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Abstract. It is known that the Karush—-Kuhn-Tucker (KKT) conditions of semidefinite pro-
gramming can be reformulated as a nonsmooth system via the metric projector over the cone of
symmetric and positive semidefinite matrices. We show in this paper that the primal and dual
constraint nondegeneracies, the strong regularity, the nonsingularity of the B-subdifferential of this
nonsmooth system, and the nonsingularity of the corresponding Clarke’s generalized Jacobian, at a
KKT point, are all equivalent. Moreover, we prove the equivalence between each of these conditions
and the nonsingularity of Clarke’s generalized Jacobian of the smoothed counterpart of this non-
smooth system used in several globally convergent smoothing Newton methods. In particular, we
establish the quadratic convergence of these methods under the primal and dual constraint nonde-
generacies, but without the strict complementarity.
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1. Introduction. The standard semidefinite programming (SDP) problem takes
the form

min (C, X)
(1) st. AX =0,
X est,

where C' € §”, the linear space of all n x n real symmetric matrices, (-, ) is the usual
Frobenius inner product in §™, A is a linear operator from S™ to &™, b € R, and
"' is the cone of all n x n positive semidefinite matrices in S”. Let A* : R — S

be the adjoint of A. The dual form of the SDP problem (1) is

max bly
(2) st. A'y+S5S=0C,
SedSt.

The Karush-Kuhn-Tucker (KKT) conditions, i.e., the first order optimality condi-
tions, for the SDP problem (1) and its dual (2) are

Ay+85=0C,
(3) AX =b,
St> X 1S5 est,

*Received by the editors January 29, 2007; accepted for publication (in revised form) September
15, 2007; published electronically April 16, 2008. This research was partially supported by the
Academic Research Fund under grant R-146-000-104-112 of the National University of Singapore.

http://www.siam.org/journals/siopt/19-1/68123.html

fDepartment of Mathematics, National University of Singapore, Republic of Singapore
(u0301479@alumni.nus.edu.sg).

fDepartment of Mathematics and Risk Management Institute, National University of Singapore,
Republic of Singapore (matsundf@nus.edu.sg).

370

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/05/19 to 158.132.175.105. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

NONDEGENERACY, REGULARITY, AND NONSINGULARITY 371

where “X 1 S” means that X and S are perpendicular to each other, i.e., (X,S) = 0.
Any point (X,7,5) € 8™ x R™ x S™ satisfying (3) is called a KKT point.

Due to its mathematical elegance and wide applications, the research on SDP has
been extremely active after the discovery of polynomial time interior point algorithms
[1, 27] for solving this problem. For an excellent survey on this, see [47]. Our research
in this paper is motivated by [42] on various characterizations of strong regularity, one
of the most important concepts in sensitivity and perturbation analysis, introduced
by Robinson in his seminal paper [32], for a local optimal solution of the general
nonlinear SDP problem. The basic question we want to ask here is: What does the
strong regularity mean for the SDP problem (1) and its dual (2)?

Certainly, all conditions equivalent to the strong regularity presented in [42] for
the general nonlinear SDP problem apply to the SDP problem (1), too. However,
due to the special structure of the SDP problem (1) and its dual, one may be able to
obtain more insightful characterizations about the strong regularity. This is exactly
the primary objective of this paper.

For the purpose of achieving this objective, we study the B-subdifferential and
Clarke’s generalized Jacobian of the nonsmooth system reformulated from (3). We
show that the primal and dual constraint nondegeneracies, the strong regularity, the
nonsingularity of the B-subdifferential of this nonsmooth system, and the nonsingu-
larity of the corresponding Clarke’s generalized Jacobian, at a KKT point (X, 7, S) €
S™ x ™ x 8™, are all equivalent. The equivalence of the nonsingularity of the
B-subdifferential and the nonsingularity of Clarke’s generalized Jacobian comes as
a surprise, at least to the authors, as we know that the nonsingularity of the B-
subdifferential is only a necessary condition for the strong regularity, while the non-
singularity of Clarke’s generalized Jacobian is a sufficient condition for the strong
regularity (for more discussions, see [15, 28]). It is true, by [42, Theorem 4.1], that
the nonsingularity of Clarke’s generalized Jacobian is also necessary for the strong
regularity in the context of SDP problems. However, it is never known if the nonsin-
gularity of the B-subdifferential is sufficient, too. Here, the unique structure exhibited
in SDP problems (1) and (2) plays a key role for us in proving these conditions equiva-
lent. Consequently, the quadratic convergence of some local nonsmooth Newton-type
methods studied in [18, 14] follows from any one of these equivalent conditions. In
fact, by combining the two papers [18, 19, 14], we know that the primal and dual con-
straint nondegeneracies are sufficient for the nonsingularity of the B-subdifferential.
On the other hand, our equivalent results imply that they are also necessary for the
nonsingularity of the B-subdifferential.

The second objective of this paper, largely motivated by the first, is to study under
what conditions the globally convergent smoothing Newton methods studied in [9,
10, 20, 46] for solving SDP problems (1) and (2) possess local quadratic convergence,
without assuming the strict complementary condition. We achieve this objective
by showing that the nonsingularity of the B-subdifferential of one smoothed system
used in [9, 10, 20, 46] and the nonsingularity of Clarke’s generalized Jacobian of this
smoothed system are both equivalent to any of the above-stated equivalent conditions,
in particular, the primal and dual constraint nondegeneracies.

The organization of this paper is as follows. In section 2, we study some useful
properties of the B-subdifferential and Clarke’s generalized Jacobian for Lipschitz
functions, particularly for the metric projector over ST and its smoothed counterpart.
The promised equivalent conditions are given in section 3. In section 4, we prove the
quadratic convergence of some smoothing Newton methods under the primal and
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dual constraint nondegenerate conditions, but without the strict complementarity
condition. We give our conclusions in section 5.

2. Generalized Jacobians. Assume that X, ), and Z are three finite dimen-
sional real vector spaces, each equipped with a scalar product (-,-) and its induced
norm |||, O is an open set in Y, and =: O C Y — Z is a locally Lipschitz continuous
function on the open set O. By the well-known Rademacher theorem [37, section 9.J],
we know that = is almost everywhere F(réchet)-differentiable in O. Denote by Dz the
set of all points in O where = is F-differentiable. Then Clarke’s generalized Jacobian
of Z at y € O is defined as follows [12]:

0=(y) := conv{ 9pE(y) },

where “conv” denotes the convex hull and the B-subdifferential 0pZ(y), a name coined
by Qi in [29], of Z at y takes the form

OpE(y) ={V : V= klim 2R, yF =y, y* e D).

The next lemma, which is originally proven in [42, Lemma 2.1] under the addi-
tional assumption of directional differentiability, is a useful property about charac-
terizing the B-subdifferential of composite functions. Here we drop the condition of
directional differentiability and provide a self-contained proof as it may have applica-
tions in other places where the directional differentiability is not readily available.

LEMMA 1. Let W : X — Y be a continuously differentiable function on an open
neighborhood N of z and Z: O C Y — Z be a locally Lipschitz continuous function on
an open set O containing § := V(Z). Define & : N — Z by &(z) := Z(¥(x)), z € N.
Suppose that V'(Z) : X — Y is onto. Then there exists an open neighborhood of T such
that @ is F-differentiable at x in this neighborhood if and only if = is F-differentiable
at U(z) and

(4) Op®(z) = OpE(y) V(7).

Proof. Shrink N, if necessary, assume that \I!(J/\f) C O, and for each x € ﬁ, U (z)
is onto. Then @ is Lipschitz continuous on N.
We shall first show that ® is F-differentiable at € N if and only if = is F-

differentiable at W(z), which, by the definition of the B-subdifferential, implies

Ip®(z) C IpE(y) V' ().

By the definition of ®, we know that if = is F-differentiable at ¥(x), then ® is F-
differentiable at z € N. Now, assume that ® is F-differentiable at = € N. Since
A :=U'(z) is onto, AA* is invertible, where A* : Y — X is the adjoint of A. For any
Ay e Y, let

Az = A*(AA") ' Ay.
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Then, for any Y 5 Ay — 0, we have
IE(¥(2) + Ay) — E(¥(2)) — @' (z)(A*(AA") " Ay)|

IE(¥(z) + AAz) — &(z) — @' (2)(Az)||
|

< | @(x + Az) — @(z) — @' (2)(Az)|| + O(|E(¥ (2 + Ax)) — E(¥(z) + AAz)]))
= o([[Az])) + O(|[¥(z + Az) — (¥(x) + AAz)])
= o([[Az])) + O([[¥(z + Az) — W(z) — ¥'(z)(Az)|)

= of[|Aaz]) = o(l|Ayl]),

which implies that = is F-differentiable at ¥(z). This proves the first part of our
conclusion.
Next, we show that the following inclusion holds:

Op®(z) 2 OpE(y)V'(z).

This part’s proof follows exactly the proof of the second part of Lemma 2.1 in [42].
Let W € 0g=(y) be an arbitrary element. Then there exists a sequence {y*} in O
converging to 7 such that Z is F-differentiable at y* and W = limg_.o, Z'(y*). Let
A= V'(z). By applying the classical inverse function theorem to

U(z+A (y—7) - ¥(@) =0,

we obtain that there exists a sequence {§*} in O converging to % such that

V(z+A (5 -9) - 9(@) =y - v(@)
for all k sufficiently large. Let #F := Z + A (§* — ). Then y* = U(&*) and @ is
F-differentiable at ¥ with

o'(7") = E(y") ¥ (@").

By using the fact that §* — 7 implies #*¥ — Z, we know that there exists a V € dp®(z)
such that
W¥'(z) = lim Z'(y*) lim ¥ (z%) = lim & (%) =V € 9p®(z).
k—oo k—o0 k—o0

The proof is completed. ]

For any nonempty closed convex set K C Z, let [l : Z — Z denote the metric
projector over K. That is, for any y € Z, Ili(y) is the unique optimal solution to
the convex programming problem

%) min %(z—y,z—w

st. zeK.

Since the metric projector Ik (+) is globally Lipschitz continuous with modulus 1 [49],
Ik (-) is F-differentiable almost everywhere in Z. Thus, for any y € Z, 9llk (y) is
well defined. In particular, it is shown in [25, Proposition 1] that for any y € Z,
V € 0llk(y) is self-adjoint and satisfies

(6) V=V? e, (d,Vd)>(d,V?d) VdeZ.
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In our subsequent analysis, we need a finer characterization about the B-subdif-
ferential and Clarke’s generalized Jacobian of H51(~) and its smoothed counterpart.
We write A = 0 and A > 0 to mean that A is a symmetric positive semidefinite
matrix and a symmetric positive definite matrix, respectively. For any A € S™, let
Ay = Ilsp (A) be the metric projection of A onto S under the usual Frobenius inner
product in 8™. Assume that A has the spectral decomposition

(7) A= PAPT,

where A is the diagonal matrix of eigenvalues Ay > --- > X, of A and P is a corre-
sponding orthogonal matrix of orthonormal eigenvectors. Then

Ay = PALPT,

where Ay is the diagonal matrix whose diagonal entries are the nonnegative parts of
the respective diagonal entries of A. The formula for A, has been used by statisticians
for several decades, e.g., [38, Theorem 1]. Higham [16] and Tseng [48] brought it to
the attention of the optimization community. Define three index sets of positive, zero,
and negative eigenvalues of A, respectively, as

a={i: >0}, B:={i: A\ =0} v:={i: )\ <0}

Write
A, 0 0
A= 0 0 O and P=[ P, Pg P, ]
0 0 A,

with P, € Rnxlel Ps e P18l and P, e Rnx17l. For this eigenvalue vector A € R",
define the corresponding symmetric matrix U € 8™ with entries
max{\;,0} + max{\;, 0}

[ i [+ 1251 ’

(8) U = i, =1,...,n,
where 0/0 is defined to be 1.

We know from Bonnans, Cominetti, and Shapiro [5, 6] that Ilsy is directionally
differentiable everywhere in 8™, and from Sun and Sun [43] that Hsn is strongly
semismooth everywhere in S” and the directional derivative Hf?i (A; H) of Tlsy at A
with direction H € §™ is given by

Heo Hap Uay 0 Hy,
(9) s, (A H) =P | Hig  Tlge(Hgp) 0 PT,
HT oUL 0 0

where H := PTHP and “o” denotes the Hadamard product. For a general discussion
on (strongly) semismooth functions, see [26, 29, 31]. The tangent cone of S} at A,
in the sense of convex analysis [36], can be characterized as

Tsy(Ay) ={Be€S" : B=15 (A B)} ={B e S" : [Ps P,]"B[Ps P,] = 0}.

Note, however, that the characterization of Zs» (A ) was first obtained by Arnold [3]
without using the directional derivative Hfsg (A4; H). The linearity space of Tsy (A4),
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Le., the largest linear space in Tgn (Ay), denoted by lin (Zsz (Ay)), then takes the
following form:

(10)  lin(Zsn(Ay)) ={B€S" : P{BP3 =0, P;BP,=0, P/BP,=0}.

The critical cone of ST at A € S, associated with the convex optimization problem
(5) with K = 8%, is defined as

C(A;ST): = Tsu(Ap)N(As — A

11

(D — {Bes": PIBP; =0, PTBP, =0, PTBP, = 0},
where (A, — A)t := {B € S" : (B,A, — A) = 0}. Therefore, the affine hull of
C(A;St), which we denote aff(C(A;S7})), can be written as

(12) aff (C(4;8})) ={B€S8" : PJBP, =0, P BP, =0}.

In the case that 8 = 0 holds, i.e., the case that A is nonsingular, H‘gi(-) is F-
differentiable at A and (9) reduces to the famous result of Léwner [22]:

ﬁaa Ua’y © ﬁa'y

_ PT VHeS".
Hg;voUg,Y 0

(13) 5o (A)H = P

From (13), one may compute the B-subdifferential and Clarke’s generalized Ja-
cobian of ILsn (-) by their definitions.> This has been done by a number of authors
[9, 20, 23, 24, 28]. One difficulty in obtaining good formulas for 831133(14) and
Ollsy (A) is that they both depend on the orthogonal matrices P in the spectral de-
composition of A. This difficulty can be overcome by employing the following link
developed by Pang, Sun, and Sun [28] on Opllsy(A) and the B-subdifferential of
o) = Hgi (4;-) at the origin

(14) dpTlsy (A) = 9p6(0).

This link leads to the following useful result on dpllsy (A) and Ollsy(A). See Sun
[42, Proposition 2.2] for a short proof.

PROPOSITION 2. Suppose that A € S™ has the spectral decomposition as in
(7). Then a V € Opllsn(A) (respectively, Ollsn(A)) if and only if there ezists a
(0) (respectively, Ol .6 (0)) such that

VIB\ IS 8BHSLGI Sf‘
ﬁaa ﬁaﬁ Uoz'y o ﬁa"/
(15)  V(H)=P HY, Vig|(Hgp) 0 P YHeS",
Hg,y o Ufy 0 0

where H := PTHP.
Proposition 2 simply says that in order to compute dpllsy (4) and Ollsy (A), one
needs only to fix an arbitrary orthogonal matrix P satisfying (7) and compute the

INote that in numerical computations it is generally impossible to compute exactly the spectral
decomposition of A as in (7). Instead, the right-hand side of (7) is the true spectral decomposition
of a nearby matrix of A [8]. Consequently, the numerically computed subdifferentials are actually
for this nearby matrix. In this paper, we will not address this numerical issue further.
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corresponding “caged” part dpllgs (0) (hence Ollge(0)), which is much easier to
+ +

handle. To see this, let Q|3 be the set of all orthogonal matrices of order |3| x |3
and

S‘Elfl = {zeﬂ?lﬂl D21 > 2 28 and z; # 0 Vi}.

Let p : R — R be the “plus” function defined by p(t) = max(0,t), t € R. For any

z € §R|>’6 I, let plt (2) represent the first divided difference matrix used in matrix analysis
for p(+) at z [4]:

p(zi) — p(z) . _
(16) [PM(2)],. = 2z — zj c0.1) itz # 2, ij=1,...,n.

j
p'(zi) €{0,1} if z; = 2,

Then, by (9) and (13), one can readily draw the conclusion that V|5 € dpll
and only if there exist @ € Q|3 and Q € U such that

s‘f‘(o) if
(17) Vig(2) = Q920 (QT2Q)1QT VZe s,
where

Up ={Q: Q= lim pH(F), 2F =0, 2F e %lfl }.

k—oo

In [23], Malick and Sendov gave a detailed account on the structure of 5. In this
paper, we do not need the exact structure of Uz except for the following fact that
for any 2 € Ug|,

QijE[O,lL i,j:1,...,|ﬁ|.

Note that both the zero mapping V\%I = 0 and the identity mapping V\él = 7 from

SIPl — 8Pl are elements in dpILgs (0). Let VO and VZ be defined by (15) with Vg
+

being replaced by V‘%‘ and V‘g‘, respectively. Define

o z
(18) ex (Opllsn (A)) == {V°, VT }.
Using the fact that both V° and V7 are elements in 9pllsy (A), we have
ex (831_[3_? (A)) - 831_[5_7_ (A) .

Since Ilsr (-) is not differentiable everywhere, several papers [9, 10, 20, 46] on
smoothing Newton methods, for solving the SDP problem and beyond, consider the
following smoothed counterpart of Ilsy (-):

(19) (e, A) = [A+ VeI + A%]/2, (e,A) e Rx S",

where we use I to represent the identity matrix of appropriate dimension. Note that
the function ®(-, -) is continuously differentiable around any (¢, A) € Rx S™ if 21+ A2
is nonsingular and when ¢ = 0, (0, 4) = Ils» (4). Furthermore, ®(-,-) is globally
Lipschitz continuous and strongly semismooth at any (0, A) €  x 8™ [46]. For some
extensions on these properties, see [44].
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Let ¢ : 2 — R be defined by
P(e,t) = [t+ V2 +2]/2, (e,t) e Rx R.

Let A have the spectral decomposition in (7). Then, by matrix analysis [4, 17], we
have

¢(€7)‘1)
O, A) =P PT.
¢(5a)\n)

For any (g,z) € R xR"™ such that e2 422 > 0 for all 4, we use Ule,z) € 8™ to represent
the first divided difference matrix for ¢(e, ) at = given by

R (b(f,l‘i) - d)(E,.Tj) c [07 1] if z; 7& x,
(20) [U(E,x)]ijz Ti —Tj i,j=1,...,n.
(ﬁ;i(&ﬂfi) S [0, 1] if x; = Zj,

Then, according to Lemma 2.3 in [46], we know that for any ¢ € R such that e2+2 > 0
for all i (i.e., €2I + A? is nonsingular), and any (7, H) € ® x S, we have

(21) &' (e, A)(r,H) = P[U(e,\) o (PTHP) + 7D(e,\) | PT
and
Hyo Hup Usy 0 Heory
(22) ®'((0,A); (1, H)) = P HT, Oy5/(7, Hpp) 0 PT,
HE oUL, 0 0

where H = PTHP, D(e, \) € 8™ is the diagonal matrix given by

¢/5(57)‘1)
(23) D(e,A) = ;
be(e, An)
U € 8™ is defined by (8), and for any (¢, Z) € R x SIAI,
(24) q)|[3|(t,Z) = [Z—l— \/t2I+ZQ}/2.

Define ¥ : ® x 8™ — R x S™ by
U(r,H):= (r,PTHP), (r,H)c R xS",
and Z: 1 x S" — §™ by

M, Mg Usry © M,
(25) E(t,M):=P Ml ®5/(t, Mpg) 0 Pt
ME oUL, 0 0

where (t, M) € R x §™. Write I'(-,-) = ®'((0, A); (+,-)). Then, we have
(26) (r,H)=2(Y(r,H)), (r,H)eRxS".
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Since for any (7, H) € R x 8™, ¥'(1,H) : R x 8™ — R x S™ is onto, we know from the
first part of Lemma 1 that T is F-differentiable at (7, H) € & x 8™ if and only if = is
F-differentiable at W (7, H), which is equivalent to the nonsingularity of 721 + (I:j 58)°%
where H = PTHP. Thus, we have the following lemma.

LEMMA 3. For any (1,H) € R x 8", let H = P'HP. Then T'(:,-) = @
((0,A); (-,-) is F-differentiable at (r,H) € R x 8™ if and only if 721 + (Hgg)? is
nonsingular.

The following lemma establishes the equivalence between dg®(0, A) and 95T'(0, 0),
which is analogous to (14) for operators Hsn and ©. Its proof largely follows that
given in [28, Lemma 11}, but with new difficulties to overcome.

LEMMA 4. Suppose that A € S™ has the spectral decomposition in (7). For
() = ®((0,A);(,-)), it holds that

(27) dp®(0, A) = 95T(0,0) .

Proof. Let V € 9g®(0, A). Then, by (21), (22), and the definition of 95®(0, A),
there exists a sequence {(e, A¥)} in R x S" converging to (0, A) with 21 + (A*)?
being nonsingular such that V = limy_ .. ® (5, A%). Let A* = P*A*(P¥)T be the
orthogonal decomposition of A*, where A* is the diagonal matrix whose diagonal
entries are the eigenvalues A¥ > --- > AF of A* and P* is a corresponding matrix of
orthonormal eigenvectors. Writing each A* in the same form as A,

AL 00

k k

A= 0 A5 0 |,
0 0 A%

we have A = limy_,A*, which implies that A¥ and Afy are nonsingular matrices for

all k sufficiently large and limka,Ag = 0. For each k, let U* = ﬁ(ek, M) be defined
by (20) and D* = D(ex, A¥) be defined by (23), respectively. Then, for an arbitrarily
chosen (1, H) € ® x 8™ with H* = (P*)T HP*, we obtain from (21) that

(28) @ (e, A¥) (7, H) = P* [U" o (P))THP* + D" | (P")T.

By taking a subsequence if necessary, we may assume that {P*} is a convergent
sequence with limit P>® = limy_..oP*. This matrix P> will play the role of the
matrix P in the spectral decomposition (7). Without causing any confusion, we will
simply use P, rather than P, in our subsequent analysis. Since both {U*} and {D*}
are uniformly bounded, by further taking subsequences if necessary, we may assume
that both sequences {U*} and {D*} converge. Taking limits on both sides of (28),
we obtain

ﬁaa ﬁaﬁ Uoz'yoﬁa'y
PTV(rH)P=| Hi;  lim UloHs 0
7T T
HMOUM 0 0
0 0 0
lim D%
+r| 0 Jim Dy 0],
0 0 0
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where

9L (e A1)

CACTRIAPY)

For each k, define

0 0 0
MF:=P| 0 Ay O |P",
0 0 0

Let M* := PTM*P. Because g2l + (Mgﬁ)2 = el + (AZ)2 is nonsingular, I" is
F-differentiable at (gj, M*) with

I (eg, M¥)(7, H) = lim

{ D(ep, + tr, M* + tH) — T'(e),, M*) }

t10 t
[ ﬁaa ﬁaﬁ Uoz'y o Erow
~ D5(e +tT,Ak+tﬁ — ®5(ep, AX
_p AL, lim 181 (€x 3 58) — Py (e, Aj) 0 pr
£10 t
| HT oUZ, 0 0
_ f[aa ﬁaﬁ Uqay o IT[OL,Y
=P HT,  UkyoHps+ 7D} 0 PT,
IT[E,Y o U(f,y 0 0

where we have applied (21) to | defined by (24) at (g, Af). Thus,

V(r, H) = lim I (ex, M*) (1, H).
Since (7, H) € R x 8™ is arbitrary, it follows that V' € 9pI'(0,0).
Conversely, let V' € 0gI'(0,0). Since, from Lemma 3, T' is F-differentiable at
(e, M) € R x 8™ if and only if €21 + (Mpgp)? is nonsingular with M = PTM P, there
exists a sequence { (e, M*)} € R x S™ converging to (0,0) such that e21 + (Mgﬁ)2 is

nonsingular for each k and V = limy,_, o, I (s, M¥), where Mk = PTM*P. Let Mgﬁ
have the spectral decomposition

Mfs = Q"AK(QY”,

where QF € Q)| is an orthogonal matrix in S 18] and 7\’5 is the diagonal matrix whose
diagonal entries are the eigenvalues 2f > ... > Z‘kﬁl of M gﬁ. Let \¥ € R" be such that
if i € aU~, then S\f =X\ and if 7 € (3, S\f is the (i — |a|)th eigenvalue of Mgﬁ, ie.,
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2@_|a‘). Then, by (22), for any (7, H) € ® x 8™ we have
(29)
r tr, M* +tH) — (e}, M*
I’ (e, M*)(7, H) = lim { (€ b7, M7+ tH) — Tex, M) }
t10 t
ﬁaa ﬁaﬁ Ua'y o ﬁa'y
_p| gr iy 21B1(ER £ 27, Mg +tHgp) — Oyp)(er, Mf5) 0 pT
of 10 t
7T T
H,. oU,., 0 0
with H = PTHP and
lim ®gi(en +tm, Mg+ tHpg) — g (ck, Mbg)
t10 t
e (i Pisi(er + 1T AR+ H(QF)T HgpQ") — igi(ens AR\ L p
=Q lim (Q )
t10 t
(30) = QF[QFo ((Q")THgzQ") +7S*] (QMT,

where we have used (21) for @, and the fact that @ is F-differentiable at (e, AE)

because €21 + (/NX’E,)Z is nonsingular,

€k, ZF) — pleg, 2
| Rt g
(Q )ij: Zi_zj Za]:]-av|ﬂ|7
¢ (e, 2 if 2f = 2,
and
¢é(5k,21)
5 =
¢l5(5k72|kﬁ|)
Define
0 0 0 A, 0 0
AF=A+P| 0 My, 0|P" and AF=PTA*P=| 0 Ml 0
0 0 0 0 0 Ay

Since, for each k, e31 + (’Mgﬁ)2 is nonsingular, the matrix €21 + (AF)? = P[e2] +
(A*)2]PT is also nonsingular. Thus, ® is F-differentiable at (e4, AF). Let

PR =[Py By PYl=[P. P@ P,
and A* be the diagonal matrix whose diagonal entries are components of M. Then

Ak _ PkKk(Pk)T’
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which, together with (21), implies that for any (7, H) € R x S™, we have
(31) & (ep, A¥) (7, H) = P*[U* o (P")THP*) + 7DF ] (PH)T,
where UF = Ul(ep, A¥) and D* = D(ej, AF). Since {Q*}, {U*}, and {D*} are all

uniformly bounded, by taking subsequences if necessary, we may assume that all
these three sequences converge. By simple computations, we obtain

1 ifiea, jeaup,
~ Ui; ifica, je,
lim U}, = .= e . ii=1,. ..n
koo klirilo(m)u—\al)(j—m\) ifiep, jeg, J
0 ifiefuy, jen,
and
0 0 0
lim DF= | 0 lim S* 0 |
k—oo k—o00
0 0 0

which, together with (31), (29), and (30), imply that for any (7, H) € ® x 8™,

Jim (PE)T [T (e, M®)(r, H) — (24, A™) (7, H)] P* = 0.
Consequently, we can conclude V (7, H) = limj_,o ®' (1, A¥)(7, H) for all (1, H) €
R x 8™, which implies V' € 0p®(0, A). Hence, (27) holds. 0

Lemma 4 allows us to completely characterize dp®(0, A) (hence, 09(0, A)).

PROPOSITION 5. Suppose that A € 8™ has the spectral decomposition in (7).
Then a V € 0p®(0,A) (respectively, 0®(0, A)) if and only if there exists a Vig €
I®3/(0,0) (respectively, 0P 3/(0,0)) such that

H,. Hop Uwr 0 Hory
(32) V(r,H) =P HT, Vig|(r, Hpp) 0 pT
7T T
HL oUL 0 0

for all (r,H) € R x 8", where H= PTHP.
Proof. 'We need only to prove that (32) holds for V' € 0p®(0,A) and Vig €
0B®|5(0,0) as the case for Clarke’s generalized Jacobian can be proved similarly.
Let ¥(r,H) := (1,PTHP) for any (1,H) € ® x 8", and let Z : R x S — S"
be defined by (25). Then, since ¥'(r, H) : R x " — R x S™ is onto, we know from
Lemma 1 that

9pT(0,0) = d5E(0,0)¥(0,0)

which, together with (27) in Lemma 4, completes the proof. |

Just as in the case for the metric projector Hsn, Proposition 5 says that in
order to compute Op®(0, A) and 0P(0, A), one needs only to fix P and compute the
corresponding easy part dp®|5(0,0) (hence, 0®|5(0,0)). For any (e,2) € R x Rl

with e2+22 > 0 for all 4, let ﬁ(s, z) be defined by (20) with n and z being replaced by
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|8| and z, respectively. Then, by (22) and (21), one can readily draw the conclusion
that Vig € dp®5/(0,0) if and only if there exist @ € Qg and € U such that

(33) Vig(0,2) =Q[Q0(QT2Q)1Q" vZes,
where

Z:I\w ={Q: 0= klim Qler, 2, (e, 2%) — (0,0),

(Zk)l > > (Zk)|,3|, Ei + (Zf)2 >0 Vi}.
Note that for any € € U?, it holds that Q;; € [0,1], 4,5 =1,...,|8.

The next proposition establishes a link between dpllsy (A) and dp®(0, A), and
so a link between dllsy (A) and 902(0, A).

PROPOSITION 6. For any Vj € 0BH3¢(A), there exists V € 0p®(0, A) such that

(34) Vo(H)=V(0,H) VHeS".

Proof. By comparing Proposition 2, together with (17), with Proposition 5, to-
gether with (33), we can derive the conclusion directly. O

We conclude this section by presenting a useful inequality for elements in 0®(0, A),
which is analogous to (6) for the metric projector g with K = S%.

PROPOSITION 7. For any V € 0®(0, A), it holds that
(35) (H-V(0,H),V(0,H)) >0 VHeS".

Proof. Let V € 0®(0, A). Then, by Carathéodory’s theorem, there exist a positive
integer x and V* € 9g®(0,A), i = 1,...,k, such that V is the convex combination
of V1,...,V*. Let t1,...,t, be such that V=37 | t,V’ where t; > 0,i=1,...,k,
and Y5 t; =1.

From Sun, Sun, and Qi [46, Proposition 3.1], we know that for each i € {1,...,k},

(36) (H—-V"0,H),V'0,H)) >0 VHEcS".

In order to prove that (35) holds for V, let (X) := (X, X), X € §™. By the convexity
of 6, we have for any H € 8™ that

O(V(0,H)) =0 (itivi(O,H)> < itiG(Vi(O,H)) = itiwi(o,ﬂ), Vi, H)),
which, together with (36) and the definition of 6, implies
(V(0,H),V(0,H)) < i:ti<H, Vi0,H)) = <H,§:tivi(0,H)> = (H,V(0,H)).

i=1 i=1

Thus, (35) holds. O
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3. Equivalent conditions. Let X and ) be two finite dimensional real vector
spaces each equipped with a scalar product (-,-) and its induced norm | - ||. Let
g : X — Y be a continuously differentiable function and K be a nonempty and closed
convex set in ). Consider the following feasible problem:

(37) g(z)e K, zeX.

Assume that & € X is a feasible solution to (37). Let Tx(g(Z)) be the tangent
cone of K and Nk (g(Z)) be the normal cone of K at g(Z), respectively. We write
lin(7x (g(z))) for the linearity space of Tk (g(z)). Then we can define the following
nondegeneracy condition for problem (37).

DEFINITION 8. We say that a feasible point T to problem (37) is constraint
nondegenerate if

(38) g (2)X +1in(Tx (9(2))) = V.

The concept of nondegeneracy for the abstract problem (37) first appeared in
Robinson [33, 34]. The name “constraint nondegeneracy” was coined by Robinson
in [35]. The nondegenerate constraint condition (38) including its various equivalent
forms was extensively used in [7, 40] for sensitivity and stability analysis in optimiza-
tion and variational inequalities. If ) is the Euclidean space R and K = {0} xR'["?
with m1 4+ mg = m, then the constraint nondegenerate condition (38) is equivalent
to the well-known linear independence constraint qualification [33, 40]. Here we shall
apply Definition 8 to both the SDP problem (1) and its dual (2) to define the primal
constraint nondegeneracy and the dual constraint nondegeneracy, respectively.

DEFINITION 9. We say that the primal constraint nondegeneracy holds at a fea-
sible solution X € ST to the SDP problem (1) if

{0} R
39 S _ =
(39) T + [ lin(Zsy (X)) S”
or, equivalently,
(40) Alin(Zsy (X)) = R™,

where I is the identity mapping from 8™ to S™. Similarly, we say that the dual

constraint nondegeneracy holds at a feasible solution (y,S) € R™ x ST to the dual
problem (2) if

m A* T R {0} st
(41) 0 I sn )" lin(Zsz(9)) | | S"
or, equivalently,

(42) AR™ +1in(Ts2 (S)) = S

Note that in the literature constraint nondegeneracy is called different names.
Shapiro and Fan [41] and Shapiro [39] termed it transversality. Primal constraint
nondegeneracy and dual constraint nondegeneracy are better known as primal non-
degeneracy and dual nondegeneracy, respectively, in the interior point methods com-
munity. See, for example, Alizadeh, Haeber, and Overton [2]. To avoid potential
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confusion, we will stick to Robinson’s terminology here and interpret different usages
of constraint nondegeneracy in terms of Definition 9.

Let Z = (X,7,5) € S" xR™ x 8™ be a KKT point satisfying the KKT conditions
(3). Since S7 is a self-dual cone, from [13] we know that

(43) S>> X LS eSSt —-XeNs(9)
= S —lsp[S—X]=X—Tlsp[X - 5] =0.

Therefore, (X,7,5) € 8™ x R™ x S" satisfies (3) if and only if (X, 7, S) is a solution
to the nonsmooth system of equations

C—-—Ay-S5 C—-—Ay-S
(44) F(X,y,5) = AX -0 = AX -0 =0,
S—Isr[S—X] X —1Ilsp[X = 5]

where (X,y,S5) € " x ™ x S".
Note that both the KKT conditions (3) and the nonsmooth system (44) can be
written as the following special generalized equation:

C—Ay—8 Nsn(X)
(45) 0e| AX-b |+ | Nam(y)
X Ny (S)

In [32], Robinson introduced an important concept called strong regularity for a solu-
tion of generalized equations. Here we define only the strong regularity for (45) rather
than for the general problems.

DEFINITION 10. Let Z = 8" x R™ x 8™. We say that o KKT point Z =
(X,9,5) € Z is a strongly regular solution of the generalized equation (45) if there
exist neighborhoods B of the origin 0 € Z and V of Z such that for every § € B, the
generalized equation

C—-—Ay—S Nsn (X)
(46) 6 € AX —b + | Nam(y)
X Ns» (S)

has a unique solution in V, denoted by Zy(6), and the mapping Zy : B — V is
Lipschitz continuous.

Recall that F is said to be a locally Lipschitz homeomorphism near Z if there
exists an open neighborhood V of Z such that the restricted mapping F |y: V — F(V)
is Lipschitz continuous and bijective, and its inverse is also Lipschitz continuous.
The following result, which holds in a more general framework, shows that F' is
a locally Lipschitz homeomorphism near Z if and only if Z is a strongly regular
solution of the generalized equation (45). This is almost intuitively true. For the sake
of completeness, however, we include a short proof.

LEMMA 11. Let Z2 = 8" x R™ x S™. Let F : Z — Z be defined by (44) and
Z be a KKT point of the SDP problem. Then, it holds that F is a locally Lipschitz
homeomorphism near Z if and only if Z is a strongly reqular solution of the generalized
equation (45).
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Proof. “==" Assume that F is a locally Lipschitz homeomorphism near Z. Then,
there exists an open neighborhood V of Z such that F(V) is an open neighborhood of
the origin 0 € Z, and for any § € F(V), the equation F(Z) = § has a unique solution
Zy(8) in V and Zy : F(V) — V is Lipschitz continuous.

For any 6 = (6',62,6%) € B=1F(V), let Z(8) = (X(6),y(6), S(8)) be a solution,
if one exists, to (46). Write 6 = (6%, 62%,6%) € S® x R™ x 8". Then we have

C — A*y(8) — S(6) s
AX(8)—b =18 |,
(S(8) +8%) — sy [ (S(8) +8%) — X (6)] &
61 _ (53
F(X(6),y(6),5(8) +6°) = 8%
53

Then Z(6) uniquely exists in V and

0
0
3

Z(6) = Zy(8" — 6%,6%,6%) —

>

Hence, Z(-) is Lipschitz continuous on 5.

“4=" Assume that Z is a strongly regular solution of the generalized equation
(45). Then, there exist neighborhoods B of the origin 0 € Z and V of Z, and a locally
Lipschitz function Zy : B — V such that for any 6 € B, Zy,(6) is the unique solution in
V to (46). By reversing the arguments in the first part of the proof, we can conclude
that for any § = (6%,62,6%) € (1B)N(S" xR™ xS ), F(Z) = 6 has a unique solution

o O

Z(8) € V given by Z(8) = Zy (6" + 6%,6%,8%) + ,
3

>

which implies that Z (+) is Lipschitz continuous on %B. Thus, F' is Lipschitz homeo-
morphism near Z. a

The concept of strong regularity for general nonlinear semidefinite programming
is closely related to another concept called the strong second order sufficient condition
as shown by Sun in [42]. Here we will only present the strong second order sufficient
condition in terms of the SDP problem (1). First, for any B € S", we define a
linear-quadratic function Tp : 8™ x S™ — R.

DEFINITION 12 ([42, Definition 2.1]). For any given B € 8™, define the linear-
quadratic function Tg : S™ x 8™ — R, which is linear in the first argument and
quadratic in the second argument, by

Yp(S, H) :=2(S,HB'H), (S,H)eS" xS8",

where BLis the Moore—Penrose pseudoinverse of B. o
Let X € ST be an optimal solution to the SDP problem (1). Denote M(X) by
the set of points (y,S) € R™ x 8" such that (X,y,S) is a KKT point, i.e., for any
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(y,9) € M(X), (X,y, S) satisfies the KKT conditions (3). Let (7, S) € M(X). Write

A =X — S. By using the fact that St X1S e ST, we may assume that A has
the spectral decomposition as in (7) by replacing A with A and
(47)
A, 0 O A, 0 0 0
A=P| 0 0 o |P',X=P|0O 0 O|P',§=P|0 0 o0 |PT.
0 0 A, 0 00 —A,

Write P = [ P, P3P, ]. Then, according to (10) and (12), we have
(48) lin(Zsy (X)) ={B € S8" : P;BP3 =0, Pj;BP,=0, P/BP, =0},

(49)  lin(Zs:(S)) ={BeS": PIBP,=0, PIBP3=0, PjBP;=0},

and
aff (C(4;87)) ={Be€S" : P{BP, =0, P'BP,=0}.
Define
app(y,5) = {BeS": AB=0, Beaff (C(4;8}))}
(50) = {BeS": AB=0, PYBP,=0, PTBP,=0}.

Then we can state the strong second order sufficient condition for the SDP problem
tailored from Sun [42] for the general nonlinear SDP problem.

DEFINITION 13. Let X € 8% be an optimal solution to the SDP problem (1). We
say that the strong second order sufficient condition holds at X if

(51) s {-Tx(-5,M} >0 vorHe{ (] app(y, )}
(y,9)eM(X) (y,9)eM(X)

The strong second order sufficient condition (51) may look very complicated.
When M(X) is a singleton, the following result gives a very simple characterization.

LEMMA 14. Let X € 8% be an optimal solution to the SDP problem (1). Assume
that M(X) = {(y,9)}. Let X and S have the spectral decompositions as in (47).
Then the strong second order sufficient condition (51) holds at X if and only if, for
any H € 8", the following conditions hold

(52) AH =0, P{HP, =0, PTHP, =0, and P{HP, =0 = H=0.

Proof. For any H € 8™, write H = PTHP. Since M(X) = {(y,9)}, the strong
second order sufficient condition (51) becomes

_TY(_S’ H) >0 VHEe app(gj,?)\{O},

which, by the definition of T<(—S, H) and (47), is equivalent to

2 Y S50 VH €app(3 S0}
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For details, see [42]. Then, by (50), the strong second order sufficient condition (51)
holds at X if and only if

AH =0, Hgy =0, H,, =0, and H#0 = H,, #0 YHeS8",

which is equivalent to (52). This completes the proof. |

Next, we shall establish a link between the strong second order sufficient condition
and the dual constraint nondegeneracy.?

PROPOSITION 15. Let X € S be an optimal solution to the SDP problem (1).
Under the assumption M(X) = {(3,5)}, the following are equivalent:

(i) The strong second order sufficient condition (51) holds at X.

(ii) The dual constraint nondegenerate condition (42) holds at (g, S).

Proof. Let X and S have the spectral decompositions as in (47). For any H € 8",
let H=PTHP. We prove “(i) = (ii)” first. By Lemma 14, (i) holds if and only if
we have the following implication:

(53)  AH=0, Hg, =0, H,, =0, and H,, =0= H=0YH € S".

Suppose, for the sake of contradiction, that the dual constraint nondegenerate condi-
tion (42) does not hold at (g,.S). Then, we have

(54) [A*R™ - 0 [lin(Zs: (S))] ™ # {0}
Take an arbitrary 0 # H € [A*R™]L N [lin(Ts; (5))]". We obtain from H €
[A*R™ " that
(55) (HAY) =0 Vye R = (AH,y) =0 Vye R" = AH =0
and from H € [lin (7:91 () }J‘ that
(PTHP,P"BP) = (H,B) =0 VB € lin(Zs:(9)),
which, together with (49), implies
(56) PIHP,=0, P;HP,=0, and P/HP,=0.

By making use of (53), (55), and (56), we obtain H = 0, which contradicts the choice
of H. This contradiction shows that (ii) holds.
Next, we show “(ii) = (i).” Since the dual constraint nondegenerate condition

(42) holds at (g, S), for any H € 8™ such that AH = 0, Hg, = 0, H,, = 0, and

Hgy =0, there exist y € R™ and S € lin(’TSi (?)) such that

H=A"y+S5,
which, together with (49), implies
(H,H) = (H,Ay+5)=(AH,y)+(H,5) =0+ (PTHP, PTSP)
Haa Haﬁ 0 0 0 PESP’Y
- < HT, Hgs 0 |, 0 0 P; SP, >—0.
0 0 0 PSP, PISP; PISP,

2A similar statement for the dual SDP problem (2) also holds. We omit it here for brevity.
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Therefore, by Lemma 14, it follows that (i) holds. a

Let (X,9,5) € 8" x ®™ x 8" be a KKT point satisfying the KKT conditions (3),
and let F' be defined by (44). As we menioned in the introduction, by combining the
two papers [14] and [18], we know that if the primal constraint nondegeneracy holds
at X and the dual constraint nondegeneracy holds at (7, S), then every element in
OpF(X,y,S) is nonsingular. Actually, Proposition 15 and [42, Proposition 3.2] allow
us to prove even the nonsingularity of Clarke’s generalized Jacobian 0F (X, 7, S) under
the same primal and dual constraint nondegenerate conditions.

PROPOSITION 16. Let (X,4,S5) € 8" x R™ x 8" be a KKT point. Assume that
the primal constraint nondegenerate condition (40) holds at X and the dual constraint
nondegenerate condition (42) holds at (y,S), respectively. Then, every element in
OF(X,y,S) is nonsingular.

Proof. Since the primal constraint nondegenerate condition (40) implies that
M(X) = {(y,5)}, we know from Proposition 15 that the strong second order sufficient
condition (51) holds at X. Consequently, by [42, Proposition 3.2], every element in
OF(X,y,S) is nonsingular. d

Proposition 16 says that the primal and dual constraint nondegenerate conditions
are sufficient for the nonsingularity of all elements in OF(X,7,S). Next, we shall
show that the nonsingularity of only two elements in g F(X,¥,S) will imply both
the primal and dual constraint nondegenerate conditions.

From Lemma 1, we know that W € dpF(X,#,S) if and only if there exists a
V € Opllsy (A) such that

—A* (Ay) — AS
(57) W(AX, Ay, AS) = A(AX)
AX — V(AX — AS)

for all (AX,Ay,AS) € 8" x R™ x 8", where A = X — 5. Let ex (aBHs;;(Z)) be
defined by (18). For VO V7 € ex (Opllsy (A)), let WO and WZ be defined by (57),
respectively. Denote

(58) ex (0pF(X,7,9)) = { W W*} CopF(X,y,95).

PROPOSITION 17. Let (X,4,S) € 8" x R™ x 8" be a KKT point. If both W° and
W in ex (0pF(X,3,S)) are nonsingular, then the primal constraint nondegenerate
condition (40) holds at X and the dual constraint nondegenerate condition (42) holds
at (i, S), respectively.

Proof. First we show that the nonsingularity of W implies the primal constraint
nondegenerate condition (40). Assume on the contrary that (40) does not hold. Since,

equivalently, (39) fails to hold, too, we have
0 R
0] gn

{l J;l ] S"}Lm l lin(TSOi(X)) r 7

L
which implies that there exists 0 # (Ay, AS) € {[?]S”}l N {lin(TSOi(Y))} . We
obtain from (Ay, AS) € {[4]S8"}" that

)

(59) ((Ay,AS),(AH,H))=0 VHeS" = A" (Ay)+AS =0,
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L
and from (Ay, AS) € {nn (7501 (7))} we obtain that
T T _ _ - 5%
(PT(AS)P,PTHP) = (AS,H) =0 VH € lin(Ts; (X)),
which, together with (48), implies
(60) PI(AS)P, =0, PT(AS)P;=0, and PI(AS)P,=0.

Let U € 8™ be defined by (8). Recall from Proposition 2 that for VO € ex (9p1Lsz (4)),
it holds that

PQT(AS)PQ PE(AS)Pﬁ Uqy o (Pg(AS)PA,)
VO(AS) =P (PT(AS)Ps)" 0 0 pPT,
(PT(AS)P,)" o UL, 0 0

which, together with (60), implies V°(AS) = 0 € 8". Therefore, by (57) and (59),
we have for AX = 0 that

~A*(Ay) — AS 0
WOAX, Ay, AS) = A(AX) = 0 =0,
AX —V9(AX — AS) VO(AS)

which implies that W0 is singular. This contradiction shows that the primal constraint
nondegenerate condition (40) holds at X.

Next, we show that the nonsingularity of W7 implies the dual constraint nonde-
generate condition (42). Suppose not. Then,

AR™) N [lin (Tsy (S)) ] # {0}
Let 0 # AX € [A*R™]" N [lin (’ng+ (S)) ]L. We obtain from AX € [A*R™]" that
(61) (AX, Ay) =0 VyeR™ —= AAX) =0
and from AX € [lin (Zs;(5))]" that
(PT(AX)P,PT"SP) = (AX,S) =0 VS elin(Ts:(9)),
which, together with (49), implies
(62) PI(AX)P, =0, Pj(AX)P,=0, and PJ(AX)P,=0.

From Proposition 2, for V7 € ex (OpILsy (A)), it holds that

PT(AX)P, PT(AX)Ps U,y o (PT(AX)P,)
VI(AX) =P (PT(AX)Ps)"  PT(AX)Ps 0 pT,
(PT(AX)P,) UL, 0 0

which, together with (62), implies VZ(AX) = AX. Therefore, by (57) and (61), we
have for (Ay, AS) = (0,0) € R™ x 8™ that

—A*(Ay) — AS 0
WE(AX, Ay, AS) = A(AX) = 0 =0,
AX —VI(AX — AS) AX —VI(AX)
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which implies that W7 is singular. This contradiction shows that the dual constraint
nondegenerate condition (42) holds at (¢, S). This completes the proof. d

Now, we are ready to state our main result of this paper.

THEOREM 18. Let (X,7,S5) € S x R™ x 8™ be a KKT point satisfying the KKT
conditions (3), and let F be defined by (44). Then, the following are all equivalent:

(i) The KKT point (X,¥,S) is a strongly regular solution of the generalized equation
(45).

(ii) The function F is a locally Lipschitz homeomorphism near (X,7,S).

(iii) The primal constraint nondegenerate condition (40) holds at X, and the dual
constraint nondegenerate condition (42) holds at (3, S).

(iv) Every element in OF (X, 4, S) is nonsingular.

(v) Every element in OgF(X,,S) is nonsingular.

(vi) The two elements in ex (0pF(X,§,5)) are nonsingular.

Proof. We already know from Lemma 11 that (i) <= (ii) and from Proposi-
tions 16 and 17 that (iii) <= (iv) <= (v) <= (vi). Furthermore, Clarke’s inverse
function theorem for Lipschitz functions [11, 12] implies that (iv) = (ii). The proof
of this theorem will be complete if one can show that (ii) = (v). However, the
latter has been known to be true since 1991 [21] (Gowda [15] even obtained a stronger
conclusion than this by employing the degree theory). 0

Remark 19. Note that the relations (i) <= (ii) <= (iv) even hold for the general
nonlinear semidefinite programming case [42, Theorem 4.1], whose proof further relies
on a number of important results achieved by Bonnans and Shapiro in their excellent
monograph [7] on sensitivity analysis in optimization and variational inequalities.
Here, the structure displayed uniquely by the SDP problem (1) allows us to derive
these relations directly by avoiding the detour employed in [42] for the nonlinear
SDP problem. An SDP example satisfying (iii) but with the strict complementary
condition failing to hold can be found in [2]. See also [20].

4. Quadratic convergence of smoothing Newton methods. In this section,
we shall show how the theoretical results obtained in sections 2 and 3 can be used to
provide a quadratic convergence analysis on smoothing Newton methods for solving
the nonsmooth equation F(X,y,S) = 0, where F is defined by (44). Let ® : § xS"™ —
S™ be defined by (19). We then introduce the following smoothing function for F:

C—Ay—S C—Ay—5
(63) Gz, X,y,8) = AX —b = AX —b ,
S —®(s, S — X) X —®(e, X - 95)

where (g, X,y,S5) € R x 8™ x ™ x 8™. The above function G is continuously differ-
entiable around any (g, X,y, S) € R x S" x R™ x 8™ when € # 0 and has been used by
several authors [9, 10, 20, 46] to design smoothing Newton methods for solving SDP
problems (1) and (2).

Define E: R X S" xR x " - R x S" x R™ x S™ by

€

4 E(, X =
(6 ) (67 Y S) G(Ev X? Y, S)

. (6. X,5,5) ERXS" X R™ x S”.

Then we have

F(X,y,5)=0<= E(,X,y,5)=0 V(5,X,y,5)eRXxS"xR™ xS".
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Let (X,7,5) € 8" x R™ x 8" be a KKT point satisfying the KKT conditions (3).
Then

E(0,X,5,5)=0.

Write A = X — S. Let A, X, and S have the spectral decompositions as in
(47). Let the linear-quadratic function Y (-,-) be defined as in Definition 12. Then,
we have the following result, which will play a key role in our analysis of quadratic
convergence of smoothing Newton methods.

PROPOSITION 20. Let V € 0®(0, A). Then, for any AX and AS in 8™ such that
AX =V(0,AX — AS), it holds that

(65) (AX,AS) < T(-5,AX).

Proof. Let AX and AS be in 8™ such that AX = V(0,AX — AS). Write
AX = PT(AX)P and AS = PT(AS)P. Let ®5 be defined by (24). Then, by
Proposition 5, there exists V|g € 9®3/(0,0) such that

Af[aa Aﬁaﬁ Uay 0 Aﬁav
V(0,AX —AS) =P (AHnp)T  Vig(0, AHgg) 0 pT,
(AH,,)" o UL, 0 0

where AH = AX — AS and U € 8" is defined by (8). Thus, by using AX =
V(0,AX — AS), we obtain

(66) ASue =0, AS,3=0, AXz, =0, AX,, =0,
(67) AXgp = Vig)(0, AXpg — ASgp),

and

(68) AXoy = Uny 0 AXpy = —Upry 0 ASe .

By applying Proposition 7 to ® |5 and using (67), we obtain
(69) (AX3p, —ASs5)
= (Vi (0, AX 35 — ASp), (AX s — ASps) — Vi) (0, AX 5 — ASsp)) > 0,

Therefore, from (66), (68), and (69), we have
(AX,AS) = (AX,AS)
<A)?Bﬁ’ A§55> + 2<A)Za,y, A§a7>
< 2(AX,y, AS,,)
s ~
2 ) )\*J_((AX)U‘)Q»

1€Q,JEY

which, together with the fact that

Tx(-S.AX)=2 > %((Af)ij)gy

1EQ,jEY
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shows that (65) holds. | o B
The following result relates the nonsingularity of 9 E(0, X, 3, S) and 0E(0, X, 7,

S) to both the primal constraint nondegeneracy and the dual constraint nondegener-

acy.
PROPOSITION 21. Let (X,7,5) € 8" x R™ x 8™ be a KKT point satisfying the
KKT conditions (3), and let E be defined by (64). Then the following are equivalent:
(i) The primal constraint nondegenerate condition (40) holds at X, and the dual
constraint nondegenerate condition (42) holds at (i, S).
(ii) Every element in OpE(0,X,%,S) is nonsingular.
(iii) Every element in OF(0,X, 4, S) is nonsingular.

Proof. Since “(iii) = (ii)” holds trivially and “(ii) = (i)” follows from Propo-
sition 6 and Theorem 18 directly, we need only to show “(i) = (iii).” So in the
remaining part of our proof we always assume that part (i) holds.

Let W be an arbitrary element in dFE(0, X,%,S). We need to show that W is
nonsingular. Let (Ae, AX, Ay, AS) € R x 8™ x ™ x " be such that

W(Ae, AX, Ay, AS) = 0.
Then, by Lemma 1, there exists V' € 0®(0, A) such that

Ae
_A* (Ay) — AS
W(Ae, AX, Ay, AS) = A ,i (Ay)X) _o,

AX —V(Ae,AX — AS)
which implies that Ae = 0. Thus, we have

0
—A* (Ay) — AS
70 W(0,AX, Ay, AS) = =0
( ) (7 ’ y? ) A(AX)

AX — V(0,AX — AS)

Since the primal constraint nondegenerate condition (40) implies M(X) = {(, 5)},
we know from Proposition 15 that the strong second order sufficient condition (51)
holds at X and takes the form

(71) —Tx(-S,H)>0 YO0#H capp(y,5),

where the set app(y, S) is defined by (50). From Proposition 5, (70), and (50), we
know that

(72) AX € app(y,S) .
By the second and the third equations of (70), we obtain that

0= (AX,-A"(Ay) = AS) + (Ay, A(AX)) = (AX,-AS),
which, together with Proposition 20 and the last equation of (70), implies that

T+(-S,AX)>0.
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Hence, from (71) and (72), we can conclude that

AX =0.
Thus, from (70), we get
A* (Ay) + AS
(73 )05 o,
V(0,—AS)

which, by Proposition 5, gives rise to
(74) PI(AS)P, =0, PI(AS)P;=0, and P (AS)P, =0.

From (39), which is equivalent to the primal constraint nondegenerate condition (40),
we know that there exist X € §" and S € lin (Tgi (X)) such that

AX =Ay and X+ S5=AS,
which, together with (74), (49), and the first equation of (73), imply

(Ay, Ay) + (AS,AS) = (AX,Ay)+ (X + S,AS)
= (AX,Ay) + (X, —A*(Ay)) + (S, AS)
= (S,AS)=(PTSP,PT(AS)P)=0.

Thus, Ay = 0 and AS = 0, which, together with Ae = 0 and AX = 0, imply the
following:

W(Ae, AX,Ay,AS) =0 = (A, AX,Ay,AS) =0.

This shows that W is nonsingular. So, the proof is completed. O

The significance of Proposition 21 is that it allows us to offer a quadratic conver-
gence analysis on several globally convergent smoothing Newton methods presented
in [9, 10, 20, 46] for solving the SDP problem even when the strict complementarity
condition is not satisfied, i.e., when the condition X + S > 0 fails to hold. Instead
of working on these different smoothing Newton methods one by one (with some
necessary modifications), for simplicity we use only the smoothing Newton method
presented in [46] as an example of how this objective can be achieved.

For any (e, X,y,5) € RxS" xR™ x 8", write Z = (X, y, S) and define f(e, Z) :=
|E(e, Z2)||? and 0(e, Z) := rmin{l, f(e, Z)}. Let £ € (0,00) and r € (0,1) be such
that r& < 1. The smoothing Newton method presented in [46] can then be stated as
follows.

Algorithm I (a squared smoothing Newton method).
Step 0. Select constants § € (0,1) and o € (0,1/2). Let g9 := &, Z° € S" x R™ x S"
be an arbitrary point, and k := 0.
Step 1. If E(ey, Z%) = 0, then stop. Otherwise, let 0, := (s}, Z%).
Step 2. Compute (Aey, AZF) by

(75) E(er, Z%) + E'(en, ZF)(Acy, AZ*) = 6, [ z ] .
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Step 3. Let [ be the smallest nonnegative integer [ satisfying
(76)  flen + 6'Acg, ZF +6'AZ") < [1—20(1 — 18)8" | f(ex, Z").

Define (gx41, Z81) i= () + 8 Ay, ZF + 8" AZF).
Step 4. Replace k by k + 1 and go to Step 1.

The well posedness of Algorithm I hinges on the nonsingularity of E’(e, Z) for
any € > 0, which is equivalent to the surjectivity of the linear operator A : S — R™
[46]. The two conditions required for quadratic convergence of Algorithm I are (i) the
strong semismoothness of the smoothing function E and (ii) the nonsingularity of all
W € 9gE(0,Z*) (or all W € OE(0, Z*)). However, (i) has been proven in [46] and (ii)
can be derived from Proposition 21 under both the primal constraint nondegeneracy
and the dual constraint nondegeneracy. Thus, by employing the standard convergence
analysis detailed in [30] for the vector version of the squared smoothing Newton
method, we have the following convergence theorem. For more explanation, see [46].

THEOREM 22. Assume that A : 8" — R™ is onto. Then an infinite se-
quence {(ex, Z*)} is generated by Algorithm 1 and each accumulation point (0,Z)
of {(ex, Z¥)} is a solution of E(e,Z) = 0. Let Z = (X,9,5) € 8" x R™ x S". If
the primal constraint nondegenerate condition (40) holds at X and the dual constraint
nondegenerate condition (42) holds at (i, S), then the whole sequence {(e, Z*)} con-
verges to (0, 7),

(77) | (ery1, Z5F1) = (0,2) | = O(|l (ex, 2%) = (0, 2) |1?),
and
(78) ert1 = O(ef) .

Note that in Theorem 22, the quadratic convergence does not rely on the strict
complementarity—one common condition that was assumed in all known smoothing
Newton methods for solving the SDP problem (1) and its dual, as far as we know.
The smoothing function G can certainly take other forms. For example, in order
to improve the global convergence of Algorithm I, one may consider Tikhonov-type
regularized smoothing functions such as

(79)
C—-—Ay—S+eX C—-—Ay—S+eX
G, X,y,S) = AX —b+ey = AX —b+ey
S—®(e,8— (X +¢e9)) X-®((X+e5)—-85)+eS

The quadratic convergence of Algorithm I will not be affected because, by Lemma 1,
the set g F(0, X, S,Y) is still kept the same for any (X,y,S5) € ™ x R™ x §™ if one
replaces the smoothing function G in (64) by the one given in (79).

5. Conclusions. In this paper, we presented several equivalent links among the
primal and dual constraint nondegenerate conditions, the strong regularity, and the
nonsingularity of both the B-subdifferential and Clarke’s generalized Jacobian of a
nonsmooth system at a KKT point in the context of linear semidefinite program-
ming. These links were further used to derive for the first time a quadratic conver-
gence analysis of globally convergent smoothing Newton methods without assuming
the strict complementarity. Variational analysis on the metric projector over the cone
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of positive semidefinite matrices and its smoothed counterpart plays a fundamental
role in achieving these. Given the fact that the metric projector over the more gen-
eral symmetric cone behaves quite similarly to the metric projector over the cone of
positive semidefinite matrices [45], one is tempted to wonder if the results obtained
in this paper can be extended to linear symmetric cone programming. We leave this
interesting question as our future research topic.
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