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Let X € R™*™ admit the following singular value decomposition:

X=U[EX) 0V =UEX) 0][V, Vo] =TUs(xX)V;, (1)
ﬂhere_U G_Om, V € O" and V;{ € V™M TV, € RrX(n—m) gnd

V = |V1 V3. The set of such matrices (U, V) in the singular value
decomposition (1) is denoted by O™ (X)), i.e.,

O™N(X) = {(U,V) € R™M x R | X = U [(X) 0] VT,
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Define the index sets a, b and ¢ by

a:={i|o;(X) >0}, b:={i|lo;(X)=0} and c:={m-+1,...,n}.
(2)

Let 7ty > 1ty > ... > 1, > 0 be the nonzero distinct singular values of X.
Then, let

ar :={i|o;(X) =T}, k=1,...,r. (3)
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For any positive constant € > 0, denote the closed convex cone D; by

D= {(t,x) e Rx R |e "t > @y, i=1,...,n}. (4)

Let IIp: () be the metric projector over D5, under the Euclidean inner product
in R". That is, for any (¢,z) € R x N", Ilp: (¢, ) is the unique optimal
solution to the following convex optimization problem

, 1
min 5((7‘—75)24— Hy—a?H2) (5)
st. e lr>wy,i=1,....n.

The we have the following useful result about Ilpe (-, -).
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For any € R™, let ! be the vector of components of x being arranged in
the non-increasing order x% . > x3. Let sgn(z) be the sign vector of z,
e, (sgn);(x)=1if x; >0 and —1 otherwise. We use “o” to denote the
Hadamard product operation either for two vectors or two matrices of the

same dimensions.

Proposition 1. Assume that ¢ > 0 and (t,x) € & x R" are given. Let 7 be a

permutation of {1,...,n} such that ' = x., i.e., ajzl = Tri), t=1,...,m
and w1 the inverse of w. For convenience, write a:(l) = 400 and as,,l,bH = —00.

Let & be the smallest integer k € {0,1,...,n} such that

ko < (Zaz +5t) [(k+e2) <zt (6)
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Define y € R"™ and 7 € R, respectively, by

4 K
(Zx§+st>/(/‘e+s2) if 1 <i<Rg,
j=1

|

\ T otherwise

and

T = €&Y1 zs(zk:x§+5t>/(k+g2).

j:

The metric projection Ilp: (¢, ) is computed by Ilp: (¢, ) = (7, Y,-1).
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For any positive constant € > 0, denote the closed convex cone C: by

CE:={(t,x) ERXRN"|e 1> ||z|lco}- (7)

T

Let Ilc- (-, -) be the metric projector over C;, under the Euclidean inner
product in it". That is, for any (¢,z) € it x ®", Ilc: (¢, ) is the unique
optimal solution to the following convex optimization problem

, 1
m;n 5((7_75)24‘ Hy_xH2> (8)

In the following discussions, we frequently drop n from C: when its size can
be found from the context.
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Assume that ¢ > 0 and (¢,z) € ® x R are given. Let m be a permutation of
{1,...,n} such that |z|! = |z|,, i, 2|} = |2|r@, i=1,...,n and 77! be

the inverse of 7. Let |az|$ = 400 and |:c|,,l,,JJrl = 0. Let sp =0 and

S = Z,]f:l |x\,f k=1,...,n+ 1. Let k be the smallest integer
ke {0,1,...,n} such that

zl},, < (sp+et)/(k+e2) < |z} (9)
or k =n + 1 if such an integer does not exist. Denote

0°(t,7) = (s +et)/(k +2). (10)
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Let o, 3 and ~ be the index sets of |z| as

= {i| |zl > °(t,2)}, B:={i||z|} = 6°(t,2)}

and
v = {i||aly < 6°(t, x)} -

Define y € R"™ and 7 € R, respectively, by

_ max{6°({,z),0} ifi€a,
e || f otherwise

and
T :=emax{0°(t,z),0} .

(11)

(12)
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Proposition 2. Assume that ¢ > 0 and (t,x) € 1t x R" are given.

(i) The metric projection Il¢<(t, x) of (t,x) onto C° can be computed as
follows
Ic- (t7 .CC) - (7_-7 SgH(ZC) © gw_l) : (13)

July 25, 2010, Beijing University of Technology, Beijing NUS/SUN - 10 / 24



(ii) The mapping Il¢c:(-,-) is piecewise linear. Denote & := \/e2 + k. For
any (n,h) € & x R, let

0=

, 0~ en + X ien—1(a)y sE0(zi)hi) if t > —e7 M|z,
0 otherwise .

Let i’ = sgn(x) o h. Then, the directional derivative of Il¢=(-,-) at (¢, x)
along the direction (n, h) is given by

(1, h) =M= ((¢, %); (n, 1)) , (14)
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IIys (1, R ) if t > —ez|1,

Sl _ 18] ©—1(8)
(58 n, (Sgﬂ(fC) o h)w—l(ﬁ)) { Hcfm (77/7 h;—l(ﬁ)) otherwise ,

hi=n, ie€n Ya) and h;=h;, ‘€1 (7).

Note that if 5 =0, let D R and C R

5 . 5 .
18] - 18]

(iii) The mapping Il¢< (-, ) is differentiable at (¢, x) if and only if ¢ > ¢||z||co,
or £f|zf|oe >t > —7 x|y but |zl | < (sk +et)/(k+e2) or
t < —e t|z|1.
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For any positive constant € > 0, define the matrix cone M¢ in §™ as the
epigraph of the convex function eApax(+), i.e.,

ME ={(t,X)eRxS"|e 1> Apax(X)}. (15)
Proposition 3. Assume that (t, X) € 1 x 8™ is given. Let X have the
eigenvalue decomposition

X = Pdiag \(X))P" | (16)

where P € O™. Let I j: (-, -) be the metric projector over M& under
Frobenius norm in 8™. Then,

My (t, X) = (£, Pdiag(5)P" ) V (£, X) € R x 8", (17)

where (t,y) = Ilpe (t, A(X)) € R x N™.
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Theorem 1. Assume that (t, X) € R x R"™*" is given. Let X have the
singular value decomposition (1). Let Ilx<(-,-) be the metric projector over
JC¢ under Frobenius norm in R™*™. For any (t, X) € R x R™*", we have

M- (¢, X) = (E,U diag(g) 0] VT) | (18)

where
(t,y) = e (t,0(X)) € R x ™.
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Define S : R™*™ — 8™ and T : R™M* ™ — RMX™ 35 follows

1 1
S(2) = 5(2 + Z1Yy and T(2):= (2 - 7).
For any given (¢, X) € & x R™*™, Let X have the singular value
decomposition (1). For convenience, write oo(X) = 400 and 0,41 (X) = 0.
Let so =0 and s; = Zle 0,(X), k=1,...,n+ 1. Let k be the smallest
integer k € {0,1,...,n} such that

o+1(X) < (s +et)/(k +€%) < ap(X) (19)

or k =n + 1 if such an integer does not exist.
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Denote by

0(t,0(X)) := (sy +ct)/(k + €2). (20)

Let o, B and y be the index sets of (X ), which are defined by (11) and (12).
Let 6 := \/1 + k. Define a linear operator p : & x R™*" — R as follows

o, ) ::{ SHISTLHTaa)) +) H2 X gy

otherwise.

Denote by
(90(t,0(X)), g(t, (X)) ) = e (t, o (X))
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Define ©; € R™*™, Qy € R™*™ and Q3 € R™*(»=™) (depend on X) as
follows, for any 7,5 € {1,...,m},

Calto(X) —gito(X)
(Ql)ij = < O'Z(X) — O'j(X) lf O-Z(X) 7& ](X)’ (22)
L 0 otherwise ,
(gl o) tglto(X)
(Qg)ij = < O',,,(X) -+ O'j(X) i O-Z(X) B J(X) # O’ (23)
L 0 otherwise
and forany i € {1,...,m} and j € {1,...,n —m}
Calto(X)
(Qg),,;j = < O'Z(X) it O-Z(X) 7& O’ (24)
| 0 if O'Z(X) =0,
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Theorem 2. Assume that (t, X) € R x R"™*" is given. Let X have the
singular value decomposition (1). Then, the metric projector over the matrix
cone IC, I (-,-) is directionally differentiable at (t, X). For any given

direction (n, H) € R x {"™*", the directional derivative II\-((t, X); (n, H)) is
given by

(i) ift > || X

2, then I ((t, X): (n, H)) = (n, H).
(i) if || X|2 >t > —|| X

. then T\ ((t, X); (n, H)) = (7, H) with
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o= 6 'Wy(n, H),

L o 5_1¢8(777 H)Iozoz 0 (Ql)a’y O S(Aafy) 7
H = U 0 U (n, H) S(Apy) Vi
| ()ya 0 S5(Aya)  S(Ayp) S(Ayy) |
T (QQ)aa O T(Aaa) (QQ)a,b O T(Aab) == TT (QS)ac O Bac T
v [ (£22)pq © T'(Apq) T(App) ] itt [ By ] V2

where A:= U HV,, B:=U' HV, and
(wg(n,H), \115(77,H)) e R x RIBIXIBl is given by

(@000, ), W, H)) = TLps (p(n, H), STEH(V1)g)) . (25)

July 25, 2010, Beijing University of Technology, Beijing NUS/SUN - 19 / 24



(iii) if ¢ = — || X||,, then I((¢, X); (n, H)) = (7, H) with

51y (n, H)

— [ Nlya 0 ] -,
U V
0  W(n,H) | !

3|
|

T

HTU[Qs 0 T(AV: +T [ (

where ¥3(n, H) € R, U{(n, H) € RIFXIPl and Wi(n, H) € RII*n=m)
are given by
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= Il
Kisl,(n—lal)

(p(n,H), [UgH‘@ UEHVQ} ) :

(iv) if t < —||X||«, then
H;C((t7X)§ (n,H))=(0,0).

Moreover, Ix (-, -) is strongly B-differentiable at (¢, X), i.e., for any
(n, H) € R x R™*™ and (n, H) — (0,0), we have

Mic(t+n, X + H) — I (t, X) = M ((t, X); (n, H)) = O(l|(n, H)[|*) . (26)
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Theorem 3. The mapping U (-,-) is F-differentiable at (t, X)) € 3t x R™*"
if and only if (t, X) satisfies one of the following conditions:

(i) t > || X]|2;

(i) [| X2 >t > —|| X||« but o (X) < 0(t,0(X)), where k and 0(t, (X))
are given by (9) and (10), respectively;

(i) t < —|| X ||«

Denote § :=\/1+ k. Let p: R x R™*™ — R be the linear operator defined

by (21). Then for any (n,H) € &t x ®™*", II}-(t, X)(n, H) = (0, H) with
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n= 6_1:0(777 H)

and
7 —=[ 07! (1, H) oo (21)ay © S(Aay)
A= T ayosan sy
T (QQ)aa O T(Aaa) (QQ)ab O T(Aab)
v [ (Q22)b0 © T'(Apa) T(Ap)

where A := UTH71 and B := UTHV;

7
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Theorem 4. Tl (-,-) is strongly G-semismooth at any (t, X) € R x R™*".
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