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Abstract

Recently, semidefinite programming has been used to bound the price of a single-asset
European call option at a fixed time. Given the first n moments, a tight bound can be
obtained by solving a single semidefinite programming problem of dimension n + 1. In this
paper, we study the multi-asset case, which is generally more practical than the single-asset
case. We construct a sequence of semidefinite programming relaxations. As the dimension of
the semidefinite relaxations increases, the bound becomes more accurate and converges to the

tight bound. Some numerical results are reported to illustrate the method.
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1 Introduction

The Black-Scholes [5] formula for the European call option price on a single asset at a fixed time
can be obtained only under the conditions that the market is arbitrage-free and that the asset
price return follows a lognormal distribution. Unfortunately, the latter condition is usually not
satisfied in reality, which may result in pricing biases [16]. Some alternative models, based on
some other distributions, have been studied, which include the jump diffusion process of Merton
[20], the pure jump model of Cox et al. [11], and the compound option model of Geske [13].
Those models have a unique option price, but they still have pricing biases in some sense.

Without assuming an arbitrage-free market or a specific distribution of the underlying asset
price, several authors tried to use tools from mathematical programming, such as linear program-
ming and semidefinite programming, to obtain bounds on option prices [1, 8, 28, 29]. Given the
first and the second order moments of the asset, Lo [19] derived an upper bound for the price
of a single-asset European option by using a classical result of Scarf [33]. Recently, Lo’s result
has been extended by Bertsimas and Popescu [4] and Gotoh and Konno [15] to the case where
the first n moments of the asset are known. A tight upper or lower bound can be obtained via
solving a single semidefinite programming problem of dimensions n + 1 [4, 15].

In many applications, the payoff on a derivative security often depends on more than one
underlying asset. An example is the commodity index bonds issued by producers of a particular
commodity. The coupon payments on the bond can depend on both a commodity price and some
economic variables [9, 10]. Other examples of this kind can be found in [7, 22].

For European options of two underlying assets, Stulz [37] proposed a closed-form solution.
Tilley and Latainer [39] and Johnson [17] extended Stulz’s results to the case of an arbitrary
number of underlying assets. However, all those results were derived under the assumption that
the underlying assets follow the multivariate lognormal distribution, which is a strong assumption.

Boyle and Lin [8] derived distribution-free semi-parametric bounds on a European call on
the maximum of any number of assets, which is an extension of Lo’s results [19]. Similar to Lo’s
results, Boyle and Lin only needed the first and the second order moments (means and covariance
matrix of the returns of m underlying assets) of a distribution. They suggested to obtain the
bound via solving a semidefinite programming problem of dimension (m + 1)(m + 2)/2.

The upper bounds obtained by Boyle and Lin are better than those obtained by applying Lo’s

method directly to the multi-asset case. However, the upper bound from Boyle and Lin’s method



is still higher than the exact value (see [8, Table 3]).

In this paper, we propose to approximate the tight upper bound of the price of a multi-asset
European call option by solving a sequence of semidefinite programming problems. The method
can be viewed as a generalization of the method of Boyle and Lin [8] in the sense that the first
n moments, rather than the first two moments are given. The method is also a generalization
of the methods of Bertsimas and Popescu [4] and Gotoh and Konno [15] in the sense that we
treat multi-assets rather than a single asset. As the dimension of the semidefinite programs
increases, the solutions of the semidefinite programming problems converge to the tight bound
under suitable assumptions.

It should be noted that Bertsimas and Popescu [2, 3] have also considered the multi-asset
problem for a special case. They proved that the problem can be solved in polynomial time
under the following three conditions; 1. the first two moments are given; 2. the underlying
domain is the whole space R™; and 3. the payoff function is a piecewise quadratic function. If
one of the conditions is not satisfied, then the problem is NP-hard. Zuluaga and Pena [41] have
also considered a semidefinite programming approximation problem for generalized Tchebycheff
inequalities that includes the problem considered here as a special case. Their method is an outer
approximation of the cone of moment sequences and can be viewed as the primal approach used
by Lasserre [18]. The method in this paper is an inner approximation of the cone of positive
polynomials associated with the technique of sums of squares. It can be viewed as the dual

approach used by Shor, Nesterov, and Parrilo [23, 24, 36].

Notation and convention. Throughout the paper, R™ denotes the m dimensional Euclidean
space and R := {z € R™ | 2; > 0, i = 1,---,m} is the nonnegative orthant of R™. Similarly,
Z™ denotes the set of m-tuples of integers and Z" := {z € Z™ | 2, > 0, i = 1,---,m} is the set of
m-tuples of nonnegative integers. Let e; be the jth unit coordinate vector. We write “X = 07 if

a symmetric matrix X is positive semidefinite and “X > 07 if it is positive definite. We will use T’

to denote the exercise time while K denote the exercise price. In addition, S; := (S1,. .., Smt)T
denote the price of m assets at time t. Let i = (k1,...,ky)! € Z7, 2’ = it zhm = pry ks

m

Iy :=={ie€ Z7 | Y k;j <n}, and |I,| be the number of elements in I,. Then any real-coefficient
j=1

polynomial of degree k can be written in the compact form

p(z) =Y piz'.

i€l
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We will use B C R™ to denote the domain under consideration, and M*(B) to denote the
nonnegative regular Borel measure on B. For any A C R™, int A denotes the interior of A.

The paper is organized as follows. In Section 2, we state the problem under consideration.
We derive its dual problem and dicuss the relation between the primal and the dual. In Section
3, we present our semidefinite programming relaxation method and prove its convergence. Its
relation to the method of Boyle and Lin [8] is discussed in Section 4. We illustrate our methods

by some numerical results in Section 5 and conclude the paper in Section 6.

2 Formulation: Primal and Dual

Let x € R be a nonnegative random vector and z1,---,x,, be its correlated components. Let
f: R™ — R be a real valued function. Suppose we know the first n moments m;, i € I, of the

probability measure u. We are interested in the upper bound of the call option price

max I f(@)dp(z),
(UB-P) subject to  [gzidu(x) =my, i € I, (1)
p€ M*(B),

where my = 1 corresponds to the probability mass constraint. If

f(z) = max{max{z1, -+, 2, } — K,0}, (2)
and x1,---,x,, are the prices of m assets at a fixed time T, then f(x) is a European call on
the maximum of these m assets with strike price K. When x1,---,x,, represent the prices of

an asset at different times t; < to < -+ < t,, f(x) is the payoff of a discrete lookback option.
Furthermore, if n = 2, then (UB-P) reduces to the case studied in [8]. If m = 1, then (1) reduces
to the case of single asset at a fixed time, which was studied in, e.g., [4, 15, 19]. Thus, model (1)
is quite general.

To derive the dual of (1), let’s first rewrite it as

max (f (), u())

o
subject to  (z*, u(z)) = my, i € I, (3)

pu(z) € M*(B),



Similar to finite linear programming, we associate a dual variable y;, ¢ € I, to the equality

constraints, then the dual can be defined as

min Z m;Y;

y :
(UB-D) i (4)
subject to Z z'y; > f(z), Yz € B.
1€l

This is a semi-infinite programming problem in the sense that a linear objective function in the
finite Euclidean space R!/?| is minimized subject to an infinite number of linear constraints. Let
V(UB-P) and V(UB-D) be the optimal values of the primal and the dual problems, respectively,

which might be 00 in general. It is easy to establish the weak duality.
Theorem 2.1 (Weak duality) V (UB-D)> V (UB-P).

To establish strong duality, we need some additional conditions. Let S be a set and let cone(.S)

be the convex cone generated by S in the sense of convex analysis [30]. Consider the cone

i

M, 41 = cone ! |iel,,x€B
f(x)
_ fB ;,;Zd,u(x) ‘ i€l pc M+(B) (5)
I f(@)dp(z)
C R'I"‘Jrl.

For the equality (5), see [32] for the case that B is compact and [35, Lemma 3.1] for the general
case (See also [6, 31]).

Based on conic duality theory, Shapiro proved that ([35, Proposition 3.1], ):

Theorem 2.2 (Strong duality) Suppose that V (UB-P) is finite and the cone M, |41 is closed
in the standard topology of RI™I*1. Then, V (UB-P)=V (UB-D) and the primal problem has an

optimal solution.

Consider also the cone of feasible moment vectors

My, : = cone{xi, |ie I, SCEB}

- {/Bxidu(x), icl,|pe M*(B)} c Rl
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Then, under the following so-called Slater condition, strong duality also holds ([35, Proposition
3.4]):

Theorem 2.3 If the moment vector m = (m;, i € I,)7 satisfies
m € int(Mun‘), (6)
then V (UB-P)=V (UB-D).

If the strong duality holds, then by solving the dual problem (UB-D), the exact upper bound
of the original problem (UB-P) is obtained.

A similar relation also holds between the lower bound problem

min I f(@)dp(z),
(LB-P) subject to  [gzldu(x) =my, i € I, (7)
p € M*(B),
and its dual
(LB-D) i<l )
subject to Z z'y; < f(x), Vo € B.
1€l

That is, the weak duality V(LB-D)< V(LB-P) holds and under suitable conditions such as those
in Theorem 2.2 and 2.3, the equality holds.

3 The SDP Relaxation

In the following, we restrict our domain B under consideration to B = [0, B;]!”; and the function
f to a polynomial. The case that f is a piecewise polynomial (e.g., the maximum function (2))
can be discussed in a similar way:.

Since the constraints in (UB-D) involve nonnegative polynomials, we first investigate the
conditions that guarantee a polynomial to be nonnegative. A univariate polynomial f(z) =
2n

> y;x’ is nonnegative on R if and only if there is a matrix A = [ay;]x, j=0,..n, Such that [2, 23, 36]
i=0

Yi = Z akj7i:17"'72n7
k+j=t
A = 0.



n .

A univariate polynomial f(z) = > y;z" is nonnegative on R, if and only if there is a matrix
i=0

A = [ak;j|k,j=0,-n, such that [2, 23]

Yi = Z G/kj,l‘:(),"',n,
ktj=2i

0 = Z aj, 1 =1,---,m,
ket j=2i—1

A = 0.

Thus, when m = 1, the problem (UB-D) is equivalent to a semidefinite programming problem,
which can be solved efficiently by interior point methods [21]. If in addition there is no duality
gap between (UB-P) and (UB-D) (Theorems 2.2 and 2.3), then the problem (UB-P) is also solved
[4, 15].

In the multivariate case (m > 2), the problem is generally very hard. Clearly, if a polynomial
can be written as a sum of squares (sos for short) of other polynomials, then, it is nonnegative.

The converse is not true, as shown by the following example [27]
M(z,y,z) = zty? + 22y* + 25 — 3229222,

where the nonnegativity follows from the arithmetic-geometric inequality and the nonexistence
of an sos decomposition follows from standard algebraic manipulations [27].

A polynomial p(x) is nonnegative on a semialgebraic set D C R™ defined by polynomial

inequalities
Di={zeR"|pix) >0, j=1,-.1) 9)
if it can be written as l
pla) = so(x) + D pi(x)si(x), (10)
i=1
where s;(x), i = 0,---,1 are all sums of squares. Same as the unconstrained case, the above

decomposition is not necessary; that is, a polynomial p(x) that is nonnegative on D may not be

represented as (10). However, Putinar [26] proved that

Theorem 3.1 Suppose that the semialgebraic set D defined by (9) is compact and there is a

polynomial p: R™ — R
l

p(x) = so(x) +)_pi(x)si(z), Vo € R™
i=1

such that the set
{z € R™ | p(z) > 0}



is compact and the polynomials s;(x), i =0, ---, 1 are all sums of squares. Then any polynomial

v(x), strictly positive on D, can be written as

l
v(x) = ug(z) + Y _ pi(@)ui(x), Vo € R™
i=1
for some polynomials u;(x), i =0, ---, I that are all sums of squares. 0

The conditions in Theorem 3.1 are satisfied in many cases. For example [26],

1. There is one polynomial p;(x) such that the set {z | pj(x) > 0} is compact. In this case,

we can take u;(z) =0 for all ¢ # j and u;(x) = 1;
2. All p;(x) are linear, i = 1,---,1 and D is compact;
3. For 0-1 programs.

Recall that our problem (UB-D) is

min Z m;Yy;
y :
(UB-D) e (11)
subject to Z z'y; — f(x) >0, Vo € B.

1€ln

Based on the above discussion, a simple relaxation of our problem is

myin Z miYi
1€ln
(UB-R){ subject to 3" ays — () = s°(a) + 3 wss(a) + 3 (B~ a)s”(a), (12
s9(z),s¥ (z) are sos,i =1,2, j=1,--- ,m.

The following lemma shows that the sos condition is equivalent to positive semidefiniteness of a

certain matrix.

Lemma 3.1 The polynomial g(z) = Z%ILO yrx" is sum of squares if and only if there is a positive

semidefinite matric M, such that

9(x) = di(x)" Mdy(2), (13)
where
dp(x) = (1,x1,...,xm,x%,x1x2,...,x?n,...,xlf,...,xﬁl)T

is a basis vector for polynomials of m variables of degree at most k.



Proof. “ = 7. Suppose that there is M > 0, such that (13) holds. Let M =}, aiwiw; be its

eigenvalue-eigenvector decomposition. Since M = 0, a; > 0, Vi. We have

2
g(z) = di(z) TMdk Zaldk wzw dk Zaz (Z wi; (dy(x ) .
“<«=". Suppose that g is a sum of squares, i.e.,

g(x) = _(fi(x))*.

i

Let F; be the vector of the coefficients of f;(x) under the basis di(z). Then,

g(x) = (F dy(x) de TEFE d(2),

7

and (13) holds with M =3, F;F,T. 0

Let a = [deg(f)/2] be the smallest integer larger than deg(f)/2, half of the degree of f,
B = [n/2] and v = max{a, 8}. Denoting

s%2) = dyin(x) " S0 n (), s(2) = dyin_1(2) T Stdyyn_1(x), i=1,2, I =1,---,m,

where dg(z) := 0, S° = 0, and S* = 0, i = 1,2, [ = 1,---,m, by Lemma 3.1 we can rewrite

problem (12) as for a certain N

min Z m;y;
Y i€ln
subject to Z Ty — f(x)
icly,
(UB-D-R(N)) = dyyn(2) TS0,y (2) + ) zidos 1 (2) T SYd, 1 (2)
+ ;(Bl — i)dy g N—1(2) " S¥dy o1 (2)
S0=0, 81=0,j=1,21=1,---,m



Theorem 3.2 (UB-D-R(N)) is equivalent to the following semidefinite program

min g miY;

Y :
€1y
: 0 N~ (olk 2% 2k -
subject to y; — fi =] + > (si_ei — Si—ei) + 3 2B, Vie Ly
k=1 k=1

S = [Shlijer, i n =0

=X 5
(UB-D-SDP(N)) €L bk

S = [SHlijer,in_y = 0

sil: S Silf,lzl,---,m

1€l N1, itI=k
20 207. .
5% = [SZ”]ZJEIV-&-N—l =0

2l 21
Sk: Z S,U,l:l”m
1€l N1, i+I=k

Proof. By equating terms in (UB-D-R(N)), we obtain the results immediately. 0
Let

i€ln

F = {y e Rl | Z yir' — f(z) >0, Vo € B}
denote the feasible set of (UB-D) and let
Fy :={y € R | 35° S such that the constraints in (UB-D-SDP(N)) hold}

denote the projection of the feasible set of (UB-D-SDP(N)) to R/»l. Then, from the construction
we have that

hnC---CFNCFy1 C---CF (14)

For any y € F' and any small positive number €, we have

inyi—f(:c)+e>0, Vz € B.

i€l

It then follows from Putinar’s theorem (Theorem 3.1) that there exists a number L such that
Y+ eeg € FLa

where ¢y € RII»l with its 0th component 1 and all others 0. Since € > 0 is arbitrary, we conclude

that

F=|]JFw. (15)
N

10



Theorem 3.3 Let Vi (UB-R) be the optimal value of the problem (UB-D-SDP(N)) and V(UB-
D) be the optimal value of problem (UB-D), then

Vi(UB-R) > -+ > Vi (UB-R) > Viy41(UB-R) > - -- > V(UB-D), (16)

and
lim Vi (UB-R) = V(UB-D), (17)
Proof. The relation (16) follows from (14) and (17) follows from (15). O

Let M = {pi,pi, - Pi, | 11,72, - ix € {1,---1}} be the set of all partial products of p;;, where
pi; is a defining polynomial of D, i; = 1,---,l. Without the assumptions in Theorem 3.1, there

is another representation of polynomials strictly positive on D [34], i.e.,
p(z) >0, Vz € D = p(z) = s"(z) + Z vi(z)s'(z),

where i = (i1, ,i),i; € {1,---,1}, such that v;(z) = p;, () - p;,(z), s°(x), and s'(x) are all
sum of squares. Then we still have semidefinite programming relaxation of (UB-D).
If f is not a polynomial but a ‘piecewise’ polynomial in the sense that we can do a partition

k
of the underlying domain B = |J C}, such that each C; is a semi-algebraic set and
j=1

then (UB-D) can be written as

myin z]: miy;

o (18)
subject to Z z'y; > fi(z), Ve e Cj, j=1,---k,

icly,

and we can first define a similar sums of squares relaxation for (18) then solve the resulted
semidefinite programs to get an upper bound of (UB-P).

In summary, our method for solving (UB-D) solves the semidefinite programming relaxations
(UB-D-SDP(N)), starting with N = 1. If the solution of the semidefinite programming problem
is good enough, then stop; otherwise, increase N and solve the next semidefinite programming
problem to get a better approximation. Theorem 3.3 guarantees that a suitable bound will be
obtained for some IN. As to whether the solution of a semidefinite programming problem is good

enough, one can refer to [25].

11



4 Relation to the method of Boyle and Lin

In this section, we discuss the relation between our method and the semidefinite programming
relaxation method of Boyle and Lin [8].

Boyle and Lin considered the option price of a European call on the maximum of any number
of assets, given the means, variances and covariance matrix of asset prices at the time to option
maturity T. That is

f(z) = max{max{z1, -,z } — K,0},

with strike price K. Let B = R'!", then the problem is

m(a%( fRT max{max{zy, -, T} — K,0}du(x),
u(zx

(UB-P) subject to fRT ridp(x) =my, i € Iy,
i€ M*(RY),

The dual problem then becomes

min Z m;Y;

Y :
(UB—D) ZEIQ A
subject to Z z'y; > max{max{xy,---,z,} — K,0}, Vo € RY".
i€ls
Let
S ={z|0<z;<K,i=1,---,m}
and

Ei={z |z >K, 0<z; <uax j#i}

Then, the dual problem can be written equivalently as

min Z miy;
Yy

i€ln

s.t. Z zly; >0, Vo € & (19)
i€l
inyi—xj—i-KZO,Vxeé'j,jzl,---,m. (20)
i€l

Boyle and Lin [8] first relaxed the conditions in (19) and (20) to R™,

min Z m;Y;
Y

i€l
s.t. Z xly; >0, Vo € R™
i€l
inyi—:cj—}—KzO, Vee R"j=1,---,m.
i€la

12



Since the polynomial is quadratic, this problem is in fact equivalent to the sos problem [27]

min E miy;

Y

i€lr
s.t. Z x'y; is sos
i€lr
leyi—xj—i—K issosj=1,---,m,
i€l

which, by Lemma 3.1, is equivalent to

myin Z miy;
i€lr
S . ) -
Yoo 3Y01 - 3Yom
1 1
5Yo01 Y11 X |
s.t. 2 ) 2 " =0
L %yOm %ylm 0 Ymm
BL [ i
(BL) Yoo+ K Zyoi 5Y0; —1/2 -+ 3Yom
%ym Yy %ylm
1 1 | 20=1m
§y0j_1/2 Y o 5Yim
%yom %ylm PR PEErY PEEErY ymm ]

A simple comparison between (BL) and (UB-D-R(N)) shows that
(BL) < (UB-D-R(1)),

that is, the relaxation of Boyle and Lin serves as our first level relaxation. Boyle and Lin then

solve the following nonlinear semidefinite programming problem to get the upper bound:

' m m 1 1
min Z Zaij |:pz‘jaz‘0j + (,Ui - K+ Zbi)(,uj - K+ Zb])
i—1j=1
s.t. A= [aij] > 0,

where b; is the ith diagonal entry of A1, pij is the correlation coefficient between z; and z;, o;

is the standard variance and p; is mean of x;.

13



5 Numerical Results

We now illustrate the application of the proposed method to some problems of bounding the option
price on several assets. The first example is an artificial one to check the reliability of the method
with f(x) = (21 + 22)2. The second involves a European call option where f is the maximum
function as (2), which is the first example considered in [8]. We show that we can get better bounds
with the third level relaxation than those obtained from Boyle and Lin’s method. The third is the
two asset rainbow and the fourth is the basket option on two currencies. We use the sum of squares
optimization toolbox, a free Matlab software developed by Prajna, Papachristodoulou and Parrilo
[25] based on the method of Parrilo [24] and available at http://www.cds.caltech.edu/sostools to
solve (UB-D-R(N)), in which the semidefinite programming problem (UB-D-SDP(N)) is solved
with SeDuMi version 1.03 developed by Sturm [38]. The computations are done on a Pentium
IV 2.4G Hz PC with 256M RAM.

In applying our method, we do not need to make any assumption on the distribution of the
underlying assets. For convenience of comparison, however, we assume in the following that the
underlying assets follow a multivariate lognormal distribution. Under this assumption, the k-th

moment can be computed by

my =E [ﬁ SZ-(T)’”]
=1

O m 1 m—1 m
= S@'tkiex kr — kigi + = k?ik?i—laz~2+ kikipiioioi | (T —1t) ] ,(21
flsiorom |or- Snas Sttt +E S| -0

where k; = 0,1,---,k, > ki = k, Si(t) is the price of asset ¢ at time ¢, T" is the maturity, r is
the interest rate, ¢; and o; are the dividend and volatility of asset 4, respectively, and p;; is the

correlation of the assets.

5.1 A small example with known solution

To check the reliability of our method, we consider the case of two assets, the underlying domain
B = R? and the payoff function f = (S; + S2)?. In this case, the payoff of the derivative can be

expressed as

U(tv Slv 52)

= Sl(t)2e(T—2Q1+Uf)(T—t) + SZ(t)Qe(r—qu-i-aS)(T—t) + 287 (£) Sy ()T n a2 tpo102)(T—1) (99)

14



Table 1. Semidefinite relaxation values for p = 0.5,0, —0.5

p | Exact Value N=1 N =2 N =3 N =1 N =5

0.5 539.4928 | 562.0363 | 562.0281 | 562.0008 | 560.4683 | 540.5069

0 529.8517 | 557.0212 | 557.0085 | 556.8446 | 556.2763 | 529.3202

-0.5 520.5655 | 552.0880 | 552.1005 | 550.7934 | 550.7692 | 520.0693

The riskless interest rate r is assumed to be 5%, the time to option maturity, T, is one year, the
current price is S1(0) = 10 and S3(0) = 12, ¢1 = g2 = 0 and the volatilities are o1 = 25% and
o9 = 30%, respectively. Suppose that we know the first four moments, that is, n = 4.

The computational results are listed in Table 1, where the first column is the values of p, the
second column is the exact value computed via (22), and the third to the seventh columns are

the SDP values of the first to the fifth level of relaxation, respectively.

we can see from Table 1 that with the increase of the level of the semidefinite programming

relaxation, we obtain closer and closer upper bound of the exact value. We plot the exact value

and the computational results in Figures 1, 2, and 3, where p = 0.5,0, and —0.5, respectively.

=0~ SDP Value
—+— Exact Value

565

<

560 -

555

550

545

Value of SDP bound

540

535 I I I
1 2 3 4 5

Degree N of relaxation

Figure 1: Computational results for p = 0.5 (moments up to 4 order)
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560

=#— SDP Value
=9~ Exact Value

555 b

550 - b

545 - 4

540 - 4

Value of SDP bound

535 B

53 g 4 g
525 1 1 1
1 2 3 4 5

Degree N of relaxation

Figure 2: Computational results for p = 0 (moments up to 4 order)

5.2 An example of Boyle and Lin

In this subsection, we consider example 1 from Boyle and Lin [8], which is a call option on the
maximum of three assets. We use the same data. That is, the current price S;(0) = S3(0) =
S3(0) =40, r =10%, ¢1 = g2 = q3 = 0, 01 = 09 = 03 = 30%, and p12 = p13 = p23 = 0.9. We get
the means and covariance from [8, Table 2].

The computational results of the upper and lower bounds are reported in Table 2 and Table
3, respectively. From Table 2 we can observe that the results of the third level semidefinite

relaxation are better than the upper bounds obtained in [8].

Figures 4 and 5 plot the results in Table 2 and Table 3, respectively, and Figure 6 plots the
exact value, the upper bound and the lower bound of the third level relaxation with the strike

price.
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Figure 3: Computational results for p = —0.5 (moments up to 4th order)

Table 2. Upper bound from the semidefinite relaxation with up to 2nd order moments

Strike price Exact value Upper bound from this paper Upper bound of BL

30 16.35 21.5136 20.2105 17.3405 19.39
35 12.38 17.1727 14.5008 13.9102 15.52
40 8.98 13.2100 11.7852 10.7630 11.94
45 6.27  9.8520  7.5018 6.6347 8.88
50 4.23 73095 4.7313 4.3380 6.59
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Table 3. Lower bound from the semidefinite relaxation with up to 2nd order moments

Strike price Exact value Lower bound from this paper

30 16.35 14.2100 14.5870 16.2565
35 12.38  9.2096  9.7160 12.1891
40 8.98  4.2096  5.9368 8.1489
45 6.27  0.0000 4.1017 5.6945
50 4.23  0.0000 1.7886 2.1857
2 Exact Value

=+ First Level
=6~ Second Level ||
=~ Third Leverl

Value

*0

4 I I I
30 35 40 45 50

Strike price

Figure 4: Computational results: Upper bound
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Figure 6: Computational results: Upper bound and lower bound of the third relaxation
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Table 4. Semidefinite relaxation value for two asset rainbow with up to 2nd order moments

Exact Value | N =1 N =2 N =3 N =4 N =5

8.26 15.1096 | 15.1017 | 14.5737 | 13.0403 | 8.3667

5.3 Two asset rainbow

The two assets satisfy, S1(0) = S2(0) = 100, o1 = 03 = 10%, p = 0, g1 = In(1.05) and g2 = 0.
We price an at-the-money basket option S1(7) 4+ S2(T), with K = 200, T'= 0.5 and the interest
rate r = In(1.1). For this basket option, our method with the fifth level relaxation yields a price
of $8.3667, while Rubinstein’s quasi-binomial method yields a price of $8.26 and the high-order
Gauss-Hermite integration method of [40] yields a price of $8.2612. See Table 4 and Figure 7

—e—- SDP Value
-9~ Exact Value

15T b

16

14f .

131 b

12+ B

111 B

Value of SDP bound

10+ B

O O O
v v v
8 ]
7 I I I
1 2 3 4 5

Degree N of relaxation

Figure 7: Computational results for two asset rainbow

5.4 Basket options on two currencies

We consider several basket options on two currencies from [14], wherein some present works are
reviewed and benchmarked. The nominal underlying currency is US Dollar. The parameters are

as follows. The interest rate in US Dollar is » = 0.04, the Yen amount S is 1,250,000 with an
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Table 5. Basket call options on two currencies.

Correlation | Strike | Rubinstein | Vorst/Gentle | Our Method
p(%) price

-50 27,000 2,402.19 2,402.46 2,408.1
-50 29,400 492.74 490.68 493.7
-50 31,000 61.69 59.21 65.0
0 27,000 2,432.70 2,432.70 2,438.9

0 29,400 654.74 652.97 656.7
0 31,000 152.83 151.90 153.4
50 27,000 2,476.98 2,476.71 2,479.3
50 29,400 782.63 781.75 782.2
50 31,000 244.28 243.66 2444

exchange rate of $0.008/Yen, with its interest rate playing the role of dividend ¢; = 3.5%, and the
Sterling amount So is 10,000 with the exchange rate of $2/Sterling and its interest rate playing
the role of dividend g = 10%. The volatility of Yen expressed in US Dollar is o1 = 12% and that
of Sterling is oo = 10%. The maturity time is six months, and the correlation matrix is given by
p(S1,52). The results are in Table 5, where the column of Rubinstein is obtained by a simulation
method, hence could somehow be thought of as the approximate exact value. The column of
Vorst/Gentle shows a lowerbound in [14] and the column of our methods shows an upperbound

obtained with NV = 5.

6 Conclusions

We have considered the problem of bounding the option prices on multi-asset, under the condition
of knowing the first n moments. We proposed to approximate the dual problem, a semi-infinite
programming problem, by using the technique of sum of squares of polynomials, which is equiva-
lent to a semidefinite programming problem. Under suitable conditions, we proved the asymptotic
convergence of the method. Some numerical results were reported, which indicated that we can
get quite good bounds after a few iterations.

The method can be extended to the problem where f is a piecewise polynomial. The discussion
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is similar to the polynomial case. However, this is true only if the number of the pieces is small
from the numerical point of view since the scale of the resulted semidefinite programming problem

may be numerically prohibitive if the number of the pieces is large.

References

[1] A. Basso and P. Pianca, Decreasing absolute risk aversion and option pricing bound, Management

Science 43 (1997) 206-216.

[2] D. Bertsimas and I. Popescu, Optimal inequalities in probability: a convex optimization approach,

Working paper, MIT, http://www.insead.fr/facultyresearch/tm/popescu/, 1999.

[3] D. Bertsimas and I. Popescu, Optimal bounds in finance: An optimization approach, Working paper,

MIT, http://www.insead.fr /facultyresearch/tm/popescu/, 1999.

[4] D. Bertsimas and I. Popescu, On the relation between option and stock prices: a convex optimization

approach, Operations Research 50 (2002) 358-374.

[5] F. Black and M. Scholes, The pricing of options and corporate liabilities, Journal of Political Economy
81 (1973) 637-654.

[6] F. Bonnans and A. Shapiro, Perturbation Analysis of Optimization Problems, Springer, New York,
2000.

[7] P. Boyle, New life forms on the option landscape, Journal of Financial Engineering 2 (1993) 217-252.

[8] P. Boyle and X.S. Lin, Bounds on multiple contingent claims based on several assets, Journal of

Financial Economics 46 (1997) 383-400.
[9] N. Budd, The future of commodity indexed financing, Harvard Business Review 61 (1983) 44-50.

[10] G. Cortazar and E.S. Schwartz, The valuation of commodity-contingent claims, Journal of Derivatives

1 (1994) 27-39.

[11] J.C. Cox, S.A. Ross and M. Rubinstein, Option pricing: a simplified approach, Journal of Financial
Economics 7 (1979) 229-263.

[12] R.E. Curto and L.A. Fialkow, Recursiveness, positivity, and truncated moment problems, Houston

Journal of Mathematics 17 (1991) 603-635.
[13] R. Geske, The valuation of compound options, Journal of Financial Economics 7 (1979) 63-81.

[14] D. Gentle, Basket weaving, Risk 6 (1993) 51-53.

22



[15] J.Y. Gotoh and H. Konno, Bounding option prices by semidefinite programming: a cutting plane
algorithm, Management Science 48 (2002) 665-678.

[16] J.C. Hull, Options, Futures, and Other Derivatives, Prentice Hall, Englewood Cliffs, NJ, 2003.

[17] H. Johnson, Options on the maximum or minimum of several assets, Journal of Financial Quantitative

Analysis 22 (1987) 277-283.

[18] J.B. Lasserre, Global optimization with polynomials and the problems of moments, STAM Journal on

Optimization 11 (2001) 796-817.

[19] A. Lo, Semi-parametric upper bounds for option prices and expected payoffs, Journal of Financial

Economics 19 (1987) 373-389.

[20] R.C. Merton, Option pricing when underlying stock returns are discontinuous, Journal of Financial

Economics 3 (1976) 125-144.

[21] Yu. Nesterov and A. Nemirovski, Interior Point Polynomial Methods in Convex Programming, STAM
Series In Applied Mathematics, Philadelphia, 1994.

[22] 1. Nelken, The Handbook of Exotic Options, Irwin Professional Publishers, Chicago, 1996.

[23] Y. Nestorov, Squared functional systems and optimization problems. H. Frenk, K. Roos, S. Zhang, eds,
High Performance Optimization Methods. Kluwer Academic Publishers, Dordrecht, The Netherlands,
405-439, 2000.

[24] P.A. Parrilo, Semidefinite programming relaxation for semialgebraic problems, Mathematical Pro-

gramming 96 (2003) 293-320.

[25] S. Prajna, A. Papachristoloulou and P.A. Parrilo, SOSTOOLS, Sum of squares optimization toolbox
for Matlab, user’s guide, 2002.

[26] M. Putinar, Positive polynomials on compact semi-algebraic sets. Indiana University Mathematics

Journal 42 (1993) 969-984.

[27] B. Reznick, Some concrete aspects on Hilbert’s 17th problem, Contemporary Mathematics 253 (2000)
251-272.

[28] P. Ritchken, On option pricing bounds, The Journal of Finance 40 (1985) 1219-1233.

[29] P. Ritchken and S. Kuo, On stochastic dominance and decreasing absolute risk averse option pricing

bounds, Management Science 35 (1989) 51-59.
[30] R.T. Rockafellar, Conver Analysis, Princeton University Press, 1970.

[31] R.T. Rockafellar and R.J-B. Wets, Variational Analysis, Springer, 1998.

23



[32] W.W. Rogosinsky, Moments of nonnegative mass, Proceeding of the Royal Society of London, Series
A 245 (1958) 1-27.

[33] H. Scarf, A min-max solution of an inventory problem. K.J. Arrow, S. Karlin, H. Scarf, eds. Studies
in the Mathematical Theory of Inventory and Production. Stanford University Press, Stanford, CA,
201-209, 1958.

[34] K. Schmiidgen, The K-moment problem for compact semi-algebraic sets, Mathematische Annalen 289

(1991) 203-206.

[35] A. Shapiro, On duality theory of conic linear problems. Semi-infinite Programming, Nonconvex Op-

timization and Applications 57 (1999) 135-165, Kluwer Academic Publication, Dordrecht.
[36] N.Z. Shor, Nondifferentiable Optimization and Polynomial Problems, Kluwer, Dordrecht, 1998.

[37] R.M. Stulz, Options on the minimum or maximum of two risky assets: Analysis and applications,

Journal of Financial Economics 10 (1982) 161-185.

[38] J.F. Sturm, Using SeDuMi 1.02, a Matlab toolbox for optimization over symmetric cones, Optimization

Methods and Software 11-12 (1999) 625-653.

[39] J.A. Tilley and G.D. Latainer, A synthetic option framework for asset allocation, Financial Analysts
Journal 41 (1985) 32-43.

[40] A. Ware and A. Lari-Lavassani, Algorithms  for  portfolio  options, Preprint,
http://finance.math.ucalgary.ca/publications.shtml, 2000.

[41] L.F. Zuluaga and J.F. Penia, A conic programming approach to generalized Tchebycheff inequalities,
Working paper, Graduate School of Industrial Administration, Carnegie Mellon University, 2002.

24



