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Abstract

In this paper we propose a smoothing Newton-type algorithm for the problem of minimizing
a convex quadratic function subject to finitely many convex quadratic inequality constraints.
The algorithm is shown to converge globally and possess stronger local superlinear convergence.
Preliminary numerical results are also reported.
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1 Introduction

The quadratically constrained quadratic programming (QCQP) is the following

min  fo(2)

(1.1)
s.t. f(z) <0,

where f(2) = (f1(2),..., fm(@)T, (&) = 32TPI2 + (a?)T3 + bj, # € R", 0/ € R, PI € RV,
bj € Rforall j € Jp:={0,1,...,m} (we reserve z for later use). In this paper, we are interested in
(1.1) when all f;,j € Jy are convex functions, i.e., all P?,j € Jy are symmetric positive semidefinite
matrices.

Interior point methods (IPMs) have been successfully applied to solve convex optimization prob-
lems and monotone complementarity problems [21, 36]. Besides the polynomial complexity, the
superlinear convergence has always been an important topic in IPMs. Early superlinear convergence
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analysis of IPMs requires many conditions [39, 40]. Under the strictly complementary condition, Ye
and Anstreicher [38] proved the quadratic convergence of a predictor-corrector IPM for solving the
monotone linear complementarity problem (LCP). The strictly complementary condition has been
successfully eliminated in proving the superlinear convergence of some predictor-corrector IPMs for
LCPs [20, 31, 32, 41]. The local superlinear convergence analysis of the existing IPMs for solving
nonlinear optimization problems depends on the strictly complementary condition [27, 28, 34].

Smoothing Newton-type methods are originally designed for solving nonsmooth equations arising
from the mathematical programming field. So far, a number of globally and locally superlinearly
convergent smoothing Newton-type methods have been proposed. For a comprehensive treatment on
this topic, see [8, Ch.11]. A key condition for the superlinear convergence of smoothing Newton-type
methods is the nonsingularity of the generalized Jacobian of the function involved in the nonsmooth
equations. For the Py function nonlinear complementarity problem (NCP), this condition implies
that the solution set consists of a single element. Several authors have investigated ways to relax
such a relatively restrictive condition in smoothing Newton-type methods for linear programming
[4, 5] and LCPs [14, 35|, and in the Levenberg-Marquardt method for the nonlinear equation [37].

In this paper, we will propose a smoothing Newton-type method for solving the convex QCQP
(1.1). It should be noted that such a QCQP can be cast as a second-order-cone problem (SOCP)
[17, 21]. Since the SOCP can be solved efficiently by using IPMs, one often reformulates the convex
QCQP as the SOCP and then solves the corresponding SOCP. Such an approach may not be practical
for those convex QCQPs with a huge number of constraints. For example, the subproblems of
second-order methods for solving semi-infinite programming are convex QCQPs of a large number
of constraints (see, [22, Ch. 3|). Here, we will reformulate the QCQP as a system of nonsmooth
equations instead of an SOCP. The proposed algorithm is shown to possess the local convergence
features of both smoothing Newton-type methods and interior point methods. Specifically, the
superlinear convergence of the algorithm is obtained under either the nonsingularity condition or
the strictly complementary condition. To some extent, this paper can be regarded as an extension
of [14] for solving the LCP to the convex QCQP. However, due to the nonlinear structure of the
QCQP, substantial differences exist and new techniques are needed.

The paper is organized as follows. In the next section, (1.1) is reformulated as a system of pa-
rameterized smooth equations. In Section 3, we propose the smoothing Newton-type algorithm and
discuss its global convergence. In Sections 4 and 5, we investigate the local superlinear convergence
of the proposed algorithm under the nonsingularity and the strictly complementary condition, re-
spectively. Numerical results are reported in Section 6. Proofs of some technical lemmas are given
in Section 7.

2 Preliminaries

Throughout this paper, we use the following assumption:

Assumption 2.1 (i) P’/ are symmetric positive semidefinite matrices for all j € J.

(ii) (Slater Constraint Qualification) There is a point 2° such that f(x°) < 0.



It is well known that, under Assumption 2.1, solving (1.1) is equivalent to solving the following
system

V(@) + f(@)A=0, A20, —f(@) >0, Xf(#)=0, (2.1)
where A € R, /(&) = (Vf1(2),...,7fm(@))T, and vV fj(&) is the gradient of f;(Z) at = € R”,
j € Jo. Every solution of (2.1) is called a KKT point of problem (1.1). Let
- 1 aNT R .
W= ( ) F() = ( Vf‘)(xz;@f)(:”) A ) K= {(&\) e R"™: 2 e R", X € R7}.

Then, solving (2.1) is equivalent to finding a vector w* € K such that

N

(0 — *)TF(w*) >0 for allw € K. (2.2)

Let w denote the vector (z7,\T)T and Ix(w) denote the Euclidean projection of w onto K. It is
well known that problem (2.2) is equivalent to the following normal equation

FIg(w)) +w—Ig(w) =0 (2.3)
in the sense that if w* € R™"™ is a solution of (2.3), then w* := g (w*) is a solution of (2.2), and
conversely if @* is a solution of (2.2), then w* := w* — F(w*) is a solution of (2.3) [16, 30]. Let
Hy(z,\) := F(Ilg(w)) + w — g (w). Then (2.3) becomes

7 fo(z) + f'(x)" Ay
H A) = =0 2.4
0(337 ) ( —f(l‘) N >\+ ) ( )

where A\ is a vector whose i-th component is max{0, \;}, i € J.

Since Ay is not differentiable everywhere, the function Hy is not differentiable. We now introduce
the following smoothing function:

D, A) :=vec{p(u,\i) i € T}, (2.5)

where for u € R™, vec{u; : i € J} denotes an m-vector whose i-th component is u;; and ¢ : #2 — R
is defined by

ba.h) = 5 (b+ VT Aa2), (a,b) € Rx R (2.6)
The function ¢ is continuously differentiable around any (a,b) € % x R such that (a,b) # 0,
$e = (s () =0
Define H : & x " x R™ — R x R* x R™ by
L
H(px,N) == | fo(@) + f/(@)T @A) |, (n2,0) € Rx R x R™.

—f(z) + A= 2(p, )



Then, (z*,\*) € R" x R™ solves (2.4) if and only if (0,2*, \*) solves H(u,z,\) = 0. Based on the
function H(-), we define the following smoothing function:

7
H(/L’x’A) = VfO(x) + f/(:E)T(I)(:u’ >‘) +91(/‘)$ ) (2'8)
—f(x) + A= 2(u, A) + g2()A + g3 ()7 (p, 2, A)

where m(u, x, ) := vec{m;(u, z,\) : i € J} with
771'(,“75177/\) = QS(,U, )@( fl( ))7 ieJ, (29)

and for each i € {1,2,3}, g; : R — Ry is a twice continuously differentiable function satisfying
gi(n) 20 Vi, gi(0) =0, g;(n) =0(?), and |gi(n)| = O(n). (2.10)

(ke
When = 0. 75120 = 1(0.2:) = D)4 E)es € 7. 11(0) = a0) = ) =0, chen
H(u,z,\) = H(p,z,\). The terms g1 (u)r and go(u)\ represent the regularized part for H and
g3(p)m(p, z, A) the Smoothed penalized part. From both theoretical and practical points of view, we
require

gi(p) >0, Vu#0,i=1,2,3. (2.11)
It is evident that (z*,A*) € R™ x R™ solves (2.4) if and only if (0, z*, \*) solves H (p,z, \) = 0.

For any positive integer p, EP denotes the p x p identity matrix. For any u € R™, let diag{u; :
i € J} denote an m x m diagonal matrix whose i-th diagonal element is u;. Then, for any z =
(p,z, \) € RIFHM with p £ 0, it follows from (2.8) that

1 0 0
H'(z)= | f'(@)"(@W), +oi(wz  M(2) F'@)T (@) | (2.12)
P(z) R(z)[=f'(z)] N(z)

where (®(y));, is the partial derivative of ®(y) = ®(u, \) with respect to p, (®(y))) is the partial
derivative of ®(y) = ®(u, A\) with respect to A, and

M(z) = PO+ Y Pidi(y) + i E", (2.13)
ieJ
P(z) = —(®(y)), + %A+ gs(p)m(2) + g3 (1) (7 (2)),,, (2.14)
R(z) := E™+Q(z), where Q(z) :=diag{q;(z) : i € J} with
qi(z) = % (1 Ve {;(;;; ) ®i(y)gs(p), (2.15)
N(z) = (E™ = (2(y)))) + g2(w)E™
+93(1) (®(y))rdiag{d(u, — fi(z)) : i € T}. (2.16)

Proposition 2.1 Under Assumption 2.1, for any z = (u,z,\) € R with 1 # 0, the matriz
H'(z) is nonsingular.

Proof. Let dz := (du, dz,d\) € R x R™ x R™ satisfy H'(z)dz = 0. Then from (2.12), it follows that
dp =0 and

M(z)dx + f'(z)T (®(y))\d\ = 0, (2.17)
R(2)[—f'(z)]dx + N(z)d\ = 0. (2.18)



From (2.15) we know that R(z) is a positive definite diagonal matrix. By multiplying equation (2.17)
on the left side by (dz)”, we have

(da)" M (2)dz + (f'()dz)" (D(y))3dA = 0,
which together with (2.18) implies
(dz)T M (2)dz + (dN)TN(2)R(2)"H(@(y))\dA = 0. (2.19)

From (2.7) we know that (®(y))} is a positive definite diagonal matrix. In addition, since P’
are positive semidefinite for all j € Jy, ®;(y) > 0 for all i € J, and ¢g1(p) > 0, it follows that
PO+ 37 P'®;(y) + g1 (1) E™ is positive definite. Similarly, we can obtain that N(z)R(z)~!(®(y))}
is also positive definite. Thus, (2.19) implies that dz = 0 and d\ = 0. Therefore, the Jacobian
matrix H'(z) is nonsingular. O

The following notation will be used in this paper. For any vectors u,v € R", we write (uT, UT)T as
(u,v) for simplicity. For any KC, £ C {1,...,n}, we denote by ux the vector obtained after removing
from u those u; with ¢ ¢ IC; and for any A € R"*™ we denote by Ay, the submatrix of A obtained
by removing all rows of A with indices outside of K and removing all columns of A with indices
outside of £, and denote by Ax. the submatrix of A obtained by removing all rows of A with indices
outside of K. For any o € R, and § € R4, we write a = O(f3) (respectively, a = o(3)) to mean
a/f is uniformly bounded from above (respectively, tends to zero) as 8 — 0, write @ = O(1) to
mean that there is a constant C > 0 such that « < C. Let k£ > 0 denote the iteration index, and
write a = ©(f3) to mean that there are two constants Co > C; > 0 such that C18 < a < C33. For
any (u,z, ), (g, 2%, M) € Ry x R x R™, we denote

w = (‘Ta)‘)a wk = (xka)‘k)7 Y= (M7 )‘)7 yk = (Mky)‘k)v g = (Myxv)‘)7 Zk = (,ufkaxky)‘k)

Let p and ¢ be two positive integers. The kernel or null space of a matrix A € RP*7 is KerA := {d €
R?: Ad = 0}, while the range space is denoted by RanA := {Ad : d € R}.

3 Algorithm and Its Global Convergence

Let fi, x € (0,+00), t1 € (0,1], and to, 7, € (0,1). Define 0, ¢, 5 : RIT"F™ — R, by

0(z) = |H(2)ll, ¥(2):=0""(2), and B(z):=ymin{l,¥(2)}, 3.1)

respectively. For z = (p,z,\) € R+ and y = (u, \) with pu # 0, let

ui(2) == fl(@) a1(2) + a1(2) and  wug(2) := Ga(2) + Ga(2), (3.2)

where
i) = (®)od(:) — (@), (33)
ia(2): = —(@())moB(=) + 5@ (), (3.4)
w(z): = gi(wz+ gy () (—p+po(2))z, (3.5)
Uz(z) 1 = ga(wA+g3(1)m(2) + [g2(A + g5(1)7(2) + g3(1) (7w (2)) ) (= + 1B(2)).  (3.6)

5



Define u : R1H7+Hm — Rrm by

u1(2) ;
u(z) = < up(z) ) fu#0 (3.7)

0 otherwise

(@) _ [ e itrpmEm < )
v(2) = ( v9(2) ) '_{ u(z)  otherwise, (3:8)
where e denotes the (n + m)-vector of all ones. Define £ : R — Ry by
€0V = min| A (3.9)
and T : RIFEm _ RlAntm hy
fi5(2) fih(2)
T(z) =] wvi(z) if &\ > ru'?; T(z):= 0 if &\ < kp'. (3.10)
v2(2) 0

Our smoothing Newton-type algorithm is now formally stated as follows.
Algorithm 3.1 (A Smoothing Newton-Type Algorithm)

Step 0 Choose t; € (0,1], t2,0,0 € (0,1), and x, i € (0,00). Let (z°,\°) € R"T™ be an arbitrary
vector. Set po = i and z° := (up,2°,A°). Choose v € (0,1) and 7 € (0,1) such that
Yo +7vVn+m < 1. Set n:=yuo+7v/n+m and k := 0.

Step 1 If 6(z*) = 0, stop.

Step 2 Compute AzF := (Apy, Axk, ANF) € RIFT™ py
H(Z®) + H'(zF)AZF = 1 (2F). (3.11)
Step 3 Let xi be the mazimum of the values 1,8,6%,- - such that
0(zF + xu,AZF) <1 — (1 — n)xi]0(2F). (3.12)

Step 4 Set zFt1 = 2F 4y, AZF and k:=k+ 1. Go to Step 1.

The above algorithm is based on smoothing Newton methods in [26] for the NCP and box
constrained variational inequality problem and in [14] for the Py and monotone LCP. The function
T (-) defined by (3.10) is quite different from those used in [14, 26]. This difference is vital in our
local convergence analysis, which will be seen later.

Denote Q :={z = (u,x,\) € R X R" x R™ : u > popf(2)}.



Lemma 3.1 Let Assumption 2.1 be satisfied. Then
(i) Algorithm 3.1 is well-defined.
(ii) Algorithm 3.1 generates an infinite sequence {z*} with uy > 0.

(iii) 2k € Q for all k > 0.

Proof. For the result (i), we need to show that equation (3.11) is solvable and line search (3.12)
terminates finitely. The former holds from Proposition 2.1, and the latter can be proved similarly
as in Lemma 2 of [14]. In addition, parts (ii) and (iii) can be obtained similarly as in Lemma 5 and
Proposition 6 of [26]. We omit the details here. 0

Lemma 3.2 Let Assumption 2.1 be satisfied. Then Algorithm 3.1 generates an infinite iteration
sequence {2*} with limy_ 0(2%) = 0. In particular, any accumulation point of {z*} is a solution
of H(z) = 0.

Proof. By using Lemma 3.1, we can prove this lemma similarly as in Theorem 4.1 of [33]. a

Lemma 3.2 shows that if {¥} has an accumulation point z*, then z* is a solution of H(z) = 0.
This does not necessarily mean that there exists an accumulation point. In order to assure that {z*}
has an accumulation point, we need the following sufficient condition.

Assumption 3.1 The solution set of (2.4) is nonempty and bounded.

Remark 3.1 (i) It should be noted that the Tikhonov-type reqularization method for the monotone
variational inequality problem can converge to a solution even if the solution set of the problem
concerned is unbounded [1]. For problem (1.1), if we regularize objective function fo itself, we may
show the global convergence of some regularization method without the boundedness of the solution
set. In this paper, however, our main purpose is to improve the local convergence of the smoothing
algorithms for the QCQP by using the norm map. It is difficult for us to unify such a better global
convergence to the improved local convergence. (ii) In fact, Assumption 3.1 has been used extensively
in reqularized methods [7, 13, 24, 33]. It is known that Assumption 3.1 is weaker than those required
by most existing smoothing (non-interior continuation) Newton-type methods [12]. For the monotone
NCP, Assumption 3.1 is equivalent to say that the NCP has a strictly feasible solution [15, 18]. The
latter has been used extensively in IPMs for the LP and the LCP.

Theorem 3.1 Let Assumptions 2.1 and 3.1 be satisfied. Then the infinite sequence {2} generated
by Algorithm 3.1 is bounded and any accumulation point of {z¥} is a solution of H(z) = 0.

Proof. It is not difficult to show that the functions Hy : R**™ — R7+t™ and H : RH»+m
RIFFTM defined by (2.4) and (2.8), respectively are weakly univalent functions defined in [11]. Since
Assumption 3.1 implies that the inverse image H, 1(0) is nonempty and bounded, by using Theorem
2.5 in [29] we obtain that the sequence {z*} is bounded. Hence, by Lemma 3.2, any accumulation
point of {z¥} is a solution of H(z) = 0. O



Let z* := (ps, 2", \*) € Ry X R™ x R™ be an accumulation point of the iteration sequence
generated by Algorithm 3.1. Theorem 3.1 implies that p, = 0 and w* := (z*,\*) is a solution of
(2.4). Next, we consider the local convergence of Algorithm 3.1. The convergence analysis is divided
into two parts and is discussed in the following two sections.

4 Superlinear Convergence under Nonsingularity

In this section, we consider the case that w* satisfies a nonsingularity condition but may not satisfy
the strictly complementary condition. In order to discuss the local superlinear convergence of the
algorithm, we need the concept of semismoothness, which was originally introduced by Mifflin [19]
for functionals and was extended the definition of semismoothness to vector valued functions by Qi
and Sun [25].

Definition 4.1 A locally Lipschitz function F : R™ — R™2  which has the generalized Jacobian
OF (x) in the sense of Clarke [2], is said to be semismooth at x € R™ , if
lim {Vh'}

VEDF (z+th!)
B! —h,tl0

exists for any h € R™ . F is said to be strongly semismooth at x if F' is semismooth at x and for
any V € OF (x + h),h — 0, it follows that F(z + h) — F(z) — Vh = O(||h||?).

Remark 4.1 Since ¢(-) is strongly semismooth at any (a,b) € R2, from [9] we know that the function
H() defined by (2.8) is strongly semismooth everywhere.

The following lemma is key to show the main convergence result in this section.

Lemma 4.1 Let Assumptions 2.1 and 3.1 hold. Let t; € (0,1] and to € (0,1) be given as in
Algorithm 3.1, and the infinite sequence {z*} be generated by Algorithm 8.1. Then ||Y(%)|| =
O(0¢(2*)) holds for all 2* sufficiently close to z*, where ¢ := min{1 + t1,2 — t5}.

Proof. From Lemma 3.2 we know that limy_ 0(z*) = 0. This, together with the definition of
B(2*) (see (3.1)), implies that B(2*) = v1(z*) holds for all z* sufficiently close to z*. For each k, we
have either £(AF) < k(ug)2 or £(A¥) > k(ui)t2, where the function £(+) is defined by (3.9). For the
former case, we have that for all z* sufficiently close to z*,

1T = 1oB(=%) = porip(2*) = 08¢ (21)).

Hence, we only need to consider the latter case. From the definition of 44(-) (see (3.3)) it follows
that for all z* sufficiently close to z*,

la (M)l < ||(<I>(yk))LHuoﬁ(zk)+%uk\l(fb(yk))Lll

vee {2/ OB + 40ue)? 7€ 7 | (o) + G

2
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vee {20/ [O)2 + a(ue)? i € 7 |
< 2vn(uk)' T R ()22t X B /2
= O((/Lk)2_t2)7

where the first equality is due to (2.7), the second inequality is due to 2* € Q (by the result (iii) of
Lemma 3.1), and the third inequality is due to the condition &(A\*) > k(jy)!?; and from the definition
of @1(-) (see (3.5)) it follows that for all z* sufficiently close to z*,

a1 (=")]

1
X <Mk + §Mk>

g ()ll2® || + 191 () | (s, + BB(=7)) |2

g1 ()l | + 2uk] 91 () [[|2" |
= O((Mk)2)7

where the second inequality is due to z¥ € Q and the last equality is due to (2.10), (2.11), and
Theorem 3.1. Thus, by (3.2) we obtain that for all 2* sufficiently close to z*,

lur (P < 1 (@) (P + 1 ()] = O((un)*~*2). (4.1)

Similarly, by (3.2), (3.4), and (3.6) we obtain that for all z* sufficiently close to z*,

<
<

lua ()| < a2 (M)l + llaa (=) = O((ui)* ™). (4.2)
Furthermore, by combining (3.7) with (4.1) and (4.2), we have that for all z* sufficiently close to z*,
(=P <l (2P + ()] = O((ur)**2). (4.3)

Now, by the definition of the function v(-) (see (3.8)), it is easy to see that (4.3) implies that
v(2F) = u(2¥) for all 2* sufficiently close to z*. Hence, for all z* sufficiently close to z*,

T =\ (88(=2))2 + [[u(z0)|2 = /[y (*)]2 + [O((ue)>~12)] = 00 ().

The proof is completed. O

Theorem 4.1 Let Assumptions 2.1 and 3.1 be satisfied. Suppose that z* is an accumulation point
of the sequence {z*} generated by Algorithm 3.1. Let ¢ := min{1+t1,2—t5}. If all V € OH(z*) are
nonsingular, then the whole iteration sequence {z*} converges to z*,

|4 = 27 = O(lF = 27), and  jug1 = O((ur)).

Proof. By using Lemma 4.1, we can prove this theorem in a similar way as Theorem 8 in [26]. We
omit the details here. O

In Theorem 4.1, we provide a superlinear convergence result for Algorithm 3.1 under the non-
singularity of OH (z*). The latter condition implies that the problem has a unique solution. In
the discussion of next section, we will not assume the nonsingularity of 0H (z*), but will assume a
strictly complementary condition instead.



5 Superlinear Convergence under Strict Complementarity

Let S denote the solution set of (2.4), i.e.,
S = {w = (z,\) € R"T" : Hy(w) = 0}.

5.1 Assumptions

Recall that z* := (pus, 2%, \*) € Ry x R” x R™ is an accumulation point of the iteration sequence
generated by Algorithm 3.1, and p, = 0 and w* := (z*, \*) is a solution of (2.4).

Assumption 5.1 Suppose that \; # 0 holds for all i € J.

It is not difficult to see from (2.2) and (2.4) that @* = Ix(w*) is a strictly complementary
solution to (2.2) is equivalent to A} # 0 for all i € J, where w* := (z*,A*). In the sequel, let
B:={ieJ:X>0}, N:={ieJ:\ <0}, and fz(z) := (f'(z))p. for all z € R™.

Let ST = {A e R™: (x*,f\) € §}. The two-side projection of a square matrix € R"*" onto
the kernel of another matrix Q € RP*™ is any matrix of the form XTQX, where the column of X
form a basis of Ker(.

Assumption 5.2 For each A € 8%, the two-side projection of the matriz P° + Y icB \iP? onto
Ker f5(x*) is invertible.

Assumption 5.2 is an invertibility condition on the projection of the matrix P? + Y icB \iP? onto
the kernel of the active constraint Jacobian, which is essentially a second-order sufficient condition
for optimality (see, for examples, [27, 28]).

Let M(-) and R(-) be defined by (2.13) and (2.15), respectively. Denote M°(z) := M(z) —
g1(p)E™. Let

~M(z)  —f(x)" ~M%z) —f'(x)"
A(z) == | R(z)sfs(x) Om , B(z):= fi(x) 0m ,
! 0 - 0 B (5.1)
M(2)" —R(2)f'(z)"
C(z) = fzlo) 0
0 — B3

For € > 0, we define

Fo == (1w, ) € Ry xR X R™ - |z — 2| < e

Assumption 5.3 There exists a scalar € > 0 such that for any u,v € fe’z*, it holds that
RanA(u) = RanB(u) = RanC(u) = RanA(0) = RanB(v) = RanC(0).

It is noted that matrices A(z), B(z), and C(z) have quite similar structures. A similar condition
to Assumption 5.3 has been used in [34].
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5.2 An Error Bound Result

Lemma 5.1 Suppose that Assumptions 2.1, 5.1, and 5.2 are satisfied. For € > 0, let
Xo*i={zeR": (z,\) €S and |(x,A) — (", \")] <¢e}.

Then (i) there exists eg > 0 such that X** = {x*} holds for all € € (0,¢]; and (ii) the solution set
S of (2.4) is convex and compact.

Proof. By using the relations between the solutions of (2.1) and (2.4), we can obtain the results of
this lemma directly from Lemmas 4.1 and 4.2 in [27]. O

Let the function Hy be defined by (2.4). Denote

So={w=(x,\)eS: \;>0VieB and N\ <0VieN}.

Lemma 5.2 Suppose that Assumptions 2.1, 5.1, and 5.2 are satisfied. Then there are a constant
Co > 0 and a sufficiently small constant € > 0 such that dist(w,S) < Co||Ho(w)|| holds for all
w = (z,\) € R"T™ sufficiently close to w* = (z*, \*), where dist(w,S) is the Euclidean distance of
w € "™ to the set S.

Proof. The proof can be found in Appendix I. a

For the KKT system of nonlinear programming, similar error bound results have already been
established in [6, 27] (Some more general error bound results for generalized equations can be found
in [10]). Here, because a normal map is used, a proof is necessary.

Theorem 5.1 Suppose that Assumptions 2.1, 8.1, 5.1, and 5.2 are satisfied. Then there is a con-
stant C > 0 such that dist(w”®,S) < CO(2*) holds for all 2 sufficiently close to z*.

k

Proof. Since w" — w* as k — oo, by Lemma 5.2 we have

dist(w", S) < Col| Ho(w")| (5.2)

for all z* sufficiently close to z*. Let G : RIT7T™ — R7+™ be defined by

H(z):= < G,u ) 2= (u,x,\) € R,

Then, from the definitions of Hy(-) and G(-), we have

|Ho(wh)| < IIGER)| + | Ho(w*) — G(M)|
( F1 )T (@) — (W) 1) + g1 () 2" )H
M — @(yF) + g2 (pi) A¥ + g () w(2")
< 0GR + 1P @R E) — W)L+ g1 () |25
) = @(F) |+ ga () [AF]] + g3 ()| ("), (5.3)

= |GG+
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where y* = (ug, A¥). For any i € B and z* sufficiently close to z*, we have

Bi(6") = )l = | (N OR2 4002 72 = M| = [ = OB+ 4?2
= 20/ (M4 OB+ 4000)) = O((u0)?). (5.4)
Similarly, for any i € V" and 2* sufficiently close to z*, we have
9:(6) = ()] = i, A = e/ (VOB + 402 = ) =0 (59)

Moreover, by (2.10), (2.11), and Theorem 3.1, we have

gi(e)ll2® = O()?), g2 1IN = O((1)?), and  gs(pur)llm(2°)]| = O((14)?)- (5.6)

By using (5.4)-(5.6), we can obtain from (5.3) that for all z* sufficiently close to z*,

[ Ho(w®)|| = 6(z") + O(13). (5.7)

Since ux — 0 as k — 0o, we have (ug)? < pp < 0(2%) for all 2* sufficiently close to z*. This, together
with (5.2) and (5.7), implies that there is a constant C > 0 such that dist(w*,S) < C(z*) holds for
all 2* sufficiently close to z*. This completes the proof. O

5.3 Upper Bound of |Az*

Lemma 5.3 Suppose that Assumptions 2.1, 3.1, 5.1, and 5.2 are satisfied. Then v(2*) = u(z*) for
all 2% sufficiently close to z*, where v(-) and u(-) are defined by (3.8) and (3.7), respectively.

Proof. The proof can be found in Appendix II. O

Suppose that Assumptions 2.1, 3.1, 5.1, and 5.2 are satisfied. Then, from Algorithm 3.1 and
Lemma 5.3, we have that for all z* sufficiently close to z*,

Ay, = —pk + poB(z"), (5.8)

(£ @A)+ 0 (ua)a*) A+ M)A + /()T (@(F))H AN

= — (Vfola®) + F@B(H) + g1 (u)a*) +ua(F), (5.9)
PR Apg, + R(ZF)(—f'(a%) AzF + N (zF)ANF
= — (—f(l’k) + A — @(yF) + ga(pur) N + 93(Mk)77(2k)) +uy(2Y), (5.10)

where y* = (ug, \¥), matrices M (-), P(-), Q(-), and N(-) are given by (2.13),(2.14), (2.15), and (2.16),
respectively; and vectors wu;(-) and ug(-) are defined by (3.2). From (5.8) we have

D] = O(8(H)). (5.11)

12



Thus, we need only to derive the upper bounds of ||Az*|| and [|AN||. Let

th=ak), rF=—(0F —a@yh)), (5.12)

and
At = (@Y )AAN + (D(YM)), A — aa (), (5.13)
Art = —N(EM)ANF 4 (q)(yk))uA,uk + g (2F). (5.14)

Then, by (5.9), (5.10), and (3.2)—(3.6),
M(ZF)Azk + /(2T At
R(ZF)(—f'(z%))Azk — Ark
and, by (5.13) and (5.14),
N(Z)AL + (@(y")HA
= N(")(@(y")),, Auk — a1 (M) + (@(F)AN@Y), Apk + 2 ()],
where N () is defined by (2.16).

For each k, let w** := (z¥* \¥*) € S be such that

|w® — wh| = dist(w”,S). (5.15)
Denote
Y= (0,AF), = d(r), and M= - — o). (5.16)
Let
Az" = aF — 2% 4 Ak, BE = tF — P 4 AtF) and AP = b — B 4 APR (5.17)

Then we can further obtain

M(Z)AZ" + f/(a*) BT = ho(zF),  R(GF)(—f'(@")Bz" — B = hy(a"),

and
N(zMAE" + (D(y*)A A"
= NGR)EE — 15%) + (@) — )
+N(Z)[(@(F), Apx — 11 ()] + (@(F)A@ M), Apr + 2 (y")]
— NER@E) - BF)) + (@M — B() — (V — B()
N ()@ M), A — 11(2%)] + (@F)A@WF))], Ak + a2 (7))
= N(2F)ha(2%) + (@(y*))\hs(2¥),
where
ho(2%) = M(2") (2" —2™) + f/(@) T (5 — %) — (T fo(=®) + f'(a")T1F), (5.18)
k) = f@@*) - f(@ k*)—R(Zk)f/(l’k)(xk k), (5.19)
ha(y¥) = ") — @) + ("), Ak — i (2Y), (5.20)
ha(y®) = A —@y"™) — A\ = @(y") + (D), A + (7). (5.21)
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Thus, (5.9) and (5.10) become

MR fEHT 0 Az ho (%)
R(Z*)(=f'(«*)) 0 —E™ A | = b |, (5.22)
0 NGF) (@@, || A ha(24)

where M (-) and N(-) are defined by (2.13) and (2.16), respectively, and hy(-) is defined by hy(2*) :=
N(2¥)ho(2%) + (®(y*))\hs(z*). Furthermore, (5.22) can be split into the following two systems:

—k
M (%) fl(z")T 0 Az 0
R(F)(=f'(«¥)) 0 —E™ AN =] o (5.23)
0 N(F) (D)4 A ha(2¥)
and
—k
M(z") f'h)” 0 Az ho(2*)
REM(=f'(%) 0 —E™ A | =] m) |, (5.24)
0 N()  (@(yM)h ArF 0
where
Az = @k + Z;:k, A = A\tk + E/tk, and A" = A\rk + &‘k (5.25)

—k —~k —~k —k
In the subsequent analysis, we first obtain upper bounds of ||Ax ||, [|At ||, [|Ar || and ||Az ||,

H&kH, H&*kH by using (5.23) and (5.24), respectively. From these bounds and (5.25) we obtain the

upper bounds of HM’“H, HEkH, and HEkH, which, together with (5.17), yield the upper bounds of
|AzF||, |At*|| and ||Ar*||. Finally, by (5.13) and (5.14), we derive the upper bound of ||ANF]|.

k.~ ——k
The upper bounds of ||At ||, ||Ar || and ||Az || can be obtained from the following two lemmas.
Their proofs can be found in Appendix III.

Lemma 5.4 Suppose that Assumptions 2.1, 8.1, 5.1, and 5.2 are satisfied. Let Z\xk, A\tk, and A\T‘k
be generated by (5.23). Then maX{HA\tkH, HA\TkH} = O(0(2%)) holds for all 2* sufficiently close to

z*.

—k ~k —~k
Lemma 5.5 Suppose that Assumptions 2.1, 8.1, 5.1, and 5.2 are satisfied. Let Ax , At , and Ar
——k
be generated by (5.23). Then ||Az" || = O(6(z%)) holds for all 2% sufficiently close to z*.

The proof of the following proposition can be found in Appendix IV.

—k ~k
Proposition 5.1 Suppose that Assumptions 2.1, 3.1, 5.1, and 5.2 are satisfied. Let Ax , At , and

A be generated by (5.24). Then ||Z§k\| = O(6%(2%)) + O(H(zk))HE/tZH holds for all 2* sufficiently
close to z*.
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In the following, let D¥ := [(®(y*))}]"/2[N(2*)]'/2. By Proposition 5.1, it is sufficient to
estimate the upper bounds of ||£th\| and ||Krk|| in order to obtain the upper bounds of HZ:Z"kH,
~k ~k
[AE"]], and [[Ar]].

The upper bounds of H&ZH and H&“ZM can be obtained from the following lemma whose proof
can be found in Appendix V.

Lemma 5.6 Suppose that Assumptions 2.1, 3.1, 5.1, and 5.2 are satisfied. Let C(-) be defined by
(5.1), and Ek,&k, and Ar" be generated by (5.24). Then maX{HANtf\/H, H&“ZH} = O0(0(2%)) holds
for all 2F sufficiently close to z*.

~k ~k
To obtain the upper bound of ||Atgz|| and ||Ar /||, we need to establish the following proposition
whose proof can be found in Appendix VI.

Proposition 5.2 Suppose that Assumptions 2.1 and 5.1-5.3 are satisfied. Let C(-) be defined by

(5.1). Then for all 2* sufficiently close to z*, (Ek,&g,&‘f\/) is the solution of the following
(weighted) least squares problem

. ~k 1 <k
min  5[|(D*)spAtg]* + 3lI(DF) ATyl

Az ~k 5.26
O B N [ WO (5.26)
st.  C(2") Aty | = P Lk .
— hi(x®) 4+ Arg
AT‘N

—k —k
By using Proposition 5.2, we can obtain the upper bounds of ||Atg|| and ||Ar || in the following
lemma whose proof can be found in Appendix VII.

Lemma 5.7 Suppose that Assumptions 2.1, 3.1, and 5.1-5.3 are satisfied. Let Ek,&k, and Avrk
~k ~k
be generated by (5.24). Then max{||Atgll, |Ary |} = O(8(2*)) holds for all 2* sufficiently close to

z*.

By Proposition 5.1 and Lemma 5.7, we further obtain

Lemma 5.8 Suppose that Assumptions 2.1, 3.1, and 5.1-5.3 are satisfied. Then HZ;;kH = 0(0(z%))
holds for all 2% sufficiently close to z*.

The next theorem is about the upper bound of | Az¥||.

Theorem 5.2 Suppose that Assumptions 2.1, 8.1, and 5.1-5.8 are satisfied. Let z* and Az* be
generated by Algorithm 8.1. Then there exists a constant C; > 0 such that |AzF|| < C10(2%) holds
for all 2* sufficiently close to z*.
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Proof. For all z* sufficiently close to z*, from Lemmas 5.6, 5.7, and 5.8 we obtain
—k, o~k o~k
max{[[Az" ||, |AL, [[ArT [} = O(0(z")),
and from Lemmas 5.4 and 5.5 we have
—k, e~k o~k
max{[[Az" [, |AL", [Ar7 [} = O(B(zF)).
Thus, by (5.25), we obtain that for all z* sufficiently close to z*,

-k —k —k
[Az"| < Az + Az = O(6(=F)),
—k —~k —k

AT < AL |+ AL ]| = O(6(")),

—k —~k ~k
A < JAFT |+ [ArT]| = O(0(z")).
Furthermore, by (5.17), we obtain that for all 2* sufficiently close to z*,

1AZF|| < BT + |aF — ¥ = 0(8(=F)),
AL < [AF| + * — ]| = 0(0(=4)), (5.27)
APk < &) + [IrF — ) = 0(0(zF)).
From (5.13) and (5.14) it follows that
At = (®)N)EsAN + (B(yF))) A, — (i (y"))5,
APk = =N AN+ (BF)) Ak + (2 (y*))w

Thus, for all z* sufficiently close to z*,

AN < @M )A)ss]l I TSN + (@ F))) Ak + G (5*) s |

= 0(6(")), (5.28)
AN < NN GE ] ™M IATKA+ @) ar Al + Gz ()]

= 0(0(z")). (5.29)

By using (5.11), (5.27), (5.28), and (5.29), we obtain that |Az¥|| = O((2*)) for all z* sufficiently
close to z*, which completes the proof. O

5.4 Superlinear Convergence

In this subsection, we always assume that Assumptions 2.1, 3.1, and 5.1-5.3 are satisfied.

Lemma 5.9 Let z¥ and Az* be generated by Algorithm 3.1. Then there exists a constant Co > 0
such that
L= 2F L AP and (2R < Copt (2R

holds for all 2* sufficiently close to z*.
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Proof. By using Theorem 5.2, we can prove this lemma in a similar way as Lemma 8 in [14]. We
omit the details here. O

By Lemma 5.9, there exists a constant C3 > 0 such that for all z* sufficiently close to z*,

O(2F ) < (C30(2F))HH . (5.30)

For given € > 0, define N'(2*,¢) := {z € Ry xR"xR™ : ||z—2*|| < ¢}. Since H is locally Lipschitz
continuous around z*, there exists a constant £ > 0 such that |[H(z') — H(2?)|| < £||z! — 22|| holds
for any 21,22 € N(z*,¢). Let

g = min{s/(? +2C1 L + 46163£), 1/(2C3£)}, (5.31)

where C; and C3 are given by Theorem 5.2 and (5.30), respectively. Then the following lemma can
be proved in a similar way as in [14, Lemma 5.5]. We omit the proof here.

Lemma 5.10 Let & be defined by (5.31). If for some k the iterate 2* € N(2*,&) and ¢ is sufficiently
small, then 2Kt € N(2*,¢/2) for all ¢ =0,1,2,... and {zk+q}2‘;1 is a convergent sequence.

Theorem 5.3 Let z* be an accumulation point of the iteration sequence {2} generated by Algorithm
3.1. Suppose that Assumptions 2.1 and 5.1-5.3 are satisfied. Then

(i) the whole sequence {zF} converges to z*,

(ii) 9(zF1) = O (841(2F) ), g = O () **), and

(i) dist(wk1,8) = O ((dist(wk,S))Htl).

Proof. (i) This is obtained by Lemma 5.10.

(ii) By Lemma 5.9, we know that for all 2* sufficiently close to 2*, 2**1 = 2% + AzF and
6(zF+1) = 00111 (2F)). In addition, since zFtT = 2% 4 AzZF for all 2* sufficiently close to z*, it
follows that pg1 = pp + App = yued 1 (%) for all 2* sufficiently close to z*. This, together with
O(zF+1) = 00111 (2F)), implies that ppr1 = O((u)' ™) holds for all zF sufficiently close to z*.
Thus, by the convergence of {z*}, (i) holds.

(iii) By Theorem 5.1 and (ii), we have
dist(w+!,8) = 0 (0(z=F1)) = 0 (6141 (=)). (5.32)
On the other hand, by the Lipschitz continuity of H and the boundedness of S,
U (F) = [H () — H(Z)|H = 0 (|4 = 2|H1) V2= (0,0) with @ € S.
In particular, we take 7 := z¥* where w** is the projection of w* onto S, then
0141 (F) = O (Jl2F — F |+ ) = 0 <(dist(wk,8))1+t1> . (5.33)

By combining (5.32) with (5.33), we obtain that (iii) holds. The proof is complete. O
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6 Numerical Results

In this section, we report some numerical experiments for Algorithm 3.1 running in Matlab. Through-
out the computational experiments, we chose starting points as

22 =(0,...,007 eR™, A =(0,...,00T e R™, pg = 1.0;
and the parameters used in the algorithm were chosen as
oc=10"% 6=0.5,t; =02, t5=0.5, K = 0.1, 7 = 1/(10v/n + m), v = 0.02.

We used ||Ho(w")|| < 107¢ as the stopping criterion, where the function Hy is defined by (2.4).
We tested the three groups of problems: Examples 6.1-6.7 (group 1), Example 6.8 (group 2), and
Examples 6.9-6.10 (group 3). Numerical results for problems in groups 1 and 3 are reported in Tables
1 and 3, where Prob denotes the problem to be tested; IT denotes the number of iterations; NF
denotes the number of function evaluations for the function H defined by (2.8); and Val denotes
the value of ||[Ho(w")|| when the algorithm stops. Numerical results for problems in group 2 are
reported in Table 2, where, for each given pair (n,m), the problem is run ten times, AIT denotes
the average number of iterations among the ten runs; and ANF denotes the average number of
function evaluations for H among the ten runs.

The numerical results in Tables 1-3 show that we only need a small number of iterations for each
example tested.

First, we test the following seven problems with small sizes. The tested results are listed in Table

Example 6.1 (Problem 1 in [3])

min 0.5(z1 — 5)% + 0.523

; 0523 +21-4<0
") 0522+ 21 —20<0.

Example 6.2 (Problem 2 in [3])

min 0.5(z1 — 5)% + 0.5

ot 0.523 + 21 —4<0
] 0522 429 —10<0.

Example 6.3 (Problem 3 in [3])

min  0.5(5x2 + 142129 + 1323) — 1821 — 3217
ot 2.50% — r1m9 + 523 + 221 4+ 312 — 11.5 <0
o 222 — 2z1w9 + 0.523 — 221 + 29 — 1 < 0.

Example 6.4 (Problem 4 in [3])

min  0.5(102% + 387122 + 4123) — 47.521 — 6322
523 4+ 122 + 2.523 + 21 + 22 — 3.125 < 0
2522 + Tx1wo + 6.523 — 21 + 229 — 5 <0
s.t. 2.52% — w12 + 523 + 3x1 + 32 — 3.625 <0
2x% —2x129 + 0.5333 +2x1 + 329 — 5.5 <0
4.52% 4 67129 + 273 — 271 + 79 — 2.625 < 0.
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Example 6.5 (Ezample 1 in [27])

min 1 + xo st (1 —1)? + (22 — 1)> < 2.

Example 6.6 (Ezample 2 in [27])

(x1 —2)* + a3

i .t.

Example 6.7 (Example 3 in [27])

min 31:% + 2110 + 2;]:% + 21 + 22
st. 2z —2)2+4(z—1)2< 3,
x1 > 0,22 > 0.

‘ Prob ‘ IT ‘ NF ‘ Val ‘
Example 1 | 5 7 [3.39x107?
Example 2 | 8 | 12 | 1.41 x 1078
Example 3 | 12 | 36 | 7.99 x 1078
Example 4 | 10 | 13 | 4.82 x 107

Example 5 | 4 6 |3.40x 107"
Example 6 | 5 6 | 1.33x107"7
Example 7 | 5 6 | 1.78 x 1077

Table 1: The numerical results of Examples 6.1- 6.7

Next, we consider the following min-max problem:

Lin | {max fi(2)} + fo(), (6.1)
where J ={1,2,...,m} and
filx) = %:L’T (ai(ai)T) e+ 0)Te+d, Vied,
folz) = %wT (AAT + E"_l) z+ (b0)z,

with z,a’, o', 00 € R*~1, ¢ € R, and A € RO—Dxm,
Problem (6.1) is equivalent to the following QCQP
min ¢+ fo(a)
st.  filz)—t<0, ieJ.

Thus, we can solve problem (6.1) by making use of Algorithm 3.1 to solve (6.2).
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For any two positive integers ni,ng, one positive real number r;, and one real number ry €
[0,1], we used the following notation: |71 denotes the maximal integer which is not large than
r1; rand(ni,n2) denotes an nj X mg matrix whose entries are randomly chosen in (0,1); and
sprand(ni,ng,ry) denotes a random, m X n, sparse matrix with approximately ry * ny * ng uni-
formly distributed nonzero entries. In our testing, we consider the following example:

Example 6.8 Consider the problem (6.1) with b° := sprand(n—1,1,0.1), A := rand(n—1,m), and
for each i€ J,

; ]
e

n/2] + 1 sprand(n —1,1,0.1), b* := sprand(n —1,1,0.1), and ¢' := rand(1).

The tested results are listed in Table 2.

| n | m |AIT | ANF |
500 | 100 [ 6.9 | 7.9
500 | 500 | 10.3 | 13.8
500 | 1000 | 20.7 | 14.7

Table 2: The numerical results of Example 6.8

Finally, we consider the semi-infinite min-max problem (see [23]):

min F(y(z)), (6.3)

where F' : R™ — R is a smooth function; and ¢ : R — R™ is a nonsmooth function. The
components of ¢(-) are the form:

Y (x) = max W (z,y;) with Y; € R™ and j € {1,2,...,n1}.
Yj €Y

To solve (6.3), the following subproblem needs to be solved at each iteration [23]:
ming, 5y VE@(2)) p+ 5p7 V2 F(¥(z))p

st P = () — Va (2,y5)"h — T (T2 (2,y5)h + ¢ (2)) > 0, (6.4)
j€{1,2,...,n1}, ijY}‘.

In this paper, we tested the following problem:
min F(¢'(z), 9*(2)),

zeR?

where F : #2 — R and

YHz) = max {t2 — (tz1 + elay) + (z1 + 22)? + 22 + 22 + T2},
1
Vi) = max {—(t —1)2 4+ 0.5(zx1 + x2)2 — 2t(z1 + z2) + 0.5[z7 + z3]}
with x € R2, Y7 = [0,1], and Y3 = [~1,0]. The function F is chosen as follows.
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Example 6.9 F(z2) = 21 + 29, z € R2.

Example 6.10 F(z) = 0.5(z1 + /2% +4) + In(1 + €?2) 4+ 0.5(27 + 23), z € R?.

In our testing about Examples 6.9 and 6.10, we considered the corresponding subproblem 6.4
with discretized Y7 and Y;. For Example 6.9 we take

i—1
ti=——— Yiell,...,m/2};
a1 Vied m/2}
and for Example 6.10 we take
i—m/2—1 .
ti=—— 2+1,...,m},
21 Vie{m/2+ m}

where m is an even number. The test results are listed in Table 3.

| Prob | m |[IT|NF| Val |
1000 | 17 | 44 | 3.68 x 1078
Example 6.9 | 1500 | 18 | 47 | 1.89 x 10~
2000 | 20 | 52 | 6.48 x 10~®
1000 | 17 | 46 | 3.68 x 1077
Example 6.10 | 1500 | 19 | 50 | 9.42 x 108
2000 | 19 | 48 | 1.46 x 1077

Table 3: The numerical results of Examples 6.9— 6.10
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paper, which have considerably improved the paper.
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Appendix

Appendix I

Proof of Lemma 5.2. Assume, on the contrary, that the result is not true. Then, by Lemma
5.1 we may choose a subsequence {w!} := {(z!, \')} € R**™ of infinite number such that for all w'
sufficiently close to w*,

[lw" = w™[| > 1]l Ho(w")l, (7.1)
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where w'* := (x*, \"*) is the projection of w! onto S. Since ||w* — w™| < ||w* — w!||, by taking a
subsequence if necessary, we can assume that both {w'} and {w™*} converge to w* := (z*, \*). Let
o = ||lw' — w"]||. Then we can further assume that

(w' —w") /oy — (dz,d)\) asl — occ. (7.2)
In what follows, we show that (dz,d\) = 0, which contradicts ||(dz,d)\)|| = 1.

First, we show that (dz,d)\) is in the normal cone to S at w* = (z*, \*), i.e

T
dx ¥ —x*
< *
<d/\> (/\_/\*>_0 YV (x*,A) €8S. (7.3)
Since w'* is the projection of w! onto S and S is convex, it follows that
G g ¥ —x*
< * . .

<)\l_)\l*> </\_)\*>_0 V(z*,\) eS8 (7.4)

Thus, by (7.4), we have

< (2! — %) /ey )T < Tt — a2t ) <0 V@A ES
L= 2\¥) /oy A— )= ’ ’
which, together with (7.2), implies (7.3).
Next, we show that (dz,d)) is in the tangent cone to S at w*, i.e.,
w* +eo(dz,d\) € S for all sufficiently small g5 > 0. (7.5)
Since both {w'} and {w'*} converge to w* € Sy, it follows that, for all sufficiently large I,
A>0 M >0vieB and M <0,A <0 VieN. (7.6)
Using the fact that 7 fo(z*) + f/(z*)T(\*); =0 (w'* € S), we have
v fo(z') + f/ ()" ()

ay
_ (Tfoah) + f1@) (W) 1) — (W fola®) + f/(@)T(A*)4)
ay
_ Volah) — 7 fola) n (f'(=)" = f'@)")(A)4 N F1E)"(W)s = ()4)
al 07/ 67)
— + ZPZ B /\l* + Zf 7)‘”
i€eB i€B
— (P'+ Z APy da + Zf )(dN)g, asl— oo, (7.7)
1€eB 1€B

where the third equality is due to (7.6), and the last relation is due to (7.2). Using the fact that
—f(@*) + A — (A =0 ((z*,\*) € S), we have

SR N )y () A = W) — (<) A ()
o a
—(fah) = f(=*) + (N = (N)4) = (" = (W)4)

- . (7.8)
o
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By (7.6) and (7.2), it follows from (7.8) that for ¢ € B,

(g L OOl —(F () — £ (2
[—f( )+(jl (A )+]z: (fi( )al fil ))—>—fi,(33*)Td:E, (7.9)

and for i € NV,

=S @) X = )l —(fileh) = file™) + M= AL

al o — —fi(@*) dx + (dA);. (7.10)

Since (7.1) implies

H, l 1 I 0
i HCOI g 1w —w
l—o00 (07} l—o0 [ (07}

by (7.7), (7.9), and (7.10) we have
(PO + i NPz + Yiep fi(z*)(dN); = 0,
fpa*)Tdz = 0, (7.11)
—fr(@)ldz + (d\)y = 0.

From the first two equations in (7.11) we have

(dz)T(P° + 3" M\ PYde = — > (da)” fl(a*)(dN); = 0.
1€B 1€B

Thus, by Assumption 5.2, we obtain dz = 0. This and the third equation in (7.11) yield (dA)x = 0.
Thus, for any sufficiently small g9 > 0, we have (\* 4+ 9d)\) = (A), and hence

V fo(z* + codz) + f'(z* + eodx) T (N + £9dN)+ = v fo(z*) + f/(z*) T (A\)4 =0

and
—f(a® 4+ eodx) + X" + c0dX — (A" + 0dN )y = —f (™) + X" — (A4 =0,

ie., Ho(z* 4+ eodx, \* + e9d\) = 0. This shows that (7.5) holds.

Therefore, we obtain (dx,d\) = 0. This complemetes the proof. O

Appendix II

Proof of Lemma 5.3. Since the strictly complementary condition holds, i.e., [\f| > 0 for alli € 7,
it follows that there is a constant & > 0 such that |\¥| > ¢ for all i € J and all A* sufficiently close
to A*. Thus, by (2.7) we have that, for all z* sufficiently close to z*,

(@i (™)Ll = 2p/ | ()2 + 4()? < 20/ VE2 = O(uy). (7.12)

Furthermore, by combining (2.10), (2.11), (3.2), (3.3), (3.5), (7.12), and the fact that z¥ € Q, we
have for all z* sufficiently close to z* that

lur P < 1L @) (M) + Nl (9]

< 17 (I DlnoBE) + gl @)
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g1 () 12" ||+ 195 () (e + 10B(2%)) |2

< 1P (NGl + Gl @I ) + (1) + 208l () "]

= Sl @ vee {2/ /B2 + aue)? 5 € T+ O
= O((m)). (1.13)

In addition, by combining (2.10), (2.11), (3.2), (3.4), and (3.6), we have

lua (M) < llaa ()| + lla2(2")]| = O((ur)?) (7.14)
for all z* sufficiently close to z*.

Since g — 0 as k — oo, (7.13) and (7.14) imply that ||u(z¥)| < 7v/n + muy, for all 2* sufficiently
close to z*. Therefore, by noting the definition of v(-) (see (3.8)), we have v(z*) = u(z*) for all 2"
sufficiently close to z*. This completes the proof. O

Appendix III

Proof of Lemma 5.4. By (2.6), we have ®;(y*) > 0 for all i € J, and hence by (5.12), we have
tf > 0 for all i € J. This, together with Assumption 2.1, implies that P° + dieT tfPi is positive
semidefinite, and so is M(z*) by (2.13), (2.10), and (2.11). Thus, from the first two equations of
(5.23) it follows that

C = @TREH A = (&) (- (h)E)

= (M@ A R = (B MR > o,

(R(=*) AT Ar
From the third equation of (5.23) we have

min | (®(y*)AN (%)
€T

k

IN

{(R(zk)_lﬁ\t

IA
— — —
oSy
—~ o~
N N
> X
S~— S~—
Lok
>y >
- -
X X
~— ~—
54 93
— =
o
—~
S
= B
S~— S~—
~— ~—
>= ¥ >z
L

A+ (REM AT A
R AT ()5 [N A + @)55"

= (REF)TAT@NAT [V ha(e) + (@5 hha ()]

IR < || [REF) T2 (NE)ha () + (@(5F)ahs ()

|
B
+|[RGEF) 2 (NEha () + @)k (h)] |
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< RG22 (NN E sl ()]sl + 1@ @M )AlssllI s ()]sl

HIREE) T2 (NN Gl e )l + TT@ A s ()l )

we further obtain

IR(F)2[(@ ()5 AL

< |!R(z’f)—1/2”H[N(Z’“)]BBII\IEEEZE;]?(\ICD +[ly ii,ﬂi‘g””[h‘q’( s
LRG| H[N(z’“ﬂwliu[ﬁii %H T m)<) 53%“”““13( el
Similarly,
IR(GM) V2N () A
: ”R(Zk)—1/2”H[N(Zk)]BB||Hsz§ZE;]ZE(H@ +li(e( ii%iz;numg( s
LRG| H[N(z’“ﬂwliu[ﬁii %H T m)<) 53%“”““13( el

Using (2.7), we have

(7.15)

(7.16)

(7.17)

(7.18)

|[@@4] 4l = 0 | [@WMA] ]l = O,
and
|[E™ = @]l = O™, || [E™ = @], ]| = O
The latter, together with (2.16), (2.10), and (2.11), implies that
|ING9)ss| = O((u)?) and [N ()| = O(1),
In addition, using (2.16), (2.5), (2.6), (2.10), and (2.11), we have
min [(2(*) AN ()],
— min (@M DA (B™ = (@5 + g2m) E™ + g5 1m) ()3 8 1a, —fa)))
= min {(@:(sF AN — 2y DA + (@i(6")Ag20m0) + 930a) (@a(yF DA i (i, — £ () }
> min {(:(")NOF — 244 |
= O((m)?).

(7.19)

Thus, in order to give the upper bounds of the right-hand side of (7.15) and (7.16), we need to
discuss the upper bounds of ||[h2(z¥)]5|l, [I[h2(z®)Ix |, I[hs(z¥)]s]l, and ||[h3(2*)]ar||. The discussion

can be divided into the following two cases:
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Case 1: Consider the upper bounds of ||[h2(2)]5|| and ||[h2(2*)]x|. Notice that
ha(2) = ®(y") = @(y™) + (P(y")) Apr — i (%)
= Oy — @) — (W) + (@YF))unoB (") — i ()
= B0 - ") — S (BEn, (7.20)

2

where the first equality follows from (5.20), the second equality from (5.8), and the last equality
from (3.3). Thus, it follows from (7.20) that for any i € B and for all z* sufficiently close to z*,

2 ()| < |<I>i(y’“)—<1>i(y’“*)l+I%(¢i(yk))Luk|

M+ O+ a)? AP+ ()2 (px)?
_ _ +
2 2 (AF)2 + 4y, )2
e O aGnr - JORP|
5 2 (AF)2 4 4(pp,)2

M = EIDE B 4 )
203/ (N2 + 4()? + /()2 (8)2 + 4(.)?
= O(N = AF*)) + O((u)?),

1
< LA

which implies

ITha ()]sl = O(0(z")); (7.21)
and for i € N and for all z* sufficiently close to z*,
1 , N/ (F)? + 4(g)? 2
Mo = Bil) — 2 (i) s = o)
(MF)2 + 4(px)?
2(pup,)? B (p)?

N2+ 4Gu)? = N7 (A7) + dl)?

(NF)? + ) + X7 — JO)? + 4 )?

(VOB + 40m)? = 2 ) JORP + 4(00)?
A(pr)?

= 2 (Nk)Qa
(VOB + a2 = AF) B+ 42

11x)?

which implies
1h2() Il = O((i)*6(2"))- (7.22)
Case 2: Consider the upper bounds of [[[hs(2*)]s|| and [[hs(z*)]x [ Notice that
hs (=) A= @) — (W = (y")) + (@(y°)), A + 2(2")
= A= 0(y") — (A = (y") — (P(y")mk + (DY), 0B(2") + 2a(2¥)
= W= o(y") — (A = (")) — S (@), (7.23)

1
2
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where the first equality follows from (5.21), the second equality from (5.8), and the last equality
from (3.4). Thus, it follows from (7.23) that for any i € B,

—)\k A2 4 g 2 9
ol =~ - @) - S = VR G)
(N2 + 4(pw)?

2(px)? N (1)
MO = a(u)? (/O + ()2
20/ ()2 + )2 = AF =/ (AF)? + 4(pg)?

(3 + O+ 40002 ) O+ 42

Mk2

= (Mk)z (/Lk)27

(3 O+ am2) 2 +

which implies

1173 ()]sl = O((1)?6(=")); (7.24)

and for i € N, it follows from (7.23) that

[ha (M)l < (A = @(y™) — (\F = @(y"))] + I%@i(yk))imkl

o O o YORR]
2 2 (AF)2 + 41,2
M = NI+ M ) ()
203/ (N2 + 4()? + /()2) ()2 + 4(,)?
= O(N = AF)) + O((u)?),

1
< 5\)\f* — 2+

which implies

1175 (")l = O(B(=")). (7.25)

In addition, it is easy to see that, for each i € J and each k > 0, ®;(2*)g3(jx) > 0 and
®;(2")g3 () is uniformly bounded above for all z* sufficiently close to z*. Thus, for each i € J, we
can obtain from (2.15) that there exists a scalar ¢; > 0 such that

¢ < [R(*)u <1 (7.26)
for all z* sufficiently close to z*.

Now, by combining (7.17)—(7.19) with (7.21), (7.24), and (7.26), we have

IV RNl GHlal + @G lICHl _ b
minies [(B@F)LN P, = 06

(7.27)
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and by combining (7.17)—(7.19) with (7.22) and (7.25) we have

IV ) 2 () L+ U@ DAVl B3N _ g0
e (BN, o (72
On the one hand, (7.15), together with (7.27) and (7.28), implies that
IR(H) (@51 AL = 0(0(5)),
which yields,
IBE) = (@ ARE2RE (@) AL
< @ DAIIRE) ZIIRE) 2 (@@L AL
= 0(0(z")).
On the other hand, (7.16), together with (7.27) and (7.28), implies that
IR TN A = 0(0(:"),
and hence,
I& | = INGRRERRER) NG
< INGHIIRE) PIRE) AN E) A
= 0(6(z")).
The proof is completed. O
Proof of Lemma 5.5. By the first two equations of (5.23) we have
ORI G ] a* | _ | It Aty
R(z*)ps(~ fp(z*)) 0 Al Ary ’
and hence
[ PO+ e NP fp(ah)T ] Az
Tt o || &
_ M) faat) ] v
— | BGEMss(—f*) 0 Aty
L[ PO S NP = M) ()T - T ] | Ba
—f5(@**) + R(z")pp f5(«") 0 Al
_ | —fn(e )TNN
ATB
P (PB(zk* — £*))T AL
R I |
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where M (-) is defined by (2.13),
Pi=P0+ Y NP - M(Z%) = PUtE — 1) = > PitF — g1 (i) E,
i€B ieB ieN

and PB(z%* — z*) denotes the matrix whose i-th row is (P!(z** — 2*))T, i € B. By using (5.15),
(5.16), (5.12), (2.10), and (2.11), for all z* sufficiently close to z* we have

It — till = O(0(=")), Itk |l = O(6(=")),
lz** — 2| = 0(0(=%)),  g2(ux) = O((1r)?) = O(8(=")), (7.30)
1Q85(")(— f5(z"))Il = Olgs(kr)) = O((ux)?) = O(0(=F)).

—k
Similar to the proof given in [27, Lemma 5.2], by partitioning Az into its components in Ker f5(z*)

and Ran f(2*), it follows from Assumption 5.2, (7.29), (7.30), and Lemma 5.4 that H@k || is bounded
by the right-hand side of (7.29), i.e.,

I1AZ"|| = O(8(=F)) + O(6(=*))||Az"|.

Since, by Theorem 3.1, 6(zF) — 0 as k — oo, it follows from the above equality that HEkH =

O(0(2%)) for all z* sufficiently close to z*. This completes the proof. O

Appendix IV

Proof of Proposition 5.1. Let M(-) and N(-) be defined by (2.13) and (2.16), respectively. By
~k ~k
eliminating Ar and Aty from (5.24), we have

M(zh) Sk ] A"
| R(Mss(—fpa") 0 At

[ o = Bl (@EIRINERTRES) | (RER ) 8+ ()

which implies

. —k
PO+ > icB )\f*P’ fl’g(:nk*)T Az
— f(z*) 0

- l M(F) f{g(x’“)T] A
| R(ZF)s(—fh(2F)) 0 &Z,
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L[ PO S NP = M) f(at)T - fp(ahT ] | Aa
—[5(x") + R(z")s5 f5 (") 0 Aty
[ AT (@@DAINE ) RE @) ] ] A
— (@@ NED) Aty
[ o) = )T (@WHRINERT) | (k) ]
(h1(*))5
I R oL e R A e UL R
—[5(@®) + f5(2%) + Qus(F) f5 () 0 Aty

—k
Similar to the proof given in [27, Lemma 5.2], by partitioning Az into its components in Ker f5(z*)

and Ranfj(x*), it follows from Assumption 5.2 that HZ;;kH is bounded by the right-hand side of the
above inequality, i.e.,

1A
_ T AT (@i e 1)NNR( Jon Fhcla®
- ([ SYNAITINGD) AtB
I o) = A @ T (@EORINGERT) | () ]
(h(2*))s
. PO Siep MOP M () fp(a)T — f(a)T H vy
—f5(=™) + fu(a ¥ + Qua(z ") fa(a®) 0 Aty ||
Thus, we can further obtain that
—k —k
f\;k _ 2 Zk Az Zk Az 2 Zk
Az 0(6°(z")) N +0(0(z")) N + 0(67(z%))
= 0(6*(=") + O(0(") (182" + || Atg))-
Since 6(z*) — 0 as k — oo, it follows from the above relation that
|AZ"|| = O(0%(=*)) + O(0(=*)) | Aty
The proof is completed. O

Appendix V

Proof of Lemma 5.6. Let w** and t** be defined by (5.15) and (5.16), respectively. From the last
equation of (5.24) we have

DAL+ (DF) 1A = o, (7.31)
which, together with the second equation of (5.24), implies

R(zF) " (DF)2AE" = —R(M) A" = R(zF) " (ab) + f(aF) A"
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and hence,

IRF)TPDFAL P = (AT (R ha(ak) + £ A
= (AR () + (At )Tf( Az
= (AR () - (B2 M ()AL + (B ho(F)
< (AYTR(EF) M h () + Bz ) ho ()
< A IIRE) T @)+ 182 7o ()]
< OMIAE [ @) + 182" |llho ()]

where the first inequality is due to the positive semidefiniteness of M (zk) and the last inequality
due to (7.26). Since from (5.18) and (5.19) it follows that

oMMl = 1w fo(@™) + f/(2") 1) — (7 fola) + ("))
M (M) (@ — ) 4 (@) (R - )

_ 2\ P
= (H( s Zi) )20(92(2k))

I (") = 11£ () = f(2) + f'(@) (2" —a*)| = O(la® — 2*||*) = O(6*(21)),

we can further obtain that

and

IR(F) VDAL = 0(6%(2 ’“))I!Ktkll + O(0*(h) A"
< O3t >>||At "I+ O@(FNIO0O2(F) + 0(0(=)) || At

(
< O(
= O(B*(M) A" +0(04(=)
= O()| D*AL| + 084 (=)),

where the first inequality follows from Proposition 5.1 and the last equality due to ||[(D*)~!| =

O(1/ug) = O(1/62(2*)). Thus, by (7.26) we have
IDRAEP < [R(FY2([ R 2 DRAL 2 = O)|IDFAL | + 004 ().
Furthermore, we obtain from (7.31) that
1~k —k
I(D*)~'ArT| = |[DFAL| = O(1),
which further implies

1At < (D)) DR Btae]) < I1((DF ) n) " 1 DR ALY
O(u)O(1) = O(0(z4)),

and similarly,
~k 4~k 4k
1Ar5] < [1(DM)ssll((D*)ss) " Argll < (DM)ss][[(DF) " Ar7|| = O(6(=")).

This completes the proof. O
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Appendix VI

—~—k —k —~—k
Proof of Proposition 5.2. From the first two equations of (5.24), it is easy to see that (Az, Atg, Ary,)
is a feasible solution to the problem (5.26). Since this problem is a convex problem with linear con-
—k ~—k ~k
straints, (Az , Atg, Ary/) is an optimal solution to (5.26) if and only if it satisfies the KKT conditions
of (5.26), which can be written as

0
(DF)2 BKtZ € RanC(zF),
(D*)n NATN

where C(-) is defined by (5.1). By (5.24), it follows that

9 —k ~k
(DF) ATy = — Aty

(D)3sBty = —&‘Z=R(zk)33fz’a( A"+ (b (2h)s
= R(:")ssfs(a >Am — R(z"pafp(a") (" — 2**)
/ fo + a(z ))(mk*—xk)da,
and
0 = —[M(z >Aw + F/(@)T AL + ho(F)
= —[M(MAT + f@ AL + M) — a5) + f@)T ()

4 /0 (MO(F + a5 — 25)) (@™ — &%)+ F(@* + a(@™ — o)t — %)} da

Let A(-) and B(-) be defined by (5.1). Then

0

o ok k Z:;k oy | 2P — a2k
(D )BBA’fz]sC = A(z") A + A(z") l " ]
(DF) ATy N

1 :Ek _ :Ek*
—I—/ B(zk + oz(zk* - zk)) ik _ ks dov.
0 _

Thus, by using Assumption 5.3, we have

0
(Dk)%B&Z € RanA(z") = RanB(2* + a(z"* — 2¥)) = RanC(2")
5 ~k
(DF) ATy
for all z* sufficiently close z*. This completes the proof. a

Appendix VII
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Proof of Lemma 5.7. By Lemma 5.6, we have that max{||&i/||, H&"ZH} = 0(6(2"*)) holds for all
2¥ sufficiently close to 2*. Since (5.26) is always feasible, there must be a feasible solution to the
problem, @ and @, such that for all z* sufficiently close to z*,

max{ [l o]} = O(llho (")) + OBty + Ol ()]} + O(Arg) = O(B(=")).

Since for all z* sufficiently close to z*, C(z*) is invariable, it follows that, for all z* sufficiently
close to z*, Ker(C(2*)T) is invariable, which indicates that this matrix has constant rank for all z*
sufficiently close to z*. Thus, by using Lemma 5.9 in [28] and Proposition 5.2, we have

1(D")ssa]| + [[(D*) a2l
(D" ssllllall + 1(DF) o]
O(Mke(zk))7

~k 1 ~—k
I(D*)ssAtg] + (D) i Aryll - <
<

which further implies that, for all z* sufficiently close to z*,

~k ~k _ ~k 1 <k
1Ats] + [ Aryll < 1(D*)pslllI(DM)ssAtgll + [(DF)nar I (DF) WiarAr

= O(ur)O(uib(")) = O(8(=")).

This implies that the result of the lemma holds. a
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