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Abstract. In this paper, we consider conic programming problems whose constraints consist
of linear equalities, linear inequalities, a nonpolyhedral cone, and a polyhedral cone. A convenient
way for solving this class of problems is to apply the directly extended alternating direction method
of multipliers (ADMM) to its dual problem, which has been observed to perform well in numerical
computations but may diverge in theory. Ideally, one should find a convergent variant which is at
least as efficient as the directly extended ADMM in practice. We achieve this goal by designing
a convergent semiproximal ADMM (called sPADMM3c for convenience) for convex programming
problems having three separable blocks in the objective function with the third part being linear.
At each iteration, the proposed sSPADMM3c takes one special block coordinate descent (BCD) cycle
with the order 1 — 3 — 2 — 3, instead of the usual 1 — 2 — 3 Gauss—Seidel BCD cycle used in the
nonconvergent directly extended 3-block ADMM, for updating the variable blocks. Our numerical
experiments demonstrate that the convergent method is at least 20% faster than the directly extended
ADMM with unit step-length for the vast majority of about 550 large-scale doubly nonnegative
semidefinite programming problems with linear equality and/or inequality constraints. This confirms
that at least for conic convex programming, one can design a convergent and efficient ADMM with
a special BCD cycle of updating the variable blocks.

Key words. conic programming, multiblock ADMM, semiproximal ADMM, convergence, SDP
AMS subject classifications. 90C06, 90C22, 90C25, 65F10

DOI. 10.1137/140964357

1. Introduction. Our primary motivation in this paper is to design an efficient
but simple first order method with guaranteed convergence to find a solution of mod-
erate accuracy to the following conic programming with four types of constraints:

(P) max{(—c,z) | Agx =bg, Ajx > b, z € K, z € K,}.

Here Ap and Aj are two linear maps defined from the finite-dimensional real Euclidean
space X to R™E and R™!, respectively, (bg,b;) € R™# x R™ and ¢ € X are
given data, K C X is a pointed closed convex (nonpolyhedral) cone whose interior
int(K) # 0, and K, is a polyhedral convex cone in X such that K N fC, is nonempty.
Note that in theory the fourth block constraint in (P) can be incorporated into the
first and the second block constraints. However, treating the polyhedral cone K,
separately instead of representing it in terms of equalities and inequalities is of con-
siderable advantage in numerical computations. Problem (P) covers a wide range of
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interesting convex models. In particular, it includes the important class of doubly non-
negative (DNN) semidefinite programming (SDP) with both equality and inequality
constraints

(SDP) max{(—C,X> |.AEX =bg, A; X >b;, X ES?_, X e ’Cp},

where S” is the cone of n X n symmetric and positive semidefinite matrices in the
space of n X n symmetric matrices S, X € K, means that every entry of the matrix
X € 8™ is nonnegative (one can, of course, only require a subset of the entries of X
to be nonnegative or nonpositive or free), and C' € 8™ is a given symmetric matrix.

For a given linear map A from X to another finite-dimensional real Euclidean
space X', we denote its adjoint by A*, and for any closed convex set C C X, we
denote the metric projection operator onto C by Il¢ (). If C C X is a closed convex
cone, we denote its dual cone by C*, i.e.,

C*:={de X|{d,x) >0 VxeCl}.

In this paper, we will make extensive use of the Moreau decomposition theorem [26],
which states that = I¢(x) — I« (—2) for any nonempty closed convex cone C C X
and x € X.

The dual of (P) takes the form of

min {—(br,yr) — (be,ys) | s + Ajyr + 2+ Agys = ¢, s€ K*, z€ K, yr >0},

which can equivalently be written as the following convex programming with four
separate blocks in the objective function and a coupling linear equation constraint:

(D) min i (s) + (dgmr (yr) = (br,y1)) + 0k (2) — (be, ym)
st. s+ Ajyr+ 2+ Apye = ¢,

where for any given set C, dc(-) is the indicator function over C such that dc(u) =0
if w € C and oo otherwise.

Problem (D) belongs to a class of multiblock convex optimization problems whose
objective function is the sum of ¢ convex functions without overlapping variables:

(1.1) mm{Zm(wi) | ZB?wi :c},

where for each i € {1,...,q}, Wi is a finite-dimensional real Euclidean space equipped
with an inner product (-,-) and its induced norm | - ||, ¢; : W; — (—o0,+oq] is
a closed proper convex functions, B; : X — W; is a linear map, and ¢ € X is
given. Note that one can write (D) in the form of (1.1) in a number of different
ways. One natural choice is of course to write (D) in terms of (1.1) for ¢ = 4 with
(w1, wa, ws,wyq) = (s,yr1, 2, yr). However, by noting that in (D) the objective function
containing the yg part is a linear term, we shall treat (D) as a special case of (1.1)
for ¢ = 3 with (w1, ws,ws) = (s,yr1,(2,yr)). In the latter case, the third function
03 is partially linear: it is linear about yg but nonlinear about z. This partial linear
structure of #3 will be heavily exploited in our pursuit of designing a convergent but
efficient first order method in this paper.
Let o > 0 be given. The augmented Lagrange function for (1.1) is defined by

q
X

E Biw; — ¢

i=1

q 2

q
Ly(w,... ,we;x) = Z@(wz) + <J‘,ZB;‘wl - c> + %
i=1

i=1
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for w; € Wi, i = 1,...,q, and z € X. Choose any initial points w{ € dom(d;),
i=1,...,q, and 2° € X. The classic augmented Lagrangian function method of

Hestenes, Powell, and Rockafellar [22, 32, 34] consists of the following iterations:
(1.2) (wlerl, . ,w];"'l) = argmin L, (w1, ..., wg; z*),
(1.3) "t =2k 4 1o (N4 Brwl T — ),

where 7 > 0, e.g., 7 € (0,2), is a positive constant that controls the step-length in
(1.3). To solve (1.2) exactly or approximately to high precision can be a challeng-
ing task in many situations. To deal with this challenge, one may try to replace
(1.2) by considering the following g-block alternating direction method of multipliers
(ADMM):

wf“ = argminLg(wl,u/Q~C . ,wf;;xk),
k1 _ . k1 k1 k k. k
w; T =argmin Ly (wy™ .. wiT L wi wil g, wga),
(1.4) :
w§+1 = argmin L, (wi*?, ... ,w];fll, wy; "),

q
"t = a2F 4 1o ( E , 1Bfwf+1 —c).
i

The above g-block ADMM is extended directly from the ADMM for solving the
following 2-block convex optimization problem

(1.5) min {01 (w1) + O2(ws) | Biwy + Byws = ¢} .

For a chosen initial point (w?,w,2%) € dom(#;) x dom(f2) x X, the classic 2-block
ADMM consists of the iterations

(1.6) wh ™ = argmin L, (w1, wh; 2),
(1.7) wh ™ = argmin Ly (wh ™ wo; 2*),
(1.8) P = 2F 4 ro(Biwi T 4+ Bwhtt — o),

where 7 > 0 is a positive constant. The classic 2-block ADMM for solving (1.5)
was first introduced by Glowinski and Marrocco [14] and Gabay and Mercier [12].
When B} = Z, the identity mapping, B3 is injective, and 6, is strongly convex, the
convergence of the classic 2-block ADMM was proved first by Gabay and Mercier [12]
for any 7 € (0,2) if 05 is linear, and then by Glowinski [13] and Fortin and Glowinski
[10] for any 7 € (0, (1 4 +/5)/2) if f5 is a general nonlinear convex function. Gabay
[11] has further shown that the classic 2-block ADMM for 7 = 1 is a special case of
the Douglas—Rachford splitting method. Moreover, Eckstein and Bertsekas [6] have
shown that the latter is actually an application of the proximal point algorithm on
the dual problem by means of a specially constructed splitting operator. A variation
of the classic 2-block ADMM is to adjust the penalty parameter o at every iteration
based on the previous iterations’ progress with the goal of improving the convergence
in practice. That is, one replaces (1.8) by

(1.9) P = 2F 4oy (Biwh T 4 Biwh Tt — ¢).
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A scheme to adjust the penalty parameters o), was studied in [20, 41], and it often
works well in practice. Due to its extreme simplicity and efficiency in several appli-
cations in mathematical imaging science, signal processing, etc., the classic 2-block
ADMM has regained its popularity in recent years. For a tutorial on the classic
2-block ADMM, see the recent work by Eckstein and Yao [7].

The multiple-block ADMM with larger 7 often works very well in many cases.
For example, Wen, Goldfarb, and Yin [43] used the 3-block ADMM with 7 = 1.618
to design an efficient software for solving some SDP problems of large sizes. However,
it was shown very recently by Chen et al. [4] that in contrast to the classic 2-
block ADMM, the directly extended 3-block ADMM with 7 = 1 may diverge.! This
dashes any hope of using the directly extended g-block (¢ > 3) ADMM without
modifications.? Actually, even before the announcement of [4], several researchers
made serious attempts in correcting the possible nonconvergence of the multiple-block
ADMM [16, 17, 18, 19, 21, 37]. A recent work by Wang et al. [42] is also along this
line. Among the work on correcting the nonconvergence, the g-block ADMM with an
additional Gaussian back substitution [18] distinguishes itself for its simplicity and
generality. However, to the best of our knowledge, up to now the dilemma is that at
least for convex conic programming, the modified versions, though with a convergence
guarantee, often perform two to three times slower than the multiblock ADMM with
no convergent guarantee.

In this paper we aim to resolve the dilemma just mentioned by focusing on the
conic programming problem (P). Note that (1.4) performs the usual 1 -2 — --- — ¢
Gauss—Seidel block coordinate descent (BCD) cycle in minimizing the variable blocks
for solving (1.2) inexactly. In contrast, our convergent semiproximal ADMM for
convex programming problems having three separate blocks in the objective function
with the third part being linear (we call this method sPADMM3ec, which will be
presented in section 3.1) takes the special 1 — 3 — 2 — 3 BCD cycle at each iteration.
This special cycle actually uses an essentially BCD cyclic rule in the terminology of
Tseng [40] to minimize the variable blocks for solving (1.2) inexactly. Given the fact
that all three component functions in the objective of a counterexample constructed
in [4] to illustrate the nonconvergence of the directly extended 3-block ADMM are
zero functions, it comes as a pleasant surprise that one only needs to update the
third variable block twice to get a convergent 3-block ADMM provided that 65 is
linear. At the moment, it is not clear to us if our corresponding ADMM is still
convergent when 63 is nonlinear, though we conjecture that it is true.® In any case,
for the conic programming problem (P), the requirement on the linearity of 63 is not
restrictive at all, as we will see in the subsequent analysis. Our extensive numerical
tests on the important class of SDP problems with linear equality and/or inequality
constraints demonstrate that our convergent method is at least 20% faster than the
directly extended ADMM with unit step-length for the vast majority of about 550
large-scale problems tested. This confirms that our convergent sSPADMM can have
both theoretical convergence guarantee and superior numerical efficiency over the

IThe final version of [4] includes a nonconvergent example for the ADMM with any prefixed =
not smaller than 10~% and the penalty parameter o = 1.

2Hong and Luo [23] provided a proof on the convergence of the directly extended g-block ADMM
under some restrictive assumptions including a global error bound condition with a sufficiently small
step-length 7. Since in practical computations one always prefers a larger step-length for better
numerical efficiency, a convergence result of this nature is mainly of theoretical importance.

3In a recent paper [24], Li, Sun, and Toh report that the conjecture is indeed true if 63 is a
convex quadratic function.
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directly extended ADMM. Our research conducted here opens up the possibility of
designing an efficient and convergent ADMM with a suitably chosen essentially BCD
cyclic rule rather than the usual Gauss—Seidel BCD cyclic rule, where the latter may
lead to a nonconvergent ADMM, for multiblock convex optimization problems (1.1)
with structures beyond those considered in (SDP).

The remaining parts of this paper are organized as follows. In the next section, for
our subsequent developments we will present in detail the convergent properties of a
semiproximal ADMM for solving 2-block convex optimization problems. In section 3,
we will introduce a convergent 3-block sSPADMM first for the special case where the
third function f3 is a linear function and then show how this approach can be applied
to the case where 03 is partially linear or fully nonlinear. We should emphasize that
the linear or partial linear structure of 63 will not render the directly extended 3-
block ADMM to become convergent as the three functions 61, 6,, and 03 constructed
in the counterexample in [4] are all linear (actually, zero functions). Extensions to the
multiblock case are also briefly discussed in this section. In section 4, the applications
of the convergent 3-block sSPADMM to conic programming are discussed. Section 5
is devoted to the implementation and numerical experiments of using our convergent
3-block sSPADMM for solving (SDP). We conclude our paper in the final section.

Notation. For any given self-adjoint positive semidefinite operator 7 that maps
a real Euclidean space X into itself, we let 7/2 be the unique self-adjoint positive
semidefinite operator such that 7/27/2 = T and define

|27 := /{x, Ta) = |T?z|| Ve X.

For a given convex function ¢ : X — (—o0, 00|, ¢* denotes its Fenchel conjugate, i.e.,

¢*(x) == sup{(y,z) — d(y)}, ze€X.

2. Preliminaries. Thoughout this paper, we assume that X', ), Z are three
finite-dimensional real Euclidean spaces each equipped with an inner product (-, -)
and its induced norm || - ||. Let f : Y +— (—o0,+0], g : Z + (—00,+00] be given
closed proper convex functions, F : X — Y, G : X — Z be given linear maps, and
¢ € X be also given. Let S and T be two given self-adjoint positive semidefinite (not
necessarily positive definite) linear operators on ) and Z, respectively.

The purpose of this section is to discuss the convergent properties of a sSPADMM
for solving the 2-block convex optimization problem

(2.1) min {f(y) +g(z) | F'y+G 2z =c}

and its dual

(2.2) max {—(c,z) — f*(=Fz) — g"(=Gz)},

which can equivalently be written as

(2.3) min {(c,z) + f*(u) + ¢"(v) | Fr+u =0, G+ v =0}.

These convergence results are the essential ingredients in proving the convergence of
our 3-block sSPADMM proposed in section 3.
Recall that the augmented Lagrange function for problem (2.1) is defined by

(24) Loy, z7) = f(y) +9(2) + (2, Fry + G2 —¢) + %Ilf*y +G"z .
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It is clear that in order for the classic 2-block ADMM scheme (1.6)—(1.8) applied to
problem (2.1) to work, one needs to assume that both subproblems have a solution.
The existence of solutions for the subproblems can be guaranteed if we assume that
the objective functions in (1.6) and (1.7) are both coercive. However, conditions
ensuring the boundedness of the two generated sequences {y**!} and {z**1} are
very subtle, while the boundedness of the dual variable sequence {z**1} is readily
obtainable. More importantly, it is also desirable that both z**! and z**! can be
computed relative easily if f and g have conducive structures. In this regard, the
following sSPADMM is preferred.

ALGORITHM SPADMM?2. A GENERIC 2-BLOCK SEMIPROXIMAL ADMM FOR
SOLVING (2.1).

Let 0 > 0 and 7 € (0, 00) be given parameters. Choose y° € dom(f), 2 € dom(g),
and 2° € X. Perform the kth iteration as follows:

Step 1. Compute y"™ = argmin L, (y, 2¥;2%) + ||y — ¥ | 3.

Step 2. Compute 2" = argmin L, (y* !, 2;2%) + 2|2 — 2¥|3-.

Step 3. Compute 2" = 2F 4 7o (F*yF 1 4 G* A —¢).

In the above 2-block sSPADMM for solving problem (2.1), the choices of S and T
are very much problem dependent. The general principle is that both S and T should
be as small as possible, while y**! and 2**! are still relatively easy to compute. The
convergence analysis of the 2-block sSPADMM can be conducted by following the proof
given by Fortin and Glowinski [10] based on variational analysis. This has been done
in [9]. Here we will only summarize what we need for later developments. For details,
see Appendix B in [9].

Assumption 2.1. There exists (7,%) € ri(dom f x domg) such that F*j +
G2 =c.

Under Assumption 2.1, it follows from [33, Corollary 28.2.2] and [33, Corol-
lary 28.3.1] that (7, 2) € Y x Z is an optimal solution to problem (2.1) if and only if
there exists a Lagrange multiplier z € X such that

(2.5) 0 Fz+0f(y), 0€Gz+09(2), F'y+GZz—c=0,

where 0f and Jg are the subdifferential mappings of f and g, respectively. Moreover,
any T € X satisfying (2.5) is an optimal solution to the dual problem (2.3). Since both
df and dg are maximal monotone [35, Theorem 12.17], there exist two self-adjoint and
positive semidefinite operators ¥ and ¥, such that for all y,y" € dom(f), u € 9f(y),
and v’ € 9f(y'),

(2.6) (u—uy—y) > ly—y'lI%,,
and for all z, 2’ € dom(g), v € dg(2), and v' € dg(2'),
(2.7) (v—v',z2=2) >z =23,
THEOREM 2.2. Let Xy and X4 be the two self-adjoint and positive semidefinite
operators defined by (2.6) and (2.7), respectively. Suppose that the solution set of

problem (2.1) is nonempty and that Assumption 2.1 holds. Assume that S and T
are chosen such that the sequence {(y*, z*, x*)} generated by Algorithm sPADMM?2 is
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well defined. Let (g, z) be any optimal solution to problem (2.1) and T be any optimal
solution to problem (2.3), respectively. For k=10,1,2,..., denote

yPo=yk—g, 2F=2¢—z and 2F =2z
Then, under the condition either (a) T € (0,(1 ++/5)/2) or (b) 7> (1 ++/5)/2 but
Soreo(1G* (2P — 2R)|12 4 77| FryF Tl 4+ G 2M — ¢f|2) < oo, the following results
hold:
(1) The sequence {||x§+l||2 + stJrlH%g—lngrTJrgg*) + HyéJrlH%g—lEerSJr}'}'*)} is
bounded.
(ii) If (y>=,2%°,2%) is an accumulation point of {(y*,zF, 2*)}, then (y*,z>)
solves (2.1) and x> solves (2.3), respectively, and it holds that

+1||%a'_12 +S+]—']-'*)) =0,
f

D (T ol [ 7,
where in the definition of (y*, 2z, x%), (9,2, %) is replaced by (y>, 2>, ™).
(iii) If both 07 'Y¢ + S + FF* and 0= 'S, + T + GG* are positive definite, then
the sequence {(y*, 2%, 2*)}, which is automatically well defined, converges to
a unique limit, say, (y=,z%°,x>) with (y°°, 2°°) solving (2.1) and =°° solving
(2.3), respectively.
(iv) When the z-part disappears, the corresponding results in parts (i)-(iii) hold
under the condition either T € (0,2) or 7 > 2 but Y o, [|F*y* ! — ¢||? < oc.
Remark 2.3. The conclusions of Theorem 2.2 for the case that 7 € (0, (1++/5)/2)
follow directly from the results given in [9, Theorem B.1]. For the case that 7 >
(1+v5)/2but 352 o (1G* (P =2F) |27~ || FryF 4G 281 —¢||?) < oo, we can just
mimick the proofs for part (c) in [9, Theorem B.1] for the case that 7 € (1, (1++/5)/2)
by using part (b) in [9, Theorem B.1] and the property on Fejér monotone sequences.
Similarly, the conclusions for part (iv) can be derived correspondingly by using part
(d) in [9, Theorem B.1]. In our numerical computations, we always start with a larger
7, e.g., T = 1.95, and reset it as 7 := max(p7, 1.618) for some p € (0,1) if at the kth
iteration

g% (241 = )2 7Y+ GPR > gk

for some constant ¢p > 0. Since 7 can be reset for a finite number of times only, even-
tually either condition (a) or condition (b) in Theorem 2.2 is satisfied. Consequently,
the conclusions of parts (i)—(iii) in Theorem 2.2 hold. When the z-part disappears,
we can start with 7 > 2 and reset it accordingly by using a procedure similar to the
above.

Remark 2.4. Independent of Fazel et al. [9], Deng and Yin [5] also analyzed
the global convergence of Algorithm sPADMM2, though the focus of [5] is mainly on
analyzing the rate of convergence for the following cases: (i) S = 0, T = 0, 7 € (0, 1];

(i) S=0,7T =0, 7 € [1, %) The most interesting case used in this paper of
taking S Z 0, 7 z 0 and 7 > 1 (in particular, 7 = 1.618) is not covered by [5].

3. A convergent 3-block semiproximal ADMM. Assume that WV is a finite-
dimensional real Euclidean space. Let h : W +— (—o0, +00] be a given closed proper
convex function and H : X +— W be a given linear map. For the subsequent discus-
sions, we let T¢ and 7, be two given self-adjoint positive semidefinite (not necessarily
positive definite) linear operators on ) and Z, respectively.
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Consider the following 3-block convex optimization problem:
(3.1) min {f(y) + g(z) + h(w) | F*y + G* 2 + H*w = c} .
The dual of (3.1) is
(3.2) max {—(c,z) — f*(=Fz) — g"(=Gz) — h* (-Hx)},
which can equivalently be written as
(3.3)  min{{c,x) + f*(u)+¢g*(v) + h*(s) | Fr+u=0, Gx +v=0, He +s=0}.

By noting that the three variables u, v, and s are decoupled in the constraints of
problem (3.3), one may attempt to apply the classic 2-block ADMM if F*F + G*G +
‘H*H is positive definite or the 2-block SPADMM if it is only positive semidefinite
(to avoid the potential nonconvergence of the former), to (3.3) with = and (u,v,s)
as two separate block variables.* However, as far as we know from our numerical
experiments, this approach is less efficient than working with the problem of the
form (3.1) directly. A possible explanation for this phenomenon is that the sizes of
F*F 4+ G*G + H*H are often too large to admit an efficient Cholesky factorization
and consequently one is forced to add a large semiproximal term to it to make the
new operator more amenable for practical computations. At least, this is the case for
conic programming (P).

In the next subsection, we will introduce our approach first for the case where
h is a linear function and prove the convergence of our approach by relating it to a
particularly designed 2-block sSPADMM. For (D), this corresponds to the case where
my =0 or K, = X. After that, we will extend our idea to deal with the case where
h is only partially linear or fully nonlinear and the g-block case in section 3.2.

3.1. The case where h is linear. In this subsection, we are particularly inter-
ested in the case where h is a linear function of the form

(3.4) h(w) :== —=(b,w) YweW,

where b € W is given. For simplicity, by removing the redundancy if necessary
(although it may not be an easy task numerically), we assume that HH* is invertible,
ie, H:X — W is surjective. Note that since H : X — Range(H), the range space of
H, is always surjective, one may always redefine VW := Range(H) to make sure that
HH* : W — W is positive definite. However, it is a challenging task to compute the
Cholesky decomposition of HH* by working in the range space of H if W # Range(H).

For a given o > 0, let L, (y, 2z, w; x) be the augmented Lagrange function for (3.1),
ie., for any (y,z,w,z) € Y x Z X W x X,

Lo(y, z,w;x) = f(y) + g(2) — (b,w) + (&, F'y+ G2+ H'w—c)

(3.5) + gH]—'*y—l—Q*z—i—’H*w—dF.

The following constraint qualification is needed for our subsequent discussions.
Assumption 3.1. There exists (7, 2,%) € ri(dom f x dom g) x W such that F*g +
G2+ HW=c

4This comment can be directly applied to the g-block convex optimization problem (1.1).
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Similar to the discussion in section 2, under Assumption 3.1, it follows from [33,
Corollary 28.2.2] and [33, Corollary 28.3.1] that (7,z,w) € Y x Z x W is an optimal
solution to problem (3.1) if and only if there exists a Lagrange multiplier z € X’ such
that

(36) 0e Fz+0f(y), 0€Gx+09(2), Hz—b=0, F'y+GzZz+Hw—c=0.

Moreover, any z € X satisfying (3.6) is an optimal solution to the dual problem (3.3).
We consider the following sSPADMM for solving (3.1).

ALGORITHM SPADMM3c. A CONVERGENT 3-BLOCK SEMIPROXIMAL ADMM
FOR SOLVING (3.1).

Let 0 > 0 and 7 € (0, 0) be given parameters. Choose y° € dom(f), 2° € dom(g),

and 2° € X such that Hz® = b. Set w® := (HH*) ' H(c — F*y° — G*2°). Perform

the kth iteration as follows:

Step 1. Compute y**! = argmin L, (y, 2*, w"; %) + Zlly — yk||27f

Step 2. Compute w**? = argmin Lo (y* 11, 2%, w; 2%) = (HH*) " H(c — FryP ! —
G*2%) and 2" = argmin L, (y* 1!, 2, wh T2 2F) + Zllz— zkH%—g

Step 3. Compute w**t! = argmin L, (y**!, 28 wiab) = (HH*) 1 H(c —
J—_-*ykJrl o g*szrl).

Step 4. Compute z¥+! = 2F + 7o (F*yF 1 + G 2R+ 4 Hrwht! —¢).

Note that in Step 2 of Algorithm sPADMMa3c, by direct calculations we should
have

Wbt = argmin L (44, 24, wiah) = () e F g =G ) o (b=Ha).

However, by using Proposition 3.2, to be introduced later, we know that b — Ha* =
0 for all k. Thus wht2 = (HH*)"*H(c — Fryb+tt — G*z%). In Step 3, wht! is
computed in a similar way. When 7 = 0 and 7, = 0, i.e., the proximal terms |y —
y* ||$—f and ||z — zkH%—q are absent, Algorithm sPADMMa3c will become our convergent
ADMM for solving (3.1) (ADMM3c). One reason for including 7} and T, is to ensure
that both y**1 and zF*! are well defined; see further discussions on this part in
section 2. The difference between our ADMM3c and the directly extended 3-block
ADMM (ADMMS3d) is that we perform an extra intermediate step to compute w*+z
before computing z**1, ie., at the kth iteration we perform a particularly chosen
essentially BCD cycle in updating the variable y, z,w in the terminology of Tseng
[40]. Except for this extra step, ADMMa3c is as simple as ADMM3d, which at each
iteration performs a Gauss—Seidel BCD cycle in updating the variable y, z, w. Observe
that in both ADMM3c and ADMM3d, we need to solve linear systems involving the
fixed operator HH*. For the case where the computation (which only needs to be done
once) of HH* and its (sparse) Cholesky factorization can be done at a moderate cost,
Step 3 of the above algorithm can be performed cheaply. Now, under the condition
that the Cholesky factorization of HH* is available, the extra cost for computing
whtE s actually insignificant. The reward for doing the extra step in computing
wk*2 is that we are able to prove the convergence of our ADMM3c not only for 7 =1
but also allow 7 to take a larger step-length, e.g., 7 = 1.618, so as to achieve faster
convergence than the directly extended ADMM3d. Note that if the z-part disappears,
then Step 2 of Algorithm sPADMMa3c disappears and our ADMM3c is identical to
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the classic 2-block ADMM but with 7 € (0,2) instead of 7 € (0, (1 ++/5)/2) due to
our requirement that Ha® = b.

Next we will prove the convergence of Algorithm sPADMM3c for solving (3.1) by
relating it to the generic 2-block sSPADMM for solving a 2-block convex optimization
problem discussed in section 2.

For problem (3.1), one can obtain w explicitly from the equality constraint F*y+
G*2 + H*w = c as follows:

(3.7) w(y,z) = (HH*) "Hic— F'y—G*2), (y,2) €Y x2Z.
Substituting (3.7) into (3.1), we can recast (3.1) equivalently as
(38)  min{f(y)+9(z)+ b Fy+Gz—c) | QFy+G z—c) =0},
where b := H*(HH*)~1b,

Q:=T-P, P:=H(HH)"H,

and Z : X — X is the identity map. It is easy to check that the two operators Q and
‘P satisfy the following properties:

(3.9)

Pr=P, Q' =9, PP=P, QQQ=09, PH'=H', HQOQ=0, 9QH"=0.
The dual of (3.8) is given by

min  f*(u) + g*(v) + {c,b+ QN)

(3.10) _ _
st. Fb+ON+u=0, Gb+QN+v=0.

Note that (3.10) is equivalent to (3.3) if we let x = b+ QA.
Let ¢ > 0 be a positive constant. Define the augmented Lagrange function for
(3.8) by

Lo(y, ) = f(y) + 9(z) + (0, Fy +G*2 = ¢)
(3.11) +(LQF Y +G 2 — ) + 2| QF Yy + G2 — )%

Now we can apply the generic 2-block sPADMM discussed in section 2 to (3.8).

ALGORITHM SPADMMZ2S. A SPECIFIC 2-BLOCK SEMIPROXIMAL ADMM FOR
SOLVING (3.8).

Let 0 > 0 and 7 € (0, 0) be given parameters. Choose y° € dom(f), 2° € dom(g),

and \° € Range(Q). Perform the kth iteration as follows:

Step 1. Compute y**! = argmin L, (y, 2*; \¥) + ZIF (y — Y% + Zlly — ka%—f
E+1 _ i T (kL kY oo Eyi|2 | o k2

Step 2. Compute 2" = argmin L, (y"" ", 2; \") + [|G" (2 — 2") || + § |z — 2"[|7, -

Step 3. Compute \*+1 = \F + 70 Q(FryF+l 4 G2k +L — o).

It is important to note that in Algorithm sPADMM2s for solving (3.8), we have
two proximal terms in both Step 1 and Step 2 instead of one proximal term. In
particular, the first proximal term is necessary as neither QF* nor QG* is injective.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/06/15 to 137.132.123.69. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

892 DEFENG SUN, KIM-CHUAN TOH, AND LIUQIN YANG

Next, we establish the equivalence of Algorithm sPADMM3c for solving problem (3.1)
and Algorithm sPADMM2s for solving problem (3.8).

PROPOSITION 3.2. Let ¢ > 0 and 7 € (0,00) be given parameters. Choose
yY € dom(f), 2° € dom(g) and \° € Range(Q). Let 2° = H*(HH*)"'b+ A°. Then
for any k > 0, we have the following results:

(i) The point (y*,z*) generated by Algorithm sPADMMZ2s for solving problem

(3.8) is identical to the point (y*,2*) generated by Algorithm sPADMM3c for
solving problem (3.1).
(i) A* and 2% satisfy the relation

o = H(HH) o+ AE

Proof. We prove this proposition by induction. First, note that since HQ = 0
and \ € Range(Q), we have Hz® = b.

Recall that w® = (HH*) "' H(c—F*y* —G*2*). Note that by direct computations
we have H*w® = PH*w* = P(c — F*y* — G*2¥). Assume that the conclusions of
this proposition hold up to k > 0. Then, by using (3.9) and the fact that A is in the
range of Q and Ha* = b, we can easily check for every k = 0,1,... that

) ~ o o
y* ! = argmin { Lo (v, 25 X%) + 217 (0 =M% + S lly - o*15; }
R =~ o o
= argmin { Lo (y, 25 \") + SIPEF Y+ 97" + 1wk =) + Sy — "I, }

[ F@) + 9+ B Fry+ G672 — o)+ (AL Q(Fry+G72F — o))
= arg min
R A IQF Y + G2k — )P + SIP(Fy + G+ H Wk = O)® + Sy - vFIE,

[ F) +g(ZF) + @R Fry + G 2R — o) + ZQ(Fry 4 GF2F + Hrwk — o) ||?
= arg min . " « % .
+SIPFy + G =k + Hrwb — o) + §lly — "3,

@) +9(F) = bwh) + (@8, Fry+ g7k + Hr R — o)+ Slly - v 7
= argmin
+EIQF y+ G 2 + H wk — o)|? + FIP(Fry + G*2"F + H*wk —o)|?

)+ 9(zF) — (b, wh) + (&%, Fry + G*2F + W wh —¢)
= argmin o || T * k w, k 2., o k|2
T3 IF Yy +G7 " + H W —cll* + Sy — "I,

= argmin { Lo (y, 2", w®; %) + glly -7, )
Similarly, for every kK =0,1,..., we have
= argmin { Lo (v, 5 0) + 216" (2 = 2915 + T2 - 215, }
= argmin { Lo (", 250%) + ZIP(F Y + G2+ H w2 = o) + Tl — 2117, |
= argmin { Lo (s, 2,0 3108 + Tz - 245 |
where wh2 = argmin L, (y**1, 2%, w; 2F) = (HH*) " "H(c — F*y**+! — G*2%) and
N\ ro Q(Fr gt 4 g Rt o)
—2F HHHH) b+ ro(FryF 4 G b )
— ML (HH) D,
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where w" ! = argmin L, (y* 1, 25 w; 2%) = (HH*) ' H(c—F*yF T —G*2*t1). This
completes our proof. 0O

Now we are ready to establish the convergence results for Algorithm sPADMM3c
for solving (3.1).

THEOREM 3.3. Let Xy and X4 be the two self-adjoint and positive semidefinite
operators defined by (2.6) and (2.7), respectively. Suppose that the solution set of
problem (3.1) is nonempty and that Assumption 3.1 holds. Assume that Ty and T, are
chosen such that the sequence {(y*, 2% w*, z*)} generated by Algorithm sPADMM3c
is well defined. Let (y,z,w) be any optimal solution to (3.1) and T be any optimal
solution to (3.3), respectively. For k=0,1,2,..., denote

yf ::y’“—g, zf :zzk—i, wf ::wk—ﬁ), and a:]; =z* — Z.
Then, under the condition either (a) 7 € (0,(1 +/5)/2) or (b) 7 > (1 ++/5)/2
but Z;ozo(”g*(zkﬂ_zk) + H*(warl_wk %)H2+T71”]:*yk+1+g*zk+1 + Hxpktl _
c|?)<oo, the following results hold:

(i) The sequence {[le51 |2+ 125412, 1, 17 yagey + 2 o g sy} i
bounded.
(i) If (y™>=, 2, w™, 2>°) is an accumulation point of {(y*, 2, w*, z*)}, then (y>

2%, w™) solves 3.1) and x> solves (3.3), respectively, and it holds that

kli_fgo (HflgﬂHz + |‘Z§+1||%a—1zg+7’g+gg*) + HQSHH%g—lEerTerFF*)) =0,
where in the definition of (y*, 2% wk, x*), the point (7,2, w, ) is replaced by
(Y™, 2%, w™>, x°).
(iii) If both o 'S+ T +FF* and o~ 'S, +T,+GG* are positive definite, then the
sequence {(y*, 2%, w, 2*)}, which is automatically well defined, converges to
a unique limit, say, (y°°,2°°,w,x>) with (y>,2°°,w>) solving (3.1) and
x> solving (3.3), respectively.
(iv) When the the z-part disappears, the corresponding results in parts (i)—(iii)
hold for any T € (0,2) or 7 > 2 but > oo || F*yFH + H*wht! — ¢||2 < 0.
Proof. By combing Theorem 2.2 with Proposition 3.2 and using the relation (3.7),
we can readily obtain the conclusions of this theorem. O
Remark 3.4. The main idea for proving the convergence of Algorithm sPADMM3c
is via showing that Algorithm sPADMM3c is equivalent to Algorithm sPADMM2s,
which is obtained by applying Algorithm sPADMM?2 to the problem (3.8) using two
special semiproximal terms S = FPF*+ Ty and T = GPG* + 7, in Step 1 and Step 2,
respectively. This simple discovery of the equivalence of Algorithm sPADMM3c for
solving (3.1) and Algorithm sPADMM2s for solving its equivalent problem (3.8) is
significant since on the one hand, it settles the convergence of Algorithm sPADMM3c
by using known convergence results for Algorithm sPADMM?2s, and on the other
hand, it allows one to take advantage of the extremely simple structure of Algorithm
sPADMM3c in searching for an efficient implementation for solving convex conic pro-
gramming. Note that one cannot even prove the convergence of Algorithm ADMM3c
(without the two semiproximal terms 7y and 7;) by directly applying the classic
2-block ADMM to (3.8). Actually, since neither QF* nor QG* is injective, one can-
not use the classic 2-block ADMM to solve (3.8) at all unless additional conditions
on f and g are imposed.
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3.2. Extensions. In this subsection, we first consider the 3-block convex opti-
mization problem (3.1), i.e.,

min{f(y) + g(z) + h(w) | F*y+ G 2+ H*w = ¢}

for the case where at least one of the three functions f, g, and h is partially linear.
Without loss of generality, we assume that h : W = Wy x Wg — (—o0, 0] is of the
partial linear structure

h(w) = 9(w1) — <b, w> = 9(w1) — <b[,’w[> — (bE,wE> Yw= (wI,wE) e Wr x Wg,

where b = (br,bg) € Wi x Wg is a given vector and 0 : Wy — (—o00, 00] is a closed
proper nonlinear convex function. Decompose H = Hj X H g such that for any = € X,

H
(H;“;) =Hax =Hix x Hpz € Wi x Wg.

Again, by removing redundancy in # if necessary, we assume that HgH}, is invertible,
i.e., HE is surjective. We also assume that the Cholesky factorization of HgH}, can
be computed at a moderate cost. In order to apply our proposed convergent 3-block
semiproximal ADMM to solve

(3.12) min {f(y) + g(2) + h(w) | F'y+ G2 + Hjw; + Hpwr = c},

we need to convert it into the form of problem (3.1) with & being linear. For this
purpose, we define Hs : W — X x W to be the following linear map:

Hiwr + Hywp

Hiw = (—D?w; ) YweW,

where Dy : Wi — Wr is a particularly chosen nonsingular linear operator, e.g., the
identity operator Z : Wy — Wy, and Dj is the adjoint of Dy.

We consider the following two cases.

Case 1. The inverse of H3H5 can be computed at a moderate cost.

By introducing a slack variable n € Wy, we can rewrite (3.12) as

min { f(y) + g(2) + 0(wr) — (b,w) | F'y+ G 2+ Hjws + Hpwg = ¢, Dj(n —wy) =0},

which can then be cast into the form of problem (3.1) as follows:

(3.13) min{( Flu) +6(n)) +9(2) — () | (g@ N <g02> +Hjw = (S) }

The convergent 3-block sSPADMM discussed in section 3.1 for solving problem (3.1)
can then be applied to problem (3.13) in a straightforward way.

Case 2. The inverse of H3zH3 cannot be computed at a moderate cost.

Let D: X — X be a given nonsingular linear operator and D* be its adjoint. We
assume that D is chosen in such a way that the inverse of Z + DD* can be computed
explicitly with low costs (e.g., D = 5Z). By introducing a slack variable s € X', we
can rewrite (3.12) as

min{f(y) + 9(2) + 0(wr) — (b,w) | F'y + G2 + s+ Hpwp = ¢, D*(Hjwr — ) = 0},
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which can then be recast in the form of (3.1) as follows:

min  (f(y) + 0(wr)) + 9(2) = (bp, wE)
B () () e =)

where the convex function 6(-) = 6(-) — (bz, -) and the linear map B : X x Wg — X x X
is defined by

B*(s,wg) = (i;—)stwE) V(s,wg) € X x Wg.

As in Case 1, we can apply the convergent 3-block sSPADMM discussed in section 3.1
to problem (3.14) in a straightforward way as now the inverse of BB* can be computed
based on (Z+DD*)~! and the inverse of Hg(Z — (Z+DD*)~1)H%. In our numerical
experiments in section 5, we choose D = oZ for some « € [3,6], and « is dynamically
adjusted according to the progress of the algorithm.

Though not the focus of this paper, here we will also briefly explain how to
extend our convergent semiproximal ADMM to deal with the general g-block convex
optimization problem (1.1):

min {232101-(101-) | ijlB;‘wi = c} .

For any i > 3, let D; : X — X be a given nonsingular linear operator and D} be
its adjoint. By introducing slack variables s; € X, ¢ = 3,...,q, we can then rewrite
(1.1) equivalently as

(3.15)
. q * * * .
mm{Z-,lgi(wi) | Biwy + Bows + 83+ ---+sqg=c, Df (Biw; —s;) =0, i :3,...7q}.

Let [ := |g/2] be the largest integer that is smaller than or equal to ¢/2. Define
h(s3,...,84) =0,

I+1 q
Flwy,ws . wign) =01 (wr) + > 0i(w;),  glwa,wisa, ... we) = 0(wa) + Y 0;(w;),
i=3 i=1+2
B}‘wl B§w2
D3 Biws 0
Fr(wy,ws,...,wier) = | D Bijwigr |, G5 (w2, wiya, ..., wg) = 0
Dy 5Bl swiy2
0 D: B,

for any w; € W;, i =1,...,¢q,and s; € X, j = 3,...,q. Then it is easy to see that
(3.15) is in the form of (3.1) with
—D§83
H*(s3,...,84) = )

*
—Dysq
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Note that we have

D5D; 7\ [T\~

HH* = +

D,D; ) \ T

Thus, if for each i € {3,...,q}, D; is chosen such that D;D;} can be inverted easily,

e.g., D; = aZ for some o > 0, then we can compute the inverse of HH* analytically via

the Sherman—Morrison-Woodbury formula if Z+3"7_.(D;D;) ! is also easy to invert.

In this way, our convergent 3-block semiproximal ADMM discussed in section 3.1 can
then be applied to problem (3.15) directly.

4. Applications to conic programming. In this section, we show how to
apply our convergent 3-block sSPADMM to solve conic programming (P) and its dual
(D). Here we always assume that Ag.Aj, is invertible and its Cholesky factorization
can be computed at a moderate cost.

4.1. The case where mj; = 0. In this subsection, we show how our conver-
gent ADMM3c can be used to solve conic programming (P) without the inequality
constraints Ayxz; > by. In this case, the conic programming (P) reduces to

(4.1) max {(—c,z) | Agz =bg, x € K, x € K,}
with its dual taking the form of
(4.2) min {5,0 (8) + 03 (2) — (bm,ys) | 5+ 2+ Apys = c} .

For problem (4.2), instead of using the constraint qualification imposed in
Assumption 3.1, we will use the following more familiar one in the conic programming
field.

Assumption 4.1. (a) For problem (4.1), there exists a feasible solution & € K such
that

Api = bp, & € int(K), & € K,.

(b) For problem (4.2), there exists a feasible solution (3, 2,9g) € K* x X x R™#
such that

§+ 2+ Apir =c, s €int(K"), 2€ K.
It is known from convex analysis (e.g., [1, Corollary 5.3.6]) that under

Assumption 4.1, the strong duality for (4.1) and (4.2) holds and the following Karush—

Kuhn-Tucker (KKT) condition has nonempty solutions:
(4.3) Apr —bp =0, s+z+Apyg —c=0,
' (x,5) =0, z€ K, se K", (v,2) =0, z €K}, z € K.

Let o > 0 be given. The augmented Lagrange function for (4.2) is defined by
Lo(s,2,ypi@) + = O+ (8) + 0xes (2) + (—be, yE) + (2,5 + 2 + Agye — ¢)
(4.4) + Slls+ 2+ Apys - o

where (s,2,yg,x) € X x X x R™E x X.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/06/15 to 137.132.123.69. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

CONVERGENT SPADMM FOR CONIC PROGRAMMING 897

We can apply our convergent 3-block ADMM (without the proximal terms) to
problem (4.2) to obtain the following algorithm.

ALGORITHM CoONIC-ADMM3cC: A CONVERGENT 3-BLOCK ADMM FOR SOLVING
(4.2).

Given parameters o > 0 and 7 € (0,00). Choose s° € K*, 20 € K, 2° € X such
that Apz® = bg. Set y% = (ApA%) ' Ar(c — s — 29). Perform the kth iteration as
follows:
Step 1. Compute s*T! = argmin L, (s, 2%, yk; 2*) = - (c —2F = Ak — U_lxk).
1
Step 2. Compute yf;r? = argmin L, (s*+1, 2% yp;a®) = (ApAfL) T Ag(c—shT1—2F)
and

. k+1 k+1 _
K = argmin L, (s, 2,y 75 2b) = i (c— sPTL - Anyn 2 — o ).

Step 3. Compute y&™ = argmin Ly (s¥1, 251 yp;a®) = (ApAl) ' Ag(c — s —
k+1

Step 4. Compute zF+1 = 2% 4 7o(shH! 4 21 4 AL gkt — ¢).

The following convergence results for Algorithm Conic-ADMM3c for solving prob-
lem (4.2) can be derived directly from Theorem 3.3.

THEOREM 4.2. Suppose that Assumption 4.1 holds and that Ag is surjective.
Then the sequence {(s*, 2%, yk, x*)} generated by Algorithm Conic-ADMM3c is well
defined. Furthermore, under the condition that either (a) T € (0, (14 +/5)/2) or (b)
™2 (14 VB)/2 but S (|54 — 28) + Ap (™ — )2+ 7 |shH 4 2R
Asyhtt —¢|?) < oo, it holds that

(i) the sequence {(s*, 2% yk,a*)} converges to a unique limit, say, (s,2%°,y%,

) satisfying the KKT condition (4.3);
(ii) when K, = X, i.e., the z-part disappears, the corresponding result in part (i)
holds for any T € (0,2) or 7> 2 but 3 5o ||sF+! + Apykt!t — ¢ < 0.

4.2. The case where my > 0. Here we consider conic programming problem
(P) with inequality constraints, i.e.,

(4.5) max {(—c,z) | Agx =bg, Ajx >br, z€ K, z € K,}.

If my, the number of inequality constraints Az > by, is relatively small, we can intro-
duce a slack variable to convert (4.5) into the form of problem (4.1) with three blocks
of constraints and then apply Algorithm Conic-ADMMa3c introduced in section 4.1 to
solve it. We omit the details here.

Next, we consider the case where my is large. The dual of (4.5) is given by

(4.6) min {5,@(5) + 6%111 (yr) +0c; (2) — (b, y) | s + Ajyr + 2 + Agye = ¢ } .

Let D: & — X be a given nonsingular linear operator and D* be its adjoint. In this
case, we can rewrite (4.6) equivalently as

(4.7)
min {5,0 (5) + O (yr) + Gy () — (b,) | 5+ Afyr + 2+ Apyp = ¢, D*(u—2) = o} .
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Define B: X x R™E — X x X to be the linear map whose adjoint B* satisfies
N z+ A%
Then problem (4.7) can be reformulated as

(48 min{ £5.0) 4 90n) + bz | (o) + (H0) + 8 ) = (§) ]
where
F(s,u) = dre () + 0y (w),  g(yr) = dgmr (yr) — (broyr), bz ye) = —(bg, ys)

for any (s,u) € X x X, yr € R™ and (z,yg) € X x R™E. Note that since

. (I+DD* A
BB _< Ag .AE.A*E)

and the inverse of Ag.Aj}; is assumed to be computable at a moderate cost, the inverse
of BB* can also be computed based on (Z + DD*)~! and the inverse of Ax(Z — (Z +
DD*)~1)A%. For example, if D is a simple nonsingular matrix (e.g., D = oZ for
some « > 0), then the inverse of BB* can be computed at a low cost once the
inverse of Ap A%, is available. Let pmax be the largest eigenvalue of the self-adjoint
positive semidefinite operator A;A7. Then we can apply our convergent Algorithm
sPADMM3c given in section 3.1 directly to problem (4.8) by defining

Tr=0 and Ty = pmax — A1 A}

to obtain a convergent 3-block sSPADMM, denoted by Conic-sPADMM3c, for solving
conic programming (P). The motivation for choosing the specific positive semidefinite
linear operator 7, above is to make the computation of y];“ simple. As before, the
convergence analysis for Algorithm Conic-sPADMM3c can be analyzed similarly as

in Theorem 4.2. For simplicity, we omit the details here.

5. Numerical experiments for SDP. In the last section, we have shown how
our proposed convergent 3-block sSPADMM for solving the convex optimization prob-
lem (3.1) can be used to solve (P) with/without the inequality constraints. In this
section, we use (SDP) problems as our test examples. We separate our test examples
into two groups. The first group is for DNN-SDP without the inequality constraints
Arzy > by, In the second group, we consider SDP problems arising from relaxation
of binary integer quadratic (BIQ) programming problems with a large number of
inequality constraints Aj;x; > by.

5.1. Numerical results for DNN-SDP. The DNN-SDP takes the form of
(5.1) (DNN-SDP) max {(-C,X) | ApgX =bg, X €S}, X €K, },
whose dual can be written as
(5.2) min {531 (S) + 6x5 (2) — (bey) | S+ Z + Agys = c} .

Obviously, our proposed Algorithm Conic-ADMM3c given in section 4.1 for solving
problem (4.2) can be applied to problem (5.2) directly.
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5.1.1. DNN-SDP problem sets. In our numerical experiments, we test the
following classes of DNN-SDP problems:

(i)

(iii)

DNN-SDP problems arising from the relaxation of a binary integer nonconvex
quadratic (BIQ) programming:

(5.3) min {%xTQx + (c,z) | z € {0, 1}”1} .

It has been shown in [2] that under some mild assumptions, this problem can
equivalently be reformulated as the following completely positive program-
ming (CPP) problem:

(54) min {§<Q,Y> + (e,a) | diag(Y) = 2, X = [Y,a527,1] € csp} :

where Cp, denotes the n-dimensional completely positive cone. It is well
known that even though Cj, is convex, it is computationally intractable. To
solve the CPP problem, one would typically relax Cj;, to S N Kp, and the
relaxed problem has the form of (SDP):

min %(Q, Y) + (¢, )

(5.5) . Y =z "
st.  diag(Y)—2z=0, a=1, X:[xT a}ec&, X e Kp,

where the polyhedral cone Kp = {X € §™ | X > 0}. In our numerical ex-
periments, the test data for @ and c are taken from the Biq Mac Library main-
tained by Angelika Wiegele, which is available at http://biqgmac.uni-klu.ac.at/
bigmaclib.html.

DNN-SDP problems arising from the relaxation of maximum stable set prob-
lems. Given a graph G with edge set &£, the SDP relaxation 64 (G) of the
maximum stable set problem is given by

(5.6)  0.(G) =max{({ee’, X) | (Ei;,X)=0,(i,5) €&, (I,X) =1,
X eSY, X eKp},

where F;; = eieJT» +ejel and e; denotes the ith column of the n x n identity
matrix, and Kp = {X € §" | X > 0}. In our numerical experiments, we test
the graph instances G considered in [36], [38], and [39].

DNN-SDP problems arising from computing lower bounds for quadratic
assignment problems (QAPs). Let I be the set of n xn permutation matrices.
Given matrices A, B € 8", the QAP is given by

(5.7) tqap := min{(X, AXB) : X e II}.
For a matrix X = [z1,...,7,] € R"*", we will identify it with the n2-vector
x = [x1;...;2,). For a matrix Y € R"2X"2, we let Y% be the n x n block

corresponding to z;z] in the n? x n® matrix za”. It is shown in [30] that

vqap is bounded below by the following number generated from the SDP
relaxation of (5.7):

v:=min (B®AY)
st Y YU =1, (LLYY)=6; V1<i<j<m,
(E,YU)=1 V1<i<j<n,
Y eS8, Y eKp,

(5.8)
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where E is the matrix of ones, and J;; = 1 if i = j, and 0 otherwise, Kp =
{X € 8" | X >0}. In our numerical experiments, the test instances (A, B)
are taken from the QAP library [15].

DNN-SDP relaxation of clustering problems (RCPs) described in
[29, eq. (13)]:

(5.9) min{<W,I—X> | Xe=e,(I,X)=K X eS8 X ¢ icp},

where W is the so-called affinity matrix whose entries represent the pair-
wise similarities of the objects in the data set, e is the vector of ones, and
K is the number of clusters, Kp = {X € &" | X > 0}. All the data
sets we test are from the UCI Machine Learning Repository (available at
http://archive.ics.uci.edu/ml/datasets.html). For some large-size data sets,
we only select the first n rows. For example, the original data set spambase
has 4601 rows and we select the first 1500 rows to obtain the test problem
spambase-large.?2 for which the number 2 means that there are K = 2
clusters.

DNN-SDP problems arising from semidefinite relaxation of frequency assign-
ment problems (FAPs) [8]. Given a network represented by a graph G and
an edge-weight matrix W, a certain type of FAP on G can be relaxed into
the following SDP (see [3, eq. (5)]):

max ((%52)L(G,W) — LDiag(We), X)
st. diag(X)=e, X ecS&7,

(~Ei Xy =2/(k—1) V(i,j) €U C E,
(~Bi, Xy <2/(k—-1) V(i,j) e E\U,

(5.10)

where k > 1 is an integer, L(G, W); = Diag(We)— W is the Laplacian matrix,
EY = eie;‘»r + eje;fr with e; € 1" the vector with all zeros except in the ith
position, and e € R" is the vector of ones. Denote

M, — —1 Y(,J) € E,
/ 0 otherwise.

Then (5.10) is equivalent to

max ((51)L(G,W) — LDiag(We), X)

(5.11)
st. diag(X)=e, X e8!, X—-MecKp,

where Cp = {X es” | Xij = O,V(l,]) S U;Xij > O,V(l,]) S E\ U}
We should mention that we can easily extend our algorithm to handle the
following slightly more general DNN-SDP:

max {(~C, X) | ApX =bg, X € S}, X - M € K, },

where M € S™ is a given matrix. Thus (5.11) can also be solved by our
proposed algorithm.
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5.1.2. Numerical results. For large-scale DNN-SDP problems, there exist two
other competitive codes in the literature that are based on alternating direction
algorithms: a directly extended ADMM solver (called SDPAD in [43]) and a two-easy-
block-decomposition hybrid proximal extragradient method solver (called 2EBD-HPE
in [25], but we will just call it 2EBD for convenience).

Here we compare our algorithm ADMM3c with SDPAD (release-beta2, released
in December 2012) and 2EBD?® (v0.2, released on May 31, 2013) for solving DNN-
SDP. We also include a convergent alternating direction method with a Gaussian
back substitution proposed in [18] (we call the method ADMM3g here and use the
parameter a = 0.999 in the Gaussian back substitution step®). We have implemented
both ADMM3c¢ and ADMM3g in MATLAB. The computational results for all the
DNN-SDP problems are obtained on a Linux server (6-core, Intel Xeon X5650 @
2.67GHz, 32G RAM).

We measure the accuracy of an approximate optimal solution (X,yg, S, %) for
(5.1) and (5.2) by using the following relative residual:

(512) n= maX{nPaTIDaWICﬂ?Pa??IC*,??P*J]CU7702},
where
(5.13)
_ | AsX—bg]| _ | ALye+S+2-C| _fsn (=X X T, (X))
NP =TS 0 D= T e K S TRy 0 P S T
IMsn (=) 1Z—1cs (Z)] 1(X,S)] (X, 2)]

— —_— _— 7S _ ———
K = 73T 0 1P = Tz 0 6 T TRIX(ST 10 T X 2T

Additionally, we compute the relative gap by

 {C.X)— (bp,yR)
(5.14) T T T NC, XY b yE)|

We terminate the solvers ADMM3c, ADMM3g, and SDPAD when n < 107°. Note
that, as mentioned in the introduction, the direct extension of ADMM to the case
of a multiblock problem is not necessarily convergent [4]. Hence SDPAD, which is
essentially an implementation of ADMM3d with 7 = 1.618 for solving DNN-SDP
problems, does not have convergence guarantee. For the implementation of 2EBD,
we need to explain in more details.

The method 2EBD in [25] is designed to solve a conic optimization problem of
the form

(5.15) mm{<0,x> | AL(X) = by €Cr, As(X) — by € cg},

where by € Wy, by € Wy, C € X are given data, Ay : X — Wy, Ay : X — W, are
given linear maps, and C; € Wy, Co3 € Wy are nonempty closed convex cones. The
dual of (5.15) is given by

(5.16) max{<b1,w1> (o, ws) | A(wy) + AL (ws) = C, wy € CF, ws € c;}.

Note that the application of 2EBD to DNN-SDP strongly depends on the possibility
of splitting its constraints into two-easy blocks such that the projection problems

Swww2.isye.gatech.edu/~cod3/CamiloOrtiz/Software_files/2EBD-HPE_v0.2/2EBD-HPE_
v0.2.zip
6We avoid taking o = 1 as it leads to slow convergence for quite a number of tested examples.
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min { 1{| X —Xo||? | A;(X)—b; € C;},i = 1,2, can be computed easily for any given X.
The users need to input the algorithms for computing min { 1(|X — Xo||* | 4;(X) — b;
€ Ci},i = 1,2. For BIQ, 6., and FAP problems, their constraints can naturally be
split into two-easy blocks [25]. For general DNN-SDP problems; however, it may be
difficult to split their constraints naturally into two-easy blocks, although one can
always reformulate them as SDP problems in the standard form. In our numerical
experiments, we use this approach to test QAP and RCP problems as these problems
do not appear to have obvious two-easy blocks structures.

For testing 2EDB on DNN-SDP problems, in order to agree with our stopping
criterion, given a solution (X, w,ws, S, Z) for (5.15) and (5.16), where S, Z are the
dual variables corresponding to X € ST and X € Kp, respectively, we measure the
relative residual as follows:

(5.17) 7 = max{np,Np, N, NP, Nc*» NP+ NC1 > NCs }
[I(TTex (b1 — AL X), TIcx (b2 — A2 X)) || *(w % (wo)—
where np = ——A A, g = IR =L and e, g, -

np+, Ny, Nc, are defined as in (5.13). We terminate the solver 2EBD when 7 < 1076,
And we measure the relative gap as

_ <C,X> - (<b1,’w1> + <b27w2>)
1+ (C X))+ [(br,wn) + (ba, wa)|

We should mention in the implementations of all the solvers, ADMM3c, SDPAD,
ADMM3g, and 2EDB, the penalty parameter o is dynamically adjusted according
to the progress of the algorithms. In addition, all the algorithms also adopt some
kind of restart strategies to ameliorate slow convergence. The exact details on the
adjustment strategies are too tedious to be presented here but it suffices to mention
that the key idea is to adjust o so as to balance the progress of primal feasibilities
(np,n,np) and dual feasibilities (np, N+, np+). In our numerical experiments, we
use the same adjustment strategy for both the solvers ADMM3c and ADMMS3g to
solve all the tested problems, i.e., we do not change the strategy to maximize the
performance of different classes of tested problems. The solver SDPAD also uses a
common adjustment strategy, though different from that of ADMM3c and ADMM3g.
But 2EDB uses different parameter settings for the adjustment strategy for different
classes of tested problems.

Table 1 shows the number of problems that have been successfully solved to the
accuracy of 107% in n or 7 by each of the four solvers ADMM3c, SDPAD, ADMM3g,
and 2EBD, with the maximum number of iterations set at 25,000. We can see that
ADMM3c solved the most instances to the required accuracy, with SDPAD in the
second place, followed by ADMM3g and 2EDB in the third and fourth places, re-
spectively. It is actually quite remarkable that all four solvers are able to solve these
large-scale SDP problems to such a good accuracy despite the fact that they are all
first order methods.

Table 2 reports detailed numerical results for ADMM3c, SDPAD, 2EBD, and
ADMM3g in solving some very-large-scale DNN-SDP problems. The detailed results
for all the 414 problems tested can be found at http://www.math.nus.edu.sg/
~mattohke/publist.html. Note that we did not list the numerical results for the
directly extended ADMM with 7 = 1 here as it almost always takes 20% to 50% more
time than the one with 7 = 1.618, i.e., SDPAD. From the detailed numerical results,
one can observe that ADMM3c is generally the fastest in terms of the computing
time, especially when the problem size is large.

(5.18) A
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TABLE 1
Numbers of problems which are solved to the accuracy of 10~ in 1 or 7.

903

Problem set (No.)\solver | ADMM3c | SDPAD | 2EBD | ADMM3g
7 (58 58 58 56 54
FAP (7) 7 7 7 7
QAP (95) 39 30 16 28
BIQ (134) 134 134 134 130
RCP (120) 120 114 109 113
Total (414) 358 343 322 332
Performance Profile (time) (58 0,7 FAP, 95 QAP, 134 BIQ, 120 RCP problems) tol = 1e-06 Performance Profile (iteration) (58 0,7 FAP, 95 QAP, 134 BIQ, 120 RCP problems) tol = 1e-06
1 1
L . 08 PP e ddeletotuiulahl |
g | s g T
I ] gl
oel - S | =
5 ’4{/’ s
Soal 7 £ 04
[=] 1’ (=3
2 i —— ADMM3c 2 — ADMM3c
- - -SDPAD - - -SDPAD
LR - 2EBD 0.2 - 2EBD
F + ADMM3g + ADMM3g

4 5 6 7 4 5 6 7
at most x times of the best at most x times of the best

Fic. 1. Performance profiles (time) of
ADMM3c, SDPAD, ADMM3g and 2EBD.

F1G. 2. Performance profiles (iteration)
of ADMM3c¢, SDPAD, ADMM3g and 2EBD.

Figure 1 shows the performance profiles in terms of computing time for ADMMa3c,
SDPAD, 2EBD, and ADMM3g for all the tested problems including those problems
not listed in Table 2. We recall that a point (z,y) is in the performance profiles curve
of a method if and only if it can solve (100y)% of all the tested problems no slower
than = times of any other methods. It can be seen that ADMM3c outperforms the
three other solvers by a significant margin.

Figure 2 shows the performance profiles in terms of the number of iterations for
ADMM3c, SDPAD, 2EBD, and ADMM3g for all the tested problems. We may ob-
serve that for the majority of the tested problems, ADMMa3c takes the least number
of iterations. For the BIQ problems, the solver 2EDB typically takes the least num-
ber of iterations. However, as each iteration of 2EDB requires quite a number of
intermediate calculations to estimate a step-length to achieve good convergence, the
nontrivial overheads incurred often counteract the savings in the number of iterations.
As a result, even though the performance profile of 2EDB in terms of the number of
iterations dominates that of ADMM3g, its profile in terms of the computing time does
not, behave similarly.

5.2. Numerical results for SDP with many inequality constraints. In
this subsection, we will consider (SDP) with many inequality constraints A;z; > by.
The dual of (SDP) takes the form of

(5.19) min {1 (S) + (g (ur) = (br,y1)) + 8y (2) = (b, y) |

X S+A§yI+Z+A*EyE:C}.
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Let D : 8™ — 8™ be a given nonsingular linear operator and D* be its adjoint.
By introducing an extra variable, we can reformulate (5.20) into the form of (4.8), for
which our proposed Conic-sPADMM3c can be used.

For the SDP problems described in (5.5) arising from relaxing the BIQ) problems,
in order to get tighter bounds, we may add in some valid inequalities to get the
following problems:

(5.20)
min%(Q, Y) + (e, x)

. X n
s.t. diag(Y)—2=0, a=1, X_[xT a}e&r, X e Kp,

—Yij+2; 20, =Y +2; 20, YVij -z —z; > -1, Vi<j, j=2,...,n—1,

where Kp = {X € §" | X > 0}. For convenience, we call the problem in (5.21) an
extended BIQ problem. Note that the last set of inequalities in (5.21) are obtained
from the valid inequalities 2;(1 — ;) > 0, z;(1 —2;) >0, (1 — 2;)(1 —2;) > 0 when
2, x; are binary variables.

Note that one may also apply the directly extended ADMM (see (1.4)) with
4 blocks by adding a proximal term for the y;-part (similar to the discussion in
section 4.2). We call this method sPADMMA4d. Of course, we are mindful that
sPabpmm4d has no convergence guarantee. In this subsection, we compare the al-
gorithms sPADMM3c, SPADMMA4d, and a convergent linearized alternating direction
method with a Gaussian back substitution proposed in [21] (we call the method
LAapMM4g here and use the parameter o = 0.999 in the Gaussian back substitu-
tion step) for the extended BIQ problems (5.21). We have implemented sPADMM3c,
sPapMM4d, and LADMM4g in MATLAB. For sPADMMA4d, we set the step-length
7 = 1.618. For the purpose of comparison, we also test the directly extended sSPADMM
with unit step-length (i.e., 7 = 1), which is called sPADMM4d(1). The computational
results for all the extended BIQ problems are obtained on the same Linux server as
before.

We note here that neither SDPAD nor 2EBD can be directly applied to solve the
problems (5.21). One may of course try to first convert the inequality constraints
into linear equalities by introducing slack variables and then apply both SDPAD and
2EBD to the reformulated problems. However, such an approach is inefficient as the
linear system of equations which needs to be solved at each iteration is very large
but not so sparse. Not surprisingly, this approach is very slow for the extended BIQ
problems according to our numerical experience.

We measure the accuracy of an approximate optimal solution (X, yg, yr, S, Z) for
(SDP) and its dual (5.20) by using the following relative residual:

(521) n= maX{UPa "D, MK, NP, 77/6*7777>*a7]cu7]cz77717771*}a

where nic, np, nice, NP+, Ny, Mo, are defined as in (5.13), and

| ApX —bg|| N ARye+ Ajyr + S+ Z - C|
np =8 p = ;
L+ |[oe| L+|C
_ |lmax(0,br — A X)) _ |lmax(0, —yi)||
nr = y N = — 7
L+ ||br]] L+ |lyzl]
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Performance Profile (time) (134 BIQ problems) tol = 105
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Fic. 3.  Performance profiles (time)
of sPApmMMm3c, LApMM4g, sPapmwm4d, and
sPaDMM4d(1).

Performance Profile (iteration) (134 BIQ problems) tol = 1e-05
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F1G. 4. Performance profiles (iteration)
of sPabpMM3c, LADMMA4g, sPAbpmMm4d, and
sPADMMA4d(1).

Additionally, we compute the relative gap by

_{C.X) — ((bys) + (br.yr)
T T TINC X[+ (b ym) + Groyn)]

(5.22)

We terminate SPADMM3c, SPADMM4d, SPADMM4d(1), and LADMM4g when i < 10~°
or when they reach the maximum number of 50,000 iterations.

In Table 3, we report some detailed numerical results for the solvers SPADMM3c,
Labpmwm4g, sPapmMm4d, and sPADMMA4d(1) in solving a collection of 134 extended BIQ
problems.

Figure 3 shows the performance profiles in terms of computing time for SPADMM3c,
LapMm4g, sPADMM4d, and SPADMMA4d(1) in solving 134 extended BIQ problems.
One can observe that LADMMA4g is much slower than the other three solvers. The
solver SPADMM3c is clearly more efficient than the directly extended sPADMM with
unit step-length, i.e., sPADMM4d(1), and it is even faster than sPADMMA4d with
7 = 1.618, though only marginally.

Figure 4 shows the performance profiles in terms of the number of iterations for
sPADMM3c, LapMM4g, sSPADMMA4d, and sSPADMM4d(1). Observe that for the majority
of the test problems, sSPADMM3c takes fewer iterations than sPADMM4d with step-
length 7 = 1.618. However, for some test problems, due to the overhead incurred
in handling the additional matrix variable introduced to reformulate (5.20) into the
form (4.8), sPADMM3c may take slightly more time than sSPADMMA4d, even though the
latter may take slightly more iterations.

6. Conclusions. In this paper, we have proposed a 3-block semiproximal
ADMM that is both convergent and efficient for finding a solution of medium ac-
curacy to conic programming problems with four types of constraints. By conducting
numerical experiments on a large number of DNN-SDP problems with equality and/or
inequality constraints, we have presented convincing numerical results showing that
for the vast majority of problems tested, our proposed (semiproximal) ADMM is at
least 20% faster than the directly extended (semiproximal) ADMM with unit step-
length. At least for the class of conic programming (P) problems, we can safely say
that we have resolved the dilemma that an ADMM is either efficient in practice but
without convergent guarantee in theory or the contrary. This opens up the possibil-
ity of designing a convergent and yet practically efficient ADMM with an intelligent
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BCD cycle rather than the usual nonconvergent Gauss—Seidel BCD cycle for solving
multiblock convex optimization problem (1.1). We leave this as one of our future re-
search topics. In fact, our primary motivation of introducing this convergent 3-block
semiproximal ADMM is to quickly produce an initial point for conic programming (P)
S0 as to warm-start methods which have fast local convergence properties. For SDP
problems in standard form, this has already been done by Zhao, Sun, and Toh in [44]
by first using the classic 2-block ADMM (it was called the boundary point method in
[31] at that time) to generate a starting point and then switching it to the fast conver-
gent Newton-CG augmented Lagrangian method. The resulting software SDPNAL
has been successfully employed by Nie and Wang [27, 28] to solve very large-scale SDP
problems in standard form arising from polynomial optimization and rank-1 tensor
approximation problems. Naturally, our next target is to extend this approach to
multiblock convex optimization problems beyond conic programming (P) in standard
form. We will report our corresponding findings in subsequent works.
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