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IMPROVING THE CONVERGENCE
OF NON-INTERIOR POINT ALGORITHMS
FOR NONLINEAR COMPLEMENTARITY PROBLEMS

LIQUN QI AND DEFENG SUN

ABSTRACT. Recently, based upon the Chen-Harker-Kanzow-Smale smoothing
function and the trajectory and the neighbourhood techniques, Hotta and
Yoshise proposed a noninterior point algorithm for solving the nonlinear com-
plementarity problem. Their algorithm is globally convergent under a rela-
tively mild condition. In this paper, we modify their algorithm and combine it
with the superlinear convergence theory for nonlinear equations. We provide a
globally linearly convergent result for a slightly updated version of the Hotta-
Yoshise algorithm and show that a further modified Hotta-Yoshise algorithm
is globally and superlinearly convergent, with a convergence Q-order 1 + ¢,
under suitable conditions, where ¢ € (0,1) is an additional parameter.

1. INTRODUCTION

Consider the nonlinear complementarity problem (NCP): Find an (z,y) € " x
R™ such that

1 y—f(x)=0, >0, y>0, zTy=0,

where f : R® — R" is a continuously differentiable function. The NCP has received
a lot of attention due to its various applications in operations research, economic
equilibrium, and engineering design [18, 25, 16].

It is easy to see (e.g., see [18]) that finding a solution of (1) is equivalent to
finding a root of the following equation:

2min{z,y} ]
2 H(z,y) = =0.
©) (@) = | Pl
By combining the form of H with the so-called Chen-Harker-Kanzow-Smale smooth-
ing technique we get the following approximation mapping F' : 7 x R
R x R

(3) F(uax»y) = Q(u»xay) )
y— flz)
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284 LIQUN QI AND DEFENG SUN

where

¢(U1,$1, yl)
(4) d(u,z,y) = .

B (Un, Tn, Yn)
and ¢ : R3 — R is the Chen-Harker-Kanzow-Smale smoothing function [6, 20, 30]:
(5) d(p,a,b) =a+b—+/(a—b)2+4pu2.
For p > 0, the following property holds:
(6) d(p,a,0) =0<=a>0, b>0, ab=p’
By letting w = 0 in (3) we get
0
F(0,z,y) = [ H(z,y) ] .

Lemma 1 ([19], Lemma 1.4). For every nonnegative number u > 0, a triple (a, b, c)
€ N3 satisfies ¢(u, a,b) = c if and only if ((a—c/2),(b—c/2)) > 0 and (a—c/2)(b—
c/2) = u2.

Throughout this paper we let || - || denote the lo-norm of R™ and its induced
matrix norm.
Lemma 2. For any z = (u,a,b) € R® and 2! = (u!,al,b') € R with p, u' > 0 we
have

(7) l¢" (=)l <

and for any a € [0,1),

4

2
(8)  I9(z+a(z —2) = 9(=) — g/ (2)(z" - 2)| < T——p |2 — 2%
Proof. After simple computations, we have
—4p
(a—b)? +b 4p?
a —
Vo) = | 1= e
o b-a
(a —b)% + 4p?
and
. , 4 ~(a —bb)2 (a=bju (b-au
PO Vo %ZI a§Z e e )
Therefore,
4
¢"(2)] < WCEDETTE V/(a—b)* +4(a — b)2u2 + 4p?

4 2 2
I CEDET

4

= Ve =02 +4u?’
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NON-INTERIOR POINT METHODS 285

This proves (7). It then follows from (7) that ||¢”(z)|| < 2u~!. Then for any
a € ]0,1), we have

|6(z +a(z! = 2)) = ¢(2) — ag/(2)(z" ~ 2)|

~la /O [6/(z + (! — 2)) — ¢/ (2)](=" — 2)do|

= a? ' 1z1—zT"z afs(zt — 2)) (2 — 2)ds
—|/00/0( Y8 (2 + abs(z* — 2)) (=" - z)dsdd)

11
2
§a2/ 0/ ——— ——dsdf||z" — z|?
o Jo wtafs(u—p) | ”

2 [T [ 2 1 2
- /0 9/0 (1—a05)u+a95ulvd8d9”Z =l
< a? / / dsd9||z — 2|2
<o / / Ty dsddlz! — ol

R

This proves (8), and completes the proof of this lemma. O

Recently, based on F' defined by (3) (the only difference is that instead of us-
ing (5) the definition ¢(u,a,b) = a +b — 4/(a —b)? + 4p was used in [19]) and
the trajectory and the neighbourhood techniques, Hotta and Yoshise proposed
a globally convergent noninterior point method for solving the NCP [19]. Their
method does not require the initial point (z',y') € R™ x R" to be in the pos-
itive orthant. This is quite different from (infeasible) interior point methods,
where a positive initial point is always required (e.g., see [31, 33, 34]). Given
initial point Z and w = F(2) € R}, x R*_ x R}, , Hotta and Yoshise’s neigh-
borhood is defined in terms of the vector @ and contains the initial point Z in
its interior. Another type of neighborhood has been studied in [1, 4, 9, 35, 36]
where the neighborhoods are prespecified. Algorithms based on these neighbor-
hoods require choosing an initial point in the prespecified neighborhood. In many
cases, this requirement does not impose much restriction. For example, such ini-
tial points are easily obtained for the Py + Ry problem [1, 4, 9, 35, 36]. Com-
pared to the existing noninterior point methods or related smoothing methods
[1,4,5,6,7 8,9, 10, 11, 12, 13, 15, 17, 21, 27, 32, 35, 36], the most outstanding
feature of the Hotta-Yoshise algorithm is that their algorithm can keep the iteration
sequence in a bounded neighbourhood without requiring the initial point to start
from a bounded level set or its variants. This feature is very favourable for those
functions which cannot guarantee the boundedness of every level set. However,
unlike other noninterior point methods [1, 4, 9, 12, 13, 27, 32, 35, 36], there is no
convergence rate provided in [19]. In this paper we will modify the Hotta-Yoshise
algorithm and discuss its convergence rate.
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286 LIQUN QI AND DEFENG SUN

When we were finalizing our paper, we received a new report by Chen and Chen
[5] that describes a noninterior point algorithm which is related to the Hotta-Yoshise
algorithm. They provided a local superlinear convergence result. Their result is
quite different from ours because during the process they update a sequence of
neighbourhoods associated with the smoothing paths dynamically while we only
use one neighbourhood by introducing the smoothing parameter u in the set of
variable parameters. When this paper was under review, two reports by Burke
and Xu [2, 3] were released. Based on their previous work on Py + Ry linear com-
plementarity problems (LCPs), Burke and Xu [2, 3] refined their neighborhood,
which differs markedly from that used in this paper, to allow them to present a
predictor-corrector noninterior path following algorithm for monotone and non-
monotone LCPs.

Our modified version of the Hotta-Yoshise algorithm is specified in Section 2.
The global and monotone convergence result is proved in Section 3. In Section 4
we discuss a global linear convergence result. The superlinear convergence result
with a Q-order 1 +¢,¢ € (0,1) is established in Section 5.

2. THE MODIFIED VERSION OF THE HOTTA-YOSHISE ALGORITHM
Let v,r : R} x R2" — R™ be defined as
vi(u,z,y) = d(us, 24, ¥i), 1 =1,2,..,n
and
r(u,z,y) =y — f(x),
where u € 7. Then

u
F(uvxvy) = v(u,x,y)
7(u,2,y)
(u,,y) .
Let V(u,z,y) := vin, 2,y and N :={1,2,...,n} and denote z := { z | and
r(u,z,y) y
U
w:=| v(u,z,y)
T(u7x?y)

Let z € R}, x R?™ be such that w := F(z) € R%, x R”_ x R, . Such a point
z can be chosen easily. In fact, Hotta and Yoshise [19] used the following simple
method to choose z. Let Z = (@, %,§) be an arbitrary point of R% x R?". Even if
F(Z) ¢ RT, x R"_ x R, we may choose a (dv,dr) € R?" so that

(i‘i — (’lji +d’l}7;)/2,gi +dr; — (’5i +d'v7;)/2) >0, 1€N,
g+dr = f(%) + (¥ + dr),
U+dv <0, 7+dr>0.
By setting
U; = {[fz — (’U, + dv,)/2][g7, + d’l‘i - (’177, + dvz)/21}1/2 > O, 1€ N,

Sl

z,
+ dr,

N4

gi=

This content downloaded from 128.235.251.160 on Tue, 20 Jan 2015 13:03:12 PM
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

NON-INTERIOR POINT METHODS 287

we obtain a point zZ which satisfies F'(z) € R, x R?_ x R} ,. Then let 7 be a
constant satisfying

0 < 7 < minf|w;|: i=1,2,...,3n}
and define
Ci={weR": |uw- (@ w/|o|*)a| < (@ w/|o|*)},
Hy = {we R : oTw < ||o|?},
and
Q=CNHyg.

Then it is easy to see that {2 is a compact set and @ C R xR™ xR Let p : R — R
be defined by

p(a718) =1- a(l - /8)/27
and the merit function v : R3" — R be defined by
¥(2) =0T F(2)/ ||,

Before describing the modified version of the Hotta-Yoshise algorithm, we will
list several conditions used in the following discussion and give some lemmas related
to these conditions.

Assumption 1.
(i) The mapping f is monotone, i.e.,

(@' —2*)T(f(a!) = f(=*) 2 0

for every z',z? € R™.
(if) There exists a feasible interior-point (x,y) of the NCP, i.e.,

(,y9)>0 and y= f(o).

Assumption 2.
(i) The mapping f is a Py-function, i.e., for every zt,2?> € R™ with z* # x?
there exists an index i € N such that

zp #a;  and (27 —a7)(fi(z!) - fi(z?)) 2 0.
(ii) There exists a feasible interior-point (z,y) of the NCP, i.e.,
(z,y) >0 and y= f(x).

(iii) F~Y(D) := {(w,z,y) € R? x R?™ : F(u,z,y) € D} is bounded for every
compact subset D of R? x V(R%, x R2").

Notice that Assumptions 1 and 2 are Conditions 1.3 and 2.2 in [19], respectively.
Lemma 3. If Assumption 1 holds so does Assumption 2.

Proof. The proof of this lemma is similar to that of Lemma 2.3 in [19] despite that
the definition of ¢(u, a,b) used in [19] is equivalent to ¢(y/L, a, b) here. O

Lemma 4 ([19], Lemma 2.1). (i) V(R7, X R?™) is an open subset of R2".
(ii) If (o,7) € V(R x R2™), then

(T+R") x (F+RY) C V(RE, x ®R¥").
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(iil) Specially, if (0,0) € V(RT, x R¥™), which is equivalent to saying that the
NCP has a feasible interior-point, then

R x RY C V(RT, x R*").
By noting Lemma 3 and (iii) of Lemma 4, we have the following useful lemma.

Lemma 5 ([19], Lemma 2.7). If Assumption 2 holds, then
F~YD) = {(u,z,y) € R} x R*": F(u,z,y) € D}
is bounded for every bounded subset D of R} x R* x RT.

Lemma 6. Suppose that condition (i) of Assumption 2 is satisfied, i.e., f is a
Py-function. Then

(i) The Jacobian matriz f'(z) is a Po-matriz at every x € R".
(ii) The Jacobian matriz F'(u,z,y) is given by

I 0 0
Fluyz,y)=| -4D I-(X-Y)D I+(X-Y)D |,
0 —f'(z) I
where X = diag{z;(: € N)}, Y = diag{y:(: € N)}, D = diag{d;(i € N)},
D = diag{d;(i € N)}, and

di = 1/ (.'L‘,' - y,-)2 + 4u%, CL’ = uidi, 1€EN

for every (u,z,y) € RT | x R2".
(iii)
0< 1—(:ci—yi)di<2, 0< 1-|-(.'L‘7;—yi)d,;<2,
and I — (X =Y)D and I+ (X =Y )D are positive diagonal matrices for every
ze R, x R,

(iv) F'(u,z,y) is a 3n x 3n nonsingular matriz for every (u,z,y) € R, x R2".
Proof. (i) has been proved in Lemma 5.4 of [22]. By a direct computation, we have
(ii) and (iii). By noting that f’(z) is a Py-matrix and that (iii) holds, we can deduce
that the matrix

I-(X-Y)D I+(X-Y)D
= f'(z) I
is nonsingular for every z € R, x R?" (see, e.g., Lemma 4.1 of [23])." Thus, by
(i), the matrix F'(u,z,y) is nonsingular for every z € R7, x R?". So, (iv) is also
proved. O

Now we can describe our modified version of the Hotta-Yoshise algorithm.

Algorithm 1. Step 0. Choose constants 8,7 € (0,1), and t € [0,1). Let 2* := z,
¥y = (2), and k := 1.

Step 1. If F(z*) = 0, then stop. Otherwise, let z := 2", ¥ := 9y, and §:= B =
min{y,9*}.

Step 2. Compute Az by
(9) F'(:)Az = —F(2) + B(2).

Step 3. Let Iy, be the smallest nonnegative integer 1 satisfying
(10) F(z+0'A2) €Q
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and
(11) P(z + 6'Az) < p(8, B).

Here &' is the lth power of . Define 2t := z 4 6% Az and ry1 := Y(zF1).
Step 4. Replace k by k+ 1 and go to Step 1.

Remark 1. (i) If t = 0, then we have a slightly updated version of the Hotta-Yoshise
algorithm. In [19] the definition of ¢(u,a,b) is equivalent to ¢(,/k, a,b) here. Our
modification does not affect the global convergence property of the Hotta-Yoshise
algorithm but allows us to prove a global linear result. The reason is that the
variables p,a, b in ¢(u,a,b) have the same growth rate and such defined ¢ is locally
Lipshitz continuous in 3. The latter property allows us to prove that Assumption
3, which is essential for the global linear convergence of our algorithm, can be
satisfied under a regularity condition (see Section 4). The same conclusion does
not go to ¢(y/H, a,b). By choosing t € (0, 1), we will prove a superlinear convergent
result with Q-order 1 + ¢ in Section 5.

(ii) In [19], the vector F(z + 6'Az) in Step 3 is required to stay in the interior of
Q. Here we only require that it stays in .

Proposition 1. If f is a Py-function, then Algorithm 1 is well defined.

Proof. The proof of this lemma is largely based on that of Lemma 6.2 of [19].
To make the material provided here complete and explicit, we give the proof. It
is obvious that we only need to verify that Steps 2 and 3 of Algorithm 1 are well
defined. By Lemma 6, for z = 2* € R7%, x R?" the matrix F’(u,z,y) is nonsingular.
So, Step 2 is well defined. Next, we prove that Step 3 is also well defined. First,
from (ii) of Lemma 6 and (9) of Algorithm 1, for z = 2* € R?, x R2" and 8 = B
we have

(12) Au = —u+ fY(2)a.
Then for z = 2% € R, X R?™ and any a € [0, 1], it follows from (12) that
u+alAu = (1 - a)u+afy(z)u € R,
and so,
z+alz e R, x R

For z = 2* and « € [0, 1], define

(13) g(a) = F(z + alz) — F(z) — aF'(2)Az.

Since F is continuously differentiable at z = z*,

(14) g9(a) = o(a).

Combining (9) with (13), for z = 2*, 8 = B, and any « € [0, 1], we have
(15) F(z+ aAz) = (1 — a)F(z) + a[fy(z)w + g(a)/q]

and

Yz +alz) = (1 - a)P(2) + alfp(z) + w7 g(a)/(a]w])]

<(1l-a)y(z) +a [ﬂtl)(z) + ____||g(a)||] i

ol

(16)
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Define

A7) ay:=sup{a’ € (0,1] : [lg(a)ll/a < (1 = B)¥(2)[l@ll/2 Vo € (0,0}
and

(18) oy :=sup{a’ € (0,1]: 2+ /[l@l)llg(@)ll/e < TBY(2) Va € (0,]}.

Then, by using (14), the constants a,, and a; are positive and well defined by (17)
and (18), respectively. It then follows from (16), (17), (15), and (18) that for all
o€ (Ov a¢],

Y(z+aldz) <{(1-a)+cB+(1-06)/2}¥(z)

=1 —a(1-5)/2]¥(2)

(19) = p(a, B)Y(2),
and for all a € (0, a4],
(20)
) T [BY(2)d +g(e)/a] || @7 [By(2)w + g(a)/a]
R T i

- _w'gl@)/a || w'g(a)/a

= otarra - ] - (50t + SERE)

< lg(@)l/a + lg(a)l/a — o) + rLX/

< @2+ 7/lwl)ligla)ll/o — T8%(2)

<0.
Hence

BY(z)w + g(a)/a € C.

Then from F(z) € C, the definition of C, and (15) that for all @ € (0, ], we have
(21) F(z +alz) = (1 - a)F(z) + o[y (2)w + g(a)/a] € C.

Also, since (19) holds for all a € (0, ay), it follows from the fact F(z) € Hy that
for these a’s we have

(22)  @TF(z+alz) = P(z + ad2)|a|® < (2)|lol* = 27 F(z) < ||o]*.
Then for all a € (0, min{ay, a1}], we have from (21), (22), and (19) that
Fz+alAz) € Q and 9¥(z+ alz) < pla, B)Y(z).

This shows that in Step 3 I is well defined and finite, i.e., 6 > 0 and Step 3 is
well defined. a
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3. GLOBAL AND MONOTONE CONVERGENCE

Theorem 1. Suppose that Assumption 2 holds. Let {(z*,4x) € Q x [0,1]} be a
sequence generated by Algorithm 1. Then

(i) The sequence {z* = (u*,z*,y*)} is bounded.

(ii) The sequence {1x} is monotonically decreasing and converges to 0 as k — oo.
(iii) limg—oo u® = 0 and every accumulation point of {(z*,y*)} is a solution of
the NCP.
Proof. (i) Since 2 is compact and  C R} x R? x R}, from Lemma 5 we know
that F~1(f) is bounded. It then follows from F(z*) € Q that the sequence {z*} is
bounded.

(ii) From Algorithm 1 and Proposition 1 we can see that ¥, > ¥y
(k =1,2,...). Hence the sequence {1x} is monotonically decreasing. Since ¥y > 0
(k=1,2,...), there exists a 1 > 0 such that ¥} — ¥ as k — co. If Y = 0, then we
obtain the desired result. Suppose that ¥ > 0. Since, by (i), the sequence {z*} is
bounded, by taking a subsequence if necessary, we may assume that {z*} converges
to some point z. It is easy to see that ¢ = @ F(2)/|w|? = ¥(Z) and F(2) € Q.
Thus, from %(Z) > 0 and F(2) € C, we can see that F'(Z) € R}, x R2_ x R% .
Hence 7 € R, x ®°" because %; = F;(Z), i € N. Since for all k, % > % > 0,
there exists a positive number 3 such that By — (3. Let z € %, x R?" and
B(z) = min{vy,%(2)'}. Then from Lemma 6, F’(z) is nonsingular. Let Az be the
unique solution of the following linear system of the equations

F'(2)Az = —F(2) + B(2)¢(2)w.
For a € [0, 1], define
9:(a) = F(z + alz) — F(z) — oF'(2)Axz.
Then from the Mean Value Theorem [24],

g.(a) = a/ol[F'(z + 0alz) — F'(2)]Azd.

From (ii) of Lemma 6 we can easily see that F'(-) exists and is continuous in
a neighbourhood of Z, and so, it is uniformly continuous in this neighbourhood.
Furthermore, since Az — AZ as z — Z, for any given € > 0 there exists a neigh-
bourhood N(Z%) of % such that for all z € N(2), ||g.(a)||/e < €. Hence, since

(1 =B ()wl/2 - [1-BE@)w(Z)|wl/2>0
and
B(2)Y(2)/(2 + 7/||@ll) = B(Z)¥(2)/(2+ /|w]) >0

as z — Z, there exist a positive number & > 0 and a neighbourhood N (%) of Z such
that for all a € (0,4d],

llgz(@)ll/e < [1 = B(2)]¥(2)|wl/2
and
@+7/l@lDlg:(@)l/a < TB(2)%(2).

Then by examining the proof of Proposition 1, we can see that for any o € (0, d]
and all z € N(Z) such that F(z) € 2, we have

F(z+alAz) € Q and ¥(z+ alz) < p(a, B(2))¢(2).
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Therefore, for a nonnegative integer [ such that ' € (0, &), we have
F(zF +6'A2F) € @ and 9(2* + 6'Az%) < p(8, B )v(2F)
for all sufficiently large k. Then, for every sufficiently large k, we see that I*¥ < |
and hence §'* > §. Then
Yre1 < p(8%, B)vor < p(8", Br)vk < p(8', Br)i

for all sufficiently large k. This contradicts the fact that the sequence {1} con-
verges to ¢ > 0.

(iii) From the design of Algorithm 1, F(2*) € C, i.e.,

IF () = w(z*)ll < (")
By assertion (ii) above, we have lim_, ¥(z*) = 0. Then by taking limits on both
sides of the above inequality, we obtain limg_. F'(2¥) = 0. Hence, limy_, o, u* = 0.
Suppose that (Z, 7) is an arbitrary accumulation point of {(z*,4*)}. Then (0,z,7) €
R3" is an accumulation point of {2*}. By the continuity of F, we have F(0,%,7) =
0, i.e,
H(z,g) =0.

Thus (Z, §) is a solution of the NCP. 0

4. A GLOBAL LINEAR CONVERGENCE RESULT

In this section we will provide a global linear convergence result. The most
distinctive feature of our result is that we do not require the initial point to stay
in a specified bounded level set or its variants, which may not be easy to know.
There are some global linear convergence results for noninterior point algorithms or
smoothing methods, as in [1, 4, 9, 35, 36], but they need this requirement. We avoid
this requirement by using a neighbourhood different from those of [1, 4, 9, 35, 36].
This requirement was also avoided in three recent reports (4, 2, 3] by refining a
neighborhood or its variants as studied in [1, 4, 9, 35, 36].

Assumption 3. There exists a constant cg > 0 such that for all k > 1,
IF' ()71 < co.
Let (z*,y*) be a solution of the NCP, and define
I(z*,y")={te N: z; >0, y; =0},
JEy")={ie N: z] =0, y] =0},
and
K(z*,y)={ie N: z; =0, y; > 0}.
We say that the R-regularity condition holds at (z*,y*) if M/ is nonsingular and
the matrix
My = My My My,
is a P-matrix, where M := f/(z*) and I, J, and K are abbreviations of I(z*,y*),
J(z*,y*), and K(z*,y*), respectively [29)].
Proposition 2. Suppose that Assumption 2 is satisfied and the sequence {z*} is

generated by Algorithm 1. If the R-regularity condition holds at all (z*,y*) € R*"
with (0,x*,y*) being an accumulation point of {z*}, then Assumption 3 holds.
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Proof. First, according to Theorem 1, the sequence {z*} generated by Algorithm
1 is bounded and each accumulation point (z*,y*) of {(z*,y*)} is a solution of
the NCP. Then, that the R-regularity condition holds at (z*,y*) is meaningful.
It is easy to verify that F'(-) is locally Lipschitz continuous. Let OF(z) be the
generalized Jacobian of F at z, as defined in [14]. Then, by Lemma 6, after a
simple computation, we have

I 0 0
OF(0,z*,y") C —4D* v w* ,
0 —fl(z*) I
where D* = diag{d} (i € N)}, df € [-1/2,1/2], and V*,W* € R™*™ satisfying
v w* * ook
( ——f’(a:*) I ) E(’)H(w 'Y )

Since the R-regularity condition holds at (z*,y*), all the matrices T € OH (z*,y*)
are nonsingular (e.g., see Proposition 4 of [4]). This further ensures that all the
matrices S € OF(0,z*,y*) are nonsingular. Then by Proposition 2.5 of [26] we
know that (0,z*,y*) is an isolated solution of F(z) =0, i.e., (z*,y*) is an isolated
solution of the NCP. This means that the sequence {z*} has only finitely many
accumulation points; otherwise, there must exist an accumulation point of {z*},
which is not an isolated solution of F(z) = 0. Then by Proposition 3.1 of [28] and
the fact that OF (2*) = {F'(2*)} since F(-) is continuously differentiable at z* for
any k > 1, we can find a constant ¢g > 0 such that Assumption 3 holds. This
completes the proof. O

Theorem 2. Suppose that Assumptions 2 and 3 are satisfied and in Algorithm 1
the constant t is set to be 0, i.e., By =<y for all k > 1. Then there exists a constant
c € (0,1) such that for all k > 1,

(23) P < ep(eh).
Moreover, if vy satisfies
(24) ~vu;/(a; —T) <1, €N,
then there exists another constant € € (0,1) such that for all k > 1,
(25) ubtt <euf, ieN.
Proof. First, from F(z*) € C and F;(zF) = u¥,i € N, we get
(26) IF )< (r+ o)) (")
and
[uf —(2F)a;| < Tv(2*), ieN.
Hence, from the definition of T,

(27) 0 < (@ — T)P(2*) < uf < (@ +7)9(*), ieN.
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Then, by (9), Assumption 3, (26), and the fact that 8 = vy, we get
1A25]] < eoll = F(2*) + Bryp(*)a|
(28) < col(r + 1@l (") + Y]l ("))
= Cl¢(zk)7

where ¢; 1= co[T + (1 4+ 7)||@||]. Let

g% (@) := F(2F + aAzF) — F(2F) — oF'(2*)AZF
and

1
ok (a) = a/ [f'(z* + abAz®) — f'(z*)AzFdd.
0

By using Lemma 2 and the structure of F, for any a € [0,1) and ¢ € N we have

6% 44(c)]
= |Fasil2* + @AZk) = Foyi(2F) — aFy o (29)AZ
= [B(uk + aluk, ok + aAck, ¥ + alyF) — ¢(ub, ok, uF)

—a¢’(ui~°, xi‘c’ yf)(Auf, Axf, Ayf)'

2
(¢ -
(@) <) (A, Adk, A

1

From Theorem 1 we know that {z*} is bounded and {%(z*)} — 0 as k — oo, and
so from (28) {||Az*||} also converges to 0. Since f'(-) is continuous, it is uniformly
continuous on every compact set. Let

o fa-lel
(30) e.—mm{ I >2(2+T/||wu>c1}'

Then there exists a positive number & € (0,1] such that for any a € [0,d], any
6 € [0,1], and any k > 1,

If/(z* + afAz®) — f'(c*)] <e.
Hence for any a € [0,&] and any k > 1,

(31) lo* (@)l < ael|Az®|| < acl|Az"].
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By noting that g¥(a) = 0 for all i € N we have

Li=1

1/2
gt @)l = (1gF @) + gk 4s(@)* + Ig§n+i(a)l2)]

[ n

1/2
= Z(|g§+i(a)|2 + |g§n+¢(a)|2):l

Li=1

1/2

IA

[ n 1/2 n
3 |g:+i<a>|2] ¥ [z |g§n+,.<a>|2]
Li=1 i=1

(32)

IA

Y lghri(@] + llo* (@)

=1

Let ¢ = (neuf}ﬂ’ — 7)71c2. Then, from (32), (29), (31), (27), and (28), for any
a € [0,&) (note that & < 1) we have

2
k < @ o BY=1 A k(2 k
lg®(@)|l < 1_0(%1]{,1%) A" + ael|AZ"||
C(minas — 7)) AP + ac A
— 1—a'ieN
2
(o7
< s N=1.0 ky—1 2.0 k\2 k
S g (mings — )7 (") T epu(2t)” + aecrp(z")
(33) =a (1 —c + c16> »(2%).
Define & as
_ . (=)l Ty 1
4 = —_— .
(34) @=mn {a, 8cy 424 7/||w|)es’ 2
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Then from (33) for all & € (0, @] we have

(35)
PY(2* + alz*) — p(a, Br)Y(2")

= P(2* + al2®) — p(a, 7)i(2¥)
= wF(2* + oAz /|o]? - [1 - a(l - 7)/2¥(z*)
S T [F(2%) + aF' (%) A2%)/|[wl® + llg*(@)ll/ @]l - [1 - a1 = 7) /2] (z*)
=0T F(2")/ 0] + aw® [-F () + vy (<*)a)/||w]|?
~[1 = a1 = 7)/2 (") + llg*(@)|l/ Il
= (2*) — ap(2*) + ap(2*) — [1 - a(1 = 7)/2%(*) + llg* ()l/ @
= [a(1 = 7)/2%(z*) + lg*(@)ll/ @]

< [a(t = /2w + a (12

l—-«

e + cls) B()/

and

“[W(z")w + g (a)/a] — LD+ gk(a)/a]w“

lw)?

0 ()@ + g5 (@)/a]

[k
Nk oy - BT @/ Ny BTG/
=+ @ra - G| - (ot + R
koz «
<l (@l/a-+ g (@)l/a - rr(e4) + r L

< @+7/la)lg(@)ll/a — ry(2*)

o

(36) < @+/lal) ( & +cle) () — ().

l-«o
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By considering (30), (34), (35), and (36) we have for all & € (0, &] that
(37)
P(2* + alz¥) — pla, Br)p(2F)

< [=e(1 = 7)/219(2*) + a(2ac; + cie)y(z*) /@]
= [~a(l - 7)/4 + acie/| o] (") + [~a(l - 7)/4 +2a°cy/ | @ ]1(2¥)

< [=a(l = 9)/44 a(l = 7)/4%(z") + [~a(l = ) /4 + 2a(1 — 7) /8w (z*)

=0
and
T [y(2F)w + g¥(a)/a
|ty + ot (@ya) - IO T Lo
o]l
_ ()0 + g5(a) o]
[l

< 2+ 7/)|w]))(2ace + c18)p(2F) — Typ(2F)

=22+ 7/|l@l))acz = Tv/2]9(2*) + (2 + 7/||@])ere — Tv/2J(2F)
(38) <0+0.

Hence from the inequality (38) for all & € (0, a],
Y(2F)w + g (@) /o € C.

Then from F(zF) € C, the definition of C, and the fact F(z* + aAzF) =
(1 - @)F(zF) + a[yy(2*)w + g*(a)/a] for all a € (0,a], we have

(39) F(z¥ + alZF) e C.
Also, from (37), for all a € (0, a],
(40) @"F(* + aAz®) = (2* + alh)||@|® < () ||@|® = 2T F(2*) < |lw]|?.
Then, from (39), (40), and (37), for all a € (0, @] we have
F(z* +al2) € Q@ and ¢(2* + aAzF) < pla, v)p(25).

Let [ be the smallest nonnegative number such that 6! < @ Then ay > &. Let
c:= p(é',7), then

P(2*1) < plar, NY(2F) < p(8', 7)9(2*) = ey(2").

This proves (23).
Next, we prove (25) under the assumptions. From (9), we have

Au* = —uF 4 yy(2F)a.
Then,

uftt = (1 - aw)uf + apy(zM)a, i€ N,
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which, together with (27), gives
(41)
bt <1 — o + apyli /(B — T)uf = {1 = [1 — yag/(a@; — 7)]axtuf, ieN.
Let
c:=1-{1- 'yrz%%c[ﬁi/(ﬁi — 7))}t
Then, since + satisfies (24) and &' € (0,1], ¢ € (0,1). Hence, from (41) and the fact
ai > 8, we get
uFtt <euf, i=N,
which completes the proof. a

Remark 2. (i) The results in Theorem 2 do not hold for the original version of the
Hotta-Yoshise algorithm, where the definition of ¢(u,a,b) is ¢(p,a,b) = a+b—

V(e = b)?% +4u.

(ii) In [4, 9, 35], the authors provide a global linear convergence theorem similar
to Theorem 2 under the additional assumption that f’(-) is Lipschitz continuous.
Here we do not make such an assumption.

5. SUPERLINEAR CONVERGENCE

In this section we will discuss superlinear convergence of the algorithm by setting
t € (0,1) in Algorithm 1. Suppose 2* = (0,z*,y*) is an accumulation point of the
sequence {z*} generated by the algorithm. Then under the assumptions made in
Theorem 1, 2* is a solution of Fi(z) =0 and (z*,y*) is a solution of the NCP. We
make the following assumptions at z*.

Assumption 4. F'(2*) exists and is nonsingular.

Assumption 5. There erist positive constants L and € such that for all z,2" €
B(z*,e) :={z2€ R : |z —z*| <¢e},

(42) IF(z') = F(2) = F'(2)(z' = 2)| < Ll - =]*.
Proposition 3. Suppose that z* satisfies
4+ f(z*) >0

and f'(-) is Lipschitz continuous around =*. If f'(x*);; is nonsingular, then As-
sumptions 4 and 5 are satisfied, where

I'={i: z} >0}
Proof. First, it is easy to verify that F'(z*) exists under the assumption that z* +
f(z*) > 0. Moreover,

I 0 0
Fiy=[0o v w ],
0 —fl(z*) I

where V* W* € R**" satisfying
oo ey v w
H(l‘,y)—( _fl(x*) I )
Then F’(2*) is nonsingular because H'(z*, y*) is nonsingular under the assumptions
that z* + f(z*) > 0 and f/(z*);s is nonsingular. This verifies Assumption 4.
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To verify Assumption 5 we only need to prove that ®(-) is continuously differ-
entiable in a neighbourhood of (0,z*,y*) and its derivative is Lipschitz continuous
because Fj(z) = u;,¢ € N, all F;(-),7 € {2n 4+ 1,2n + 2,...,3n} are continuously
differentiable on R3”, and their derivatives are Lipschitz continuous under the as-
sumptions. However, since z* + f(z*) > 0, it is easy to see that ®(-) is twice
continuously differentiable in a neighbourhood of z*. Then Assumption 5 is veri-
fied. d

Theorem 8. Suppose that Assumption 2 is satisfied and z* is an accumulation
point of {2*}. Ift is set to be in (0,1) and Assumptions { and 5 are satisfied at 2*,
then the whole sequence {z*} converges to z* with Q-order 1 +1t, i.e.,

(43) 12541 = 2*|| = O(ll2* — z"||***).
Moreover,

(44) Y = O(¥(=")'*)
and

(45) uftt = O((uk)'tt), ieN.

Proof. By Theorem 1, z* is a solution of F'(z) = 0 and (z*,y*) is a solution of the
NCP. Also, from Theorem 1, we have that

(46) F(z*) -0 and 9(z*)—0

as k — oo. If zF is very near z*, then, from (9), (46), and Assumptions 4 and 5,
Az* is very near zero. Thus, from Assumption 5, there exist positive numbers L
and ¢ such that for all z* € B(z*,¢),

(47) |F(z* + AZ%) — F(zF) — F'(2F)AZF|| < L||AZF|2.

Suppose that € is small enough such that for any z € B(z*,¢), F'(z) exists and is
invertible. Let

Li:= max {|F'(z) Y} and Ly:= Ly(2|w| +7).
zEB(z*,e)

Then for all 2% € B(z*,¢),
(48) 1AZ5] < Li|| = F(2%) + Biab(F)oll < Li[| F ()| + Billw ] (2*))-
Since F(z*) € C, we have
IF(*) — (")l < Tp(=*).
This implies that
(49) IFEE < (o]l +T)w(").
By combining (48) and (49) and using the fact B < 1, for all 2¥ € B(z*,¢) we have
(50) 1AZ*] < Li(ll@]l + 7 + Bell@l)w(2*) < Law(2*).
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Then, from (47), (9), and (50), for all z* € B(z*,¢) we have
[(2F + AZF) = Brap(2Y)]
= [@"F(2* + AZF)/|[0]® — Brp(2F)]
< [@T[F(2%) + F' (%) AZ¥)/|@® - Brp(2F)| + L] AZF|1?/ |l @]
= @ [Bryp(z*)w]/|©* — Br(2¥)| + L Az|? /|||
= L||AZ*|?/ |||

< L(L2)*¢(2*)?/||w].
Then, by letting L3 := L(L3)?/||w]||, for all z* € B(z*,€) we have
(51) [W(z* + AZ%) — Brp(2M)] < La(29)>.

According to our algorithm and Theorem 1, when k is sufficiently large, Gr =
¥(z*)?. So, when z* is sufficiently close to z*,

(52 Bt Lap() < 5 + 25 = (1, 0).

N =

Then from (51) and (52), when z* is sufficiently close to z*,
(53) Y(* + AZ%) < B (k) + Lav(2*) < p(1, Br)w(2*).

On the other hand, since (2% + Az*) = w7 F(2* + Az*)/|@||?, from (53) and the
fact F(z*) € Hy, we get

WTF(2* + AZ%) = ||w||?9(zF + AzF)
< olP(3 + )9
= (3 + ) F()
< (3 + 3w
< lo]®.
So,

(54) F(z* + AZF) e Hy.
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Meanwhile, from (51), (9), (47), and (50), for all z* sufficiently close to z* we have
IF(2* + AZ%) — [@" F(2* + A2*)/||]|*)w]|

= |F(2* + Az%) — (zF + AzF)w||

< |IF(* + Az*) = Brp(z*) ol + La||w||y(2*)?

= ||F(z* + Az¥) — F(2*) = F'(z*)Az%|| + Ls|lwll9(2*)?
< LIAZH|? + Ls|lwlls(2*)?

< L(L2)?9(2%)? + La|lwllp(2*)2.
By letting Ly := L(L2)? + L3||w]|, for all 2* sufficiently close to z* we have

(55) IF (2" + AzF) — [@" F(2* + A2%) /|@]]w]| < Layp(2¥)?.
Suppose that z* is sufficiently close to z* such that

2
(56) Br = Law(e*) = $(2*)" — Lap(z*) 2 ~Layp(2").

Then, from (55), (56), and (51), for all z* sufficiently close to z* we have
[F(z* + AzF) — [@TF(2F + Az¥)/||o]?]o|

< Lytp(2*)?
< Z1Bk — Law(2%)]p(2*)

(57) < Zy(2F + AZF).

Thus, from (53), (54), and (57) we have in fact proved that for all z* sufficiently
close to z*,

(58) 2P = 2% 4 Az
i.e., lx = 0. Again, from (9), for all z* sufficiently close to z*,
25 + AzF — 2| = || + F'(z*) ' = F(2*) + Bryp(z")@] - 27|

= O[lIF(z*) = F() = F'(")(z" — 2*) | + v(z*)""*|1w]]
(59) = O(l2* — 2*|1*) + O(IF (=)|I**")
= O(llz" = 2*|*) + O(l|2* — z*||***)

= O(ll2* = 2*|I'*).

Then, by combining (59) with (58), we know that when k is sufficiently large we
have

2P =2k 4 AR
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and
251 = 2*|| = O(||z* — z*||**).

Hence the whole sequence {z*} converges to z* with Q-order 1 + ¢. Then (43) is
proved. Since the whole sequence {z*} converges to z*, from (51) and Gy, = ¥(2*)?
for all k sufficiently large we have

B(H) = O (™).
This proves (44). Furthermore, from (9), when 25! = 2% + Azk,
uFtt = ok + AuF = oF 4 [—uF 4 B (2F)a) = Bry(2F)a.
Then, because when k is sufficiently large, z°T! = 2k + Az*, for all k sufficiently
large we have

(60) } _ w1 = By (2F)a.
It follows from F(2*) € C and Fj(z*) = u¥,i € N that
|uf — (F)wi| < ().
But, since 0 < 7 < 51611151{1‘%}, we have ¥(z¥) = O(u}),i € N. Hence from (60) we
have
ubtl = O((uf)!t), ieN.
This is (45). So, we complete the proof of this theorem. O

For different choices of a parameter ¢t € [0,1), the algorithm introduced in this
paper is shown to be either globally linearly convergent (when ¢t = 0) or globally and
locally superlinearly convergent (when ¢ € (0,1)). It was pointed out by the referee
that the predictor-corrector strategy may be useful to get an algorithm with both
global linear convergence and local superlinear convergence properties. By using
a different neighborhood, Burke and Xu [2, 3] provided such results for monotone
and nonmonotone linear complementarity problems.
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