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Abstract

In this paper, we propose a novel self-supervised transfer learning method called
Distribution Matching (DM), which drives the representation distribution toward a
predefined reference distribution while preserving augmentation invariance. The de-
sign of DM results in a learned representation space that is intuitively structured and
offers easily interpretable hyperparameters. Experimental results across multiple real-
world datasets and evaluation metrics demonstrate that DM performs competitively
on target classification tasks compared to existing self-supervised transfer learning
methods. Additionally, we provide robust theoretical guarantees for DM, including
a population theorem and an end-to-end sample theorem. The population theorem
bridges the gap between the self-supervised learning task and target classification
accuracy, while the sample theorem shows that, even with a limited number of sam-
ples from the target domain, DM can deliver exceptional classification performance,
provided the unlabeled sample size is sufficiently large.
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1 Introduction

Collecting abundant labeled data in real-world scenarios is often prohibitively expen-

sive, particularly in specialized domains such as medical imaging, autonomous driving,

robotics, rare disease prediction, financial fraud detection, and law enforcement surveil-

lance. It is widely believed that knowledge from different tasks shares commonalities. This

implies that, despite the differences between tasks or domains, there exist underlying pat-

terns or structures that can be exploited across them. This belief forms the foundation

of transfer learning. Transfer learning seeks to leverage knowledge from a source task to

improve model performance in the target task, while simultaneously reducing the required

sample size from target domain.

Recently, a variety of transfer learning methodologies have been proposed, including

linear models (Li et al., 2021; Singh and Diggavi, 2023; Zhao et al., 2024; Liu, 2024),

generalized linear models (Tian and Feng, 2022; Li et al., 2023), and nonparametric models

(Shimodaira, 2000; Ben-David et al., 2006; Blitzer et al., 2007; Sugiyama et al., 2007;

Mansour et al., 2009; Wang et al., 2016; Cai and Wei, 2019; Reeve et al., 2021; Fan et al.,

2023; Maity et al., 2024; Lin and Reimherr, 2024; Cai and Pu, 2024). However, these

methods either impose constraints that the model must be inherently parametric or suffer

from the curse of dimensionality (Hollander et al., 2013; Wainwright, 2019) in practical

applications. In contrast, deep learning has demonstrated a remarkable ability to mitigate

the curse of dimensionality, both empirically (LeCun et al., 2015; Zhang et al., 2021) and

theoretically (Kohler and Krzyzak, 2004; Kohler and Krzyżak, 2016; Bauer and Kohler,

2019; Schmidt-Hieber, 2020). Consequently, deep transfer learning has garnered significant

attention within the research community.

A particularly effective paradigm within deep transfer learning is pretraining followed
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by fine-tuning, whose efficiency has been demonstrated in numerous studies (Schroff et al.,

2015; Dhillon et al., 2020; Chen et al., 2019, 2020b). During the pretraining phase, a encoder

is learned from a large, general dataset with annotations, which is subsequently transferred

to the target-specific task. In the fine-tuning stage, a relatively simple model (e.g., k-nn,

linear model) is typically trained on the learned representation space to address the target

task. However, in real-world applications, two critical observations must be considered.

First, the collection of unlabeled data is generally more feasible and cost-effective than the

acquisition of labeled data. Second, the absence of comprehensive annotations often leads

to the loss of valuable information. As a result, learning effective representations from

abundant unlabeled data presents both a highly promising and challenging problem.

Recently, a class of powerful methods known as self-supervised contrastive learning has

been proposed, demonstrating remarkable performance in various real-world applications,

particularly in computer vision. It strive to learn an effective encoder of augmentation

invariance, where augmentation refers to predefined transformations applied to the original

image, resulting in a similar but not identical version, referred to as an augmented view.

Nevertheless, solely pushing different augmented views of the same image (referred to as

positive samples) together lead to the phenomenon of model collapse, where the learned

encoder maps all inputs to the same point in the representation space. To prevent model

collapse, numerous strategies have been explored. The initial idea involved pushing posi-

tive samples closer together while ensuring negative samples far apart (Ye et al., 2019; He

et al., 2020; Chen et al., 2020a; HaoChen et al., 2021), where negative samples refer to aug-

mented views derived from different original images. However, negative samples introduce

various problems simultaneously. First, since ground-truth labels for augmented samples

are typically unavailable, two augmented views with similar or even identical semantic

meaning, but derived from different original images, are treated as negative samples, which

3



can hinder the model’s ability to capture semantic meaning (Chuang et al., 2020, 2022).

Second, Chen et al. (2020a) demonstrated that contrastive learning benefits significantly

from a large number of negative samples, which in turn requires substantial computational

resources to process large batch sizes. As a result, many subsequent studies have explored

alternative designs to prevent model collapse without relying on negative samples. For

instance, Zbontar et al. (2021); Ermolov et al. (2021); Bardes et al. (2022); Duan et al.

(2024) focused on pushing the covariance or correlation matrix towards the identity matrix,

while Grill et al. (2020); Chen and He (2021) showed that adopting asymmetric network

structures could achieve similar result. Regardless of the design of such methods, their

effectiveness has been demonstrated, at least empirically: based on the learned representa-

tion, a simple linear model trained with a limited amount of labeled data from the target

domain can achieve outstanding performance.

Intuitively, this phenomenon implies that the target data distribution in the representa-

tion space is clustered according to semantic meaning. As a result, the target classification

task can almost be solved perfectly by a simple linear model trained on a few labeled sam-

ples. The key question is: why does the self-supervised learning task during the pretraining

phase lead to such a distribution of the target data in the representation space? Figure 1

illustrates a potential explanation for this success. There are two augmented views with

gray borders (referred to as anchors) that exhibit a small Euclidean distance, while the cor-

responding original images are far apart due to differences in backgrounds. If the encoder

possesses Lipschitz property, their representation will also be close in the representation

space. Furthermore, other augmented views of the same original images will be dragged

towards the anchors during the alignment positive samples. This results the formation of a

cluster in the learned representation space that represents the semantic meaning of “black

dog”. The remaining question is: how can we separate the clusters of different semantic
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Figure 1: Data augmentation implicitly introduces weak-supervision signal.

meanings? For example, the cluster formed by red point and the cluster formed by black

and gray points in Figure 1. To this end, why not directly establish a reference dis-

tribution with several well-separated parts and then push the representation

distribution toward it, thereby inheriting this structure?

1.1 Contributions

Our main contributions are summarized as follows:

• We introduce a novel self-supervised learning method, termed Distribution Matching

(DM). DM drives the representation distribution towards a predefined reference dis-

tribution, resulting in a learned representation space with strong geometric intuition,

while the hyperparameters are easily interpretable.

• The experimental results across various real-world datasets and evaluation metrics
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demonstrate that the performance of DM on the target classification task is com-

petitive with existing self-supervised learning methods. The ablation study further

confirms that DM effectively captures fine-grained concepts, which aligns with our

intuition.

• We provide rigorous theoretical guarantees for DM, including a population theorem

and an end-to-end sample theorem. The population theorem bridges the gap between

the self-supervised learning task and target classification accuracy. The sample the-

orem demonstrates that, even with a limited number of downstream samples, DM

can achieve exceptional classification performance, provided the size of the unlabeled

sample set is sufficiently large.

1.2 Related works

Huang et al. (2023) establish a theoretical foundation for various self-supervised losses

at the population level, while Duan et al. (2024) extend this analysis to the sample level for

the adversarial loss they propose. We provide theoretical guarantees at both the population

and sample levels. Wang and Isola (2020); Awasthi et al. (2022); Huang et al. (2023); Duan

et al. (2024) have investigated the structure of the representation space learned by various

self-supervised learning methods, both empirically and theoretically. In contrast, DM nat-

urally exhibits a clear geometric structure. HaoChen et al. (2021, 2022); HaoChen and Ma

(2023) suggest the existence of a potential subclass structure within their graph-theoretical

framework, though without empirical support. By leveraging the clear geometric structure

and the interpretability of DM’s hyperparameters, the ablation experiment presented in

Section 4.2 empirically verifies this hypothesis.
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2 Methodology

Let x = (x1, · · · , xd)⊤ ∈ Rd be an arbitrary d-dimensional vector, we define ∥x∥p =

(
∑

i |xi|p)
1
p be its p-norm with p ∈ {1, 2,∞}. In particular, for p = ∞, ∥x∥∞ = maxi |xi|.

Let f be a function from Rd1 to Rd2 , and let dom(f) represent the domain of f . For a

constant c ≥ 0, we say that f satisfies ∥f∥2 = c if ∥f(x)∥2 = c holds for any x ∈ dom(f).

Additionally, we define the functional set as:

Lip(L) =
{
f : Rd1 → Rd2

∣∣∣ sup
x1,x2∈dom(f)

x1 ̸=x2

∥f(x1)− f(x2)∥2
∥x1 − x2∥2

≤ L
}
. (1)

Let f and g be two functions defined on N = {1, 2, · · · }. We say that f(n) ≤ O(g(n)) if and

only if there exist two fixed constants 0 < c1 ≤ c2 and a positive integer n0 ∈ N, such that for

all n ≥ n0, c1g(n) ≤ f(n) ≤ c2g(n). It immediately follows that c−1
2 f(n) ≤ g(n) ≤ c−1

1 f(n)

for any n ≥ n0. Therefore, the statement f(n) = O(g(n)) implies that g(n) = O(f(n)).

Given two quantities X and Y , we use X ≲ Y or Y ≳ X to denote X ≤ cY for some

constant c > 0.

Assume a source dataset containing a total of nS unlabeled image instances, denoted

by DS = {X(i)
S : 1 ≤ i ≤ nS}, Here X(i)

S ∈ XS ⊆ [0, 1]d represents the i-th instance, which

are independently and identically generated from a source distribution PS on the source

domain XS. To fix the idea, consider the ImageNet dataset as an example for DS. We then

have a total of nS = 1.28× 106 instances (Deng et al., 2009). Since ImageNet instance are

of 224 × 224 × 3 resolution, we thus have d = 150, 528 = 224 × 224 × 3. Next, assume a

target dataset as DT = {(X(i)
T , Yi) : 1 ≤ i ≤ nT} with X

(i)
T ∈ [0, 1]d and Yi ∈ {1, 2, · · · , K}

being the class label. Assume (X
(i)
T , Yi)s are independently and identically generated from

a target distribution PT . For most real applications, we typically have nS ≫ nT . How to

leverage DS so that a model with excellent classification accuracy on DT is a problem of
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great intent.

2.1 Data Representation

Pixel images pose significant challenges for statistical learning for at least two reasons.

First, their high dimensionality, as exemplified by ImageNet with 150,528 dimensions per

image, complicates statistical modeling. Second, pixel images are inherently noisy. For

example, consider Figure 2, where the left panel (x1) shows a photo of a dog, the middle

panel (x2) shows a different image, and the right panel (x3) shows a cropped version of x1.

Intuitively, x1 and x3 should be more similar, yet Euclidean distance calculations reveal

∥x1 − x2∥2 < ∥x1 − x3∥2. This counterintuitive result highlights that pixel vectors encode

both useful semantic information and significant noise, making the transformation to a

lower-dimensional, less noisy representation crucial.

Figure 2: The semantic meaning of x1 and x2 are almost same since x3 is a cropped version

of x1. However, we have ∥x1 − x2∥2 < ∥x1 − x3∥2.

This leads to the concept of data representation (Rumelhart et al., 1986; Bengio et al.,

2012; LeCun et al., 2015). By “data representation”, we refer to mapping an original

image X ∈ Rd to a lower-dimensional space f(X) ∈ Rd∗ , where d∗ ≪ d. Here f is
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typically a nonlinear function from Rd to Rd∗ . We refer to f as an encoder and the range

of f as the representation space. A crucial question is: what defines a useful encoder?

Intuitively, an effective encoder should map semantically similar images to nearby points

in the representation space, while images with distinct semantic content should be well-

separated. This principle has inspired many supervised representation learning methods

(Hoffer and Ailon, 2015; Chopra et al., 2005; Zhai and Wu, 2018), which rely on accurately

annotated labels. Instances with the same label are treated as semantically similar, while

those with different labels are considered distinct.

These methods excel in preserving similarity among instances with the same label, but

they have notable limitations. First, annotation is costly, particularly for large datasets

(Albelwi, 2022). Second, they fail to fully capture the richness of semantic meanings. For

instance, an image labeled as toilet paper in the ImageNet dataset (Figure 3) could also be

labeled as bike, man, road, and others. By assigning a single label, we lose the opportu-

nity to capture these additional semantic meanings, leading to significant information loss.

Thus, developing efficient representation learning methods that minimize this loss is a key

research challenge.

2.2 Self-Supervised Contrastive Learning

In the absence of labeled data, the need for effective representations has driven the

development of contrastive learning. The core idea is to learn representations invariant

to augmentations. By augmentation, we refer to a predefined function that transforms

an image A(·) into a similar, but not identical image A(X) ∈ Rd. In practice, X and

A(X) might be of different dimensions. For notation simplicity, we assume they share

the same dimension in this work. Since A(X) is derived from X, they are expected to

share similar semantic meanings. Commonly used augmentation include random cropping,
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Figure 3: Images labeled by toilet paper in ImageNet

flipping, translation, rescaling, color distortion, grayscale, normalization, and their compo-

sitions (see Chen et al. (2020a) and Wang et al. (2024) for details). We define the set of

augmentations as A = {Am(·) : 1 ≤ m ≤ M}, where M represents the total number of

augmentations. WhileM could be infinite, we consider a sufficiently large finiteM for the-

oretical convenience. With a large enoughM , any augmentation can be well-approximated

by some A ∈ A. For convenience in derivation, we assume the identity transformation is

included in A.

We now introduce the concept of augmentation invariance, which means that ∥f(X1)−

f(X2)∥22 should be minimized, where X1 and X2 are augmented from the same original

image. Let A(X) = {A(X) : A ∈ A} be the set of all augmented views of X, and

let X ∼ A(X) indicates that X is sample uniformly from A(X) according to a uniform

distribution. Following (Huang et al., 2023; Duan et al., 2024), we define the alignment

loss function Lalign(f) as:

Lalign(f) = EXS∼PS
EXS,1,XS,2∼A(XS)

{∥∥∥f(XS,1)− f(XS,2)
∥∥∥2

2

}
. (2)
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Furthermore, given L > 0, R > 0, we define a functional class as

F =
{
f : [0, 1]d → Rd∗

∣∣f ∈ Lip(L) and ∥f∥2 = R
}
. (3)

Theoretically, the optimal encoder is fopt ∈ argminf∈F Lalign(f). However, this results in

an trivial solution where fopt ≡ p ∈ Rd∗ , a fixed point with ∥p∥2 = R. which is ineffective

for the learning task. This issue is referred to as model collapse (Jing et al., 2021; Zbontar

et al., 2021).

To prevent model collapse, several effective techniques have been developed. The fun-

damental idea behind Ye et al. (2019); He et al. (2020); Chen et al. (2020a); HaoChen et al.

(2021) is to identify an encoder that pushes the augmented views of different images far

apart while minimizing (2). Therein, the augmented views of different images are dubbed

as negative samples. Nevertheless, as noted by Chuang et al. (2020, 2022), brutally pushing

far apart negative samples can hinder representation learning, as these samples may share

similar or even identical semantic meaning. Consequently, efficient representation learning

without negative samples has become a significant research focus. Methods like Zbontar

et al. (2021); Ermolov et al. (2021); Bardes et al. (2022); HaoChen et al. (2022) propose reg-

ularization techniques on f to ensure non-degenerate representation variability. A common

approach (HaoChen et al., 2022; HaoChen and Ma, 2023; Duan et al., 2024) constrains

EXS∼PS
EXS,1,XS,2∼A(XS){f(XS,1)f(XS,2)⊤} to be close to the identity matrix, demonstrating

effectiveness but lacking interpretability. As an alternative, we propose distribution match-

ing (DM), which defines a reference distribution in the representation space and minimizes

the Mallows’ distance to align the learned distribution with this reference, offering a clear

geometric interpretation.
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2.3 Distribution Matching

Before introducing the DM method, we briefly review the Mallows’ distance (Mallows,

1972; Shao and Tu, 2012), also known as the Wasserstein distance (Villani, 2009). To do

so, we first define some key concepts. Let ν be a measure on Rd1 and f : Rd1 → Rd2 a

measurable function. The push-forward measure f♯ν is defined as f♯ν(E) = ν(f−1(E)) for

any f♯ν-measurable set E ⊆ Rd2 . In this context, the Mallows’ distance is defined as:

Definition 1 (Mallows’ distance). Let (X1, ν1) and (X2, ν2) are two probability spaces with

X1,X2 ⊆ Rk for some positive integer k. Then the Mallow’s distance is defined as

W(ν1, ν2) = inf
(X1,X2)∈Π(ν1,ν2)

E(X1,X2)

(
∥X1 −X2∥1

)
, (4)

where Π(ν1, ν2) denotes the collection of all possible joint distributions of the pairs (X1, X2)

with marginal distributions given by ν1 and ν2, respectively. Here we implicitly assume

that there exists a probability space (Ω, P ) such that X1 : Ω → X1 and X2 : Ω → X2 are

measurable and satisfy (X1)♯P = ν1 and (X2)♯P = ν2.

To better understand the Definition 1, we explore a special case in detail. Let X1 =

{x1,1,x1,2, · · · ,x1,n1} ⊆ Rk and X2 = {x2,1,x2,2, · · · ,x2,n2} ⊆ Rk, where k, n1 and n2 are

positive integers. Suppose ν1 and ν2 are discrete probability distributions on X1 and X2,

respectively. Then each element in Π(ν1, ν2) can be completely determined by a discrete

probability distribution on the cartesian product X1 × X2, represented by Ψ(x1,x2) ∈

Rn1×n2 . Accordingly, it should satisfy that (i) Ψ(x1,x2) ≥ 0 for any x1 ∈ X1 and x2 ∈

X2, (ii)
∑

x1,x2
Ψ(x1,x2) = 1, (iii)

∑
x2∈X2

Ψ(x1,x2) = ν1(x1) for any x1 ∈ X1 and (iv)∑
x1∈X1

Ψ(x1,x2) = ν2(x2) for any x2 ∈ X2. The Mallows’ distance between ν1 and ν2 is

then given by: W(ν1, ν2) = infΨ∈Π(ν1,ν2)

∑
x1∈X1,x2∈X2

Ψ(x1,x2) · ∥x1 − x2∥1. Intuitively, ν1
and ν2 can be regarded as two piles of probability masses, with ν1(x1) and ν2(x2) indicating
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the mass at x1 and x2, respectively. The transport plan Ψ(x1,x2) can be thought of as

the amount of mass transported from x1 and x2, while the term ∥x1 − x2∥1 represents the

transportation cost. Thus, the Mallows’ distance quantifies the minimal cost to transport

one probability distribution to another.

Although Definition 1 is intuitive, computing it is challenging due to the difficulty of

finding the optimal coupling in Π(ν1, ν2). To address this, a dual formulation is provided

in Remark 6.5 of Villani (2009):

W(ν1, ν2) = sup
g∈Lip(1)

EX1∼ν1

{
g(X1)

}
− EX2∼ν2

{
g(X2)

}
, (5)

where the task reduces to finding the optimal function g in Lip(1), , a problem that can

be solved using a neural network with gradient penalty (Gulrajani et al., 2017), as de-

tailed in (19). Notably, the Mallows’ distance remains effective even when ν1 and ν2

have different supports, unlike many other divergence measures (e.g., Kullback-Leibler and

Jensen-Shannon divergence), which either diverge to infinite or become constant in such

cases. Furthermore, the Mallows’ distance satisfies the triangle inequality, making it a true

distance metric, an important property not shared by many other divergence measures.

For a thorough theoretical treatment of Mallows’ distance, we refer to Villani (2009).

With the Mallows’ distance defined, we can now proceed to develop the DM method.

The key idea is to prevent model collapse by minimizing the Mallows’ distance between

the representation distribution and the predefined reference distribution. As a result, con-

structing the reference distribution becomes the most crucial step, which can be broken

down into three sub-steps. In the first sub-step, we design K ′ centers in Rd∗ , where

K ′ ≤ d∗. The i-th center ci is chosen to be either ei or −ei with equal probability, where

ei is the standard basis vector in Rd∗ with the i-th component equal to 1 and all others

components equal to 0. In the second sub-step, we define the i-th reference part a random
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vector as:

Pi = R
ci + ϵ γd∗

∥γd∗∥2∥∥ci + ϵ γd∗
∥γd∗∥2

∥∥
2

, (6)

where ϵ > 0 is a tuning parameter, and γd∗ is a standard Gaussian random vector in Rd∗ .

To gain an intuitive understanding of Pi, let B(a, r) denote the ball centered at a ∈ Rd∗

with radius r > 0. It is straightforward to observe that the vector γd∗/∥γd∗∥2 follows a

uniform distribution on the surface of the unit ball B(0, 1). We then scale and translate

this vector to lie within the ball B(ci, ϵ) by multiplying by ϵ and adding the center ci. To

ensure that the resulting random variable Pi lies on the surface of the ball B(0, R), we

normalize the vector and scale it by R. As shown in the left-hand side of Figure 4, the

process results in Pi follows a uniform distribution over the orange region of the sphere.

Next, we define a categorical random variable C ∈ {1, 2, · · · , K ′} with P(C = i) = αi,

where αi are the probabilities associated with i-th part, and C is independent of Pi for all

1 ≤ i ≤ K ′. We then construct a new random variable R as R =
∑K′

i=1 1(C = i)Pi. The

distribution of R is referred to as the reference distribution, denoted by PR. DM aim to

cluster augmented views with similar semantic meaning according to the same part of the

reference distribution by minimizing W(Pf ,PR), as illustrated on the right hand side of

Figure 4.

We define the representation distribution Pf = f♯PA, where PA is the distribution of

augmented views. This is rigorously given by PA(E) =
∫

1
M

∑
A∈A 1{A(x) ∈ E}PS(dx)

for any measurable set E. The DM learning problem is then formulated as the following

minimization problem:

f ∗ ∈ argmin
f∈F

L(f) := Lalign(f) + λ · W(Pf ,PR). (7)

where L(f) is the objective function that consists of alignment loss and the Wasserstein

distance between Pf and PR. The tuning parameter λ > 0 balances the relative importance
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Figure 4: Left. Generative process of Pi (R = 1). Given ci (red point) and ϵ, the

black point is obtained by adding ci and ϵγd∗/∥γd∗∥2. Normalizing this into the sphere

of radius R yields a sample of Pi (purple point). This process results in Pi following a

uniform distribution on the orange region of the sphere. Right: The key idea of DM.

Augmented views with similar semantic meaning are mapped to the same region of the

reference distribution.

of Lalign(f) and W(Pf ,PR). The function class F is defined in (3). It is important to note

that the solution f ∗ to this minimization problem may bot be unique, as f ∈ minf∈F L(f)

implies multiple possible minimizer. Let G := Lip(1) and plug (2) and (5) into (7) gives

the following formulation of the DM learning problem:

f ∗ ∈ argmin
f∈F

E
XS∼PS

E
XS,1,XS,2∼A(XS)

∥∥∥f(XS,1)− f(XS,2)
∥∥∥2

2
+ λ sup

g∈G
E

Z∼Pf

g(Z)− E
R∼PR

g(R). (8)

It is evident that (8) can be interpreted as a mini-max optimization problem. To emphasize
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this, we rewrite it as follows:

(f ∗, g∗) ∈ argmin
f∈F

max
g∈G

L(f, g) := Lalign(f) + λ · W(f, g), (9)

where W(f, g) = EZ∼Pf
{g(Z)} −ER∼PR{g(R)}, g is referred to as a critic. It immediately

follows that W(Pf ,PR) = supg∈G W(f, g) and L(f) = supg∈G L(f, g).

To solve (9) in practice, we face two challenges. The first challenge is the popu-

lation distribution of the original images PS is unknown. We therefore have to replace

it by its finite sample counterpart. Specifically, for each instance X
(i)
S , we sample two

augmentations Ai,1 and Ai,2 from A uniformly. These augmentations produce two views,

X̃
(i)
S = (X

(i)
S,1, X

(i)
S,2) = (Ai,1(X

(i)
S ), Ai,2(X

(i)
S )) ∈ R2d. Simultaneously, we independently collect

nS instances {R(i) : 1 ≤ i ≤ nS} from PR. The resulting augmentation-reference dataset is

D̃S = {(X̃(i)S ,R(i)) : 1 ≤ i ≤ nS}. The finite sample approximation of L(f, g) is then:

L̂(f, g) := L̂align(f) + λ · Ŵ(f, g),

L̂align(f) =
1

nS

nS∑
i=1

∥f(X(i)S,1)− f(X
(i)
S,2)∥

2
2,

Ŵ(f, g) =
1

nS

nS∑
i=1

[
g(R(i))− 1

2

{
g
(
f(X

(i)
S,1)

)
+ g

(
f(X

(i)
S,2)

)}]
. (10)

It is evident that W(f, g) = ED̃S
{Ŵ(f, g)} and L(f, g) = ED̃S

{L̂(f, g)}, which justifies

calling L̂(f, g) the finite sample counterpart of L(f, g).

The second challenge stems from the complexity of the functional spaces F and G,

which complicates practical search. To overcome this, we parametrize them using deep

ReLU networks. Specifically, we define a class of deep ReLU networks as follows:

Definition 2 (Deep ReLU network class). The function fθ(x) : Rp → Rq implemented

by a deep ReLU network with parameter θ is expressed as composition of a sequence of

16



functions

fθ(x) := lD ◦ ϱ ◦ lD−1 ◦ ϱ ◦ · · · ◦ l1 ◦ ϱ ◦ l0(x)

for any x ∈ Rp, where ϱ(x) is the ReLU activation function and the depth D is the number

of hidden layers. For 1 ≤ i ≤ D, the i-th layer is represented by li(x) := Aix + bi, where

Ai ∈ Rdi+1×di is the weight matrix, bi ∈ Rdi+1 is the bias vector, di is the width of the i-th

layer and θ = ((A0, b0), · · · , (AD, bD)). The network fθ contains (D+1) layers in all. We use

a (D+1)-dimension vector (d0, d1, · · · , dD)⊤ to describe the width of each layer. In particular,

d0 = p is the dimension of the domain and dD = q is the dimension of the codomain. The

width W is defined as the maximum width of hidden layers, that is, W = max {d1, d2, · · · , dD}.

The bound B denotes the L∞ bound of fθ(·), that is, supx∈Rp ∥fθ(x)∥∞ ≤ B. We denote

the function class {fθ : Rp → Rq} implemented by deep ReLU network class with width W,

depth D, and bound B as NN p,q(W, D, B).

By parametrizing F and G as two deep ReLU network classes, the optimization prob-

lem in (9) is reformulated as:

(f̂nS
, ĝnS

) ∈ argmin
f∈F̂

max
g∈Ĝ

L̂(f, g), (11)

where F̂ = NN d,d∗(W1, D1, B1) and Ĝ = NN d∗,1(W2, D2, B2). In practice, we set W1 ≳ W2 and

D1 ≳ D2, ensuring that W1D1 ≳ W2D2 in subsequent analysis.

2.4 Transfer Learning

One significant application of learned representations is transfer learning. Recall

DT = {(X(i)
T , Yi) : 1 ≤ i ≤ nT} denotes the target dataset. For each X

(i)
T ∈ DT , we

sample two augmentations Ai,1, Ai,2 from A uniformly, resulting in X̃
(i)
T = (X

(i)
T,1, X

(i)
T,2) =
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(Ai,1(X
(i)
T ), Ai,2(X

(i)
T )). The augmented dataset is then D̃T = {(X̃(i)T , Yi) : 1 ≤ i ≤ nT}. We

next consider a linear classifier

Gf (x) = argmax
1≤k≤K

(
Ŵf(x)

)
k
, (12)

where (·)k denotes the k-th entry of the vector, and Ŵ is a K × d∗ matrix with its k-th

row given by

µ̂T (k) =
1

2nT (k)

nT∑
i=1

{f(X(i)T,1) + f(X
(i)
T,2)}1{Yi = k}, (13)

where nT (k) =
∑nT

i=1 1{Yi = k} represents the sample size of the k-th class. It is evident

that µ̂T (k) serves as an unbiased estimator of µT (k) = E(XT ,Y )∼PT
EXT∼A(XT ){f(XT )|Y = k},

which denotes the center of the k-th class in the representation space. To evaluate its

performance, we examine its misclassification rate by

Err
(
Gf

)
= PT

{
Gf (XT ) ̸= Y

}
,

where (XT , Y ) represents an independent copy of (X
(i)
T , Yi).

3 Theoretical Guarantee

3.1 Population Theorem

We assume that any upstream data XS ∼ PS can be categorized into categorized into

some of K latent classes, each corresponding to a distinct downstream class. The term

“latent” implies that these classes are not directly observable to us, but do exist. For

1 ≤ k ≤ K, we define CS(k) as the set of data points belonging to the k-th latent class.

The conditional probability distribution Pf (k) is given by Pf (k)(·) = Pf{·|XS ∈ CS(k)},

with its population center µS(k) = EXS∼PS
EXS∼A(XS){f(XS)|XS ∈ CS(k)}.
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The goal of DM is to render source data well-separated. Specifically, we aim to drive

µS(i)
⊤µS(j) as close to zero as possible for any i ̸= j. To accomplish this, we aim to

push Pf (k) towards distinct parts of the reference distribution through Mallows’ distance

(which we refer to as “pushing Pf in parts”), thereby inheriting the characteristics of PR.

However, since Pf (k) is inaccessible, we must instead minimize the overall Mallows’ distance

W(Pf ,PR), and explore its effect on achieving the objective of separating the classes.

We begin by assigning labels to each part of the reference distribution. Let the pre-

defined reference consist of K disjoint parts {Ck : 1 ≤ k ≤ K}. Let Q∗ represent the

joint distribution of (Z∗,R∗), where (Z∗,R∗) = argmin(Z,R)∈Π(Pf ,PR) E(Z,R)(∥Z −R∥1).

Denote the set of permutations on {1, 2, · · · , K} by PK . The k-th class of the refer-

ence, CR(k), corresponding to the k-th latent class CS(k), is defined as CR(k) := Cτ∗(k),

where τ ∗ = argmaxτ∈PK

∑K
k=1 Q∗(CS(k) → Cτ(k)). Therein, Q∗(CS(k) → Cτ(k)) repre-

sents the transport mass from CS(k) to Cτ(k) according to Q∗. To better understand

this assignment, consider an example with K = 3 and Q∗ such that Q∗(CS(1) → C1) =

1/5,Q∗(CS(1) → C2) = 0,Q∗(CS(1) → C3) = 2/15;Q∗(CS(2) → C1) = 1/15,Q∗(CS(2) →

C2) = 1/30,Q∗(CS(2) → C3) = 7/30 and Q∗(CS(3) → C1) = 4/15,Q∗(CS(3) → C2) =

1/30,Q∗(CS(3) → C3) = 1/30. In this context, we for example evaluate two permuta-

tions: τ1 : (1, 2, 3) 7→ (3, 2, 1) and τ2 : (1, 2, 3) 7→ (2, 3, 1). For the permutation τ1, we

have
∑3

k=1Q∗(CS(k) → Cτ1(k)) = Q∗(CS(1) → C3) + Q∗(CS(2) → C2) + Q∗(CS(3) →

C1) = 2/15 + 1/30 + 4/15 = 13/30, while
∑3

k=1 Q∗(CS(k) → Cτ2(k)) = Q∗(CS(1) →

C2) + Q∗(CS(2) → C3) + Q∗(CS(3) → C1) = 0 + 7/30 + 4/15 = 1/2. After comparisons

across all permutations, we obtain CR(1) = C2, CR(2) = C3, CR(3) = C1. In summary, for

given Ci, we tend to assign the label argmaxkQ∗(CS(k) → Ci). However, it may lead to

non-unique assignments. We resolve this by introducing optimal permutation.

Let Z ∈ CS(i) denote the event Z = f(A(XS)) for some XS ∈ CS(i) and A ∈ A, PR(j)
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be the uniform distribution on CR(j). We can yield

W(Pf ,PR) =

∫
(Z,R)

∥Z −R∥1dQ∗(Z,R)

=
K∑

i,j=1

{∫
(Z,R)

∥Z −R∥1dQ∗(Z,R|Z ∈ CS(i),R ∈ PR(j)
)}

Q∗(CS(i) → PR(j)
)

≥
K∑

i,j=1

W
(
Pf (i),PR(j)

)
Q∗(CS(i) → CR(j)

)
≥ Q∗(CS(k) → CR(k)

)
W

(
Pf (k),PR(k)

)
, (14)

where the first inequality follows from Q∗(Z,R|Z ∈ CS(i),R ∈ PR(j)) ∈ Π(Pf (i),PR(j)).

Therefore, under Assumption 1, we know that W(Pf (k),PR(k)) ≲ W(Pf ,PR) ≤ L(f).

Assumption 1. Assume Q∗(CS(k) → CR(k)
)
> 0 for any k : 1 ≤ k ≤ K.

Assumption 1 essentially indicates that, in contrast to the example above regarding

label assignments, we do not desire C2 to be labeled as CR(1) while Q∗(CS(1) → C2) = 0.

Furthermore, by utilizing c⊤i cj = 0 and ∥ci∥2 = R, we yield

µS(i)
⊤µS(j) = (µS(i)− ci)

⊤µS(j) + c⊤i µS(j) + c⊤i cj + c⊤i (µS(j)− cj)

≤ ∥µS(i)− ci∥2∥µS(j)∥2 + ∥ci∥2∥µS(j)− cj∥2

≲ ∥µS(i)− ci∥2 + ∥µS(j)− cj∥2, (15)

where the last inequality stems from ∥µS(j)∥2 =
∥∥EXS∼PS

EXS∼A(XS){f(XS)|XS ∈ CS(j)}
∥∥
2
≤

EXS∼PS
EXS∼A(XS){∥f(XS)∥2

∣∣XS ∈ CS(j)} = R. Moreover, regarding ∥µS(k)− ck∥2,

∥µS(k)− ck∥22 =
d∗∑
l=1

[
E

XS∈CS(k)
E

XS∈A(XS)

{
fl(XS)

}
− E

Rk∈CR(k)

{
Rk,l

}]2
≤

d∗∑
l=1

W2
(
Pf (k),PR(k)

)
= d∗W2

(
Pf (k),PR(k)

)
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≲ W2
(
Pf (k),PR(k)

)
, (16)

where the first inequality follows from (5). Plugging (16) into (15) yields µS(i)
⊤µS(j) ≲

L(f), implying that minimizing the loss function of DM can indeed reduce µS(i)
⊤µS(j).

We now show that minimizing L(f) also reduces µT (i)⊤µT (j). It suffices to explore the

relationship between µS(i)
⊤µS(j) and µT (i)

⊤µT (j). Let PT (k) be the distribution defined

by PT (k)(E) = PT (XS ∈ E|Y = k) for any measurable set E, with pS(k) = PS{XS ∈

CS(k)} and pT (k) = PT (Y = k). To quantify the distribution shift, we define

ϵ1 = max
k

W
(
PS(k),PT (k)

)
, ϵ2 = max

k
|pS(k)− pT (k)|. (17)

Thus, we have

µT (i)
⊤µT (j)− µS(i)

⊤µS(j) = µT (i)
⊤µT (j)− µT (i)

⊤µS(j) + µT (i)
⊤µS(j)− µS(i)

⊤µS(j)

= µT (i)
⊤{µT (j)− µS(j)}+ {µT (i)− µS(i)}⊤µS(j)

≤ ∥µT (i)∥2∥µT (j)− µS(j)∥2 + ∥µT (i)− µS(i)∥2∥µS(j)∥2

≤ R
{
∥µT (j)− µS(j)∥2 + ∥µT (i)− µS(i)∥2

}
.

Moreover, for any 1 ≤ k ≤ K, we have:

∥µS(k)− µT (k)∥22 =
d∗∑
l=1

[{
µS(k)

}
l
−
{
µT (k)

}
l

]2
=

d∗∑
l=1

[
EXS∼PS

EXS∼A(XS)

{
fl(XS)|XS ∈ CS(k)

}
− E(XT ,Y )∼PT

EXT∼A(XT )

{
fl(X

T )|Y = k
}]2

=
1

M

M∑
i=1

d∗∑
l=1

[
EXS∼PS

{
fl(Ai(XS)|XS ∈ CS(k)

}
− E(XT ,Y )∼PT

{
fl(Ai(XT ))|Y = k

}]2
.

If we assume any Ai ∈ A is Q-Lipschitz function as Assumption 2, and given that f ∈

Lip(L), we find that fl(Aγ(·)) is LQ-Lipschitz continuous for every 1 ≤ l ≤ d∗. Further-

more, with ϵ1 = maxkW
(
PS(k),PT (k)

)
and equation (5), we can yield ∥µS(k)− µT (k)∥22 ≲
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ϵ21. Consequently, for any i ̸= j,

µT (i)
⊤µT (j) ≲ µS(i)

⊤µS(j) + ϵ1 ≲ W(Pf ,PR) + ϵ1 ≤ L(f) + ϵ1, (18)

which implies that minimizing L(f) can indeed reduce µT (i)
⊤µT (j), which intuitively mea-

sures the distinguishability between different target classes in the representation space.

Assumption 2. There exists a Q > 0 satisfying ∥Ai(x1)− Ai(x2)∥2 ≤ Q∥x1 − x2∥2 for

for any x1,x2 ∈ [0, 1]d and 1 ≤ i ≤M .

This Assumption is highly realistic. A typical example is that the resulting augmented

data obtained through cropping would not undergo drastic changes when minor perturba-

tions are applied to the original image.

Next, we introduce the (σ, δ)-augmentation to quantify the quality of data augmenta-

tion, inspired by Huang et al. (2023). Let CT (k) denote the set such that for the target

data (xT , y), xT ∈ CT (k) if and only if y = k. The (σ, δ)-augmentation is then defined as

Definition 3. We refer to a collection of data augmentations A as (σ, δ)-augmentation, if

for each 1 ≤ k ≤ K, there exists a subset C̃T (k) ⊆ CT (k), such that: (i) PT
{
XT ∈ C̃T (k)

}
≥

σPT
{
XT ∈ CT (k)

}
, (ii) supxT,1,xT,2∈C̃T (k) minxT,1∈A(xT,1),xT,2∈A(xT,2) ∥xT,1 − xT,2∥2 ≤ δ, and

(iii) PT{∪Kk=1C̃T (k)} ≥ σ, where σ ∈ (0, 1] and δ ≥ 0. Moreover, C̃T (k) is referred to as the

main part of CT (k).

We present Figure 5 to illustrate the motivation behind Definition 3. Consider the

task of classifying dog and cat. Although the images x1 and x2 are semantically sim-

ilar, their difference, ∥x1 − x2∥2, can be large due to background variations. Through

data augmentation, we can find x∗1 ∈ A(x1) and x∗2 ∈ A(x2) such that ∥x∗1 − x∗2∥2 is suf-

ficiently small. In this regard, the quantity dA(x1,x2) := minx1∈A(x1),x2∈A(x2) ∥x1 − x2∥2
can indeed capture the semantic similarity. Furthermore, the supremum over CT (k),
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Figure 5: Illustration of (σ, δ)-augmentation

supxT,1,xT,2∈CT (k) dA(xT,1,xT,2) serves as a criterion for evaluating the quality of data aug-

mentation. However, problematic pairs (x̆T,1, x̆T,2) such that dA(x̆1, x̆2) is significantly

larger than that of other pairs, causing the supremum to be disproportionately large,

leading to unreliable results. To fix this issue, we replace CT (k) with its subset C̃T (k)

satisfying condition (i), improving the robustness of the definition. Moreover, condition

(iii) implies that the augmentation should be sufficiently effective to correctly recognize

the objects that align with the image label. Specifically, consider the image presented in

Figure 3, this condition necessitates that the data augmentations can accurately recognize

the patch of toilet paper rather than the other objects, as this image has been labeled as

toilet paper in ImageNet. A simpler alternative to this condition is to assume that dif-

ferent classes CT (k) are pairwise disjoint, i.e., ∀i ̸= j, CT (i) ∩ CT (j) = ∅, which implies

PT{∪Kk=1C̃T (k)
}
=

∑K
k=1 PT{C̃T (k)} ≥ σ

∑K
k=1 PT{CT (k)} = σ. With these, we are now
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are ready to present the population theorem.

Theorem 1. Given a (σ, δ)-augmentation, if the encoder f with ∥f∥2 = R is L-Lipschitz,

and if Assumption 1 and 2 hold, then for any ε > 0, maxi ̸=j µT (i)
⊤µT (j) ≲ L(f)+ ϵ1. Fur-

thermore, if maxi ̸=j µT (i)
⊤µT (j) < R2ψ(σ, δ, ε, f), then the downstream misclassification

rate of Gf

Err(Gf ) ≤ (1− σ) +O
(
ε−1

{
L(f) + ϵ1 + ϵ2

} 1
2

)
,

where the specific formulation of ψ(σ, δ, ε, f) can be found in Lemma 2.

Theorem 1 demonstrates that minimizing the loss function of DM results in a well-

separated representation space for downstream task. Specifically, once the quantity µT (i)
⊤µT (j)

falls below the critical threshold ψ(σ, δ, ε, f), minimizing L(f) significantly reduces the

downstream misclassification rate. The error bound is composed of three factors: the

quality of augmentation σ, the loss function of DM, L(f), and the distribution shift ϵ1, ϵ2.

While Theorem 1 highlights the effectiveness of DM, several questions remain unre-

solved. First, can the sample-level minimizer f̂nS
satisfy the conditions of Theorem 1?

Second, is it possible to establish an end-to-end error bound for DM to analyze the im-

pact of nS and nT on the misclassification rate, thereby elucidating the success of few-shot

learning?

3.2 Sample Theorem

Assumption 3. Assume there exists a sequence of (σn, δn)-augmentations An such that

both σn → 1 and δn → 0.

We note that, in contrast to Assumption 4.3 in Duan et al. (2024), which requires the

convergence rate of δn to be faster than O(n−(d+1)/2(γ+d+1)) for f ∗ in the Hölder class with
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parameter γ, our Assumption 3 only requires that δn → 1 without any constraint on the

convergence rate. Hence, Assumption 3 is notably milder.

Assumption 4. Assume there exists α > 0 and β > 0 such that ϵ1 = O(n−α
S ) and

ϵ2 = O(n−β
S ) for sufficiently large nS.

This assumption implies that the distribution shift should not be excessive. Intu-

itively, a model that distinguishes between cats and dogs is largely ineffective for identifying

whether a patient is ill based on X-ray images, due to the significant domain shift between

the tasks.

Before presenting the final assumption, we introduce Lemma 1, known as Brenier’s

theorem in optimal transport theory. Its proof can be found in Theorem 1 of Ball (2004).

Lemma 1 (Existence of Optimal Transport Map). If ν1 and ν2 are probability measures

on Rk, ν2 has compact support and ν1 assigns no mass to any set of Hausdorff dimension

(k − 1), then there exists a optimal transport map T : Rk → Rk transporting ν1 to ν2, i.e.

T♯(ν1) = ν2. Moreover, T is bijective.

We now introduce Assumption 5, which justifies that L(f ∗) = 0, a crucial step for

extending our theory to the sample level. Further details are provided in Section C.5.

Assumption 5. Suppose there exists a Lipschitz map f : XS → Rd∗ satisfying (i) f♯PS
assigns no mass to any set of Hausdorff dimension (d∗ − 1) and (ii) the optimal transport

map transporting f♯PS to PR is also Lipschitz continuous.

The Lipschitz continuity of optimal transport maps has long been a key yet challenging

problem, with numerous studies demonstrating this property under specific classes of dis-

tributions (Caffarelli, 2000; Kim and Milman, 2012; Carlier et al., 2024; Fathi et al., 2024).

Therefore, Assumption 5 essentially concerns the data distribution, where the variability

of f may allow a broad range of distributions to satisfy this condition.
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Theorem 2. Suppose Assumptions 1-5 hold. Set the widths and depths of the encoder and

critic networks satisfying D2W2 ≲ D1W1 = O
(
n
− d

2d+4

S

)
, and set the augmentation as AnS

, then

with probability at least 1−O
(
n
−min{ 1

d+2
,α}

S

)
−O

(
1√

mink nT (k)

)
,

ED̃S

{
Err(Gf̂nS

)
}
≤

(
1− σnS

)
+O

(
n
−min{ 1

2d+4
,α
4
,β
4
}

S

)
holds for sufficiently large nS.

We defer the proof to Section C. Theorem 2 reveals that appropriately setting the

widths and depths of encoder and critic ensures that the downstream misclassification

rate of Gf̂nS
is controlled by the quality of data augmentation σnS

and the source sample

size, with high probability. The convergence rate of the downstream misclassification rate is

jointly determined by the original data dimension d and the extent of the distribution shift,

α and β. This probability approaches 1 as nS or nT (k) increases. Notably, the convergence

rate regarding mink nT (k) is 1/2, implying even with a few downstream samples, as long

as the unlabeled sample size nS is sufficiently large, the misclassification rate can still

be maintained at a sufficiently low level, which coincides with empirical observations in

practice.

4 Experiment

The PyTorch implementation of DM can be found in https://github.com/vincen-

github/DM.

4.1 Experiment details

Datasets Following prior self-supervised learning works (Chen et al., 2020a; Ermolov

et al., 2021; Zbontar et al., 2021; HaoChen et al., 2021; Bardes et al., 2022), we evaluate
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Method CIFAR-10 CIFAR-100 STL-10

Linear k-nn Linear k-nn Linear k-nn

Barlow Twins (Zbontar et al., 2021) 83.96 81.18 56.75 47.91 81.41 76.41

SimCLR (Chen et al., 2020a) 90.23 87.57 64.16 53.65 87.44 82.68

Haochen22 (HaoChen et al., 2022) 86.95 82.83 53.75 48.40 81.44 77.31

Vicreg (Bardes et al., 2022) 87.16 85.10 56.63 49.59 84.63 81.13

DM 91.10 88.17 64.49 53.11 88.65 84.21

Table 1: Classification accuracy (top 1) of a linear classifier and a k-nearest neighbors

classifier (k = 5) for different loss functions and datasets.

our method on three widely used image datasets: CIFAR-10 (Krizhevsky, 2009), CIFAR-

100 (Krizhevsky, 2009), and STL-10 (Coates et al., 2011). Each dataset is split into three

parts: an unsupervised set for training the encoder and critic via DM, a supervised set for

training the linear classifier, and a testing set to assess the error.

Experimental Pipeline During training, we randomly crop and resize images to 32×32

(CIFAR-10, CIFAR-100) or 64×64 (STL-10) before feeding them into the encoder. In the

pretraining phase, we use the Adam optimizer to update both the encoder and the projec-

tion head based on the unlabeled dataset. After pretraining, the encoder is frozen, and the

projection head is removed. We then train a linear classifier on top of the frozen encoder

using another Adam optimizer, with the classifier represented as a linear transformation

from Rd∗ to RK . followed by a softmax layer. The classification loss is cross-entropy. We

evaluate the classifier’s accuracy on the testing dataset and also report the performance of
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a k-nearest neighbors classifier (k=5) without fine-tuning.

Network Architecture The encoder backbone is ResNet-18 (He et al., 2016), while the

critic network consists of three smaller layers, each followed by layer normalization (Ba

et al., 2016) and a LeakyReLU activation with a slope of 0.2. The critic’s dimensionality

transformation follows d∗ → 128 → d∗ → 1. Notably, an overly complex critic may

impair the learned representation’s performance. Following Chen et al. (2020a), we train a

projection head alongside the encoder during the self-supervised task. The projection head

is a two-layer ReLU network with a hidden size of 1000.

Estimating Mallows’ Distance with Gradient Penalty Mallow’s distance in Equa-

tion (8) involves a minimization problem with the constraint g ∈ Lip(1), which is difficult to

optimize directly due to the challenging nature of searching the Lip(1) set. To address this,

Gulrajani et al. (2017) reformulate Mallow’s distance in Equation (9) as an unconstrained

optimization problem,

Wgp(f, g) = EZ∼Pf

{
g(Z)

}
− ER∼PR

{
g(R)

}
+ η · EX̄∼PX̄

[{∥∥∇X̄g(X̄)
∥∥− 1

}2
]
, (19)

where η > 0 is a tuning parameter referred to as the “plenty weight”, typically set to

1 during DM training. Let U [0, 1] be the uniform distribution on the interval [0, 1] The

random variable X̄ ∼ PX̄ is defined by X̄ = uZ + (1− u)R, where Z ∼ Pf , R ∼ PR, and

u ∼ U [0, 1]. In practice, the encoder is updated at each step, while the critic is updated

every five steps.

Hyperparameters We set K ′ = 384, R = 1 and ϵ = 10−3 across all datasets. The

encoder’s output dimension d∗ is set to be 384. The learning rates for the encoder and

critic are 3 × 10−5 and 10−3, respectively, with weight decay of 5 × 10−7 and 10−4. A
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learning rate warm-up is applied for the first 500 iterations of the encoder optimizer. The

weight parameter λ is set as 1 for all datasets. is set to 1 for all datasets. The batch sizes

are 512 for CIFAR-10 and CIFAR-100, and 384 for STL-10, with training for 1000 epochs

on the unsupervised dataset. During testing, a linear classifier is trained for 500 epochs

using the Adam optimizer with an exponentially decaying learning rate from 10−2 to 10−6,

and a weight decay of 5× 10−6.

Data Augmentations We randomly extract crops ranging in size from 0.2 to 1.0 of

the original area, with aspect ratios varying from 3/4 to 4/3 of the original aspect ratio.

Horizontal mirroring is applied with a probability of 0.5. Additionally, color jittering is

configured with parameters 0.4, 0.4, 0.4, 0.1 and a probability of 0.8, while grayscaling is

applied with a probability of 0.2. During testing, only randomly crop and resize are utilized

for evaluation.

Platform All experiments were conducted using a single Tesla V100 GPU unit. The

torch version is 2.2.1+cu118 and the CUDA version is 11.8.

4.2 Ablation Experiment: Finer-Grained Concept

As shown in Figure 4, some samples (e.g., orange and gray points) share similar se-

mantic meaning (both represent “dog”) but are distant in the representation space due to

the existence of finer-grained classes (e.g., “black dog” and “orange dog”). Whether self-

supervised representation learning methods can effectively capture such subclass structures

remains an open question, particularly in real-world applications (HaoChen et al., 2021,

2022; HaoChen and Ma, 2023).

A key distinction between our theoretical framework and experiments lies in the opti-
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mization of Ŵ . In theory, Ŵ can be directly calculated, whereas in practice, it is updated

via gradient descent. This approach relaxes the constraint K ′ = K discussed in Section 3

and provides greater flexibility. Additionally, K ′ offers significant interpretability, reflect-

ing the number of concepts within the data. Intuitively, as the number of learned concepts

were to increase within a certain range, more fine-grained concepts would be captured,

and the transferability of the representations would improve. We validate this through the

following ablation experiments.

Concept number (K ′) 64 128 256 384 512

Linear 49.83 55.93 61.13 64.49 63.87

k-nn 32.73 44.17 51.00 53.11 52.45

Table 2: The influence of concept number on representation performance. All experiments

are conducted on CIFAR-100. The parameter k is set to be 5 and the representation

dimension d∗ is set as K ′.

5 Outlook

Our study offers significant potential for further exploration in self-supervised learn-

ing. First, replacing the Mallows’ distance with alternative divergences may yield more

efficient representations. Second, as highlighted by Wang and Isola (2020), Awasthi et al.

(2022), and Duan et al. (2024), different self-supervised learning losses can lead to dis-

tinct structures in the representation space. While analyzing the structure of some existing

losses is challenging due to their specialized design, recovering these structures via DM and

examining the hyperparameters of the reference distribution may provide valuable insights

into their interpretation. Lastly, the condition in Definition 3 represents a crucial factor in
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advancing self-supervised learning methods. Random augmentation compositions may be

too disruptive for handling more complex real-world tasks. How to derive more effective

augmentations that align with the requirements in Definition 3 remains an open question

for future investigation.

References

Saleh Albelwi. Survey on self-supervised learning: Auxiliary pretext tasks and con-

trastive learning methods in imaging. Entropy, 24(4), 2022. ISSN 1099-4300.

doi:10.3390/e24040551. URL https://www.mdpi.com/1099-4300/24/4/551.

M. Anthony and P.L. Bartlett. Neural Network Learning: Theoretical Foundations. Cam-

bridge University Press, 1999. ISBN 9780521573535. URL https://books.google.com/

books?id=ih_FngEACAAJ.

Pranjal Awasthi, Nishanth Dikkala, and Pritish Kamath. Do more negative samples nec-

essarily hurt in contrastive learning? In International Conference on Machine Learning,

2022. URL https://api.semanticscholar.org/CorpusID:248512556.

Jimmy Lei Ba, Jamie Ryan Kiros, and Geoffrey E. Hinton. Layer normalization, 2016.

URL https://arxiv.org/abs/1607.06450.

K. Ball. An elementary introduction to monotone transportation. 01 2004.

Adrien Bardes, Jean Ponce, and Yann LeCun. Vicreg: Variance-invariance-covariance regu-

larization for self-supervised learning. In The Tenth International Conference on Learning

Representations, ICLR 2022, Virtual Event, April 25-29, 2022. OpenReview.net, 2022.

URL https://openreview.net/forum?id=xm6YD62D1Ub.

31

https://doi.org/10.3390/e24040551
https://www.mdpi.com/1099-4300/24/4/551
https://books.google.com/books?id=ih_FngEACAAJ
https://books.google.com/books?id=ih_FngEACAAJ
https://api.semanticscholar.org/CorpusID:248512556
https://arxiv.org/abs/1607.06450
https://openreview.net/forum?id=xm6YD62D1Ub


Peter L. Bartlett, Nick Harvey, Christopher Liaw, and Abbas Mehrabian. Nearly-tight

vc-dimension and pseudodimension bounds for piecewise linear neural networks. Journal

of Machine Learning Research, 20(63):1–17, 2019. URL http://jmlr.org/papers/v20/

17-612.html.

Benedikt Bauer and Michael Kohler. On deep learning as a remedy for the curse of dimen-

sionality in nonparametric regression. The Annals of Statistics, 47(4):2261 – 2285, 2019.

doi:10.1214/18-AOS1747. URL https://doi.org/10.1214/18-AOS1747.

Shai Ben-David, John Blitzer, Koby Crammer, and Fernando Pereira. Analysis of

representations for domain adaptation. In B. Schölkopf, J. Platt, and T. Hoff-

man, editors, Advances in Neural Information Processing Systems, volume 19. MIT

Press, 2006. URL https://proceedings.neurips.cc/paper_files/paper/2006/

file/b1b0432ceafb0ce714426e9114852ac7-Paper.pdf.

Yoshua Bengio, Aaron C. Courville, and Pascal Vincent. Unsupervised feature learning

and deep learning: A review and new perspectives. CoRR, abs/1206.5538, 2012. URL

http://arxiv.org/abs/1206.5538.

John Blitzer, Koby Crammer, Alex Kulesza, Fernando Pereira, and Jennifer Wortman.

Learning bounds for domain adaptation. In J. Platt, D. Koller, Y. Singer, and S. Roweis,

editors, Advances in Neural Information Processing Systems, volume 20. Curran As-

sociates, Inc., 2007. URL https://proceedings.neurips.cc/paper_files/paper/

2007/file/42e77b63637ab381e8be5f8318cc28a2-Paper.pdf.

Luis A. Caffarelli. Monotonicity properties of optimal transportation and the fkg and

related inequalities. Communications in Mathematical Physics, 214(3):547–563, 2000.

doi:10.1007/s002200000257. URL https://doi.org/10.1007/s002200000257.

32

http://jmlr.org/papers/v20/17-612.html
http://jmlr.org/papers/v20/17-612.html
https://doi.org/10.1214/18-AOS1747
https://doi.org/10.1214/18-AOS1747
https://proceedings.neurips.cc/paper_files/paper/2006/file/b1b0432ceafb0ce714426e9114852ac7-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2006/file/b1b0432ceafb0ce714426e9114852ac7-Paper.pdf
http://arxiv.org/abs/1206.5538
https://proceedings.neurips.cc/paper_files/paper/2007/file/42e77b63637ab381e8be5f8318cc28a2-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2007/file/42e77b63637ab381e8be5f8318cc28a2-Paper.pdf
https://doi.org/10.1007/s002200000257
https://doi.org/10.1007/s002200000257


T. Tony Cai and Hongming Pu. Transfer learning for nonparametric regression: Non-

asymptotic minimax analysis and adaptive procedure, 2024. URL https://arxiv.org/

abs/2401.12272.

T. Tony Cai and Hongji Wei. Transfer learning for nonparametric classification: Minimax

rate and adaptive classifier, 2019. URL https://arxiv.org/abs/1906.02903.

Guillaume Carlier, Alessio Figalli, and Filippo Santambrogio. On optimal transport maps

between 1/d-concave densities. arXiv preprint arXiv:2404.05456, 2024.

Ting Chen, Simon Kornblith, Mohammad Norouzi, and Geoffrey Hinton. A simple frame-

work for contrastive learning of visual representations. In Hal Daumé III and Aarti Singh,
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Michael Kohler and Adam Krzyżak. Nonparametric regression based on hierarchical inter-

action models. IEEE Transactions on Information Theory, 63(3):1620–1630, 2016.

Alex Krizhevsky. Learning multiple layers of features from tiny images. Technical report,

2009.

Yann LeCun, Yoshua Bengio, and Geoffrey Hinton. Deep learning. nature, 521(7553):436,

2015.

Sai Li, T. Tony Cai, and Hongzhe Li. Transfer Learning for High-Dimensional Linear

Regression: Prediction, Estimation and Minimax Optimality. Journal of the Royal

Statistical Society Series B: Statistical Methodology, 84(1):149–173, 11 2021. ISSN 1369-

7412. doi:10.1111/rssb.12479. URL https://doi.org/10.1111/rssb.12479.

Sai Li, Linjun Zhang, T. Cai, and Hongzhe Li. Estimation and inference for high-

dimensional generalized linear models with knowledge transfer. Journal of the American

Statistical Association, pages 1–25, 02 2023. doi:10.1080/01621459.2023.2184373.

Haotian Lin and Matthew Reimherr. On hypothesis transfer learning of functional linear

models. Stat, 1050:22, 2024.

Shiao Liu, Yunfei Yang, Jian Huang, Yuling Jiao, and Yang Wang. Non-asymptotic error

38

https://doi.org/10.1007/s00208-011-0749-x
https://doi.org/10.1007/s00208-011-0749-x
https://doi.org/10.1109/ISIT.2004.1365504
https://doi.org/10.1111/rssb.12479
https://doi.org/10.1111/rssb.12479
https://doi.org/10.1080/01621459.2023.2184373


bounds for bidirectional gans. Advances in Neural Information Processing Systems, 34:

12328–12339, 2021.

Shuo Shuo Liu. Unified transfer learning models in high-dimensional linear regression, 2024.

URL https://arxiv.org/abs/2307.00238.

Subha Maity, Diptavo Dutta, Jonathan Terhorst, Yuekai Sun, and Moulinath Banerjee. A

linear adjustment-based approach to posterior drift in transfer learning. Biometrika, 111

(1):31–50, 2024.

C. L. Mallows. A note on asymptotic joint normality. The Annals of Mathematical

Statistics, 43(2):508–515, 1972. ISSN 00034851, 21688990. URL http://www.jstor.

org/stable/2239988.

Yishay Mansour, Mehryar Mohri, and Afshin Rostamizadeh. Domain adaptation: Learning

bounds and algorithms. CoRR, abs/0902.3430, 2009. URL http://arxiv.org/abs/

0902.3430.

Andreas Maurer. A vector-contraction inequality for rademacher complexities. In

Algorithmic Learning Theory: 27th International Conference, ALT 2016, Bari, Italy,

October 19-21, 2016, Proceedings 27, pages 3–17. Springer, 2016.

Alfred Müller. Integral probability metrics and their generating classes of functions.

Advances in Applied Probability, 29(2):429–443, 1997. doi:10.2307/1428011.

Henry WJ Reeve, Timothy I Cannings, and Richard J Samworth. Adaptive transfer learn-

ing. The Annals of Statistics, 49(6):3618–3649, 2021.

David E Rumelhart, Geoffrey E Hinton, and Ronald J Williams. Learning representations

by back-propagating errors. nature, 323(6088):533–536, 1986.

39

https://arxiv.org/abs/2307.00238
http://www.jstor.org/stable/2239988
http://www.jstor.org/stable/2239988
http://arxiv.org/abs/0902.3430
http://arxiv.org/abs/0902.3430
https://doi.org/10.2307/1428011


Johannes Schmidt-Hieber. Nonparametric regression using deep neural networks with relu

activation function. The Annals of Statistics, 48(4), August 2020. ISSN 0090-5364.

doi:10.1214/19-aos1875. URL http://dx.doi.org/10.1214/19-AOS1875.

Florian Schroff, Dmitry Kalenichenko, and James Philbin. Facenet: A unified embedding

for face recognition and clustering. In Proceedings of the IEEE conference on computer

vision and pattern recognition, pages 815–823, 2015.

J.T. Schwartz. Nonlinear Functional Analysis. Notes on mathematics and its applications.

Gordon and Breach, 1969. ISBN 9780677015002. URL https://books.google.com.

tw/books?id=7DYv1rkD1E4C.

J. Shao and D. Tu. The Jackknife and Bootstrap. Springer Series in Statistics. Springer

New York, 2012. ISBN 9781461207955. URL https://books.google.com/books?id=

VO3SBwAAQBAJ.

Hidetoshi Shimodaira. Improving predictive inference under covariate shift by weighting

the log-likelihood function. Journal of Statistical Planning and Inference, 90:227–244, 10

2000. doi:10.1016/S0378-3758(00)00115-4.

Navjot Singh and Suhas N. Diggavi. Representation transfer learning via multiple pre-

trained models for linear regression. In IEEE International Symposium on Information

Theory, ISIT 2023, Taipei, Taiwan, June 25-30, 2023, pages 561–566. IEEE, 2023.

doi:10.1109/ISIT54713.2023.10207013. URL https://doi.org/10.1109/ISIT54713.

2023.10207013.

Masashi Sugiyama, Shinichi Nakajima, Hisashi Kashima, Paul Buenau, and Motoaki

Kawanabe. Direct importance estimation with model selection and its application to

40

https://doi.org/10.1214/19-aos1875
http://dx.doi.org/10.1214/19-AOS1875
https://books.google.com.tw/books?id=7DYv1rkD1E4C
https://books.google.com.tw/books?id=7DYv1rkD1E4C
https://books.google.com/books?id=VO3SBwAAQBAJ
https://books.google.com/books?id=VO3SBwAAQBAJ
https://doi.org/10.1016/S0378-3758(00)00115-4
https://doi.org/10.1109/ISIT54713.2023.10207013
https://doi.org/10.1109/ISIT54713.2023.10207013
https://doi.org/10.1109/ISIT54713.2023.10207013


covariate shift adaptation. In J. Platt, D. Koller, Y. Singer, and S. Roweis, editors,

Advances in Neural Information Processing Systems, volume 20. Curran Associates,

Inc., 2007. URL https://proceedings.neurips.cc/paper_files/paper/2007/file/

be83ab3ecd0db773eb2dc1b0a17836a1-Paper.pdf.

Ye Tian and Yang Feng. Transfer learning under high-dimensional generalized linear mod-

els, 2022. URL https://arxiv.org/abs/2105.14328.

Cédric Villani. Optimal Transport : Old and New, volume 338 of Grundlehren der

mathematischen Wissenschaften. Springer Berlin Heidelberg, Berlin, Heidelberg, 1. aufl.

edition, 2009. ISBN 9783540710493.

M.J. Wainwright. High-Dimensional Statistics: A Non-Asymptotic Viewpoint. Cambridge

Series in Statistical and Probabilistic Mathematics. Cambridge University Press, 2019.

ISBN 9781108498029. URL https://books.google.com/books?id=IluHDwAAQBAJ.

Tongzhou Wang and Phillip Isola. Understanding contrastive representation learning

through alignment and uniformity on the hypersphere. In Hal Daumé III and Aarti
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Given the large number of symbols in this paper, consolidating them in this section
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prehension by guiding readers to the first occurrence of each symbol in the relevant sections
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Symbol Description Reference

DS source dataset Section 2

DT target dataset Section 2

D̃S augmentation-reference dataset Section 2.3

D̃T augmented target dataset Section 2.4

CS(k) k-th source latent class Section 3.1

CT (k) k-th target class Definition 3

C̃T (k) main part of CT (k) Definition 3

Ck k-th unlabeled reference part Definition 3

CR(k) k-th labeled reference part Section 3.1

nT (k) sample size of k-th target class Equation (13)

nS sample size of source dataset Section 2

nT sample size of target dataset Section 2

PS source distribution Section 2

PT target distribution Section 2

PS(k) distribution conditioned on XS ∈ CS(k) Section 3.1

PT (k) distribution conditioned on Y = k Section 3.1

pS(k) probability of XS ∈ CS
k Section 3.1

pT (k) probability of Y = k Section 3.1

µS(k) center of k-th latent class Section 3.1

µT (k) center of k-th target class Section 2.4

Pi random variable of i-th reference part Equation (6)

ci center of i-th reference part Section 2.3

Continued on next page
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Symbol Description Reference

ϵ range of reference part Equation (6)

ϵ1, ϵ2 distribution shift Equation (17)

K ′ number of reference parts Section 2.3

K the number downstream classes Section 2

PR reference distribution Section 2.3

Pf representation distribution Section 2.3

R random vector of reference Section 2.3

R range constraint of encoder Equation (3)

F feasible set of encoder Equation (3)

G feasible set of critic Equation (8)

F̂ space for approximating F Equation (11)

Ĝ space for approximating G Equation (11)

f ∗ population optimal encoder Equation (7)

f̂nS
empirical optimal encoder Equation (11)

L Lipschitz constant of encoder Equation (3)

Q Lipschitz constant of augmentations Assumption 2

M number of augmentations Section 2.2

W(Pf ,PR) Mallows’ distance between Pf ,PR Equation (7)

W(f, g) EZ∼Pf
{g(Z)} − ER∼PR{g(R)} Equation (2.3)

L(f) Lalign(f) + λ · W(Pf ,PR) Equation (7)

L(f, g) Lalign(f) + λ · W(f, g) Equation (9)

Table 3: Summary of Symbols
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B Population theorem

The population theorem in this study mainly builds upon the technique used in Huang

et al. (2023) and Duan et al. (2024).

Lemma 2. Given a (σ, δ)-augmentation, if the encoder f with R1 ≤ ∥f∥2 ≤ R2 is L-

Lipschitz and

µT (i)
⊤µT (j) < R2

2ψ(σ, δ, ε, f),

holds for any pair of (i, j) with i ̸= j, then for any ε > 0, the downstream misclassification

rate of Gf

Err(Gf ) ≤ (1− σ) + UT (ε, f),

where UT (ε, f) = PT
{
XT : supXT,1,XT,2∼A(XT ) ∥f(XT,1)− f(XT,2)∥2 > ε

}
and

ψ(σ, δ, ε, f) = Γmin(σ, δ, ε, f)−
√
2− 2Γmin(σ, δ, ε, f)−

1

2

(
1− mink ∥µ̂T (k)∥22

R2

)
− 2maxk ∥µ̂T (k)− µT (k)∥2

R2

, (20)

here Γmin(σ, δ, ε, f) is given by

Γmin(σ, δ, ε, f) =

(2σ − 1)− UT (ε,f)
mini pT (i)

−
(
σ − UT (ε,f)

mini pT (i)

)(
Lδ
B

+ 2ε
B

)
, R1 = R2 = R(

σ − UT (ε,f)
mini pT (i)

)(
1 +

(
R2

R1

)2 − Lδ
R2

− 2ε
R2

)
− 1, R1 < R2.

Proof. For any encoder f , let VT (ε, f) := {XT : supXT,1,XT,2∼A(XT ) ∥f(XT,1)− f(XT,2)∥2 ≤ ε},

if any XT ∈ C̃T (1) ∪ · · · ∪ C̃T (K) ∩ VT (ε, f) can be correctly classified by Gf , it turns out

that Err(Gf ) can be bounded by (1− σ) + UT (ε, f). In fact,

Err(Gf ) = PT
{
Gf (XT ) ̸= k, Y = k

}
≤ PT

[{
C̃T (1) ∪ · · · ∪ C̃T (K) ∩ VT (ε, f)

}c]
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= PT
[(
C̃T (1) ∪ · · · ∪ C̃T (K)

)c ∪ {
VT (ε, f)

}c] ≤ (1− σ) + PT
[
{VT (ε, f)}c

]
= (1− σ) + UT (ε, f),

where the last row is due to the fact UT (ε, f) = {VT (ε, f)}c.

Hence it suffices to show for given 1 ≤ i ≤ K, XT ∈ C̃T (i) ∩ VT (ε, f) can be correctly

classified by Gf if for any j ̸= i,

µT (i)
⊤µT (j) < R2

2ψ(σ, δ, ε, f).

To this end, without losing generality, consider the case i = 1. To turn out XT ∈

C̃T (1) ∩ VT (ε, f) can be correctly classified by Gf under given condition, by the defi-

nition of C̃T (1) and VT (ε, f), It suffices to show for any k ̸= 1, ∥f(XT )− µ̂T (1)∥2 <

∥f(XT )− µ̂T (k)∥2, which is equivalent to

f(XT )
⊤µ̂T (1)− f(XT )

⊤µ̂T (k)−
(1
2
∥µ̂T (1)∥22 −

1

2
∥µ̂T (k)∥22

)
> 0. (21)

We will firstly deal with the term f(XT )
⊤µ̂T (1),

f(XT )
⊤µ̂T (1) = f(XT )

⊤µT (1) + f(XT )
⊤{µ̂T (1)− µT (1)}

≥ f(XT )
⊤E(XT ,Y )∼PT

EXT∼A(XT ){f(XT )|Y = 1} − ∥f(XT )∥2∥µ̂T (1)− µT (1)∥2

≥ 1

pT (1)
f(XT )

⊤E(XT ,Y )∼PT
EXT∼A(XT )

[
f(XT )1

{
XT ∈ CT (1)

}]
−R2∥µ̂T (1)− µT (1)∥2

=
1

pT (1)
f(XT )

⊤E(XT ,Y )∼PT
EXT∼A(XT )

[
f(XT )1

{
XT ∈ CT (1) ∩ C̃T (1) ∩ VT (ε, f)

}]
+

1

pT (1)
f(XT )

⊤E(XT ,Y )∼PT
EXT∼A(XT )

[
f(XT )1

{
XT ∈ CT (1) ∩

(
C̃T (1) ∩ VT (ε, f)

)c}]
−R2∥µ̂T (1)− µT (1)∥2

=
PT

{
C̃T (1) ∩ VT (ε, f)

}
pT (1)

f(XT )
⊤E(XT ,Y )∼PT

EXT∼A(XT )

{
f(XT )

∣∣XT ∈ C̃T (1) ∩ VT (ε, f)
}
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+
1

pT (1)
E(XT ,Y )∼PT

[
EXT∼A(XT )

{
f(XT )

⊤f(XT )
}
1
{
XT ∈ CT (1)\

(
C̃T (1) ∩ VT (ε, f)

)}]
−R2∥µ̂T (1)− µT (1)∥2

≥
PT

{
C̃T (1) ∩ VT (ε, f)

}
pT (1)

f(XT )
⊤E(XT ,Y )∼PT

EXT∼A(XT )

{
f(XT )

∣∣XT ∈ C̃T (1) ∩ VT (ε, f)
}

− R2
2

pT (1)
PT

[
CT (1)\

{
C̃T (1) ∩ VT (ε, f)

}]
−R2∥µ̂T (1)− µT (1)∥2, (22)

where the second and the third inequalities are both due to the ∥f∥2 ≤ R2.

Furthermore, we note that

PT
[
CT (1)\

{
C̃T (1) ∩ VT (ε, f)

}]
= PT

[
{CT (1)\C̃T (1)} ∪

{
C̃T (1) ∩

(
VT (ε, f)

)c}]
≤ (1− σ)pT (1) + UT (ε, f), (23)

and

PT
{
C̃T (1) ∩ VT (ε, f)

}
= PT{CT (1)} − PT

[
CT (1)\

{
C̃T (1) ∩ VT (ε, f)

}]
≥ pT (1)−

{
(1− σ)pT (1) + UT (ε, f)

}
= σpT (1)− UT (ε, f). (24)

Plugging (23), (24) into (22) yields

f(XT )
⊤µ̂T (1) ≥

(
σ − UT (ε, f)

pT (1)

)
f(XT )

⊤E(XT ,Y )∼PT
EXT∼A(XT )

{
f(XT )

∣∣XT ∈ C̃T (1) ∩ VT (ε, f)
}

−R2
2

(
1− σ +

UT (ε, f)

pT (1)

)
−R2∥µ̂T (1)− µT (1)∥2. (25)

Notice that XT ∈ C̃T (1) ∩ VT (ε, f). Thus for any X ′
T ∈ C̃T (1) ∩ VT (ε, f), by the defini-

tion of C̃T (1), we have minXT∼A(XT ),X′T∼A(X′
T ) ∥XT − X′T∥2 ≤ δ. Further denote (X∗T , X

′∗
T ) =

argminXT∼A(XT ),X′T∼A(X′T ) ∥XT − X′T∥2, then ∥X∗T − X′∗T ∥2 ≤ δ, combining L-Lipschitz property

of f to yield ∥f(X∗T )− f(X′∗T )∥2 ≤ L∥X∗T − X′∗T ∥2 ≤ Lδ. Besides that, since X ′
T ∈ VT (ε, f), for
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any X′T ∼ A(X ′
T ), ∥f(X′T )− f(X′∗T )∥2 ≤ ε. Similarly, as XT ∈ VT (ε, f) and XT , X

∗
T ∼ A(XT ),

we know ∥f(XT )− f(X∗T )∥2 ≤ ε. Therefore,

f(XT )
⊤E(XT ,Y )∼PT

EXT∼A(XT )

{
f(XT )

∣∣XT ∈ C̃T (1) ∩ VT (ε, f)
}

= E(XT ,Y )∼PT
EXT∼A(XT )

{
f(XT )

⊤f(XT )
∣∣XT ∈ C̃T (1) ∩ VT (ε, f)

}
= E(XT ,Y )∼PT

EXT∼A(XT )

[
f(XT )

⊤{f(XT )− f(X ′
T ) + f(X ′

T )
}∣∣XT ∈ C̃T (1) ∩ VT (ε, f)

]
≥ R2

1 + E(XT ,Y )∼PT
EXT∼A(XT )

[
f(XT )

⊤{f(XT )− f(X ′
T )
}∣∣XT ∈ C̃T (1) ∩ VT (ε, f)

]
= R2

1 + E(XT ,Y )∼PT
EXT∼A(XT )

[
f(XT )

⊤{f(XT )− f(X∗T ) + f(X∗T )− f(X′∗T )

+ f(X′∗T )− f(X ′
T )
}∣∣XT ∈ C̃T (1) ∩ VT (ε, f)

]
≥ R2

1 − (R2ε+R2Lδ +R2ε)

= R2
1 −R2(Lδ + 2ε), (26)

where the first inequality is derived from the fact that ∥f∥2 ≥ R1. Subsequently, plugging

(26) to the inequality (25) yields

f(XT )
⊤µ̂T (1) ≥

(
σ − UT (ε, f)

pT (1)

)
f(XT )

⊤ E
(XT ,Y )∼PT

E
XT∼A(XT )

{f(XT )} −R2
2

(
1− σ +

UT (ε, f)

pT (1)

)
−R2∥µ̂T (1)− µT (1)∥2

≥
(
σ − UT (ε, f)

pT (1)

)(
R2

1 −R2(Lδ + 2ε)
)
−R2

2

(
1− σ +

UT (ε, f)

pT (1)

)
−R2∥µ̂T (1)− µT (1)∥2

= R2
2Γ1(σ, δ, ε, f)−R2∥µ̂T (1)− µT (1)∥2, (27)

where Γ1(σ, δ, ε, f) is defined as

Γ1(σ, δ, ε, f) =

(2σ − 1)− UT (ε,f)
pT (1)

−
(
σ − UT (ε,f)

pT (1)

)(
Lδ
R2

+ 2ε
R2

)
, R1 = R2 = R(

σ − UT (ε,f)
pT (1)

)(
1 +

(
R2

R1

)2 − Lδ
R2

− 2ε
R2

)
− 1. R1 < R2

48



As for the term f(XT )
⊤µ̂T (k) in (21), we note that similar deduction process as above

can also turns out f(XT )
⊤µT (1) ≥ R2

2Γ1(σ, δ, ε, f), along with the fact: any 1 ≤ k ≤ K,

∥µT (k)∥2 = ∥E(XT ,Y )∼PT
EXT∼A(XT ){f(XT )|Y = k}∥2 ≤ E(XT ,Y )∼PT

EXT∼A(XT ){∥f(XT )∥2|Y =

k} ≤ R2, we have

f(XT )
⊤µ̂T (k) ≤ f(XT )

⊤µT (k) + f(XT )
⊤(µ̂T (k)− µT (k))

≤ f(XT )
⊤µT (k) + ∥f(XT )∥2∥µ̂T (k)− µT (k)∥2

≤ f(XT )
⊤µT (k) +R2∥µ̂T (k)− µT (k)∥2

= (f(XT )− µT (1))
⊤µT (k) + µT (1)

⊤µT (k) +R2∥µ̂T (k)− µT (k)∥2

≤ ∥f(XT )− µT (1)∥2 · ∥µT (k)∥2 + µT (1)
⊤µT (k) +R2∥µ̂T (k)− µT (k)∥2

≤ R2

√
∥f(XT )∥22 − 2f(XT )⊤µT (1) + ∥µT (1)∥22 + µT (1)

⊤µT (k) +R2∥µ̂T (k)− µT (k)∥2

≤ R2

√
2R2

2 − 2f(XT )⊤µT (1) + µT (1)
⊤µT (k) +R2∥µ̂T (k)− µT (k)∥2

≤ R2

√
2R2

2 − 2R2
2Γ1(σ, δ, ε, f) + µT (1)

⊤µT (k) +R2∥µ̂T (k)− µT (k)∥2

=
√
2R2

2

√
1− Γ1(σ, δ, ε, f) + µT (1)

⊤µT (k) +R2∥µ̂T (k)− µT (k)∥2. (28)

Plugging (27) and (28) into (21) concludes

f(XT )
⊤µ̂T (1)− f(XT )

⊤µ̂T (k)−
(1
2
∥µ̂T (1)∥22 −

1

2
∥µ̂T (k)∥2

)
= f(XT )

⊤µ̂T (1)− f(XT )
⊤µ̂T (k)−

1

2
∥µ̂T (1)∥22 +

1

2
∥µ̂T (k)∥22

≥ f(XT )
⊤µ̂T (1)− f(XT )

⊤µ̂T (k)−
1

2
R2

2 +
1

2
min
k

∥µ̂T (k)∥22

= f(XT )
⊤µ̂T (1)− f(XT )

⊤µ̂T (k)−
1

2
R2

2

(
1−min

k
∥µ̂T (k)∥22/R2

2

)
≥ R2

2Γ1(σ, δ, ε, f)−R2∥µ̂T (1)− µT (1)∥2 −
√
2R2

2

√
1− Γ1(σ, δ, ε, f)

− µT (1)
⊤µT (k)−R2∥µ̂T (k)− µT (k)∥2 −

1

2
R2

2

(
1−min

k
∥µ̂T (k)∥22/R2

2

)
> 0,

where the last inequality follows from the condition provided in Lemma 2.
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Lemma 3. Given a (σ, δ)-augmentation, if the encoder f with R1 ≤ ∥f∥2 ≤ R2 is L-

Lipschitz continuous, then for any ε > 0,

U2
T (ε, f) ≲ ε−2

{
Lalign(f) + ϵ1 + ϵ2

}
, (29)

and

max
i ̸=j

µT (i)
⊤µT (j) ≲ W(Pf ,PT ) + ϵ1. (30)

Proof. The inequality in (30) has been established according to (18). Therefore, we will

focus on proving (29) in this lemma. Since the distribution on A is uniform distribution,

we have

EXT,1,XT,2∼A(XT )

∥∥f(XT,1)− f(XT,2)
∥∥
2
=

1

M2

M∑
i=1

M∑
j=1

∥∥f(Ai(XT )
)
− f

(
Aj(XT )

)∥∥
2
.

Hence,

sup
XT,1,XT,2∼A(XT )

∥∥f(XT,1)− f(XT,2)
∥∥
2
= sup

i,j

∥∥f(Ai(XT )
)
− f

(
Aj(XT )

)∥∥
2

≤
M∑
i=1

M∑
j=1

∥∥f(Ai(XT )
)
− f

(
Aj(XT )

)∥∥
2

=M2EXT,1,XT,2∼A(XT )∥f(XT,1)− f(XT,2)∥2,

which implies that{
XT : sup

XT,1,XT,2∼A(XT )

∥f(XT,1)− f(XT,2)∥2 > ε
}
⊆

{
XT : E

XT,1,XT,2∼A(XT )
∥f(XT,1)− f(XT,2)∥2 >

ε

M2

}
.

Recall the definition UT (ε, f) = PT{XT : supXT,1,XT,2∼A(XT ) ∥f(XT,1)− f(XT,2)∥2 > ε
}
, by

Markov inequality, we know that

U2
T (ε, f) ≤ P2

T

(
EXT,1,XT,2∼A(XT )

∥∥f(XT,1)− f(XT,2)
∥∥
2
>

ε

M2

)
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≤
(E(XT ,Y )∼PT

EXT,1,XT,2∼A(XT )

∥∥f(XT,1)− f(XT,2)
∥∥
2

ε
M2

)2

≤
E(XT ,Y )∼PT

EXT,1,XT,2∼A(XT )

∥∥f(XT,1)− f(XT,2)
∥∥2

2
ε2

M4

≲ ε−2E(XT ,Y )∼PT
EXT,1,XT,2∼A(XT )

∥∥f(XT,1)− f(XT,2)
∥∥2

2
. (31)

Moreover,

E
(XT ,Y )∼PT

E
XT,1,XT,2∼A(XT )

∥∥f(XT,1)− f(XT,2)
∥∥2

2

= E
XS∼PS

E
XS,1,XS,2∼A(XS)

∥∥f(XS,1)− f(XS,2)
∥∥2

2
+ E

(XT ,Y )∼PT

E
XT,1,XT,2∼A(XT )

∥∥f(XT,1)− f(XT,2)
∥∥2

2

− E
XS∼PS

E
XS,1,XS,2∼A(XS)

∥∥f(XS,1)− f(XS,2)
∥∥2

2

= E
XS∼PS

E
XS,1,XS,2∼A(XS)

∥∥f(XS,1)− f(XS,2)
∥∥2

2
+

1

M2

∑
i,j

{
E

(XT ,Y )∼PT

∥∥f(Ai(XT )
)
− f

(
Aj(XT )

)∥∥2

2

− E
XS∼PS

∥∥f(Ai(XS))− f(Aj(XS))
∥∥2

2

}
= Lalign(f) +

1

M2

M∑
i=1

M∑
j=1

d∗∑
l=1

[
E(XT ,Y )∼PT

{
fl(Ai(XT ))− fl(Aj(XT ))

}2

− EXS∼PS

{
fl
(
Ai(XS)

)
− fl

(
Aj(XS)

)}2
]
. (32)

Since for all i ∈ [m], j ∈ [m] and l ∈ [d∗], we have

E(XT ,Y )∼PT

{
fl
(
Ai(XT )

)
− fl

(
Aj(XT )

)}2 − EXS∼PS

{
fl
(
Ai(XS)

)
− fl

(
Aj(XS)

)}2

=
K∑
k=1

[
pT (k) E

(XT ,Y )∼PT

{
fl(Ai(XT ))− fl(Aj(XT ))|Y = k

}2

− pS(k) E
XS∼PS

{
fl
(
Ai(XS)

)
− fl

(
Aj(XS)

)∣∣XS ∈ CS(k)
}2
]

=
K∑
k=1

[
pT (k)

{
E

(XT ,Y )∼PT

{
fl
(
Ai(XT )

)
− fl

(
Aj(XT )

)∣∣Y = k
}2
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− E
XS∼PS

{
fl
(
Ai(XS)

)
− fl

(
Aj(XS)

)∣∣XS ∈ CS(k)
}2︸ ︷︷ ︸

h(XS)

}
+
{
pT (k)− pS(k)

}
E

XS∼PS

{
fl
(
Ai(XS)

)
− fl

(
Aj(XS)

)∣∣XS ∈ CS(k)
}2
]

≲ ϵ1 + ϵ2, (33)

where the last inequality arises from ϵ2 = maxk |pS(k)− pT (k)| and ϵ1 = maxkW(PS(k),PT (k)),

ϵ2 = maxk |pS(k)− pT (k)|, along with the dual formulation of Mallows’ distance (5). In

fact, since f and any A ∈ A are Lipschitz continuous, and given that fact R1 ≤ ∥f∥2 ≤ R2,

it follows that h is also a Lipschitz function.

Combining (31) (32) (33) yields U2
T (ε, f) ≲ ε−2

(
Lalign(f) + ϵ1 + ϵ2

)
.

Next we represent Theorem 1 and give out its proof.

Theorem 3 (General version of Theorem 1). Given a (σ, δ)-augmentation, if the encoder

f with R1 ≤ ∥f∥2 ≤ R2 is L-Lipschitz and Assumption 1, 2 both hold, then for any ε > 0,

maxi ̸=j µT (i)
⊤µT (j) ≲ L(f) + ϵ1. Furthermore, if maxi ̸=j µT (i)

⊤µT (j) < R2
2ψ(σ, δ, ε, f),

then the downstream misclassification rate of Gf

Err(Gf ) ≤ (1− σ) +O
(
ε−1

{
L(f) + ϵ1 + ϵ2

} 1
2

)
,

Proof. Combining Lemma 2 and Lemma 3 yields this result. It is evident that Theorem 1

is a direct conclusion when setting R1 = R2 = R.

C Sample Theorem

The sample theorem in this study mainly draws on the technique used in Duan et al.

(2024).
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C.1 Error Decomposition

Note that L(f) = supg∈G L(f, g), define the stochastic error Esta, the encoder approxi-

mation error EF and the discriminator approximation error, EG respectively as follows

Esta := sup
f∈F̂ ,g∈Ĝ

|L(f, g)− L̂(f, g)|,

EF := inf
f∈F̂

{L(f)− L(f ∗)},

EG := sup
f∈F̂

∣∣ sup
g∈G

W(f, g)− sup
g∈Ĝ

W(f, g)
∣∣.

Then we have following relationship.

Lemma 4. L(f̂nS
) ≤ L(f ∗) + 2Esta + EF + 2EG.

Proof. For any f ∈ F̂ ,

L(f̂nS
) =

{
L(f̂nS

)− sup
g∈Ĝ

L(f̂nS
, g)

}
+
{
sup
g∈Ĝ

L(f̂nS
, g)− sup

g∈Ĝ
L̂(f̂nS

, g)
}

+
{
sup
g∈Ĝ

L̂(f̂nS
, g)− sup

g∈Ĝ
L̂(f, g)

}
+
{
sup
g∈Ĝ

L̂(f, g)− sup
g∈Ĝ

L(f, g)
}

+
{
sup
g∈Ĝ

L(f, g)− L(f)
}
+
{
L(f)− L(f ∗)

}
+ L(f ∗)

For the second term and the forth term, we can conclude

sup
g∈Ĝ

L(f̂nS
, g)− sup

g∈Ĝ
L̂(f̂nS

, g) ≤ sup
g∈Ĝ

{L(f̂nS
, g)− L̂(f̂nS

, g)} ≤ Esta

and

sup
g∈Ĝ

L̂(f, g)− sup
g∈Ĝ

L(f, g) ≤ sup
g∈Ĝ

{L̂(f, g)− L(f, g)} ≤ Esta
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The first and the fifth terms both can be bounded EG. For the first term:

L(f̂nS
)− sup

g∈Ĝ
L(f̂nS

, g) ≤ sup
f∈F̂

{L(f)− sup
g∈Ĝ

L(f, g)} = sup
f∈F̂

{sup
g∈G

W(f, g)− sup
g∈Ĝ

W(f, g)}

≤ sup
f∈F̂

∣∣ sup
g∈G

W(f, g)− sup
g∈Ĝ

W(f, g)
∣∣ = EG.

Similar for the fifth term,

sup
g∈Ĝ

L(f, g)− L(f) ≤ sup
f∈F̂

{sup
g∈Ĝ

L(f, g)− L(f)} = sup
f∈F̂

{sup
g∈Ĝ

W(f, g)− sup
g∈G

W(f, g)}

≤ sup
f∈F̂

|sup
g∈Ĝ

W(f, g)− sup
g∈G

W(f, g)| = EG

Finally, taking infimum over all f ∈ F̂ yields

L(f̂nS
) ≤ L(f ∗) + 2Esta + EF + 2EG.

C.2 The Stochastic Error

Let ℓ(v1,v2, v3, v4, v5) = ∥v1 − v2∥22+v3− 1
2
{v4+v5}, where v1,v2 ∈ Rd∗ and v3, v4, v5 ∈

R. It immediately follows that

L̂(f, g) = 1

nS

nS∑
i=1

ℓ
(
f(X

(i)
S,1), f(X

(i)
S,2), g(R

(i)), g(f(X
(i)
S,1)), g(f(X

(i)
S,2))

)
.

Let D̃′
S = {(X′(i)S,1, X

′(i)
S,2,R′

i) : 1 ≤ i ≤ nS} be a random copy of D̃S, which follows that

L(f, g) = 1

nS

nS∑
i=1

ED̃′
s

{
ℓ
(
f(X

′(i)
S,1), f(X

′(i)
S,2), g(R

′
i), g(f(X

′(i)
S,1)), g(f(X

′(i)
S,2))

)}
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Plugging this equation into the definition of Esta yields

ED̃S

{
Esta

}
= ED̃S

{
sup

f∈F̂ ,g∈Ĝ
|L(f, g)− L̂(f, g)|

}
≤ ED̃S

[
sup

(f,g)∈F̂×Ĝ

∣∣∣ 1
nS

nS∑
i=1

ED̃′
S

{
ℓ
(
f(X

′(i)
S,1), f(X

′(i)
S,2), g(R

′
i), g(f(X

′(i)
S,1)), g(f(X

′(i)
S,2))

)}
− 1

nS

nS∑
i=1

ℓ
(
f(X

(i)
S,1), f(X

(i)
S,2), g(R

(i)), g(f(X
(i)
S,1)), g(f(X

(i)
S,2))

)∣∣∣]
≤ ED̃S ,D̃′

S

{
sup

(f,g)∈F̂×Ĝ

∣∣∣ 1
nS

nS∑
i=1

ℓ
(
f(X

′(i)
S,1), f(X

′(i)
S,2), g(R

(i)), g(f(X
′(i)
S,1)), g(f(X

′(i)
S,2))

)
− ℓ

(
f(X

(i)
S,1), f(X

(i)
S,2), g(R

(i)), g(f(X
(i)
S,1)), g(f(X

(i)
S,2))

)∣∣∣}
≤ ED̃S ,D̃′

S ,ξ

{
sup

(f,g)∈F̂×Ĝ

∣∣∣ 1
nS

nS∑
i=1

ξi

(
ℓ
(
f(X

′(i)
S,1), f(X

′(i)
S,2), g(R

(i)), g(f(X
′(i)
S,1)), g(f(X

′(i)
S,2))

)
− ℓ

(
f(X

(i)
S,1), f(X

(i)
S,2), g(R

(i)), g(f(X
(i)
S,1)), g(f(X

(i)
S,2))

))∣∣∣},
where the last inequality stems from the standard randomization techniques in empirical

process theory, as detailed in Giné and Nickl (2016). Moreover, since D̃′
S is a random copy

of DS, we have

ED̃S

{
Esta

}
≤ 2ED̃S ,ξ

{
sup

(f,g)∈F̂×Ĝ

∣∣∣ 1
nS

nS∑
i=1

ξiℓ
(
f(X

(i)
S,1), f(X

(i)
S,2), g(R

(i)), g(f(X
(i)
S,1)), g(f(X

(i)
S,2))

)∣∣∣}
≲ ED̃S ,ξ

[
sup

(f,g)∈F̂×Ĝ

∣∣∣ 1
nS

nS∑
i=1

d∗∑
j=1

{
ξi,j,1fj(X

(i)
S,1) + ξi,j,2fj(X

(i)
S,2)

}
+ ξi,1g(R(i))

+ ξi,2g(f(X
(i)
S,1)) + ξi,3g(f(X

(i)
S,2))

∣∣∣]
≲ ED̃S ,ξ

{
sup
f∈F̂

∣∣∣ 1
nS

nS∑
i=1

d∗∑
j=1

ξi,jfj(X
(i)
S,1)

∣∣∣}+ ED̃S ,ξ

{
sup
g∈Ĝ

∣∣∣ 1
nS

nS∑
i=1

ξig(R(i))
∣∣∣}

+ ED̃S ,ξ

{
sup

(f,g)∈F̂×Ĝ

∣∣∣ 1
nS

nS∑
i=1

ξig(f(X
(i)
S,1))

∣∣∣}, (34)

55



where the second inequality follows from the vector-contraction principle, derived by com-

bining Maurer (2016) with Theorem 3.2.1 in Giné and Nickl (2016).

Lemma 5 (Vector-contraction principle). Let X be any set, (x1, . . . , xn) ∈ X n, let H be a

class of functions f : X → ℓ2 and let hi : ℓ2 → R have Lipschitz norm L′. Then

E sup
f∈H

∣∣∣∑
i

ξihi(f(xi))
∣∣∣ ≤ 2

√
2L′E sup

f∈H

∣∣∣∑
i,k

ξikfk(xi)
∣∣∣,

where ξik is an independent doubly indexed Rademacher sequence and fk(xi) is the k-th

component of f(xi).

To deal with three terms concluded in (34), it is necessary to introduce several defini-

tions and lemmas below.

Definition 4 (Covering number). Let n ∈ N, S ⊆ Rn, and ρ > 0. A set N ⊆ S is called

a ϱ-net of S with respect to a metric d if for every u ∈ S, there exists v ∈ N such that

d(u,v) ≤ ϱ. The covering number of S is defined as

N (ϱ,S, d) := min
{
|Q| : Q is an ϱ-cover of S

}
,

where |Q| is the cardinality of the set Q.

Definition 5 (Uniform covering number). Let H be a class of functions from X to R.

Given a sequence x = (x1, x2, . . . , xk) ∈ X k, define H|x be the subset of Rn given by

H|x = {(f(x1), f(x2), . . . , f(xk)) : f ∈ H}. For a positive number ϱ, the uniform covering

number is given by

N∞(ϱ,H, k) = max
{
N (ϱ,H|x , d) : x ∈ X k

}
.
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Lemma 6 (Lemma 10.5 of Anthony and Bartlett (1999)). Let H is a class of functions

from X to R. For any ϱ > 0 and x ∈ X k, we have the following inequality for the covering

numbers:

N (ϱ,H|x , d1) ≤ N (ϱ,H|x , d2) ≤ N (ϱ,H|x , d∞),

where d1(x,y) := 1
n

∑n
i=1 |xi − yi|, d2(x,y) :=

(
1
n

∑n
i=1(xi − yi)

2
)1/2

and d∞(x,y) :=

max1≤i≤n |xi − yi|.

Definition 6 (Sub-Gaussian process). A centred stochastic process X(t), t ∈ T , is sub-

Gaussian with respect to a distance or pseudo-distance d on T if its increments satisfy the

sub-Gaussian inequality, that is, if

E[eς{X(t)−X(s)}] ≤ eς
2d2(s,t)/2, ς ∈ R, s, t ∈ T.

The following lemma are derived from Theorem 2.3.7 in Giné and Nickl (2016):

Lemma 7 (Dudley’s entropy integral). Let (T, d) be a separable pseudo-metric space, and

let X(t), t ∈ T , be a sub-Gaussian process relative to d. Then

E sup
t∈T

|X(t)| ≤ E|X(t0)|+ 4
√
2

∫ D/2

0

√
log 2N (ϱ, T, d)dϱ.

where t0 is any point in T and D is the diameter of (T, d).

Proof. It is remarkable to note that the essence of the entropy condition
∫∞
0

logN (ρ, T, d)dϱ <

∞ in the proof of Theorem 2.3.7 in Giné and Nickl (2016) is to establish the separability

of (T, d).

Based on Lemma 7 and (34), we can conclude

ED̃S

{
Esta

}
≲

1
√
nS

ED̃S

{∫ B1

0

√
log 2N

(
ϱ,NN d,1(W1, D1, B1)|

{X(i)
S,1

}
nS
i=1

, d2
)
dϱ
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+

∫ B2

0

√
log 2N

(
ϱ,NN d∗,1(W2, D2, B2)|{R(i)}

nS
i=1

, d2
)
dϱ

+

∫ B2

0

√
log 2N

(
ϱ,NN d,1(max{W1, W2}, D1 + D2, B2)|{R(i)}

nS
i=1

, d2
)
dϱ

}
. (35)

We exemplify the first term in (34). By the fact that f ∈ F̂ ⇒ fj ∈ NN d,1(W1, D1, B1) for

any 1 ≤ j ≤ d∗, along with Fubini theorem, we have

ED̃S ,ξ

{
sup
f∈F̂

∣∣∣ 1
nS

nS∑
i=1

d∗∑
j=1

ξi,jfj(X
(i)
S,1)

∣∣∣} ≤ d∗ED̃S ,ξ

[
Eξ

{
sup

f∈NN d,1(W1,D1,B1)

∣∣∣ 1
nS

nS∑
i=1

ξif(X
(i)
S,1)

∣∣∣}
= d∗ED̃S

[
Eξ

{
sup

f∈NN d,1(W1,D1,B1)

∣∣∣ 1
nS

nS∑
i=1

ξif(X
(i)
S,1)

∣∣∣∣∣∣X(i)S,1, 1 ≤ i ≤ nS

}]
.

Therefore, it suffices to show

Eξ

{
sup

f∈NN d,1(W1,D1,B1)

∣∣∣ 1
√
nS

nS∑
i=1

ξif(X
(i)
S,1)

∣∣∣∣∣∣D̃S

}
≤

∫ B1

0

√
log 2N

(
ϱ,NN d,1(W1, D1, B1)|

{X(i)
S,1

}
nS
i=1

, d2
)
dϱ.

In fact, conditioned on D̃S, which implies that X
(i)
S,1, 1 ≤ i ≤ nS are fixed, the stochastic

process { 1√
nS

∑nS

i=1 ξif(X
(i)
S,1) : f ∈ NN d,1(W1, D1, B1)} is a sub-Gaussian process, as ξi, 1 ≤

i ≤ nS are independent Rademacher variables (see page 40 in Giné and Nickl (2016)).

Let f|
{X(i)

S,1
}
nS
i=1

= (f(X
(1)
S,1), . . . , f(X

(nS)
S,1 )) ∈ RnS for any f ∈ NN d,1(W1, D1, B1), and define the

distance on the index set NN d,1(W1, D1, B1) as

dNN (f1, f2) :=

√√√√E
{∣∣∣ 1

√
nS

nS∑
i=1

ξif1(X
(i)
S,1)−

1
√
nS

nS∑
i=1

ξif2(X
(i)
S,1)

∣∣∣}

=

√√√√ 1

nS

nS∑
i=1

(
f1(X

(i)
S,1)− f2(X

(i)
S,1)

)2
= d2(f1|

{X(i)
S,1

}
nS
i=1

, f2|
{X(i)

S,1
}
nS
i=1

),

we know that (NN d,1(W1, D1, B1)|
{X(i)

S,1
}
nS
i=1

, d2) is a separable subset of RnS due to the existence

of networks with rational parameters, satisfying the condition of Lemma 7. Let f0 ∈
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NN d,1(W1, D1, B1) be the network with all zero parameters. Setting t0 in Lemma 7 as f0

yields E|X(t0)| = 0. Furthermore, for any f ∈ NN d,1(W1, D1, B1):

dNN (f, f0) = d2(f|
{X(i)

S,1
}
nS
i=1

, f0|
{X(i)

S,1
}
nS
i=1

) =

√√√√ 1

nS

nS∑
i=1

f 2(X
(i)
S,1) ≤ B1,

hence the triangular inequality immediately follows that D/2 ≤ B1. Combining all facts

turns out what we desire. The second and the third terms in 35 can be obtained similarly.

We now introduce several definitions and lemmas to address the terms in (35).

Definition 7 (VC-dimension). Let H denote a class of functions from X to {0, 1}. For

any non-negative integer m, we define the growth function of H as

ΠH(m) := max
x1,...,xm∈X

∣∣{(h(x1), . . . , h(xm)) : h ∈ H}
∣∣.

If |{(h(x1), . . . , h(xm)) : h ∈ H}| = 2m, we say H shatters the set {x1, . . . , xm}. The

Vapnik-Chervonenkis dimension of H, denoted VCdim(H), is the size of the largest shat-

tered set, i.e. the largest m such that ΠH(m) = 2m. If there is no largest m, we de-

fine VCdim(H) = ∞. Moreover, for a class H of real-valued functions, we may define

VCdim(H) := VCdim(sgn(H)), where {sgn(f) : f ∈ H} and sgn(x) = 1{x > 0}.

Definition 8 (pseudodimension). Let H be a class of functions from X to R. The

pseudodimension of H, written Pdim(H), is the largest integer m for which there exists

(x1, . . . , xm, y1, . . . , ym) ∈ Xm × Rm such that for any (b1, . . . , bm) ∈ {0, 1}m there exists

f ∈ H such that ∀i : f(xi) > yi ⇔ bi = 1.

Lemma 8 (Theorem 12.2 in Bartlett et al. (2019)). Let H be a set of real functions from a

domain X to the bounded interval [0, B]. Then for any ϱ > 0, the uniform covering number

N∞(ϱ,H,m) ≤
Pdim(H)∑
i=1

(
m

i

)(
B

ϱ

)i

,
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which is less than
(
emB/(ϱPdim(H))

)Pdim(H)
for m ≥ Pdim(H).

Lemma 9 (Theorem 14.1 in Anthony and Bartlett (1999)). For any d, W, D ∈ N,

Pdim
(
NN d,1(W, L)

)
≤ VCdim

(
NN d,1(W, L)

)
.

Lemma 10 (Theorem 6 in Bartlett et al. (2019)). For any d, W, D ∈ N, let S be the total

number of parameters of NN d,1(W, D), we have VCdim
(
NN d,1(W, D)

)
≲ DS log2 S.

LetNN d1,d2(W, D) be the ReLU network class without the constraint supx∈Rp ∥fθ(x)∥∞ ≤

B in Definition 2, it immediately follows that NN d1,d2(W, D, B) ⊆ NN (W, D), implying fol-

lowing Lemma

Lemma 11. For any d, W, D ∈ N, we have Pdim
(
NN d,1(W, D, B)

)
≤ Pdim

(
NN d,1(W, D)

)
.

Following above preliminaries, we are now further processing (35).

ED̃S

{
Esta

}
≲

1
√
nS

ED̃S

{∫ B1

0

√
log 2N

(
ϱ,NN d,1(W1, D1, B1)|

{X(i)
S,1

}
nS
i=1

, d2
)
dϱ

+

∫ B2

0

√
log 2N

(
ϱ,NN d∗,1(W2, D2, B2)|{R(i)}

nS
i=1

, d2
)
dϱ

+

∫ B2

0

√
log 2N

(
ϱ,NN d,1(max{W1, W2}, D1 + D2, B2)|{R(i)}

nS
i=1

, d2
)
dϱ

}
≤ 1

√
nS

ED̃S

{∫ B1

0

√
log 2N

(
ϱ,NN d,1(W1, D1, B1)|

{X(i)
S,1

}
nS
i=1

, d∞
)
dϱ

+

∫ B2

0

√
log 2N

(
ϱ,NN d∗,1(W2, D2, B2)|{R(i)}

nS
i=1

, d∞
)
dϱ

+

∫ B2

0

√
log 2N

(
ϱ,NN d,1(max{W1, W2}, D1 + D2, B2)|{R(i)}

nS
i=1

, d∞
)
dϱ

}
(Lemma 6)
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≤ 1
√
nS

{∫ B1

0

√
log 2N∞

(
ϱ,NN d,1(W1, D1, B1), nS

)
dϱ

+

∫ B2

0

√
log 2N∞

(
ϱ,NN d∗,1(W2, D2, B2), nS

)
dϱ

+

∫ B2

0

√
log 2N∞

(
ϱ,NN d,1(max{W1, W2}, D1 + D2, B2), nS

)
dϱ

}
(Definition 5)

≲
(Pdim(NN d,1

(
W1, D1)

)
log nS

nS

)1/2

+
(Pdim(NN d∗,1

(
W2, D2)

)
log nS

nS

)1/2

+
(Pdim(NN d,1

(
max{W1, W2}, D1 + D2)

)
log nS

nS

)1/2

(Lemma 8 and 11)

≲
(VCdim(NN d,1

(
W1, D1)

)
log nS

nS

)1/2

+
(VCdim(NN d∗,1

(
W2, D2)

)
log nS

nS

)1/2

+
(VCdim(NN d,1

(
max{W1, W2}, D1 + D2)

)
log nS

nS

)1/2

(Lemma 9)

≤ O
(√(D1 + D2)2max{W1, W2}2

nS

)
(Lemma 10 and S ≤ W2D)

≲
D1W1√
nS
. (W1 ≥ W2 and D1 ≥ D2)

We ignore the logarithmic term when deriving the penultimate inequality, as its impact on

polynomial growth is negligible.

C.3 The Approximation Error

In this section, we aim to determine the upper bounds for EF and EG, following the

approach outlined in Yang et al. (2023) and Gao et al. (2024). To this end, we need to

introduce serval definitions and lemmas in advance. Let d ∈ N and U be an open subset

of Rd. We denote L∞(U) as the standard Lebesgue space on U with L∞ norm.
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Definition 9 (Sobolev space). Let n ∈ {0} ∪N, the Sobolev space W n,∞(U) is defined by

W n,∞(U) := {f ∈ L∞(U) : Dαf ∈ L∞(U) for all α ∈ Nd
0 with ∥α∥1 ≤ n}.

Moreover, for any f ∈ W n,∞(U), we define the Sobolev norm ∥·∥Wn,∞(U) by

∥f∥Wn,∞(U) := max
0≤∥α∥1≤n

∥Dαf∥L∞(U).

Lemma 12 (Characterization of W 1,∞ in Evans (2010)). Let U be open and bounded, with

∂U of class C1. Then f : U → R is Lipschitz continuous if and only if f ∈ W 1,∞(U)

Lemma 13 (Corollary B.2 in Gao et al. (2024)). For any f ∈ W 1,∞((0, 1)d) such that

∥f∥W 1,∞((0,1)d) < ∞, and N, L ∈ N, there exists a function fθ implemented by a deep

ReLU network with width Õ(N), depth Õ(L) and B ≥ ∥f∥∞ such that ∥fθ∥W 1,∞((0,1))d ≲

∥f∥W 1,∞((0,1)d) and

∥fθ − f∥L∞([0,1]d) ≲ ∥f∥W 1,∞((0,1)d)(NL)
−2/d.

C.3.1 The Encoder Approximation Error EF

Lemma 13 and Lemma 12 together demonstrate that the approximation capacity of

NN d,1(W, D, B) to Lipschitz functions can be made arbitrarily precise by increasing the scale

of the neural network. Consequently, the function. f̂nS
retains the property R1 ≤ ∥f̂nS

∥2 ≤

R2 for some constants R1 and R2 close to R, allowing us to directly apply Theorem 3.

Recall the L(f) is defined as follow:

L(f) = E
XS∼PS

E
XS,1,XS,2∼A(XS)

∥∥∥f(XS,1)− f(XS,2)
∥∥∥2

2
+ λ sup

g∈G
E

Z∼Pf

g(Z)− E
R∼PR

g(R).

For any f with B1 ≤ ∥f∥2 ≤ B2, we know that

EF := inf
f∈F̂

{
L(f)− L(f ∗)

}
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≲ inf
f∈F̂

[
E

XS∼PS

E
XS,1,XS,2∼A(XS)

∥∥∥f(XS,1)− f(XS,2)
∥∥∥2

2
− E

XS∼PS

E
XS,1,XS,2∼A(XS)

∥∥∥f ∗(XS,1)− f ∗(XS,2)
∥∥∥2

2

+ λ sup
g∈G

EXS∼PS
EXS∼A(XS)

{
g(f(XS)

}
− λ sup

g∈G
EXS∼PS

EXS∼A(XS)

{
g(f ∗(XS)

}]
≲ inf

f∈F̂

{
E

XS∼PS

E
XS,1,XS,2∼A(XS)

∥∥∥f(XS,1)− f(XS,2)
∥∥∥2

2
− E

XS∼PS

E
XS,1,XS,2∼A(XS)

∥∥∥f ∗(XS,1)− f ∗(XS,2)
∥∥∥2

2

+ λ sup
g∈G

[
EXS∼PS

EXS∼A(XS)

{
g(f(XS)

}
− EXS∼PS

EXS∼A(XS)

{
g(f ∗(XS)

}]}
≤ inf

f∈F̂

{
E

XS∼PS

E
XS,1,XS,2∼A(XS)

∥∥∥f(XS,1)− f(XS,2)
∥∥∥2

2
− E

XS∼PS

E
XS,1,XS,2∼A(XS)

∥∥∥f ∗(XS,1)− f ∗(XS,2)
∥∥∥2

2

+ λEXS∼PS
EXS∼A(XS)

∥∥f(XS)− f ∗(XS)
∥∥
2

}
(g ∈ Lip(1))

= inf
f∈F̂

[
E

XS∼PS

E
XS,1,XS,2∼A(XS)

{(∥∥∥f(XS,1)− f(XS,2)
∥∥∥
2
+
∥∥∥f ∗(XS,1)− f ∗(XS,2)

∥∥∥
2

)(∥∥∥f(XS,1)
− f(XS,2)

∥∥∥
2
−

∥∥∥f ∗(XS,1)− f ∗(XS,2)
∥∥∥
2

)}
+ λEXS∼PS

EXS∼A(XS)

∥∥f(XS)− f ∗(XS)
∥∥
2

]
≲ inf

f∈F̂

{
E

XS∼PS

E
XS,1,XS,2∼A(XS)

(∥∥∥f(XS,1)− f(XS,2)
∥∥∥
2
−
∥∥∥f ∗(XS,1)− f ∗(XS,2)

∥∥∥
2

)
+ EXS∼PS

EXS∼A(XS)

∥∥f(XS)− f ∗(XS)
∥∥
2

}
(∥f∥2 ≤ R2, ∥f ∗∥2 ≤ R)

≲ inf
f∈F̂

{
E

XS∼PS

E
XS,1,XS,2∼A(XS)

(∥∥∥f(XS,1)− f ∗(XS,1)
∥∥∥
2
+
∥∥∥f(XS,2)− f ∗(XS,2)

∥∥∥
2

)
+ EXS∼PS

EXS∼A(XS)

∥∥f(XS)− f ∗(XS)
∥∥
2

}
(Triangle inequlity)

≲ inf
f∈F̂

EXS∼PS
EXS∼A(XS)

∥∥f(XS)− f ∗(XS)
∥∥
2

= inf
f∈F̂

EXS∼PS
EXS∼A(XS)

√√√√ d∗∑
i=1

{fi(XS)− f ∗
i (XS)}2

≲ inf
f∈F̂

√√√√ d∗∑
i=1

∥fi − f ∗
i ∥2∞

≤

√√√√ d∗∑
i=1

inf
fi∈NN d,1(⌊W1/d∗⌋, D1, B1)

∥fi − f ∗
i ∥2∞ (∗)
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≲ sup
f∈W 1,∞((0,1)d)

inf
fi∈NN (⌊W1/d∗⌋, D1, B1)

∥fi − f∥∞

≲ (D1W1)
−2/d. (Lemma 13)

The inequality (∗) follows from the fact that fi ∈ NN d,1(⌊W1/d∗⌋, D1, B1) for i ∈ [d∗],

with independent parameters, then their concatenation f = (f1, f2, · · · , fd∗)⊤ is an ele-

ment of NN d,d∗(W1, D1, B1) with specific parameters. This is due to supx∈Rd ∥f(x)∥∞ =

supx∈Rd maxi∈d∗ |fi(x)| ≤ B1. We ignore the logarithmic term when deriving the last in-

equality, as its impact on polynomial term is negligible.

C.3.2 The Critic Approximation Error EG

The main goal of this section is to bound EG. The key idea is based on the approach

presented in (Liu et al., 2021).

Definition 10 (IPM, Müller (1997)). For any probability distribution µ and ν and sym-

metric function class H, define

dH(µ, ν) = sup
h∈H

EX1∼µ
{
h(X1)

}
− EX2∼ν

{
h(X2)

}
Remark 4. We focus on the scenario that H = Lip(1), implying dH(µ, ν) = W(µ, ν).

Definition 11 (Approximation error of H1 to H2). Define the approximation error of a

function class H1 to another function class H2

E(H2,H1) = sup
h2∈H2

inf
h1∈H1

∥h2 − h1∥∞

Lemma 14. For any probability distributions µ and ν and symmetric function classes H1

and H2, the difference in IPMs with two distinct evaluation classes will not exceed 2 times

the approximation error between the two evaluation classes, that is dH2(µ, ν)− dH1(µ, ν) ≤

2E(H2,H1).
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Proof.

dH2(µ, ν)− dH1(µ, ν)

= sup
h2∈H2

[
EX1∼µ{h2(X1)} − EX2∼ν{h2(X2)}

]
− sup

h1∈H1

[
EX1∼µ{h1(X1)} − EX2∼ν{h1(X2)}

]
= sup

h2∈H2

inf
h1∈H1

[
EX1∼µ{h2(X1)− h1(X1)}+ EX2∼ν{h1(X2)− h2(X2)}

]
≤ 2E(H2,H1)

Applying Lemma 14 to EG transforms the problem of bounding EG into estimating the

approximation error between G and Ĝ, as shown in Corollary 1. This allows for the direct

application of Lemma 13.

Corollary 1. The discriminator approximation error, EG, will not exceed 2 times the ap-

proximation error between the two evaluation classes, that is EG ≤ 2E(G, Ĝ).

Recall we have assumed D2W2 ≲ D1W1. Combining Corollary 1 and Lemma 13 yields

2EG ≲ (D2W2)
−2/d ≲ (D1W1)

−2/d.

C.4 Trade-off between Statistic Error and Approximation Error

By setting D1W1 = n
d

2d+4

S , D2W2 ≲ D1W1 yields

ED̃S
[L(f̂nS

)] ≲ L(f ∗) +
D1W1√
nS

+ (D1W1)
−2/d ≲ L(f ∗) + n

− 1
d+2

S .

C.5 Vanish L(f ∗)

In this section, we focus on constructing an encoder f̃ ∈ F making L(f̃) vanish. This

follows that L(f ∗) = 0 by the definition of f ∗, further providing an end-to-end theoretical

guarantee for DM. To this end, we introduce following well-known lemma, the Kirszbraun

theorem. as stated in page 21 of Schwartz (1969).
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Lemma 15 (Kirszbraun theorem). if U is a subset of some Hilbert space H1, and H2

is another Hilbert space, and f : U → H2 is a Lipschitz-continuous map, then there is a

Lipschitz-continuous map F : H1 → H2 that extends f and has the same Lipschitz constants

as f .

We first construct a function f̃1 such that Lalign(f̃1) = 0, and subsequently identify

an injection f̃2. The composition f̃ := f̃2 ◦ f̃1 is shown to satisfy W(Pf̃ ,PR) = 0, while

maintaining Lalign(f̃) = 0.

By the definition of Lalign(f), f̃1 satisfies Lalign(f̃1) = 0 if and only if, for all x ∼ PS,

any x1, x2 ∈ A(x), we have f̃1(x1) = f̃1(x2). This implies that f̃1 must encode all augmented

views of the same x ∼ PS as the same representation. To achieve this, we modify f from

Assumption 5. Specifically, for any x ∈ A(XS), where x = A(x) for some x ∈ XS and

A ∈ A, we define f̃1(x) = f(x).

It follows that f̃1 is a Lipschitz map on A(XS), as both f and A ∈ A are Lipschitz

continuous. Specifically, for any x1 = A1(x1) and x2 = A2(x2), we have:

∥f̃1(x1)− f̃1(x2)∥2 = ∥f̃1(A1(x1))− f̃1(A2(x2))∥2 ≲ ∥A1(x1)− A2(x2)∥2

≤ ∥A1(x1)− A1(x2)∥2 + ∥A2(x1)− A2(x2)∥2 ≤ 2M∥x1 − x2∥2.

We next extend f̃1 to [0, 1]d using Kirszbraun theorem (Lemma 15). It is easy to verify that

∥f̃1(x1)− f̃1(x2)∥2 = 0 when x1 and x2 are augmented views of the same x ∈ XS. Moreover,

since the distribution on A is uniform, it is evident that f♯PS = (f̃1)♯PS. Therefore,

according to Assumption 5, the optimal transport map T between (f̃1)♯PS and PR is a

Lipschitz bijection, so we set f̃2 = T to obtain the desired f̃ .

In fact, f̃2 being the optimal transport map ensures that f̃♯PS = (f̃2 ◦ f̃1)♯PS =

(f̃2)♯(f̃1)♯PS = PR, implying W(Pf̃ ,PR) = 0. Furthermore, since both f̃1 and f̃2 is Lipschitz

continuous, f̃ is Lipschitz continuous, ensuring that f̃ ∈ F with an appropriate Lipschitz
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constant L in (3). Finally, the bijectivity of f̃2 guarantees that Lalign(f̃) = 0. Therefore,

we have constructed an encoder f̃ ∈ F such that L(f̃) = 0, further concluding L(f ∗) = 0

under Assumption 5.

C.6 Proof of Theorem 2

Theorem 2. Suppose Assumptions 1-5 hold. Set the widths and depths of the encoder and

critic networks satisfying D2W2 ≲ D1W1 = O
(
n
− d

2d+4

S

)
, and set the augmentation as AnS

, then

with probability at least 1−O
(
n
−min{ 1

d+2
,α}

S

)
−O

(
1

mink
√
nT (k)

)
,

ED̃S

{
Err(Gf̂nS

)
}
≤

(
1− σnS

)
+O

(
n
−min{ 1

2d+4
,α
4
,β
4
}

S

)
holds for sufficiently large nS.

Proof. We have established that R1 ≤ ∥f̂nS
∥2 ≤ R2 with R1 ≈ R2 in Section C.3.1, in

Section C.3.1, allowing us to apply Theorem 3 to f̂nS
. Taking the expectation with respect

to D̃S on both sides yields:

ED̃S

{
max
i ̸=j

µT (i)
⊤µT (j)

}
≲ ED̃S

{
L(f̂nS

)
}
+ ϵ1 (36)

ED̃S

{
Err(Gf̂nS

)
}
≲

(
1− σnS

)
+ ε−1

(
ED̃S

{
L(f̂nS

)
}
+ ϵ1 + ϵ2

) 1
2
, (37)

The right-hand side of (37) follows from Jensen’s inequality. Furthermore, substituting

ED̃S
{L(f̂nS

)} ≲ n
− 1

d+2

S into (36) and (37), we obtain:

max
i ̸=j

ED̃S

{
µT (i)

⊤µT (j)
}
≲ n

− 1
d+2

S + ϵ1 (38)

and

ED̃S

{
Err(Gf̂nS

)
}
≤ (1− σnS

) +O
(
ε−1

(
n
− 1

d+2

S + ϵ1 + ϵ2
) 1

2

)
. (39)
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To ensure (39) holds, recall the corresponding requirement stated in Theorem 3:

µT (i)
⊤µT (j) < R2

2ψ(σnS
, δnS

, ε, f̂nS
),

where ψ(σnS
, δnS

, ε, f̂nS
) = Γmin(σnS

, δnS
, ε, f̂nS

)−
√

2− 2Γmin(σ, δ, ε, f)−1
2

(
1−mink ∥µ̂T (k)∥22

R2

)
−

2maxk ∥µ̂T (k)−µT (k)∥2
R2

, in here, Γmin(σnS
, δnS

, ε, f̂nS
) =

(
σnS

− UT (ε,f̂nS
)

mini pt(i)

)(
1+

(
R2

R1

)2− LδnS

R2
− 2ε
R2

)
−

1.

Therefore, if ψ(σnS
, δnS

, ε, f̂nS
) > 0, by Markov inequality, we can ensure (39) holds

with probability at least 1−O
(

n
−1/(d+2)
S +ϵ1

ψ(σnS
,δnS

,ε,f̂nS
)

)
.

For the scenario where the distribution shift satisfies ϵ1 ≲ n−α
S , ϵ2 ≲ n−β

S for suffi-

ciently large nS, as stated in Assumption 4, and data augmentation in Assumption 3 (i.e.,

σnS
→ 1 and δnS

→ 0), setting ε = εnS
= n

−min{ 1
4(d+2)

,α
4
,β
4
}

S yields ED̃S

{
U2
T (εnS

, f̂nS
)
}
≲

n
−min{ 1

2d+4
,α
4
,β
4
}

S by (29). This implies Γmin(σnS
, δnS

, εnS
, f̂nS

) ≈ 1 for sufficiently large nS.

Furthermore, since 1
2

(
1 − mink ∥µ̂T (k)∥22/R2

)
≤ 1

2
, we conclude ψ(σnS

, δnS
, εnS

, f̂nS
) ≥

1
2
− 2maxk ∥µ̂T (k)−µT (k)∥2

R2
. According to Multidimensional Chebyshev’s inequality,

PT
(
∥µ̂T (k)− µT (k)∥2 ≥

R2

8

)
≤

64
√

EXT∼PT
EXT∼A(XT )

{
∥f(XT )− µT (k)∥22|XT ∈ C̃T (k)

}
R2

2

√
2nT (k)

≤ 128

R2

√
nT (k)

,

we have ψ(σnS
, δnS

, εnS
, f̂nS

) ≥ 1/4 with probability at least 1−O
(

1

mink
√
nT (k)

)
when nS is

large enough.

By combining above conclusions, we know with probability at least 1−O
(
n
−min{ 1

d+2
,α}

S

)
−

O
(

1

mink
√
nT (k)

)
,

ED̃S

{
Err(Gf̂nS

)
}
≤

(
1− σnS

)
+O

(
n
−min{ 1

2d+4
,α
4
,β
4
}

S

)
when nS is sufficiently large.
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