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Abstract

This paper aims to present a fairly accessible generalization of several symmetric Gauss-
Seidel decomposition based multi-block proximal alternating direction methods of multipli-
ers (ADMMs) for convex composite optimization problems. The proposed method unifies
and refines many constructive techniques that were separately developed for the com-
putational efficiency of multi-block ADMM-type algorithms. Specifically, the majorized
augmented Lagrangian functions, the indefinite proximal terms, the inexact symmetric
Gauss-Seidel decomposition theorem, the tolerance criteria of approximately solving the
subproblems, and the large dual step-lengths, are all incorporated in one algorithmic frame-
work, which we named as sGS-imiPADMM. From the popularity of convergent variants
of multi-block ADMMSs in recent years, especially for high-dimensional multi-block convex
composite conic programming problems, the unification presented in this paper, as well
as the corresponding convergence results, may have the great potential of facilitating the
implementation of many multi-block ADMMSs in various problem settings.

Mathematics subject classification: 90C25, 90C22, 90C06, 65K05.
Key words: Convex optimization, Multi-block, Alternating direction method of multipliers,
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1. Introduction
In this paper, we consider the following multi-block convex composite programming:

zGI/'?l’?Gy {pl('rl) +f(:1715 7CCm) +ql(y1) +g(y15 7yn) |A*I+B*y = C}’ (11)
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where X', ) and Z are three finite dimensional real Hilbert spaces, each endowed with an inner
product (-,-) and its induced norm || - ||, and

- X can be decomposed as the Cartesian product of A3, . .., X,,, which are finite dimensional
real Hilbert spaces endowed with the inner product (-, -) inherited from X and its induced
norm || - ||. Similarly, ¥ = Y1 X --- x V. Based on such decompositions, one can write

reXasx=(21,...,0m) with z; € X;, i =1,...,m, and, similarly, y = (y1,...,Yn);
- p1: A1 — (—00,00] and ¢1 : Y1 — (—00,00] are two closed proper convex functions;

- f:X = (—o0,00) and g : Y — (—00,00) are continuously differentiable convex functions
with Lipschitz continuous gradients;

- A* and B* are the adjoints of the two given linear mappings A: Z - X and B: Z — ),
respectively; ¢ € Z is a given vector;

- without loss of generality, we define the two functions p : X — (—o00,00] and ¢ : Y —
(=00, 0] by p(x) :=pi(x1), Vo € X and ¢(y) := q1(y1), Yy € Y for convenience.

At the first glance, one may view problem (1.1) as a 2-block separable convex optimization
problem with coupled linear equality constraints. Consequently, the classic alternating direction
method of multipliers (ADMM) [12,13] and its contemporary variants such as [8,10] can be used
for solving problem (1.1). For the classic 2-block ADMM, one may refer to [9,14] for a history
of the algorithm and to the recent note [3] for a thorough study on its convergence properties.

In high-dimensional settings, it is usually not computationally economical to directly apply
the 2-block ADMM and its variants to solve problem (1.1), as in this case solving the sub-
problems at each ADMM iteration can be too expensive. The difficulty is made more severe
especially when we know that ADMMs, being intrinsically first-order methods, are prone to
require a large number of outer iterations to compute even a moderately accurate approxi-
mate solution. As a result, further decomposition of the variables in problem (1.1) for getting
easier subproblems, if possible, should be incorporated when designing ADMM-type methods
for solving it. Unfortunately, even if the functions f and g in problem (1.1) are separable
with respect to each subspace, say, &; and );, the naive extension of the classic ADMM to
multi-block cases is not necessarily convergent [2]. How to address the aforementioned issues
is the key reason why the algorithmic development, as well as the corresponding convergence
analysis, of multi-block variants of the ADMM has been an important research topic in convex
optimization.

Of course, it is not reasonable to expect finding a general algorithmic framework that can
achieve sterling numerical performance on a wide variety of different classes of linearly con-
strained multi-block convex optimization problems. Thus, in this paper our focus is on mod-
el (1.1), which is already quite versatile, for the following two reasons. Firstly, this model
is general enough to handle quite a large number of convex composite optimization models
from both the core convex optimization and realistic applications [4,19]. Secondly, the con-
vergence of multi-block variants of the ADMM for solving problem (1.1) has been separately
realized in [4,5,18,19,25,30], without sacrificing the numerical performance when compared to
the naively extended multi-block ADMM. The latter has long been served as a benchmark for
comparing new ADMM-type methods since its impressive numerical performance has been well
recognized in extensive numerical experiments, despite its lack of theoretical convergence guar-
antee. Currently, this line of ADMMs has been applied to many concrete instances of problem
(1.1), e.g., [1,7,11,16,21,24,26-29], to name just a few.
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Motivated by the above exposition, in this paper, we plan to propose a unified multi-block
ADMM for solving problem (1.1). Our unified method is an inexact symmetric Gauss-Seidel
(sGS) decomposition based majorized indefinite-prozimal ADMM (sGS-imiPADMM). The pur-
pose of this study is to distill and synthesize all the practical techniques that were constructive-
ly exploited in the references mentioned above for the computational efficiency of multi-block
ADMM-type algorithms. Specifically, our unified algorithm incorporates all the following in-
gredients developed over the past few years:

the inexact sGS decomposition theorem progressively developed in [19, 20, 25];

- the majorized augmented Lagrangian functions introduced in [18];

the indefinite proximal terms studied in [5,18,30];

the admissible stopping conditions of approximately solving the subproblems developed
in [4],

together with the large dual step-lengths for the classic ADMM [13].

We show that the proposed sGS-imiPADMM is globally convergent under very mild as-
sumptions, and the resulting convergence theorem also improves those in the highly related
references mentioned above. For instance, it refines the sGS-imsPADMM in [4] by substituting
the extra condition [4, (5.26) of Theorem 5.1] for establishing the convergence with the weaker
basic condition [4, (3.2)], which is imposed for the well-definedness of the algorithm. Moreover,
compared with the recently developed sGS decomposition based majorized ADMM with indef-
inite proximal terms in [30], the problem setting for sGS-imiPADMM is much more general as
the functions f and g here are not restricted to have the separable structures that were required
in [30].

The rest of this paper is organized as follows. In Section 2, we introduce some notation, and
recall the inexact sGS decomposition theorem which plays an important role in the subsequent
algorithmic design. In Section 3, the sGS-imiPADMM algorithm for the multi-block problem
(1.1) is formally proposed. Its global convergence theorem is established in Section 4 via the
convergence of an inezact majorized indefinite-proximal ADMM (imiPADMM), which will be
introduced in Section 4.2, in conjunction with the inexact sGS decomposition theorem. Finally,
we conclude the paper in Section 5.

2. Notation and Preliminaries

2.1. Notation

Let & and V be two arbitrary finite dimensional real Hilbert spaces each endowed with an
inner product (-,-) and its induced norm || - ||. For any given linear map H : U — V, we use
]| to denote its spectral norm and H* : V — U to denote its adjoint linear operator.

If Y =V and H is self-adjoint and positive semidefinite, then there exists a unique self-
adjoint positive semidefinite linear operator Hz : U — U such that H2H2z = H. In this case,
for any u,v € U, we define (u, v)y = (u, Ho) and ||uly = \/{u, Hu) = |H2ul.

For a closed proper convex function 6 : U — (—o0,+00], we denote dom 6 and 96 for the
effective domain and the subdifferential mapping of 8, respectively.

Let s > 0 be a given integer such that one can decompose U as the Cartesian product
of Uy, ...,Us, such that each U; is a finite dimensional real Hilbert space endowed with the
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inner product (-,-) inherited from ¢ and its induced norm || - ||. Then, the self-adjoint positive
semidefinite linear operator H : U/ — U can be symbolically decomposed as

Hin Hiz - His

Hiy Hoo -+ Has
H = ' . ' , (2.1)

Ts H;.s e HSS
where H;; : U; — U;, 4,5 =1,...,s are linear maps and H;;, 2 = 1, ..., s are self-adjoint positive
semidefinite linear operators. Based on (2.1), we use Hq := Diag(Hi1,. .., Hss) to denote the

block-diagonal part of H, and denote the symbolically strictly upper triangular part of H by H,,,
so that H = Hq + H, + HZ. To simplify the notation in this case, for any v = (u1,...,us) €U
and i € {1,...,s}, we denote u<; := {u1,...,u;}, u>i := {Us, ..., us}.

2.2. The inexact sGS decomposition theorem

We now briefly review the inexact block sGS decomposition theorem in [20], which is a
generalization of the Schur complement based decomposition technique developed in [19].
Following the notation of the previous subsection, suppose that & = Uy X --- X Us and H is
symbolically decomposed as in (2.1). Let 61 : U1 — (—o00,00] be a given closed proper convex
function, and b € U be a given vector. Define the convex quadratic function h : U — (—o0, 00)
by
h(u) := %(u,’Hu) —(b,u), Vuel.

Let gi, d; €U;, i =1,...,5s be given (error tolerance) vectors with 6~1 = §;. With the assumption
that H4 is positive definite, we define

d(6,0) == 0+ H,H; (6 —0) with &:=(61,...,6) and 8 := (3a, ..., ds). (2.2)
Suppose that u~ € U is a given vector. Define

Uu; := arg min {G(UI) +h(ug; y,ui Usitr) — <f5vz,ul>}, i=5,...,2,

uf = argmin {9(u1) + h(u1, u>2) — (01, u1>}, (2.3)

u} = argmin {9(uf) + h(u;iil,ui,ﬂzwl) — (4, uz>}, i=2,...,8.

Meanwhile, define the self-adjoint positive semidefinite linear operator sGS(H) : U — U by
sGS(H) == H,H " HE. (2.4)

Now, consider the following convex composite quadratic optimization problem:

mig {0(00) + ) + 30— 0 s ~ 0G.0), )} (25)

The following sGS decomposition theorem from [20, Theorem 1 & Proposition 1], reveals the
equivalence between the sGS iteration (2.3) and the proximal minimization problem (2.5). This
theorem is essential for the algorithmic development in this paper.
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Theorem 2.1. Suppose that Hq = Diag(Hi1, ..., Hss) is positive definite. Then
(i) both the iteration process in (2.3) and the linear operator sGS(H) defined by (2.4) are
well-defined;
(ii) problem (2.5) is well-defined and admits a unique solution, which is exactly the vector u
generated by (2.3);
(ifi) it holds that H := H +sGS(H) = (Ha + Hu)H  (Ha + HE) = 0;
(iv) the vector d(3,8) defined by (2.2) satisfies

+

IH2d(8,0)] < |[Hy * (6 = 0| + 15 (Ha + Ha) 0]

3. An Inexact sGS Decomposition Based Majorized
Indefinite-Proximal ADMM

In this section, we present the sGS-imiPADMM algorithm for solving problem (1.1). We first
recall the majorization technique used in [18] and the indefinite proximal terms used in [5]. Since
the two convex functions f and g in problem (1.1) are assumed to be continuously differentiable
with Lipschitz continuous gradients, there exist two self-adjoint positive semidefinite linear

operators f]f : X — X and f)g : Y — Y such that
f(@) < fas') o= f(2') + (Vf(@'),x — ') + L]z — I/|\2§f7 Vr, 2’ € X,
. (3.1)
9() <Gwsy) = 9() + (Vo) y —v) + 3lly - VI Vy,y' €.

For any given o > 0, the majorized prozimal augmented Lagrangian function associated with
problem (1.1) is defined by

~ -~

Lo(z,y; (2,9, 2") = plx) + fz;2") +q(y) +9(y;¢') + (&', Az + By —¢)
O\ s N 1 1
+ 5 A+ By =l + Slle = 25+ Sl = I3
V(z,y) e X xY and V(«,y,2") e X xYx Z,

where S: X = X and T : YV — Y are self-adjoint (not necessarily positive semidefinite) linear
operators satisfying
~ 1~ - 1~
In order to apply the block sGS decomposition theorem, we symbolically decompose the
positive semidefinite linear operators Xy and X, defined in (3.1) into the following form, i.e.,

CEon Epiz o Ep)im Coun Sz - (Sghn
G G Chem | G Gz (Bean
Y= and X, = )

(if)fm (if)gm T (if)mm (iq)fn (i(])gn T (iq)nn

(3.3)

which are consistent with the decompositions of X and Y. Meanwhile, the linear operators A
and B are also can be decomposed as

Az = (A1z,..., Anz) and Bz = (Biz,...,B,z2),
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where A;z € X and Bjz € Y;, Vi€ {1,...,m}, j € {1,...,n}, and z € Z. Moreover, we can
also decompose the linear operators S: X — X and T : y — ) as the decompositions of ) f
and Eg in (3.3). To ensure the block sGS decomposition theorem, we require

EpitodiAi+S; =0, i=1,...,m, and (Z,);+0B;B;+T;; =0, j=1,....n, (3.4)

where g'“ X — X, i=1,...,m and ’7~;-j :Y; = Yj, 3 =1,...,n are the block diagonal parts
of § and T, respectively. We now formally present the promised sGS-imiPADMM.

Algorithm 3.1. (sGS-imiPADMM): An inexact sGS decomposition based majorized
indefinite-proximal ADMM for solving problem (1.1).

Let 7 € (0, (1 4++/5)/2) be the step-length and {&x}x>0 be a summable sequence of nonneg-
ative numbers. Let (2°,9°,2°) € domp x dom ¢ x Z be the initial point. For k = 0,1,...,
perform the following steps:

Step la. (Backward GS sweep) Compute for i =m,...,2,

kel L k ~kt1 k.(ok ok Lk
Z; ~ argmin {E ((‘T<1 17x17x>1+1) Yy ,(.’IJ Yy, 2 ))} 9
T, €X;

5 € 00, Lo (o, BV TELL), 05 (08,05, 2) ) with 18] < 2.

Step 1b. (Forward GS sweep) Compute for i =1,...,m,

k+1 B ~ k+1 ~k+1 k. k .k _k
€, ~ arg min {L (($<1 1,$z,x>i+1)7y 7($ Y,z ))}7
T, €X; -

0F € O, Lo (@, @l BELL ), o5 (2, o, 20 ) with (10 < &
Step 2a. (Backward GS sweep) Compute for j =n,...,2,

1 5 (k1 ok R N T
ijr Nargrgln{ﬁg (55 * 7(y§j717yj7y2?+1)7(‘r Y,z ))}7
LEAN

3 € 0y, B (50 (0 BT (0 0 2)) with (7)) < B
Step 2b. (Forward GS sweep) Compute for j =1,...,n,

Yt~ argmin {Ea (w’““ (e, 78 ) (@ k7yk,zk))},
Yj 3
7€ 0y, Lo (W (5L TE s (8,08, 2N) ) with 44 <

Step 3. Compute zFt1 := 2F + 7o (A*2F 1 + Bryrtl —¢).

Following the discussions in [4], here we define two linear operators M : X = X and
N : Y =Y as follows:
M=% +0cAA" + S,

- - - (3.5)
N:=%,+0BB*+T.
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Just like the decomposmon of Ef and Eq in (3.3), we can symbolically decompose M and N
accordingly. We use Md and Nd to denote the corresponding diagonal parts, and M and N

to denote the strlctly upper triangular parts, respectively. Consequently, M = J\/ld+/\/l +./\/l*
andN—Nd +Nu —l—./\/;f

Remark 3.1. Note that the linear operators S:X — X and ’7~‘ : Y — Y are chosen for the
purpose of compensating the deviation from the majorized augmented Lagrangian function to
the original augmented Lagrangian function. Meanwhile, they should be chosen such that the
minimization subproblems involving p; and ¢; are easier to solve. With appropriately chosen
3‘11 and ’7~11, we can assume that the following well-defined optimization problems

T1E€X1

: 1 2 : 1 /2
iy {pa(e) + gllon -2l boand min Jano) + 5l ~ i,

can be solved to a sufficient accuracy in the sense of returning approximate solutions with
sufficiently small subgradients of the objective functions, for any given =} € X} and y; € ).

Recall that the Karush-Kuhn-Tucker (KKT) system of problem (1.1) is given by
0€dp(x)+Vf(x)+ Az, 0€9q(y)+Vygly)+ Bz, A'xz+B'y=c. (3.6)

If (2,9,Z) € X x Y x Z satisfies (3.6), from [23, Corollary 30.5.1] we know that (Z,) is an
optimal solution to problem (1.1) and Z is an optimal solution to the dual of this problem. To
simplify the notation, we denote the solution set of the KKT system (3.6) for problem (1.1) by
W.

We now make the following assumption on problem (1.1) and Algorithm 3.1.

Assumption 3.1. Assume that:
(i) the solution set W to the KKT system (3.6) of problem (1.1) is nonempty;
(ii) the self-adjoint positive semidefinite linear operators f]f X — X and ig Y = Y are
chosen such that (3.1) holds;
(iii) the self-adjoint linear operators S and T are chosen such that (3.2) and (3.4) hold.
Under Assumption 3.1, we can define the following linear operators:
Sias i= S +8GS(M) = S + M MM, .
Tsas :Z%—I—SGS(/\N/’):%ﬁ-ﬁuﬁ(i—l/\NfJ. .

Based on the above preparations, the global convergence of Algorithm 3.1 is given as the
following theorem. The corresponding proof will be accomplished in Section 4.

Theorem 3.1 (Convergence of sGS-imiPADMM). Suppose that Assumption 3.1 holds,
and the linear operators S and T are chosen such that

1~ 1~
§Ef +0cAA* + Sias = 0 and 529 + oBB* 4 Tsgs >+ 0. (3.8)

Then the whole sequence {(z*,y*, %)} generated by Algorithm 3.1 converges to a solution of
the KKT system (3.6) of problem (1.1).
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We end this section by comparing Algorithm 3.1 and its convergence theorem (Theorem
3.1) with its precursors in [4,19,30] for solving problem (1.1). Such a comparison will clearly
demonstrate from where the algorithm in this paper originates and to what extent does the
progress made in this paper can reach. The details of the comparison are presented in the
following table.

Ref. \ Ttem f&g Majorization | Proximal Terms | Inexact
[19] separable, quadratic no semidefinite no
[4] - yes semidefinite yes
[30] separable yes indefinite no
This paper - yes indefinite yes

Here, the column “f & ¢” indicates the additional conditions imposed on the functions f and
g in problem (1.1), the column “Majorization” indicates whether the majorization technique was
used, the column “Proximal Terms” shows whether the proximal terms used are semidefinite or
indefinite, and the column “Inexact” shows whether the subproblems are allowed to be solved
approximately. It is easy to conclude from the above table that Algorithm 3.1 proposed in
this paper generalizes all those in [4,19,30]. This explains why we name the sGS-imiPADMM
as a unified algorithmic framework. Here, it is also worthwhile to point out that even when
the proximal terms in sGS-imiPADMM are chosen to be positive semidefinite, the convergence
theorem in this paper is sharper than that in [4]; see Remark 4.3 for the details.

4. Convergence Analysis

In this section, we will prove Theorem 3.1 step-by-step. We first show how to apply the sGS
decomposition theorem to reformulate the multi-block Algorithm 3.1 as an abstract 2-block
ADMM-type algorithm. Then we establish the convergence properties of the later, and, as a
consequence, prove Theorem 3.1.

4.1. Basic convergence results
Proposition 4.1. Suppose that (3.2) and (3.4) hold. Define for all k > 0,

oF = (oF, ..., 0k), F o= (oF,...,0k), F =1, 38), andAF = (3F, . )
with the convention that gf = 6% and % := +¥. Then

(i) the sequences {(x*,y*,z%)}, {6%}, {6%}, {v*} and {7*} generated by the sGS-imiPADMM
are well-defined;

(ii) the linear operators Ssas and Tsas in (3.7) are well-defined, and
Mas = i\:f +0AA* + Sias = 0, Nsas := i\]g +oBB* + Tsas = 0; (4.1)

(iii) 4t holds that

d*k € 8, {L‘g <%k+1,yk; (fck,ykazk)> + %H%Hl - Ik|§c;s</\7)} )

dt € 9, {ca (ﬁ“,%’““; (:v’“,y’%z’“)> +allyt - kaSGS(K/)} :
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where o N
df =0 + M MG (0% = 6%) and  dE ="+ NN (=)

_1 ~ -1 ~
(iv) one has that | M Gdk | < k&, N GidE|| < K€, where

ko= 2v/m — T M 2| + m|| M3 (Mg + M,) 7L, w2)
.2

W= 2y TN ) 4 VRN (Vo + N) 7

Remark 4.1. It is easy to prove Proposition 4.1 via Theorem 2.1. We omit the detailed proof
here since it is almost the same as that of [4, Proposition 3.1].

4.2. An inexact 2-block majorized indefinite-proximal ADMM

Based on Proposition 4.1 and the previous efforts (see, e.g., [4,20]), here we also view the
sGS-imiPADMM as a 2-block ADMM-type algorithm applied to problem (1.1) with intelli-
gently constructed proximal terms. For this purpose, we formally present the previously
mentioned imiPADMM as Algorithm 4.2, where the majorized augmented Lagrangian function
associated with problem (1.1) is defined by

o~

Lo(w,y; (2,4, 2) == p@) + f(z:2)) + qy) + Gy 9)) + (&, Aw + By — ¢)
+ %HA*x—i—B*y —c|?, V(z,y) € X xY and V(2,y,7) € X xYx2Z.

Algorithm 4.1. (imiPADMM): An inexact majorized indefinite-proximal ADMM for
solving problem (1.1).

Let 7 € (0,(1 + +v/5)/2) be the step-length and {e;}x>0 be a summable sequence of
nonnegative numbers. Choose the self-adjoint (not necessarily positive semidefinite) linear
operators & and T such that

14 14 14 1~
S —52]0, T = —52_(1, §E.f+UAA*+S>-O and §Eg+oBB*+T>O. (4.3)
For £ =0,1,..., perform the following steps:

Step 1. Compute z*™ and d* € Oy (z1) such that ||(E;+0AA* +8)~2dk| < e, where

k+1

. ~ 1
oFH ~ 1 = argmin {wk(:ﬁ) = Lo (2, 4" (2%, 4, %)) + §||:v - xk|§} . (4.4)

TEX
Step 2. Compute y*** and df € Oy (y"™) such that (S, +oBB* —I—T)_%déjH < &, where

) . " 1
M gt = arg in {sok(y) = Lo (2" ys (28,0, 2) + S lly - ykIQT} . (4.5)
ye

Y

Step 3. Compute 2"+ 1= 2% 4+ 7o (A*2F ! + BryFtl —¢).

Now, we are ready to present the convergence theorem of the imiPADMM. The proof of this
theorem is postponed to Appendix A.
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Theorem 4.1 (Convergence of imiPADMM). Suppose that parts (i) and (ii) in Assump-
tion 3.1 hold. Then the sequence {(z*,y*,2*)} generated by Algorithm 4.1 converges to a point
in W, i.e., the solution set to the KKT system (3.6) of problem (1.1).

Remark 4.2. Even though the purpose of the proposed Algorithm 4.1 is to derive the conver-
gence properties of Algorithm 3.1, this 2-block ADMM-type algorithm itself is a very general
extension of the classic ADMM that contains many contemporary practical techniques, includ-
ing the original large dual step-lengths in [13], the positive semidefinite proximal terms in [10],
the majorized augmented Lagrangian function and indefinite proximal terms in [18], and the
error tolerance criteria in [4].

Remark 4.3. If both S and T are chosen as positive semidefinite linear operators, Algorithm
4.1 reduces to Algorithm imsPADMM in [4]. Moreover, if the subproblems (4.4) and (4.5) in
Algorithm 4.1 are solved exactly, i.e., by restricting e = 0, Vk > 0, imiPADMM here reduces
to the Majorized iPADMM proposed in [18]. However, in both [4] and [18], one requires®

1 1
§Ef—|—8—|—0,4.,4* >0 and 529—1-7'4-088* =0,

where ¥ =< if and ¥, < ig, and these conditions are in general stronger than the last two
conditions in (4.3). Therefore, even for 2-block problems, Theorem 4.1 on the convergence of
Algorithm 4.1 has made its own progress on improving the convergence properties of the pre-
viously proposed algorithms imsPADMM and Majorized iPADMM in [4] and [18], respectively.
As a result, for the multi-block problem (1.1), Theorem 3.1 can also be used to sharpen the
convergence properties of the sGS-imsPADMM in [4].

4.3. Convergence of the sGS-imiPADMM

Now we are ready to prove Theorem 3.1 for Algorithm 3.1 based on the connection be-
tween the sGS-imiPADMM for the multi-block problem (1.1) and the imiPADMM for the same
problem but from the angle of viewing it as a 2-block problem.

Proof. [Proof of Theorem 3.1] Suppose that Assumption 3.1 holds. Let S := Sigs and
T := Tsas, where Ssgs and Tgs are given in (3.7). According to (3.8) we know that (4.3) holds.
Moreover, one has from (4.1) that if +o0cAA* +S = Mygs and ig +0oBB*+T = Nygs. Thus
by Proposition 4.1(iii), one has that df € 9y (z*!) and dff € dpr(y**). Meanwhile, we can
define the sequence {ex} in Algorithm 4.1 by e := max{x, k’'}&x, Yk > 0, which is summable
due to the fact that the sequence {€j} used in Algorithm 3.1 to control the inexactness is
summable, where k and ' are given in (4.2). Then, by Proposition 4.1(iv), one has that

_1 1
[Mgsdk |l < e and [N c3dE|| < ex. Thus, since Assumption 3.1(iii) holds, the sequence
{(x*,y*, 2%)} generated by Algorithm 3.1 is exactly a sequence generated by Algorithm 4.1
with the specially constructed proximal terms S = Ssgs and 7 = Tsgs. Consequently, since
parts (i) and (ii) in Assumption 3.1 hold, from Theorem 4.1 we know that Theorem 3.1 holds.

This completes the proof. O

1) The precise definitions of ¥ and X4 are given in (A.3) of the Appendix.
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5. Conclusions

In this paper, we have developed a unified algorithmic framework, i.e., sGS-imiPADMM, for
solving the multi-block convex composite programming problem (1.1). The proposed algorithm
combines the merits from its various precursors by gathering the practical techniques developed
for the purpose of improving the efficiency of ADMM-type algorithms. The motivation behind
such a unification is that, these techniques, including the majorization-type surrogates, inex-
act symmetric Gauss-Seidel decomposition, indefinite proximal terms, inexact computation of
subproblems, and large dual step-lengths, have been shown to be very useful in dealing with
convex composite programming problems. We established the global convergence of the sGS-
imiPADMM under very mild assumptions. We believe that the proposed algorithm can serve
not only as a generalization or extension of the existing algorithms, but also provide a cata-
lyst for enhancing the numerical performance of multi-block ADMM based solvers. We should
mention that the linear convergence rate of sGS-imiADMM is not discussed in this paper, but
one should be able to establish such results following the works conducted in [15,30] without
much difficulty.
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A. Convergence Analysis of the imiPADMM

In this part, we prove Theorem 4.1. We begin by introducing the notation and definitions
that will be used throughout this section. Then we establish a key inequality for obtaining the
convergence of the algorithm. After that, we turn to the convergence of the imiPADMM.

A.1. Additional notation and preliminaries

Recall that U is a finite dimensional real Hilbert space endowed with an inner product (-, -)
and its induced norm || - ||, and H : U — U is a self-adjoint linear operator. Then, we have that

(w, ) = 5 (lullf + ol = lle = vli%) = 3 (lu+vlF = lulf - llvl3,) - (A1)
The following lemma was given in [30, Lemma 3.2].

Lemma A.1. Let h : U — (—00,00) be a smooth convex function and there is a self-adjoint

A~

positive semidefinite linear operator Xy, : U — U such that, for any given u' € U,
1
h(u) < h(u') + (Vh(u'),u —u') + §||u—u’|\2§h, Yu e U.
Then it holds that for any given u' € U,

1
(Vh(u) — Vh(u'),v —u') > _ZHv—uH%h, Yu,v € U. (A.2)
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We now turn to problem (1.1) and Algorithm 4.1. Due to the convexity of f and g, there exist
two positive semidefinite linear operators Xy (X X) and X, (X X,) such that

flx) > f@)+(Vf('),z—2") + %Hx — :C'H%f, Ve, 2’ € X,
A ! ! 1 ! A
9(w) = 9() + (Vo )y =) +5lly=v'lI%,, Yy ¥ €Y. (A.3)

Since that the sequence {ej} in Algorithm 4.1 is nonnegative and summable, we can define the
following two real numbers

&= isk and & := isi
k=0 k=0

Suppose that both (i) and (ii) in Assumption 3.1 hold. Then, an infinite sequence {(z*, y*, %)}
can be generated by Algorithm 4.1. Meanwhile, there exist two sequences {Z*} and {7*} defined
by (4.4) and (4.5), respectively. In this case, we define for any k > 0,

rk = A%k + Bk — ¢, = ATk 4+ Bk — ¢,
ZRHL = ok gkt ZhHl = 2k 4 ropktl

with the convention that z° = 2% and #° = 9%, where 7 is the step-length used in Algorithm
4.1. Moreover, we define the following three constants:

a:=(1+7/min{l+7,1+771})/2,
a:=1-amin{r,771}, (A4)
Bi=min{l,1 —7+71}a— (1 -a)r.

Based on the above definitions, we have the following result.

Proposition A.1. Suppose that both (i) and (i) in Assumption 3.1 hold. Let {(z*,y*,2*)} be
the sequence generated by Algorithm 4.1, and {Z*}, {g*} be the sequence defined by (4.4) and
(4.5). Then, for any k > 0, we have that

4t — 254 < e
lyEt = 75 < (L + 0| N T2 BAT M)y,

where

M:=5;+0AA* +8 >0 and N :=3,+0BB*+T = 0. (A.5)

Proof. As a consequence of (4.3) in Algorithm 4.1, (A.5) holds. Then, the subsequent proof
can be easily completed via a few properties of the Moreau-Yosida mappings in [17], and one
can refer to [4, Proposition 3.1] and its proof for the details. O

The following result on a quasi-Fejér monotone sequence of real numbers will be used later.

Lemma A.2. Let {ax}r>0 be a nonnegative sequence of real numbers satisfying ax+1 < ax+ek,
VEk > 0, where {ex}r>0 is a nonnegative and summable sequence of real numbers. Then the
quasi-Fejér monotone sequence {ay} converges to a unique limit point.



A Unified Framework of Symmetric G-S Decomposition based Proximal ADMMs 751

A.2. The key inequality

Now, we start to analyze the convergence of the imiPADMM by studying some necessary
results. Let 7 be the dual step-length in Algorithm 4.1 and « be the constant defined in (A.4).
We define the following two linear operators

(1-a)o

F = %if + S+ —5 AA*  and G := %ig + T +min{r,1+7 —72}acBB*, (A.6)

where 7 and 3, are given by (3.1).

Lemma A.3. Assume that (4.3) holds. For any 7 € (0, (1 +v/5)/2), the constants o, @ and
B defined by (A.4) satisfy 0 < a<1,0< a<1 and 8> 0. Meanwhile, the linear operators F
and G defined by (A.6) are positive definite.

Proof. Tt is easy to see that 0 < @« < 1,0 <@ < 1 and 8 > 0 from (A.4) and the fact that
7 € (0,(1++/5)/2). Also, it holds that p := min(r,1+ 7 — 72) € (0,1] so that 0 < pa < 1.
Note that by (A.6) we have that

(l=-a) (15 . l+a (14
F=g (35 +8+0AA ) + —— (55 +5).

2 — p«
2

1~
Q=E(§EQ+T+UBB*>+

14 po N

Hence, one can readily observe that F > 0 and G > 0 from (4.3). This completes the proof. [

Based on the previous results, one can get the following result, which is exactly the same
as [4, Theorem 5.2]. So we omit the corresponding proof.

Lemma A.4. Suppose that both (i) and (ii) in Assumption 3.1 hold. Then, the infinite sequence
{(zF,y*, 2%)} generated by Algorithm 4.1 satisfies, for all k > 1,

(1 = 7)o||rF Y% + | A*2F T + B yF — ¢||? + 2a<d§71 - dllj, y* —yF
>ao([r 2 = Ir*)?) + Bolr* P + |2t — 2|

2
1— *
A-o)g g4

k—1 k2 k k+142
o ||y Y Ha(ig—i-T) + Hy -Y HOz(ig+T)+1’Ilil’l{T,1+T—T2}O[(TBB*. (A7)

Next, we shall derive an inequality which is essential for establishing the global convergence of
the imiPADMM.

Proposition A.2 (The key inequality). Suppose that both (i) and (ii) in Assumption 3.1
hold. For anyw := (Z,7,Z) € W, the sequence {(z*,y"*, 2%)} generated by Algorithm 4.1 satisfies

20(dy —dy ', y* =yt —2(df, 2" — ) - 2(d, T - )
+[Ja® = R Yt = G+ Bo | < gr(@) = Grpa (@), VE>1,  (AB)
where, for any (x,y,z) € X x Y x Z and k > 1,

1
On(2,9,2) =l = 2HIP o = MR+l — I,

+ol| A+ By" —c* +ao|lrt | +ally* ™ - oI - (A.9)
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Proof. For any given (x,y,2) € X XY x Z, we define z, := x—Z, y. :=y—7 and 2z, := 2 — Z.
From (A.1) one has that
Zk + U(A*karl —|—B*yk _ C) _ szrl + O'B*(yk _ ykJrl)'
Then, from Step 1 of Algorithm 4.1, we know that
d¥ — V(@) — A 4 oB (yF — y*) + (Bf + 8)(@F — 2*Y) € ap(aFtY).  (A.10)
Moreover, the convexity of p implies that
p(&) + (dy = V(") = A(ZH 0B (4" — )
+ (Zf + 8)(aF — 2FHY), ab ) > p(ahth). (A.11)
Applying a similar derivation, we can also get that for any y € ),

q(@) + (dE, yEthy — (Vg(yh), yhthy — FF, Bryitt)

+H{((Sg + T =y, bt > q(yh ). (A.12)

By using (3.6) and the convexity of the functions p and ¢, we have
p(a") = p(@) + (Vf(2) + Az, 2tH1) > 0, (A.13a)
a(y**h) — (@) + (Va(g) + Bz, yt*') > 0. (A.13b)

Finally, by summing (A.11)—(A.13) together, we get
B R o (Br (g — ), Arak )
(gt (@ =M g s+ WETL 0 =y ), o (e 2T (dy, pE T
>(Vf(z") = Vf(@),2¢™") + (Voy") = Va@),ye ™)

>_ = _okvlg2 Lk kL2 _
> - et 2R = Sl R (A.14)

where the last inequality comes from Lemma A.1. Next, we estimate the left-hand side of
(A.14). By using (A.1), we have that

(B*(yF — y*th), A%l = (Bryk — Beyltt, Pt — Bryh )

* * 1 * * * *
=(B'y: = Byt ot — S (IB 2N = 1B e — Brye ™I — 1By )
1
=3 (1B Y12 + AT+ B> — cf|> — | B*yEI1” — [Ir]1%) . (A.15)
so, from (A.l) we know that
Also, from (A.1) we know th
1 1
(@ ek e = LS g I - Sl e (A6
1 1
eyt =" s o = SUWENR, o = eI ) — 5y =" o (A16D)

Moreover, by using the definition of {Z¥} and (A.1) we know that

- 1
(P EE) = (S ort) = (R ) o

1
=g (1P = 1254 = 22— [|2E ) + o4 2

220wz (A17)

1 (2
=—— (Ilz257117 = 11=2501%) +
TO 2
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Thus, by substituting (A.15)—(A.17) into (A.14), we obtain that

() + (s, ) 4
TO

Lo kp2 k)2 Lo kv1g2 k412
+ 5 (e Hllyells, ) = g Ulze™ g, s + llve™ M5, 4 )

(o
(1=l = 122 11%) + S UB v l* = 1B e 1)

£5+S £5+S So+T
Lok k12 Lok k12
ZEHI - |\%§f+5+§|\y -y HégﬁT
o 1—7)o
+ §||A*a:k+1 + By —c||? + %HTICHHQ. (A.18)

Note that for any y € Y, A*Z + B*y — ¢ = B*y.. Therefore, by applying (A.7) in Lemma A.4
to the right hand side of (A.18) and using (A.9) together with (A.6), we know that (A.8) holds
for k > 1. This completes the proof. O

Remark A.1. The inequality (A.18) in the proof is responsible for the improvement that we
made in this paper, when compared with [4], in which the same problem as (1.1) was considered
and the inequality for the same purpose as (A.18) is given as follows:

1 T ir* x
(doy )+ {dys ve ™) + o (12017 = 12 H1%) + S UIB"YEN” = 1By %)

1 1
RS o+ 10813, 1) — OS2, g+ B,
Lok k12 ko k412
> §||$ - |\%zf+s+§|\y -y H%zﬁT
o 1—7)o
2t g Byt o+ LT e (A.19)

where ¥y and 3, are defined by (A.3). The difference between (A.19) and (A.18) is highlighted
in a box. Since that 3; = X; and 5, = ¥,, the inequality (A.18) is tighter than (A.19).
Consequently, the inequality (A.8) looks the same as [4, (5.14) in Proposition 5.1], but one
should notice that the definitions of 7 and G in this paper are different from those in [4], as
can be seen from the following table.

Ref. \ Item F g
[4] 19+ 8+ Uple g

¥, + T + min{r,1+ 7 — 72}acBB*

N

This paper Sr+S+ %AA* S, + T +min{r,1+ 7 — 72}acBB*

N
N|=

A.3. Proof of Theorem 4.1

The proof for Theorem 4.1 can be obtained by using the newly defined F and G in (A.6)
instead of those used in [4] and repeating the proof of [4, Theorem 5.1]. In order to make this
paper more readable, we provide the proof of Theorem 4.1 here.

Proof. According to Assumption 3.1(i) we know that the solution set WV to the KKT system
(3.6) of problem (1.1) is nonempty. Then, we can choose a fixed w := (¥, 7, z) € W, and define
Te =T — T, Yo :=y— Yy and 2z, := z — Z for any given (z,y,2) € X X Y x Z.

We first show that the sequence {(z*,y*, z¥)} is bounded. According to Lemma A.3 one
has that 0 < a < 1,0 < a < 1 and 8 > 0. Moreover, the linear operators F and G defined in
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(A.6) are positive definite. Hence, it holds that

I =y + 200l — i =y
¥ - aG a — d — eld — d

By substituting zF*1 and g**! for 25! and y**! into (A.8) in Proposition A.2, we obtain that
D () = Prep1 (@) + || dy ™[5
>l — 2%+ Bo PP+ 19 -yt oG TG, VR > 1, (A.20)
where for any (z,y,2) € X x Y x Z, we define

Oy, 2) =51z — 2P + e — 2% o+ lly — 7513

Yi+S EJrT

+ol|Ae + B g — ¢||* + ao||r||* + ally* ™ — 7 vk > 1.

2
Now, define the sequences {¢¥} and {¢F} in Z x X x Y x Z x Y for k > 1 by
¢k = (Vrok, (S + 8)ak, N gk Vaort, va(S, + T)H 1 = ) .
& = (Vrosk, (5 + 8)bal, N3 gk, Vaor®, ya(S, + T)} 1 = ) .
Obviously we have [|&;]|? = ¢r (@) and ||&||? = éx(w). This, together with (A.20) implies that
[EFH2 < N1 + 0P l1G™ 2y~ .
As a result, it holds that ||£F Y| < ||€¥|| + Oc||g_%d;j_l||. Consequently, one obtains that
I < €8+ ol g2yt + 1€+ — €+ (A.21)

Next, we estimate ||£¥+! — ¢¥+1|| in (A.21). From Lemma A.3 we know that @ + 7 € [1,2], so
that

1 sk k
7-_O.HZ +1 — +1||2
<20,||A*(—k+1 k+1)+B*( —k+1 k+1)||2

<AfZ = T e + 41T = D e

+a0||’l”k+1 k+1||2 (7‘—|—0¢)0'||Tk+1 k+1||2

This, together with Proposition A.1, implies that

|I§_k+1 _ §k+1 ”2

e [T e T [ (A i

Yi+S Yg+T
Al =2 T e + 47—y T e
<5l — 2R+ g - MR < 0%k (A.22)

where g is a positive constant defined by g := \/5(1 + (14 o||[N"2BA*M~z|)2). On the other

hand, from Proposition A.1, we know that ||g’%d§ | < |G"2N % ||e). By using this fact together
with (A.21) and (A.22), one can get

1€+ < 165 + oer + G N F et < |IEY] + (9+ ||97%N%”) £, (A.23)
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which implies that the sequence {¢¥} is bounded. Hence by (A.22), we know that the sequence
{€*} is also bounded. From the definition of ¢, we know that the sequences {y*}, {z*}, {r¥}
and {(Z r+ S)zz*} are bounded. Thus, by the definition of %, we know that the sequence
{Ax*} is also bounded, which together with the definition of M and the fact that M = 0,
implies that {z*} is bounded.

By (A.20), (A.22) and (A.23) we have that

(I8 = 243 + BollHH 2 + g+ — o + aGal 1 2)

NE

>
Il
—

M8

< k(@) = Prs1 (W) + Grg1 (W) — Gryr (@) + 2|l dy |F-1)

>
Il

1

<1 (@) + Y€ = L (€5 + 1EH) + G NE |2
k=1
<1 (@) + |G INTPE + pmax{ ][] + €[} < oo, (A.24)

where we have used the fact that ¢, (w) — ¢r (w) < ||€* —&¥||(]|€¥]| +1/€¥])). By (A.24), we know
that

lim [|zF —2%%F =0, lim [|g"F" =y + oG di G =0, lim [|F*T2 =0.
k—o0 k—o0

k—o0

Then, by F = 0 and G = 0, we have that {zFt! — 2%} — 0, {g**! —¢*} — 0 and {#*} — 0
as k — co. Also, due to the fact that M = 0 and A >~ 0, by Proposition A.1 we know that
{z¥F — 2*} — 0 and {g* — y*} — 0 as k — oco. As a result, it holds that {zF — z**1} — 0,
{y¥ —y**1} = 0, and {r*} — 0 as k — oo. Note that the sequence {(z*+1,y*+1 2Kt} is
bounded. Thus, it has a convergent subsequence {(z*:+1 yFi+1 2Fi+1)} which converges to a
point, say (z°°,y>°,2>°) € X x Y x Z. We define two nonlinear mappings F': X x Y x Z - X
and G: X XY x Z — Z by

F(w) :=0p(z) + Vf(z) + Az, G(w):=90q(y)+ Vg(y) + Bz, Y(z,y,2)€ X xY x Z.
Note that for any k£ > 0,
db —Vg(y*) — BZF + (S, 4+ T)yk — yF+t € dg(y* ). (A.25)

Since that Assumption 3.1(ii) holds, by Clarke’s Mean Value Theorem [6, Proposition 2.6.5],
we know that for any k& > 1, there exist two self-adjoint linear operators 0 < 733’: =< Xy and
0= 735 = X4 such that

Vi) = Vi@Ek) =Pl —2%) and Vgl - Ve(*) = PEy T — o). (A26)
Note that (A.10) holds. Then, by (A.25) and (A.26) we know that for all k£ > 1,

d]; _ fpglchrl(xk - $k+1) + (i\]j + S)(xk - $k+1)
+(r = Do ArFtt — g AB* (y* — y*t1) € F(whth), (A.27)

db — Pyl L (B 4 Tk — y* 4 (7 — 1)aBrt! e Glwbth).



756 L. CHEN, D.F. SUN, K.C. TOH AND N. ZHANG

By taking limits along {k;} as i — oo in (A.27), we know that
0€dp(x™) + Vf(z>®)+ A2z and 0€ dq(y™) + Vg(y>™) + Bz,

which together with the fact that limj_ . 7* = 0 implies that (z°°,y>,2>) € W. Hence,
(x*°,y°°) is a solution to problem (1.1) and z*° is a solution to the dual of problem (1.1).
By (A.23) and Lemma A.2, we know that the sequence {||¢*||} is convergent. We can let

w = (z°°,y>, 2z°°) in all the previous discussions. In this case, limy_, [|€¥|| = 0. Thus, from
the definition of {¢¥}, we know that

lim 2% =2, lim y* =9*°, and lim (flj + 8)z* = (flj + S)z™.

k— o0 k—o0 k— o0
Since that limy_,., ¥ = 0, it holds that {A*z*} — A*2> as k — oo. Consequently, from the
definition of M and the fact that M > 0, we can get limy_, o, ¥ = 2°°, which completes the
proof. O
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