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AN EFFICIENT INEXACT ABCD METHOD FOR LEAST SQUARES
SEMIDEFINITE PROGRAMMING*

DEFENG SUNT, KIM-CHUAN TOH#!, AND LIUQIN YANGH

Abstract. We consider least squares semidefinite programming (LSSDP) where the primal
matrix variable must satisfy given linear equality and inequality constraints, and must also lie in the
intersection of the cone of symmetric positive semidefinite matrices and a simple polyhedral set. We
propose an inexact accelerated block coordinate descent (ABCD) method for solving LSSDP via its
dual, which can be reformulated as a convex composite minimization problem whose objective is the
sum of a coupled quadratic function involving four blocks of variables and two separable nonsmooth
functions involving only the first and second block, respectively. Our inexact ABCD method has the
attractive O(1/ k2) iteration complexity if the subproblems are solved progressively more accurately.
The design of our ABCD method relies on recent advances in the symmetric Gauss—Seidel technique
for solving a convex minimization problem whose objective is the sum of a multiblock quadratic
function and a nonsmooth function involving only the first block. Extensive numerical experiments
on various classes of over 600 large scale LSSDP problems demonstrate that our proposed ABCD
method not only can solve the problems to high accuracy, but it is also far more efficient than (a) the
well-known block coordinate descent method, (b) an enhanced version of the accelerated randomized
block coordinate gradient method, and (c) the accelerated proximal gradient method.
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1. Introduction. Let 8™ be the space of n X n real symmetric matrices endowed
with the standard trace inner product (-, -) and its induced norm || - ||. We denote
by S the cone of positive semidefinite matrices in S™. For any matrix X € S§”,
we use X > 0 (X > 0) to indicate that X is a symmetric positive definite (positive
semidefinite) matrix.

Consider the following semidefinite programming (SDP) problem

min (C, X)

1
() s.t. AE(X):bE, A]X—SZO,XES?_,XE'P,SEIC,

where by € ™2 and C € 8™ are given data, Ag : X — R™# and A; : X — R™
are two given linear maps, P and K are two nonempty simple closed convex sets,
eg, P={W eS8 : L<W U} with L,U € 8" being given matrices and
K={weR™ : | <w<u} with [,u € R™ being given vectors. When applying a
proximal point algorithm (PPA) [26, 27] to solve (1), we need to solve the following
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subproblem in each iteration for a given point (X%, s*) and a parameter o, > 0:
(2) (Xk+17 SkJrl)

G X) + g (1X = XFIP o+ (s = s*?)

= arg min .
|AE(X):bE,A[X—SZO,XESQ,XGP,SE/C
This motivated us to study the following least squares SDP (LSSDP) which includes
(2) as a particular case:
(P) min 3[X —G|?+ 3lls — gl
s.t. AE(X):bE, .A[X—S:O,XES_?,XEIP,SEIC,

where G € 8", g € R™! are given data. In order for the PPA to be efficient for solving
(1), it is of great importance for us to design an efficient algorithm to solve the above
problem (P). Thus, the objective of this paper is to achieve this goal via solving the
dual of (P).

The dual of (P) is given by

(D) mlnF(Z7U757yE7yI) = _<bE7 yE> +6Si(s) +6';;(_Z) + 6;%(_1))

X,s

1
+§||A*EyE+A?y1+S+Z+G||2

1 2 1 2 1 2
+2||g+v yr | 2IIGH 2||g||7

where for any given set C, d¢(-) is the indicator function over C such that dc(u) = 0
if u € C and oo otherwise, and §;(-) is the conjugate function of §c defined by

(3) 6c() = stueré& W).

Problem (D) belongs to a general class of multiblock convex optimization prob-
lems of the form

(4) min{W(z) := 0(z) + ((2)},

where z = (z1,...,24) € X = X X --- x X, and each X is a finite dimensional
real Euclidean space equipped with an inner product (-, -) and its induced norm || - ||.
Here 0(z) = Y0, 0i(z;), ¢ : X = R, and 0; : X; — (—o0,+], i = 1,...,q, are
proper, lower semicontinuous convex functions. We assume that ( is continuously
differentiable on an open neighborhood containing dom(f) := {z € X : 6(z) < o}
and its gradient V( is Lipschitz continuous. Note that one can write (D) in the form
of (4) in a number of different ways. One natural choice is of course to express it in
the form of (4) for ¢ = 4 with (x1,x2,x3,24) = ((Z,v), S, Yk, yr). Another possibility
is to express it in the form of (4) for ¢ = 2 with (x1,22) = ((Z,v), (S,yE, 1))

For the problem in (4), a well-known technique for solving it is the block coordi-
nate descent (BCD) method, for example, see [11, 29, 33, 34] and references therein.
Specifically, at iteration k, one may update the blocks successively in the Gauss—Seidel
fashion (other rules can also be applied; see [34]):

k+1 _ : k k
z{" = argmin, V(z1,23,...,2,),
k+1 _ : k+1 k+1 k k
(5) ri T =argming, W(xy" . w T w2, Ty,
k+1 _ . k41 k+1
z, =argmin, V(zy ... 20, 2g).
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When the subproblems in (5) are not easily solvable, a popular approach is to use
a single step of the proximal gradient method, thus yielding the block coordinate
gradient descent (BCGD) method [36, 2].

Problem (4) can also be solved by the accelerated proximal gradient (APG)
method with iteration complexity of O(1/k?) such as in [18, 19, 20, 1, 35]. In the
best case, BCD-type methods have an iteration complexity of O(1/k) (see [28, 2]),
and can hardly be accelerated to O(1/k?) as in the case for the APG method. Nev-
ertheless, some researchers have tried to tackle this difficulty from different aspects.
Beck and Tetruashvili [2] proposed an accelerated BCGD method for solving (4) by
assuming that 6 = 0, i.e., without the nonsmooth terms. Very recently, Chambolle
and Pock [6] presented an accelerated BCD method for solving (4) by assuming that
((x) has the special form ((z) = 37, <; <, | Aijzi + Ajiz;[|*. In theory, this method
can be applied to the problem (D) by choosing x; = (Z,v) and z2 = (S,yg,y1).
But the serious practical disadvantage is that the method in [6] does not take care of
inexact solutions of the associated subproblems and hence it is not suitable for large
scale problems since for (D) the subproblems must be solved numerically.

Besides BCD-type methods based on a deterministic updating order, there has
been a wide interest in randomized BCD-type methods. Nesterov [21] presented
a randomized BCD method with unconstrained and constrained versions in which
the selection of the blocks is not done by a deterministic rule (such as the cyclic
rule (5)), but rather via a predescribed distribution. Furthermore, an accelerated
O(1/k?) variant was studied for the unconstrained version. To extend the accelerated
version for the more generic problem (4), Fercoq and Richtérik [10] proposed an
accelerated O(1/k?) randomized block coordinate gradient (ARBCG) method. For
strongly convex functions, Lin, Lu, and Xiao [17] showed that a variant of this method
can achieve a linear convergence rate. However, from our numerical experience, the
ARBCG method usually can solve (D) only when each block is solved exactly. Even
a numerically much enhanced version of the ARBCG (denoted as eARBCG) method
with an efficient iterative method for solving the large linear systems (for which the
theoretical convergence needs to be studied) is also typically 3—4 times slower than
the accelerated block coordinate descent (ABCD) method with a special deterministic
rule which we will propose later.

In this paper we aim to design an efficient inezract accelerated BCD-type method
whose worst-case iteration complexity is O(1/k?) for (D). We achieve this goal by first
proposing an inexact accelerated BCGD (ABCGD) method for the general convex
programming problem (4) with 3 = --- = 6, = 0, and then apply it to (D) to
obtain an inexact ABCD method. Note that when ( is a convex quadratic function,
the ABCGD method and the ABCD method are identical. Our ABCD method is
designed based on three components. First, we apply a Danskin-type theorem to
eliminate the variable z1 in (4). Then we adapt the inexact APG framework of
Jiang, Sun, and Toh proposed in [14] to solve the resulting reduced problem. By
choosing an appropriate proximal term and adapting the recently developed inexact
symmetric Gauss—Seidel (sGS) decomposition technique [16] for solving a multiblock
convex quadratic minimization problem (possibly with a single nonsmooth block), we
show that each subproblem in the inexact APG method can be solved efficiently in a
fashion almost like the sGS update.

As already mentioned, one can also apply the APG method directly to solve (D),
or more generally (4). In this paper, we also adapt the APG method to directly solve
(D) for the sake of numerical comparison. In addition, since the ARBCG method
does not perform well for solving (D), again for the sake of numerical comparison,
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we propose an enhanced version (called eARBCG) of an ARBCG method designed
in [17] for solving (D). As one can see later from the extensive numerical experiments
conducted to evaluate the performance of various methods, though the BCD, APG,
and eARBCG methods are natural choices for solving (D), they are substantially less
efficient than the ABCD method that we have designed. In particular, for solving
(D), the ABCD method is at least ten times faster than the BCD method for the vast
majority of the tested problems. It is quite surprising that a simple novel acceleration
step with a special BCD cycle, as in the case of the ABCD method, can improve the
performance of the standard Gauss—Seidel BCD method by such a dramatic margin.

The paper is organized as follows. In the next section, we introduce the key ingre-
dients needed to design our proposed algorithm for solving (4), namely, a Danskin-type
theorem for parametric optimization, the inexact sGS decomposition technique, and
the inexact APG method. In section 3, we describe the integration of the three ingre-
dients to design our inexact ABCGD method for solving (4). Section 4 presents some
specializations of the introduced inexact ABCGD method to solve the dual LSSDP
problem (D), as well as discussions on the numerical computations involved in solving
the subproblems. In section 5, we describe the direct application of the APG method
for solving (D). In addition, we also propose an eARBCG in [17] for solving (D).
Extensive numerical experiments to evaluate the performance of the ABCD, APG,
eARBCG, and BCD methods are presented in section 6. Finally, we conclude the
paper in the last section.

Notation. For any given self-adjoint positive semidefinite operator 7 that maps
a real Euclidean space X into itself, we use 7'/2 to denote the unique self-adjoint
positive semidefinite operator such that 7/271/2 = T and define

|zl == (z, Ta) = |T?z| VzeX.

2. Preliminaries.

2.1. A Danskin-type theorem. Here we shall present a Danskin-type theorem
for parametric optimization problems.

Let X and )Y be two finite dimensional real Euclidean spaces each equipped with
an inner product (-, -) and its induced norm || - || and ¢ : ¥ — (—o00, +00] be a lower
semicontinuous function and ) be a nonempty open set in X. Denote the effective
domain of ¢ by dom(p), which is assumed to be nonempty. Let ¢(-,-) : Y x X —
(=00, +00) be a continuous function. Define the function g : Q — [—o00, +00) by

(6) g(x) = yig}{eﬁ(y) + oy, x)}, wef

For any given z € Q, let M(x) denote the solution set, possibly empty, to the op-
timization problem (6). The following theorem, largely due to Danskin [7], can be
proven by essentially following the proof given in [9, Theorem 10.2.1].

THEOREM 2.1. Suppose that ¢ : Y — (—o0, +00] is a lower semicontinuous func-
tion and ¢(-,-) : Y x X — (—o00,+00) is a continuous function. Assume that for
every y € dom(p) # 0, &(y,-) is differentiable on Q and V,¢(-,-) is continuous
on dom(p) x Q. Let x € Q be given. Suppose that there exists an open neighbor-
hood N' C Q of x such that for each z' € N, M(z') is nonempty and that the set
Uzren M(2') is bounded. Then the following results hold:
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(i) The function g is directionally differentiable at x and for any given d € X,

"(;d) = inf (V.o(y,z),d).
Jd) =t (Vo))
(ii) If M(z) reduces to a singleton, say M(z) = {y(x)}, then g is Gateauz dif-
ferentiable at x with
Vy(z) = Vad(y(z), z).

Danskin’s Theorem 2.1 will lead to the following results when convexities on ¢
and ¢ are imposed.

PROPOSITION 2.2. Suppose that ¢ : Y — (—00,+00] is a proper closed convex
function, Q is an open convex set of X, and ¢(-,+) : Y x X — (—00,4+00) is a closed
convez function. Assume that for every y € dom(yp), ¢(y,-) is differentiable on
and V¢(-,-) is continuous on dom(p) x Q and that for every 2’ € Q, M(a') is a
singleton, denoted by {y(a')}. Then the following results hold:

(i) Let © € Q be given. If there exists an open neighborhood N C Q of x such

that y(-) is bounded on any mnonempty compact subset of N, then the convex
function g is differentiable on N with

Vy(a') = Vad(y(a'),2’) Va' e N.

(i) Suppose that there exists a conver open neighborhood N° C Q such that y(-)
is bounded on any nonempty compact subset of N'. Assume that for any
y € dom(y), V.o(y,-) is Lipschitz continuous on N and that there exists a
self-joint positive semidefinite linear operator ¥ = 0 such that for all z € N
and y € dom(yp),
Y=H YHEI:, by, ),

where for any given y € dom(y), 82,¢(y,x) is the generalized Hessian of
o(y,-) at x. Then

(7) 0<g(2') —g(z) — (Vg(z),2’ —x) < %(x’ —x, % —x)) Vi,zeN.

Moreover, if N = Q = X, then Vg(-) is Lipschitz continuous on X with the
Lipschitz constant ||X||2 (the spectral norm of ¥) and for any © € X,

(8) 2=G VGEd,g(),

where 02,g(x) denotes the generalized Hessian of g at x.

(iii) Assume that for every x € Q, ¢(-,x) is continuously differentiable on an
open neighborhood containing dom(yp). Suppose that there exist two constants
a >0 and L > 0 such that for all o',z € 9,

(Vo @) = Vyoly, ),y —y) > ally’ —yl|> Vy',y € dom(yp)

and
IVyo(y,2") = Vyo(y,z)|| < Ll|z" —z| Yy € dom(yp).

Then y(-) is Lipschitz continuous on Q such that for all 2’ ,x € Q,

ly(a) = y(@)|| < (L/e)l|2’ — =].
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Proof. Part (i). The convexity of g follows from Rockafellar [25, Theorem 1] and
the rest of part (i) follows from the above Danskin theorem 2.1 and [24, Theorem 25.2].

Part (ii). For any 2/,2 € N, we obtain from part (i) and the generalized mean
value theorem (MVT) [13, Theorem 2.3] that

g(x') —g(x) = ¢(y(2'),2") + o(y(z")) — [p(y(x), ) + (y(x))]
(y(x),2") + (y(x)) — [o(y(x), ) + @(y(x))]
(y(x),2") — ¢(y(x), z)

< (V.o(y(x),z), 2" —x) + %(x' —x,%(z" —z)) (by using the MVT)

= (Vg(x),2' — ) + %(x’ —z,3%(2' —2)) (by using Part (i)),

¢
¢

which, together with the convexity of g, implies that (7) holds.

Assume that N = Q = X. By using (7) and [19, Theorem 2.1.5], we can assert
that Vg is globally Lipschitz continuous with the Lipschitz constant ||X[|2. So by
Rademacher’s theorem, the Hessian of g exists almost everywhere in X'. From (7), we
can observe that for any = € X such that the Hessian of g at x exists, it holds that

Vi.9(r) 2 2.

Thus, (8) follows from the definition of the generalized Hessian of g.
Part (iii). The conclusions of part (iii) follow from part (i), the maximal mono-
tonicity of dp(-), the assumptions, and the fact that for every =’ € Q,

0€ dp(y(a")) + Vyo(y(z'), z").
We omit the details here. 0

2.2. An inexact block sGS iteration. Let s > 2 be a given integer and
X=X x Xy x -+ X X, where the X;’s are real finite dimensional Euclidean spaces.
For any x € X, we write ¢ = (21,x2,...,25) with z; € X;. Let @ : X — X be a
given self-adjoint positive semidefinite linear operator. Consider the following block
decomposition

Qun Q12 -+ Qs 71
Qs Qoo -+ Qo T2

Qr = . o : s
QTS Q;S e st Ts
0 Q12 -+ Qi I
. . Lo

Ur = . )

Qs—l,s
0 Ts
where Q;; : X; — X, i = 1,...,s, are self-adjoint positive semidefinite linear opera-

tors, Q5 : X; = &, i =1,...,5—1, j > 1, are linear maps. Note that Q = U*+D+U,
where Dx = (Qlla:l, ey QSSJIS).
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Let r = (r1,r2,...,75) € X be given. Define the convex quadratic function
h:X —Rby
1
h(z) = 5(3:, Qx) — (r,z), z€X.
Let p: X1 — (—00, +00] be a given lower semicontinuous proper convex function.
Here, we further assume that Q;;, i = 1,...,s, are positive definite. Define
T<; = ((El,xg,...,$i), T>; 1= (xi,xiﬂ,...,xs), 1=0,...,8+1

with the convention that x<p = x>s41 = 0.
Suppose that d;, 5;" € X;,i=1,...,s, are given error vectors, with §; = 0. Denote
6= (61,...,05) and §F = (§],...,6F). Define the following operator and vector:

(9) sGS(Q) :=UD'U*,
(10) A(6,6%) == 6t +UDTL (6T —§).

Let y € & be given. Define

. 1 R
(11) 2t = arg min {p(xl) + h(z) + §||x — y||§GS(Q) —(A(5,6T), x)} .

The following proposition describing an equivalent BCD-type procedure for com-
puting zT is the key ingredient for our subsequent algorithmic developments. The
proposition is introduced by Li, Sun, and Toh [15] for the sake of making their Schur-
complement-based alternating direction method of multipliers [16] more explicit.

PROPOSITION 2.3. Assume that the self-adjoint linear operators Qy;, i =1,...,8,
are positive definite. Let y € X be given. Fori=s,...,2, define &; € X; by

& := argmin{ p(y1) + h(y<i—1, i, T>i1) — (9i, 74)}

i—1 s
(12) = Qi ri+di=Y Qi — Y Qi
Jj=1 J=i+1
Then the optimal solution ™ defined by (11) can be obtained exactly via

o =argmin, {p(z1)+ h(z1,222) — (6], 1)},

(13) { @i =argmin, {p(e{) +h(@l;_ 1, @i, dzie1) — (67, @)}

-1 + i—1 + s 2 ;
= Qii (Ti + 57, - Zj:l Q;lxj - Zj:i-‘rl Q'L]:E]) 5 1= 2, ey S

Furthermore, H := Q 4+ sGS(Q) = (D +U)D~ (D +U*) is positive definite.
For later use, we also state the following proposition.

PROPOSITION 2.4. Suppose that H := Q +sGS(Q) = (D +U)D~Y(D +U*) is
positive definite. Let & = ||H™Y2A(0,67)|. Then

(14) €=D7V2(6" = 8) + DD +U) 71| < DTV = )| + 1.

Proof. The proof is straightforward by using the factorization of . d
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Remark 1. In the computations in (12) and (13), we should interpret the solutions
T, xf as approximate solutions to the minimization problems without the terms
involving 6; and 5;r . Once these approximate solutions have been computed, they
would generate the error vectors 51- and 5i+ . With these known error vectors, we
know that the computed approximate solutions are actually the exact solutions to the

minimization problems in (12) and (13).

2.3. An inexact APG method. For more generality, we consider the following
minimization problem

(15) min{F(z) := p(z) + f(2) | = € &},

where X is a finite dimensional real Euclidean space. The functions f : X — R,
p: X = (—o00,00] are proper, lower semicontinuous convex functions (possibly non-
smooth). We assume that f is continuously differentiable on X and its gradient V f
is Lipschitz continuous with modulus L on X i.e.,

V(@) = Vil < Lz -yl Va,ye X,

We also assume that problem (15) is solvable with an optimal solution z* € dom(p).
The inexact APG algorithm proposed by Jiang, Sun, and Toh [14] for solving (15) is
described as follows.

Algorithm 1. Input y! = 2° € dom(p), t; = 1. Set k = 1. Iterate the following
steps.
Step 1. Find an approximate minimizer

(16)

ot~ argmin, e {0 V£, w08+ 5y~ Haly—y) 4l )

where Hj, is a self-adjoint positive definite linear operator that is chosen by
the user.

2
Step 2. Compute tp41 = w and yF*! = ok + (%)(xk A

Given any positive definite linear operator Hy : X — X, define gi(-,-) : X x X —
R by

a(e,) = F(9) + (VI (). & — ) + 3 (& — 9 Ml — ).

Let {ex} be a given convergent sequence of nonnegative numbers such that

oo

Zek < 0.

k=1

Suppose that for each k, we have an approximate minimizer
(17) 2% ~ argmin{p(z) + q(z,y") | = € &}
that satisfies the following admissible conditions

(18) Fa®) < ar(a®,y),

(19) V") +Hila® = y*) + 97 = AF with |5, 2AF| < e/ (V24),
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where v* € dp(x*). (Note that for 2* to be an approximate minimizer, we must have
x¥ € dom(p).) Then the inexact APG algorithm described in Algorithm 1 has the
following iteration complexity result.

THEOREM 2.5. Suppose that the conditions (18) and (19) hold and Hy—1 = Hi >
0 for all k. Then

4

(20) 0< F(a%) - F(z*) < (k+1)2

(V7 +e? +2a),
where 7 = (20 — 2%, H1(2° — %)), & = 25:1 €, €k = Z?:l .

Proof. See [14, Theorem 2.1] for the proof. O

Note that Chambolle and Dossal [5] discussed the convergence of the iterates of
an APG (called FISTA in [5]). However, the convergence of the iterates of the inexact
versions of the APG including the proposed one here is still unknown.

3. An inexact ABCGD method. We consider the problem
(21) min{ F(zo, z) := @(x0) + p(x1) + ¢(x0, ) | o € Xp, 2 € X},

where z = (21,...,25) € X1 X - x Xs(=: X), and ¢ : Ay = (—o0,0], p: X1 —
(=00, 0], ¢ : Xo x X — R are three closed proper convex functions and Xy, X1, ..., Xs
are finite dimensional real Euclidean spaces. We assume that problem (21) is solvable
with an optimal solution (zf,z*) € dom(yp) x dom(p) X X x -+ x Xs. Define the
function f : X — [—o00,+00) by

(22) Fla) = inf {p(eo) + 60, 0)}, @ = (a1, sm) € X.

For any given x € X, let M(x) denote the solution set to the optimization problem
n (22). Suppose that the assumptions in part (ii)! of Proposition 2.2 imposed on ¢
and ¢ hold for = X. Then, by part (ii) of Proposition 2.2, we know that f is
continuously differentiable and its gradient V f is globally Lipschitz continuous, and
for all z,y € X,

(23) F() ~ F) ~ (V@)z — ) < 3o — 9, L ),

where £ : X — X is a self-adjoint positive semidefinite linear operator such that for
any ¢ € X,

(24) L>H VHeFf(z),

where 02 f(z) is the generalized Hessian of f at . One natural choice, though not
necessarily the best, for £ is £ = X, where X is a self-adjoint positive semidefinite
linear operator that satisfies

(25) Y=H VHE ¢(xo,x) Y€ domy, x € X.
Here for any given z¢ € domyp, 82 ¢(xo, ) is the generalized Hessian of ¢(zo, ) at x.

IFor subsequent discussions, we do not need the assumptions in part (iii) of Proposition 2.2
though the results there have their own merits.
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Now we consider an equivalent problem of (21):
(26) min{F(z) := p(z1) + f(z) | = € X}.
Given, a self-adjoint positive semidefinite linear operator Q : X — X" such that
OXL, Qu»0,i=1,...,s.

Define h(-,+) : X x X — R by

h(z,y) == f(y) +(Vf(y), = —y) + %@C vy, Qr —y))

O) = )+ (Vedlwo(®) ), 2~ o)+ 5le -y, Qe —y)),  yEX

where ¢ (y) is the unique solution to inf,,ecx, {¢(zo0) + ¢(z0,y)}. From (23), we have
(28) f@) <h(zy) Vo, yedl.

We can now apply the inexact APG method described in Algorithm 1 to problem
(26) to obtain the following inexact ABCGD algorithm for problem (21).

Algorithm 2. Input y' = 2° € dom(p) x Xy x -+ x X, t1 = 1. Let {ex} be a
summable sequence of nonnegative numbers. Set k = 1. Iterate the following steps.
Step 1. Compute

(29) zk = argmin {(p(aco) + ¢(zo, :?k)}

Zo

Let gi(z,2%) = h(z,z%) + §|lz — EEk”SGS(Q)' Using the inexact block sGS
iteration, compute

¥ ~ argmin {p(a:l) + qk(, %k)}
TEX] XX X
_ . ~k k ~k ~k
= argmin {p(xl) + f(@%) + (Ved(zg,27), © — 27)
TEX] XX X
1 ~k ~k 1 ~k 12
(30) b He— 7, Qe — 7 + 2o - oo

such that " satisfies the admissible conditions stated in (18) and (19) with
Hy = H := Q+5GS(Q), and the residual vector AF satisfies | H~1/2AF| <

€k

V2t
144/1+4t2

Step 2. Compute tj1; = —Y—= and 2" = 2% + (%)(xk — k1),

Remark 2. Note that by (28), the admissible condition (18) is automatically sat-
isfied by the approximate solution z* in (30). But in order for z* to satisfy the
admissible condition (19), we need to control the error incurred when solving (30) via
the inexact block sGS iteration. Specifically, suppose 5{“, ke X, i=1,...,s with
61 = 0, are the error vectors produced by the inexact block sGS iteration. Then the
residual vector A* in the admissible condition (19) is given by AF = A(8%, 6%) (see



1082 DEFENG SUN, KIM-CHUAN TOH, AND LIUQIN YANG
(10)), and by Proposition 2.4,
(31) IHY2AR] < @DV 4 12 )) max 167, 11671},

where D = diag(Qi1, ..., Qss). Thus in solving (30), we require that

(32) max{[|8*, [|8*]]} < ﬁ\/—t

where 3 := 2||D7V/2|| 4 || ~'/2||, and hence ||H'/2AF|| < —2—

th

The iteration complexity result for the inexact ABCGD algorithm described in
Algorithm 2 follows from Theorem 2.5 without much difficulty.

THEOREM 3.1. Denote H = Q+sGS(Q). Let {(xk,z%)} be the sequence generated
by Algorithm 2 and the condition (32) be satisfied. Then

(33) 0< F(a®) — Fz*) < — (VT +&)? + 2ek),

(k+ 1)2 ((

where T = L(2% — 2%, H(2® — 2*)), & = 25:1 €5, € = Zf €3, and F is defined in
(26).

Proof. From (28), we have
(34) F(a*) < p(ay) + h(a®,3") + ||9€ - "|lZas(0)-
From the optimality condition for (30), we can obtain
(35) Vad(ah,3%) + H(ak — 3%) + 4% = A(oF, 6%),
where % € Op(x¥). By using (32) and Proposition 2.4, we know that
IHV2AGR, 8%)|| < [D72(6% — 68| + 1R~ /20%|

< @ID7V2) + I HH2]) max{ ]| 6%, |18*

\/— 2ty
Then (33) follows from Theorem 2.5. O

Remark 3. (a) Since we use the sGS iteration described in Proposition 2.3 to
compute z¥ in (30), we can see that Step 1 is actually one special BCGD cycle with
the order xg — &5 = Ts—1 = -+ = T2 > 1 — To -+ — Ts.

(b) Assume that z§ has been computed, and #%,..., 25 and 2} have been computed
in the backward sweep of the sGS iteration for solving (30). One may try to estimate
xk ... 2% by using #5,... 2%, respectively. In this case the corresponding residual

vector 6% would be given by

(36) k=63 gl —ah), =2,
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k
K3
provided a condition of the form [|6¥| < ¢||¥|| (for some constant ¢ > 1 say ¢ = 10) is
satisfied for i = 2,...,s. When such an approximation is admissible, then the linear
systems involving Q;; need only be solved once instead of twice for i = 2,...,s. We
should emphasize that such a saving can be significant when the linear systems are
solved by a Krylov iterative method such as the preconditioned conjugate gradient
(PCG) method. Of course, if the linear systems are solved by computing the Cholesky
factorization (which is done only once at the start of the algorithm) of Q,;, then the
savings would not be as substantial.

In practice, we may accept such an approximate solution x¥ = ¥ for i = 2,...,s,

4. Two variants of the inexact ABCD method for (D). Now we can apply
Algorithm 2 directly to (D) to obtain two variants of the inexact ABCD method. In
the first variant, we apply Algorithm 2 to (D) by expressing it in the form of (21)
with s = 3 and (zg, z1, 22, 23) = ((Z,v),S,yr,yr). Specifically,

((Z,v)) = 0p(—=2Z) + 0ic(—v),  p(S) = dsy(9),
1
1 2
+ 5”9 + v —yrl||* — const,

f(S,ye,yr) = (izr}g){@((zvv)) + ¢((Z,v), S, yE,yI)}

1
= —(bg, yg) + §HHP(A*E:UE + Ayr + S+ Q)2

1
+ 5 k(g = yo)[|* — const,

where const = 3[|G||? + 3¢/, and we take

1, Ag Al
(37) Q=L=V{5,,n0(Z.0), S ys,yr) = | As ApAy  AgA;
Ar .A[.A*E .A[A? + T,

In the second variant, we express (D) in the form of (21) with s = 1 and (zg,z1) =
((Z,v),(S,yr,yr)). For the remaining parts of this paper, we assume that Ag : X —
R™E is onto and the solution set of (D) is nonempty. The convergence of both variants
follows from Theorem 3.1 for Algorithm 2 and will not be repeated here.

The detailed steps of the first variant of the inexact ABCD method are given as
follows.

Remark 4. (a) To compute 9% in Algorithm ABCD-1, we need to solve the fol-
lowing linear system of equations:

(38) (Ap ALk ~bp — Ap(Asgh + S* + ZF + Q)
with the residual norm

(39) |10kl = llbe — Ap(Ajgf + S* + ZF + G) — Ap Api¥| < e/ (V2t).
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Algorithm ABCD-1: An inexact ABCD method for (D).
Select an initial point (2171717 §177j}377j}) = (2°4° 8% 4%, 49) with (—=2° —°) €
dom(dp) x dom(dx). Let {ex} be a summable sequence of nonnegative numbers, and
t1 = 1. Set k = 1. Iterate the following steps.
Step 1. Let R* = ALj% + Arg¥ + 5% + G. Compute
(Z*,0") = argming  {F(Z,v,5", 4, 31)} = [p(R*) = R*, Tle(g —§7) — (9 — 91)),
gg‘ = argminyE{F(Zkvvkv§k7yE7g§) - <8§J: yE>}7
g? = argminyI{F(Zk7vk7 §k7:g§7y[) - <8]I€7 yl)}v
s* = argming {F(2",v", 8,95, 9)} = sy (= (ARgh + Aigf + 2" + @),
yr = argmin, {F(Z*,v* S* 45, yr) — (07, yr) },
yp = argmin, {F(Z",v", S" yp,yf) — (6%, ys)},
where 6%, SI?E € R™E and 6F, Slf € R™I are error vectors such that

maxc{||6% |, 167 1l 16511, 16711} < ex/(V2tx).

14+4/1+4t2 t—1
— and £ = =—. Compute

Step 2. Set tp11 = i1

SEHY = §F 4 B(S* — SN, g = yh + Be(yE —yb ), i =yl + By —uE ).

If the (sparse) Cholesky factorization of Ag.A} can be computed (only once) at a
moderate cost, then (38) can be solved exactly (i.e., 0% = 0); otherwise (38) can be
solved inexactly to satisfy (39) by an iterative method such as the PCG method. The
same remark also applies to the computation of g%, y¥, yk.

(b) From the presentation in Step 1 of Algorithm ABCD-1, it appears that we
would need to solve the linear systems involving the matrices Ag A} and Aj A7 +7
twice. In practice, one can often avoid solving the linear systems twice if yg and Q}“
are already sufficiently accurate approximate solutions for the respective second linear
systems. More specifically, suppose that we approximate y’f by g’; Then the residual
vector for the second linear system would be given by

5% = % + A;(S* — 5F).

If the condition |6¥|| < e/(v/2tx) is satisfied, then we need not solve the second
linear system since g is already a sufficiently accurate solution for the second linear
system. Similarly, if we use Q% to approximate yg, then the corresponding residual
vector would be given by

0 = 0 + Ap(Aj(yf — 1) + 5" — 5%).
Again if the condition that [|0%| < ex/(v/2tx) is satisfied, then we can take y% = g%.
For the second variant of the inexact ABCD method, we apply Algorithm 2 to

(D) by expressing it in the form of (21) with s = 1 and (xg,21) = ((Z,v), (S, yE, y1))-
In this case, we treat (S, yg,yr) as a single block and the corresponding subproblem
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in the ABCD method neither admits an analytical solution nor is solvable via a linear
system of equations. To solve the subproblem, we use a semismooth Newton-CG
(SNCG) algorithm introduced in [38, 37] to solve it inexactly.

The detailed steps of the second variant of the inexact ABCD method are given
as follows. We should mention that it is in fact an accelerated version of a majorized
SNGG algorithm presented in [37].

Algorithm ABCD-2: An inexact ABCD method with SNCG for (D).
Select an initial point (2171717 §177j}377j}) = (Z2°4° 8% 4%, 49) with (—=2° —°) €
dom(85) x dom(8%). Let {ex} be a nonnegative summable sequence, t; = 1 and 7 = 107°.
Set k = 1. Iterate the following steps.
Step 1. Let R* = ALj% + Arg¥ + 5% + G. Compute

(2",0%) = argmin {F(Z,v, 8", 5, 9)} = (Wp (1Y) = R, T (g = 37) = (9= 91)),

(S*,yb,F) = argmin {F(Z*, 0", S,y u) +  lye — G517 = (0%, ye) — (6F, un)}

SWEYI
where 6% € R™E | §% € R™ are error vectors such that
max{[|6% |, 671} < ex/(V2t).

2
Step 2. Set tpy1 = w7 Br = ii;l Compute

SHTE = 8% 4 B(SF — S*TY), g = yh 4 By — e ), BT =yl 4 Byl — i h).

In our numerical experiments, we always start with the first variant of the ABCD
method, and then switch it to the second variant when the convergence speed of the
first variant is deemed to be unsatisfactory. As discussed in [38, 37], each iteration
of the SNCG algorithm can be quite expensive. In fact, ABCD-1 can achieve a
high accuracy efficiently for most of the problems perhaps because it has O(1/k?)
iteration complexity and there is no need to be switched to ABCD-2. However, for
some difficult problems, ABCD-1 may stagnate. In this case, ABCD-2 can perform
much better since it wisely makes use of the second-order information and it has fewer
blocks.

4.1. An efficient iterative method for solving the linear systems. Ob-
serve that in both the ABCD method and the APG method to be presented later in
the next section for solving (D), we need to solve the following linear systems

(40) Byr =,

where B = (ArAj + o), with o = 1 and o = £ for the ABCD method and APG
method, respectively. For the case where the matrix B and its (sparse) Cholesky
factorization (need only to be done once) can be computed at a moderate cost, (40)
can be solved efficiently. However, if the Cholesky factorization of B is not available,
then we need an alternative efficient method to deal with (40). In this paper, we solve
(40) by a PCG method. In order to speed up the convergence of the CG method,
we construct the following preconditioner B based on a few leading eigenpairs of B.
Specifically, consider the following eigenvalue decomposition,

(41) B=PDPT,
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where P € R™ %™ is an orthogonal matrix whose columns are eigenvectors of B,
and D is the corresponding diagonal matrix of eigenvalues with the diagonal elements
arranged in descending order: Ay > Ay > --- > A,,,. We choose the preconditioner to
be

kr my
(42) B=> NPPI+X\, Y PP,
i=1 i=kr+1

where P; is the ith column of P, k; is a small integer such that 1 < k; < my, and
Ak; > 0. Note that we only need to compute (which only needs to be done once) the
first k; eigenvalues of B and their corresponding eigenvectors. Then

kr mr kr k1
B =Y MN'RPI+ N > PRI =Y A\'PPT+ ] <I - ZPiPiT>
=1 i=kr+1 i=1 i=1
kr—1
=N T O - AHRP
=1

From the expression of g, we can see that the overhead cost of applying the precon-
ditioning step B~!v for a given v can be kept low compared to the cost of performing
Bu.

In our numerical experiments, we solve (40) approximately by applying the PCG
method with the preconditioner (42) whenever the sparse Cholesky factorization of
B is too expensive to be computed. As we are solving a sequence of linear systems
of the form (40), where the right-hand side vector changes moderately from iteration
to iteration, we can warm start the PCG method with the previous solution y’fﬁl
when solving the kth linear system. For the problems which we have tested in our
numerical experiments, where the number of linear inequality constraints m; in (P)
can be very large, usually we only need less than ten PCG iterations on the average
to solve (40) to the required accuracy. This confirms that the preconditioner (42) is
quite effective for the problems under our consideration, and we have thus presented
an efficient iterative method to solve the large scale linear systems here.

5. An APG method and an enhanced ARBCG method for solving (D).
Instead of the ABCD method, one can also apply the APG and accelerated randomized
BCGD methods to solve (D). The details are given in the next two subsections.

5.1. An APG method for solving (D). To apply the APG method, we note
that (D) can equivalently be rewritten as follows:

~

(D) min Fyg,yr, Z)
* 1 * *
= —(bg, yp) +0p(=2) + 5| Msy (Apye + Afyr + Z + Q)12
1 2 1 2 Ly 1o
“Ng—yill® = =11(g — yr) — (g — - — Zllgll%.
+ 2llg =il — 3l (o~ y1) ~ Tl — )l = 1CI” ~ 3lg]
In order to apply the APG method to solve (D), we first derive a majorization of

the objective function given the auxiliary iterate (7%, 3%, Z¥). Let ©1(M,N,Z) =
$IMsy (M + N + Z + G)II?, @2(yr) = §llg — urll* = 51(g — yr) — Tk (g — wr)|*.

—
—
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is known that Vg;(-), i = 1,2, are Lipschitz continuous. Thus we have that for
M = Agye, N = Ajyr, M* = Aggf, N Nk = Ajgr,

©1(M, N, Z) < @1 (M*, N Z¥)
+ (s (Mk+Nk+Zk+G)M+N+Z—A7k—ﬁk—2k>
3 . 3 =
+5IM - ME|? 4 IIN—N’“H2+§HZ—Z’“II2,

@a(y1) < o2(7F) — (Miclg — T5), yr — 77) + Iny — 7%

From here, we get
F(yanlvz)_F(y%vg];aZk)
< 0p(=2) = (be, y& — Gp) + (X*, Apye — ARiE)
* * o~ 7 ~ 3 * * ~
+ (XF, Aqyr = Aqgp) + (X, 2= Z%) = (s, yr = ) + S| Ay — Api|?
3. . ~

+ 5 I ATyr — ATgEII® + —HZ—Z'“IIQ Hyz -7 l?

:¢k(yE7yfaz)a

Whereszﬂsi(A}ijgiﬂ—i—Al —I—Zk-i-G) sP =Tl (g — 7).

At each iteration of the APG method [1, 35] applied to (f)), we need to solve the
following minimization subproblem at the kth iteration:

minz{¢k(yE,y1,Z)}

YE,YI,

whose optimal solution is given by

yE = (ApAp) ' (3(br — AX") + ApALdE),
(43) yi = (A1 A} + 5Zn,) M (5(8* — AX® + gF) + ArAg5),
ZF =Tp(:XF — ZF) — (Lx* - ZF).

With the computed iterate (y’?E, y’f, Z*), we update the auxiliary iterate

(y§+1 ~k+1 ZkJrl)

similarly to Step 2 of Algorithm ABCD-1.

5.2. An enhanced ARBCG method for solving (D). Next we describe the
eARBCG method for solving (D). Our algorithm is an application of Algorithm 3 in
[17], which is a simplified block framework of the APPROX algorithm presented in
[10] for the sake of numerical comparison, and the steps are given as follows.
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Algorithm eARBCG: An enhanced ARBCG method for (D).

We use the notation in (4) with ¢ = 4 and « = ((Z,v), S, yE, yr). Select an initial
point 7! = 1. Set ap = 1/q and k = 1. Iterate the following steps.

Step 1. Compute o = %(, Jat | +4a2 | — ai_l).

Step 2. Compute 7"+ = (1 — a)z* + o z*.
Step 3. Choose it € {1,...,q} uniformly at random and compute

. ~ ~ qog ~
xf:rl = argmln{ <vlk<(xk)v Ty, — xfk> + TH:E% - xka%'Lk + 0'Lk (xlk)}v

where 71, T2 are identity operators, and 73 = Ag Ay and Tu = Ar A5 + 1.
Here 01(331) = 5;;(—2) + 57&(—’()), 02(332) = 551(5), 93($3) =0= 94($4),
and ¢ is the smooth part of F in (D). Set 2™ = Z¥ for all i # i), and

~k ~k+1 ~k e
$k+1_{ 7+ qap(zyT —z7)  if i =g,

’ zk if  # i

K2

Note that in the original ARBCG algorithm in [10] and [17], each block needs to
be solved exactly. Our enhancement to the algorithm is in using an efficient iterative
method for solving the large linear systems inexactly with the same rule as introduced
in section 4. Indeed the practical performance of the eARBCG is much better than
the original version since it is numerically tough to get an exact solution for a large
scale linear system. However, we should note that although the nonconvergence of
the eARBCG method is never observed for the problems tested in our numerical
experiments, the theoretical convergence of the eARBCG has yet to be established,
which we leave as a future research topic.

6. Numerical experiments. In our numerical experiments, we test the al-
gorithms designed in the last two sections to the LSSDP problem (P) by taking
G = —C, g = 0 for the data arising from various classes of SDP problems of the form
given in (1). Specifically, the LSSDP problem corresponds to the first subproblem (2)
of the PPA for solving (1) by setting k =0, X =0, s =0, and ¢ = 1.

6.1. SDP problem sets. Now we describe the classes of SDP problems we
considered in our numerical experiments.

(i) SDP problems coming from the relaxation of a binary integer nonconvex
quadratic (BIQ) programming:

(44) min {%xTQx + (¢, ) | z € {0, 1}"1} )

This problem has shown in [3] that under some mild assumptions, it can equivalently
be reformulated as the following completely positive programming (CPP) problem:

(45) min {%<Q7 X0> + <C, $> | dla'g(XO) = va = [X07$;xT7 1] € C;Zp} )

where Cp, denotes the n-dimensional completely positive cone. It is well known that

even though Cj, is convex, it is computationally intractable. To solve the CPP prob-
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lem, one can relax Cj, to S% N N, and the relaxed problem has the form (1)

min  3(Q, Xo) + (¢, z)

(46) X,

. € n
s.t.  diag(Xg) —2 =0, a=1, X:[xT a]68+’ X eP,

where the polyhedral cone P = {X € 8™ | X > 0}. In our numerical experiments,
the test data for @ and c are taken from Biq Mac Library maintained by Wiegele,
which is available at http://biqmac.uni-klu.ac.at/bigmaclib.html.

(ii) SDP problems arising from the relaxation of maximum stable set problems.
Given a graph G with edge set £, the SDP relaxation 64 (G) of the maximum stable
set problem is given by
(47)

04 (G) = max{(ee”, X) | (Ey, X)=0,(i,7) €&, (I, X)=1, X €S}, X € P}

where E;; = eie]T- + ejel and e; denotes the ith column of the identity matrix, P =
{X € §" | X > 0}. In our numerical experiments, we test the graph instances G
considered in [30], [31], and [32].

(iii) SDP relaxation for computing lower bounds for quadratic assignment prob-
lems (QAPs). Given matrices A, B € 8", the QAP is given by

vqap = min{(X, AXB) : X € I},

where IT is the set of n X n permutation matrices.

For a matrix X = [z1,...,7,] € R™*", we will identify it with the n2-vector
@ = [x1;...;2,). Foramatrix Y € R" " welet Y% be the nxn block corresponding
to ;] in the matrix zz™. In [23], it is shown that v§,p is bounded below by the

following number generated from the SDP relaxation:
v:=min (BRA,Y)
(48) st S YE=T (I,Y¥)=¢; V1<i<j<n,
(E,Y¥W)=1 V1<i<j<n, Ye8!YeP,

where the sign “®” stands for the Kronecker product, E is the matrix of ones, and
d;j = 1if i = j, and 0 otherwise, P = {X € 8" | X > 0}. In our numerical
experiments, the test instances (A, B) are taken from the QAP Library [12].

(iv) SDP relaxations of clustering problems (RCPs) described in [22, (13)]:

(49) min{<—W, X)| Xe=e, (I, X>:K,Xe$1,Xe7>},

where W is the so-called affinity matrix whose entries represent the pairwise similar-
ities of the objects in the dataset, e is the vector of ones, and K is the number of
clusters, P = {X € 8" | X > 0}. All the data sets we tested are from the UCI Ma-
chine Learning Repository (available at http://archive.ics.uci.edu/ml/datasets.html).
For some large data instances, we only select the first n rows. For example, the orig-
inal data instance “spambase” has 4601 rows; we select the first 1500 rows to obtain
the test problem “spambase-large.2” for which the number “2” means that there
are K = 2 clusters.

(v) SDP problems arising from the SDP relaxation of frequency assignment prob-
lems (FAPs) [8]. Given a network represented by a graph G with edge set £ and an
edge-weight matrix W, a certain type of FAP on G can be relaxed into the following
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SDP (see [4, (5)]):
max  ((51)Lap(W) — $Diag(We), X)

(50)
st. diag(X)=e, X eS8}, XeP,

where Lap(W) := Diag(We) — W is the Laplacian matrix, e € R" is the vector of all
ones,and P={X € S" | L < X < U},

Lij = {_ﬁ V(i,j) €€, Uy — {—ﬁ V(i,7) € U,
(0.9]

—o0o  otherwise, otherwise

with k£ > 1 being a given integer and U is a given subset of £.

(vi) For the SDP problems described in (46) arising from relaxing the BIQ prob-
lems, in order to get tighter bounds, we may add in some valid inequalities to get the
following problems:

min  5(Q, Y) + (¢, z)
st diag(Y)—2=0,a=1,X=| 5 % |esr, xep
’ ’ iCT a + )
0<-Yj+x<1,0< Y +2; <1, -1<Y}; —x —x; <0,

where P = {X € §" | X > 0}. For convenience, we call the problem in (51) an
extended BIQ problem. Note that the last set of inequalities in (51) are obtained from
the valid inequalities 0 < z;(1 —z;) <1,0<z;(1—2;) <1,0< (1 —z;)(1 —z;) <1
when x;,z; are binary variables.

6.2. Numerical results. In this section, we compare the performance of the
ABCD, APG, eARBCG, and BCD methods for solving the LSSDP (P). Note that the
BCD method follows the template described in (5) with ¢ = 4 and z = ((Z,v), S, y&, yr)-
All our computational results are obtained by running MATLAB on a workstation
(20-core, Intel Xeon E5-2670 v2 @ 2.5 GHz, 64 GB RAM).

In our numerical experiments, for problem (P), we assume that v := max{||G|,
llgll} < 1, otherwise we can solve an equivalent rescaled problem

@) min 3| X - G|+ 3lls — g]?
s.t. AE(X):BE, A[X—SZO,XESi,XEﬁ,SEK,

whereéz%,g:%,BE:bTE,ﬁ:{X|7X€73},I€:{3|73€IC}. Note that

(X, s) is a solution to (P) if and only if (%, £) is a solution to (P).
Note that under a suitable Slater’s condition, the KKT conditions for (P) and
(D) are given as follows:

ApX =bg, A;X—s5=0, X—Y =0,
X =1lsy (Apye + Ajyr + Z + G),
Y =1p(Apys + Ajyr + 5+ G),
s =Hx(g —yr).

(52)

Thus we measure the accuracy of an approximate optimal solution (Z,v, S, yg,yr) for
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TABLE 1
Number of problems which are solved to the accuracy of 10~6 in n.

Problem set (No.) \ solver | ABCD | APG | eARBCG | BCD
0, (64) 64 64 64 11
FAP (7) 7 7 7 7
QAP (95) 95 95 24 0
BIQ (165) 165 165 165 65
RCP (120) 120 | 120 120 108
exBIQ (165) 165 141 165 10
Total (616) 616 | 592 545 201
TABLE 2

Number of problems which are solved to the accuracy of 1076, 1077, and 1078, in n by the
ABCD method.

Problem set (No.) \ ¢ | 1076 | 1077 | 10~8
05 (64) 64 | 58 52
FAP (7) 7 7 7
QAP (95) 95 95 95
BIQ (165) 165 | 165 | 165
RCP (120) 120 | 120 | 118
exBIQ (165) 165 | 165 | 165
Total (616) 616 | 610 | 602

(D) by using the following relative residual:

(53) n= max{nlv 72, 7]3}7

bp—ApX X-Y s—ArX « ,
where 1y = == f_,_”bg” ”7 N2 = H1+HX|‘|‘ » I3 = I 1_,_HIS|| H , X = HSi (Apye+Ajyr+Z+G),
Y =llp(ALye+Ajyr+S+G), s = llx(g—yr). Additionally, we compute the relative

gap defined by

(54) o = —2IX =Gl + 3lls —gl* = F(Z,v. 5. ym.y1)
T 5IX =GP+ 3l — gll? + 1F(Z 0, 8 ym, 1)

Let € > 0 be a given accuracy tolerance. We terminate the ABCD, APG, eARBCG,
and BCD methods when n < e.

Table 1 shows the number of problems that have been successfully solved to the
accuracy of 107° in 5 by each of the four solvers: ABCD, APG, eARBCG, and BCD,
with the maximum number of iterations set at 25000.2 As can be seen, only ABCD
can solve all the problems to the desired accuracy of 107%. The performance of the
BCD method is especially poor, and it can only solve 201 problems out of 616 to the
desired accuracy.

Table 2 shows the number of problems that have been successfully solved to the
accuracy of 1076 10~7, and 10~® in n by the solver ABCD, with the maximum
number of iterations set at 25000. As can be seen, ABCD can even solve almost all
the problems to the high accuracy of 1078,

Table 3 compares the performance of the solvers ABCD, APG, and eARBCG on
a subset of the 616 tested LSSDP problems using the tolerance e = 1076, The full ta-
ble for all the 616 problems is available at http://www.math.nus.edu.sg/~mattohkc/
publist.html. The first three columns of Table 3 give the problem name, the dimen-
sions of the variables yg (mg) and yr (mg), the size of the matrix C (ng) in (P),

2The maximum number of iterations for eARBCG is 25000q, where ¢ is the number of block
variables, i.e., ¢ = 4 for extended BIQ problems and ¢ = 3 otherwise, since eARBCG only updates
one block variable at each iteration.


http://www.math.nus.edu.sg/~mattohkc/publist.html
http://www.math.nus.edu.sg/~mattohkc/publist.html
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Performance Profile (64 0, 7 FAP, 95 QAP, 165 BIQ, 120 RCP, 165 exBIQ problems) tol = 1e-06
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Fi1G. 1. Performance profiles of ABCD, APG, eARBCG, and BCD on [1,10].

respectively. The number of iterations,® the relative residual 7 and relative gap Mg,
as well as computation times (in the format hours:minutes:seconds) are listed in the
last twelve columns. As can be seen, ABCD is much faster than APG and eARBCG
for most of the problems.

Figure 1 shows the performance profiles of the ABCD, APG, eARBCG, and BCD
methods for all the 616 tested problems. We recall that a point (z,y) is in the
performance profile curve of a method if and only if it can solve exactly (100y)% of
all the tested problems at most x times slower than any other methods. It can be seen
that ABCD outperforms the other 3 methods by a significant margin. Furthermore,
the ABCD method is more than ten times faster than the BCD method for a vast
majority of the problems. It is quite surprising that a simple novel acceleration step
with a special BCD cycle can improve the performance of the standard Gauss—Seidel
BCD method by such a dramatic margin.

Figure 2 shows the tolerance profiles of the ABCD method for all the 616 tested
problems. Note that a point (z,y) is in the tolerance profile curve if and only if it
can solve exactly (100y)% of all the tested problems at most z times slower than the
time taken to reach the tolerance of 1075,

7. Conclusions. We have designed an inexact ABCGD method for solving a
multiblock convex minimization problem whose objective is the sum of a coupled
smooth function with Lipschitz continuous gradient and a separable (possibly nons-
mooth) function involving only the first two blocks. An important class of problems
with the specified structure is the dual of LSSDP where the primal matrix variable
must satisfy given linear equality and inequality constraints, and must also lie in the
intersection of the cone of positive semidefinite matrices and a simple polyhedral set.

Our inexact ABCGD method has O(1/k?) iteration complexity if the subproblems
are solved progressively more accurately. The design of our ABCGD method relied on
recent advances in the sGS technique for solving a convex minimization problem whose
objective is the sum of a multiblock quadratic function and a nonsmooth function

3Note that the two numbers of iterations in ABCD are for ABCD-2 and ABCD-1, respectively.
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Tolerance Profile (646,, 7 FAP, 95 QAP, 165 BIQ, 120 RCP, 165 exBIQ problems)

1 T T T T T T T T

(100y)% of problems

01 2 3 4 5 6 7 8 9 10

at most x times of tol = 1e—6

F1G. 2. Tolerance profiles of ABCD on [1,10].

involving only the first block. Extensive numerical experiments on various classes of
over 600 large scale LSSDP problems demonstrate that our ABCGD method, which
reduces to the ABCD method for LSSDP problems, not only can solve the problems
to high accuracy, but it is also far more efficient than (a) the well known BCD method,
(b) the eARBCG method, and (c¢) the APG method.
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