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Abstract

This paper concerns with a noisy structured low-rank matrix recovery problem which
can be modeled as a structured rank minimization problem. We reformulate this
problem as a mathematical program with a generalized complementarity constraint
(MPGCC), and show that its penalty version, yielded by moving the generalized com-
plementarity constraint to the objective, has the same global optimal solution set as
the MPGCC does whenever the penalty parameter is over a certain threshold. Then,
by solving the exact penalty problem in an alternating way, we obtain a multi-stage
convex relaxation approach. We provide theoretical guarantees for our approach under
a mild restricted eigenvalue condition, by quantifying the reduction of the error and
approximate rank bounds of the first stage convex relaxation in the subsequent stages
and establishing the geometric convergence of the error sequence in a statistical sense.
Numerical experiments are conducted for some structured low-rank matrix recovery
examples to confirm our theoretical findings. Our code can be achieved from https://
doi.org/10.5281/zenodo.3600639.
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1 Introduction

The task of noisy structured low-rank matrix recovery is to seek a low-rank matrix
with a certain structure consistent with some noisy linear measurements. Let X be
the target matrix to be recovered and b = AX + £ be the noisy measurement vector,
where A : R"1*"2 — R™ is the sampling operator and § € R™ is the noisy vector
with [|§]| < § for some § > 0. The noisy structured low-rank matrix recovery problem
can be modeled as the rank minimization problem

min [rank(X) st JAX — bl <6, X € 9] (1
XERlllxnz

where £2 C R™*"2 is a compact convex set describing the structure of X. Throughout
this paper, we assume that X is a global optimal solution of (1) with rank(X) = r,
and that the sampling operator A is defined by AX = ((A1, X), ..., (A, X)T for
X € R">*"™ where Ay, ..., Ay are the given matrices in R1*"2, Such a structured
rank minimization problem has wide applications in system identification and control
[11,13], signal and image processing [7,17], machine learning [36], multi-dimensional
scaling in statistics [31], finance [30], and quantum tomography [16]. For instance,
one is often led to seek a low-rank Hankel matrix in system identification and control,
a low-rank correlation matrix in finance and a low-rank density matrix in quantum
tomography.

Due to the combinatorial property of the rank function, the problem (1) is gener-
ally NP-hard. One popular way to deal with NP-hard problems is to use the convex
relaxation technique, which typically yields a desirable local optimal solution via a
single or a sequence of numerically tractable convex optimization problems. Fazel
[11] initiated the research for the nuclear norm relaxation method, motivated by the
fact that the nuclear norm is the convex envelope of the rank function in the unit ball
on the spectral norm. In the past decade or so, this relaxation method has received
much attention from many fields such as information, computer science, statistics,
optimization, and so on (see, e.g., [5,16,20,21,28,33,38]), and it has been shown that
a single nuclear norm minimization problem can recover the target matrix X under a
certain restricted isometry property (RIP) of .4 when § = 0 and 2 = R"'*"2 [33] or
yield a solution satisfying a certain error bound when § > 0 and £ = R"1*"2 [4].
For its recoverability and error bounds under other conditions, the reader may refer to
[10,28,34] and references therein.

Most of the existing low-rank matrix optimization models target the case 2 =
R™>"2 When the structure on the target matrix is known, it is reasonable to consider
the rank minimization problem (1) with £2 indicating the available information. How-
ever, the (hard) constraint X € £2 often contradicts the role of the nuclear norm in
promoting a low-rank solution. For example, when £2 consists of the set of correlation
matrices, the nuclear norm relaxation method for (1) may fail in generating a low-rank
solution since the nuclear norm becomes a constant in the set §2. In addition, although
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some error bounds have been established for the nuclear norm relaxation method in
the noisy setting [4,28,29], they are minimax-optimal up to a logarithmic factor of the
dimension [29], instead of a constant factor like the /{-norm relaxation method for
sparse regression [32]. These two considerations motivate us to seek more efficient
convex relaxations.

1.1 Main contribution

The main contribution of this work is the introduction of a multi-stage convex relax-
ation approach via an equivalent Lipschitz optimization reformulation. This approach
can efficiently reduce the error bounds obtained from the nuclear norm convex relax-
ation. More specifically, we reformulate (1) as an equivalent MPGCC by using a
variational characterization of the rank function and verify that its penalized version,
yielded by moving the generalized complementarity constraint to the objective, has
the same global optimal solution set as the MPGCC does once the penalty parameter
is over a certain threshold. This exact penalty problem not only has a convex feasible
set but also possesses a Lipschitz objective function with a bilinear structure, which
offers a favorable Lipschitz reformulation for (1). To the best of our knowledge, this
is the first equivalent Lipschitz characterization for low-rank optimization problems
(although the nuclear norm relaxation is a Lipschitz characterization for low-rank
optimization problems, it generally does not have the same global optimal solution
set as the rank optimization problem does). With this reformulation, we propose a
multi-stage convex relaxation approach by solving the exact penalty problem in an
alternating way. Under a restricted eigenvalue condition weaker than the RIP condition
used in [4,25], we quantify the reduction of the error and approximate rank bounds of
the first stage nuclear norm convex relaxation in the subsequent stages, and establish
the geometric convergence of the error sequence in a statistical sense. Among others,
the latter entails an upper estimation for the stage number of the convex relaxations to
make the estimation error to reach the statistical error level. The analysis shows that
the error and approximate rank bounds of the nuclear norm relaxation are reduced
most in the second stage and the reduction rate is at least 40% for the problems with a
relatively worse restricted eigenvalue property, and the reduction becomes less as the
number of stages increases and can be ignored after the fifth stage.

1.2 Related works

The idea of using the multi-stage convex relaxation for low-rank optimization prob-
lems is not new. In order to improve the solution quality of the nuclear norm relaxation
method, some researchers pay their attention to nonconvex surrogates of low-rank opti-
mization problems. Since seeking a global optimal solution of a nonconvex surrogate
problem is almost as difficult as solving a low-rank optimization problem itself, they
relax nonconvex surrogates into a sequence of simple matrix optimization problems,
and develop the reweighted minimization methods (see [12,22,26]). In contrast to our
multi-stage convex relaxation approach, such sequential convex relaxation methods
are designed by solving a sequence of convex relaxation problems of nonconvex sur-
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rogates instead of the equivalent reformulation. We also notice that the theoretical
analysis in [25] for the reweighted trace norm minimization method [12] depends
on the special property of the log-determinant function, which is not applicable to
general low-rank optimization problems, and the theoretical guarantees in [22] were
established only for the noiseless recovery problem.

Additionally, some researchers have reformulated low-rank optimization problems
as smooth nonconvex problems with the help of low-rank decomposition of matrices
in the attempt to achieve a desirable solution by solving the smooth nonconvex prob-
lems in an alternating way (actually by solving a sequence of simple convex matrix
optimization problems); see, e.g., [19,35]. This class of convex relaxation methods has
a theoretical guarantee, but is not applicable to those problems with hard constraints
such as the problem (1).

Finally, it is worthwhile to point out that our multi-stage convex relaxation approach
is highly relevant to the one proposed by Zhang [43] for sparse regularization prob-
lems and the rank-corrected procedure for the matrix completion problem with fixed
coefficients [24]. The former is designed via solving a sequence of convex relaxation
problems for the nonconvex surrogates of the zero-norm regularization problem. Since
the singular values vectors are involved in low-rank matrix recovery, the analysis tech-
nique in [43] is not applicable to our multi-stage convex approach to problem (1). In
particular, for low-rank matrix recovery, it is not clear whether the error sequence
yielded by the multi-stage convex relaxation approach shrinks geometrically or not in
a statistical sense, and if it does, under what conditions. We will answer these ques-
tions affirmatively in Sect. 4. The rank-corrected procedure [24] is actually a two-stage
convex relaxation approach in which the first-stage is to find a good initial estima-
tor and the second-stage is to solve the rank-corrected problem. This procedure has
already been applied to nonlinear dimensionality reduction problems [8] and tensor
completion problems [1]. However, when the rank of the true matrix is unknown,
the rank-corrected problem in [24] needs to be constructed heuristically with the
knowledge of the initial estimator, while each subproblem in our multi-stage convex
relaxation approach stems from the global exact penalty of the equivalent MPGCC. In
addition, the analysis in [24] is more reliant on concentration inequalities in probability
analysis, whereas our analysis is deterministic and relies on the restricted eigenvalue
property of A.

1.3 Notation

We stipulate n; < nj. Let R"1*"2 be the vector space of all n; x n; real matrices
endowed with the trace inner product (-, -) and its induced norm || - || z. Let O™ *¥ be the
setin R"*¥ consisting of all matrices whose columns are of unit length and are mutually
orthogonal to each other, and denote O"*" by O". For a given matrix X € R"1*"2 we
denote by || X ||« and || X || the nuclear norm and the spectral norm of X, respectively, and
by o (X) € R" the singular value vector of X with entries arranged in a non-increasing
order, and write Q"1"2(X) := {(U, V) € O™ x Q™ | X = U[Diag(c (X)) 0]VT}.
Let e and I be the vector of all ones and the identity matrix whose dimensions are
known from the context.
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Let @ be the family of closed proper convex functions ¢: R — (—o00, 4-00] satis-
fying

int(domg) 2 [0,1], 1> " :=argming(t), ¢(¢*) =0 and ¢’ (1) < +oo.

0<t<l

@)

For each ¢ € @, let ¥ : R — (—o0, +00] be the associated closed proper convex
function:

) if 1 €]0,1],
+ 00 otherwise.

Y1) = { 3)

Then from convex analysis [37] we know that the conjugate 1 * of 1 has the properties:

(1) = [WH_(0, W (D] 10,11 VreR, (4a)
W) = @HZO = @0 = W () Yh <t <n. (4b)

In addition, we also need the eigenvalues of A*A restricted to a set of low-rank
matrices, where A* denotes the adjoint of .A4. To this end, for a given positive integer
k, we define

(X, AAAX)) o (X ATAX))

S (k) d v_(k):=
+(k) sup an ) 0<rank(X)<k X117

O<rank(X)<k ”X”%«"
)

2 Exact penalty for an equivalent reformulation
First of all, we shall provide an equivalent reformulation of the rank minimization

problem (1) with the help of the following variational characterization of the rank
function.

Lemma1 Let ¢ € @. Then, for any given X € R" "2 jt holds that
WeR"*"2

ni
¢(Drank(X) = min {3 ¢ (W) 1 IX[ = (W, X) =0, [W] < 1}. ©)
i=1

Proof We first argue that ¢ (1)rank(X) is a lower bound for the optimal value of (6).
Indeed, let W be an arbitrary feasible point of (6). From [18, Equation (3.3.25)],

X[l = (W, X) < (0(W),0(X)) < [lo(X)]l1 = [ X]l,
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which implies that 221(1 —0;(W))o;(X) = 0. Along with o; (W) € [0, 1] fori =
1,...,n1, we obtain o; (W) = 1 if 0; (X) # 0, and consequently Zf’;l ¢(o;(W)) >
¢ (Drank(X), i.e., ¢(1)rank(X) is a lower bound for the optimal value of (6). Now
consider the matrix

W* = U1 V(¥ + 1*UslDiag(e) 01V5 with (U1 Ual.[Vi Val) € O"72(X),

where U; € Q"¢ and V| € O"** for k = rank(X), and * is defined in (2). It is
immediate to check that W* is feasible to (6) and >_"L, ¢ (0; (W*)) = ¢ (1)rank(X).
This shows that the optimal value of (6) is equal to ¢ (1)rank(X). The proof is com-
pleted. O

Recall that ¢ (1) > O for each ¢ € @. By Lemma 1, we readily have the following
result.

Proposition 1 Let ¢ € ®@. Then, the rank minimization problem (1) is equivalent to

ni
min > "¢ (0i(W))

X, WeRM>n2 £
i=1

st JAX) —b| <8, X € 2, @)
[ XIl« — (W, X) =0, [W]| <1

inthe sense that if X* is globally optimal to (1), then (X*, U} (Vl*)’ﬂ‘-i—t*Uz* [Diag(e) 0]
(Vz*)T) is a global optimal solution of the problem (7) where ([Uy U], [V]" VS]) €
Qo2 (X*) with U € O™ and Vi € Q" for r = rank(X™); and conversely, if
(X*, W*) is a global optimal solution to (7), then X* is globally optimal to (1).

The constraints || X, — (W, X) = 0 and [|[W]| < 1 involve a complementarity
relation which, for the positive semidefinite (PSD) rank minimization problem, is
exactly the PSD cone complementarity relation. In view of this, we call the problem
(7) an MPGCC. Due to the presence of the nonconvex constraint || X ||, — (W, X) =0,
the MPGCC (7) is as difficult as the original problem (1). Nevertheless, it provides us
a new view to tackle the difficult rank minimization problem (1). Since numerically
it is usually more convenient to handle nonconvex objective functions than to handle
nonconvex constraints, we are motivated to investigate the following penalization of

N):

ni

min > "¢ (W) + p(| Xl — (W, X))

X.WeRm>" =
st JJAX) =b) <8, X e 2, [W]| < 1. (8)
Next we shall verify that (8) is an exact penalty version for (7) in the sense that
there exists a constant p > 0 such that the global optimal solution set of (8) associated

to any p > p coincides with that of (7). To the best of our knowledge, there are only
a few works devoted to mathematical programs with matrix cone complementarity
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constraints [9,41], which mainly focus on the optimality conditions, but not the exact
penalty conditions.

Theorem 1 Let ¢ € @ and denote by F the feasible set of the problem (1). Then, there
exists a constant o > 0 such that for all X € F, 0,(X) > «, and the global optimal
solution set of (8) associated to any p > ¢’ (1)/« is the same as that of (7).

Proof We prove the first part of the conclusions by contradiction. Suppose that there
exists a sequence {X kY ¢ F such that o, (X¥) — 0. Notice that { X*} is bounded since
F is bounded. Let X be an accumulatlon pomt of {X*}. By the closedness of F and
the continuity of ¢, (-), we have X € Fand oy (X) = 0. This implies rank(X) <r—1,
contradicting the fact that the optimal value of (1) is equal to r. So, such « exists.
Fix an arbitrary p > ¢’ (1)/a. Then, for any X € F and eachi € {1,2,...,r},

= arg{glli]n{qsm + 00 (X)(1 = 1)} ©)
t€l0,

Let S, and S; be the feasible set and the global optimal solution set of the penalty
problem (8) associated to p, respectively, and denote by S and S* the feasible set
and the global optimal solution set of (7), respectively. We first establish the inclusion
S; C S*. To achieve this goal, we need to verify that each (X*, W*) € S;‘; satisfies

IX*lx — (W*, X*) =0 and rank(X*) = r. (10)

Since S* C § C S, and r¢ (1) is the optimal value of the problem (7), it holds that
n
ro(l) = Z¢(01(W*)) + pIX* [l — (WF, X™)). (11)
i=1
In addition, from [18, Equation (3.3.25)], it follows that
n
D p@i (W) + p(IX* |« — (W*, X*))
i=1

nj
> Y [#©@i (W) + poi(X*)(1 = 0;:(W*))]

i=1

> Y [$0i (W) + poi (X*)(1 — 0:(W*))]

i=1

> Z min [¢() + poi (X1 =] =ré (D),
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where the second inequality is by the nonnegativity of ¢ (o; (W*)) and o; (X™*)(1 —
0; (W*)) for all i, and the last one is due to (9). Together with (11), we obtain that

D b@i (W) + p(IX* |« — (W, X))

i=1

= [¢(0i (W) + poi (X*)(1 — 0 (W*))]

i=1

= Z min [¢(0) + poi (X1 =] = rg (D).

This, along with (9), implies that o; (W*) = 1 fori = 1, ..., r. Substituting ; (W*) =
1 fori =1, ..., r into the last equation and using the nonnegativity of ¢ in [0, 1], we
deduce that Z, 2p1 @@ (W¥) = 0 and || X*[l, = (W*, X*) = (0(X"), a(W¥)).
This means that o;(W*) = t* fori = r + 1, ..., n; and rank(X*) = r. Thus, the
claimed equalities in (10) hold. Hence, S; C S and 27;1 ¢(0;(W*)) = re(1) for
each (X*, W*) € S:;. Since the optimal value of (7) is r¢ (1), we have S;; C S§*. For
the reverse inclusion, let (X*, W*) be an arbitrary point from S*. Then (X*, W*) € S,

and Z 1 (03 ( (W*)) = r¢p(1). While the last equation implies that the optimal Value
of (8)1is exactly r¢(1). Thus, S* C S* The proof is then completed. O

Theorem 1 extends the exact penalty result of [2, Theorem 3.3] for the zero-norm
minimization to the matrix setting, and further develops the exact penalty result of
the rank-constrained minimization problems in [3, Theorem 3.1]. Observe that the
objective function of (8) is globally Lipschitzian over its feasible set. Combining
Theorem 1 with Proposition 1, we conclude that the rank minimization problem (1)
is equivalent to the Lipschitzian optimization problem (8).

3 A multi-stage convex relaxation approach

The penalty problem (8) is equivalent to the problem (1), but it depends on the lower
bound « for the rth largest singular value of all X € F, which may be difficult to
estimate. This means that a sequence of penalty problems of the form (8) with non-
decreasing p should be solved so as to target achieving a global optimal solution
of (1). The problem (8) associated to a given p > 0 is not globally solvable due
to the nonconvexity of the objective function, but it becomes a nuclear semi-norm
minimization with respect to X if the variable W is fixed and has a closed form
solution of W (as will be shown later) if the variable X is fixed. This motivates us to
propose a multi-stage convex relaxation approach to (1) by solving (8) in an alternating
way.
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Algorithm 1 (A multi-stage convex relaxation approach)

Initialization: Choose a function ¢ € @. Take WO =0 and set k := 1.
while the stopping conditions are not satisfied do
1. Solve the following nuclear semi-norm minimization problem

X* e argmin [ X[« — (WAL X) 0 JAGO — bl <5, X € 2. (12)
XER)IIX}’!Z

If k = 1, select a suitable p; > 0 and go to Step (S.3); else go to Step (S.2).
2. Select a suitable ratio factor px > 1 and set pg 1= g pg—1-
3. Solve the following minimization problem

ni

whe argmin {D (o (W) — pr(W, X*): W] < 1} (13)
WeR"™1 Xn2 i—1

4. Letk < k + 1, and then go to Step (S.1).

end while

The subproblem (12) corresponds to the penalty problem (8) associated to px_1
with the variable W fixed to W¥—1, Since the set £2 is assumed to be compact, its
solution X* is well defined. Let X* have the SVD as U¥[Diag(o (X*)) 01(V¥)T. By
[18, Eq.(3.3.25)], it is easy to check that Z* = U*[Diag(z*) 0](VH)T is globally
optimal to (13) where

ni
¢ eargmin | Y Y(z) — p<z,o<X">>} : (14)

zeR™M i=1

and conversely, if W* is globally optimal to (13), then o (W*) is optimal to (14). Write
wk = U¥[Diag(w}, ..., wk ) 01(VHT with wf € dy*(oroi (X5)).  (19)

Together with [37, Theorem 23.5], it follows that such Wk is an optimal solution of
the subproblem (13). This means that the main computational work of Algorithm 1
consists of solving a sequence of subproblems (12). Unless otherwise stated, in the

sequel we choose wf.‘ = w’l‘. whenever o; (X*) = oj(Xk), which ensures that 1 >
k k '
wy == w, >0,

Since | W*—1|| < 1, the function || - || — (W*~1, -) is a semi-norm over R"1 *"2. So,
the subproblem (12) is a nuclear semi-norm minimization problem. When k = 1, it
reduces to the nuclear norm minimization problem, i.e., the first stage of Algorithm 1 is
exactly the nuclear norm convex relaxation. It should be emphasized that Algorithm 1 is
different from the reweighted trace norm minimization method [12,25] and the iterative
reweighted algorithm [22]. The former is proposed from the primal and dual viewpoint
by solving an equivalent Lipschitz reformulation in an alternating way, whereas the
latter is proposed from the primal viewpoint by relaxing a smooth nonconvex surrogate
of (1).
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To close this section, we illustrate the choice of wf.‘ in (15) with two specific ¢ € @.

Example 1 Let ¢1(t) = ¢t fort € R. Clearly, ¢| € @ with t* = 0. Moreover, for the
function 1 defined by (3) with ¢, an elementary calculation yields that

s—1 ifs>1; ty ifs > 1;
Vi(s) = { 0 < 1’ and 9y (s) =1 [0,1] ifs=1; (16)
- {0} ifs <.

Lif o (X = 255

. for the matrix W¥ in formula (15).
0 otherwise

Thus, one may choose wl’.‘ = {

Example2 Let ¢y (t) = —t — qq;l(l —t—i—e)% +e+ qq;l fort € (—oo, 1 +¢€) with
0 < g < 1, where € € (0, 1) is a constant. One can check that ¢, € @ with * = €.
For the function i defined by the Eq. (3) with ¢», an elementary calculation yields
that

{1 if s>ert —1;
1 1
W5 =3 {1+e—(+DI) if(14+6)7T —1<s<erl —1;
1
{0} ifs <(+eaT —1.

Hence, one may take wl]f = min [1 +e — (proi (X5 + 171, 1] for the matrix W* in
(15).

Remark 1 A constant € € (0, 1) is introduced in ¢, so as to ensure that (¢,)"_ (l) <
+00, and then the problem (8) is a global exact penahzatlon of (1). Thus, once (X W)
yielded by Algorithm 1 satisfies | X ||« — (X, W) = 0, X is at least a local minimum
of the problem (1) since each feasible solution of (1) is locally optimal.

4 Theoretical guarantees of Algorithm 1

In this section, we shall provide the theoretical guarantees of Algorithm 1 under a mild
condition for the restricted eigenvalues of A4*.A, which is stated as follows.

Assumption 1 There exist a constant ¢ € [0, «/5) and an integer s € [1, %] such
that % <1+ 2cr2s , where 94 (-) and 9_(-) are the functions defined by (5).

Assumption 1 requires the restricted eigenvalue ratio of A*A to grow sublinearly
in 5. This condition, extending the sparse eigenvalue condition used for the analysis
of sparse regularization (see [42,43]), is weaker than the RIP condition 84, < V2-1
used in [4] for n; > 4r, where 8, is the kr-restricted isometry constant of .4 defined
as in [4]. Indeed, from the definitions of ¥4 (-) and ¥_(+), it is immediate to have that

9 _1td - 2V2 -2
O_Q2r+2r) — 1 — 84 242

<142 x0.8432.
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This shows that ¢ = 0.843 is such that % <1+ ZCTZY for s = r. In addition,

this condition is also weaker than the RIP condition §3, < 24/5 — 4 used in [25] for
ny1 > 3r, where r is an arbitrary even number or r is an odd number greater than 11.
To see this, let r be an arbitrary even number or be an odd number greater than 11.
Then,

X(ﬁgum ﬁgu—wm><1+M2<LMy X 45 -8 (17)

R < < < .
V_Q2r+r) 9_Qr+4+r—1) 1 — 63 1 — 63 5-25

So, ¢ = 1.34 and 1.403 are respectively such that % <1+ z‘ri fors = % and

r—1

>

Recall that X is assumed to be a global optimal solution of (1) with rank(X) = r.
In the squel, we_letzhave the SVD as. U[Diag(o (Y)) Q]VT, whereU = [U; U] €
@”l_and V=1[VI Val e 0" with U, e_@"'xr and Vi € 0", and write 7 :=
7T (X) where 7 (X) is the tangent space at X associated to the constraint rank(X) < r
(see (32)). Let

oy IPTOV STVl
V2r(L = [Pre(WED)

fork=1,2,.... (18)

The proofs of all the results in the subsequent subsections are given in “Appendix 3”.

4.1 Error and approximate rank bounds

Under Assumption 1, when y,_1 € [0, 1/c) for some k > 1, we can establish the
following error bound and approximate rank bound for the solution X* of the kth
subproblem.

Proposition 2 Suppose that Assumption 1 holds and 0 < yx_1 < 1/c for some k > 1.
Then

|X*=X|, < EGx-1) and |Pro(XM], < '), (19)

where £:[0,1/c) - Ry and I': [0, 1/c) — Ry are the increasing functions defined
by

=) 2804+ (2r +s) 1 I+ rt? d I 2804+ (2r +s) /2rt
= = . — an = . .
D_Q2r +5) 1 —ct 2s D_2r +5) 1 —ct

(20)

Remark 2 (a) Since ||P7r. (X k)|l = 0 implies that rank(X*) < 2r, it is reasonable
to view ||[Pr1 (X*) ||« as a measure for the approximate rank of X*k. So, the sec-
ond inequality in (19) provides an approximate rank bound for X*. The error and
approximate rank bounds in (19) consist of two parts: one part is the statistical error
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580 S.Bietal.

28/ 0+ (2r+4 . .
E(0) = % from the noise and the operator A, and the other part is the

estimation error from yx_1.

- 0 — = LU V=L <1 -
(P) Since WY =0, we have‘ Yo = «/Z”UIVI lF= 5 < Hence, under Assun.1p
tion 1, the error and approximate rank bounds of the nuclear norm convex relaxation

are

X' =X|, <80 =E1/V2) and |Pri(XH|, < F(w) = F1/V2).
2D

2(1-83, (14++/5/2))
V3(1=83,)
for 83, < 2+4/5— 4, then the error bound = (y0) is tighter than the bound 138— V(llif%/z)

—O03r
given by [25, Theorem III.1] with C1,; = 1 for the nuclear norm relaxation because

Moreover, if Assumption 1 is satisfied with s = r/2 and ¢ < V2 —

VL (2.5r)/68 - VT 83,4/68 - 381+ 83,
(1=¢c/V2)0-2.5r) = (1=¢/V2) 0 =83)  1—85(1++5/2)

E(y) =

Remark 2 (b) says that under Assumption 1 the solution X! of the first stage convex
relaxation has the error and approximate rank bounds as in (21). However, it is not clear
whether X¥ (k > 2) has such error and approximate rank bounds or not. The following
theorem states that if in addition o, (X) > 25 (y) and p; and s are appropriately
chosen, all X* (k > 2) have the bounds as in (19), and more importantly, their error
and approximate rank bounds are, respectively, smaller than those of X!. To achieve
this result, we need the sequence {J }r>1, which is defined recursively with ) = g
as

~  rAd=b)+ 2+ DB o -
= = h = EWr=1) ]|, 22

T ma—aa—p N A= aEG-] 20

[1 _ “/EE(Vk—I)].

. B N - 1
b = W [peo:(X) = EFe1))], Be=——=1n o (X)

V2
(22b)

Theorem 2 Suppose that Assumption 1 holds and o, (X) > 2E (). If the parameters

~ (b1-BH =P EPk—2)
p1 and [y are chosen such that ay < U_*EM—JM@‘TI and |y € [1, E(Vk—l)]’ respec-

tively, then all Xk (k > 1) satisfy the inequalities in (19), and fork = 2,3, ... it holds
that

|X* =X, < EGu-1) < EGi—1) < EGi—2) < -+- < EGO) = E ().
IPrL(X) s < T(—1) < T Gie1) < T'Fi—2) < --- < T'(o) = T'(w).
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Table 1 Reduction rate of the error bounds of the first stage in the 2nd-5th stage

P1 c 0 0.1 0.3 0.5 0.7 0.9

o 05 55)  SG0/EGo 0819 0766 0658 0547 0433 0316
EGH)/E(w) 0818 0763 0652 0537 0420 0302
EG3)/E(w) 0818 0763 0651 0536 0420 0302
E@/E(w) 0818 0763 0651 0536 0420 0302
& [22(4% j;%‘l)] ZGF/EG) 0975 0969 0955 0934 0905  0.856
EGH)/E(v) 0967 0958 0931 0888 0816  0.689
EGA)/E(n) 0965 0954 0920 0760 0752 0572
EGW/E(w) 0965 0953 0915 0744 0714 0516
E0)/E() 0817 0759 0644 0528 0413 0297

Remark 3 (a) Theorem 2 shows that under Assumption 1 and o,(X) > 28 (), if
p1 and i are chosen appropriately, then the error and approximate rank bounds of
X* (k > 2) improve those of X! at least by 1 — “(y" D and 1 — FIS}(/’;O)I) respectively.
(b) The choice of p; depends on = (yp). Take the function ¢; in Example 1 for
1nstance If 0,(X) = a&(p) fora > 2.5, by virtue of the deﬁmtlons of aj, b1 and
,31 and (16) it is s easy to check that @1 = 0, b1 = 1 and /31 € [0, 0.6), and hence

(b1 — B2)/r — B1 > 0. This means that (m, H(yo)) is the range of choice

for p;. For numerical computations, one may estimate r and o, (X) with the help of
o(Xh.

To close this subsection, we illustrate the ratios EE(’?’;;)]) and FISZ’;;)I) by using ¢

and ¢, with g = 1/2 and € = 1073. To this end, we suppose that Assumption 1 holds
withr = 10, s = r/2 and o, X) = o Z (yy) for @ > 4.5. Then, for those c in the first
row of Table 1, one may compute the ratios “:(,}E’;O)l) and F(V" D 45 those in the last
six columns of Table 1 with p; chosen as the middle point of the interval and p; = 1.

We see that the error bound of the first stage is reduced most in the second stage, and
as the number of stages increases, the reduction becomes less. For Algorithm 1 with
¢1, the reduction is close to the limit 5&)) when k = 5, but for Algorithm 1 with ¢»,

there is a little room for the reduction especially for those A* A with ¢ > 0.5.

4.2 Geometric convergence

Generally speaking, because of the presence of the noise, it is impossible for the error
sequence {|| X* — X]| F}k>1 to decrease and then converge geometrically. However,
one may achieve its geometric convergence in a statistical sense as in the following
theorem.

Theorem 3 Suppose that Assumption 1 holds and o,(X) > max(2, v/2 + o) E ()
. _ 14+/2d) ]
holds with a = TP Trids If p1 and i are chosen as in Theorem 2, then for

k=1,2,..,
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E(0) (1 —b)/r
1 =
il i a ﬂ%)ﬁ]

CE) Tl
+ < X —X| 5. 23
[o,(X) —ﬁg(yo)] ” |+ (23)

Xt -], <~

Remark 4 (a) The requirement o, (Y) > max(2, V2 + «)Z () in Theorem 3 is bit

stronger than o, X) > 28 (y0). Take ¢ for example. When o, (X) =245 (y0), this
«E(0)

requirement is automatically satisfied. Also, now we have that ¢ := T V2500 =
or(A)=v2=(Yo

0.76.

(b) The first term of the sum on the right hand side of (23) represents the statistical
error arising from the noise and the sampling operator A, and the second term is the
estimation error related to the multi-stage convex relaxation. Clearly, the statistical
error is of a certain order of & (0). Thus, to guarantee that the second term is less than
the statistical error, at most k stage convex relaxations are required, where

o _ I _ 7y = =
log(Z(0) — log(IX” = XlIF) | _ log(Z(O)/E(0)

k= <
log 0 logo

Take o = 0.7 for example. When s = r, one can calculate that k <2ifc=0.3,and
k < 4 if ¢ = 0.7. This means that, for those A*A with a worse restricted eigenvalue
condition, more than two stage convex relaxations are needed to yield a satisfactory
solution.

For the analysis in the previous two subsections, the condition o, (X) > « & (yp) for
acertain > 2 isrequired for the decreasing of the error and approximate rank bounds
of the first stage convex relaxation and the contraction of the error sequence. Such a
condition is necessary for the low-rank recovery since, when the smallest nonzero
singular is mistaken as a zero, the additional singular vectors will yield a large error.
In fact, in the geometric convergence analysis of sparse vector optimization (see [43]),
the error bound of the first stage was implicitly assumed not to be too large. In addition,
we observe that the structure information of X does not lend any help to the low-rank
matrix recovery in terms of convergence rates. However, when the true matrix has a
certain structure, it is necessary to incorporate such structure information into model
(1). Otherwise, the solution X* yielded by the multi-stage convex relaxation may not
satisfy the structure constraint, and then it is impossible to control the error of X* to
the true matrix X.

Finally, we point out that when the components &1, &, .. ., &, of the noisy vector &

are independent (but not necessarily identically distributed) sub-Gaussians, i.e., there
exists a constant ¢ > 0 such that E[¢'5] < ¢?°/2 holds for all i and any t € R, by
Lemma 8 in “Appendix 3”, the conclusions of Theorems 2 and 3 hold with § = /mo
with probability at least 1 — exp(1 — <4*) for an absolute constant ¢; > 0. For
the random A, the following result is immediate by [4, Theorem 2.3] and the first

inequality in (17).
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Theorem 4 Fix § € (0, 1/2) and let A be a random measurement ensemble obeying
the following conditions: for any given X € R"*"2 and any fixed 0 < t < 1,

P{IIACOI = IXI}1 > 11XI3} < Cexp(—cam) (24)
for fixed constants C, cy > 0 (which may depend on t). If m > 3C(n; + ny + )r
with C > @, then Assumption 1 holds for s = r/2 and ¢ = % with

probability exceeding 1 -2 exp(—dm) whered = cy— M. Consequently, when
0 < yx—1 < 1/c¢, the bounds in (19) holds with probability at least 1 — 2 exp(—dm)
for such random measurements.

Asremarked after [4, Theorem 2.3], the condition in (24) holds when A is a Gaussian
random measurement ensemble (i.e., A, ..., A, are independent from each other and
each A; contains i.i.d. entries N'(0, 1/m)); or when each entry of each A; has i.i.d.
entries that are equally likely to take ﬁ or ———: or when A is a random projection

N
(see [33])).

5 Numerical experiments

In this section, we shall test the theoretical results of Sect. 4 with Algorithm 1 solving
low-rank matrix recovery problems, including matrix sensing and matrix completion
problems. During the testing, we choose ¢, with ¢ = 1/2 and € = 1073 for the
function ¢ in Algorithm 1. Although Table 1 shows that Algorithm 1 with ¢; reduces
the error faster than Algorithm 1 with ¢» does, our preliminary testing indicates that
the latter has a little better performance in reducing the relative error. In addition, we
choose p; = 10/||X!| and puy = 5/4 (k > 2) for Algorithm 1. All the results were
run on the Windows system with an Intel(R) Core(TM) i7-7700 CPU 2.80GHz.

5.1 Low-rank matrix sensing problems

We test the performance of Algorithm 1 with some matrix sensing problems in which
some entries are known exactly. Specifically, there are 5 entries of the true X € R"1*"2
assumed to be known exactly. We generate the true X of rank r in the following
command

XR = randn(nl,r); XL = randn(n2,r); Xbar = XR*XL'.
For these problems, 2 = {X e R | B(X) =d, || X] < R} for a constant
R > 0 with
B(X) = ((Eij. X) : (i, j) € Tix)" and d == (E;j. X) : (i, j) € Ti) ", (25)

where E;; is an n x np matrix with the (i, j)th entry being 1 and other entries being 0,
and 7%y is the set consisting of the indices of known entries. We successively generate
the matrices A1, ..., A,, € R">"2 withi.i.d. standard normal entries to formulate the
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sampling operator .A. Such A satisfies the RIP property with a high probability by [33],
which means that the restricted eigenvalues of A*A can satisfy Assumption 1 with
a high probability from the discussions after Assumption 1. Then, we successively
generate the standard Gaussian noises €1, . . ., &, to formulate the observation vector
b by

b=AX)+0.1(JAX)|/llelDe with &= (e1,...,em)". (26)

For the testing in the rest of this subsection, we choose R = 103||X || and § = 0.1||b||.

Let 85(-) denote the indicator function of a set S, i.e., s(x) = 0 if x € § and
otherwise 8s(x) = 400, and let C = W¥*~1. Then the subproblem (12) can be
equivalently written as

min Xl —(C, X) + ér(z) +84(Z)
X,ZeRM X2 zeRm
st. AX)—z2—b=0,BX)-d=0,X—-Z=0 Q27)

where R .= {z € R" | |z|| < 8} and A := {Z € R"'*"2 | |Z| < R}. After an
elementary calculation, one may obtain the dual problem of (27) as follows

min (b, &) +(d, ¢) + Sllull + R|IY |«
Y, FeR"1*"2 £ yeRM ¢ eRI x|

st. C—A*@E) =B @)=Y —-T=0,£—u=0,|"|<1 (29

Based on the optimality condition of (27), we measure the accuracy of an approximate
optimal solution (X, Z,z, Y, I', &, u, ¢) for the problem (27) and its dual (28) via

lobj p + objp|
1 + |objp| + |objp|

n:max{np,nz,nz,nu,nr} and  1gap 1=

where
- IAGO — 2= BI2 4+ I1BCO —dIP + 11X — ZI3
= T ’
max(||z|| — 8, 0) max(||Z]| — R, 0) max (|| "] — 1, 0)
T Al T T gz " T
JIC = A4€) = B*@) =¥ — T3 + I — ul?
= T+ IClF '

We solve the problem (27) with the powerful Schur-complement based semi-proximal
ADMM (alternating direction method of multipliers) [23] for its dual (28). We ter-
minate the semi-proximal ADMM when max(n, ngap) =< 107°. In the sequel, if
X* is the output of Algorithm 1 in a certain stage, its relative error is defined by
IXE = XIr/IX 1 F.
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The number of stages

Fig. 1 Performance of Algorithm I in the first fifteen stages

5.1.1 Performance of Algorithm 1 in different stages

We generate randomly a matrix sensing problem with 5 known entries as above with
ny = ny = 100, r = 6 and m = 2328 to test the performance of Algorithm 1
in different stages. Figure 1 plots the relative error of Algorithm 1 in the first fifteen
stages. We see that Algorithm 1 reduces the relative error of the nuclear norm relaxation
method most in the second stage, and after the third stage the reduction becomes
insignificant. This performance coincides with the analysis results shown as in Table 1.

5.1.2 Performance of Algorithm 1 with different samples

We generate randomly a matrix sensing problem with 5 known entries as above with
n1 = ny = 100 and r = 5 to test the performance of Algorithm 1 with the number
of samples m = ar(2n; —r) fora € {1.0, 1.1, ..., 3.0}. Figure 2 plots the relative
error and rank curves of the first stage convex relaxation and the first five stages
convex relaxation, respectively. We see that the relative errors of the first stage convex
relaxation and the first five stages convex relaxation decrease as the number of samples
increases, but the relative error of the latter is always smaller than that of the former.
Moreover, the first five stages convex relaxation reduces those of the first stage convex
relaxation at least 25% for « € [1.0, 3.0], and the reduction becomes less as the
number of samples increases. In particular, the rank of X! is higher than that of X
even for @ = 3, i.e., the number of samples m = 3r(2n; — r), but the rank of X3
equals that of X form = 1.2r(2ny —r).

5.2 Comparison with the nuclear norm relaxation method
In this subsection, we shall compare the performance of Algorithm 1 with that of the

popular nuclear norm relaxation method (NNRM) by taking the low-rank PSD matrix
completion problem for example. Though the sampling operators for such problems
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Fig.2 Performance of the first stage and the first five stages convex relaxation

do not satisfy the RIP property, it is possible for the restricted eigenvalues of A*A
to satisfy Assumption 1. For these problems, the sampling operator A : " — R™ is
defined by

AX) := (Eij, X) : (i, j) € Tsample) " (29)

where E;; is same as the one in Eq. (25), and Ysample is the set consisting of the indices
of sampled entries; the observation vector b is generated randomly in the same way
asin (26);and 2 = {X € ™ | £;(X) = d, &(X) < g} where & : " — R and
& : S" — R are the linear operators, and d € R/ and g € R” are the given vectors.

Since £2 C S}, the objective function || X ||, — (Wk=1 X of (12) over the feasible
set becomes (I — wk-1, X). Write C =1 — WK=1. Then, the subproblem (12) takes
the following form

min (C, X)+ (SSQ’_ X))+ or(2) + SRlz )
XeSt,zeRm, yeR2 i

o (&), (4 0\ _
woax-znzo (D)x- ()4 () =0 o

After an elementary calculation, the dual problem of (30) has the following form

min (b, &) +(d. &) + (8. 5) + SIIEIl + Sn (1) + 80, ()
rest eeRm ceR s, ueR2 +
st. C+A*E) +EQ)+E6)—T=0,5s—u=0. 31)

Notice that the NNRM for the problem (1) is solving the problem (30) with C = 0.
For Algorithm 1 and the NNRM, we solve the subproblem of the form (30) with
the Schur-complement based semi-proximal ADMM [23] for its dual (31). Based on
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the optimality condition of (30), we measure the accuracy of an approximate optimal
solution (X, z, y, I, &, ¢, s, u) for the problem (30) and its dual problem (31) in terms
of

|objp + objp|
1 + |objp| + [objp|

n:max{npaﬂx,ny,’?D,ﬂFJ?u} and  ngap =

where np and np are defined as in Sect. 5.1, and nyx, ny, nr, n, are defined by

Ix-ms, 0l YOl T =, (D)lF

L T T B S ) A
e = My, 0]

T T ull

Here, for a given closed convex set S, ITg(-) denotes the projection mapping onto
S. During the testing, we terminate the semi-proximal ADMM once max(n, gap) <
107, and terminate Algorithm 1 at the kth iterate when rank (X k=1y = rank(Xx%),
where rank (X k ) is the number of nonzero singular values of X* less than 1078 I X k Il
In the rest of this subsection, the sampling ratio is defined by Mﬁ where m is
the number of samples and ngy is the number of known entries, and the relative error

. X .
is defined by % where X/ is the output of solvers.
F

5.2.1 Low-rank correlation matrix completion problems

A correlation matrix is a real symmetric PSD matrix with all diagonals being 1. We
generate the true correlation matrix X € S of rank r in the following command:
randn(n,r); W = weight*L(:,1:1); L(:,1:1) = W; G = L*L';
diag(l./sqgrt(diag(G)))*G*diag(l./sqgrt(diag(G))); Xbar = (M+M’)/2.

L
M

In this way, one can control the ratio of the largest eigenvalue and the smallest
nonzero eigenvalue of X by weight. We assume that some off-diagonal entries of
X are known. Thus, E1(X) = <d61(a§()X)) for X € §", g1 = (2), & = 0 and
g>» = 0, where the operator B : §" — RI7ixl and the vector d € R!"ix! are defined as
in Sect. 5.1. The noise vector £ and the observation vector b are generated in the same
way as in (26).

Table 2 reports the numerical results of NNRM and Algorithm 1 for some examples
generated randomly with n = 1000. The information of X is reported in the first three
columns, where the second column lists the number of known off-diagonal entries for
X, and the third column gives the ratio of the largest eigenvalue of X to the smallest
nonzero eigenvalue of X. For each test example, we sample partial unknown off-
diagonal entries uniformly at random to formulate the operator .4, where the sample
ratio is 1.92% for rank (X) = 5 and 4.32% for rank(X) = 10. The fourth and the fifth
columns report the results of the NNRM and Algorithm 1, respectively, where relerr
and rank mean the relative error and the rank of solutions, iter and time are the total
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Table 2 Performance of NNRM and Algorithm 1 for low-rank correlation completion

r off-diag eigr NNRM Algorithm 1
relerr(rank) iter time relerr(rank) iter time ng
5 0 1.19 5.06e-1(1000) 95 25.7 1.58e-1(5) 2279 579.7 4
2.86 3.86e-1(1000) 101 25.1 1.51e-1(5) 906 228.9 3
0 4.36 2.68e-1(1000) 105 27.1 1.51e-1(5) 883 226.5 3
100 1.17 4.92e-1(1000) 94 23.5 1.53e-1(5) 1941 491.1 4
100 2.79 3.40e-1(1000) 114 28.6 1.47e-1(5) 916 231.3 3
100 4.23 2.73e-1(1000) 105 27.8 1.48e-1(5) 932 240.3 3
10 0 1.36 3.29e-1(1000) 73 19.0 1.44e-1(10) 849 217.9 3
3.52 2.59e-1(1000) 76 19.7 1.39¢e-1(10) 626 163.2 3
0 6.39 1.80e-1(1000) 84 21.5 1.33e-1(10) 520 132.2 3
100 1.42 3.08e-1(1000) 73 18.2 1.42e-1(10) 949 241.8 3
100 3.31 2.50e-1(1000) 76 19.8 1.38e-1(10) 623 159.3 3
100 6.35 1.86e-1(1000) 85 22.4 1.37e-1(10) 551 141.5 3

number of iterations and the total computing time in second for the semi-proximal
ADMM, and n; is the number of stages required by Algorithm 1.

We see that the solutions yielded by the NNRM have high relative errors as well as
full ranks, while those given by Algorithm 1 not only have much lower relative error
but also achieve the rank of the true matrix. Among others, the relative error of the
NNRM is reduced at least 25% by that of Algorithm 1, and for those problems with
1.92% sample ratio, the reduction is close to 45%. The last column of Table 2 shows
that Algorithm 1 yields the desirable results for almost all problems within 3 stages.

5.2.2 Low-rank covariance matrix completion problems

We generate the true covariance matrix X € S’} of rank r in the following command:

L = randn(n,r)/sqgrt(sgrt(n)); W = weight*L(:,1:1);
L(:,1:1) = wW; G = L*L’; Xbar = (G+G") /2.

In this case, & = B and g = d where B : §" — RI"ixl and 4 e Rl
are defined as in Sect. 5.1, £&2(X) = (E;;, X) for (i,i) € Yyjag Where E;; is an
n x n matrix with the (i, i)th entry being 1 and other entries being 0, and Tqiag
is the index set of unknown diagonal entries of X, and g, € Rl7duzl is the vec-
tor consisting of the upper bounds for unknown diagonal entries of X. We set
g2 = (1 +0.0lrand(1, 1)) || X ||cOones(]| Ygiag|, 1).

Table 3 reports the numerical results of NNRM and Algorithm 1 for some problems
generated randomly with n = 1000. The information of the true covariance matrix
Xis reported in the first two columns, where the second column lists the number of
known diagonal and off-diagonal entries of X, and the third one reports the ratio of
the largest eigenvalue of X to the smallest nonzero eigenvalue of X. For each test
example, we sample the upper triangular entries uniformly at random to formulate the
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Table 3 Performance of NNRM and Algorithm 1 for low-rank covariance completion

r o(f(fl:ilagé) cigrt  NNRM Algorithm
relerr(rank) iter time relerr(rank) iter time ng

5 (200, 0) 1.18  4.80e-1(36) 950 244.6  2.25e-1(5) 2443 631.1 4
(200, 0) 4.59  3.19e-1(32) 771 205.6 1.82e-1(5) 2292 5974 4
(0, 200) 120  4.86e-1(36) 350 88.1 2.21e-1(5) 1240 3162 4
(0, 200) 4.26 3.24e-1(33) 272 69.9 1.90e-1(5) 827 213.1 4
(100, 100) 1.21 4.74e-1(36) 1409 366.5  2.24e-1(5) 3696 960.2 4
(100, 100)  4.07  3.33e-1(33) 715 181.1 1.80e-1(5) 2206 5634 4

13 (200, 0) 533 2.20e-1(53) 290 75.2 1.54e-1(13) 638 1642 3
(200, 0) 7.72 1.90e-1(48) 309 79.1 1.45e-1(13) 619 159.8 3
(0, 200) 5.17  2.20e-1(53) 147 37.6 1.55e-1(13) 386 101.3 3
(0, 200) 9.01 1.78e-1(45) 142 36.7 1.43e-1(13) 385 99.2 3
(100, 100)  4.58  2.30e-1(54) 286 74.8 1.56e-1(13) 599 1550 3
(100, 100) 8.11 1.85e-1(48) 248 64.4 1.46e-1(13) 481 124.2 3

sampling operator A, where the sample ratio is 1.91% for rank(X) = 5 and 5.72%
for rank(X) = 13. The fourth and the fifth columns report the results of NNRM and
Algorithm 1, respectively.

We see that the solutions yielded by the NNRM have high relative errors and ranks,
while the solutions given by Algorithm 1 have the desirable relative errors as well
as the same rank as the true matrix does. The relative error of the NNRM is reduced
at least 20% by Algorithm 1, and for those problems with 1.92% sample ratio, the
reduction is at least 40%. Comparing with the time columns in Table 2, we see that for
the low-rank matrix covariance completion, the time gap between Algorithm 1 and
NNRM becomes much smaller, and the time of the former is only about twice that
of the latter. In addition, along with the results in Table 2, Algorithm 1 has no direct
relation with the ratio of the largest eigenvalue and the smallest nonzero eigenvalue
of X.

5.3 Applications to real data

Let M be an estimated n x n correlation matrix. In this part, we shall seek a low-rank
correlation matrix under a given noise level § > 0 by applying Algorithm 1 to the
problem (1) with b = A(M), where A is the sampling operator formulated as in
Sect. 5.2.

Example 3 The M is a 500 x 500 correlation matrix extracted from the correlation
matrix, which is based on a 10, 000 gene micro-array data set obtained from 256 drugs
treated rat livers; see Natsoulis et al. [27] for details.

Example 4 The M is an estimated 943 x 943 correlation matrix based on 100, 000
ratings for 1682 movies by 943 users. Due to missing data, the generated matrix M

@ Springer



590 S.Bietal.

100 500 = = = &

102 _\\o———/
80 —&—NNRM 400 —&—NNRM NNRM
—o—Tstage —o—Tstage Tstage
:\; 60 —+— Algorithm 3.1 y 300 —+— Algorithm 3.1 - Algorithm 3.1
'E) § g 10] \\W
e 200 =
100% R
0
10
01 03 05 07 0910 01 03 05 07 0910 0.1 03 05 07 0910
[e% [e% [e%

Fig.3 Performance of NNRM, Tstage and Algorithm 1 for low-rank correlation estimation
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Fig.4 Performance of NNRM, Tstage and Algorithm 1 for low-rank correlation estimation

is not positive semi-definite [15]. This rating data set can be downloaded from http://
www.grouplens.org/node/73.

We apply NNRM, Tstage (Algorithm 1 with the first two stages) and Algorithm 1 to
solving the problem (1) with b = A(M). We adopt the stopping criterion as described
in Sect. 5.2 for Algorithm 1. Figures 3 and 4 below plot the relative error, rank and
time curves of the three solvers with M from Examples 3 and 4 , respectively, under

2 .
the number of samples m = o (% 2+ . — ngy) where ngy = nfix_diag = n for o €

{0.1,0.2, ..., 1.0}. Here, the relative error is defined by ”XHCQ—K‘V;HF where X/ denotes
the output of three solvers. Since the matrix M in Example 4 is highly polluted, we
take § = 0.75 for it instead of § = 0.1 as for M from Example 3.

From Figs. 3 and 4 , we see that NNRM gives the outputs with the lowest relative
error but full rank within the least time, Tstage yields the outputs with much lower
rank and a little higher relative error than those of NNRM by using about 5 times
computing time of NNRM, while Algorithm 1 gives the outputs with the lowest rank

and alittle higher relative error than those of NNRM and Tstage though it requires more

computing time. We find that when the number of samples is over 0.7(”22Jr % —ngx), for

the M in Example 3, Tstage and Algorithm 1 yield a solution with the rank lower than
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120 and 81, respectively, and the relative error is less than 0.12 and 0.14, respectively;
while for the M from Example 4, they give a solution with the rank lower than 28 and
18 respectively, and the relative error is less than 0.8027 and 0.8043, respectively. That
is, the relative error of the solution to the M is close to the given noise level. Notice
that the matrix M from these two examples has a high rank; for example, for the M
from Example 3, its rank (i.e., the number of singular values greater than 1073 M)
is 300. So, if one wants to seek the lowest rank estimation, Algorithm 1 is an ideal
choice; and if one only wants to seek a low rank estimation, then Algorithm 1 with
the first two stages is a desirable choice.

6 Conclusions

We have proposed a multi-stage convex relaxation approach to the structured rank min-
imization problem (1) by solving the exact penalty problem of its equivalent MPGCC
in an alternating way. It turned out that this approach not only has favorable theo-
retical guarantees but also reduces effectively the rank and error of the nuclear norm
relaxation method. There are several topics worthwhile to pursue, such as to develop
more effective algorithms for seeking the solution of subproblems, to establish the
theoretical guarantee for the case where the subproblems are solved inexactly, and to
apply this approach to other classes of low-rank optimization problems, say, low-rank
plus sparse problems.
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7 Appendix
7.1 Technical lemmas

Let M € R"*"2 be a matrix of rank ¥ > 0, and let 7 (M) be the tangent space at
M associated to the rank constraint rank(X) < « (see [6, Section 2.3]). Then, the
subspace 7 (M) and its orthogonal complementarity 7 (M)~ in R"1*"2 take the form
of

T(M) ={X eR"™ | X = U ULX + xVi V] — U UT XV VY,
T(M)*: =X e R"™ | X = U,Uy XV2 V5 ), (32)
where ([U1 U], [Vi Val) € Q""2(M) with Uy € @™ and V; € Q"2%%. In this

part, letting X e R’” *"2 be a matrix of rank « > 0, and letting ([U1 Uz] [V1 V2]) €
Qnin (X ) with U 1 € O">¥ and V1 € 0¥ we shall derive an upper bound for the
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projection of the perturbed U, VIT by a matrix W € R"*"2 onto T(X) and T (X)*,
respectively.

Lemma2 Fora given W € R">*"2 py letting (U1 U], [V1 V2]) € Q""2(W) with
Uy € Q"¢ and Vi € Q™% and writing w = o (W), the following inequalities
hold:

1P W < et + w1 — wesn) | T T — 0y VT2, (33a)
P2 @V =Wl < (4 V2w DU VE = TV + Viemax (11— wi ], 1= wyl).
(33b)
Proof Let Xy := Diag(wy, ..., w)and ¥, := Diag(w41, . .., Wy, ). Then, we have
|| Priyr (W) ||

= |00 [U1(21 = went DV + (w1 ULV + Ua[ 22 01V) ]V |

< | U [ 21 = wen I [[RV ] + we

= Wi = wer) | UV | [V VIUT | + wiesn

= (w; — wl(+1)||ﬁ2l7;r(U1V1’ﬂ‘ - (71V1T)|| [ VQVZT(VlUlT - ‘71(7F)|| + Wiy 1

< (w1 — wer) |1 V] — ﬁlvfer + Wi,

where the first inequality is using ||w, 41U VlT + Us[ X, O]VZTII < W41, and the
second equality is due to [|Z] = 1ZoT| for any Z and Q with 0To = 1I. So,

the inequality (33a) holds. In order to establish (33b), we first notice that for any
7 € Rm—K)xnz—k)

[PraWazvDI, = |00 0a2V] [} + | 0205 v 2VE VT

< IZR|TT0 )% + 122 | VETA 2

= 120 |ATT ~ oDl + VT - v
<V21ZIIV T = VU] |l F.
where the first equality is by the expression of Pz 5)(-). Then, it holds that
|Pry W =TV,

< Pr @V = Ui 21V |z + | P (02122 01V,

< |GV =z V| + V2002 0T — ViU e

< 1+ V2w |0V = OV + [0 = 20V |,

< A+ V2w DUV = Ui VE|Ip + Vicmax (11— wi], |1 = wel).

This shows that the inequality (33b) holds. Thus, we complete the proof. O
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When the matrix W in}e’lvnma 2 and a matrix X close to X have a simultaneous
ordered SVD, the term ||U; VIT - U V1T|| in (33a)—(33b) can be upper bounded as
follows.

Lemma3 ([24, Theorem 3]) Ler X € R™ *"2 be an arbitrary matrix of rank k > 0.
For any givenw > 2, if | X — X||r < n forsomen € (0, o (X)/a)], then it holds that

~ o~ 1 w
||U1VF—U1VF||F531“(Q,_—\/§)’

where ([Uy Usl, [Vi Val) € QM2 (X) with Uy € Q"€ and Vy € Qn2x«,

7.2 Properties of restricted eigenvalues

This part includes two results on the restricted eigenvalues of A*A. The first gives
a relation among 94 (-), ¥_(-) and 7 (-, -) where for given positive integers k, [ with
k+1<n,

pUD e sp K AR

O<rank(X)<k, ”A(X)HZHY”
O<rank(Y)<[,(X,Y)=0

(34)

Lemma4 For any given positive integer k,1 with k + 1 < ny, n(k,l) <
N ROE 1.

2\ o_(k+])

Since the proof of Lemma 4 is similar to that of [42, Proposition 3.1], we omit it.
The second one is an extension of [42, Lemma 10.1] in the matrix setting, stated as
follows.

Lemma5 Let G € R y; e OVl with J < {1,...,n1} and Vy €
2>Vl with J’ C {1,...,n3} be given matrices. Let ([P P2],[Q1 0Q2])
@ljl’u/l(U}rGVJ/) with Py € OVI%S and Q, € QlV'Ixs for an integer 1 < s <
min(|J],|J']). Define G := L+ & Ji where £ = |U;2V} | Z € RVXV'} and
J = {Uj PiZVyODT | Z e Rs”}. Then, for any H € G, the following inequality
holds with | = max 1 rank(Z):

m

max (0, (H, A*A(G))) = 9+ ) (|1 Hllp —s "7 + 5,9 PG| )IHIF
— 04+ )IH|FIPg(G — H)lF.

Proof Let H be an arbitrary matrix from G. If | H||r < M ”P[;(G)
clusion is clear. So, we assume that |H||F > M ||77£(G) ||* By the definition
of 94 +5), |APG(H — G)|I> < 04 + $)IIPg(H — G)||7 and JAH)|* <
94 (I + )| H||%. Then,

|*, the con-
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(H, A*APg(G — H))
= —[ADIIAPg(H = G)|| = =04+ + ) HIIFPg(H — G)llr. (35)

We proceed the arguments by considering the following two cases.
Case 1 rank(U}IG Vy) <s <min(|J], |J']). Now, by the expression of P 7, , we have

P7(G)=U; P PLUTGV,; 0101V}, = U,y Py[Diag(o (U] GVy)) 0]07
Vi =UU;GVyV],

where the last two equalities are due to U}EG Vi = P [Diag(o(U'Jﬂ‘G VJ/)) O]erﬂ‘.
Note that P, (G) = U;U;GV,/V], by the definition of L. So, P£(G) = Pz (G),
ie., G € G. Then,

(A(H), A(G)) = (A(H), A(H)) + (A(H), APg(G — H))
>0 _(I+)|H|% -0 +)H|F|Pg(H —G)| .

This inequality implies the desired result. Thus, we complete the proof for this case.
Case2 1 < s < rank(U}rG V). Let k be the smallest positive integer such that
sk > min(|J]|, |J]). Clearly, k > 2. Letl; and [; fori =1, 2, ..., k be such that

h=-=hoy=s, hk=J|—stk=1), lj=--=hy=s, h=IJ|-sk=1).

Foreach?2 < i < k, define the subspace J; := {UJFN’,-Z(VJ/ 0N Z e Rl x; }, where
P; € OM1*li s the matrix consNisting of the (Z’j_:ll lj+1)th colum.n to the (lezl Ij)th
column of P;and Q; € OY'1¥/i is the matrix consisting of the (le_:ll [j+1)th column

to the (Z§'=1 E)th column of Q. Clearly, J; L J; fori > 2. From the definition of
G,wehave G 1 J; fori # 1. Foreachi > 1, it is easy to calculate that

P7(Z)=U;P; (U P) 2V 0:(Vy 0T VZ e RM™,

This, together with P (G) = U; U} GV V5, implies that P£(G) = Y5_, Py, (G).
Then, (H, A*A(G)) = (H, A*APg(G)) + ;- (H, A*AP;,(G)). Consequently,
we have

(H, A*AG))— (H, A*APg(G — H))
= (H, A*A(H)) + ) _(Pg(H), A*AP7,(G))

i>1

H, A" AP (G) I HIIF IIPg, (G)II}

(
= (H, A*A(H)) | 1
( A( ))[ +§ IACH) 2Pz (G)] |HIlF

L IPA @)

> (H,A*A(H))[l s ) S

@ Springer



A multi-stage convex relaxation approach to noisy... 595

| Tl As, S)IIP,C(G)II*]
sIH |l

= 0-U+OIH e[ I1H]F =570 + 5, 9)IPLG)]], (36)

> (H, A"A(D)|

where the first inequality is using the definition of 7w by the fact that H € G, P 7 (G) €
Ji and rank(P 7 (G)) <s,G L J; fori > 1, and the second inequality is due to

Y IP7 G s Y [P G, =T IPLG)

i>1 i=1

implied by [Py, (G)|| < s_1||P$ (G)|l«. Combining (36) with (35), we get the
result. O

7.3 Proofs of the results in Sect. 4

This part includes the proofs of all the results in Sect. 4. For convenience, in this part
we write AF := XK — X fork = 1,2, . ... We first establish two preliminary lemmas.

Lemma 6 If | Py (WK=1)|| < 1 for some k > 1, then with yi_1 defined by (18) we
have

1P (AR s <y V2P [ PT (AR |1 5.
Proof By the optimality of X* and the feasibility of X to the subproblem (12),
XK — (WEL X5 < X — (WELX).

Recall from [40] that 3| X ||, = {EV}T + W | W e ROI=IXm=r) with W] < 1}.
Then,

— — —T — —
IX e = 1X Nl = (U1 V), X = X) + 1P7(XE = X))

The last two equations imply that (ﬁlv?, Ak)+||PTL(Ak)”* < (Wk=1 AKy Hence,

TV, Pr(a%) + [Pro(Abl, < (Wh1, aky,

This, along with (WX=1, AK) = (P (WK1, Ppo(A%)) 4+ (WE1, Pr(AF)), yields
that

IPrL(AS s — (Pre(WEY), Pro(aby) < (PR (WE' =T, V), Pr(aby).
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Using the relation (Y, Z)| < ||V ||| Z||« for any Y, Z € R"1*"2, we obtain that

_ _ — =T
(1 = 1Pz (W HINIPL (A < IPr W =T VDIFIPT (Al F.

From this inequality and the definition of y,_1, we obtain the desired result. O

Lemma7 Supposethat| Py (WK1 < 1forsomek > 1. Let ([P} PY1, Q% Q41) €
@""””2”(EEAI‘72) with Plk e QUI=Nxs gnd Qlf e 021 for an integer
s € [1,n1—r], and define M* := T @H* with H* = {UzPlkY(Vngl‘)T Y € RS”}.

Then,
|44 < 1+ rv2 /@) [ PawAY ] -

Proof By the definitions of the subspaces 71 and H¥, for any Z € R"*"2 we have
— —T _— —T — — — —
Pri(Z) =UU,2ZV,V, and Ppu(Z) = U2 PF(ULPHT 2V, 08 (V2 05T
By this, it is easy to check that Py (AF) = Py (P11 (AF)). By the SVD ofU;TAkVZ,
ky _ 77 (TTY AT NTEY _ 77 pk[Ty: 77T kY7 kT T
Pri(AY) =U,(U, A*V,)V, = U, P¥[Diag(c (U, A"V2)) 0](09"'V, (37

where PF = [Plk sz] and Qk = [Qll‘ Qé]. Together with the expression of
Py (Pr1(AY),

P (AF) = Prp (Pro(A%) = U, Pf [Diag(aS~¢(UfAkVZ)) 0](Q’f)TV;T, (38)

—=T . ..
where as*i(Uz A¥V3) is the vector consisting of the first s components of

U(U;rAkvz). Notice that Py« (A" = Pr(ab) + P (A% since the subspaces
T and HF¥ are orthogonal. By combining this with equalities (37) and (38), it follows
that

IAF — Py (AR | = 1P7L(AK) = Prp (A0 < s711Ppuc (A9 |,
1A% — Py (AR 1 = P72 (AF) = P (A9 1 = I1P7L(AD) |1 — P (A9 .

Together with [Py gty (A (|3 < 1P agty L (AP g2 (AF) |14 and Lemma 6,

1Py (A F < (14K = Prg (A9 1A% = P (A9))1)" <

kal\/ﬂ
2\/s

_ eV W2

< 2[

2[ 1P (Al

[P ]

[Pate a5
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where the second inequality is using the fact that ab < (a + b)?/4 for a, b € R. The
result then follows by noting that || A¥[|%. = [Py (A% + 1Py (493 O

Proof of Proposition 2 Since y;_; € [0, 1/c), by the definition of y;_1, it is clear that
P (W*=1)|| < 1. From Assumption 1 and Lemma 4 of “Appendix B”,

2 ) — — 1
7{( r+s S)Vk 1 < Ck—1 with Ch—1 = CYk—1 < 1. (39)

s ~ V2r

Let H¥ and M* be defined as in Lemma 7. Using Lemma 5 of “Appendix B” with £ =
TH 71 =H, G = MK, H =Ppu(Af)and G = A¥ and the fact P . (G—H) = 0,
we have

max (0, (P (AF), A*A(AR)))

2
= 0@+ ) ([Pagay ], - TEEEY,

|Pro(a9],)[Prea9)]
= 0 r + ) (IPpe (A9 = it [Pr(ab) | ) IPa (A9 e

> 9_Q2r +5)(1 — c—DIP e (A% > 0, (40)

where the second inequality is due to Lemma 6 and Eq. (39), and the last one is due
to || P (AN || < 1P p g (AR)|| £. In addition, by the definition of 9., (), it holds that

max (0, (P (A%), A*AAR))) < AP (AN A < 28012 +9)
Pk (A1

where the second inequality is using || A(A%)|| < | AX%) —b|| + LAX) — b]|| < 26.

. . 264/ 04+ 2r+ . .
Together with (40), we obtain ||P s« (A" < %. The first inequality

in (19) then follows by Lemma 7. For the second inequality in (19), from Lemma 6 it
follows that

[PrexH], = |Preah|, = V2ru|Pra9] ; < Vory1|Pan(ah |,

- 28V 2ryi—1/04+QCr +s)

(1 — k)0 Q2r +5)

where the first equality is due to X € 7, and the second inequality is since M* =
T @ H*. This shows that the second inequality in (19) holds. We complete the proof.
O

Proof of Theorem 2 By the strict increasing of & (-) in (20), it suffices to prove that
O<m <P <Fhoi <<% <Fo=1/V2 41
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To establish the relations in (41), by the definition of Y, in (22a), we need to prove

{ 0
O

By the definitions of @ and by and Eq. (4a), {dx}x=1 € [0, 1] and {bx}r=1 C
[0, 1]. We next establish the monotone relations in (42a)—(42b) and (41) by induction
on k. Let (U', V1) e 0"-"2(X!) where U! = [U] UJ] with U] € O"*" and

= [V} V)] with V' € 0"2*" By (15), W! = U'[Diag(w{. ..., w}) 0](V)7T
with 1 > w} > o0 > w,ll1 > 0. Since yp = 1/«/5, by Proposition 2 we have
I1X'=X|lr < E(y) = 7(70).From[18,Theorem3.3.16],o,-(xl) > 0,(X)— &%)
fori =1,...,rando;(X!) < E(J0)fori = r+1, ..., n;.Fromthe given assumption
o (X) > 25 (vo) = 2800)s clearly, P1E (o) < m(ar(X) - E(0))- TOgethef
with (22a)— (22b) and (4b), we obtain a; < b1 In addition, by recalling that w €

Y *(pro; (X)) for each i, from (22a)—(22b) and (4b),

Q-1 < <ar <by < <1 <b <1

I/\

, (42a)
< Br—1 ~-<51<1. (42b)

IAIA

toz N

'>b,i=1,2,....,r and O<w! <q, i=r+1,...,n. (43)

Now using Lemma 2 with X = X and W = W! and the relations in (43) yields that

IPreWhHil <wly +d —whp|ufvhT -
IPrW! =T V)l < V7l =By + (V2@ + DUl (vHT =T V.

Since || X' —X||r < &%), applying Lemma3 withw = 0,(X)/Z(0), X = X, X =
X' and n = E (%) we obtain ||U} (VHT — ﬁlv?n < Bi < 1. Thus, it holds that

1= [Pre(WHI = (1 =an(1 - B7), (44a)
IPrW! =T\ VD Ir < /r(1 — b)) + (V2 + D (44b)
«/7(51—512)—51

Along with a; < < 1 and the definitions of y; and ;, we have

f(l—ElefE

NGO e .
0 <y <. Also, ¥ < ﬁ is implied by a; < mm The desired (41)
holds for k = 1.

Now assume that the conclusion holds for k <[ — 1 with [ > 2. We shall show that
it holds for k = . Since the conclusion holds for k =1 — 1, we have y;_| < 11 <
1/+/2. This means that the assumption of Proposition 2 holds for k = /. Consequently,

IX' = XlF < E(n-1) < EGi-1).
By [18, Theorem 3.3.16], 0;(X!) > 0,(X) — E(¥_1) fori =1, ..., r and 0;(X") <

E@i—) fori =r+1,...,n1. Let (U, V) € 0""2(X!) where U' = [U! U]
with Ul € 0" and V! = [V] V!] with V! € O™’ From Eq. (15), W! =

@ Springer



A multi-stage convex relaxation approach to noisy... 599

U’[Diag(wll,...,wf%) 0](VvHT with 1 > w} > -+ > w! > 0. Along with the
definitions of @; and b; and Eq. (4b),
wh>b, i=1,2,...,r and 0<wl <&@, i=r+1,...,n. (45)

Since the conclusion holds for k = [ — 1, we have E(y_1) < Z(}o), and then

EL(’%E—)I) > 2. Using Lemma 2 with X = Xand W = W! and Lemma 3 with & =

G0 X = X, X = X! and n = EZ(¥—1) and following the same arguments as
those for k = 1, we have

L= [Pro(Wh = (1 =) — B2, (46a)
IPr(W =T\ V)llr < r(l = b)) + (V2a@ + DA, (46b)

Notice that 1 < u; < ggjj; So, o1 < p < LE}(E)Z@—;Z). By the definitions of

a; and 31 and Eq. (4b), a; < aj_ andﬁ > ;1;1_1. In addition, since yj—1 < -2, we
have & (J1—1) < & (¥1—2), and then B; < B;—;. Equations (46a) and (46b) and the
definitions of y; and »; imply that 0 < y; < 3 < ¥—1. Thus, the conclusion holds for
k=1I. O

Proof of Theorem 3 Notice that the assumption of Theorem 2 is satisfied. The mono-
tone relations in (42a)—(42b) hold for all k > 2. For k = 1, clearly, (23) holds. Now

fix k > 2. Let (U*~!, vk=1y € @2 (X*=1) where UX~! = [UF! UF~1] with
Uit e 07 and VA = (v v with v e 07277, Then WA =
U Diag(wi !, .. wkmh 01(VE DT with 1 > wi™' > -+ > wiT! > 0. By

following the same arguments as those for Theorem 2, we have

1= P (WD = (1 =G (1 = BE_)),
_ — =T ~ ~ _ _ — =T
[Pr(W = =T\ V)|, < Vr(l = b)) + A+ V2 p |uf (viHT =TV .

_ _ — T —1_%
U{c I(Vlk l)"]l" _ U1V1 ||F < (RS Xl

Also, from [24, Equation(49)-(51)], o ()—V2E ()
r - =0

Thus, together with the definition of y,_1, it immediately follows that

Voot < 1 — by n 1+ v/2d . X1 —X|p
T V20 -an - Vard—and =Y o (X) —V2E ()

From the first part of Theorem 2 and the first inequality of (19), it follows that

— 28/94 (2 20
1XE =Xl r < e e R Y (R
s 2s

T (L= cp-DV-Q2r +5) T = v
E(0) [1+ (1—50@ } [ a & (y)
T 1-cy 2(1 — a1l — BHs or(X) — V22 (n)

|t =X
47
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where the second inequality is using & (yy) = £Q 4‘;‘%. Since o,(X) > (\/5 +

1=cyo
a.)E (yo) implies 0 < M%j—\%‘gw < 1, the desired inequality follows by the recur-
sion (47). m]
Lemma 8 Ifthe components &1, &, ..., &y, of & are independent sub-Gaussians, then

&l < /mo with probability at least 1 — exp(1 — <4™) for an absolute constant
c1 > 0.

Proof Notice that ||£]| = sup,cgm-1{(u, &), where S™~1 denotes the unit sphere in
R™. LetU := {u',..., u™} denote 1/2 covering of S™~!. Then, for any u € S"~!,
there exists # € U such that u = u + Au with ||Au|| < 1/2. Consequently, (u, &) =
(&) + (Au,&) < (@.&) + L]€|l. This, by [[] = sup,cgn-1 (i, £), implies that
Il < 2(u, &) = 2) /L, u;&. By the Hoeffding-type inequality (see [39]), there
exists an absolute constant ¢; > 0 such that for every r > 0,

P{lEl =1} <P|Y mti| = /21 <exp (1 — c11?/(40?)).

i=1

Taking t = \/mo, we obtain the desired result from the last equation. O
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