 |10 ||7.048e+03|| 374|340 0| 4.10 11| 4.48

randQP-m500-n800-N10 | 500 | 500 | 800 | 800 |10 ||1.770e404|| 335 |334| 0| 6.56 12| 53.51

randQP-m100-n200-N50 | 100 | 100 | 200 | 200 |50 ||1.713e404|| 810 | 803 0 | 4.09 14| 1.53

randQP-m200-n300-N50 | 200 | 200 | 300 | 300 |50 ||3.362e+04|| 959 | 906| 0 | 10.88 || 13 | 6.60

randQP-m500-n800-N50 | 500 | 500 | 800 | 800 |50 ||8.494e+404|| 791 |787| 0| 60.33 || 14 | 53.87

randQP-m100-n200-N100 | 100 | 100 | 200 | 200 [100|(3.460e+04|| 973 [ 963| 0| 8.70 16| 3.18

randQP-m200-n300-N100 | 200 | 200 | 300 | 300 |100|(6.687e+04({1023|1007| 0| 30.45 || 14 | 15.91

randQP-m500-n800-N100 | 500 | 500 | 800 | 800 |100||1.688e+05|| 601 | 580| 0 | 13.14 || 15| 130.15

randQP-m100-n200-N200 | 100 | 100 | 200 | 200 |200}(6.897e+04|{1169|1156| 0| 23.76 || 18 | 7.71

randQP-m200-n300-N200 | 200 | 200 | 300 | 300 |200||1.324e+05|{1187|1138| 0| 73.10 || 15| 35.29

randQP-m500-n800-N200 | 500 | 500 | 800 | 800 |200|(3.369e+05|| 859 | 829| 0 | 34.37 || 17| 312.68

randQP-m1000-n2000-N200{1000 | 1000|2000 | 2000{200||7.003e+05|{1326{1320| 0| 156.92 || 17 |2314.25

randQP-m2000-n3000-N200(2000 | 2000(3000 | 3000(200||1.351e+06|| 916 | 883| 0 | 217.22 || 16 |8898.54

Table 5.6: Comparison of computational result between sGS-ADMM and Gurobi
for randomly generated QP problem. All the run result are obtained using
single thread. Under the column d,|d;, we also record the number of times y
and ¢y are updated twice.

From Table 5.6, we can observe that Gurobi is no longer the most efficient
algorithm in solving the general DBA-QP problems. This may be due to the
reason that the problem is harder in the sense that quadratic terms Q or Q;
is no longer a simple diagonal matrix. In particular, the largest dataset having
402,000 constraints and 603,000 variables is solved within 4 minutes by sGS-

ADMM while Gurobi takes more than 2 hours to achieve the required optimality.

(2) DBA-SDP

We also generated a random data set of semidefinite programming problem with

dual block angular structure. In particular, we have

with bounds K := 8%, K; := S} Vi=1,...,N;
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(A1, z) (Bin, z) (Bin, Zi)

Az, @ B, x _ Bi 2, T

and mappings A(z) := < 2. ) , Bi(z) = < ’? ) , Bi(z;) = Biz, i)
_<Am; '1">_ _<B’i,ﬁ% l’)_ _<B’L',Tﬂ7 jl)_

We generate the matrix representation of the linear mapping A; fori =1,...,m
using MATLAB routine:
Ai = sprand(n0,n0,0.2); Ai = AixAi’;.
Similarly, the matrix representation of B;; and Bi,k fori=1,...N, k=1,...m

is generated using the same routine except with density 5/n;.

sGS-ADMM MOSEK

Data molm; | nolng |N Obj Iter | dyldy |Time(s)||Iter| Time(s)

randSDP-m10-n20-N10 | 10 | 10 | 20 | 20 |10{|5.222e+4-03||2375|2369|2375| 6.13 9| 1.61

randSDP-m50-n80-N10 | 50 | 50 | 80 | 80 |10{|2.327e+05|| 236 | 154| 236 | 8.15 || 10| 6.68

randSDP-m100-n200-N10{100 | 100|200 | 200|10||3.286e+06|| 212 | 110| 212 | 55.81 || 11| 116.40

randSDP-m200-n300-N10{200 | 200|300 | 300|10||1.646e+07|| 309 | 165| 309 | 243.02 || 12 {1109.49

Table 5.7:  Comparison of computational result between sGS-ADMM and
MOSEK for randomly generated SDP problem. All the run result are obtained
using single thread. Under the column dy|dy, we also record the number of
times y and y are updated twice.

From Table 5.7, we observe that MOSEK is not efficient in solving the general
DBA-SDP problems. Even when there is only 2,200 constraints and 3,300 vari-
ables, MOSEK needs about 18 minutes to reach optimality, which is almost 4.5

times slower than our proposed algorithm.
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Conclusions

In this thesis, we have proposed several efficient algorithms to solve various

classes of structured optimization problems.

In the first part of the thesis, by making use of the recent advances in ADMM
from the work in Sun et al. (2015), Li et al. (2016) and Chen et al. (2017),
we proposed a convergent 3-block inexact symmetric Gauss-Seidel-based semi-
proximal ADMM algorithm for solving large scale DWD problems. We applied
the algorithm successfully to the primal formulation of the DWD model and
designed highly efficient routines to solve the subproblems arising in each of the
inexact sGS-ADMM iterations. Numerical experiments for the cases when the
exponent equals to 1 and 2 demonstrated that our algorithm is capable of solving
large scale problems, even when the sample size and/or the feature dimension is
huge. In addition, it is also highly efficient while guaranteeing the convergence
to optimality.

In the second part of the thesis, we have designed efficient sGS decomposition
based ADMM methods for solving convex composite quadratic conic program-
ming problems with a primal block angular structure. Numerical experiments
show that our algorithm is especially efficient for large instances with convex
quadratic objective functions. As a future project, we plan to implement our
algorithm for solving semidefinite programming problems with primal block an-
gular structures. Also, it would be ideal to utilize a good parallel computing and

programming platform to implement the algorithm to realize its full potential.
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In the last part of the thesis, we have proposed a distributed sGS decomposi-
tion based ADMM method for solving general convex composite quadratic conic
programming problems with a dual block angular structure. An improvement
that could be made to improve the numerical performance might be incorporat-
ing the semismooth Newton-CG method for solving the subproblem. In addition,
instead of the simple doubly nonnegative relaxations, we could first derive the
equivalence copositive conic reformulation of the UFL problems followed by dou-

ble nonnegative relaxations to tighten the relaxation gap.

There are some open questions that we would like to bring out for discussion.
For example, can we accelerate the sSGS-ADMM? If so, what’s the rate of con-
vergence? Overall, we could see that sGS-ADMM as a newly emerging tool has
many potential in application to various optimization model in the literature. In
the future, we would be interested to design decomposed based algorithms for
other optimization problem with special structure, such as staircase and block

triangular structure.
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