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Summary

In this thesis, we conduct a thorough study on the theory and algorithms for
large scale multi-block convex composite problems with coupled objective functions.
These problems arise from a variety of application areas.

This thesis is mainly divided into two parts. The first part is focused on solv-
ing unconstrained multi-block large scale convex composite optimization problems
with coupled objective functions. A two-block inexact majorized accelerated block
coordinate descent method is proposed for problems without joint constraints, and
the O(1/k?) iteration complexity is proved. We illustrate the implementation of
this framework for solving the dual of an important class of composite least square
problems that involves the nonsmooth regularized terms, the equations, the inequal-
ities and the cone constraints. For solving subproblems, we adopt the inexact one
cycle symmetric Gauss-Seidel technique proposed recently in [60] and a hybrid of
the semismooth Newton-CG method and the accelerated proximal gradient method.
The incorporation of the second order information plays a pivotal role in making
our algorithms and the other existing ones more efficient. Numerical results demon-
strate that our proposed methods outperform, by a large margin, existing different

variants of the block coordinate descent methods.
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Summary

The second part of this thesis is devoted to the study of the constrained con-
vex composite optimization problems with joint linear constraints. A majorized
alternating direction method of multipliers, which was discussed for problems with
separable objective functions in the existing literature, is extended to deal with this
class of problems. The global convergence and the ergodic and non-ergodic iteration
complexities are presented. We also prove the linear convergence rate of the method
for solving quadratically coupled problems under an error bound condition. For the
purpose of deriving checkable conditions for the error bound, we present a character-
ization of the robust isolated calmness of the constrained problems penalized by the
nuclear norm function via the second order sufficient optimality condition and the
strict Robinson constraint qualification. The robust isolated clamness has its own
interest beyond the implication of the error bound condition. For the convex com-
posite nuclear norm problems, several equivalent conditions for the robust isolated

calmness are obtained.



Chapter

Introduction

1.1 Motivations and related methods

This thesis is focused on designing and analyzing efficient algorithms for solving
multi-block large scale convex optimization problems, with or without joint linear
constraints. The first model under consideration is the following unconstrained

optimization problem:

(P1) min 6(u, v) = Zpi(ui) + Z 4;(v) + o(u,v), (1.1)

where s and ¢ are two given nonnegative integers, u = (u1, us, ..., us) € U and v =
(v1,v9,...,v¢) €V are two groups of variables, p; : U; — (—00, 00|, i = 1,...,s and
qj : V; = (—00,00], j =1,...,t are simple closed proper convex functions (possibly
nonsmooth), ¢ : U x V — (—o00,00) is a smooth convex function whose gradient
mapping is Lipschitz continuous, Y = Uy X Us X ... xUsand V =V X Vo X ... XV,
are real finite dimensional Euclidean spaces each equipped with an inner product
(-,+) and its induced norm || - ||. Our aim is to solve large scale problems in the form
of (1.1) of medium to high accuracy.

A natural extension of the unconstrained problem (1.1) in the two-block case is

the following linearly constrained convex problems with coupled objective functions:
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(P2) min  p(u) +q(v) + d(u, v),
(1.2)

s.t. A*u+ B*v =c¢,

where p : U — (—o00,+0o0] and ¢ : V — (—o00,+00] are two nonsmooth closed
proper convex functions, ¢ : U x V — R is a smooth convex function with Lipschitz
continuous gradient, 4 : X — U and B : X — V are two linear operators, ¢ € X
is the given data, and U, V and X are finite dimensional Euclidean spaces. In this
thesis, we also propose an algorithm to solve (1.2) and analyze the related properties.

Before going into details, we shall point out that throughout this thesis, we
name the problems in the form of (1.1) unconstrained optimization problems. This
terminology does not indicate that the problem (1.1) is free of any constraint. For
example, we still allow the decision variables to stay in some convex sets by adding
indicator functions over these sets in the objective functions. The expected way
to interpret the word “unconstrained” is that no joint constraints across different

blocks are allowed.

1.1.1 Unconstrained problems

Our first motivation to study the problems of the form (1.1) comes from the dual of

the nonlinearly constrained strongly convex problems:

min f(z) + 0(x)
st. Axr=0b, g(x)el, zek,

(1.3)

where f : X — R is a smooth and strongly convex function, 6 : X — (—o0, +o0]
is a closed proper convex function, A : X — Vg is a linear operator, b € Vg is the
given data, g : X — ), is a smooth map, C C Y, and K C X are two closed convex
cones, and X, Vg, Y, are finite dimensional Euclidean spaces each equipped with an
inner product (-,-) and its induced norm. In order to make (1.3) a convex problem,

we further require g is C-convexity [78, Example 4’]:

glazy + (1 — a)xs) — (ag(zy) + (1 — a)g(xs)) €C, Vai, 22 € g (C), Ya € (0,1).
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In order to write down the dual of the problem (1.3), we introduce a slack variable

u=x € X and recast the problem (1.3) as

min f(z) + 0(u)
st. Az=0b, gx)el, zek, z=u.

(1.4)

Given (z,u,y, A, 5,2) € X X X x Vg x Y, x X x X, the Lagrangian function of the
problem (1.4) takes the form of

L(z,u;y, A\, s, 2) = f(z) +0(u) — (y, Ar — b) — (g(x), \) — (x,8) — (2, — u).

In this way, the dual of the problem (1.4) can be written as

max Y(A*Yy + s+ 2z,\) + (b,y) — 0" (—=2)
st. Ael*, seKr

(1.5)

where A* is the conjugate operator of A, 6* is the conjugate function of 6, C* and
K* are the dual cones of C and K, and the function ¢ : X x YV, — R is defined as

Y(w, N) == inf {f(x) — (w,z) — (A, g(x))}, V(w,\) € X x,. (1.6)

reX

By the assumption that g is C-convexity, it is easy to see that —(\, g(x)) is convex
with respect to x for A € C*. Since f is assumed to be strongly convex, the optimal
solution of the above problem is a singleton and thus ¢ is continuously differen-
tiable [30, Theorem 10.2.1]. In this way, the problem (1.5) falls into the framework
of (1.1) with four blocks of variables (y, s, z, A).
The model (1.3) includes many interesting applications. One particular example
is the following regularized best approximation problem:
min 1| X — G||* + 6(X)
(1.7)
st. AX=0b, BX>d, Xek,
where A : X — Vg and B : X — ) are two linear operators, G € X, b € Vg,
d € Y are given data, K C X is a closed convex cone, 0 : X — (—o0, +0o0] is a simple

proper closed convex function such as the indicator functions over the polyhedral
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or the norm functions. One can easily see that the problem (1.7) is a special case

of (1.3) by taking f(X) = 3| X — G|, g(X) = BX —d for any X € X and letting

C ={y; € Yy :y; > 0}. In this case, the function ¢ defined in (1.6) can be computed
explicitly as
1 1
(w, A) = —§HG +w + B*A|* + §HGH2 +(\d), Y(w,\)eXx).
Hence, the dual of the problem (1.7) is given by

max —3||G+ Ay + B* A+ s+ 2| + (b,y) + (N, d) — 0*(—=),
st. A>0, sek*

(1.8)

The study of the best approximation problems dates back to the 1980s, when
the inequality constraint BX € C and the regularized term 6 are not included. Peo-
ple are interested in its application to the interpolation with K = {L5[0,1] | =z >
0 a.e. on [0, 1]} at that time [48, 1, 23, 25, 26]. Around fifteen years ago, the posi-
tive semidefinite cone constraint is also under consideration with wide applications
in calibrating the covariance (correlation) matrix in Finance [43]. For the related
algorithms, see, for examples, [66, 75]. This model is further extended with the
inequality constraints in [7, 36] with a dual approach. Recently, people also focus
on the regularized least square problems with a nonsmooth regularized term 6 in
the objective function in order to impose different structures on the solutions, which
are used in the under-sampling problems from the high dimensional data analysis.
Two frequently used regularized terms are (-) = p|| - ||; for the sparsity of a solution
and p|| - ||« for the low-rankness with given penalty parameter p > 0 [37, 13].

Another important application of the problem (1.3) is the projection onto the

convex quadratically constrained positive semidefinite sets:

min 1| X — G|?

st H(X,QX) +(Ci, X)+7;, <0, i=1,...,m, (1.9)
X e Sy,
where Q; € SY,1 = 1,2,...,m are given self-adjoint positive semidefinite linear

operators, C; € 8",i = 1,2,...,m are given matrices and r; € R,i = 1,2,...,m
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are given scalars. This is a reduced form of the convex quadratically constrained
quadratic problems (CQCQP) considered in [92] by only considering the identity
operator in the objective function.

Besides the dual of the problems with the form (1.3), many applications them-
selves belong to the unconstrained model (1.1). For example, in order to find and
explore the structure in high dimensional data, people consider the following low
rank and sparsity decomposition approach:

. 1
min  S||D — L —S|*+ M\ ||ILI[. + A S]],
L,SeRmxn 2

where D € R™*™ is an observed matrix, and A\;, Ay are two positive parameters.
This model is named as the robust principle component analysis in [102]. A more

complicated one is the robust matrix completion problem considered in [52]:

N
1
i — ) (Y, —(X;, L+ S)?+ )| L Aol S
LB, L0 X L ST ML el

5.t oo < @, [IS]fe < e,

where || L||s = | dnax |Lijl, IS]l21 = D_iy IISill2, N is the number of samples,
(X;,Y;)) e R™M" xR, i=1,2,..., N are observations, and a > 0 is a given upper
bound of ||L||» and ||S]|s. This model can be viewed as a two-block unconstrained
problem by taking p(L) = A\i||L{|1 + 0zj<a(L) and ¢(S) = X2||S|l2,1 + s <alS).

It is well known that the problem (1.1) can be solved by the block coordinate
descent (BCD) method, where each block is updated sequentially based on the latest
information [84, 95, 96]:

;

k1l _ : k k gk ok k

uy™ = argmin,, 6(uy, us, ..., ul vF,v5, .0,

k1 _ - k1 kel ko k k

uftt = argmin,, O(uy  ug L U, VT, U, L 0F),

k1l _ : k1 kel k+1 k k

v =argming, O(uy" ug L udT v, gL ),
k1l _ : k+1 ) k4l kAl k1 K+l

vp T =argmin,, O(uy us L u T i T e ).

\
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To overcome the possible difficulty when solving the subproblems, people also study
a variant framework called the block coordinate gradient descent method (BCGD) [98,
3]. A proximal gradient step is taken for each block of this method. Both the BCD
and BCGD algorithms, or a hybrid of them, have the iteration complexity O(1/k)
for the generic model (1.1) [3, 47].

The Nesterov’s acceleration technique [70, 71] is a powerful tool to solve one
block convex optimization problems, with the attractive O(1/k?) convergence rate.
However, in order to apply the accelerated proximal gradient (APG) method to the
problem (1.1), a very large proximal term has to be added such that the whole
problem can be treated as one block. This would no doubt cause the algorithm
to be less efficient. People have already made several attempts to settle this issue.
If there are no nonsmooth terms in (1.1), Beck and Tetruashvili [3] prove that
the accelerated version of BCGD also enjoys the O(1/k*) complexity. Recently,
Chambolle and Pock [9] show that if the optimization problem only involves two
blocks and the coupled smooth term is quadratic, the O(1/k?) complexity can be
achieved by a majorized accelerated BCD algorithm.

Another line of research focus on the randomized updating rule in order to ac-
celerate the BCD-type method, which is initialized by Nesterov’s innoative work
in [73]. In his paper, Nesterov shows that without the nonsmooth terms, the ac-
celerated BCD method could converge at O(1/k?) if different blocks are updated
alternatively in a random order following the prescribed distribution. This idea is
further extended by Fercoq and Richtérik [31] to solve the general problems of the
form (1.1) with a large proximal term that proportional to the number of blocks.
This is important progress in theory, but its numerical performance is far from
satisfactory since a small proximal term is always preferred in practice.

The introduction of the inexactness is essential for efficiently solving the multi-
block problems. Researchers have already incorporated this idea into different vari-
ants of the BCD and APG algorithms, see, for examples, [85, 49, 100, 93, 33]. There

are several reasons to consider the inexactness. One is that many subproblems in
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the BCD-type algorithm do not have explicit solutions or their computational cost
is very demanding, such as the problems involving the total variation regularizer
(TV norm) in the image science, or the dual of the nonlinear constraint problems
given in (1.5). Another reason, perhaps a more critical one, is that the inexactness
allows us to tackle multi-block problems by combining several blocks together and
solve them simultaneously by the Newton-type method. This idea has already been
implemented in the inexact APG algorithm for solving a least square semidefinite

programming in [91].

1.1.2 Linearly constrained problems

As mentioned in the begining of this chapter, we also consider the linearly con-
strained optimization problems with the coupled objective functions in the form of
(1.2). Many interesting optimization problems belong to this class. One particular
example is the following problem whose objective is the sum of a quadratic function

and a squared distance function to a closed convex set:

o1 u ~ [ u p u U
min - 0 + 2 _i
2 v v 2 v v

2

1.11
s.t.  A*u+ B*v = ¢, ( )

u€ Ky, veEKs,

where p > 0 is a penalty parameter, Q:UXV >UXVisa self-ajoint positive
semidefinite linear operator, K; CU xV, Ky C U and K3 C V are closed convex sets
and I, (+,-) denotes the metric projection onto K;. The reason behind this model
is to treat different constraints separately, some of them need to be strictly satisfied,
such as the equation constraints A*u + B*v = c and u € Ky, v € K3, and others are
soft constraints like (u,v) € Ky, so that a penalized distance between (u,v) and K
appears in the objective function.

One popular way to solve problem (1.2) is the augmented Lagrangian method

(ALM). Given the Lagrangian multiplier x € X" of the linear constraint in (1.2), the
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augmented Lagrangian function associated with the parameter ¢ > 0 is defined as
L, (u,v;x) = 9(u,v)+<$,A*u+8*v—c>+%\|A*u+8*v—c|]2, (u,v) €UXV. (1.12)

The ALM minimizes £, (u,v;x) with respect to (u,v) simultaneously regardless of
whether the objective function is coupled or not before updating the Lagrangian
multiplier z along the gradient ascent direction. Numerically, however, to minimize
L,(u,v;x) with respect to (u,v) jointly may be a difficult task due to the non-
separable structure of 6(-,-) combined with the nonsmoothness of p(-) and ¢(-).
When the objective function in (1.2) is separable for v and v, one can alleviate
the numerical difficulty in the ALM by directly applying the alternating direction
method of multipliers (ADMM). The iteration scheme of the ADMM works as fol-

lows:
([ k+1 : k. k
= argmin £, (u, v"; "),
u
O = arg min £, (uF Y v; 2b), (1.13)
v
Ftt = 2F + ro (AT b + Bkt — ¢),

\

where 7 > 0 is the step length. The global convergence of the ADMM with 7 €
(0, %5) and a separable objective function has been extensively studied in the
literature, see, for examples, [34, 35, 38, 39, 28]. For a recent survey, see Eckstein
and Yao [29]. Although it is possible to apply the ADMM directly to problem
(1.2) even if ¢(-,-) is not separable, its convergence analysis is largely non-existent.
One way to deal with the non-separablity of ¢(-,-) is to introduce a new variable

w = (u,v) €U x V. By letting

A B 0 0 c
A=z, |, B=| o |. ¢=| -7, o |, é¢=]o0
0 Iy 0 -1 0

with identity maps Z; : Y — U and Z, : V — V), we can rewrite the optimization

problem (1.11) equivalently as
min - 6(u, v,w) := p(u) + q(v) + P(w),
o (1.14)
st. A'u+Bv+Cw=c
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For given o > 0, the corresponding augmented Lagrangian function for problem
(1.14) is

Lo(u,v,w; ) = 0(u, v, w) + (x, Au+ Bv + C*w — & + %Hj*u +Bv+Cw—¢|?,

where (u,v,w) €U xV x (U xV) and x € X. Directly applying the 3-Block ADMM

yields the following framework:

4 —~
uFt! = arg min £, (u, v*, w*; 2*),
u

v = argmin L, (uFh v, w*; ),
v

k+1 | k+1
)

wh ! = argmin L, (uF, 0" w; 2F),
w

| o=kt ro (A uFt 4 Broktl 4 Crphtt — ),
where 7 > 0 is the step length. Even though numerically the 3-block ADMM works
well for many applications, generally it is not a convergent algorithm even if 7 is as
small as 107 as shown in the counterexamples given by Chen et al. [10].

Unlike the case with separable objective functions, there are very few papers
on the ADMM targeting the problem (1.2) except for the work of Hong et al. [45],
where the authors studied a majorized multi-block ADMM for linearly constrained

optimization problems with non-separable objectives. When specialized to the 2-

block case for problem (1.2), their algorithm works as follows:

( A~

uFtt = argmin{p(u) + («*, A*u) + ha(u; u", ")},

q v**t = argmin{q(v) + (z* B*v) + iLQ(U; ukH,vk)}, (1.15)

\ oFH = ok 4+ apo (At + Bkt — o),

where hy (u; uF, vF) and hy(v; uFt!, v¥) are majorization functions of ¢(u, v)+Z|[ A u+
B*v—c||? at (u*, v¥) and (u*1, v*), respectively and oy, > 0 is the step length. Hong
et al. [45] provided a very general convergence analysis of their majorized ADMM
assuming that the step length a4 is a sufficiently small fixed number or converging
to zero, among other conditions. Since a large step length is almost always desired

in practice, one needs to develop a new convergence theorem beyond the one in [45].
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The complexity of the ADMM has also been extensively studied in the literature
for the problems with separable objective functions. Monteiro and Svaiter [68] show
the ergodic complexity of the KKT system for the block-decomposition algorithms,
which includes the classical ADMM with 7 = 1. When the proximal terms are
only required to be positive semidefinite in the subproblems, Shefi and Teboulle [87]
show the O(1/k) ergodic complexity for the primal objective value and the feasiblity.
Davis and Yin [16] further improve the above complexities to o(1/k).

There are also some work focused on the linear convergence rate of the ADMM.
When the problem under consideration only involves convex quadratic functions, the
classical ADMM and its variant are shown to converge linearly with 7 = 1 [4, 41].
Deng and Yin [18] show that besides the convex quadratic programming, the linear
convergence rate also holds if either p or ¢ is strongly convex and smooth, among
other conditions. Hong and Luo [46] further prove that if the step length 7 allows to
take sufficiently small value, the ADMM for solving multi-block problems achieves
a linear convergence rate under an error bound condition. Also by assuming an
error bound condition, Han, Sun and Zhang [40] establish the linear rate of the
semi-proximal ADMM with 7 € (0, @)

In order to know the error bound and the linear convergence rate of ADMM can
be achieved by which kind of problems, we also concern the sensitivity and stability

to the composite constrained optimization problems:

min f(z) + 6(2)
(1.16)
st.  h(x) € P,

where f : X — R is a twice continuously differentiable function, 8 : X — ) is
a closed proper convex function (not necessarily smooth), h : X — ) is a twice
continuously differentiable mapping, P C ) is a convex polyhedral, and X and )
are finite dimensional real Euclidean spaces.

The sensitivity and stability analysis, being the core of the theoretical study in
the optimization community, has been dramatically pushed during the past several

decades. There are several issues about the stability of optimization problems. For
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example, people care about whether the perturbed problems have non-empty solu-
tion sets under the assumption that the original problem has at least one KKT solu-
tion, and whether the distance between the two KKT solution sets can be bounded
by the norm of the perturbation parameters. We say an optimization problem is
stable if both of the above two questions have affirmative answers. A relative weaker
condition is the semi-stability of an optimization problem, for which we only care
about the Lipschitz continuity of those perturbed problems with non-empty KKT
solution sets. An important application of the stability for optimization problems is
the so-called Lipschitz error bound condition, which plays an important role in the
convergence rate study of a bunch of algorithms. Many algorithms could archieve
the linear convergence rate instead of the generic sublinear rate under the error
bound conditions. For the examples of such algorithms, see [65, 63, 64, 97].
When 0 =0, h = (hy, he) with hy : X - R™ and hy : X - R4, P = {0} x RL
the problem (1.16) reduces to the conventional nonlinear programming, which has
quite complete theory about the stability subject to data perturbation. In particular,
Dontchev and Rockafellar [24] show that in this case, the KKT system is robust
isolated calm under canonical perturbations at a local optimal solution if and only
if the strict Mangasarian-Fromovitz constraint qualification and the second order
sufficient optimality condition hold. However, much less has been known if 6 is a non-
polyhedral function, such as the indicator function over a non-polyhedral set. Among
them, we have some known results under a class of relatively “nice” set, which is
called C?-cone reducible in the sense of Bonnans and Shapiro [5, Definition 3.135]. Tt
contains the polyhedral sets, the second order cone, the positive semidefinite cone,
and their Cartesian product. In [106, 40], the authors characterize the isolated
calmness of the nonlinear positive semidefinite programming by the second order
sufficient condition and the strict Robinson constraint qualification. Similar type
of isolated calmness characterization for the Ky Fan k—norm conic programming is
provided by Liu and Pan [62]. A recent work of Zhou and So [108] shows that for a

special class of unconstrained nuclear norm minimization (where the strict Robinson
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constraint qualification holds automatically), its error bound can be implied by the

strict complementarity condition at a solution point.

1.2 Contributions

The main contributions of this thesis are two-folds. Firstly, we propose an inexact
majorized accelerated block coordinate descent method (iIABCD) in order to solve
multi-block unconstrained convex problems. In the existing literature, problems
of this nature are usually solved by (random) block coordinate descent type algo-
rithms. However, it has been observed from extensive numerical experiments that
the Nesterov’s acceleration technique, which was originally designed for single-block
problems, could dramatically improve the performance of the multi-block problems
even when they are updated in an alternative fashion. We adopt a decomposition
procedure in order to incorporate the acceleration technique to the multi-block prob-
lems. That is, even though (P1) consists of multiple blocks, we would first view u

and v as two big blocks and focus on designing algorithms for the following problems:

(P1-1) min  p(u) + q(v) + ¢(u, v), (1.17)

where the functions p and ¢ are given as p(u) = Y _;_, pi(u;) and g(v) = 23:1 q;(v)).
We establish the O(1/k?) complexity for the iABCD to solve the problem (1.17).
However, each block, either u or v, may still be contributed by many separable non-
smooth functions and a coupled smooth function. It is highly possible that no ana-
lytical solutions exist for the subproblems. To settle this issue, different methods are
provided according to the structure of the subproblems, which includes the inexact
one cycle symmetric Gauss-Seidel technique, the matrix Cauchy-Schwarz inequality
and a hybrid of the APG and the semismooth Newton-CG method (APG-SNCG).
We test the numerical performance of the iABCD framework on solving the dual of
the projection onto the intersection of the equations, the inequalities, the positive

semidefinite cone and the nonnegative cone, where four block variables appear in
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the dual problem. In particular, we solve the inequality and the nonnegative cone
constraints together by the APG-SNCG method. It is very powerful for finding
a solution of medium to high accuracy without adding a large proximal term by
the incorporation of the second order information. The numerical results suggest
that (i) the APG-SNCG method could universally improve the performance in the
implementation among different frameworks; (ii) the IABCD is much more efficient
than the BCD-type methods and the randomized ABCD-type methods for solving
multi-block unconstrained problems.

Secondly, we consider the majorized alternating direction method of multipliers
(mADMM) for solving linearly constrained convex problems with coupled objective
functions, which is only discussed for problems with separable objective functions
before. By making use of nonsmooth analysis, especially the generalized Mean-
Value Theorem, we establish the global convergence, the ergodic and non-ergodic
complexities of the mADMM with the step length 7 € (0, #) We also explore
the linear convergence rate for the quadratically coupled problems under an error
bound assumption. In order to understand more about the error bound conditions,
we also study the stability of the nonconvex constrained composite optimization
problems involving the nuclear norm, which is also of its own interest. We fully
characterize the robust isolated calmness property by the second order sufficient
condition and the strict Robinson constraint qualification. We also explore several
equivalent characterization by the dual information for convex constrained composite
nuclear norm problems. In particular, the above mentioned isolated calmness results
imply the error bound for the linearly constrained quadratic nuclear norm problems

and thus the mADMM converges linearly when solving problems of this class.

1.3 Thesis organization

The rest of the thesis is organized as follows. In Chapter 2, we provide the pre-

liminaries that will be used in the subsequent discussions. In Chapter 3, we first
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discuss the O(1/k?) iteration complexity of a two block majorized accelerated block
coordinate descent algorithm. It follows by an extension to allow inexact solutions
for each block and the same order of complexity is obtained. We demonstrate the
implementation of this inexact framework to the dual of the regularized least square
problems with equation, inequality and cone constraints. In Chapter 4, we analyze
the convergence properties of a majorized alternating direction method of multi-
pliers for solving the two-block linearly constrained convex problems with coupled
objective functions. The linear convergence rate is also shown for the problems
with quadratically coupled objective functions. Chapter 5 is devoted to the sensi-
tivity and stability analysis for the constrained composite optimization problems.
We show that for the constrained nuclear norm minimization problems, the robust
isolated calmness holds for the KKT system if and only if both the second order
sufficient condition and the strict Robinson constraint qualification hold at the ref-
erence point. Numerical examples and results are provided in Chapter 6, where
we compare the performance of our algorithms to a class of least square problems
several variants of the block coordinate descent method and the randomized accel-
erated block coordinate descent method. Finally we conclude the thesis in Chapter

7.



Chapter

Preliminaries

2.1 Notation

e Let n be a given integer. We use 8" to denote the space of all n x n symmetric
matrices, ST to denote the space of all n x n positive semidefinite matrices,
S, to denote the space of all n x n positive definite matrices, and O™ be
the set of all n x n orthogonal matrices. For any given X,Y € 8", we write
X=YifX-YeSland X -Y if X -Y € S7,. In particular, we use the

notation X = 0 to indicate X € S} and X > 0 to indicate X € 8% .

e Denote X as a finite dimensional Euclidean space endowed with an inner
product (-,-) and its induced norm || - ||, and M : X — X as a self-adjoint
positive semidefinite linear operator. We write Mz as a self-adjoint positive
semidefinite linear operator such that M2 Mz = M, which always exists. For

any z,y € X, we define (x,y)pm := (x, My) and ||z||p = /(x, Mz).
e Given a set S C X, we denote conv{S} as the convex hull of S.

e Given a closed convex set C C X and a point € C, denote T¢(z) as the
tangent cone of C' at x and N¢(x) as the normal cone of C' at . We define

dist(z,C) :=inf ec ||z — y||-

15
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e Given a closed convex cone K C X, denote K* as the dual cone of K and K°

as the polar cone of K.

e Given a convex function f : X — (—o0,+0oc|, we use domf to denote the
effective domain of f, and epif to denote the epigraph of f. We also use
the notation f* to denote the Fenchel’s conjugate function of f, and Prox; as
the proximal mapping of f. (The definition of the proximal mapping would
be given in (2.6).) We use the notation f'(x;d) to denote the directional
derivative of f at x € X along the direction d € X if it exists, and it is given

by

f'(z;d) ;== lim flottd) — f(x)

tl0 t
Furthermore, we say f is a LC! function if it is continuously differentiable and
its gradient is Lipschitz continuous, and we say f is C? if it is twice continuously

differentiable.

e Given a matrix X € R™ ", we denote || X||. as the nuclear norm of X i.e.,
the sum of all the singular values of X, and || X2 as the spectral norm of X,
i.e., the largest singular value of X. We also use tr(X) to represent the trace

of X, i.e., the sum of all the diagonal entries of X.

e Given a set of matrices X := (X, Xo,...X,) € R™*™ x R"2*™M2 x . X
R™s*™s for some positive integers s, ni,no,...,ns and my,ma, ..., My, We
denote Diag(X) as a block diagonal matrix whose ith main block diagonal is

given by X; for i € {1,2,...,s}.

2.2 Nonsmooth analysis

In this section, we list the useful results related to the generalized Mean-Value The-
orem of smooth functions, the semismoothness, the Moreau-Yosida regularization

and the spectral operators.
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Assume that ¢ : W — (—o0,+00) is a smooth convex function whose gradient
mapping is Lipschitz continuous, where W is a real finite dimensional Euclidean
space. Then V2¢(-) exists almost everywhere and the following Clarke’s generalized

Hessian at given w € W is well defined [12]:

0*¢(w) = conv{ lim V2 (w"), V2o (w") exists}, (2.1)

—w
where “conv{S}” denotes the convex hull of a given set S. Note that W is self-
adjoint and positive semidefinite, i.e., W = 0, for any W € 9*¢(w), w € U x V.
In [44], Hiriart-Urruty and Nguyen provide a second order Mean-Value Theorem
for ¢, which states that for any w’ and w in U x V, there exists z € [w',w] and

W € 9%¢(z) such that
B(w) = Hu) + (Vo(w'), w— ) + 3w — ' Wiw — ),

where [w, w] denotes the line segment connecting w’ and w.
Since V¢ is globally Lipschitz continuous, there exist two self-adjoint positive

semidefinite linear operators Q and H : W — W such that for any w € W,
Q=W=Q+H, YWEedIid(w). (2.2)
Thus, for any w,w’ € W, we have
1
d(w) Z (w') + (Vo(u), w —u') + Flw' —wlg (2.3)
and
~ 1
d(w) < d(w;w') i= ¢(u') + (Vo(w'),w —w') + Sllw’ —wllgyy.  (24)
In the following, we introduce the concept of the semismoothness. Denote F :
X — Y as a Lipschitz continuous function. Then F' is Fréchet differentiable almost
everywhere (see, e.g., [82, Sesction 9.J]). Let Dp be the set of points in X such that

F is differentiable and F’(x*) be the Jacobian of F at x* € Dp. The Bouligand
subdifferential (B-subdifferential) of F' at x € X is defined as

OpF(z) =1 lim F'(xy), 2% € Dp}.

Tt —T



18

Chapter 2. Preliminaries

The Clarke’s generalized Jacobian of F' at x € X is defined as
OF(x) = conv{0pF(x)}.

The concept of semismoothness was first introduced by Mifflin [67] for functionals

and later on extended by Qi and Sun [76] for vector-valued functions.

Definition 2.1. [G-Semismoothness and semismoothness| Let F': O C X —
Y be a locally Lipschitz continuous function on the open set O. F is said to be
G-semismooth at a point x € O if for any Az € X and V € OF (x + Ax) with
Axr — 0,

F(x 4+ Az) — F(x) — VAxz = o(||Ax])).

F is said to be strongly G-semismooth at x € X if F is semismooth at x and for

any Az € X and V € OF (z + Ax) with Az — 0,
F(z+ Az) — F(z) — VAz = O(]|Ax|]?).

If F is also directionally differentiable at x in the above definition, then F is said to

be semismooth and strongly semismooth, respectively.

The Moreau-Yosida regularization is a useful tool in the nonsmooth optimization.
Below we introduce this concept and list some frequently used properties related to

it.

Definition 2.2. [The Moreau-Yosida regularization] Let f : X :— (—00, +o0]
be a closed proper convex function. The Moreau-Yosida reqularization ¢y : X — R

associated with the function f is defined as

zeX

) 1
V() :mln{f(z)+§|]z—x||2}. (2.5)
The following proposition comes from Moreau [69] and Yosida [104].

Proposition 2.1. For any given x € X, the above problem admits a unique solution.
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Thus, given any = € X, we call the unique solution of the problem (2.5) the

proximal point of x associated with f and denote it as Prox(z), i.e.,

Proxs(z) := argrzréiil {f(z) + %Hz - x||2} . (2.6)

Moreover, the single-valued mapping Prox; : X — X is called the proximal mapping
associated with the function f.
The following proposition shows the nice behaviours of the Moreau-Yosida reg-

ularization and the proximal mappings.

Proposition 2.2. [55, Theorem XV. 4.1.4 and Theorem XV.4.1.7] Let f :
X :— (=00, 00| be a closed proper convex function. Then the following statements

hold:
(i) argminge f(x) = arg mingey (7).
(i1) Both Prox; and Qs := IT—Prox; are firmly non-expansive, i.e., for any x,y € X,
[Prox;(z) — Prox(y)||* < (Proxy(x) — Prox;(y),z — y),
19r(z) = Qs (W) < (Qs(x) — Qs(y),x — ).

Therefore, Prox; and Qy are globally Lipschitz continuous with modulus 1.
Proposition 2.3. [Moreau decomposition] Let f : X — (—o0,+0o0] be a closed
proper convex function and f* be its conjugate. Then for any x € X, it can be

decomposed as

r = Proxs(x) + Prox «(z).

In fact, if the nonsmooth function f equals to d¢(+), the indicator function of a

given closed convex set C' C X', the proximal mapping associated with f reduces to
: 1 2
Proxs, (z) = arg min de(x) + §||z —z||* ¢ = He(x),
ze

i.e., the projection operator of the set C'. In this way, one can take the proximal

mapping of a nonsmooth function as a generalization of the projection operator.
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The last concept in this section is the spectral operators. Given a matrix X €

R™ ™ with m < n, denote its singular value decomposition (SVD) as
X = UDiag(e(X)) 0]V = U[Diag((X)) 0][Vi Vs]” = UDiag(a(X))Vi7, (2.7)

where U € O™, V := [V; V5] € O" with V; € R™™ and V5 € R™ ™™ are the
singular vectors of X, and Diag(c(X)) := Diag(o1(X),02(X),...,0m(X)) are the
singular values of X with o1(X) > 09(X) > ... > 0,,(X) being arranged in a

non-increasing order. Denote
o= {(U,V)e O™ x O": X = U[B(X) 0]VT}.

Let Q, € R** denote the set of all permutation matrices that have exactly one
entry being 1 in each row and column and 0 elsewhere. Let fo € R** denote
the set of all signed permutation matrices that have exactly one entry being +1 in
each row and column and 0 elsewhere. In the following we introduce the concepts
of symmetric vector-valued functions and the spectral operators associated with

symmetric vector-valued functions.

Definition 2.3. A function f : R* — RF is said to be symmetric if

f@)=QTf(Qx), YQe QF, VzeR"

Definition 2.4. [Spectral operator| Given the SVD of X € R™*" as in (2.7),
the spectral operator F' : R™*™ — R™ ™ associated with the function f : R™ — R™
1s defined as

F(X) = U[Diag(f(o(X)) 0]V,

where (U, V) € O™™(X).

Definition 2.5. [Hadamard directionally differentiable] A function f : O C
X — YV is said to be Hadamard directionally differentiable at x € O if the limit

[l +th) — f(z)

11
t10,h'—h t

exists for any h € X.
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In his Ph.D thesis, Ding shows that the above given spectral operator is well-
defined [19, Theorem 3.1]. Moreover, the Hadamard directional differentiability
of the spectral operator F, among other differential properties, depends on the
the Hadamard directional differentiability of f and the directional derivative at a
given point can be characterized explicitly. Before introducing the formula of the
directional derivatives, we first give several notations.

Denote the following two index sets regrading the singular values of X:
a={1<i<m:0;X)>0}, b:={1<i<m:0iX)=0}.

We further denote the distinct nonzero singular values of X as p(X) > pa(X) >
... > p-(X) for some nonnegative integer r and divide the set a into the following
r subsets:
a= U a, aq:={ica:0(X)=wX)}, [=1,2,...,m
1<i<r
Assume that f : R — R is directional differentiable. Denote the directional
derivative of f at 0 = o(X) as ¢(-) = f'(o;+), which can be further decomposed

according to the partition of the singular values as

o(h) = (¢1(h), ..., 00(h), pry1(h)), VYhER™,

where ¢;(h) € RI“! for [ =1,2,...,7 and ¢,,1(h) € R
Define a space W as W = Slatl x Slozl i x Slal x RIIx(=lal) and a spectral

operator ¢ : VW — VW with respect to the symmetric mapping ¢ as

where
PDi WHPL, if1<I<r,
sy = 1 iag(e(k(W))P", if1<i<r
MDiag(¢y(k(W))NL, ifl=1r+1,
with k(W) = (A(W1), ..., A(W,),0(W,11)) € R™, P, € Olal(W)) and (M, [Ny, Ny]) €

Olbln=lal(Yy, . 1) with Ny € R(=laDxPl and N, € Rmlalx(n=m)
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We also define two linear matrix operators S : RF** — Sk and T : RF*F — RFX¥E

as

1 1
S(X) =5 (X +X7), T(X)=S(X-XT), VXeRM™

Denote

D(H) := (S(Up, HVa,), -, S(Uy HV,,), Uy HVi, Va]) € W,
and for any W = (Wy,..., W, W,41) € W, CE(W) € R™*™ is defined by

Diag(®1(W),. .., ®,(W))
(I)rJrl(W)

Furthermore, denote three matrices &,(c),&(c) € R™™ and F(o) € R™ (=™

(depending on X) as:

( . J— .
fz(a) f](U) if o; 7& o;
(&1(0))ij == 0i —0j , 4,7 €{1,2,...,m},
> 0 otherwise
O 50 0o g
(&2(0))ij == 0i T 0j . i e{1,2,...,m},
0 otherwise

(F(0))ij = o , 1e€4{1,2,...,m}, je{l,2,...,n—m}.
0 otherwise

\

Theorem 2.1. [19, Theorem 3.4] Given the SVD of X € R™ ™ as in (2.7), the
spectral operator F': R"™ ™ — R™*™ associated with the function f : R™ — R™ 1s
Hadamard directional differentiable iof and only if f is Hadamard directional differ-
entiable at 0 = o(X). Moreover, F is directional differentiable and the directional

derivative at X € R™*™ along any given direction H € R™*"™ can be computed as
FI(X; H) = U (X H)YVT,
where (U, V) € O™™(X) and fY(X; H) is given by
FUX HY = [E1(0) 0 S(Hy) + E(0) o T(Hy)  F(0) o Hy] + ®(D(H)),

with H := [Hy, Hy], Hy := UTHV; and Hy := UTHVj.
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We shall use these results in Chapter 5 to characterize the proximal mapping of

the nuclear norm function and its directional derivative.

2.3 The one cycle symmetric Gauss-Seidel tech-

nique and the matrix Cauchy-Schwarz inequal-

ity
In this section, we review the one cycle symmetric Gauss-Seidel (sGS) technique
proposed recently by Li, Sun and Toh [59]. It is a powerful tool to decompose
quadratic coupled multi-block problems into separate ones by adding a particular
designed semi-proximal term to the original problem, which plays an important
role in our subsequent algorithm designs for solving large scale convex least square
problems.

Mathematically speaking, the sGS technique targets at solving the following

unconstrained nonsmooth convex optimization problem approximately:
) 1
min £ (1) + 5 (e, He) — {r, @), (2.8)
xr

where x = (21,29,...,25) € X := X; X Xy X ... X X, with s > 2 being a given
integer and all X; being assumed to be real finite dimensional Euclidean spaces,
f: X — (—o0,+00] is a given closed proper convex function (possibly nonsmooth),
H: X — X is a given self-adjoint positive semidefinite linear operator and r =
(r1,re,...,1rs) € X is a given vector.

The difficulty of solving the problem (2.8) comes from the combination of the
nonsmooth part f and the joint smooth quadratic function 1 (z, Hz) — (r, ). For
most of the applications with complicated operator H, it is impossible to obtain the
analytic expression of the optimal solution x*.

For notational convenience, we denote the quadratic function in (2.8) as

h(z) = %(x,?—[:@ —(r,x),
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and the block decomposition of the operator H as:

Hi Hiz - His I

H* H22 e Hg )
He=| 72 - : (2.9)

s Has o0 Mss Ls
where H;; - X; = X, i =1,...,s are self-adjoint positive semidefinite linear opera-
tors and H;; : X; — &, i =1,...,5—1, j > i are linear operators whose conjugate

are given by H;.. We also write the upper triangular and diagonal parts of the

operator H as

0 Hip -+ His
M = C . and D := Diag(Hi1, ..., Hss).
0 H(s—l)s
0

Note that H = D + M + M*. Here, we further assume that
D+ 0. (2.10)

In order to allow solving the problems inexactly, we write the following two error
tolerance vectors:

§=(6,...,00), 6 =(6,...,00),

where 0/,6;" € X, for i = 1,...,m with 6 = 0.

The key ingredient of sGS decomposition technique is to construct an extra semi-
proximal term based on the original problem that can decouple the joint quadratic
function. It essentially relies on the following self-adjoint positive semidefinite linear

operator 7 : X — X and the error term A : X x X — X

T = MD M
(2.11)
A, 6T) =8+ (D+ MDDt - ).
Denote x<; := (x1,%2,...,%;), x> = (T4, Tit1,...,2s) for i =0,..., s+ 1, with

the convention that x<g = z>s.1 = 0. The following sGS Decomposition Theorem
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shows that one cycle of inexact symmetric Gauss-Seidel type sequential updating of
the variables x1, ...,z is equivalent to solving a semi-proximal majorization of the

original problem (2.8) inexactly with respect to all the components simultaneously.

Theorem 2.2. [60, Theorem 2.1] Assume that the condition (2.10) holds, i.e.,
the self-adjoint linear operators H;;, i = 1,...,s are positive definite. Then, it holds

that
H=H+T=(D+M)D YD+ M*) 0. (2.12)

Furthermore, given y € X and for i =s,...,2, define z; € X; by

rp = arg min §(yn) + h(y<i-r 2o 05i00) = (0 )
i—1 s
= Hi'(ri+ 0 =D My — Y Hiyx)). (2.13)
j=1 j=i+1

Then the optimal solution x* defined by
+ . : 1 2 /ot
" = argmin | ¢(21) + h(z) + Sz —yli7 — (2, A, 67)) (2.14)

can be obtained exactly via

zy = argming, ¢(x1) + h(wy,2%,) — (07, 1),
mj = argming, ¢(5ﬁ) + h(x;—pxiawlzwl) - <(5z'+a ;) (2.15)

= Hi'(ri+ 0 = S Hal =S Hl), i=2,..s.

Jiy

It is easy to see that H > H, such that we automatically majorize the original
smooth function h by using the sGS technique.

Now we turn to discuss another majorization technique, the matrix type Cauchy-
Schwarz inequality, that would also be useful for solving the convex optimization
problems with quadratic coupled objective functions.

Recall the form of the self-adjoint positive semidefinite operator H given in (2.9).

Denote

H = Diag (7:211, ﬁQQ, . ,7—[55), (2.16)
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where for i =1,... s, H,; are self-adjoint positive semidefinite operators defined as

Hii =M+ Y (HiHy)
JF

Then by [58, Proposition 2.9], the following inequality always hold:

H =< H. (2.17)
We call (2.17) the matrix Cauchy-Schwarz inequality since it is in fact the matrix
analogue of the classic Cauchy-Schwarz inequality.

From the above inequalities one can see that similarly as H given in (2.12), the
operator H is also a kind of upper bound of the original Hessian matrix H. It can be
easily observed that when the original operator H is nearly block-wise orthogonal,
i.e., ||HijHy;ll is very small for i # j, the operator H would be quite tight estimation
of H. One can refer to Li’s Ph.D thesis [58, Section 3.2] for a detailed comparison
between the sGS-type majorization operator H defined in (2.12) and the matrix
Cauchy-Schwarz-type majorization operator H defined in (2.16).

Note that all the subproblems need to be solved sequentially in a symmetric
Gauss-Seidel fashion using the sGS technique. However, by adopting the matrix
Cauchy-Schwarz inequality we can solve different blocks simultaneously since the

majorized problem is separable for all the s blocks.

2.4 A hybrid of the semismooth Newton-CG method

and the accelerated proximal gradient method

In this section, we present a method for solving the following convex optimization

problem:
minf(x) = f(z) + g(z), (2.18)

where [ : X — (—o00,00) is a strongly convex smooth function whose gradient is

Lipschitz continuous, g : X — (—o0,+00] is a simple convex function (possibly
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nonsmooth) in the sense that its proximal mapping is relatively easy to compute.
Denote Ly as the Lipschitz constant of V f.
Define a function F : X — X as

F(x) :=x — Prox,(x — aV f(x)), (2.19)

where @ > 0 is a positive constant. It is well-known that z* € X is an optimal
solution of the problem (2.18) if and only if F'(z*) = 0. Since f is assumed to be
strongly convex, by solving F'(x) = 0 we could obtain the unique optimal solution
of the problem (2.18).

When the nonsmooth function g is vacant, the above problem reduces to solving

a nonsmooth Lipschitz continuous equation
Vf(x)=0.

Kummer [53] and Qi and Sun [76] show that if Vf is semismooth and all V' €
OV f(x*) are nonsingular at the optimal solution z*, the iteration with an initial

guess 2° € X generated by a direct generalization of classical Newton’s method
" = b — VIR, VEe oV, k=0,1,2,...,

would converge superlinearly. This method can also be globalized by using the line
search technique to the function f [75].

If a nonsmooth function g appears in the problem (2.18), it is not easy to directly
globalize the semismooth Newton’s method since the objective value may not de-
crease along the Newton’s direction. However, in practice Newton’s method usually
outperforms the first order methods in the neighborhood of the optimal solution,
as it incorporate the second order information into the searching direction. At the
same time, the Nesterov’s accelerated proximal gradient method (APG) [70] also
achieves both the global convergence and the linear convergence rate for solving
strongly convex problems [85]. Therefore, in order to get both the global conver-
gence theoretically and a fast convergence rate numerically, we adopt a hybrid of

the APG method and the semismooth Newton-CG method to solve (2.18).
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In order to get a superlinear (quadratic) convergence of the semismooth Newton-
CG method, we need F' to be (strongly) semismooth and dgF' to be nonsingular
at the optimal solution. The following proposition provides a convenient tool to
compute and check the nonsingularity of the B-subdifferential for the composite
function F'. Its proof can be directly obtained by noting that the composite of
semismooth functions is still semismooth [32] and the results in [36, Proposition

3.2].

Proposition 2.4. Let F' be defined by (2.19) and © € X. Suppose that V[ is
semismooth at x and Prox,(-) is semismooth at v — V f(z). Then the following
statements are true:

(i) F is semismooth at x;

(ii) For any h € X, one has
dpF(z)h C dpF(x)h := h — dgProx,(x — V.f(x))(h — gV f(z)(h)).

Moreover, if T — S(Z — V) is nonsingular for any S € OgProx,(z — Vf(x)) and

V € 0V f(x), then any element in OgF(x) is nonsingular.

In fact, the proximal mapping Prox,(-) is (strongly) semismooth for many fre-
quently used functions g, like the indicator function over polyhedral sets and the
symmetric cones [89, 88], or the Ky Fan k-norm functions [19]. In the following, we
present the framework of our hybrid methods consisting of the APG algorithm and
the semismooth Newton-CG method.
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SNCG-APG: A hybrid of the semismooth Newton-CG method and the

accelerated proximal gradient to solve problem (2.18).

Choose an initial point ' € X, positive constants 7,y € (0,1), p € (0,1/2), and a

positive integer my > 0. Set k = 1.

Step 1: Select V¥ ¢ éBF(xk) and apply the conjugate gradient (CG) method to

find an approximate solution d* to
VFd + F(z%) = 0, (2.20)

such that
RF .= VFdF + F(xk), and HRkH < nkHF(xk)H, (2.21)

where 7, = min{n, ||[F(z*)||}. If (2.21) is achievable, go to Step 2. Otherwise, go to
Step 3.

Step 2: Let my < mg be the smallest nonnegative integer m such that
1F (2" + p™d®)[| < ]| F(=")]]. (2.22)

If (2.22) is achievable, set t;, := p™ and "™ = 2* + ;,d*. Replace k by k + 1 and
go to Step 1. Otherwise if my > mg and (2.22) still fails, go to step 3.
Step 3: Set 2% = 7% = 2% B, =1 and i = 1, compute

(

7k = Proxyp, (e — V f(a")/Ly),

Bripn = 5(1+ /1 +45})

xk:zqu pp— L”U‘kz + 6161 - 1(i‘k1 _ ftki_l)_

\ kit1

If [|[F(z¥+1)|| < || F ()], set ¥+ = z*i+1. Replace k by k + 1 and go to Step 1.

Otherwise, set ¢ = 7 + 1 and continue the above iteration.

Remark 2.1. Since f is assumed to be strongly conver, the iteration sequence {x*'}
generated by the APG algorithm always converges to the unique optimal solution x*

of the problem (2.18), and this further indicates that F(x*) — 0 by the continuity of
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the proximal mapping. Therefore, the APG algorithm can be viewed as a safequard

of the global convergence in the above framework.

Remark 2.2. [t is known from Rademacher’s Theorem that the Lipschitz continuous

function F' is differentiable almost everywhere. Assume that (2.21) is achievable at

a differentiable point 2* and |F(z*)|| # 0, then ||F(x)||* is differentiable at x* and

I (2% +td*)|* = | F(«*) + t(R" — F(a*)) + o(t)|”
= [|[F@")|? + t(F(a*), R — F(a*)) + o(t)
< [|F@O)P + tlne — DIF (M) + o(t).
Since my < m < 1, we have ||F(x* + td*)|| < |[F(z®)|| for t sufficiently small such

that d* is a descent direction of |[F(z)|| at 2*. Thus, the direction obtained by the

(2.21) is a descent direction with probability 1.

Remark 2.3. In her Ph.D thesis [27, Lemma 4.5], Du shows that for any sequence

{y*¥} C X converges to x*, by letting

g* = Prox,(y* — Vf(y*)),
Py V) — V),

we have r* € 90(¢*) and limy_.o ||7*|| = 0. Note that in order to embedded the
SNCG-APG method into the itABCD framework that will be discussed in the subse-

quent chapter, we shall terminate the whole algorithm if
2" = arg min{0(x) + (z,d,)}, (2.23)

where 6, € X is an error vector that satisfies ||0.|| < e, with € > 0 being the required
tolerance. From the above discussions one can see that this stopping criterion is

always checkable as (2.23) is equivalent to —5, € 00(z*1).

Remark 2.4. The Newton’s equation (2.20) may not be a symmetric linear system
in general, so that the conjugate gradient method cannot directly applied to it. One

can still use the BiCGStab iterative solver of van der Vorst [99] to fix this issue.
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2.5 The sensitivity analysis

2.5.1 The optimality conditions and constraint qualifications

In this section, we show the first and second order optimality conditions and con-
straint qualifications for the optimization problem with the form
min f(z) + 0(x)
(2.24)
st.  h(x) € P,
where f: X — R and h : X — ) are twice continuously differentiable functions,
0 : X — (—o0,+0o0] is a closed proper convex function (not necessarily smooth),
P C Y is a convex polyhedral set, and X and ) are finite dimensional real Euclidean
spaces.
It is easy to see that the problem (2.24) can be equivalently written in a conic

optimization form:

min f(z) 4+t (2.25)

st. h(z)eP, (zt) ek,
where K := epif is a closed convex set.

The constraint qualifications of the problems with the form (2.25) are extensively
studied by Bonnans and Shapiro in the book [6]. For convenience of the later work
to study the isolated calmness for a class of constrained nuclear norm regularized
problems, we transform the conditions about (2.25), which are imposed in a higher
dimensional space, to the ones directly on the original problem (2.24), without lifting
the dimension. This enables us to focus on the properties of the nonsmooth function
6 directly, instead of referring to its epigraph. Similar kinds of transformation have
also been done in [6, Section 3.4.1], where the form of the composite optimization
problems is a little bit different from ours.

First we provide some necessary knowledge about the first and second order
tangent sets and the directional (epi)derivatives. These concepts are adopted by

Bonnans and Shapiro in [6, Section 2.2, 3.2].
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Given a subset  C X and x € K, define the contingent cone as

K —
Tic(z) = limsup x,
pl0 P

and the inner tangent cone as

» K—x
Ti(x) = lim inf
() im in ;

If I is convex, we have is a monotone decreasing function of p such that
Tic(x) = Ti(z) for any = € Ié) [6, Proposition 2.55]. And in this case we denote both
Tic(z) and T (z) as Tr(z) and call it the tangent cone of K at .

We also need the second order tangent sets of K. Given x € X and the direction

d € X, define the inner second order tangent set as

; K—x—pd
T (25 d) := lim inf #,
pd0 §p2
and the outer second order tangent set as
K —x—pd
TE(z;d) := lim sup #
pl0 2P

However, different from the first order tangent cones, the inner and outer second
order tangent sets are not necessarily identical in general, even if the set IC is closed
and convex.

One way to characterize the tangent cone of epif is via its generalized directional
derivatives, which are called the directional epiderivatives in [6]. Define the lower
and upper directional epiderivatives of § : X — (—o0,4+00] at x € X along the
direction h € X as

0% (x; h) := lim inf blo + ph) = H(x),

e
and
/ p—
Qi(x; h):= sup | liminf Oz + pul’) — b(x) ,
n—oo
{pn}€X W sh Pn

where 3 denotes the set of positive real sequences {p,} converging to 0.
If 9+ (x;-) = Qi(x; -) for any =z € X, we say 0 is directional epidifferentiable with

the directional epiderivative 6%(x;-). In particular, if @ is a closed convex function,
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we know from [6, Proposition 2.58| that @ is always directional epidifferentiable at

x € domf, and the following relationship holds:
Epig(x,e(m)) = epift(z;-) = {(dy,dy) € X x R,0%(x;dy) < do}. (2.26)

Here we take a remark that the directional epiderivative of a function # may be
different from the conventional directional derivative (denoted as #'(z;-)). Even for
a proper convex function 6 such that both of them exist in domé, we can only obtain

the following relationship [6, Theorem 2.58 and Theorem 2.60]:
0 (z;) = clf'(x;-), VY € domd.

Those functions that are both Lipschitz continuous and satisfying 0%(z;-) = ¢'(z;-),
Vx € domf are named as “regular functions”. In particular, a convex and Lipschitz
continuous function is always regular [6, Theorem 2.126].

If both 6" (z;d) and 6% (x;d) are finite for z € domf and d € X, we can further

define the lower and upper second order directional epiderivative of the function 6

as
05 (5 d, ) = lim it 0T LT 2P7h) — O) = ph- (w3 d)
P40 §p2
h'—h
and

pmeS \ hh T
Similarly with the first order variational analysis, the outer and inner second order
tangent sets of the epif are closely related to the lower and upper second order
directional epiderivative of 6. In particular, for any x € dom#, if Qi(x;d) and

Qf(x; d) are finite, we have [6, proposition 3.41]

T (2, 0(x)); (d, 0% (2;d)) = epift (a3 d, -), (2.27)

epif

and

T0((z,0(2)); (d, 0 (25 d)) = epif™(z;d, -). (2.28)
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Since T2(v;d) and T%(x;d) may be different for a closed convex set K at = € K
and d € X, by the relationship (2.28) we see the lower and upper second order
directional epiderivatives could be unequal for a proper closed convex function.
After the above preparations, we now go back to the discussions about the opti-
mality conditions of the original optimization problem (2.24) and its variant (2.25).
For any (z,t,y,2,7) € X X R x Y x X X R, the Lagrangian function of (2.25) can

be written as
Lz, t;y,2,7):= f(x) +t+ (y,h(x)) + (z,2) + t7.

We call (z,1) € X x R a stationary point of the problem (2.25) and (7,2, 7) a
Lagrangian multiplier if (Z,, 7, Z, 7) satisfies the following KKT system:

(

Vf(z)+ Vh(z)y+z=0,

b (2.29)
37 € Np(h(‘f))a

(57 7_-) € NIC((£?£))7

\
where N¢(s) denotes the normal cone of a given convex set C' at the point s € C.

By [12, Corollary 2.4.9], we have that
(z,—1) € Ni(z,0(z)) <= 2z € 90(z), Vz,z€X. (2.30)

Thus, we call Z a stationary point of the problem (2.24) and § a Lagrangian multi-

plier of (2.24) if (z,y) satisfy that:

0 € Vf(z)+00(z)+ Vh(z)7,

(2.31)
y € Np(h(1)),
which by [80, Theorem 23.2] is equivalent to
f(@)d + (g, W (z)d) + 04(z;d) > 0, Vd € X,
(2.32)

y € Np(h(z)),
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We denote M(Z, ) as the set of all the Lagrangian multipliers at (Z,f) with respect
to the problem (2.25), and M(Z) as the set of all the Lagrangian multipliers at
with respect to the original problem (2.24).

Robinson’s constraint qualification (RCQ) at a feasible solution (z,6(z)) of the
problem (2.25) takes the form of

vem (@0, (@0 o o (PO
(3.6(2) @) epit

In order to transform the RCQ and others from the lifting problem (2.25) to the
original one (2.24), It is known that the RCQ (2.33) holds at (z,6(z)) if and only
if M(z,0(z)) associated with the problem (2.25) is nonempty, convex and com-
pact [109]. Then by combining [6, Proposition 2.97], we can immediately get the
following proposition, which shows the corresponding equivalence in a lower dimen-

sional space.

Proposition 2.5. Let T be a local optimal solution of the problem (2.24). Then the
set of Lagrangian multipliers M(Z) of (2.24) is nonempty, conver and compact if
and only if

0 € int @) 4 X — . (2.34)
T A domé

X+ = . (2.35)

Remark 2.5. The relationships (2.34) or (2.35) would be called the RCQ of the

original problem (2.24) in the subsequent discussions.

The RCQ condition only guarantees the existence and boundedness of the mul-

tipliers. More restrictive conditions are needed if we require the multiplier set to
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be a singleton for the problem (2.25). A frequently used one, which is called strict
Robinson’s constraint qualification (SRCQ) in the literature, serves this purpose.
Specifically, it makes the following assumption at the stationary point (z, 6(z)) with
respect to (y,z,—1) € M(z,0(z)):

(h'(Z),0) (X xR)+ Tr(h(2)) N (7,2 —1)* = Y . (2.36)

(1) Te(,6(3)) X xR
As before, we would also reduce the SRCQ imposed on the problem (2.25) to
a lower dimensional space with respect to the original problem (2.24). Define a
set-valued mapping 77 : domf x X — X associated with a closed proper convex

function @ as
Tx,2) ={d e X :0%x;d) = (d,2)}, V(z,z) € domd x X. (2.37)

Proposition 2.6. Let Z be a local optimal solution of the problem (2.24). Assume
M(Z) is nonempty. Suppose the following condition holds at T with respect to § €

M(Z):

W@\ oy [ Pe@ne ) (V) (2.38)

7 Tz, —V.l(Z,79)) X

where TO(-,) is define as in (2.37). Then M(z) = {y} is a singleton.

Let (z,t) € X x R be a feasible point of the problem (2.25), then the critical
cone of C(z,t) of the problem (2.25) takes the form of

Co(Z,t) :={(d1,da) € X x R : I (Z)dy € Tp(h(Z)), (d1,dz) € Wc(f,i),
f(Z)dy + dy <0},

Furthermore, if (zZ,0(Z)) is a local optimal solution of the problem (2.25) and
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M(z,0(x)) is nonempty, then for any (7,z,7) € M(Z,7),
Co(z,0(z)) ={(d1,ds) € X x R: W (ZT)dy € Tp(h(T)), (d1,d2) € Txc(Z,0(%)),
f(@)dy + dz = 0}
= {(dy,dy) € X x R : ' (z)d; € Tp(h(T)) Ny*,

(di,d2) € Txc(z,60(z)) N (2,7)*}.
(2.39)

The following proposition provides the connection of the critical cones between
the problems (2.24) and (2.25), for which the proof can be directly obtained by using
the formula (2.26).

Proposition 2.7. Let & € X be a feasible point of the problem (2.24). Then
(dy,ds) € Cy(Z,0(2)) if and only if

(d1,ds) € C(7,0(2)) = {(di,ds) € X x R : dy € C(7), 047 dy) < do < —f'(2)dr},

where C(Z) is defined as

C(z) :={d e X : W (z)d € Tp(h(z)), f'(x)d+ 6" (z;d) < 0}. (2.40)

Furthermore, if T is a a local optimal solution of the problem (2.24) and M (Z)
is non-empty, then C(x) defined in (2.40) can be written as

C(x)={de X :NW@)deTp(h)), de T & ~VI(E)}, (2.41)

where TY(-,-) is as define in (2.37).

2.5.2 Calmness, metric subregularity and error bounds

Denote U and V be two finite dimensional real Euclidean spaces and F' : U — V
a multi-valued mapping. The graph of the mapping F' is defined as gph(F') :=
{(u,v) € U xV : v € F(u)}. In the following, we introduce the concept of the
(isolated) calmness and the metric subregular of a multi-valued mapping from U to

V, which comes from, e.g., [82, 9(30)].
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Definition 2.6. [calmness and isolated calmness] Denote B, := {v € V : |jv]| <
1}. We say a multi-valued mapping F : U — V is calm at ug € U if (u,v) € gph(F)
and there exist a constant n; > 0 and a neighborhood N (@) of @ such that

F(u) € F(u) + mllu—alBy,, VueN(a).

Furthermore, we say F' is isolated calm' at uw € U for v € V if (u,v) € gph(F) and

there exist a constant 1o > 0 and neighborhoods N (@) of u and N (v) of v such that
F(u)NN(v) C{v} +nollu —ul| By, Vu € N(u).

Definition 2.7. [Metric subregularity] We say a multi-valued mapping F : U —
V is metric subregularity at u € U for v € V if (u,0) € gph(F) and there exist a
constant k > 0 and a neighborhood N () of u such that

dist(u, F71(v)) < wdist(v, F(u)), Yu € N(a).

One can see that the calmness of a multi-valued mapping F' : U — V at u € U
for v € V is in fact equivalent to the metric sub-regularity of F'=! at v for @ if
(u,v) € gph(F). They are important tools in the study of perturbation analysis
and error bounds of the optimization problems. For a nice survey about this topic,
see [74].

It may be difficult to check the calmness or the metric subregular of a given
multi-valued mapping by definition directly, since infinity many points on the graph
of the reference points may be involved. Fortunately, the following criterion holds

for a special class of multi-valued mappings: the sub-differential of convex functions.

Theorem 2.3. [2, Theorem 3.3] Let H be a real Hilbert space endowed with the
inner product (-,-) and f : H — (—o00, +00| be a proper lower semicontinuous convez
function. Let 0,7 € H satisfy v € Of(z). Then Of is metric subreqular at T for v if

and only if there exists a neighborhood U of T and a positive constant ¢ such that

f(x) > f(Z) + (0,2 — ) + cdist*(z, (Of) T (v)), VzecU. (2.42)

IThe isolated calmness is also called the upper Lipschitz continuity in the literature, such as

in [22, 56].
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Based on the above description, we can easily show that the subgradient of the

indicator function over the positive semidefinite cone is metric subregular.

Theorem 2.4. Denote 531(-) as the indicator function over the positive semidefinite

cone in 8". Then ddsy is metric subreqular at any T € S for v € ddsy (7).

Proof. In order to show the metric subregular of 3531 by using Theorem 2.3,
it suffices to verify that for any v € sy (7), there exist a constant ¢ > 0 and a

neighborhood N (Z) of  such that
0> (0,2 — ) + cdist?(z, 0052 (v)), Vo e N(z)NST. (2.43)

Note that v € ddsn (%) is equivalent to = = ILsn (z 4+ ©). Suppose that A\, > Ay >

... > )\, are the eigenvalues of Z + © arranged in the non-increasing order. Denote
a:={i:N>0,1<i<n},B:={i:N=0,1<i<n},y:={i: N\ <0, 1<i<n}.

Then there exists an orthogonal matrix P € O™ such that

where A, = 0 is a diagonal matrix whose diagonal entries are \; > 0 for i € «
and A, < 0 is a diagonal matrix whose diagonal entries are 5\j < 0 for 5 € 4. The

subgradint of ds» at v can be expressed explicitly as
0s:(0) = {h € 8" : [P, P4]"h[P, Py = 0, P,hP =0, P' hP, = 0}.

Let 0 = min{1/2, \;/2} > 0 and denote Ny(z) = {z € 8" : ||z — z|| < §}. Consider
an arbitrary z € ST N N3(Z). We write & = P 2P and decompose T into the

following nine blocks:

Taa Tap Tay

IS}
11l
2

~

Top Tpp Tpy

~T ~
Loy Tpa Tyy
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jaa ja,@ 0
Then it is easy to see Haésg () =P jgﬁ Fgs 0 FT, so that
0 0 O

dist(z, dosn (9))? = 2||Zas|I* + 2”‘%57”2 + (|27 (2.44)

Denote A(Taa) = Diag (A (Taa), - - -5 Aja|(Taa)) as a diagonal matrix whose di-
agonal entries are the eigenvalues of z,, arranged in the non-increasing order.
Since [|[A(Taa) — Al < [|Taa — Aall < 9§, we see that A\ (Taa) < A1 + 1/2 and

Amin(ZTaa) > 6 > 0. Then from 7., — 2L 7,17, = 0 we get

ay¥aa
A+ 1/2 .
HxavHQ = tr(x xaw) < A (Taa)t1(24,) < 5\—@7% —A,). (2.45)

“Aal+]B8l+1

Tgs T

Moreover, we obtain from 5T = 0 that
~T ~
Loy  Tyy
)

j?j < .fiii’jj < _—ijj(—j\j), Vie B, jen.
J

and therefore,

a2 = S s —10 5 a (2.46)

ieﬁd‘e,y _2A|a‘+|ﬁ|+1
In view of (2.44), (2.45), (2.46) and
1 .
’*%7“2 Z % < Z Ty + 2 Z Liiljj = (Z 2i)? < T(wi —A,),
i,jEy i€y i,jEy iey |ee|+[8]+1

we obtain that for any x € S} N N5(Z),

_ _ _5\|a\+|6|+1 . .9 _

- — Na|+|8|+1 N - -
(@ ) + 55y 7 el 20+ 25 ]%) < 0
Thus, the proof is completed by letting ¢ := airioit 5 (2.43). O

2X1+3/2+8]
The following Lemma provides a convenient tool for checking the isolated calm-

ness via the directional derivative, which is modified from the classical results that

are based on the non-singularity of the graphical derivative at the origin [50, 56].
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Lemma 2.1. Let U and V be two finite dimensional real Euclidean spaces and F :
U =V be a continuous mapping. Let (ug,vy) € UXV satisfying F(ug) = vy. Suppose
that F is locally Lipschitz continuous around ug and directional differentiable at uyg.

Then F~1 is isolated calm at vy for ug if and only if
F'(up;d) =0=d=0, VdeV.

The isolated calmness does not require the locally nonemptiness of the multi-
valued mapping near the reference point. A stronger property is the following robust

isolated calmness.

Definition 2.8. [Locally nonempty-valued] We say a multi-valued mapping F :
U — V s locally nonempty-valued at uw € U for v € V if there exist neighborhoods
N(u) of u and N (v) of v such that

Fu)NN(@) #0, Yue N(u).

Definition 2.9. [Robust isolated calmness] We say a multi-valued mapping
F:U — YV is robust isolated calm at u € U for v € V if F' is both isolated calm and

locally nonempty valued at uw € U for v € V.

2.5.3 Equivalence of the isolated calmness in different forms

We show several different forms of the isolated calmness for the problem (2.24) are in
fact equivalent to each other, and they can further imply an error bound condition.
The KKT system of the problem (2.24) takes the form of

0€ V.U(z,9) + 06(z), (2.47)

y € Np(h(z)).
Denote the natural map G : X x Y — X x ) associated with the inclusion (2.47) as

—P — V.l(z,
Gy = [ TPl V@) ) vy )

h(x) —p(h(z) +y)
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and the normal map G™" : X x ) — X x ) associated with the inclusion (2.47) as

Gz 5) m V.l (Proxg(z), Proxg:, (s)) + z — Proxg(2) V(o) e X x V.
’ h(Proxy(2)) — IIp(s) ’ ’

(2.49)
It is easy to see that (Z,y) satisfies the KKT condition of the problem (2.24) in
the sense of (2.47) if and only if G(Z, y) = 0, which is also equivalent to G (z,5) = 0
with (z,5) = (z — V,Il(Z,9), h(Z) + y). In fact, there is a change of variable (z,y) =
(Proxe(z),Prox(g;;(s)) between the natural map and the normal map, and clearly
(Z,y) = (Proxa(i),Pr0X5;>(§)). One can refer to the monograph [30, Section 1.5.2]
of Facchinei and Pang for a detailed discussion about the relationships between the
two maps.

We also consider the perturbation of the problem (2.24) with the form

min f(x) + 0(x) — (01, z),

st. h(x)—09 € P,

(2.50)

where § = (01,02) € X x )Y is the perturbation parameter. Similarly as (2.48), for
a given § € X x ), we could thus define a natural map G3** : X x ) — X x Y
associated with the perturbed problem (2.50) as

x — Proxg(z — Vil(z,y) + &)

G (z,y) =
ey h(z) — 6y — p(h(x) — 62 + y)

V(z,y) e X x Y. (2.51)

For later discussions, we also write an extended natural map G: X x VxAXAx)Y—

X XY XX x)Y as

. Gnat ,
G(v,y,0) :== @) , Y(r,y) e AxY, Ve X x ). (2.52)
J

For a given § € X x Y, we denote Skkr(d) as the set of all the KKT points of
the perturbed problem (2.50), i.e

Skxr(8) == {(z,7) : G3*(z,y) =0} .
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One convenience of the normal map is its translational property that if the KKT
system (2.47) of the original problem (2.24) is translated by a constant 6 € X x ),

its associated normal map G™*" is also translated by the same constant 9, i.e.,
Skrr(8) = { (Proxe(z), Proxs: (5)) 1 G"(z,5) = i} (2.53)

Note that when the perturbation parameter § = 0, the problem (2.50) reduces to
the original problem and thus, (z,7) € Q if and only if G¥*(z,y) = 0 for § =0, or
equivalently G (z,7,6) = 0. Inreal applications, the data is usually inaccurate, which
makes the study of the problem (2.50) necessary and important. In the following, we
shall show that at the KKT point (Z, 7) of the problem (2.24), the isolated calmness
of G~! at the origin point with respect to (z,y,0) is equivalent to the isolated
calmness of G™! at the origin point with respect to (Z, %), and is also the same with
(G™r)~1 at the origin point with respect to (2,5) = (T — V,I(Z, ), h(Z) + 7).
Theorem 2.5. Suppose that (Z,y) € X x Y satisfies that G(z,y) = 0. Let (z,5) =
(z — V., U(z,9), (Z) + y). Then the following conditions are equivalent:

(i) G is isolated calm at the origin for (Z,7).

(ii) G~ is isolated calm at the origin for (%,7,0).
(111) (G™")~1 is isolated calm at the origin for (Z,5).
(v) Skxr is isolated calm at the origin for (Z,y).

Proof. First we show (i) <= (ii). Suppose that G~ is isolated calm at the ori-
gin for (z,y). Let (dy, dy, ds) € X x Y x X x Y satisfy that G'((z,7,0);: (dy, dy,ds)) =
0, where ds := (ds,, ds,) with ds, € X, ds, € Y. Then we have

d, — Proxy(z — V,I(Z,9); dp — V2,1(Z,9)d, — VI(Z)d, + ds,) = 0,
W (2)d, — ds, — Tp(h(Z) + §; 1 (2)d, — ds, + ) =0, (2.54)
(d51 ) d52) = 07
which can be reduced to ds = (ds,, ds,) = 0 and
dy — Proxy(T — Vo l(Z,7); de — V31T, §)dy — VI(T)d,) =0,

(2.55)
h(z)d, — I (h(Z) + g; B (Z)d, + dy) = 0,
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or equivalently, G'((Z,9); (dy,d,)) = 0. Thus, we get (d,,d,) = 0 by Lemma 2.1
and the isolated calmness assumption of G™! at the origin for (Z,¥), which further
indicates that (d,, dy, ds) = 0. By applying Lemma 2.1 again we know G is isolated
calm at the origin for (z,y,0).

Conversely, suppose G~ is isolated calm at the origin for (z,y,0). Let (d;, Jy) €
X x Y be a direction such that G'((Z,9); (d,, d,)) = 0, which is equivalent for (2.55)
holds at (Z,7) along the direction (d, d,). Then by letting ds = Oy, we see (2.54)
holds for (a?x,dy,al;), and thus, é’((:ﬁ,gj, 0); (cim,azy,cig)) = 0. Hence, (cfx,czy,ci;) =0
by the isolated calmness of G~ at the origin for (z,y,0). This non-singularity of
G'((z,9); (+,-)) indicates that G™! is isolated calm at the origin for (z, 7).

Now we focus on the equivalence between (i) and (iii). Note that under the
condition G(z,y) = 0 and (2,5) = (T — V.I(Z,9), h(ZT) + y), we have (Z,y) =
(PI‘OXQ(E),PI‘OXg;«J(g)) and G"'(z,5) = 0. Assume that G™! is isolated calm at
the origin with respect to (Z,y). Again we let (d,,ds) € X x Y satisfy that
(G™)((2,5); (ds, ds)) = 0, L,

V21 (Prox(; (2), Proxs: (5)) Proxy(z; d.)
SV R(Pross(2))Prost (5 dy) + d. — Prox)(z: ) = 0
W (Proxy(2))Prosy (2:d.) — Tp(s:d,) = 0.
(2.56)
Let (ds,d,) = (Proxg(Z; d.), Proxg, (5,ds)). Then the first equation of (2.56) indi-
cates that

d. = Proxy(z;d.) — V2,I(Proxg(z), Proxss (5)) Proxg(z; d.) — Vh(Proxe(E))Proxg%(E; dy)

=d, — V2, U(Z,§)d, — Vh(T)d,,
and the second equation of (2.56) implies that
ds = 1I5(5;ds) + Proxg;(E, ds) = W (Z)d, + d,,.

Substituting the above equations back into (2.56), we see that the equation (2.55)
is true, so that G'((Z,9); (ds,d,)) = 0. Then (d,,d,) = 0 by the non-singularity of
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G'((z,9); (-,+)) from Lemma 2.1, which further shows that (d,,ds) = 0 and thus,
(G™r)~! is isolated calm at the origin for (Z,5).

Conversely, assume that (G"")~! is isolated calm at the origin for (z,5) = (z —
V. UZ,7), MZ) + 7). Let (d,,d,) € X x Y satisfies that G'((Z,7); (dy,d,)) = 0 such
that (2.55) holds for (,7) along the direction (d,, d,). Now we construct a direction
in X x) as

(d.,d,) = (d, — V2,I(%,9)d, — Vh(Z)d,, W (T)d, + d,).
By the first equation of (2.55) we have d, = Proxj(Z;d,), which, after substituted
into the second equation of (2.55), indicates that

W (Proxg(2))Proxy(z; d,) — I1;(5; dy) = 0. (2.57)

This also shows that

dy = dy = W'(2)d, = d, — I (Proxy(2))Proxy(; d.) = d, — TTp(5; d,) = Proxg, (5,d,).
Therefore, we can further obtain that

d. =d, —V2I(z,7)d, — Vh(Z)d,

= Proxy(z; d,) — V2 I(Prox(%), Proxs: (5))Proxg(z; d,) — Vh(Proxe(2))Proxi, (s, dy).

Together with (2.57), we know (G")'((%,35); (d,,d,)) = 0 such that (d.,d;) = 0
by Lemma 2.1 and the isolated calmness of (G"*)~! at the origin for (z,5). Then
(dy, d,) = (Prox}(z;d.), Proxg;(E, dy)) = 0, which indicates the isolated calmness of
G~ at the origin for (z, 7).

Till now we have show that (i)<=- (ii) <= (iii). It is easy to obtain (ii)== (iv)
by the definition of the isolated calmness as follows. Since G~! is isolated calm at
the origin for (z,7,0), there exists a neighborhood N(Z,7,0) C X x Y x (X x ))
of (Z,7,0), a neighborhood N(0) C X x Y x (X x ) of 0 and a positive constant
7 such that

éil(A) mN(a_:ag: 0) - {(E>g70>} +77HAHBU7 VA = (A17A27A37A4) € N(O)a
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where By := {(z,y,0) € X x Y x (X x V) : ||z]|> + ||y||* + ||6]|* < 1}. They by
letting (A3, Ay) = 0 € X x Y in the above inclusion, we immediately have the
isolated calmness of the Skt at the origin for (z,7).

To complete the statement of this Theorem, it suffices to show (iv) = (iii). By
the definition of the isolated calm of Skxr at the origin for (Z,7), we know that
there exist positive constants n > 0, € > 0 and a neighborhood N'(0) C X x Y
of 0, such that for any § € N(0) and any (z,y) € Skkr(d) N {(z,y) € X x Y :
|z — Z|| + ||y — ¥l|| < €}, it holds

[z = ([ + [ly — gl < nllo]] (2.58)

Note that for any § := (d1,d2) € N'(0) and any (z5,s5) € (G™")71(5) N{(z,s) €
X x Y |lz—z|| +||s — 5] < €}, we have (zs,y5) = (Proxg(zs), Proxss (ss)) €
Skxr(0) N {(z,y) € X x Y : ||xt —Z|| + |ly — yl| < €}. Therefore, we get ||z —
z|| + ly — gl < n||d|| by the inequality (2.58). Since G™*(zs,s5) = 0, we have
(25,85) = (x5 + 01 — Vil(zs,9s), h(x5) + ys — d2) by the relationship (2.53). This

further implies that

lz5 — 2| + l|ss — 3

25 — Z[| + [ Val(2s,ys) — Vol (Z, )|l + [|h(xs) — h(Z)[| + [lys — 7l + l|6]]
(1 +L)(lzs =zl + llys — 7ll) + [0

< (L4 L)+ 1),

IN

IN

for some constant L > 0, where the second inequality comes from the assumption
that f and h are C? functions and (s, ys) is restricted in a bounded neighborhood

of (Z,y). Thus, (G"")~! is isolated calm at the origin for (z,5) by definition. O



Chapter 3

An inexact majorized accelerated block
coordinate descent method for multi-block

unconstrained problems

In this chapter, we focus on designing and analyzing efficient algorithms for solving
the unconstrained convex optimization problems with coupled objective functions.
Recall the compact two-block form of such kind of problems (1.17) given in the
Chapter 1:

min  p(u) + q(v) + ¢(u, v), (3.1)

where p : U — (—o0,+o0] and ¢ : V — (—o0,+00] are two convex functions
(possibly nonsmooth), ¢ : U x V — (—o0,+00) is a smooth convex function with
Lipschitz continuous gradient mapping, and U and )V are real finite dimensional
Euclidean spaces each equipped with an inner product (-,-) and its induced norm
| - ||. This would be the core model that we focus on throughout this chapter.
Note that here we do not require p and ¢ to admit explicit expressions of
the proximal mappings, which is different from the conventional settings that are
frequently imposed in the existing literature. This change of settings allows us
to handle the corresponding multi-block unconstrained problems with the form

(1.1) given in the Chapter 1, by taking u = (uy,us,...,us) as one block and
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v = (v1,v2,...,7;) as the other block. In this way, the nonsmooth functions p
and ¢ are composite ones as p(u) = > ;_; pi(w;) and q(v) = z;zl q;(v;) for any
w= (U, U, ..., us) EU XUy X ... X Us and v = (v1,09,...,0;) E V) X Vo X ... XV,
which certainly fail to have explicit proximal mappings for most cases.

The first part of this chapter is devoted to the study of the two-block majorized
accelerated block coordinate descent (ABCD) method. Following that, we extend
our ABCD algorithm to an inexact version in the second part. This extension is
critical and essential to our subsequent numerical implementation since our ultimate
goal is to solve multi-block unconstrained optimization problems, instead of merely
two blocks. By allowing inexact solutions of each block, we are able to adopt various
well-studied iterative algorithms to solve the subproblems that involve two or more
nonsmooth functions simultaneously.

Before presenting our proposed algorithms and their theoretical properties, we
first introduce several notations and the majorization technique for the smooth
function ¢.

Throughout this chapter, we denote w = (u,v) € U x V. Since V¢ is assumed to
be globally Lipschitz continuous, we know from (2.2) that there exist two self-adjoint
positive semidefinite linear operators Q and Q:UxV —UxV such that for any
w,w €U xV, it holds

B(w) > (w') + (Vo) w— ) + S’ — wllb (32)
and
B(w) < Hw; ') 1= o) + (Vo(u),w —w) + ol —wly (33
We further decompose the operators Q and Q into the following block structures:

Q11 Q2 (% ~ On Qo U

Qu = ,  Qu

Q’fg Qoo v Qikg Qoo v

, Yw = (u,v) eUXV,

where Q11 @11 U — U and Qoo, @22 : YV — V are self-adjoint positive semidefinite
linear operators, and Qq», @12 : YV — U are two linear mappings whose adjoints are

given by 97, and Q\’{g, respectively.
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There are infinitely many choices of Q and Q that satisfy the inequality (3.2)
and (3.3), but the operator @ is always expected to be as small as possible such
that the majorized function qZA> could tightly approximate the original counterpart ¢.
We need the following assumption on the selection of the operators O and @ for

ensuring the O(1/k?) complexity of our proposed algorithms.

Assumption 3.1. There exist two self-adjoint positive semidefinite linear operators

Di:U—>U and Dy : YV — V such that
Q=0+ Diag (D1, Ds).
Furthermore, @ satisfies that @11 =0 and @22 > 0.

In order to simplify the subsequent discussions, we denote a positive semidefinite

operator H :U xV — U x V as
#H := Diag(D1, Dz + Qa2). (3.4)

Furthermore, we denote () as the optimal solution set of (3.1), which is assumed to

be non-empty.

3.1 The O(1/k?*) complexity for the exact method

In this section, we first state our ABCD method for solving the problem (3.1). Fol-
lowing that we provide the O(1/k?) complexity analysis of the proposed algorithm.

Generally speaking, our algorithms can be treated as an accelerated version
of the alternating minimization type algorithms for the two-block problems. It
is well-known that Nesterov’s classical accelerated proximal gradient (APG) algo-
rithm, which enjoys an impressive O(1/k?) complexity, only works for single-block
problems. When the problems involve more than one separable nonsmooth terms
and they are updated in an alternative fashion, people usually discard the accel-
eration technique and prefer the (proximal) block coordinate descent (BCD) type
algorithms. However, theoretically the complexity of the BCD-type algorithms is
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O(1/k) in the best case [83, 3], and numerically, much experiment in the past shows
that the acceleration technique may substantially improve the efficiency of the al-
gorithms, see, for example, the numerical comparison in [91]. This makes the study
of the accelerated BCD-type algorithms critical, both in the theoretical sense and

for the numerical applications. Below is the framework of our ABCD algorithm:

ABCD: A majorized accelerated block coordinate descent algorithm

Choose an initial point (u',v') = (@°,¢°) € dom(p) x dom(q). Set k := 1 and ¢; = 1.

Iterate until convergence:

Step 1. Compute @* = arg mlg{l{p(u) + o(u, v*; wh)}.
ue

Step 2. Compute 7 = arg mig{q(v) + o(a*, v; W)}
ve

Step 3. Compute

14+4/14+43

tk+1 - 2 )
ukJrl i tk: -1 ak _ akfl
vk+1 ﬁk tk—i—l ”ljk _ 6k—1

The subsequent analysis is strongly motivated by a recent paper of Chambolle
and Pock [9], where the joint objective function ¢ is taken to be quadratic. They
show that the O(1/k?) complexity still holds for the above method, where the two
blocks v and v are updated alternatively. We extend their nice results to a more
general class of problems of the form (3.1), where the function ¢ is only required to
be smooth, and prove the corresponding O(1/k?) complexity of the objective values.

The next proposition shows an important property of the objective values at the

current iteration point, which is essential to prove the main global complexity result.

Proposition 3.1. Suppose that Assumption 3.1 holds. Let the sequences {w*} =
{(@*,o%)} and {w*} = {(u*,v*)} be generated by the ABCD algorithm. Then for
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any k > 1, it holds
1 1
9(’&)’“) —f(w) < §Hw - wkH?{ — §||w - u?kH?{, weU xV. (3.5)

Proof. In the ABCD iteration scheme, the optimality condition for (a*,o%) is

0€ (@) + Vuo(wk) + On (@ —ub),
(3.6)
0€ 0g(t") + Vyp(w*) + Qo (@* — u*) + Qoo (2% — v").
Therefore, by the convexity of the functions p and ¢, we have

p(u) > p(a¥) + (u — @*, —V,p(w) — Qu (@ — b)), Yuel,

Q(U) > Q(@k) + <U - ﬁku _vv¢(wk) - TQ(ak - Uk) — @22(17k — Uk)>, Yv € V.

(3.7)
By the inequalities (3.2) and (3.3), we know that
G(0") < d(w*) + (Vo(w"), 0" —wk) + 3[Ji* — w*|%,
(3.8)
d(w) = P(w*) + (Vo(w*),w — w*) + 3[lw — w*|3,
which, imply, that
& k ey L k2 Lyok k|2
B(w) — B4 > (Vo) w— i) + 2w — by — St —utlh (39)
By the Cauchy-Schwarz inequality, we can also get that
0
(@ —u, Qip(v" — ")) = <Q(@k —w), > — (Qn (" —v), 0" — o)
ok — oF
< Uk =y + 1~ v¥1,,) — 501~ o
= 9 Q Q22 2 Qo2
HIF = MG, — 10 —vlld,,)
1. . 1 -
= Sllo" = wlg + S(lv" = vllg,, = 1" = vll,,).
(3.10)

Summing up the inequalities (3.7) and (3.9) and substituting them into (3.10), we
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can obtain that

O(w) = 0(*) = gllw—w*|g = 30" — w5 — (w — ", Q" — w"))

1
2
—(@" — u, Qia(0% — v*))

“II%

> dw — w3 - 3¢ — wH ] - (e — 0t — o - @3
it — W) — SO - wld + ok - ollh,, — 15 - vl3,,)

= gllw — @5, — gllw — w3,

(3.11)
where the last equation is obtained from Assumption 3.1. O
Based on the previous proposition, we can show the following O(1/k?) complexity

of the objective values for our proposed ABCD algorithm.

Theorem 3.1. Suppose that Assumption 3.1 holds and the solution set 0 of the
problem (3.1) is non-empty. Let w* = (u*,v*) € Q. Then the sequence {w*} :=
{(a*,o%)} generated by the ABCD algorithm satisfies that

B 2[[w° — w*||?
0 ky 0 ) < H
(w ) (w ) - (k‘ + 1)2 ’

t. — 1 ~k—1 *
(t )Qf T in (3.11) of the Proposition 3.1, we can
k

Vk > 1. (3.12)

Proof. Taking w =
see that for k > 1,

— k=1 * _ ~k—1 * 2
0((tk Dt +w >—0(1I)k)2 %H(tk Dot +w p

iy 123
e . H 5 (3.13)
1| (t — D" +w &
—= —w
2 th y
From the convexity of the function 6 and ¢, > 0 we also know that
t — k1! * 1 1
0((k ) '+w:>g(1—-—w@#75+~—ﬂwﬂ. (3.14)
178 178 Ly

Therefore, from the inequalities (3.13) and (3.14) and the fact that t; —t; = 7,
for k > 2, we obtain that for k£ =1,

e

(3.15)

O(w') — 0(w") < gllw' —w, — zllo" —wF = 3[l0° — w3, — 5]
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and for k > 2,

tRO(0") — 0(w")] — (£ — 1) (") — O(w”)]

= B[0(") — 6w — £, [0(@H) — 6(w)]

< Yl — w0 — (s — D2, — Lt — w0 — (b — 1,
(3.16)
Thus, we have that for k > 1,
t0(w0*) = O(w)] + 3|t — w* — (b — )" |3,
< G [0@M) = 0(w)] + G llte @ = w* = (teor — D,
< (3.17)
< go(@") — 0(w)] + 3l —w* — (t — 1)a°|f3,
< gl = w3
By noting that ¢, > %, we can further get that for any k£ > 1,
. 2||w” — w*||3
o(w*) — f(w*) < —H 3.18
(@) - 0(w") < =5y (3.18)
This completes the proof. n

Remark 3.1. Theorem 3.1 shows that the O(1/k?) complezity of the objective values
1s still true for the two-block accelerated BCD-type algorithms for problems of the
form (3.1). However, the outline of the proof here cannot be easily extended to the
problems with three or more blocks. We would thus use a different idea - introducing

the inexactness, to settle this issue in the next section.

3.2 An inexact accelerated block coordinate de-
scent method

In this section, we extend the previously proposed ABCD algorithm to an inexact
version. There are three main reasons to introduce the inexactness for the subprob-

lems: one is that the proximal mapping of a nonsmooth function may not admit
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analytical solutions. Thus, only allowing the exact computation for the subproblem
is unsuitable in practice. The second reason is that sometimes it is unnecessary to
compute the solutions of each block exactly even though it is doable, especially at
the early stage of the whole procedure. For example, if a subproblem of the ABCD is
equivalent to solve a very large scale dense linear system, it is perhaps a good idea to
use the iterative methods instead of running the direct solvers. The last reason, and
in fact the most important one, is because our initial target is to solve multi-block
convex composite optimization problems. Our principle to deal with the multi-block
problems consists of two steps: the first step is to divide all the variables into two
groups, following that we solve each group by either the Newton-type methods or
others. Therefore, it is prominent to study the inexact ABCD algorithms (iABCD).
There is one point worthy of emphasizing here: to divide the original multi-block
problems into more than two blocks may not be efficient in practice for the convex
composite conic optimization problems. Intuitively speaking, the more alternative
updates in one cycle, the further we are from the original problems.

Below is the framework of our proposed iABCD algorithm:
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iABCD: An inexact majorized accelerated block coordinate descent al-

gorithm

Choose an initial point (u',v') = (@° ¢°) € dom(p) x dom(g) and a nonnegative

non-increasing sequence {ex}. Set k := 1 and ¢; = 1. Iterate until convergence:
Step 1. Compute

i = argmin{p(u) + ¢(u, v*sw") + (0}, u)},

" ==argrggg{Q(v)4-$(ﬁk,v;u*)-%(55,v>},

such that 6* € U and &% € V satisfying max{|| Q77> ||, [| Q%" 0%} < &y
Step 2. Compute

14+4/1+4¢2

b1 = —5—
ukJrl ak . tk; 1 uk _ ﬂkfl
Uk+1 ?~]k tk—i—l Uk _ ﬁk—l

Lemma 3.1. The sequence {t;}r>1 generated by the iABCD satisfies the following
properties:

1 2 E+1
() 1— — = -
tevr te 2

Proof. By noting that ¢}, —t;1 = ¢, the property (a) can be obtained directly.
The property (b) holds via the following inequalities:

1+M1+M§<1+1+%k
5 <

2

tk+1: :1+tk§k+t1:k+1

and

2 = 2 2

L+ /144t 142t k42t k+2
thy1 = 5 > > :

O
Similarly as the exact case in the previous section, we shall also characterize

the decrease of the objective values at the current iteration point for the iABCD
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algorithm in the following proposition. The proof of it can be derived with no
difficulty based on the proof of Proposition 3.1 by slightly modifying the optimality
conditions at the iteration point (u*,o%) for the iABCD algorithm. We omit the

proof here for brevity.

Proposition 3.2. Suppose that Assumption 3.1 holds. Let the sequences {w"*} :=
{(ak,o%)} and {w*} = {(u*,v*)} be generated by the iABCD algorithm. Then for

any k > 1,
0<wk)_9(w)<1”w_wk”2 _l||w_wk”2 te ||w_lka N YweldxV
=9 H 9 H k Diag(911,Q922)’ )

For k£ > 1, we denote

~

@ = argmin{p(u) + (u, v w")}, "= argmin{g(v) + $(@", v;u*)},
ue ve

which are the exact solutions at the (k+1)th iteration, and (@°, v°) = (u', v'). Since
@11 and @22 are assumed to be positive definite, the above two problems admit
unique solutions and thus, @* and ©* are well defined for k& > 0. The following

Lemma shows the gap between (@*,o%) and (a*, o%).

Lemma 3.2. For any k > 1, we have the following inequalities:

| —wr|y < ek =i}, + o =)l (3.19)
1012 (@ — @) <en,  [|ORAT — )| < (14 V2)es. (3.20)

Proof. By the optimality conditions at point (@*, %) and (u*,v*), we have that

0€ (@) + Vup(wh) + O (@ — ub),
(3.21)

0€ Ip(u*) + Vud(w*).

By the monotone property of the subgradient operator dp, we get

(@ —u*, Vyp(w) = Vup(w*) + @11(ﬂk —uF)) <0 (3.22)
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Since V¢ is globally Lipschitz continuous, it is known from Clarke’s Mean-Value
Theorem [12, Proposition 2.6.5] that there exists a self-adjoint and positive semidef-

inite operator W* € conv{d?¢([w*~1, w*])} such that
Vo(w®) = Vo(w' ™) = Whw" — ™),

where the set conv{9?¢[w* !, w*]} denotes the convex hull of all points W € 92¢(z)
Wy WY

for any z € [w* 1 wk]. Denote Wk := H 2], where WE U — U,
(W) Wi

WS, : V — V are self-adjoint positive semidefinite operators and Wy, : U — V' is a

linear operator. Then by Cauchy-Schwarz inequality, we have that

<ak - UJ*’ vugb(wk) - Vu¢(w*>>
= (@ —u Wi (uF —u*) + Wh (0" — %))

> Bl — Py + -t — 8 — a2 )~ S -t o= oty )
> Lt~y — by ) - 3ot — oty
= Al — iy, - Sl et -,

(3.23)
From (3.22) and (3.23) we can obtain that

Bl =, = 3t b, = 3= o, Q)

115k k”

= sllu® =g, — 5lat - Foorfy, sl e

O 2 HU Qo2 Q11

ko kN2 [k
k- b - )

_1
O 2

k

— w5, — 3l

— B, - St -l

< 0,
(3.24)

which is equivalent to say [|u* —u*||% < [luf —u*||3, +||oF —o* H%QQ. This completes

On
the proof of the first inequality.

k

In order to obtain bounds for ||Q11 (a* — a*)|| and ||Q22 (0% — %) ||, similarly by
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applying the optimality condition at point (#*,v*) and (@*, "), we have that
(Qui (@ — a¥) + o, @* — a*) <0,
(Q1a (@ — @) + Qo (T — F) + 68, 5% — o) <0,
From the first inequality we know that
1QI* (@ — )| < Q8% < ex. (3.25)
From the second inequality we obtain that
5% = oM1%, < 11Qa 288111 D55 (8" — )| — (Qpp (@ — a), & — o)

1/2 1/2 — ~ 5
< [1Q5 PRI Q37 (8 — ¥ | + S(lla* — a*|E + 12t — ¥ [),
(3.26)

which further shows that

~ _ 1/2 1/2 —
6% —o*1%, < 2)1Q5 26k ]| Q5%(0* — o¥)| + |5k — ak|

Q11

(3.27)
< 26| Q% (* — oV)|| + €3
By solving this inequality we obtain that
|Q:*(#* — )] < (14 V2)es (3.28)
This completes the proof of this Lemma. m

Based on the previous results, now we are ready to present the main theorem of
this section, which shows that the iABCD algorithm also enjoys the nice O(1/k?)

complexity.

Theorem 3.2. Suppose that Assumption 3.1 holds and the solution set § of the

problem (3.1) is non-empty. Let w* € Q. Assume that Zi&‘ < oo. Then the
i=1
sequence {w*} = {(*, %)} generated by the iABCD algorithm satisfies that

~0 _ ,,x]|2
0(@1@) _ e(w*) < 2Hw w H’H +Co

Vk > 1 3.29
= (k’+ 1>2 ) — 9 ( )

where ¢y 1s a constant number.
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Proof. When @w* = w* in Lemma 3.2, the corresponding &, = 0 since w* =

(a*, %) exactly solves the subproblems in (k + 1)th iteration, and thus we have
_ 1 _ 1
D) — 005) > L — 3, — 2 oo — w3 (3.30)

(tr, — D)kt 4+ w*
(7%

Taking w = in (3.30), we can see that for k£ > 1,

2

6((tk — D! + w*> ) > 1 H (b — D" fw
tk 2 tk

" 3.31
1| (tp — Dkt + w* A (3.31)
—= —w :
2 t 24
From the convexity of the function 6 and t; > 0, we know that
tr, — k! * 1 1
9(( e Dot Fw ) < (1— =)0 L) + —0(w"). (3.32)
Uk Uk bk

Therefore, from the inequalities (3.31), (3.32) and the fact that ¢2 — ¢, = 3 _, for
k > 2, we obtain that for k = 1,

O(w') = 0(w*) < gllw" — w3, — 5llw" — w3,
= 5l — w5 — 3wt —w (3.33)
= gll® — w3, - 5llo" — w3,

and for k > 2,
tel0(w*) — O(w*)] — (£ — te)[0(w*") — O(w*)]
= GlO(w") — O(w")] — i, [0(@"1) — O(w*)]

< @™t = wt = (t — D2+ (8 — D) (@ — )3,

et — w — (1 — DIt
= BV (AR (e = D@8 =05 o (e — 1)(@4 — )

+all(thor +ti = (@ = @) + (oo — D@2 =225, = ZIN
(3.34)
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where \F = % — w* — (t, — Vw1

By Lemma 3.1 (b), Lemma 3.2 and the

nonincreasing property of {¢}, we have that

< (tgor +t — )| HY?|||| o

< (k= 1)ep,

— W+ (temr — DAY J0*2 —

)+ (tror = (@2 = w2

wk72 ||

where ¢1 := 3| HY2||(|| Q1| + (1 + v2)[| Q5 /*[1). Thus, we obtain for k > 1 that

B10(*) - ()] + LI
< IO = 0w)] + HINT B, + ea(h — D [H2X + e - 1%
<
k—1 1 k—1
< A10") — 0w)) + LN+ ex D il YN 4 5ed S e
k—1 = 1 k—1 =
< B~ + o SN + 2 S
=1 =1
(3.35)

Now we will show the above inequality in fact indicates the boundness of the se-

quence {H'/2\F}. There exists a subsequence {\*m} of {\¥} satisfies that A\F1 = \!

and for m > 2, {\km .

[HYZNE| > |2 N

Vi < kp,}. (This subsequence may

only contain finite terms.) Then for any k,, > 1, we have that

km—1 km—1

100 —w*|12,+ 21 Z i [HY2 N 4 &2 Z ie?

[H2N | < maxd1,
< max{1, ||w°
< max{1, ||@°

< max{l, ||w

i=1 i=1 }
[N

12N

km—1 km—1

—w* |2, + 2¢ Z Z€l|m1/2/\km|| + ] Z i’e?}

i=1

km—l km—1

—w*||3, + 2¢, Z ig; + ¢} Z i%el}
=1 i=1

o0

o0
0 — w*||3, + 21 Ziei +cf Z i*e?},

i=1 i=1

(3.36)
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where the third inequality is obtained by the definition of the subsequence \Fm.

Since ||HY2N|| < || HY2\Fm || for i < k,,, we can further obtain that for any k > 1,

[HY2AN < 02 1= max{L, [ @° — w3+ 20 Y S+t Doty (337)
=1 =1

k+1

Now we estimate the bound for ||w w*||. By letting w = w* in (3.30), we have

||H1/2(wk+1 _ w*)H S ||H1/2(wk+1 _ w*)H

— [P+ Bt — Lk — )|

trt1

< (L= g )IHYP @0 — wh)ll + 5 -2 (e — (8, — Dokt — w)|

tet+1

1+ )[R — )|+ @ = )|

tkt1 tet1

tet+1

2 c
< AL et )+ 1 Bee,

k41 k+1
(3.38)
where the last inequality is obtained by Lemma 3.1 (a). Thus similarly we can get
that
1/2 t2 ti 1(qy1/2 * C2
tg ||H (0" —w)| < 7 ( [H2 (@ —w*)|| + . + 3c185-1)
k+1 1 U k
2 . 22 8 . Co
g T el < G S G IHA @ — w4 27 o Beiens)
k41 k+1 k—1 k—1
<
22 1 2tz t2 2 Co
7_[1/2 -2 < Ck=1 2 H1/2 -1 2 3 )
77 @| (@ wﬂ|_%4ﬁ tgﬁ| (@ =) + 2 +3eren)

(3.39)

Summing the above inequalities together, we can obtain that

[ 20— )| <

||7-[1/2( —w")| +CQZ bia —|—30125Z (3.40)

k+1 i—1 k+1

t2

By Lemma 3.1 (b), we have that for any & > 1,

ktH1< (3+ k)k

ti+1'— 2(3k+1)2 ©
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Therefore, the inequality (3.40) implies that

[HY2 (@ — )| [HY2 (0! — w*)|| + 2c2 + 31 Yoo &

(k+2 2 |

< g = 5| MA@ — w)|| + 2c2 + 3e1 Yop &

By the notation of the operator H, we can further obtain that

DY@ — wt)|| < e |ORA(EH — 0| < e (3.41)

The next step is to prove the boundness of the term [[tpa* —u* — (t; — D)a" | 5, -

By noting that for & > 2,

1012(@* —w*)| < 1Dy (uh = u)|| + | Q% (vF — )]
< (14 B2 (D)2 @R — w4 [1Qa7 (1 — o))
+A2 (D2 (@2 — )| + [1Q357 (8572 — o))
2(| D2 (@ — )| + Q57 (85 — v 1) + D@2 — w)|
+ 934 (542 — )|

< 3(2c3 + (2+V2)ep0),
(3.42)

we have
it = — (e = )T, < tulll@ =g, + 7 —w5,,)
(e = V)([[a* " —wrlg,, + @t =@ g,)
< (2t — 1)((7 + 3v/2)e; + 6c3).

Besides, for £k = 1, we have

[tia! —u* — (b = D5, = [ —u'lg,
< un—wllp, + v —v*llg,, + llat —a'llg,,
S 263+61
< (26 = 1)((7+ 3v2)er + 6c3).
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(tk—1> [T 1+w
173

, we see that

Finally, by Proposition 3.2 at w =

tR0(0") — O(w*)] + glltsd® — w* — (b — D" 3,

< 0@ = 0(w)] + 5l @ = w = (o — DR,
+€k||tkwk —w' - (tk a 1)12}]671”]313%(@11, @22)
<
< BO(@) = O(w*)] + @' —w* — (8, — 1)w°|3,
k
+ ZgthiW —w* = (t; = D)0 | pig(0r. On)
=1 N
< gl — w3, + Zé‘thiW —w = (t; = DO D@01, G
=1
< B0 — w3+ ) (2t = 1)((7 + 3V2)er + 6¢3) + (14 V2)e; + co)e
=1

[o¢] o0
< %HwO—W*HfQH +(1++2) 222—18 + ( (7+3\/_)€1—|—603—|—02 222—1
i=1 i=1

< Sl — w3, + teo,

where
co:=(1+V2)) (2i = 1)e] + ((T+3V2)e1 + 65+ 2) > (2 — 1)e
=1 =1
is a finite value by the assumption that Z 1e; < 00. By noting that t; > w, we
i=1
could obtain the inequality (3.29). This completes the proof. O

3.3 An application: the regularized projection onto
the intersection of equations, inequalities and
convex sets

In this chapter, we discuss how to apply the iABCD framework provided in the

previous section to an important class of least square problems: given an arbitrary
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point, find its nearest point that satisfies many equality and inequality constraints
as well as stays in the intersection of some non-polyhedral sets.
The optimization model of the above mentioned least square problems takes the

following form:

min 3| X — G|+ ) 6:(X)
X2 Zl (3.43)

st. AX=b, BXe0Q Xeck,

where s, ¢ are positive integers, 6;(-) : X — (—o0,00] for ¢ = 1,...,s are convex
functions (possibly nonsmooth), A : X — Y and B : X — Z are linear operators,
Q:={z¢€ Z:1< z<u} with [,u € Z being lower and upper bounds, £ C X
is a convex cone, G € X and b € ) are given data, and X, ) and Z are real
finite dimensional Euclidean spaces each equipped with an inner product (-, -) and
its induced norm || - ||. In particular, one can let 6;(-) = d¢,(+) if the variable is
required to stay within some convex set C;. The nonsmooth function 6; can also be
chosen as regularization terms to impose different structures of the solutions, such
as ||+ |1, | - lla.x or || - ||« for the (column-wise) sparsity or low rank structure, and
that is the reason we name the problem (3.43) as regularized projection.

By introducing variables Y; = X for ¢ = 1...s, the problem (3.43) can be

equivalently written as

1 S
min - S| X —G|* + izlei(yg)

X, Y1,..Y5 (344)
s.t. AX =b, BXe€Q XeKk, X=Y,i=1...s
The dual problem of (3.44) takes the following form:
. ]- * * : 2
min0(y, S, z, Z1, ... Zs) := §||.A y+S+B z—l—ZZH—GH —(b,y)
=1 (3.45)
+0ic(S) + 0+ (—2) + Y _ 05(—Zy),
i=1
where 0} (-) denotes the convex conjugate function of () fori = 1,--- , s and d¢(+) =

0 iteecC o . .
is the indicator function of a given convex set C.

+00 otherwise
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For notational convenience, let W = VY X A X Z x X x ... x X and W =
(y,S,2,Z1,...,Zs) € W. We write the smooth part of the dual objective function
(3.45) as

1 S
H(W) = §||A*y+S+B*z+ZZZ-+G||2 — (b, ). (3.46)
i=1
Note that only two blocks of variables are allowed in the iIABCD framework. Hence,

we need to group the dual variables (y, S, z, Z1, .. ., Z;) into two parts. Motivated by
the success of many previous large scale computation with similar type of constraints,
for example, [103, 91], we prefer to put the “difficult” ones like y and S together
as one block U = (y,S) and all others as the other block V' = (2, 7;,...,Z;). As

discussed in Section 2.3, the block U can be solved via the inexact sGS technique.

In the following, we focus on the approaches for solving the block V' = (z, Z1, ..., Zy).

For notational convenience, we denote C* := A*g* + Sk 4+ G with k > 1 as the itera-
tion number. Therefore, for the kth step, the subproblem that under consideration
before any majorization is

1 S S
min —[|B"z + N Zi+ CFP + 00 (—2) + > 05 (—Zy). (3.47)
=1 i=1

ERwA

Since there are still s + 1 nonsmooth functions involved in this subproblem,
one could apply the matrix Cauchy-Schwartz inequality to the block in order to the
term || B*z+>_;_, Z;+C"||* to obtain a relatively tight and convenient majorization
function. In many real applications (as shown in the numerical examples sections),
the linear inequality constraint BX € Q in the primal form (3.43) is challenging to
solve because of the ultra large scale of the operator B. A practical way to deal with

it is to divide the operator B and the dual variable z into ¢ > 1 parts as

(BX)' = (B X,B:X,...,B,X)T, VXeZX,

Bz = (Biz1, B3z, ..., By zg), V2= (21,22,...2y) € 21 X Z9 X ... X Z,
where B, : X — Z;, and 2, x Zy X ... X Z, = Z. By the matrix Cauchy-Schwarz

inequality (2.17), it is easy to see that

(BT ... T)"(B*T ... T) < (s + 1)Diag (M, ..., Mg, Myys1, ..., Myss),
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where

BB+ > (BBBB) fori=1,...q,
M, = =100,
T fori=q+1,...,q+s.
The reasons behind the decomposition of the operator B and then majorizing them
with the above matrix Cauchy-Schwarz inequality are that in many real applica-
tions, the operator B usually is very sparse or contains some orthogonal struc-
ture between different rows. If this is the case, the quadratic terms involving

Z (B:B;B;B; )2 would be quite small compared to the block diagonal parts
=10,

Since My, ..., M, may still fail to be positive definite and can be difficult to
compute, simple positive definite operators to majorize these operators are desirable.
Here we adopt the following ideas: denote the eigenvalue decomposition of the

operator M; fort=1,...,q as
M; = ZA’PZ PO i=1,...,q,

where X{ > A, > ... > AL are the eigenvalues of M; with r; being the rank
of M;, and P}, Pi,..., P! are the orthogonal eigenvectors of M;. We choose the

Ti
majorization operators for i = 1,...,q to be

T

M\i = Z/\ZPZ z +/\z Z P;(.P;)T

Jj=ki+1
k;
= prz PYT+ N (Z =) PP (3.48)
kv—l =
= > (N = X)PUP)" + NI
j=1

where 1 < k; < [; is a small integer that satisfies A}'% > (. This majorization idea
has also been adopted in [91] for efficiently solving the linear systems. After the
positive definite proximal terms are obtained, each small block can be solved by the

APG-SNCG algorithm provided in Section 2.4.
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We end this section by a discussion on the generalization of the symmetric Gauss-
Seidel technique to the problems involving two non-smooth terms. Consider the

problems of the following form:

min F(z) == fi(z1) + fa(zs) + 5(z, Hz) — (r,z), (3.49)

where x = (z1,22) € X := X} X Xy with x; € &} and x5 € Ay, f1: X1 — (—00, 0],
fo 1 Xy — (—00,00] are two closed proper convex functions (possibly nonsmooth),
H: X — X is a self-adjoint positive semidefinite linear operator, and r € X" is the
given data. We decompose H and r according to the block structure of x such that

for any x = (11, 22) € X,

Hin H
Yo = 1 12 x o (rx) = (ry, @) + (1, 2),
Hiy Hoo T2

where Hyp : X1 — X} and Hoy 1 XAy — Ay are self-adjoint positive semidefinite linear
operators, and His : Xy — X is a linear mapping whose adjoint is given by Hj,.
We further assume Hq; = 0 and Hae = 0 as Theorem 2.2.

Define an operator Py, : X1 — A» as
Pfar) = argmin {fa(ea) + (2. Ha) — (1)}, (3.50
and two functions ¢ : X; — (—o0, +o0] and ¢ : X — (—o0, +00| as

9(@1) = fo(Pp,(21)) + 5{(z1, Pr, (1)), H(z1, Ppy(21))) — (r, (21, Pp,(21))),
(1) = 5(xy, Hur) — (r, 1) — g(a).
(3.51)
Since Hoo is assumed to be positive definite, the above optimization problem
has a unique solution and thus, Py, is well defined. The following Theorem can be

obtained from [15] and [30, Theorem 10.2.1].

Proposition 3.3. The function g is continuously differentiable, with the gradient
given by
Vg(r1) = Huxy + HioPpy(21) — 11 (3.52)
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Furthermore, the function v is convex and continuously differentiable, with the gra-
dient given by

V¢(l’1) = —7'[1277f2 (I1) (3'53>

The following Theorem states the property of the nonlinear one cycle symmetric

Gauss-Seidel iteration for the problem of the form (3.49).

Theorem 3.3. Given T, € &;. Define

ry = P, (71) = arg Hggn {fg(mg) + %((:Ttl, To), H(Z1,29)) — (7“2,372>} .
Then

x1t = argming, {fi(z1) + 5((21, 24), H(z1, 2)) — (ri,21)}
pot = Pp(af) 1= argming, { fo(z2) + 3((a7, 22), H(z], 22)) — (12, 22) }
(3.54)

solves the problem

IleiIl {f1<l’1) + fg(l’g) + %(x,%x) — <T, 33'> —+ A¢(1‘1,[Z’1)} s (355)

where
Ay(x1,Z1) = (x1) — (@) — (VY(Z1), 21 — T1) > 0.

Proof. Denote (z7,x3) as the optimal solution of the problem (3.55). Then by
the optimality condition of the problem (3.55), we can obtain that

0 € 0fi(x]) + Huat + Hioxs — 1+ V(27) — Vb(T1),
(3.56)

0 € Ofa(x3) + Hizzrt + Haoxh — ro.
By the notation of the operator Py, (-) and Proposition 3.3, we can equivalently write

(3.56) as

0e (9f1(x“{) —+ /anf + 7‘[1273]02 (fl) -y,
(3.57)

0 € Ofa(x3) + Hiyx: + Haoowhy — 1o.

Comparing (3.57) and the optimality conditions for the problem (3.54) at (z],z3),

we have that (2%, 23) = (21, z3). This completes the proof.
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Remark 3.2. If fo =0, i.e. there is only one nonsmooth function fi(-) in (3.49),

then one can derive that
Pr(x1) = Hyy (ro — Hiya).

This implies that Ay(x1;71) = %Hxl — ]| for any x,x; € Xy, which

2
7"512’7"[27217"5’1‘2
exactly covers the result of Theorem 2.2. In fact, Ay is the (semi-)Bregman dis-
tance function associated with the function 1, which certainly includes the (semi-

)Euclidean distance function.

Even though we obtain a nice extension of Theorem 2.2 from one nonsmooth
term to two, there is a fatal disadvantage in the above procedure that the function
1) depends on the value of Py, (z1). This causes a great difficulty for the algorithm to
be embedded into the iABCD framework for solving the subproblems since the (semi-
Bregman) distance proximal term A, is neither fixed nor monotone decreasing. In
order to obtain an efficient algorithm that can be used to solve the subproblems in
the iIABCD framework, perhaps we’d better give up the idea to solve x; and x5 in an
alternative fashion for the problem (3.49). In fact, we could substitute z5 directly

into the (3.49) and get a reduced optimization problem:
min F(z1, Pr, (21)) = f(21) + 9(21), (3.58)

where the function g is defined in (3.51). Note that g is a strongly convex function
since Hi1; > 0 and Vg is continuously differentiable with Lipschitz continuous gradi-
ent by Proposition 3.3. Thus, the above problem can be efficiently solved inexactly
by the APG-SNCG introduced in Section 2.4.






Chapter I

A majorized alternating direction method
of multipliers for linearly constrained

problems with coupled objective functions

In this chapter, we focus on designing and analyzing the algorithm for solving the
two block linearly constrained convex optimization problem (1.2). The (accelerated)
block coordinate descent type algorithm proposed in the previous chapter cannot
be applied to this kind of problems, since it is impossible to update a single block,
say u, without violating the coupled constraint A*u + B*v = c.

As mentioned in the introduction chapter, a general and well-studied approach
to solve the linearly constrained problem is the method of multipliers, which is also
called the augmented Lagrangian method (ALM). Let the augmented Lagrangian
function L, (-,-,-) for the two-block problem (1.2) be defined as (1.12). Given an
initial guess of the dual variable 2° and parameters 0,7 > 0, the framework of the

ALM consists of the following iterations for the (k + 1)th step:
(P P ~ arg min L, (u, v; ),
oFtt = oF + ro (ATt + Broktt —¢).

The global convergence and local linear convergence rate have been established by

71
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Rockafellar in his influential papers [81, 79]. However, to obtain even an approximate
solution (u**+!,v**1) of the subproblem in the above framework is challenging and
time-consuming, especially at the early stage of the algorithm such that the iteration
sequences are far from the optimal solution set. Therefore, a popular and common

practice is to solve u**! and v**!

alternatively by the alternating direction method
of multipliers (ADMM). However, when the objective function consists of a smooth
coupled term ¢(u,v), to solve u with fixed v* may still be a difficult task, and the
same situation occurs when solving the second block v. This motivates us to apply
a proper majorization technique each step to the function ¢(u, v) before solving the
subproblems. In this way we name our modified algorithm the majorized ADMM
(mADMM).

In this chapter, we analyze the global convergence, the ergodic and non-ergodic
iteration complexity and the linear convergence rate of the mADMM applying to
the linearly constrained convex optimization problems (1.2), where the objective

function consists of a smooth coupled term. Part of the results in this chapter have

already been published in [14].

4.1 A majorized ADMM with coupled objective
functions

The first part of this section is devoted to the framework of our mADMM for solving
(1.2). Following that two important inequalities, which play essential roles for our
convergence analysis, are presented. Throughout this chapter, we denote the primal
variable as w = (u,v) €U x V.

Assume that Q and H are defined as in (2.2) with respect to the function ¢ in
(1.2), so that the inequalities (2.3) and (2.4) hold. In this section, we further assume
that

‘H = Diag (D, Ds), (4.1)

where Dy : U — U and D,y : V — V are two self-adjoint positive semidefinite linear
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operators. In fact, this kind of structure naturally appears in applications like (1.11),
where the best possible lower bound of the generalized Hessian is @ and the best
possible upper bound of the generalized Hessian is O+7T ,where Z : U XV — U XV is
the identity operator. For this case, the tightest estimation of H is Z, which is block

diagonal. Since the coupled function ¢(u,v) consists of two block variables u and

Qu <
v, the operators Q and W can be decomposed accordingly as Q = HoEe
QTQ Q22
Wi Wi
and W = , where Wiy, Q11 : U — U and Way, Qo 1 V — V are
Wiy W

self-adjoint positive semidefinite linear operators, and Wiy, Q12 : V — U are two
linear mappings whose adjoints are denoted by Wy, and Q7,, respectively. Denote

n € [0,1] as a constant that satisfies
[{u, Wiz — Qu2)v)| < g(I\UH%1 +lvllp,), YW e Pd(uv), ueld, veV. (42)

Note that (4.2) always holds true for n = 1 according to the Cauchy-Schwarz in-
equality.
Let ¢ > 0. For given w' = (u/,v") € U x V, define the following majorized

augmented Lagrangian function associated with (1.2):

~

where (w, z) = (u,v,x) € U x V x X and the majorized function ¢ is given by (2.4).

Then our proposed algorithm works as follows:

Lo(w; (z,0") = plu) + q(v) + dplw;w') + (x, Au+ B*v — ¢) + %HA*u + B*v — ¢|)?,

mADMM: A majorized alternating direction method of multipliers

Choose an initial point (u%,1°, 2°) € dom(p) x dom(q) x X and parameters 7 > 0.
Let S and T be given self-adjoint positive semidefinite linear operators. Set k := 0.

Iterate until convergence:
~ 1
Step 1. Compute u**! = arg mig{l{ﬁg(u, oF; (28 wh)) + §||u —u”|2}.
ue
~ 1
Step 2. Compute v**! = arg mig{ﬁg(uk+1, v; (2, w")) + §||21 — "3},
veE

Step 3. Compute 2"+ = z* + ro(A*ur+! + Brok+l — ¢).
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The majorization idea of the ADMM has also been discussed in Hong et al. [47],
as shown in (1.15). There is one difference between our approach and theirs. We
majorize ¢(u,v) at (uF,v*) before the (k + 1)th iteration while the majorization
function in Hong et al.’s framework is based on (u**1 v¥) when updating v**1. In-
terestingly, if ¢(-, ) merely consists of quadratically coupled functions and separable
smooth functions, our mADMM is exactly the same as the one proposed by Hong et
al. under a proper choice of the majorization functions. Moreover, for applications
like (1.11), a potential advantage of our method is that we only need to compute the
projection Ilg, (+,-) once in order to compute Vo(-,-) as a part of the majorization
function within one iteration, while the procedure (1.15) needs to compute Iy, (-, )
at two different points (u*, v¥) and (u*1, 0").

Denote w = (u,v) as an optimal solution of the problem (1.2) and Z as the cor-
responding multiplier. In order to prove the convergence of the proposed majorized

ADMM, the following constraint qualification is needed:

Assumption 4.1. There exists (u,0) € ri (dom(p) xdom(q)) such that A*u+B*v =

C.

Let dp and 0q be the sub-differential mappings of p and ¢, respectively. Define
the set-valued mapping F by
Op(u) + Ax
F(u,v,z) = Vo(w) + . (u,v,2) eU XV x X.
Jdq(v) + Bx
Under Assumption 4.1, (@, v) is optimal to (1.2) if and only if there exists z € X
such that the following Karush-Kuhn-Tucker (KKT) condition holds:
0€ F(u,v,),

(4.3)
A*tu+ B*v = c.
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Furthermore, define the KKT mapping R : U x V x X - U x V x X as follows:
u — Prox,(u — (V,¢(w) + Azx))
R(u,v,2) = | v — Prox,(v — (Vyp(w) + Bzx)) |- (4.4)
c— A*u— B*v

Denote 2 as the solution set to the above KKT optimality conditions. It is easy to
see that the condition (4.3) holds at (u,v,z) € Q if and only if R(u,v,z) = 0 for
(w,0,7) eU x ¥V x X.

Also by the assumptions that p and ¢ are convex functions, we know dp(-) and
Jq(+) are maximal monotone operators. Then, for any u,4 € dom(p), £ € Ip(u),
and € € dp(ii), we have

(u—1,6=€) >0, (4.5)
and similarly for any v, 9 € dom(q), ¢ € dq(v), and ¢ € d¢(b), we have
(v—10,(—¢)>0. (4.6)
On top of the above mentioned knowledge from the convex optimization, we need
the following basic identity:
1 1
(€,60) = 5 ll€llg + lIcllg = 1€ = <llg) = (1€ +Cllg = I€llg = Iche), — (4.7)
which holds for any &, ¢ in the same space and a self-adjoint positive semidefinite
operator G. This identity would be frequently used in our convergence study of the
mADMM.

Suppose that {(u*,v*, 2*)} is the sequence generated by the mADMM algorithm.

In order to simplify subsequent discussions, for any given parameter 7 > 0, we denote
p(7) == min(r,1 4+ 7 — 77),
and for a given optimal solution (@, ,z) € Q and k > 0, define
u’eC =uf —q, vf =¥ — 7, wf = w® — W, [E’g =k — 7,
AuFFL = bt gk AR = Rt gk ARt bt gk Aghtl = gkl gk

Y
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For k£ > 0, we also use the following notations in the convergence study:

TEL = ok 4 o (AU 4+ BroRtt — o),

Beer = [|AVG, o+l Ak,
Or = [|AuH[S + AT )+ 5l AW,

Pii1 := Oppr + 5(7°0) () [[AZH]2 + p(7) [ AV 2 e — [ AW Pp, — [[AVEH 125,
(4.8)
and denote for (u,v,z) €U XV X X,

Ci(u,v,2) = (70) ok — 2l + [lu* = ullh, s + 10" = 0l im0 + 30" — w0l

+ol||A*u + Bk — |2,

U (u,v,2) := Pp(u,v,x) + %Hwk — w||2Q
\

(4.9)
Proposition 4.1. Suppose that the solution set of problem (1.2) is nonempty and
Assumption 4.1 holds. Assume that S and T are chosen such that the sequence

{(uk,v*, %)} is well defined. Then the following conclusions hold:

(i) For T € (0,1], we have that for any k > 0,

1
(®rs1(w, 0, ) + 5(1 — 7)o AT + B uE)?)
1
= (Pu(w,0,7) + 5(1 = 7)ol A%ug + B
1
< —(Opp1 + ol AU + Bk — |2 + 5(1 — 7)o || AT + BoF T — ).
(4.10)
(ii) For T > 0, we have that for any k > 1,

1
(Vpy1 (0,0, %) 4+ Epyr + 5(4 — 7 —2min(r, 77 1))o|| A uF T + B*vf+1||2)

1
—(Wi(w,0,2) + Ep + (4 = 7 = 2min(7, 7))o | ATug + Broc|?)

1
< - (Fk+1 + ap(T)T_la'HA*AU’H_l + B*Avkﬂ ||2)

(4.11)
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Proof. In the mADMM iteration scheme, the optimality condition for (u**1, v¥+1)
is
0€ Ip(ur™) + Vup(wh) + ATF + (Qpy + Dy + S)Auft! — g AB* Avh T

0€ Ig(v*) + V,d(w") + B! + Q5 Auft! 4+ (Qgo + Doy + T) AvFH,
(4.12)

which can be reformulated as
—AZF — ¥, 0(wh) — (Q11 + D1 + S)Auft! + s AB* AvF T € Op(uFt?),
—Bi* ! — V,p(w”) — (Qa + Dy + T)AvF — Q1 Auktt € dg(vP ).
(4.13)
Since (u, v, ) satisfies the KKT system (4.3), we also have that
(4.14)
—Bz — V,¢(v) € 0q(v).

k+1

Therefore, by letting u = u**!, 4 = @, v = v*! and © = ¥ in the inequalities (4.5)

and (4.6), respectively, we are able to get that

0< (ro) Mk ok — 2k ) — (1= r)o] Aub+! 4 Bk — o

+o(B AV, A ufth) — (Vo(w?) — Vo(w), wi™) — (QpAut* v+t

—((Qui + Dy + S)AuF uf ) — ((Qa + Dy + T) A0 ok ),
(4.15)

By taking (w,w’) = (w,w*) and (w*, @) in (2.3), and (w,w’) = (w1, w*) in
(2.4), we know that
$(w) = ¢(w) + (Vo(w*), —wg) + 5]lwelld,
St 2 (@) + (Vo(w), wi) + 5llwi 3, (4.16)
Bk < 6(uh) + (k) Awk) + LIAwk

Putting the above three inequalities together, we get

i} 1
(Vo(®) = V@), with) = S(llwellg + [lwi HIg) = S1Aw* G (417)

DN | —
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Substituting (4.17) into (4.15), we can further obtain that

0< (ro) ™Mk b — o) — (=)ol At 4 Bk — |

+o (B A Augth) — [lwft G + gl Aut R, + S A0,

—{—<Avk+1, QTQUJQHI) _ <(D1 + S)Auk+1, ulg+1> _ <(D2 + T)Avk+1, Uf+1>,
(4.18)

where we take advantage of the following equality:
SNAWHHHIG = [lwEHH G — lwélIE) — (QuuAu T ug™) — (QuAv™H, vptt)
—(QhAuM, vt
€

= S AWMG — lwE G — [lwelld) — (Aw™, Qugt) + (QuAv™ ™ ufth)

=t + Qv uth).

(4.19)
From the identity (4.7) we can see that
1
(D +8)Aur uett) = (A gy s + e D vs = €l vs);
1
(D2 + T)AH vt ) = (1A g, 7 + 08 Dy = 10E D7),
X (4.20)
(At agth) = S(IAHP + [l P = ),

1
(QeAv* T vf ) = (1A G, + e 1, — 102 11s,):
These equalities enable us to reformulate (4.18) as

0< (B A Arugh) + (Ao, Qrug ) — S(IAWMF + lug™ D, s — lluglp, 1 s)
1

1
—SUAFTHE 4 08 Ny = [0 lDy7) — G (1A + [l — [l22]1)

_(1 o T)UHA*uk'H + B*Uk—H _ CHQ _ ||w§+1||29
(4.21)
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(i) Assume that 7 € (0,1]. Then we get that

0

Avk—i-l

(Ao, Qputt) = < 7gw54>—<gmam*a¢*w

3 1
< = k+1112 -
< (Gl + 5

—[IvéllE,,)
3 1 1
= 7l + SUe G, — o 15,) — Gl AP,
(4.22)
where the inequality is obtained by the Cauchy-Schwarz inequality®. By some simple

1AVS,,) — S UMV G, + [vi 15,

2

manipulations we can also see that

g

J(B*Avk“,A*u’g“) (HA*uk—i-l + B*Uk_H _ CHQ . ”A*uk+1 + B*Uk . C||2)

2
S 1B = 1Bk ).

(4.23)
Finally, by substituting (4.22) and (4.23) into (4.21) and recalling the definition of
Dpi1(vy -, ) and Oy in (4.8) and (4.9), we have that

1
(@41 (T, 5, 7) + = (1 — 7)ol A+ + B+ — ¢

2
1
—[®p(u, v, T) + 5(1 — 7)o || A*uF + BoP — c||?]
1 1
< —[IAuE + AF + Z e G + Zllwellg + oll At + Bt — o

1 1
—|—§(1 — 7)o || AT + Bkt — ]2 + 5(1 — 7)o ||A*u* + Bo" — ]

< —[Op 1 + oAU 4 B — ¢ + 5 (1 = 7)o | AUt 4 B — 7],
(4.24)

where the last inequality comes from the fact that

[ g + lwe e = 1AW IS,

!The coefficient in this inequality is slightly different from the original one presented in

the paper [14]. In recent work [11], the authors made a nice observation that the term

A,UkJrl

$IIAVFFH|Z  (see the inequality (19) in Lemma 2.1 [11]). We adopt this modification to establish

0
< ,Qw§+1> can be bounded by 2wk ||% + L{|AvFT|2  instead of §[lwk Tt +

the convergence results under a weaker condition.
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This completes the proof of part (i).

(ii) Assume that 7 > 0. In this part, first we shall estimate the following term
o (B*AvFT A*F 4 BT — ) - (AT Qi uF T b QopuF ).
It follows from (4.13) that

—Biktl — V,o(wk) — (Qag + Dy + T)AvFH — Q1 Aurtt € dg(vF ),
(4.25)

—Bi* — V,p(w* 1) — (Qoy + Dy + T)AV® — Qi Aur € dg(v*).
Since V¢ is globally Lipschitz continuous, it is known from Clarke’s Mean-Value
Theorem [12, Proposition 2.6.5] that there exists a self-adjoint and positive semidef-

inite operator W* € conv{d?¢([w*~1, w*])} such that
Vo(uw*) — Vo(w'™) = WrAw*,

where the set conv{9?¢[w*~!, w*]} denotes the convex hull of all points W € 92¢(z)

Wi Wi

(Wia)* Wiy
WE, ©V — V are self-adjoint positive semidefinite operators and WE, : U/ — V is a

for any z € [w* !, w*]. Denote WF := , where Wi U — U,

linear operator. Combining (4.25) and the monotonicity of dq(-), we obtain that

—(B(Z* — 3F) AvFTL) — ( Qoo AvFTL + Ot AuktL ) ApFTt)

v

(Vodlw) — Vo (wh™1), A1) — (Qpp + Dy + T)ACE, A1) + [ A3,
—(Au*, Qi AvkH)

= (AU, (Wh — Qua) AvF ) — ((Qas + Do + T — Wh) Avk, AvkH) + [[Avk+ |12, 1
> D00, + 1A, = SOIAR B, + A0 1) + A0 [,
= 1A, — 1A, — DA,

where the second inequality is obtained from (4.2) and the fact that W5, = Qa,.

Therefore, with pgy; = (1 — 7)o (B*Av*Ht A*uk 4+ B*v* — ¢), the cross term can be
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estimated as
0<B*Avk+1,A"‘uk+1 + B*Uk+1 _ C> + < >{2ulec+1 + Q22U§+1, Avk+1>
= (1 —7)o(B*Av* A*ub + B*ob — ¢) + (B*Avktl gkl — k)

H(Qipul + Qupvk, AvFTY) + (O, AUkt 4 Qpp AvF T, Avktt)

3 1 1 1 n
< Mk F (Z||wf||2g + g”AkaHQQQZ) - §||Avk+1||27+(1—n)p2 + §||Av’“|]27+p2 + §”AU1€||291'

(4.26)
Finally, by the Cauchy-Schwarz inequality we know that
1
5 (L= )o(IB A + [ A"WE + B — ), 7€ (0,1],
fiks1 < (4.27)

1
5(7’ — Do (7| B* AP |2 + 77| A%k + Bk —¢||?), 7> 1.

Substituting (4.26) and (4.27) into (4.21) and by some manipulations, we can obtain

that
(‘Pk-Fl(a? v, :f) + Ek—l—l) - (‘Ijk(l_l’a v, '1_:) + Ek) (4 28)
< —[Crp1 + p(7)77 o] A ub L + Bok+t — ¢||?].
Note that
||A*uk+1 + B*UkJrl _ C||2
— %(70)_2|’A$k+1”2 + %(“A*ulﬂ-l —I—B*Uk+1 _ C||2 _ HA*uk —{—B*Uk _ CH2)
+3 ([[A* U 4 B oMt — |2 + || A*uF + B*oF — ¢|?)
> (o) A 4 5 (A e + Brogt P = [ ATug + Brog]|?)

+2 || A*Aurtt 4+ B* AT — ¢
(4.29)
Combining (4.28) and (4.29), we can obtain the inequality (4.11). This completes

the proof of part (ii). O

4.2 The global convergence analysis

With all the preparations given in the previous sections, we can now discuss the

main convergence results of this chapter.
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4.2.1 The global convergence

First we prove that under mild conditions, the iteration sequence {(u*,v*)} gener-

ated by the mADMM with 7 € (0, 1+2‘/5) converges to an optimal solution of problem

(1.2) and {2*} converges to an multiplier.

Theorem 4.1. Suppose that the solution set of (1.2) is nonempty and Assumption
4.1 holds.

(i) Assume that T € (0,1]. Suppose that
Qnu+(1—-7)0AA"+S =0, Qo+ (1—7)oBB"+T = 0.

Then the generated sequence {(u®,v*)} converges to an optimal solution of (1.2)

and {z*} converges to the corresponding multiplier.

(i) Assume that T € (0, 1+2*/5). Suppose that S and T are chosen such that

On+ocAA+8 =0, Qu+oBB " +T =0
and for some o € [0, 1),
M = SQ+ Diag(aS =D, aT —1D2) = 0. (4.30)

Then the generated sequence {(u* v¥)} converges to an optimal solution of (1.2)

and {z*} converges to the corresponding multiplier.

Proof. (i) Let 7 € (0,1]. The inequality (4.10) shows that {®.1(u,v,Z)} is
bounded, which implies that {2}, {juw* 1|}, {lu*1]ls} and {|[v** | guerosrs7}
are all bounded. From the positive definiteness of Qoo + oBB* + T, we can see that

{|lv¥*Y|} is bounded. By using the inequalities
A < (AT + BrodtH| + (1B o™t < mo((lag ] + (gl + 1B o™,
”uleH_IHQu < wa—H”Q + ’|U§+1HQ227

we know that the sequence {||u*™||; 44+ 0,,} is also bounded. Therefore, the se-

quence {||u**1]| o, ro44++s} is bounded. By the positive definiteness of Q1+ AA*+
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S, we know that {||u**1||} is bounded. On the whole, the sequence {(u*,v* z*)} is
bounded. Thus, there exists a subsequence {(u*:, v¥i %)} converging to a cluster
point, say (u™,v>,z>°). Next we will prove that (u®,v>°) is optimal to (1.2) and
x> is the corresponding multiplier.

The inequality (4.10) also implies that

klgglo | AU+ B R — || = 0, kh_)ngo(l —7)||A* T+ BT — ¢ =0, o)

lmn A0S gupimgisir) = 0. lim A0 g, = 0.
For 7 € (0,1), since klim | A*u* Tt 4+ B*o*T — ¢|| = 0, by using (4.31) we see that
—00
lim [|A*AWM| < lim (A WS + B — ¢f| + || A*uF + B*F —¢||) = 0,
k—o0 k—o0
Jim |1B* Av* | < Jim (JA W 4+ B R — | + | AU + B*F — ¢f|) = 0,
— 00 —00

lim [|Au"lg,, < lim ([[Aw™ g + A0 g,,) =0,
k‘l‘—>OO k‘i—>OO

(4.32)
which implies klim | AV* |7 oBBe 40, = 0 and klim | A | s4oans 10, = O.
— 00 —00
Therefore, for 7 € (0,1], we know that klim | AV |7y (1 nyoBBe 10y = 0 and
—00

kll—>rgo AW 54 (1-roaa 0 = 0. By the positive definiteness of S+ (1 — 7)o AA* +
Qi and T+(1—-7)oBB*+Qa,, we could get that ]}Lrglo |AuFT| = 0 and k:h—>I£lo | AV =
0.

Now taking limits on both sides of (4.12) along the subsequence {(u*i, v*, z*)},
and by using the closedness of the graphs of dp, dq and the continuity of V¢, we
obtain

0€ Fu™,v>® z%), Au*+ Bv™>® =c.

This indicates that (u*,v*>) is an optimal solution to (1.2) and z* is the corre-
sponding multiplier.
Since (u™,v>, ) satisfies (4.3), all the above arguments involving (u, v, Z) can

be replaced by (u>, v>°, 2°°). Thus the subsequence {®y. (u>,v>°, 2°°)} converges to
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0 as k; — oo. Since { Py, (u™®,v>°,2>°)} is non-increasing, we obtain that

k+1 $OO||2 + ||?Jk+1 _ voo||2

. . -1
Jim @y (u,0%,2%) = lim (r0)" |l o BB+ T+ Qx

e = uF + [t = w1

= 0.
(4.33)
From this we can immediately get klim #Ft = 2 and klim " = ¢, Similar
—00 —00
to inequality (4.32) we have that klim ol|A*(u" — u™)|| = 0 and klim | —
— 00 —00

u™||g,, = 0, which, together with (4.33), imply that Jim |[u"™ — u*|| = 0 by the
positive definiteness of Q1 +S+aAA*. Therefore, the whole sequence {(u*, v*, 2%)}
converges to (u™,v>, z>), the unique limit of the sequence. This completes the
proof for the first case.

(ii) From the inequality (4.11) and the assumptions 7 € (0, %5) and M = 0, we
can obtain that I'y,; > 0 and min(1,1+ 7! — 7) > 0. Then both {¥} (4, v,7)}
and {Zj41} are bounded. Thus, by a similar approach to case (i), we see that the se-
quence {(u*,v*, 2%)} is bounded. Therefore, there exists a subsequence {(u*i, v*i, z*i)}
that converges to a cluster point, say (4>, v>°, £°°). Next we will prove that (u>, v>)
is optimal to problem (1.2) and x* is the corresponding multiplier. The inequality

(4.11) also implies that
i A = T (7o)~ A+ BTt — el
I AWy =0, lim (A0 los5e 4 0,0e7 = 0,
i Aw* g =0, lim [Aut* s = 0.
By the relationship that
Jim |A* AT < ICILTO(||A*uk+1 + B Rt — || + | A UE + B R — || + ||B*AVET|)
—0,

lim Au*g, < lim ([J[Aw* g + |Av* " gy) =0,
k; k:i~>oo

7

we can further get lim [|[Au"™| o, toaa 15 = 0 and lim [|Av*™| 0408817 = 0.
k—o0 k—oo

Thus, by taking a subsequence of {(u*i, v*)} if necessary, we can get klim |t —
—00
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k; i+l ki

u

= 0 and klim [|v* v"|| = 0. The remaining proof about the convergence
—00
of the whole sequence {(u”*,v* 2*)} follows exactly the same as in case (i). This

completes the proof for the second case. O

Remark 4.1. An interesting application of Theorem 4.1 is for the linearly con-
strained convex optimization problem with a quadratically coupled objective function
of the form

B(w) = 3w, Guw) + f(u) + 9(v),

where @ : U XV = U XV is a self-adjoint positive semidefinite linear operator,
f:U— (—00,00) and g : V — (—00,00) are two conver smooth functions with
Lipschitz continuous gradients. In this case, there exist four self-adjoint positive

semidefinite operators Xy, f]f U — U and X, ig 2V — V such that
Y <E= EA]f, VE€ DPf(u),uel and %, < (= ig, V¢ € 9*g(v), v €V,

where *f and 0*g are defined in (2.1). Then by letting Q = Q-+ Diag (Xs,%,) in
(2.3) and Q+H = @+Diag(§f, ig) in (2.4), we haven =0 in (4.2). This implies

that M = 0 always holds in (4.30). Therefore, for T € (0, 1+2‘/5), the conditions for

the convergence can be equivalently written as

Qi+ 35 +8+0AA* = 0, Qg+ 5y + T + 0BB* > 0. (4.34)

Note that (4.34) is necessary for the global convergence of the majorized ADMM
even if 0 = 0, i.e., the objective function of the original problem (1.2) is separa-
ble. Therefore, we recover the convergence conditions given in [57] for a majorized

ADMM with semi-prozimal terms.

4.2.2 The iteration complexity

In this section, we will present various non-ergodic and ergodic iteration complexity
for the mADMM. The first part is devoted to the non-ergodic analysis, which shows
the O(1/k) (and o(1/k)) complexity in terms of the KKT optimality condition. The
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second part discuss the O(1/k) ergodic complexity of the primal feasibility and the
objective value.

Before showing the main result, we first present the following Lemma, which
shows the decreasing property of the difference between two consecutive iteration
points when the step length 7 = 1. This property has also been discussed by He
and Yuan [42] for the classic ADMM with 7 = 1.

Lemma 4.1. Assume that 7 = 1. Then for any k > 0, we have that

A2 7+ AR + [|AVH 2 e 4 0y, + AW (4.35)
< [ AZHZ g+ [AUHE + A2 e sy, + I10H 1%

Proof. Since the step-length 7 = 1, the optimality conditions at the (k + 1)th

and kth iteration can be written as
—AzF — V,0(w*) — (Q11 + D1 + S)Auft! + g AB* AvF L € Op(uFt?),
—Bzkt! — V,p(w*) — (Qag + Dy + T)AvFT — Q1 AurTt € dg(vh ),
and
—Azk — V,o(w 1) — (Q11 + Dy + S)AuF + o AB* Avk € dp(uF),
—Bz* — V,o(w* 1) — (Qop + Dy + T)AvF — Q5 Auk € dg(v*),

By the monotonicity of the subdifferential of the convex functions p and ¢, we have

the following inequality:
(AU AN 4+ (Vp(wh) — Viup(wh1) + (Qu1 + D1 + S)(Aurt! — Auk)
—0 AB*(AvFT — Avk)) <0,
(AP BAZE! + (Vg (w*) = Vod(w* 1)) + (Qoa + Dy + T)(AvM! — Av*)
+ 05, (AuFtT — Auk)) < 0.

Adding the above two inequalities together, and by using the fact that

AzFtt — Azk = o (A AT+ B* AP,
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and the relationship that - 0= Diag(Ds, Ds), we get
U_1<A:L’k+1, Akl — Amk> 4 <Auk+1,S(Auk+1 _ Auk)) 4 (Avk+1,7—(Avk+1 _ Avk)>
HAWH, V(wh) — Vo(wh1) + Q(Aw ! — Awh))

—(AuFH (0 AB* + Q1) (Av*H! — AvF)) < 0.
(4.36)

By the globally Lipschitz continuous property of V¢, there exists a self-adjoint
positive semidefinite linear operator W* € conv{9?¢([w*~!,w*])} such that
Vo(w®) — ¢p(w*1) = WrFAwW".
Substituting the above equation into (4.36) and by recalling the identity (4.7), we
see that
(AT 1y — AH2 1y + AT — AaH2 1) + (| AuFHI3 — | Aut|2
H AU — AdF([E) + (|AMH 17 = [AvE][F + | A0 — Avk|I7) + 2] Aw™ 13
(AR — A — Ak At L) — ([AwtH
A = AvHIR,) + (A, + A0 = A, — AcH,) + (1Au o
A2 g — 1AM = Ak 1) — (1AM 4 g + 1AVF[I7 55.) < 0.
By rearranging the terms, the above inequality can be recast as
AT AT + A 0+ A0
< A2l + AU + 1AV F s 10, + 1AW 15 — (AW — AubS
HIAV — AvF|IF + [|Aw* T — Awr[G L+ AWM o+ ([AwR],)
< A3 + [AUFE + 1AV F s 10y, + 1AW,
where the last inequality is obtained by (2.2). O
Denote two operators O : U XV U xV and Oy : U XV = U XV as:

1 1
O, = §Q + Diag(S + (1 — 7)c AA", T + EQQQ + (1 —71)oBB"),

1 1 1 A
Oy := §Q+Diag (S—nDy, T+6 Q22+P(T>UBB*—WD2)+6P(7')7'710 (A* B).
B
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To prove the global nonergodic complexity of the mADMM, the following prop-

erties are also essential.

Lemma 4.2. We have the following equivalent characterization of the positive def-

inite properties of the operators:

(i) For T € (0,1], it holds that

On+(1—-7)0AA"+S >0 and Qo+ (1—7)oBB* +T = 0<= O; = 0.

(i1) For T € (0, \/52“), if there exists a € [0,1) such that

%Q + Diag (oS — 0Dy, T — nDs) = 0,
then we have
O+ cAA+8 >0, Qu+dBB* +T = 0<= 0, > 0.

Proof. (i) First, let us assume that Q; + (1 — 7)0 AA* +S = 0 and Qg +
(1 —7)oBB*+ T = 0. We prove O; > 0 by contradiction. If there exists non-zero
w = (u,v) € U x V such that (w, Oyw) = 0, by noting that 7 € (0, 1], we have

lwllg =0, lullsia-roan =0, vl 0u i -rons =0.

This further implies v = 0 due to the assumption Qs + (1 —7)oBB*+ T > 0. Then
by substituting v = 0 into the above equations, we have ||u||2911+(1—r),4,4*+$ =0,
which implies that « = 0 because of Q17 + (1 — 7)o AA* + S > 0. This contradicts
the assumption that w # 0. Thus, we see Oy > 0.

Conversely, assume O; > 0. Then for any 0 # 0 € V, by letting w := (0,0) €
U x V we have (0, 01w) = (0, (5592 + (1 — 7)oBB* + T)v) > 0. Thus, we get
%QQQ + (1 —=7)oBB*+ T = 0, or equivalently, Qo + (1 — 7)o BB* + T = 0. By the
same approach we can also prove that Q1 + (1 — 7)0 AA* + S > 0. This completes
the proof.

(ii) The proof of this part is similar with (i) and hence, we only provide a brief one

here. Suppose that Q1 +0AA*+S = 0 and Qo +0BB*+T = 0, but Oy # 0. Then
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there exists nonzero w = (u,v) € U xV such that HUH%’+922+UBB*+(%922+a7'—nD2) =0,
which implies that v = 0. Moreover, we can obtain ||uHg-‘rQn-ﬁ-JAA*—&-(%Q11+a8—nD1) =
0, and thus, v = 0. This contradicts with the assumption that w = 0. For the
reverse direction, if Oy > 0, then by the same approach with (i) we could obtain
On+S+0AA* —nDy = 0 and Qo + T + oBB* — nDy > 0, which further implies

On+S+ocAA* = 0 and Qg + T + oBB* = 0. This completes the proof. O

Theorem 4.2. Suppose that the solution set of (1.2) is nonempty and Assumption
4.1 holds. Let one of the conditions for the global convergence in Theorem 4.1 hold,
i.e., either (i) or (ii) holds:

(i) 7€ (0,1, Q1+ (1 -7 AA* +8 =0 and Qu+ (1—7)oBB* +T = 0.

(ii) 7 € (0, HQ\/g); Qi +0cAA* +8 =0, Qo+ oBB*+ T = 0 and there exists
some a € [0,1) such that §Q + Diag (oS — 1Dy, T —nDy) = 0.
Then there exists a constant C' only depending on the initial point and the optimal

solution set such that the sequence {(u®,v* 2%)} generated by the magjorized ADMM
satisfies that for k > 1,

min {dist*(0, F(u', o™ o) 4+ | AT 4+ BT — |2} < O/, (4.37)

1<i<k

and for the limiting case we have that

lim k( min {dzstQ(O Fu™ o™ ) 4 | At + B o™ —¢||?}) = 0. (4.38)

k—o0 1<i<k

Furthermore, when the step length T = 1, it holds that

lim k(dist*(0, F(u**!, 0" 2"h)) + | A + B — ¢f?) =0, (4.39)

k—o0

i.e., the “min ” can be removed from (4.38).
1<i<k

Proof. From the optimality condition for (u**1, v**1), we know that
—(1 = 7)o A(A* WM 4 B ot — ) + (0 AB* 4+ Q1) AvFT! — SAuM!

—(1 = 7)oB(A W + Broktt — ¢) — TAvkH!
—(Q+H)Awk+l + ng(wk“) _ ng(w ) c F( k+1 k+17$k+1)‘
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Therefore, we can obtain that

dist?(0, F(ub+1, ok +l, gh 1)) 4[| A*ub+t + Bkl — o2

< 5)oAB A2 4 5(1 — )20 (| A|I? + [|BII*) | A uT + Bttt — cf|?
+5[(Q + H)Aw ! — Vo(w*™) + Vo (w") || + 5| Qu2Av* |2 + 5| T AvF 12
F5|ISAUFH[2 4 A Uk 4 Bkt — |2

< 5ol APAVTZgse + (5(1 = 7)2* (AP + [|B]]?) + DI A u* 4 Bt — ¢f|?

+51v/ Qi Quall| A0 oo+ BI| Aw® 7, + SIS Aut 5

+5|[ T AvEHIZ

S CIHAwk—HH% + C2||A*uk+1 + B*Uk—H _ C||2,
(4.40)

where

Cr = 5max (o[l A%, |/ Qia Quall, IHI IS 11T,
Cy = 5(1 = 7)%c*(||Al* + 1B]I*) + 1,

O = + Diag (S, T + oBB* + \/Q},012)

and the second inequality comes from the fact that there exists some
W* € conv{d?¢([w* !, w*])}

such that
I(Q + H)Aw*H! — Vo(w1) + Vo(w")|?
= (Q+H = WHAW? < ||| Aw* 3.
Next we will estimate the upper bounds for | Aw**!||% and || A*u**!+B*v**! —¢||* by

only involving the initial point and the optimal solution set under the two different

conditions.

First, assume condition (i) holds. For 7 € (0,1], by using (4.10) we have that



4.2 The global convergence analysis 91

for any ¢ > 1,
HAwZ+1H2Q+D1ag(S T 105) —G—JHA*’LLH'I —I—B*Ui _ CH2 =+ %(1 _ 7')0”./4*ui+1 +B*vz‘+1 _ CH2
< (®i(@,0,2) + 5(1 =)o At + Brogt?)

—(@i1(5,0,7) + (1 — 7)o || Aug + Bog|?),
which implies that,
k
Z HAwZ+1H29+D1ag($ T4iom) +<7H.A*ui+1 + B — CH2
i=1

+3(1 = 7)ol A + B o™ — ¢||?)

IN

(®1(a,0,7) + 3(1 = 7)o | A"ug + Bvg[?) = (Ppra (@, 0, 2) + 5[ A"ug ™ + Bodt?)

< ®y(a,v,7) + 5(1 — 7)o || A"l + Bl

This shows that
k

it — = = 1 * *
Z | Aw +1||2%Q+Diag(377’+ég22) < &y (u,v,7) + 5(1 — 7)ol A ui +B Ui||27
Zzlk 1
S ol B — el < B (5,7,2) + 21— ol 4wl + B,
=1

>
’_l

. 1
Z 5 (1 —71)o||A*u" + B '™t — || < &y (u,v,7) + 5(1 — 7)o || A*ul + Bl

=1

(4.41)

From the above three inequalities we can also get that

k
(L=7) > A2 4

i=1
k

< (1=7)> QoA + BV —cf* + 20| A%’ + BV — c]]?)
=1

< (6= 27)(P1(w,0,2) + 5(1 = 7)ol A"ug + Brog|?),

and similarly,

(1—7 Z [AVTH2 55

< (1-7 Z (20 || A utt + B*v' — ¢||? 4 20| A" ut + B ot — ¢f|?)
=1
< (6- 27)(<I>1(ﬂ, 0,7) + 5(1 = 7)o || A"l + B vl|?).
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With the notation of operator O; we have that

k k

k
Z HAleﬂHél = Z HAlerl ”2%Q+Diag(877’+%922) + Z HAlerl H%l—T)o'Diag(.A.A*,BB*)
=1 i=1 i=1

< (13 = 47)(21(a, 0, 7) + 5(1 — T)o || A"ug + B o).
(4.42)
If 7 € (0,1), we further have that

k
S AT 4 Bt — P < 2(1 = 7)o @y (1,9, 7) + || ATul + Brol ||,

i=1
(4.43)
1
If 7 =1, by the condition that O; = §Q + Diag (S, T) > 0, we have that
k
Z ”A*Ui—H + Bryitl — CH2
i=1
k . .
< Z(QHA*UZH + B*v' — c|]* + 2| Av" | %50)
i=1
i ‘ : ) _1 _1 1o
< > @AW + B — ¢f|* + 2]|O; *Diag (0, BB*)O, 2 ||| Aw |3,
i=1
_1 _1
< (2071 + (26 — 87)]|O; 2 Diag (0, BB*)O, 2 ||)(®y(u,v,7) + %(1 — 7)o || A*ul + B*vl||?),
(4.44)

where the second inequality is obtained by the fact that for any &, a self-adjoint pos-
itive definite operator G with square root G > and a self-adjoint positive semidefinite
operator G defined in the same Hilbert space, it always holds that ||§Hé = (¢, QA@ =
(€,(62G72)G(G72G2)¢) = (G2¢,(G72GG72)G2¢) < G266 2 l|<]12.

Therefore, by using (4.40), (4.42) and the positive definiteness of operator O; due
to the assumptions that Q11 +S+ (1—7)c AA* = 0 and Qau+T + (1 —7)oBB* = 0,

we know that
1r£1i£1k{dist2(0, Fu™ o™ 2 ) + || A + B o™ — ¢|*}
==
< (Z(dist2(0, F(u™ o o) 4+ || A% 4 B — ¢||?)) /k
i=1

< C(0u(u,0,2) + 5(1 = 7)ol A ug + B vg|*) [,
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where

C1(13 — 40|07 200, || + Co(1 — 1) lot, e (0,1),
C =
C1(13 — 47)|0; 200, 2 || + Co(20~1 + (26 — 87)||O; 2Diag (0, BB)O; 2|)), 7 =1.

To prove the limiting case (4.38), by using inequalities (4.42), (4.43), (4.44) and [57,

Lemma 2.1], we have that

. 102 : il il N2
lI;lilélk“Aw o, = o(1/k), lrélilélkHAu + B*v ‘|l o(1/k),

which, together with (4.40), imply that
lim &( min {dist?(0, F(u™, 0" 2™) 4 || A*u™ + B — ¢|*})
koo ‘1<i<k

EEIPUSY . . .
< lim k(l%i?k{01‘|01 200, ?||[[Aw™tHS, + Cof [ A" u'*t + B — ¢||*}) = 0.

k—00
Next, we shall prove (4.39) under the condition (i) and 7 = 1. By (4.41), (4.44)
and the positive definiteness of the self-adjoint linear operator %Q + Diag (S, 7T), we
know that . -
o llAw P < oo, Y AP < o (4.45)
i=1 i=1

Then, by using Lemma 4.1, (4.45) and [17, Lemma 1.2], we know that
kh—{go k(||Awk+1||2Q+H+Diag (S, T+0BB*+Qz2) T ||Axk+1||§_11) =0.
Since Q@ +H + Diag (S, T + oBB* + Qq) = Q + Diag (S, T) > 0, we obtain that
lim E[|Aw*™ 2 =0, lim k||Az*?-., =0,
k—ro0 k—o0
which, together with (4.40), imply
klim k(dist? (0, F(uP™ o 2F ) 4 | AT 4 BroR T — ¢f|?) = 0.
—00

It completes the proof of the conclusions under condition (i).

For 7 € (0, 1+2\/5), we know from (4.11) that for 7 € (0, %g) and any k > 1,

k
i 1 - i
D MAw G, + (7o) p(r) | Aat
i=1

1
< Uy(w,0,T)+ 2+ 5(4 — 7 —2min(r, 7 Yo|| A ul + B}
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Thus, by the inequality (4.40) and the positive definiteness of Oy from Lemma 4.2,

we have

i {dist2(0, F(u™, 0 241) 4 A0+ BT — o)

k
< (ZdiSt2(0,F(ui+1,’0i+l,:€i+1) + HA*uiJrl + B it — CHZ)/]C
i=1
< C'(Uy(u,0,%) +Z1 + 5(4 — 7 — 2min(r, 7))o || A*ul + B*0}|?) /k,

where ¢’ = C1]|0, 200, ?|| + 3Cy70~p(7)~!. The limiting property (4.38) can be
derived in the same way as for the case under condition (i).

This completes the proof of Theorem 4.2. O

Remark 4.2. Theorem 4.2 gives the non-ergodic complezity of the KKT optimality
condition, which does not seem to be known even for the classic ADMM with separa-
ble objective functions. For the latter, related results about the non-ergodic iteration
complexity for the primal feasibility and the objective functions of the special classic
ADMM with 7 = 1 can be found in Davis and Yin [16]. When T # 1, instead of
showing the behaviour of the current kth iteration point, our form of non-ergodic
complexity states the property of the “best point among the first k iterations”, in-
dicating that the iteration sequence may satisfy the O(1/k) tolerance of the KKT
system before the kth step. Thus, it is interesting to see whether a slightly better

result with the ‘“miny<;<;” removed from (4.38) can be obtained.

In the rest of this section, we discuss the ergodic iteration complexity of the
mADMM for solving problem (1.2). For k =1,2,--- | denote

k

g - bl kL i1 sk L - i+l o~k ko
x:—gz ,u:—gu,vz—gv , o wt = (u",0")
=1 =1 =1

and

Mg = HUE—HH%ﬁrS + |‘Uf+1H2D2+T+sz+UBB* + (1o) 7 H|aF 2,

N1 = N1 4 Sir + [ wFH1L + max(1 — 7,1 — 77 oA ub T + B b — |
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Theorem 4.3. Suppose that S and T are chosen such that
O+ cAA*+S8 =0, Qu+oBB*+T = 0.

Assume that either (a) 7 € (0,1] or (b) T € (0,#) and (4.30) hold. Then
there exist constants Dy and Dy only depending on the initial point and the optimal

solution set such that for k > 1, the following conclusions hold:
(1)
| A*G" + B*o* — || < Dy /k. (4.46)

(ii) For case (b), if we further assume that S —nDy = 0 and T —nDy = 0, then
00", %) — 0(a, v)| < Dy/k. (4.47)
The inequality (4.47) holds for case (a) without additional assumptions.

Proof. (i) Under the conditions for case (a), the inequality (4.10) indicates that
{Prs1(4,0,7) + (1 — 7)o || A*ut+! + B ¥ |2} is a non-increasing sequence, which

implies that
(r0) < B (7,0,7) + 31— P AU + B
< O(a,0,%) + (1 — 7)ol A*ul + Bl 2.
Similarly, under the conditions for case (b), we can get from (4.11) that
(ro) " HaF 2 < Uppi (4,0, %) + Zppa + 5(4 — 7 — 2min{r, 771 })o || A uE ! + Broftt 2
< Wy (w,0,7) + 2y + 5(4 — 7 — 2min{7, 7 })o|| A*ul + B v}

Therefore, in terms of the ergodic primal feasibility, we have that
k
| AR + B*oF — |2 = H% Z:(A*uzurl + Bt — o2
i=1
= ||(ro) "L (2" — )12/ k2 (4.48)

< 2l|(ro) gt /R + 2| (o) a1 /R < Cs/R?,
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where

(

2(10) 1@ (u,v,7) + (771 = D)||A*ul + B} + 2||(to) txl||?,  case (a),

031

2(r0) NV (u,v,7) + 21 + %(4 — 7 —2min{7, 7' })o||A*ul + B*v}|?)

+2||(ro) " 2l|?, case (b).

\

Then by taking the square root on inequality (4.48), we can obtain (4.46).

(ii) For the complexity of primal objective values, first, we know from (4.3) that
p(u) = p(a) + (—AZ — Vup(w),u —a), Vu€el,
q(v) > q(v) + (=Bx — Vyp(w),v —v), Yvel.

Therefore, summing them up and by noting A*u 4+ B*v = ¢ and the convexity of

function ¢, we have that
O(u,v) — 0(a,v) > —(T, Au+ Bv—c)+ od(w) — p(w) — (Vp(w), w — w)
> (T, A*u+Bv—c), Yuel,ve.
Thus, with (u,v) = (a*, 9%), it holds that

0(a*, %) — 0(u,v) > —(z, A*0* + B*0* —c) > — 1Z]|? + k|| A*0* 4+ B*" — ¢||?)

| =

(

DO | —

>~ (7l + C) /.
(4.49)

where Cj is the same constant as in (4.48).

For the reverse part, by (2.3) and (2.4) we can obtain that for any ¢ > 1,
Hw™) < g(w') + (Vo(w'), Aw'™) + Z [ Aw |G,
o(@) = (') + (Vo(u'),w — w') + Sl —w'g,
which indicate that

Bt~ 9(1) < (Vo(u) ™) + L8 By — Sl (450)

e
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By the inclusion (4.13) and the convexity of p and ¢, we have that
p(a) > p(ubth) + (Wbt AZFH + V,0(w*) + (Q11 + D1 + S)Aurt! — o AB* AvFH1),

q(v) > (™) + E, BEM 4 Vp(wh) + (Qan + Do + T)AvM! 4 Qp AuMT).

(4.51)
Thus, (4.51) and (4.50) imply that for 7 € (0,1] and any i > 1,
e(ui+17 ,Ui+1> _ 0(17/, ,U)
1 1, . | | o
< §||sz+1||2Q+H _ §||w2||2g (@ — wi T, QAW + (@ — uttL, AT
+<@ o ’UiJrl,B(Z’iJrl) _ <Avi+17 >1k2<a _ ui+1)> + O’<A*ui+1,B*A’Ui+l>
(4.52)

—}-(ﬂ o ui-i—l, (Dl + S)AUZ—H) + <1—) o UH—I, (D2 + T)(vi—i-l o UZ)>

IN

5 (i = Aigr) = S(IACTG + AT T + o Au™ + B0 —
A : 1
+o(1 —7)|| A ™ + Bt — ) < §(AZ —Aiy).
Therefore, summing up the above inequalities over ¢ = 1,---k and by using the
convexity of function # we can obtain that

O(ty, v) — 0(u,0) < (Ay(u,v,2) — A1 (u, v, 2)) 2k < Ay /2k. (4.53)

The inequalities (4.49) and (4.53) indicate that (4.47) holds for case (a).
Next, assume that the conditions for case (b) hold. Similar to (4.52), we have

that

9<u’i+1’ ,U’L"f‘l) _ 0(@7 ,l—J)

S (Az - Ai—i—l) - §(||Auz+1”g29—nD1 + ||sz+1‘|3’+min(7’,1+7—72)033*—nD2

| —

+min(1,1 4 77! — 7)o A*uT + Bt — c|?).

By the assumptions that S —nD; = 0 and T — nDy = 0, we can obtain that
0(a", o%) — 0(a,v) < (A) — Apy1)/2k < Ay /2k. (4.54)

Thus, by (4.53) and (4.54) we can obtain the inequality (4.47). O
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Remark 4.3. The results in Theorem 4.3, which are on the ergodic complezity of
the primal feasibility and the objective function, respectively, are extended from the
work of Davis and Yin [16] on the classic ADMM with separable objective functions.
However, there is no corresponding result available on the dual problem. Therefore,
it will be very interesting to see if one can develop a more explicit ergodic complexity

result containing all the three parts in the KKT condition.

4.3 The convergence rate of the quadratically cou-
pled problems

In this section, we focus on a special class of the general linearly constrained
optimization problem (1.2), where the coupled smooth function ¢ is convex and

quadratic. Specifically, the problems under consideration take the following form:

min p<u>+q<v>+§< e >

v (4.55)

s.t. A*u+ B*v =¢,

where p, q, A*, B* adopt the same setting as in the general form (1.2), and Q :

U XYV — U XYV is a self-adjoint positive semidefinite linear operator with the block

structure
U Qu Qi Uu
Q = , Yuel,vel.
v 1y 9 v
. . . . . u
Similarly as in the previous sections, we denote w := eU x V.

v
Note that for this special choice of the function ¢, the Hessian defined in (2.1)

is the constant operator Q. Thus, both the upper and lower bound of 9?¢ could be
chosen as Q, i.e., D; = 0 and D, = 0, and the corresponding parameter 1 defined
in (4.2) would be 0.

The motivation of this section is to explore a better local convergence rate of
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the proposed algorithm, beyond the previously discussed global sublinear complex-
ity. The major idea of this part is inspired by Han et al.’s recent paper [40], which
shows that the (semi-proximal) ADMM for solving problems with separable objec-
tive functions actually converges linearly under an error bound assumption. We
extend their nice results to our proposed mADMM algorithm for solving (4.55) with
quadratic coupled objective functions.

Before showing the main results, we first provide our error bound assumption

below.

Assumption 4.2. For any (w,Z) € 2, there ezist a positive constant n such that
dist((w, 2),9) < n| R(w,2)[, V(w,z) € N(w, ), (4.56)

where R(-,-) is defined as in (4.4) for problem (4.55) and N'(w,z) CU XV x X is

a neighborhood of (w, T).

One may naturally ask for which kinds of optimization problems the error bound
hold. In fact, this is quite an interesting and important question in the optimization
community. However, to the best of our knowledge, no complete answers have been
obtained till now except the piecewise linear quadratic problems. In the next chap-
ter, we would discuss the sufficient conditions to guarantee the inequality (4.56) for
a particular kind of constrained optimization problems involving the non-polyhedral
nuclear norm function. Here we just leave it as a blanket assumption and establish

the linear rate of convergence based on Assumption 4.2.

For simplicity of the subsequent discussions, given 7 € (0, ‘/5;1), we denote two

positive parameters as

oy = 4[| Q| + 4max{|[Qu1 + S|, [|[\/Qu2Q%all, | Q22 + T, o|| A*All},
ay(1) =41 — 71| A Al + [|1B*B|) + (10) 7, TER,

and a self-adjoint positive semidefinite operator £ : U xV — U x V as

€= Q9+ Diag(Q11 + S+ /Q1293, Qo2+ T + oBB").
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The following proposition shows that the norm of the residue mapping R at
the current iteration point can be bounded by the weighted norm of the difference

between two latest consecutive iterations.

Proposition 4.2. Suppose that the sequence {(w*, z*)} is generated by the mADMM
algorithm for problem (4.55). Then for any k > 0 and T € R, the following inequality
always holds:

IR, 2" )12 < an [ AwH[E + an(r) Az 2. (4.57)

1 k+1

Proof. For the problem (4.55), the optimality conditions at u**! and v**! can

be reformulated in the form of proximal mapping as follows:
uk—i—l — PI"OXp(U]H_l _ (vu¢(wk) + .A:i’k—H 4 (Qll 4 S)Auk—H _ UAB*AUk+1)),
v* 1l = Prox, (vk+1 — (Vop(w”) + BaFH + Q1 Aubtt + (Qgo + T)Avk“)).

Thus, by recalling the KK'T mapping defined in (4.4) and the non-expansive property

of the proximal mappings, we have

||R(wk+1,xk+1)||2

IN

4 Vo(wT) = V(wb)||* + 4|2+t — 24|

2
A* A+B*B

+4max{|| Q1 + S|, ”\/ legfz)H}HAukHHZQlHSJF\/m

Amax{|Qze + T oA AN A By e + (70) 2 Ak

IN

ar [[AwH[E + an(7)[| At 2.

n
We also denote the following two operators M; : U x V — U x V and M, :
UXY —>UXYV as

7 A .
My = 1Q+ k(7)o (A" B*) + Diag(S, T + oBB" + Qu),

A

M,y = éQ + Ro(T)o (A* B*) + Diag(S, T + éQQQ + p(1)oBBY),
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where £1(7) = (4 — 7 — 2min{7, 77'}) and ko(7) = tp(7)7 " for given 7 € R.
The following lemma characterize the relationship between the positive definite-
ness of several operators, which can be proved by the same way of Lemma 4.2 in

the previous section. We omit the proof here for simplicity:.

Lemma 4.3. Let 7 € (0, %5) Then we have the following equivalent characteri-

zation of the positive definite properties of the operators:
Qu+cAA +S >0 and Qun+oBB "+ T ~ 0+ M,y > 0.

Now we are ready to present the main theorem of this section, which provides

the linear convergence rate of the mADMM algorithm for solving (4.55) under As-

1+\/5).

sumption 4.2 for the dual step length 7 € (0, =5

Theorem 4.4. Suppose that the solution set of (4.55) is non-empty and Assumption
4.1 and 4.2 hold. Assume T € (0, %5) and the following conditions hold:

Q1 +0cAA*+S >0 and Qo +0oBB*+T = 0.
Then there exists a positive constant k < 1 such that for any k > 1, it holds

diSt%Ml,(Tcr)*I) ((wk+17 $k+1)7 Q) + HAUHI ||27 < H(diSt%Ml,(ra)*lz) ((wka xk)’ Q) +||Avk ||3')
(4.58)

Proof. Note that D; = 0 and Dy = 0 in the mADMM for solving the quadratic
coupled problem (4.55). Then for any (w,z) € 2, we have from Proposition 4.1 (ii)
that for any & > 1,

(lk* = 0, + (7o)~ k) = 22 + | A2
(k= 0l + (o) ek — 7P+ AR (459)

< —(lAw* 3y, + 5(07) 7 p(r)[| At H2).

Denote (w"*, 7%) as the weighted projection of (w*, z*) to the solution set €, i.e.,
[w* = @*|3y, + (1) Ha* — 2*|?

= disthuy, oy (05,29, 9) 5= inf ot = iy, + (70) et — o).
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Thus, the inequality (4.59) can be recast as
(w**t = @34, + (7o) "Mzt — Z¥|1* + [ Av* 1)
(st oy 1y (. 250, ) + [ A2
< —(lAw* 3, + 5(@7®) 7 p(m) A1),
which further indicates that
(diSt%Ml,(Ta)—ll) ((wkH, zF ), Q) + [|Avt 17)
—(dist? vty (roy—17) (W5, 25), Q) + | Av*|17) (4.60)
< —(lAw* %, + 5(07®) " p(r) [AHH?).

By Assumption 4.2 and the global convergence of {(w*, %)} to some point in Q, we

know that there exists a positive integer kq such that for all £ > kg, the following

inequality always holds:
diStQ((wk+1,JJk+1) Q) < n HR( k+1 k+1)”2

Combining the above inequality with the inequality (4.57) in Proposition 4.2, we see
that for k > ko,

dist?((w™, 2"), Q) < 0 (en[|Aw™Z + ax(7)[| A1),

Hence, by recalling that My > 0 from Lemma 4.3, we have for any k > ko,

distng, o1z (WFF, 251), Q) + [[A0HH 5

max{[| My, (ro) 7 hdist™ (w1, 2¥41), Q) + | AvtH 3

IN

(4.61)
° max{ || Mul|, (7o) " Haa | Aw* 7 + oo (7) [ Az ) + [[AvE 5

IN

IN

rs(T)(|AwS 3y, + 3 (07°) ()| At H%),
where r3(7) = n? max{|[|M4||, (o)1} max{||E]||| M| a1, 3073 (p(7)) tas} +1 and

the last inequality comes from the fact that ||Av* 3 < [[AwFH||3,,

Substituting the inequality (4.61) into (4.60), we can obtain that for any &k > ko,

diSt%Ml,(TU)*l_'Z) ((wkH, I‘k+1)7 Q) + |’Avk+l ||%—

i (7) (4.62)

T8 oy () (B8t o1 (0,27, 9) o+ A7),
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For k < kg, define

AWt R, + 5(07?) " p(r) Azt
diSt%Ml,(TU)flz)((wk l‘k)a Q) + HAU]CH%'

€ (0,1).
Then the inequality (4.60) can be rewritten as
diSt?Ml,(Ta)_II) ((wk+17 xk+1>7 Q) + HAvk—FI H%—
< p(distng, (roy-1p) (0", 25), Q) + [|A0F]17).

Therefore, by letting £ = min {ul, H2s - o s 7 (

)
s
and (4.63) that the inequality (4.58) holds for any k: >

1.

(4.63)

>}, we can see from (4.62)
-

]






Chapter

Characterization of the robust isolated

calmness

One can see from the discussions in Section 4.3 that the error bound condition plays
an important role in guaranteeing the linear convergence rate of the ADMM. In
fact, the convergence rate of a rich class of first order algorithms can be established
under the error bound conditions. For a nice survey about this topic, see [64]. This
motivates us to explore more on the error bound conditions for the constrained
composite programming. Recently, Han, Sun and Zhang [40] establish a certain
error bound for the composite semidefinite optimization problems by the isolated
calmness of the KKT system, and characterize the latter property by the second
order sufficient condition and the strict Robinson constraint qualification. In this
chapter, we shall extend their nice work to a class of composite constrained nuclear

norm problems with the form:

min £(z) + pB()
(5.1)
st. h(x) € P,

where f : R™" — R is a twice continuously differentiable function, and A :
R™™ — Y is a twice continuously differentiable mapping, p > 0 is a given positive
penalty parameter, P C ) is a closed convex polyhedral, 8 : R™*" — R denotes

the nuclear norm function, i.e., #(x) = ||z|« for all z € R™", and Y is a finite

105
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dimensional Euclidean space. Without loss of generality, we assume p = 1 in the

objective function for simplicity.

5.1 The robust isolated calmness for the nuclear
norm problems

In this section, we explore the robust isolated calmness (Definition 2.9) of the KKT
system for the problem (5.1). Different from the positive semidefinite programming,
the problem (5.1) is no longer a conic optimization problem. Fortunately, with
the results prepared in Section 2.5.1, we are able to focus on the nuclear norm
directly without referring to its epigraph. In the following, we will first analyze the
variational properties related to the nuclear norm and its proximal mapping. Based
on them, we provide a full picture about the robust isolated calmness of the KKT
system for the problem (5.1).

Since the nuclear norm function 6 is Lipschitz continuous and convex, we always
have domf = R™", and M (z,-) = §'(z;-) for any 2 € R™*™ [6, Theorem 2.126].
Thus, all the directional epiderivatives of  appearing in Section 2.5.1 will be replaced
by its conventional directional derivative in this section. Furthermore, we have
Qf(x;d,-) = Ql(x; d,-) and QH(x; d,”) = 0" (z;d,-) for any z,d € R™" by the
Lipschitz continuity of 8 and its directional differentiability. Moreover, in his Ph.D
thesis, Ding [19, Proposition 4.3] proves that the epigraph of the nuclear norm is
C?-cone reducible! at every point (z,t) € epif, and thus, second order regular? by [6,
Proposition 3.136]. In this way, we have 6 is second order directional differentiable
by combining the equation (2.27) and (2.28).

We call z € R™*™ a stationary point of the problem (5.1) and y € ) a multiplier

1For the definition of C2-cone reducible, see [6, Definition 3.135].
2For the definition of second order regular, see [6, Definition 3.85].
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of z if (z,y) satisfies the following optimality condition in the sense of (2.32):

F(2)d+ (5, K (5)d) + 0'(z:d) > 0, Vde X,
(5.2)
y € Np(h(z)),
Denote M(z) as the set of all the multipliers at .
From Proposition 2.5 and by noting that domf = R™*"™ the multiplier set

M(Z) is nonempty, convex and compact at a local optimal solution z € R™*" for

the problem (5.1) if and only if the following RCQ holds at z:
0 € int{h(Z) + W' (z)X — P}. (5.3)

Recall from Proposition 2.6 that the SRCQ of the problem (5.1) at a local optimal
solution  and its multiplier g € M(Z) is given by
W (z Tp(h(z)) Ny* y
@\ . Te@nr Y _ (¥ -
7 Tz, — V.17, 7)) X
Denote ¥, 4)(-) = 0" (z;d, -) for any (z,d) € R™™ x R™". Then the following
no gap second order necessary and sufficient optimality conditions can be easily
obtained by the Lipschitz continuity of the function # and the results in [86, Theorem
3.45, Proposition 3.136 and Theorem 3.137].

Proposition 5.1. Suppose that T is a local optimal solution of the problem (5.1)
and the RCQ (5.3) holds at . Then the following second order necessary condition
holds:

geM(z
Conversely, let T be a feasible solution of the problem (5.1) and the RCQ (5.3) hold

at . Then the following condition

S {{d, Vel(z, 9)d) — (.0 (= Vol(z,9))} >0, VdeC(z)\{0}.  (5.6)
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1s necessary and sufficient for the quadratic growth condition at T, i.e., there exist
a constant ¢ > 0 and a neighborhood N (T) of T such that for any feasible point
x € N(z), it holds

fla) +0(x) = f(2) +0(z) + cl|lz — z*. (5.7)

5.1.1 The variational analysis of the nuclear norm

Let A, B € R"™ " satisfy B € 00(A) and denote C' := A + B. By the optimality

conditions of the proximal mapping, one can see that B € 00(A) is equivalent as
A = Proxy(C), B = Proxy-(C). (5.8)
Suppose that C' admits the following singular-value decomposition (SVD):
C=U[E(C) V" =U[E(C) 0]y V] = US(C)VY', (5.9)

where U € O™, V = [V} V5] € O™ with Vi € R™™ and Vo € R™ ™) are the
singular vectors of C, and ¥(C) := Diag(o1(C), 02(C),...,0,(C)) are the singular
values of C' with 01(C) > 09(C) > ... > 0,,(C) being arranged in a non-increasing
order.

It is known by [20] that given the SVD of C as (5.9), the SVD of A and B can
be written as:

A = US(A) VT = US(A)VT,

B = U[S(B) VT = US(B)VT,

where 3(A) := Diag(o1(A), 02(A),...,0m(A)),2(B) := Diag(c1(B), 02(B), . ..,0m(B))

and
0i(A) = (0:(C) = 1)y, 0i(B)=0;(C)—0;(4), i=12,...,m. (5.11)

Obviously o1(A) > 02(A) > ... > 0,,(A) and 01(B) > 02(B) > ... > 0,(B).
For simplicity of the subsequent discussions, we denote the following two index

sets:

a={1<i<m:0;(A) >0}, b:={1<i<m:0;(A) =0} (5.12)
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We further denote the distinct nonzero singular values of A as ui(A) > ua(A) >
... > p.(A) for some nonnegative integer r and divide the set a into the following r
subsets:

a=J a, a={ica:o(A)=mA)}, =12 r (5.13)

1<I<r
From the relationship (5.11), we can see that 0 < ¢;(B) < 1 for i € b. Based on it,

we also divide the set b into the following three subsets:

by:={i€b:0;(B)=1}, by:={ieb:0<0y(B) <1}, by:={ieb:0i(B)=0}.
(5.14)

In fact, the indices in (5.12), (5.13) and (5.14) can also be regarded as a classification

about the singular values of C' by noting the relationship (5.11) again. That is,

a={1<i<m:0;(C)>1}, b={1<i<m:0<0;(C) <1},

a={ica:0(C)=w(C)}, 1=1,2,...,r

by:={i€b:0,(C)=1}, by:={ic€b:0<0,(C) <1}, by:={ie€b:0;(C)=0},
(5.15)

where 11 (C) > p2(C) > ... > u,.(C) > 1 denotes the distinct singular values of C

that are larger than 1.

It is known from Watson [101] that given the SVD of A € R™*" in the form
of (5.10) with the indices a and b defined in (5.12), the subgradient at A takes the

following form:
00(A) = {U VI + W[V, Vo] - W e Rl |, < 1} (5.16)

Therefore, for any H € R™*", the directional derivative at A along H can be

computed as

O(AH) = sup (H.S)
Sedo(A) (5.17)
= (UL HV,) + |[UF H[V; Vi)l

Now we shall discuss the directional derivative of Proxy(-). Define a mapping

¢:R™— R™ as

P(x) == ((z1 = )p, (@2 — Dy oo, (@ — 1)y), Vo= (z1,29,...,2,) € R™
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Suppose C' € R™*"™ admits the SVD in the form of (5.9) with
0<C) = (01(0)7 02(0)7 s 70m(C))

By the relationship (5.10), we can rewrite the proximal mapping of the nuclear norm
as

Proxy(C) = UDiag(¢(c(C)) 0)V". (5.18)

Thus, Proxy is the spectral operator associated with the symmetric function ¢ in
the sense of Definition 2.4. It is easy to see that ¢ is directional differentiable

with the directional derivative at x = (z1,%2,...,%,;,) € R™ along the direction

d:= (dy,dy,...,dy,) € R™ given by

(b,(l'; d) = ((bll(xla d1)7 QSIQ(Q:Q; d2)7 tt ¢Im(xm7 dm>)7

dz‘ z;, >1
where ¢j(2i;di) = (dy), 2, =1 fori=1,2,...,m.
0 T, <1

Given a positive integer p, define two linear matrix operators S : RP*P — SP

and T : RP*P — RP*P a8
1 1
S(Y) =5V +YT), T(Y)=5(Y —YT), WY eR"™. (5.19)

From Theorem 2.1, the directional derivative of Proxy(C;-) takes the form of

nedy: LCH) Ly(C. M)
Py (A(S(Hyp)))+PE 0 10
Prox)(C: H) = U Il Hn )Ry | O 0
['3(C, Hy) | 0 Obyxpy | O 0
0 0 | Opyxbs
| (5.20)

where H = [H, H,) = [UTHV, UTHVA], S(H,,,) has the eigenvalue decomposi-
tion S(Hp,p,) = PblA(S(ﬁblbl))Pg with P, € O"I(S(H,,,,)), and the four blocks
Iy (C, Hy) € Rlexlal Ty(C Hy) e RlaxPl Ty(C, Hy) € RV*lal and T'y(C, Hy) €
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Rlalx(n=m) aqmit the forms

( . w(C) +m(C) =2 = i
(Fl(c’v Hl))azat - (S(Hl))azat + ,Ul(C) + ,ut(C) (T(Hl))azam 1 S lat S )
Iy (C, Hy) = Eg0(S(H)))ap +Zr 0 (T(Hy))a,

I's(C, H) = =L o (S(H\))ba + Z% o (T(H))ba,
F4(C, ﬁ2) = Do (f[Q)a%

\

and Zg € RIexP =, € Rlalxlbl =, ¢ Rlelx(=m) are given by

( O'I<O)—]_

(Es)ij = ,i=1,2,...,]al, j=1,2,...,]b|,
T 0i(C) = 0414 (C)

— o,(C) -1 . .
=r)ii = ,i=1,2,...,|al, 7 =1,2,...,]b],
( T)] Ui(0>+0j+|a|(0) | | | |
—_ Ui(C)—l. .
(Zz)ijsz:1,2,...,|a|,j:1,2,...,n—m.

In [20], Ding computes Via H)(B) for H € R™*™ explicitly as follows, which is
the sigma term in the second order sufficient optimality condition of the problem

(2.24):

Yiam(B) =2 tr(Q, (A, H)) + 2(Diag(oy(B)), U HATHV}), (5.21)
where o,(B) = (0;(B))iep and
Qy (A, H) == (S(H))E(E(A) = (A L) (SUH ) oy + (2p(A) ™ Hup He

H(T(H)) 5 (—Z(A) = (AT (T(H))e, 1=1,2,...,

with H = [Hy Hy) = [UTHV, UTHV;).

Define a set-valued mapping 77 on R™*" x R™*" as
TUX,S):={HecR™":0(X;H)=(H,S)}, V(X,5)€&R™"xR™" (522)

In the following, we present several properties related to the directional deriva-

tives of 0, Proxy and the sigma term generated by 6.
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Lemma 5.1. Suppose A, B,C € R™*" satisfy the relationship (5.8) and the index
sets a, b, by, ba, bg are defined as in (5.12) and (5.14). Given any H € R™*™, denote

H =UTHV for U,V satisfying (5.9). Then the following conclusions hold:

(i) H € T?(A, B) if and only zfﬁ[ has the following block structure:

Haa Hab Ha2
H=| _ Hs‘fll(Hblbl)OO ,,,,, : (5.23)
Hy, 0 Oy by o 0
0 0 Ongxn

where Hsi(') denotes the projection onto the p X p dimensional positive semidefinite

cone.
(ii) H € (T°(A, B))® <= Prox(C; H) = 0.

Proof. The result of part (i) comes from [20, proposition 10]. For part (ii), by
the expression of Proxy(C; ) in (5.20), we have Prox,(C; H) = 0 for some H € R™*"
if and only if

Haa = 07 Hab = 07 ﬁba = 07 Ha? = 07 ﬁblbl j 07

where H = UTHV. And from part (i) we can see that the above conditions are

equivalent as H € (TY(A4, B))". O

Lemma 5.2. Suppose A, B,C € R™ ™ satisfy the relationship (5.8). Then for any
H, D e R™"™, we have

H =Proxy(C;H+ D) <= H € T°(A,B) and (H,D)=—{,;(B). (5.24)

Proof. First, by using the expression of the second order directional derivative

for the eigenvalues and singular values [94, 105], we can compute the sigma-term
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?/1? A,H)(B) explicitly [20, Proposition 14] as

Yam(B) = 3 _MAQ e )H< (1) alatuulgg T
S e 2( i<> 1 :
> (s il + 222 )
1<i—|al—b1|<|bz]

2 ~ 2 4 2 2

fx (mnww Dl + = Nl
1<i—|al— |b1| \b2|<|bsl
1<i<r (5.25)

Suppose H = Proxy(C; H + D). Recall that Proxy(C;-) has the form (5.20).
Thus, by letting H = UTHV and d = UT DV, we can directly obtain that H has a

special block structure as

Haa Hab Ha2
go| i 0 0 ,
Hba 0 i Ob2><b2 0 0

and H and d further satisfy that

. 9 -

dalat = /1/ (C) +Mt(c) 2(T(H1)>alat7 1 S lat S T,

~ 1 ~ 0i11a/(C) , ~ ) )

(dup)ij = 0= — e (Hu)ij — %(Hab)ﬂ, i=1,2,..Jal, j=1,2,...,]b],
Py b gy el oy -

(dba)]z - (C) (H ) O'Z(C> _ 1(Hab)2j7 1= 1,2,...|(I|, j - 1727"'a|b|7
- i . .

(da2)ij = ( Hp)iji=1,2,...,]al, 7=1,2,...,n—m,

Q

0i(C) —
0= Hblbl = S(Hblbl) 1 S(dblbl) =0.

This directly shows that 0'(A; H) = (B, H) by Lemma 5.1 (i). Furthermore, we can
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compute the inner product between D and H as

<D7 H> = <daa7 Haa> + <dab7 F]ab> + <Jbaa ﬁba) <Ja27 ﬁa2>

2 ) )
= 2 ey ey 2l +1; (D))o |
> (2 LU et + 2 Dyl

1<i—|al—[b1|<|[bz|

—2 [ 2 # 7 112
+ ) (Mm%JWﬂHmmH+mw%JWﬂm»MO

1<I<r
1<i—|a|— \bl\ |b2|<\b3\

+ Z HQ)CU?”Q'

1<i<r pu
Comparing the above formula with (5.25), and by noting the relationship between
the singular values of A and C in (5.11) and (5.15), we could obtain (D, H) =
— 0y (B).
The reverse direction of this proposition can be shown by the above formula

without any difficulty, and hence we omit it here.

5.1.2 The robust isolated calmness

After the preparation in the previous part, now we are ready to establish the robust
isolated calmness of the KKT system by the second order sufficient condition and
the SRCQ for the problem (5.1).

Recall the definition of the natural map for the problem (5.1) given in Section

2.5.3:
Glry) = i Proxe(x — Vzl(%y))  W(my) € R™ x Y. (5.26)
h(x) —Ilp(h(z) + y)

We also consider the canonically perturbed problem with a given perturbation

parameter ¢ := (0y,07) € R"™*" x V:
min f(z) 4+ 0(x) — (41, ),

st. h(z)— 6y € P,

(5.27)
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where the set of all the optimal solutions are given by

Skxr(9) = {(z,y) € R™" x Y : x — Proxy (a: — V. l(z,y) + (51) =0,

(5.28)
h(z) — 6y — Up(h(x) — 62 + y) = 0}.

The following lemma is motivated by Klatte’s work [51] on the isolated calmness

property for the nonlinear programming.

Lemma 5.3. Suppose that & € R™ ™ is a local optimal solution of the problem (5.1)
and the RCQ (5.3) holds at T. Let §y € M(Z). If G7! is isolated calm at the origin
for (z,y) and there exists Ax € C(z) \ {0} such that

(Az, Vo U(Z,§)Ar) — U5 a0) (= Val(7, 7)) = 0, (5.29)
then there exists d € C(Z) such that
<CZ7 VZIZ(Q_Z, g)ASL’> - QF(E,—Vxl(i,Q))(CZ7 ALE) < 07 (530)

where

P waazan(d h) = S, tr((S@))E(S@) — (@) (S () + (24(2) " oo

()L (=) — @) ) (T())ar) + (Diag(n(— V(7. 7)), UL dT V).
Proof. We prove the conclusion by contradiction. Suppose that there does not
exist d € C(Z) such that the inequality (5.30) holds. Since 'z _v,iz)(d,h) =
Iz -v.u@zg)(h,d) for any d,h € R™*", we have by the assumption (5.29) that Az

is an optimal solution of the following linear positive semidefinite problem

min (d, VL7, §)A2) = T v (d Ar) = T v (A, d)
st h(z)d e Tp(h(z)) Nit, (5.31)
Ul dVy, =0, ULdViy, ) =0, Uﬁ; b}V = 0, Uldvy =0,
where the constraint sets are in fact the equivalent conditions for d € C(Z) combined

with 1/(Z)d € g+ under the RCQ condition at Z. Obviously the RCQ condition for
the problem (5.31) holds at Ax. Then there exists (Ay, &1, &y, £3,&4) € M(Ax) such
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that
vi l([[‘ y)AZ‘ + Vh( )Ay + = (Ax7517527g37g4) = 07

h/(ff')AI — H’Tp(h(a’c))ﬂgi (h (ZZ‘)AJT + Ay) = O, (532)
Up AxVy, = o (U AV, + &) = 0,

where the term Z(Ax, &, &3, &y, &) is given by

(A, &1,8,6,&) = vd(r(x vz (d Ar) + Tz v,z (d, Aﬁ))’

+Un &1V + Up &V, 41+ Uiy 0163V3 + Un&aVy'

d=Ax

By Lemma 5.1 (i) and Az is a feasible point of the problem (5.31), we have
Az € Tz, —V,I(z,7)). Furthermore, we see that

(Az, E(Az, &1, 6,83, 64))
= 2 v (AT, A) + (UL AzVi, &) + (UF AxViy, 1), &) + (UF, 4 AxVi, &)
H(UT AxVs, &)
= 20 _v.zg) Az, Az)
- _¢;W)<—vml(:f,y)>,

where the first equation holds by noting that I'z _v,1z5)) (d, Az) and 'z _v,i(z,5))(d, Ax)

are linear functions of d, and the second equation comes from the feasibility of Ax

for the problem (5.31). Therefore, we obtain from Lemma 5.2 that
Az = Proxy(Z — V,I(Z,§); Az + Z(Az, &1, 62,63, 6)).

Moreover, since II% (h(Z) + g; M (2) Az + Ay) = I, (h@)ngt (B (T) Az + Ay) by [30,
Theorem 4.1.1], we conclude by combining (5.32) that

Az — Proxy(z — V,I(z,9); Ax — V2,1(Z,5)Ax — Vh(Z)Ay)

G'((z,9); (Az, Ay)) =
B (2)Az — 115 (h(Z) + y; B (Z) Az + Ay)

= 0,

for Az # 0. This is a contradiction to the isolated calmness of G~' at the origin for

(Z,y) by Lemma 2.1. O
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The following proposition, which characterizes the non-empty property of the
SkkT map, can be obtained directly from [21] by noting the second order regularity

of the nuclear norm function.

Proposition 5.2. Let & be an isolated local optimal solution of the problem (5.1)
and the RCQ (5.3) holds at T. Lety € M(Z) and assume that the SRCQ (5.4) holds
at T with respect to §. Then there exists a neighborhood N'(Z,7) of (Z,7) and N(0)
of 0 € X x Y such that for any 6 € N(0), we have Skxr(0) NN (Z,7y) # 0.

Our first main result of this Chapter is given in the next theorem, which fully
characterizes the robust isolated calmness of the problem (5.1) by the second order

sufficient condition and the strict Robinson constraint qualification.

Theorem 5.1. Suppose that & € R™*" is a feasible solution of the problem (5.1)
and the RCQ (5.3) holds at . Let y € M(Z). Then the following two statements
are equivalent to each other:

(i) The second order sufficient condition (5.6) holds at T and the SRCQ (5.4) holds
at T with respect to y € M(Z).

(7) T is a locally optimal solution of the problem (5.1) and the multi-valued mapping
Skt defined in (5.28) is robust isolated calm at the origin with respect to (Z,7).

Proof. (i)== (ii): Since the second order sufficient condition (5.6) holds at z, =
must be a local optimal solution. From Proposition 5.2 and the SRC(Q assumption
at ¥ we see that the mapping Skkr is nonempty valued. Thus, it suffices to show
that Skxr is isolated calm at (z, y) for the origin, which by Theorem 2.5 is equivalent
to the isolated calmness of G™! at the origin with respect to (7, 7).

Under the assumption that the SRCQ holds at z, we have ¥ is the unique La-
grangian multiplier with respect to & of the problem (5.1) by Proposition 2.6. Let
(dy,dy) € R™"™ x Y satisfy that G'((Z,9); (dy, dy)) = 0, which is equivalent to say

dy — Proxy(z — V(. 9); dy — V3,12, 5)ds — Vh(Z)d,) =0,

(5.33)
h(z)d, — Il (h(Z) + y; ' (Z)d, + dy,) = 0.
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By the optimality condition that G(z,y) = 0, we have Proxy(z — V.I(Z,y)) = Z.
Then from Lemma 5.2, we can obtain the first equation in (5.33) holds if and only
if

0'(z;d,) + (V.l(Z,9), ds) = 0,

and

<dx7 V?ml(fv ﬂ)dm + Vh(ff)dz) = @Z)Ekf,dx)(_vwl(fa ﬂ)) (5'34>

Also by [40, Lemma 4.2] and the fact that h(z) = IIp(h(Z) + y), we have that the

second equation in (5.33) holds if and only if
W (z)d, € Tp(h(z))Ng™ and (W(z)d,,d,) = 0. (5.35)
Thus, we have that
f(@)dy +0' (23 dy) = f'(Z)de — (Val(Z,9), ds) = —(VR(Z)F, ds) =0,
so that d, € C(z). Moreover, from (5.34) and (5.35) we have
(do, V3U(E, §)de) — (5 0, (=Val(Z, 7)) = 0.

Since the second order sufficient condition holds at z, we must have d, = 0. Now

(5.33) can be simplified as
Proxy(z — V,l(z,y); —Vh(z)d,) = 0,
% (h(Z) + ;5 dy) = 0.

By Lemma 5.1 (ii), we have from the first equation that

o

~Vh(z)d, € (T°(z,~V.l(z,7)))°,

where T%(z, —V,l(z,%)) is defined by (5.22). Moreover, from [40, Lemma 4.2], we

have that the second equation is equivalent to say

dy € (Tp(h(Z)) N gT)°.
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Thus, we obtain that

(o}

—d W (z Tp(h(z)) Ny*
c N ([ g [ TEDNE )Y
Vh(z)d, 7 Tz, =V.l(7,7))
so that d, = 0 by the assumption that SRCQ (5.4) holds at z with respect to
y € M(z).
Therefore, G~ is isolated calm at the origin for (7, %) by Lemma 2.1.

(ii))= (i). This part is proved by contradiction. By using Theorem 5.2 again and
the isolated calmness of G=! at the origin for (z, %), we have Skkr is isolated calm
at (z,y) for the origin. First let us suppose the SRCQ (5.4) does not hold at = with
respect to y € M(Z). Then there exists nonzero (d,,d,) € R™*" x Y such that

(o}

d h(z h(z)) N g+
v ) e (7) R Tr(h(Z)) Ny |
d, T Tz, -V, 1(Z,79))

which is equivalent to
Vh(z)d, + d, =0,
d, € (T%(z,-V.l(z,9)))" (5.36)
dy € (Tp(h(7)) N gH)°.

From Lemma 5.1 (ii) and [40, Lemma 4.2], we get

Proxy(z — V.I(z,5); —=Vh(z)d,) = Proxy(z — V,I(Z,7);d,) =0

I (h(Z) + 7;dy) = 0.
Since (d,,d,) is assumed to be nonzero, we have that d, # 0 by the first equation
in (5.36). This shows that G'((z,9); (0,d,)) = 0 along a nonzero direction (0, d,),
which is a contradiction of the isolated calm of G~ at the origin for (z, %) by Lemma
2.1.

In the following, we show the second order sufficient condition (5.6) holds at

Z. We also prove this statement by contradiction. From the previous proof we



120

Chapter 5. Characterization of the robust isolated calmness

know that the SRCQ (5.4) holds at Z with respect to y under the isolated calmness
assumption of G~ at the origin for (7,¢), and thus, the multiplier § € M(Z) is
unique.

By the assumption that the SRCQ holds at the local optimal solution Z, we have

the second order necessary condition holds at z, i.e.,

Suppose the second order sufficient condition does not hold at z. Since T is a
local optimal solution of the problem (5.1), the second order necessary condition

(5.5) holds at . Then there exists d, € C(Z) \ {0} such that
<dx7 Vixl(ja g>dm> - w&,dz)(_vwl(ja g)) = 0.

By Lemma 5.3 this further indicates that there exists d, € C(Z) such that (5.30)

holds. Therefore, for any ¢t > 0 sufficiently small, we have

((de +tdy), V21T, G)(de + tdy)) — 0 4 4 (= Vel(T, 7))
= ((dy +tdy), V3, U(T, §)(dy + tdy)) — 2Tz, -v,1(2.9)) (de + tdz), (ds + td,))
= (de, V3,UZ,9)ds) — 2T, -v,1(2,9)) (s do)

+2t ((ds, V21T, §)ds) — 20 (@, -v,1(2.9)) (das o))

+2((dy, V3,12, 9)ds) — 20 (@,-9,1(w.9))(ds, di)) < 0.

By noting that d, + td, € C(z) since C(%) is a convex cone, we see the second order
necessary condition (5.5) fails at Z and thus, & cannot be a local optimal solution.
This contradiction implies that the second order sufficient condition (5.6) holds at

x.
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5.2 The robust isolated calmness for the convex
composite nuclear norm minimization prob-
lems

A specific and perhaps the most popular application of the nuclear norm mini-
mization model (5.1) is the following convex composite nuclear norm minimization

problem:

min  f(Lz) + (c,x) + ||z«
(5.37)
st. Arxr=0b, x€P,

where f: R! — R is a twice continuously differentiable and strongly convex func-
tion, £ : R™" — R! and A : R™*" — R¢ are linear operators, ¢ € R™*", b € R¢
are the given data and P C R™*" is a convex polyhedral. Following the notation
in the previous section, we denote 6 : R"™*" — R as 0(-) = || - ||

The aim of this section is to provide more complete characterization of the robust
isolated calmness for the KK'T system, by also combining the information provided
from the dual problem of (5.37). We show that the second order sufficient condition
for the problem (5.37), which is required in Theorem 5.1, is in fact equivalent to the
extended SRCQ of its dual problem, and vice versa. In this way, the error bound
conditions can be checked by several equivalent conditions.

In order to write down the dual problem explicitly, we first reformulate the

problem (5.37) by introducing auxiliary variables w € R!, u,v € R™*" and write

(5.37) as
min f(w) + (¢, 2) + 0(x)
(5.38)
st. Ar=0b, Lrxr=w, x=v, vETP,
where 0p(-) is the indicator function of P. The Lagrangian dual problem with

respect to the problem (5.38) is given by

max (b, y) — f*(=§) = 0"(=s) — op(—2)

st. Ay+LE+s+z=c

(5.39)
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Define the KKT mapping Gp : R™" x Rl x R™*" x R¢ x R! x R™*™ associated

with the primal problem (5.37) as

—x + Proxg(z — ¢+ A*y + L¥ + 2)
—Vf(w)+¢
—v + 11 —
G2, w,0,,€,2) = v tielv =) L (540)
Az —b

Lr—w

r—v

Suppose that (Z,w, ) € R™" x R x R™*" is an optimal solution of the problem
(5.38). We use Mp(z,w,v) to denote the set of multipliers (7, £, 2) € R™™ x R! x
R™" such that Gp(Z,w,v,7,&,2) = 0, and call (z,w,,7, &, 2) a KKT point of the
problem (5.38).

The canonically perturbed problem of (5.38) takes the form of

min  f(w) + (¢, z) + 0(x) — (x,01) — (w, 2)
(5.41)

st. Ar=b—-903, Lr=w—0, x=0-—105, v—0s€ETP,
where 0 = (61,(52,(53,(54,(55,56) e R™™ x R x R X Rl X R™M™ x R™™ is the
perturbation parameter.
Similarly as in Section 2.5.3, for an given § = (61, 02, ds, 4, 05, 0g) € R™ "™ x Rl x
RE x R x R™™ x R™*"_we define the multi-valued mapping Sk for the problem

(5.41) as

Skxr(0) = {(z,w,v,y,£ 2) € R™" x R! x R™™ x R¢ x RN x R™*™
x =Proxg(x —c+ Ay + L+ 2+ 61), V(w) — 02+ € =0,
Ar=b—103, Lr- =w — 04, x=v— 05, v — 36 = lp(v— b — 2)}.

Let (z,w,0,7,&,2) € R™" x REx R™™ x R x RE X R™™ be a KKT point of
the problem (5.38). It is known from Theorem 2.5 that the isolated calmness of G5!
at the origin with respect to (z,w, v, 7, £, 2) is equivalent to the isolated calmness of

Skxr at (z,w,v,7, &, Z) with respect to the origin.
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Since f is assumed to be strongly convex, f* is a smooth function. We define
the KKT mapping Gp : R¢ x Rl x R™*" x R™" x R™*" associated with the dual
problem (5.39) as:

—Ay—LE—s—z+c
Axr —b
Gp(y,&,s,2,1) = ~V (=€) + L . (5.42)
s + Proxg:(—s + )

z + Proxs: (—z + )

Suppose that (7,£,5,2) € R® x R! x R™"™ x R™ " is an optimal solution of
the dual problem (5.39). Denote Mp(7,&,5,2) as the set of multipliers such that
Gp(7,€,5,2,%) =0 for T € Mp(g,£,5,2).

Define multi-valued mappings 77 : R™*™ x R™*" — R™*" and T : R™*" x

Ran _> RmXTL as
TV (5,2) :={d € R™" : (6*)'(s;d) = (d,z)}, V(s,x) € R™" x R™*™,
TP (z,2) = {d € R™": (65)(2;d) = (d,z)}, V(z,z) € R™™ x R™*".

Definition 5.1. Let (Z,w,v) be an optimal solution of the problem (5.38). Suppose
that Mp(z,w,v) # 0. We say the extended SRCQ for the problem (5.39) holds at
Mp(Z,w,v) with respect to (Z,w,v) if

conv U (Te*(—c + A G+ L+ 2,7) + TP (z, m)) —ARE—L R = R™™,

(9.£,2)EMPp(Z,0,0)
(5.43)
This is a generalization of the previously discussed SRCQ by considering all the
points (7, &, Z) in the set Mp(Z,w, ).
Given A, B,C € R™*" satisfy the relationship (5.8), Ding [20, Proposition 12]
characterizes the set 7% (B, A), which shows the for any H € 7% (B, A), it must
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admits the form

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

o | T Mgm o) | How t Hoss g (5.44)
e L Hon G Ho | Ho
ﬁbga ﬁbgbl i ﬁbgbg ﬁbgbg

where H = UTHV and the operator T is defined as in (5.19).

Similarly as in Section 5.1, we define ¢, = (6*)"(s; h,-) for (s,h) € R™" x
R™*™ the parabolic second order directional derivative of §*. The conjugate func-
tion of P(sp)(-) is the sigma term of the second order sufficient condition for the
dual problem. Before showing the main result, we first show an important observa-

tion about the sets 7% 7% and the two sigma term generated by 6 and 6* at the

stationary point.

Lemma 5.4. Suppose A, B,C € R™ ™ satisfy the relationship (5.8). Then for any
H, D e R™"™, we have
()
H e (T%(A,B))° <= ¢{py(A) =0 and HeT"(B,A).
(i)
H e (T"(B,A)° <= ¥y m(B)=0 and H e T’(A, B).

Proof. The conclusions of the two parts could be obtained by comparing the
characterization of H between the two sides. For part (i), we have from [20,
Proposition 16] that ¢{z ;) (4) = 0 if and only if ¥(, 4 (B) = 0 for H € R™*".
Then by combining Lemma 5.3 (i), Lemma 5.4 and (5.44), one can see that either

H e (T (B, A)* or Spm(A) =0& H € T (B, A) are equivalent to say

Hy =0, Hyp=0, Hp=0, ﬁba =0, ﬁblbl = 0.

Similarly for part (ii), either H € (7% (B, A))* or Viam(B)=0& H € TY(A, B)
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can be characterized by

T(Hu) = 0; T(Hp,)=0; T(Hya)=0; Hyy, =0,

Hu,=HL,=0; Hy,=HL, =0, Hy=0.
This completes the proof. n
The following proposition shows the equivalence between the primal second order

sufficient condition and the dual extended SRCQ.

Proposition 5.3. Let (Z,w,7) € R™" x R! x R™™ be an optimal solution of the
problem (5.38) and assume that Mp(Z,w,v) is nonempty. Then the following two

statements are equivalent to each other:

(i) The second order sufficient condition holds at (Z,w,v) with respect to the problem

(5.38):

~sup {{dw, V*f(w)d,) — Uiz (—C+ A (7 + L+ 2)} >0,
(gvgzz)EMP(jﬂDﬂ_)) (545)

V(dy, dy, dy) € C(Z,w,0) \ {0},
where the critical cone, in the sense of (2.41), is defined by

Clz,w,0) = {(dy,dw,dy) € R™" x Rl x R™ " : Ad, = 0, Ld, — dy = 0,

dy —dy = 0; f'(@)dy = 0,d, € T(7, —c),d, € Tp(0)}.
(5.46)

(ii) The extended SRCQ (5.43) holds at Mp(Z,w,v) with respect to (T, w,v) for the
dual problem (5.39).

Proof. First we prove (i) implies (ii) by contradiction. Suppose the condition

(5.43) fails to hold at M p(z,w,v). Denote

& := conv U (Te* (—c+Ag+ L+ 2,7) + TP (2, x)) AR LR

(5:,€,2)EMp (2,0,0)
Then there exists D € R™ ™ such that D & cl(€) since cl(€) # R™ ™ by [80,
Theorem 6.3]. Note that cl(£) is a closed convex cone. We have by letting d :=
D —Tlae)(D) = Taeye (D) # 0 that

(H,d) <0, VH € cl(€).
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By recalling the notation of &£, the above inequality implies that Ad = 0, £d = 0

and

(H,dy <0, VH € conv U (T"*(—c + A G+ LE+2,7) + T°P(, 37:))
(Q,E,E)GMP(E,’J),’U)

Let (7,¢,2) € Mp(z,w,v). By the optimality condition that v = Ilp(v — z) and

Z — v =0, we have by [40, Lemma 4.2] that

Tp(0)N 2" = (T, (%,7))°,

so that d € Tp(v) N zt.
Similarly, we could also obtain from the optimality condition z = Proxys(z — ¢+

A*y + L£*) and Lemma 5.4 that
Vipa(—c+ Ay + L€E+2) =0 and 0(T;d) = (—c+ Ay + LE + 2,d).

Therefore, we have d # 0 satisfies that

Ad=0, Ld=0, (Vf(w),Ld)=0, de Tp(v),

and

0=0(2;d) + (c— Ay — L — Z,d) = 0(Z;d) + (¢, d),
which implies that (d, £d,d) € C(z,w,v) \ {0}.
Altogether, the above arguments show that for any (7, &, 2) € Mp(Z,w,v), there
exists (d, Ld,d) € C(z,w,v) \ {0} such that

(Ld, V? f(w0)Ld) — ¢, g (—c+ AG + L7+ 2) = 0,
which contradicts the assumption that the second order sufficient condition (5.45)
holds at (Z,w,v). This completes the proof of the first part.
The reverse direction can also be proven by contradiction. Suppose the second
order sufficient condition fails to hold at an optimal point (Z,w,v). Then there
exists (d, £d,d) € C(Z,, o) \ {0} such that

My {wd’ VEF(@)Ld) = i, gy (e + AG+ L7+ 2)} = 0.
(,€,2) eM p(Z,1,5) ,
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By noting that O > 0 and the sigma-term is always non-positive, we have that
Ld=0 and V(e AG+LEF2) =0, Y(F.62) € Mp(T,@,0).

By the optimality conditions that —c+.A*y+ L*¢ +2 € 90(z) and 5 = ¢ — A%y —
L5 — Z, we see

(—c,d) = 0'(z;d) = (—c+ A"y + L0 + Z,d).

This implies that (Z,d) > 0 since (A + £)d = 0. From zZ € Np(7) and d € Tp (D),

we also have (z,d) < 0. Thus, (z,d) = 0 and altogether,

de Tp()nzt, of g(—c+r AG+LE+2) =0, 0(3;d) = (—e+ Ag+LE+2,d).

By [40, Lemma 4.2] and Lemma 5.4, the above conditions are the same as

o

d € (T5,(2,2) ' N(T" (—c+ A G+LE+2,7))° = (Ta*(—c+A*gj+£*§+z, 2)+T°7(z, :z)) .
By the assumption that the extended SRCQ (5.43) holds at (z, w, v) with respect
to Mp(z,w,v), there exist g € R™, e R and

h € conv U (TG*(—c+A*y+£*§+ 2,7) + TP (Z, :)3))

(Q,E,E,Z)EMP(:?:,@,E)
such that d can be decomposed as:

d=h— A" — L€

By Carathéodory’s Theorem, there exist k& < (mn+1), u; € [0,1], Zle =1, hi e
T (—c+ A*G; + L*E + 7, ©) and bl € T (%, z) for some (;, &, %) € Mp(Z, @, 7)
such that h = 3%, p;(hi + h3). Then

k
<Ci7 CZ> = <j’ﬁ - A*Zj - ﬁ*é = ZM@'<CZ7 iLzl + iLlZ) <0,

=1

which contradicts the assumption that d = 0 and thus, the proof is finished.
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Remark 5.1. Under our assumption that f is strongly convexr and twice continu-
ously differentiable, the second order sufficient condition (5.45) holds automatically.
A more interesting result is to consider a continuously differentiable function f with
Lipschitz continuous gradient. Under this setting, one could use the Clarke’s gen-
eralized Hessian given in (2.1) to replace V2f. All the previous and subsequent

discussions should thus be directly extended to this case.

Since the isolated calmness of the inverse of KK'T mapping essentially needs the
uniqueness of the KKT solution, we would like to further explore the equivalence
between the primal second order sufficient condition and the dual SRCQ when the

multiplier set is a singleton.

Corollary 5.1. Suppose (Z,w,7) € R™™ x Rl x R™" is an optimal solution of
the problem (5.38) and Mp(z,w,u) = {(y,&,2)} is a singleton. Then the following

two statements are equivalent:

(i) The second order sufficient condition holds at (Z,w,u) with respect to the primal

problem (5.38):

(duw, V2 f(0)dw) = (an(—c+ A G+ LEFZ) >0, Y(dy,dw,d,) € C(Z,w,0)\ {0},
(5.47)
(i) The SRCQ holds for the dual problem (5.39) at (y,€, 2) with respect to (z,w,v):

T (—c+ Ay + LE+2,7) + T?(2,7) — AR — LR = R™*". (5.48)

We also have parallel conclusions by switching the roles of the primal and dual
problems in Proposition 5.4 and Corollary 5.1. The proof of the following proposition

is quite similar to the proof of Proposition 5.4.

Proposition 5.4. Suppose (7,£,5,2) € R® x R x R™™ x R™<" is an optimal
solution of the problem (5.39) and Mp(y,€,5,2) # 0. Then the following two state-

ments are equivalent to each other:
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(i) The second order sufficient condition for the dual problem (5.39) holds at (¥, &, 5, 2):

Slgpf ) {<d§7 V2f*(—_)d§> - (b}(kfg,ds)(i’)} > 07 V(dy, dﬁ? d87 dz) S C(ﬂ, _7 S, Z)\{O},
TeEMp(y,£,5,2

(5.49)
where the critical cone is defined as
C(4,&,5,2) == {(dy,de,ds,d;) € R® x Rl x Rm™X™ x RM*n
A*d, + L¥de +ds +d, = 0,
(b, dy) + (V [*(=E), =d¢) + (67) (=5 —ds) + (0p)' (=2 —d.) = 0}.
(5.50)
(ii) The extended SRCQ holds at (y,&,5,2) with respect to Mp(y,&,35,2) for the
primal problem (5.38):
A 0 Re
conv U 7%z, —5) — {0} —
ZEMp(§,€,—5,2) 7 %(f) Nzt Rmxn
(5.51)

Proof. First we prove that (i) implies (ii). Suppose (ii) does not hold. Then by

the same approach as the proof for Proposition 5.4, there exists nonzero (d,, —d,) €

RE x R™™ such that

<dy7hy> + <_d27 hz> < 07

A 0
V(hy, h,) € conv U Tz, —5) — {0}
ZEMp(§,€,5,%) z 7}(5) Nzt
This implies that
A*d,—d, € (T?(z,—5))" and d. € (Tp(z)Nz")°. (5.52)

By Lemma 5.4, the first inclusion indicates that
Qb?—g,A*Jy—Jz)(f) =0, and (0%)(—5;A%d, —d,) = (z,A*d, — d.).

Also by [40, Lemma 4.2], the second inclusion in (5.52) shows that (85)'(=%; —d,) =
(d.,z).
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Therefore, if we choose hy = A*d, — d,, he =0 € R', h, = —d, and h, = d, it
is easy to see that

(hy> h§> hs, hz) € C(ga ga 5, 2) \ {0}7 <h§7 v2f*(_ )h€> =0, w?—g,hs)('@) =0,

which is a contradiction of the second order sufficient condition (5.49) at z.

Now we prove the reverse direction. Suppose the second order sufficient condition
(5.49) does not hold at (7, &, 5, 2). Then there exists (czy, cig, dy,d.) € C(y,€,5,2)\{0}
such that

(de, V2f*(=€)de) =0, 6] _ 7 ,(2) =0.
Again by [20, Proposition 16], the second equation above holds if and only if
wz}c, (ZS)(—E) = 0. Then by the similar approach as the second part in Proposition
5.4, we can obtain (d,, d¢,ds,d,) = 0. Thus, the proof is completed. ]

Similarly as Corollary 5.1, we can obtain stronger results with the assumption

that the multiplier set with respect to the dual problem is a singleton.

Corollary 5.2. Suppose (7,£,5,2) € REx R X R™"™ x R™*™ is an optimal solution
to the problem (5.39) with Mp(y,&,5,2) = {z}. Then the following two conditions

are equivalent:

(i) The second order sufficient condition for the dual problem (5.39) holds at (¥, &, 5, 2):

<d§7 V2f*(_ )d§> - ¢?—§,ds)(j) >0, v(dy’ df’ ds, dZ) € C(@) ga s, 2) \ {0} (5'53)
(ii) The SRCQ holds for the primal problem (5.38) at T with respect to (¥, &, 5, 2):

A T%(%,—5) — {0 [ F : (5.54)

T Tp(z) Nzt Rmxn
Finally, as a combination of Theorem 5.1, Corollary 5.1 and Corollary 5.2, and
noting that the second order sufficient condition at (z,w, ) (or (,&, 5, 2)) implies
that (z,w, ) (or (7,&,35,2)) is the unique optimal solution of (5.38) (or (5.39)), we
are able to provide several equivalent characterization of the isolated calmness for

the inverse of the KKT mapping at the origin point. They are summarized in the

following theorem:
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Theorem 5.2. Let (Z,w,14,7,£,5, 2) € R™™ x R x R™™ x R¢ x R x R™™ x
R™" satisfy Gp(Z,w,u,7,¢,2) = 0 and Gp(7,&,5,2,2) = 0. Then the following

conditions are equivalent to each other:

)-

N |

(i) Skt is robust isolated calm at the origin for (Z,w,u,7,£,

c/‘r} |

L Z).

(iii) Gp' is isolated calm at the origin with respect to (y,€, 35,2, 7).

(i) Gp' is isolated calm at the origin with respect to (7,1, , 7,

(iv) The second order sufficient condition (5.45) holds at (T, w,u) with respect to
the primal problem (5.38) and the second order sufficient condition (5.49) holds at
(,€,5,2) with respect to the dual problem (5.39).

(v) The second order sufficient condition (5.45) holds at (Z,w,u) for the primal
problem (5.38) and the SRCQ (5.54) holds at T with respect to (i,&,5,%) for the
primal problem (5.38) .

(vi) The second order sufficient condition (5.49) holds at (3,&,35,2) for the dual
problem (5.39) and the SRCQ (5.48) holds at (y,€, ) with respect to (%,w,v) for
the dual problem (5.39) .

5.3 Discussions on the calmness of the composite
optimization problems

All the discussions in the Section 5.1 and 5.2 focused on the problems with isolated
KKT solutions. Naturally one may ask that whether there exist similar characteri-
zation about the calmness of the KKT system for the problem (5.1)7 Unfortunately,
to the best of our knowledge, there are no complete answers to this question till now
if non-polyhedral functions # are involved, including both the indicator function over
the positive semidefinite cone and the nuclear norm function.

Let us first look at an example to have some ideas about the difficulty for the

calmness property involving the non-polyhedral function. This example is modified
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from the one given by Zhou and So [108], with the initial purpose to demonstrate the
failure of an error bound condition without the strict complementarity assumption

for the unconstrained nuclear norm problem:

Consider the following problem

min || Az —b||* + ||z|.,

(5.55)
st. (E,x) <1,
and its dual
min |z +b|* +y
(5.56)
st. [JA*z4+yE| <1, y>0,
where E € R**? is a matrix with all entries equal to 1, || - |2 denotes the spectral

norm, i.e., the largest singular value of a given matrix, the operator A : R?*? — R?

and the vector b € R? are defined as

5/2
A.T _ Bl/zdiag(x), vx c R2><2’ and b — B—1/2 / ,
-1
3/2 =2
and the matrix B is given by B = > 0.
-2 3

Given a parameter § € R**2, we consider the following canonically perturbation

of the dual problem (5.56):

min %||z+b||2+y
(5.57)
st. [JA'z+yE 46| <1, y>0.

Denote the multi-valued mapping Skt : R**? — R? x R x R?*? associated with

the problem (5.57) by

SKKT<5) = {(z,y,:c) ER>*XRXR>™?: = PI‘OX”.H*(I —Az—0— yE),

It is easy to check that the original problem (5.56) admits an unique solution (2, y) =
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_ 10
B2 ,0 | with an unique multiplier Z = . Moreover, the

-1 0 0
second order sufficient condition of the problem (5.56) holds at (z,7). Now let

. . —Ek :
us consider a sequence of perturbation dp = with ¢ > 0. We can
0 Ek

construct a sequence (zs, , ¥s,, Ts,) € Sxxr(0x) by letting

_1+5k 1+2€1€ Tk

—1/2
Z(;k = B / s y(sk = 0, x(;k = s

_1_5k Tk Ek

where |7| < m. This indicates that the Skkr cannot be calm at (z,y, )
with respect to the origin since ||(2s,,¥s,,%s5,) — (2,9, 2)|| = O(||\/€x|]) and ||0x|| =
O(exl)-

However, for the nonlinear programming problem, Dontchev and Rockafellar [24]
show that the multi-valued mapping Skkr is isolated calm under canonical pertur-
bations for a locally optimal solution if and only if the strict Mangasarian-Fromovitz
constraint qualification (which is equivalent to the uniqueness of the Lagrange mul-
tiplier in this case [54]) and the second order sufficient optimality condition hold.
As mentioned above, both the uniqueness of the Lagrange multiplier and the second
order sufficient condition hold for the problem (5.56), while the (isolated) calm still
fails. This indicates that there exists a gap of the calmness property between the
polyhedral and non-polyhedral problems. One can check that the SRCQ for the
problem (5.57) does not hold. Therefore, a possible reason of this gap comes from
the mismatch between the SRCQ and the uniqueness of the multiplier in the general
conic problems.

Recently, there is nice work on the calmness of the solution mappings done by

Zhou and So [108]. They consider a class of unconstrained convex problems:

min  h(Az) + (¢, x) + p(z) (5.58)

where A : R™™ — R! is a linear operator, h : R' — (—o0,+00] is smooth and

strongly convex function on any compact convex set ¥V C dom(h), and p : R"™*" —
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(—o0, +00] is a closed convex proper function. Define the multi-valued mappings

Ly RE — R™*™, I, :R™" — R™™ and I'(y, g) : Rl x R™*™ — RMXM g5

Ti(y) == f{z € R”™": Av =y}, WyeR,
Fp(g) = {ZL’ ER™M: —g€ ap(x)}7 Vg € R,
T(y,g) :==T;(y) NTp(g), V(y,g) € RL x R™*".

Zhou and So show that if the optimal solution set 2 of (5.58) is nonempty
compact and contains Z, then Q = I'(y,g), where § = AZ and g = A*VA(7y) + c.
Moreover, under the assumptions that {I'¢(y),I',(g)} is bounded linearly regular
and Op is metrically subregular at = for —g, the solution mapping I" is calm at (y, g)
for z. In particular, the bounded linear regularity of {I'f(¢),I',(g)} holds if the

strict complementarity condition is satisfied at some & € €:
0 € A*Vh(AZ) + c +1i(0p(2)).

Besides, the metric subregularity of the sub-differential holds for the polyhedral
functions [77], the vector ¢, norm for p € [1, 2] or p = oo [107], the nuclear norm [108],
and the indicator function over the SDP cone given by Theorem 2.4. It is easy to
see that the Cartesian product of the metric subregular mappings are also metric
subregular. Therefore, we could get from Zhou and So’s result that under the strict
complementarity condition, the solution mapping is calm for the problem

k k

k
min ) h(z Aix;) + Z(Cz‘, ;) + sz(x,),

L1,L25--,T .
i=1

where h : R! — R is smooth and strongly convex on any compact convex set
VY C dom(h), A; : X; — R! are linear operators, ¢; € X; are given data, and
pi © Xi = (—o00,+00] can be chosen from the polyhedral functions, the vector £,
norm for p € [1,2] or p = oo, the nuclear norm function, and the indicator function
over the SDP cone.

The above nice results provide a partial answer to the calmness of the solution

mapping. From the discussions in the previous sections, we also know the calmness
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of the solution mappings should hold under the second order sufficient condition
and the strict Robinson constraint qualification. It is thus very interesting to know
whether a unified condition can be proposed to characterize the calmness of the
optimization problems involving the non-polyhedral functions. We leave it as a

future research topic.






Chapter 6

Numerical experiments

In this chapter, we test our iABCD algorithm discussed in Chapter 3 on solving
the projection onto the intersection of the equations, inequalities and the doubly
nonnegative cone constraints:

min 1| X — G|?

(6.1)

st. AX=b, BX>d, XeSInN,
where A : 8" — R™® and B : 8" — R"™ are linear operators and A is onto,
GeS8S" beR™, de R™ are given data, and N := {X € 8" : X > 0} denotes
the nonnegative cone.

The dual of (6.1) can be written as

min  F(y,2,5,Z) = 3||A'y + B2+ S+ Z + G||> — (b,y) — (d, z) — 5||G|?
st. 2>0, SeS8!, ZeN.
(6.2)

We implement our iABCD framework to solve the above dual form, where the
variables (y,S) € R™? x 8™ are taken as one block, and the variables (z,7) €
R™ x 8™ are taken as the other one. As discussed in Section 3.3, the subproblem
of the block (y,S) would be solved by the one cycle inexact sGS technique, and the
subproblem of the block (z, Z) will be solved by the APG-SNCG method.

Denote W = (y,2,S5,Z) € W with W := R™E x R™ x §" x §". In order to

137
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implement the above idea, we majorize the smooth function F at W' € W as

B
i*(AA*)flA—i_UHZ_z/”zJ VWEW

2
(6.3)

. 1
E(W) < B(W;W') = F(W) + 5|5 = 5]

Since F' itself is a quadratic function, the linearization at any point must be itself

and thus, the function F} satisfies the inequality (3.3) and Assumption 3.1. The first

proximal term 1||S — 5’| i*(AA*)*lA comes from the sGS technique to solve (y,S5),
and the second proximal term @Hz — Z'||? aims to make the block (z, Z) strongly
convex and the Newton’s equation well-conditioned. The detailed framework of our

algorithm is given below.

iABCD: An inexact majorized accelerated block coordinate descent al-

gorithm for solving the problem (6.2) with APG-SNCG

Choose an initial point W1 = W% e W. Set k=1 and t; = 1. Let the nonnegative

error tolerance {e;} satisfies Y .-, ie; < oo. Iterate until convergence:
Step 1.Compute

§H2 = arg min, {F (y, S*, 25, Z5, W) + (y, 65},

gk — H‘S‘i(—A*gk—i_l/Q _ B*Zk — gk _ G)7

* = argmin, { Fy (y, S*, 2%, Z5; WF) + (y, %)},
such that (8%, 6%, 6% 0k) € R™e x R™e x R™ x S™ satisfies

yrryrvzo

max{ || 5, ], [|oy1], [6Z1], [16% 11} < &
Then compute

(zF, ZF) = argmiZn{ﬁl(ﬂk, Sk 2, ZWR) 4 (2,68 +(Z,68) - 2> 0, Ze NY.

o1 = 3(L4 /1 +483),
Step 2. Compute — t—1 ~,
WhH — Wk 4 Bk — Wk,

trt1

The equation, inequality and cone constraints of our test examples (6.1) are
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generated from the doubly nonnegative relaxation of a binary integer nonconvex

quadratic (ex-BIQ) programming that was considered in [90] :

min %(Q, Y)Y+ (c,x)

Y =x
st. DiaglY)=z, a=1 X= eSTNN,
T«
—Y;J—l-.’ﬂz 20,—}/1‘]'4—(13]' EO,Y;']‘—.TZ'—.T]' > -1, Vi<yg, 7=2,....,n—1.
(6.4)
The matrix G in the objective function of the problem (6.1) is taken to be G =
—% © . The test data for (Q and ¢ in our numerical experiments are taken
c 0

from Biq Mac Library maintained by Wiegele, which is available at http://biqmac.uni-

klu.ac.at/bigmaclib.html.

Under a Slater’s condition, the KKT optimality conditions of the problem (6.1)

are given as follows:

X=G+Ay+B2+5+ 72,

AX =b, BX —d=Tlpu(BX —d—z), X =Tg(X-5), X=TyX-2).

We measure the accuracy of an approximate solution (y, z, S, Z) for (6.2) by the

relative residue of the KKT system:

n = max{ny, N2, N3, N4},

where

CJAX b [BX —d—Tigw (BX —d - 2)| |X — sy (X — 9)]

T = y M2 y N3 =
1+ ||l 1L+ ||d||

| X =T (X = 2)||

L+ [1X -+ 11511

N4 = X=G+Ay+B=2+S+7Z7.

4 - )
L+ [| X[+ [ Z]]

In addition, we compute the relative gap between the primal and dual objective

functions:
obj, —objy
Ne ‘= B )
& 1+ |obj,| + [objg]
where obj, = 1[|X — G||? and obj, = —3||A*y + B2+ S+ Z + G|* + (b,y) +

(d, 2) +31GI*

)
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We stop the algorithms imABCD, BCD, mABCD, eRARBCG and iAPG if ) < ¢,
where ¢ is the prescribed accuracy.

In order to demonstrate the importance for the incorporation of the second order
information, we compare our iABCD method with the two-block accelerated block
coordinate gradient descent algorithm proposed by Chambolle and Pock [9]. The
two blocks are still taken as (y,S) and (z,Z). The iteration steps are given as

follows:

ABCGD: An accelerated block coordinate gradient descent algorithm for
solving the problem (6.2)

Choose an initial point W' = WO € W. Set k = 1 and ty = 1. Iterate until

convergence:
Step 1. Compute R*2 = A*ykF + B*2% + S% 4+ ZF 4+ @ and

7 =y — (AA) Y ARz —b)/2,
SF = Ilgy (S* — R¥3/2).

Step 2. Compute RF = A*jF + B*2F + S + Z% + G and

28 = s (25 — (BRY — d) /(2\max(BBY))),

7k =T (ZF — R /2).

o1 = 2(1+/1+4t3),
Step 3. Compute N e — 1 — N
Whtl — k4 2 (Wk _ qu)'
Thy1

Note that the step length is % when updating the variables for each proximal
gradient step in order to solve the variables within each block simultaneously.
Figure 6.1 and Figure 6.2 show the performance profile of the iABCD and
ABCGD algorithms for the large scale ex-BIQ problems with ¢ = 107%, where
the detailed numerical results are provided in Table 6.1. A point (x,y) is in the

performance profile curve of a method if and only if it can solve exactly (100y)%

of all the tested problems at most x times slower than any other methods. The
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Performance profile: iterations
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first four columns list the problem names, the dimension of the variable y (mg),
z (my) and the size of the matrix G (ny), respectively. The last several columns
provide the number of iterations, the relative residual 7, the relative gap between
the primal and dual objective values 7,,, and the computation times in the for-
mat of “hours:minutes:seconds”. One can see from the performance profile that the
ABCGD algorithm takes about 5 times iteration steps compared with the iABCD
algorithm, and is around 4 times faster than the ABCGD in terms of computing
time. In particular, the ABCGD method cannot solve all the large scale bdg500
problems within 50000 iterations, while our iABCD could obtain satisfied solutions
by 6000 iterations. This indicates that even though the computational cost for each
cycle of the iIABCD method is larger than the ABCGD method, its overall per-
formance is extremly good. In fact, the Newton system is well-conditioned in this
case such that it only takes one or two CG iterations to obtain a satisfied Newton
direction.

We also compare the iIABCD with some other existing methods. The first one is
the block coordinate descent algorithm (BCD), where we view (6.2) as a four-block
problem. The block z is solved by the APG-SNCG algorithm, while other blocks

have analytical solutions. The steps are given as follows:

BCD: An inexact block coordinate descent method for solving the prob-

lem (6.2)

Choose an initial point W' € W. Let {e} be a series of given summable error
tolerance such that the error vector % € R™ satisfies ||6¥|| < ez. Set k = 1. Tterate
until convergence:

(Y = (A4 (b — AB* 2 + S* + ZF 1+ @),
Sk+1 — HS:&(_A*ykJrl _ B*Zk _ Zk _ G),
A4 = argmin{ F, 8 2, 29 4 00y (ot ),

Zk+1 — HN(_A*yk+1 _ B*Zk+1 _ Sk+1 _ G)
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The second framework is an enhanced version of the inexact accelerated ran-
domized block coordinate descent method (eRABCG) that is modified from [61],
where we use the proximal terms ||y — y*||.44+ instead of {jy — kaimaX(AA*) when
updating the block y*1, and 3|z — 25|25 + 2L||> — 2*||? when updating the block
2#*1. Similar idea has also been used in [91] as a comparison for solving a class of
positive semidefinite feasibility problems. The detailed steps of the eRABCG are

presented below.

eRABCG: An inexact enhanced randomized accelerated block coordinate

descent algorithm with four blocks for solving the problem (6.2)

Choose an initial point W' = WO e W. Set k=1 and ap = ;. Let {ex} be a series
of given summable error tolerance such that the error vector 6% € R™ satisfies

|65 < ey Tterate until convergence:

Step 1. Compute o = $(y/aj_; +4ai_; —ai_,).

Step 2. Compute W = (1 — ay,)W* + a, W*.
Step 3. Denote Rk = A*gF + B2+ 5%+ ZF 4 G. Choose iy, € {1,2, 3,4} uniformly
at random and update Wi“ according to the following rule if the k-th block is

(2

selected:

in=1: g = (AA)((b— AR")/(do) + AAGE),

4C¥k

=20 A= argmind (V. (), 2) + =28 — 25 + (205}

I, =3 ka_H - HN(Zk - Ek/(élak))?

iv=4: S =TIg (S* — R*/(da)).
Set WA = Wk for all i # iy, k= 1,2,3, 4.
WE 4+ da,(WHY — W), i =y,

Step 4. Set Wit = i=1,2,3 4.
Wk, @ F ik,

In order to know whether our proposed APG-SNCG method could universally

improve the efficiency for different algorithms, we also test two variants of the BCD
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and eRABCG, where the block z is updated by the proximal gradient step. They
are named as mBCD and eRABCG2. The numerical performance of two selected
test examples are shown in Table 6.2. One can see that the mBCD and eRABCG2
perform much worse than their inexact counterpart, even though the same outer
framework is adopted. This observation confirms the point that if there exists a
computing intensive block (the block S in our test examples as the complexity of
the eigenvalue decomposition is O(n?)), a small proximal term is always preferred

for other blocks in order to reduce the iteration numbers for the difficult block.

Performance profile: iterations
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Figure 6.3: Performance profile of iABCD and eRABCG with accuracy e = 107°.

Table 6.3 lists the results of the numerical performance of the iABCD, BCD and
eRABCG methods, with the performance profile given in Figure 6.3 and Figure 6.4.
One can see that the BCD algorithm is much less efficient compared with others,
since all the test examples cannot be solved to the accuracy ¢ = 1075 within 50000
iteration steps (Therefore, we do not include the performance of the BCD in the

performance profile). This phenomenon emphasizes the power of the acceleration
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Figure 6.4: Performance profile of iABCD and eRABCG for with accuracy e = 1075,

technique in solving unconstrained problems. One can find that the iABCD frame-
work is 3.5 times faster than the eRABCG method, which is caused by the 4 times
enlargement (the number of the blocks is 4 in the e(RABCG method) of the proximal
terms for the randomized-type accelerated block coordinate descent method.
Based on all the above observations, we shall draw a conclusion that the impress-
ing numerical performance of the iABCD algorithm is mainly due to two reasons:
one is the outer acceleration of the two-block coordinate descent framework, and
the other is the inner acceleration by the proper incorporation of the second order

information.

Table 6.1: The performance of iABCD and ABCGD with accuracy ¢ = 107°.

iteration n Ngap time
problem mg;my | ns iabcd|abegd | iabced|abegd iabcd|abcgd iabcd|abegd
bel00.1 101 ; 14850 | 101 5276 | 31048 | 9.9-7 | 9.9-7 | -2.3-7 | -7.7-8 45 | 3:08
bel00.2 101 ; 14850 | 101 5747 | 30645 | 9.9-7 | 9.9-7 | -2.0-7 | -9.4-8 47 | 3:08
bel00.3 101 ; 14850 | 101 5950 | 41172 | 9.9-7 | 9.9-7 | -3.7-7 | -8.7-8 53 | 4:02
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Table 6.1: The performance of iABCD and ABCGD with accuracy € = 1075,

iteration n Ngap time
problem mpg;my | ns iabcd|abegd | iabed|abegd | iabed|abegd iabcd|abegd
bel00.4 101 ; 14850 | 101 5704 | 36684 | 9.9-7 | 9.9-7 | -2.7-7 | -7.2-8 49 | 3:48
bel00.5 101 ; 14850 | 101 5762 | 39956 | 9.9-7 | 9.7-7 | -3.1-7 | -7.6-8 51 | 4:05
bel00.6 101 ; 14850 | 101 5769 | 36134 | 9.9-7|9.9-7 | -1.8-7|-7.9-8 48 | 3:40
bel00.7 101 ; 14850 | 101 4994 | 28087 | 9.9-7 | 9.9-7 | -3.3-7 | -8.4-8 40 | 2:53
bel00.8 101 ; 14850 | 101 5613 | 33772 | 9.9-7|9.9-7 | -1.5-7 | -5.3-8 45 | 3:32
bel00.9 101 ; 14850 | 101 5763 | 40048 | 9.9-7 | 9.9-7 | -2.7-7 | -8.1-8 51 | 4:10
bel00.10 101 ; 14850 | 101 5260 | 32010 | 9.9-7 | 9.9-7 | -3.7-7 | -8.8-8 43 | 3:46
bel20.3.1 121 ; 21420 | 121 4120 | 27781 | 9.9-7]9.9-7 | -2.2-7 | -5.6-8 41 | 3:42
bel20.3.2 121 ; 21420 | 121 4106 | 23809 | 9.9-7 | 9.9-7 | -2.3-7 | -6.3-8 40 | 3:00
bel20.3.3 121 ; 21420 | 121 3548 | 21867 | 9.9-7 | 9.9-7 | -9.8-8 | -6.6-8 35| 2:53
bel20.3.4 121 ; 21420 | 121 4745 | 31783 | 9.9-7 | 9.9-7 | -3.1-7 | -6.7-8 47 | 4:08
bel20.3.5 121 ; 21420 | 121 5637 | 31076 | 9.9-7 | 9.9-7 | -4.9-8 | -7.1-8 58 | 3:51
bel20.3.6 121 ; 21420 | 121 3946 | 26558 | 9.9-7 | 9.9-7 | -1.8-7 | -4.8-8 39 | 3:26
bel20.3.7 121 ; 21420 | 121 4169 | 26176 | 9.9-7 | 9.9-7 | -2.7-7 | -6.5-8 41 | 3:37
bel20.3.8 121 ; 21420 | 121 3793 | 23796 | 9.9-7|9.9-7 | -1.6-7 | -3.8-8 35 | 3:11
bel20.3.9 121 ; 21420 | 121 4951 | 28518 | 9.9-7]9.9-7 | -2.0-7 | -5.2-8 52 | 3:58
bel20.3.10 121 ; 21420 | 121 4264 | 24803 | 9.9-7]9.9-7 | -3.4-7 | -5.3-8 42 | 3:06
bel20.8.1 121 ; 21420 | 121 5671 | 32200 | 9.9-7|9.9-7 | -3.5-7 | -8.1-8 58 | 4:26

bel20.8.2 121 ; 21420 | 121 5897 | 35336 | 9.9-7|9.9-7 | -3.1-7 | -7.1-8 1:02 | 4:39

bel20.8.3 121 ; 21420 | 121 5199 | 33259 | 9.9-7|9.9-7 | -4.9-7|-9.2-8 52 | 4:35

bel20.8.4 121 ; 21420 | 121 6688 | 40964 | 9.9-7 | 9.9-7 | -4.0-7 | -8.0-8 1:12 | 5:26

bel20.8.5 121 ; 21420 | 121 5828 | 41263 | 9.9-7 | 9.9-7 | -3.6-7 | -6.3-8 1:03 | 5:40

bel20.8.6 121 ; 21420 | 121 | 4735 | 29524 | 9.9-7 | 9.9-7 | -4.8-7 | -7.8-8 47 | 3:52

bel20.8.7 121 ; 21420 | 121 4456 | 29722 | 9.9-7]9.9-7 | -3.8-7 | -6.5-8 44 | 3:36

bel20.8.8 121 ; 21420 | 121 5979 | 35240 | 9.9-7|9.9-7 | -2.8-7 | -6.4-8 1:01 | 4:52

bel20.8.9 121 ;21420 | 121 | 5788 | 37397 | 9.9-7 | 9.9-7 | -3.3-7|-8.5-8 | 1:02 | 4:42

bel20.8.10 121 ; 21420 | 121 5636 | 35274 | 9.9-7|9.9-7 | -3.5-7 | -8.0-8 58 | 4:53

be250.1 251 ; 93375 | 251 3958 | 25038 | 9.9-7 | 9.9-7 | 1.4-7|-4.9-8 2:10 | 9:40

be250.2 251 ;93375 | 251 | 4213 | 29313 | 9.9-7 | 9.9-7 | -3.7-7 | -6.8-8 2:22 | 11:36

be250.3 251 ;93375 | 251 | 4230 | 27211 | 9.9-7 | 9.8-7 | -3.7-7 | -4.4-8 2:29 | 10:56

be250.4 251 ;93375 | 251 | 4059 | 28985 | 9.9-7 | 9.9-7 | -3.6-7 | -5.8-8 2:24 | 11:15

be250.5 251 ;93375 | 251 | 4361 | 29277 | 9.9-7|9.9-7 | -3.9-7 | -5.2-8 2:35 | 11:45

bqpl00-1 101 ; 14850 | 101 | 7344 | 50000 | 9.9-7 | 1.1-6 | -9.8-8 | -1.1-7 |  1:08 | 5:25
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Table 6.1: The performance of iABCD and ABCGD with accuracy € = 1075,

iteration n Ngap time
problem mpg;my | ns iabcd|abegd | iabed|abegd | iabed|abegd iabcd|abegd
bgpl00-2 101 ; 14850 | 101 | 3799 | 24170 | 9.9-7 | 9.9-7 | -1.5-7 | -6.7-8 30 | 2:48
bqp100-3 101 ; 14850 | 101 3630 | 22570 | 9.9-7 | 9.9-7 | 8.6-8 | -5.1-8 29 | 2:35
bqp100-4 101 ; 14850 | 101 4293 | 27893 | 9.9-7 | 9.9-7 | -2.2-7 | -5.9-8 35 3:13
bqp100-5 101 ; 14850 | 101 5145 | 34243 | 9.9-7 | 9.9-7 | -1.0-7 | -4.8-8 43 | 3:29
bqp500-1 501 ; 374250 | 501 | 6385 | 50000 | 9.9-7 | 1.3-6 | -1.2-6 | -1.2-7 | 23:40 | 1:43:49
bqp500-2 501 ; 374250 | 501 | 6622 | 50000 | 9.9-7 | 1.7-6 | -1.1-6 | -1.6-7 | 23:21 | 1:43:49
bgp500-3 501 ; 374250 | 501 | 6042 | 50000 | 9.9-7 | 1.1-6 | -1.1-6 | -9.1-8 | 22:10 | 1:45:49
bgp500-4 501 ; 374250 | 501 | 5537 | 50000 | 9.9-7 | 1.2-6 | -1.1-6 | -8.0-8 | 20:05 | 1:46:16
gkale 201 ; 59700 | 201 5292 | 37861 | 9.9-7|9.9-7 | -2.6-7 | -4.8-8 2:05 | 10:59
gka2e 201 ; 59700 | 201 4623 | 29338 | 9.9-7|9.9-7 | -6.8-7 | -7.1-8 1:47 | 8:29
gka3e 201 ; 59700 | 201 6033 | 40016 | 9.9-7 | 9.9-7 | -3.7-7 | -6.0-8 2:12 | 11:44
gkade 201 ; 59700 | 201 | 7001 | 47779 | 9.9-7 | 9.9-7 | -5.9-7 | -6.9-8 | 2:45 | 14:09
gkabe 201 ; 59700 | 201 6245 | 42175 | 9.9-7 | 9.9-7 | -5.3-7 | -7.8-8 2:30 | 12:30
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Chapter

Conclusions

In this thesis, we study the algorithms for solving multi-block large scale convex
composite optimization problems with coupled objective functions. In the first part
of this thesis, we propose an inexact majorized accelerated block coordinate descent
method for the two-block problems and prove the O(1/k?) iteration complexity. The
introduction of the inexactness enables us to solve multi-block unconstrained prob-
lems by dividing all the variables into two groups. For an illustration purpose, we
implement the iABCD framework for solving a class of composite least square prob-
lems with equations, inequalities and the convex set constraints. The subproblems
are suggested to be solved by the inexact one-cycle symmetric Gauss-Seidel tech-
nique and the APG-SNCG method, where the latter one incorporates the second
order information in order to obtain an accurate solution of the subprolems within
several steps. The convincing numerical results are presented to demonstrate the
superior performance of our proposed iABCD framework.

In the second part of this thesis, we establish the various convergence properties
of the mADMM for solving two block linearly constrained optimization problems
with coupled objective functions, which greatly extend the previous theoretical re-
sults for the ADMM to solve problems with separable objective functions. We also
prove the linear convergence rate for the quadratically coupled problems under an

error bound condition. In addition, we study the robust isolated calmness for a class
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Chapter 7. Conclusions

of constrained nuclear norm minimization problems that are not necessarily convex.
Our purpose here is to have a deeper understanding of the stability, as well as the
error bound conditions, for problems involving non-polyhedral functions.

Many interesting problems related to the content of this thesis are still far from

being settled. Below we list some research directions that deserve more explorations.

e Recently, Chambolle and Dossal [8] prove the convergence of the iteration

sequence for a class of accelerated proximal gradient algorithms. We leave it
as a future work to study the convergence property of the iteration sequence
generated by the iABCD method. If this can be done, we shall further consider

the convergence rate under the error bound conditions provided in this thesis.

For the mADMM to solve linearly constrained problems with coupled objective
functions, we only show the ergodic complexity for the primal objective values
and the primal feasibility. It is still unknown whether a KKT-type ergodic
complexity could be obtained, perhaps in the same spirit of Monteiro and
Svaiter’s work [68] on BD-HPE that include the classical ADMM with the
dual step-length equal to 1. To the best of our knowledge, this has not been
done if the semi-proximal terms are allowed in the subproblems even for solving

the problems with separable objective functions.

We show the linear convergence rate of the mADMM for problems with quadrat-
ically coupled objective functions. It is interesting to know whether the same
type of result holds when the coupled objective function is only assumed to

be smooth.

In this thesis, we only consider the problems with smooth coupled objective
functions. When the coupled objective function is nonsmooth, is it possible to
incorporate the smoothing technique proposed by Nesterov [72] in our IABCD

and mADMM frameworks and show the corresponding complexity?

e There are also unsolved questions about the stability and sensitivity analysis
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for the optimization problems involving nuclear norm or other non-polyhedral
functions, such as the characterization of the calmness and the Aubin property

by the constraint qualifications or others.

e The numerical results show that the hybrid of the APG and the semismooth
Newton-CG algorithm is very efficient in solving the strongly convex quadratic
problems with the nonnegative constraints. It is interesting to explore whether

this algorithm can be applied to solve other convex SC! problems.
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