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Abstract

In this paper, we propose a novel self-supervised transfer learning method called
Distribution Matching (DM), which drives the representation distribution toward a
predefined reference distribution while preserving augmentation invariance. The de-
sign of DM results in a learned representation space that is intuitively structured and
offers easily interpretable hyperparameters. Experimental results across multiple real-
world datasets and evaluation metrics demonstrate that DM performs competitively
on target classification tasks compared to existing self-supervised transfer learning
methods. Additionally, we provide robust theoretical guarantees for DM, including
a population theorem and an end-to-end sample theorem. The population theorem
bridges the gap between the self-supervised learning task and target classification
accuracy, while the sample theorem shows that, even with a limited number of sam-
ples from the target domain, DM can deliver exceptional classification performance,
provided the unlabeled sample size is sufficiently large.
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1 Introduction

Collecting abundant labeled data in real-world scenarios is often prohibitively expen-
sive, particularly in specialized domains such as medical imaging, autonomous driving,
robotics, rare disease prediction, financial fraud detection, and law enforcement surveil-
lance. It is widely believed that knowledge from different tasks shares commonalities. This
implies that, despite the differences between tasks or domains, there exist underlying pat-
terns or structures that can be exploited across them. This belief forms the foundation
of transfer learning. Transfer learning seeks to leverage knowledge from a source task to
improve model performance in the target task, while simultaneously reducing the required
sample size from target domain.

Recently, a variety of transfer learning methodologies have been proposed, including
linear models (Li et al., 2021; Singh and Diggavi, 2023; Zhao et al., 2024; Liu, 2024),
generalized linear models (Tian and Feng, 2022; Li et al., 2023), and nonparametric models
(Shimodaira, 2000; Ben-David et al., 2006; Blitzer et al., 2007; Sugiyama et al., 2007;
Mansour et al., 2009; Wang et al., 2016; Cai and Wei, 2019; Reeve et al., 2021; Fan et al.,
2023; Maity et al., 2024; Lin and Reimherr, 2024; Cai and Pu, 2024). However, these
methods either impose constraints that the model must be inherently parametric or suffer
from the curse of dimensionality (Hollander et al., 2013; Wainwright, 2019) in practical
applications. In contrast, deep learning has demonstrated a remarkable ability to mitigate
the curse of dimensionality, both empirically (LeCun et al., 2015; Zhang et al., 2021) and
theoretically (Kohler and Krzyzak, 2004; Kohler and Krzyzak, 2016; Bauer and Kohler,
2019; Schmidt-Hieber, 2020). Consequently, deep transfer learning has garnered significant
attention within the research community.

A particularly effective paradigm within deep transfer learning is pretraining followed



by fine-tuning, whose efficiency has been demonstrated in numerous studies (Schroff et al.,
2015; Dhillon et al., 2020; Chen et al., 2019, 2020b). During the pretraining phase, a encoder
is learned from a large, general dataset with annotations, which is subsequently transferred
to the target-specific task. In the fine-tuning stage, a relatively simple model (e.g., k-nn,
linear model) is typically trained on the learned representation space to address the target
task. However, in real-world applications, two critical observations must be considered.
First, the collection of unlabeled data is generally more feasible and cost-effective than the
acquisition of labeled data. Second, the absence of comprehensive annotations often leads
to the loss of valuable information. As a result, learning effective representations from
abundant unlabeled data presents both a highly promising and challenging problem.
Recently, a class of powerful methods known as self-supervised contrastive learning has
been proposed, demonstrating remarkable performance in various real-world applications,
particularly in computer vision. It strive to learn an effective encoder of augmentation
invariance, where augmentation refers to predefined transformations applied to the original
image, resulting in a similar but not identical version, referred to as an augmented view.
Nevertheless, solely pushing different augmented views of the same image (referred to as
positive samples) together lead to the phenomenon of model collapse, where the learned
encoder maps all inputs to the same point in the representation space. To prevent model
collapse, numerous strategies have been explored. The initial idea involved pushing posi-
tive samples closer together while ensuring negative samples far apart (Ye et al., 2019; He
et al., 2020; Chen et al., 2020a; HaoChen et al., 2021), where negative samples refer to aug-
mented views derived from different original images. However, negative samples introduce
various problems simultaneously. First, since ground-truth labels for augmented samples
are typically unavailable, two augmented views with similar or even identical semantic

meaning, but derived from different original images, are treated as negative samples, which



can hinder the model’s ability to capture semantic meaning (Chuang et al., 2020, 2022).
Second, Chen et al. (2020a) demonstrated that contrastive learning benefits significantly
from a large number of negative samples, which in turn requires substantial computational
resources to process large batch sizes. As a result, many subsequent studies have explored
alternative designs to prevent model collapse without relying on negative samples. For
instance, Zbontar et al. (2021); Ermolov et al. (2021); Bardes et al. (2022); Duan et al.
(2024) focused on pushing the covariance or correlation matrix towards the identity matrix,
while Grill et al. (2020); Chen and He (2021) showed that adopting asymmetric network
structures could achieve similar result. Regardless of the design of such methods, their
effectiveness has been demonstrated, at least empirically: based on the learned representa-
tion, a simple linear model trained with a limited amount of labeled data from the target
domain can achieve outstanding performance.

Intuitively, this phenomenon implies that the target data distribution in the representa-
tion space is clustered according to semantic meaning. As a result, the target classification
task can almost be solved perfectly by a simple linear model trained on a few labeled sam-
ples. The key question is: why does the self-supervised learning task during the pretraining
phase lead to such a distribution of the target data in the representation space? Figure 1
illustrates a potential explanation for this success. There are two augmented views with
gray borders (referred to as anchors) that exhibit a small Euclidean distance, while the cor-
responding original images are far apart due to differences in backgrounds. If the encoder
possesses Lipschitz property, their representation will also be close in the representation
space. Furthermore, other augmented views of the same original images will be dragged
towards the anchors during the alignment positive samples. This results the formation of a
cluster in the learned representation space that represents the semantic meaning of “black
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dog”. The remaining question is: how can we separate the clusters of different semantic



Figure 1: Data augmentation implicitly introduces weak-supervision signal.

meanings? For example, the cluster formed by red point and the cluster formed by black
and gray points in Figure 1. To this end, why not directly establish a reference dis-
tribution with several well-separated parts and then push the representation

distribution toward it, thereby inheriting this structure?

1.1 Contributions

Our main contributions are summarized as follows:

e We introduce a novel self-supervised learning method, termed Distribution Matching
(DM). DM drives the representation distribution towards a predefined reference dis-
tribution, resulting in a learned representation space with strong geometric intuition,

while the hyperparameters are easily interpretable.

e The experimental results across various real-world datasets and evaluation metrics



demonstrate that the performance of DM on the target classification task is com-
petitive with existing self-supervised learning methods. The ablation study further
confirms that DM effectively captures fine-grained concepts, which aligns with our

intuition.

e We provide rigorous theoretical guarantees for DM, including a population theorem
and an end-to-end sample theorem. The population theorem bridges the gap between
the self-supervised learning task and target classification accuracy. The sample the-
orem demonstrates that, even with a limited number of downstream samples, DM
can achieve exceptional classification performance, provided the size of the unlabeled

sample set is sufficiently large.

1.2 Related works

Huang et al. (2023) establish a theoretical foundation for various self-supervised losses
at the population level, while Duan et al. (2024) extend this analysis to the sample level for
the adversarial loss they propose. We provide theoretical guarantees at both the population
and sample levels. Wang and Isola (2020); Awasthi et al. (2022); Huang et al. (2023); Duan
et al. (2024) have investigated the structure of the representation space learned by various
self-supervised learning methods, both empirically and theoretically. In contrast, DM nat-
urally exhibits a clear geometric structure. HaoChen et al. (2021, 2022); HaoChen and Ma
(2023) suggest the existence of a potential subclass structure within their graph-theoretical
framework, though without empirical support. By leveraging the clear geometric structure
and the interpretability of DM’s hyperparameters, the ablation experiment presented in

Section 4.2 empirically verifies this hypothesis.



2 Methodology

Let € = (21, -+ ,24)" € R? be an arbitrary d-dimensional vector, we define ||z, =
> |xz|p)% be its p-norm with p € {1,2,00}. In particular, for p = oo, |||/, = max; |z;|.
Let f be a function from R% to R%, and let dom(f) represent the domain of f. For a
constant ¢ > 0, we say that f satisfies || f|l2 = ¢ if || f(x)||2 = ¢ holds for any & € dom(f).

Additionally, we define the functional set as:

Lip(L) = {f cR* _y R%2 sup | f(x1) — f(z2)]|2
=1,2zcdon() 1 — 222

< L}. (1)

Let f and g be two functions defined on N = {1,2,--- }. We say that f(n) < O(g(n)) if and
only if there exist two fixed constants 0 < ¢; < ¢p and a positive integer ng € N, such that for
all n > ng, c1g(n) < f(n) < cag(n). It immediately follows that ¢, ' f(n) < g(n) < c;'f(n)
for any n > ng. Therefore, the statement f(n) = O(g(n)) implies that g(n) = O(f(n)).
Given two quantities X and Y, we use X < Y or Y 2 X to denote X < ¢Y for some
constant ¢ > 0.

Assume a source dataset containing a total of ng unlabeled image instances, denoted
by Dg = {Xéi) : 1 <i<ng}, Here Xg) € Xs C [0,1]? represents the i-th instance, which
are independently and identically generated from a source distribution Pg on the source
domain Xg. To fix the idea, consider the ImageNet dataset as an example for Dg. We then
have a total of ng = 1.28 x 10° instances (Deng et al., 2009). Since ImageNet instance are
of 224 x 224 x 3 resolution, we thus have d = 150, 528 = 224 x 224 x 3. Next, assume a
target dataset as Dy = {(Xg),Yi) 01 <i < np} with Xj@ €0,1]¢and YV; € {1,2,--- , K}
being the class label. Assume (Xi(pi), Y;)s are independently and identically generated from
a target distribution Py. For most real applications, we typically have ng > ny. How to

leverage Dg so that a model with excellent classification accuracy on Dr is a problem of



great intent.

2.1 Data Representation

Pixel images pose significant challenges for statistical learning for at least two reasons.
First, their high dimensionality, as exemplified by ImageNet with 150,528 dimensions per
image, complicates statistical modeling. Second, pixel images are inherently noisy. For
example, consider Figure 2, where the left panel (1) shows a photo of a dog, the middle
panel (x3) shows a different image, and the right panel (x3) shows a cropped version of ;.
Intuitively, ; and @3 should be more similar, yet Euclidean distance calculations reveal
lT1 — x2]|2 < ||&1 — @3]|2. This counterintuitive result highlights that pixel vectors encode
both useful semantic information and significant noise, making the transformation to a

lower-dimensional, less noisy representation crucial.

far away

more closer
T To I3

Figure 2: The semantic meaning of &, and @, are almost same since x3 is a cropped version

of ;. However, we have ||z — @32 < |1 — x3]|2.

This leads to the concept of data representation (Rumelhart et al., 1986; Bengio et al.,
2012; LeCun et al., 2015). By “data representation”, we refer to mapping an original

image X € R? to a lower-dimensional space f(X) € R?, where d* < d. Here f is
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typically a nonlinear function from R? to RY". We refer to f as an encoder and the range
of f as the representation space. A crucial question is: what defines a useful encoder?
Intuitively, an effective encoder should map semantically similar images to nearby points
in the representation space, while images with distinct semantic content should be well-
separated. This principle has inspired many supervised representation learning methods
(Hoffer and Ailon, 2015; Chopra et al., 2005; Zhai and Wu, 2018), which rely on accurately
annotated labels. Instances with the same label are treated as semantically similar, while
those with different labels are considered distinct.

These methods excel in preserving similarity among instances with the same label, but
they have notable limitations. First, annotation is costly, particularly for large datasets
(Albelwi, 2022). Second, they fail to fully capture the richness of semantic meanings. For
instance, an image labeled as toilet paper in the ImageNet dataset (Figure 3) could also be
labeled as bike, man, road, and others. By assigning a single label, we lose the opportu-
nity to capture these additional semantic meanings, leading to significant information loss.
Thus, developing efficient representation learning methods that minimize this loss is a key

research challenge.

2.2 Self-Supervised Contrastive Learning

In the absence of labeled data, the need for effective representations has driven the
development of contrastive learning. The core idea is to learn representations invariant
to augmentations. By augmentation, we refer to a predefined function that transforms
an image A(-) into a similar, but not identical image A(X) € R In practice, X and
A(X) might be of different dimensions. For notation simplicity, we assume they share
the same dimension in this work. Since A(X) is derived from X, they are expected to

share similar semantic meanings. Commonly used augmentation include random cropping,



Figure 3: Images labeled by toilet paper in ImageNet

flipping, translation, rescaling, color distortion, grayscale, normalization, and their compo-
sitions (see Chen et al. (2020a) and Wang et al. (2024) for details). We define the set of
augmentations as A = {4,,(-) : 1 < m < M}, where M represents the total number of
augmentations. While M could be infinite, we consider a sufficiently large finite M for the-
oretical convenience. With a large enough M, any augmentation can be well-approximated
by some A € A. For convenience in derivation, we assume the identity transformation is
included in A.

We now introduce the concept of augmentation invariance, which means that || f(X;) —
f(X2)||? should be minimized, where X; and X, are augmented from the same original
image. Let A(X) = {A(X) : A € A} be the set of all augmented views of X, and
let X ~ A(X) indicates that X is sample uniformly from A(X) according to a uniform
distribution. Following (Huang et al., 2023; Duan et al., 2024), we define the alignment

loss function Ljign(f) as:

2
Laign(f) = ]EXSNIP’SEXSJ,XSQNA(XS){Hf(XS,l) - f(Xs,z)Hz}- (2)
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Furthermore, given L > 0, R > 0, we define a functional class as
F={f:[0,1]* = R¥|f € Lip(L) and | f||l» = R}. (3)

Theoretically, the optimal encoder is fop; € argminc z Laign(f). However, this results in
an trivial solution where fo,x = p € R?, a fixed point with ||p||2 = R. which is ineffective
for the learning task. This issue is referred to as model collapse (Jing et al., 2021; Zbontar
et al., 2021).

To prevent model collapse, several effective techniques have been developed. The fun-
damental idea behind Ye et al. (2019); He et al. (2020); Chen et al. (2020a); HaoChen et al.
(2021) is to identify an encoder that pushes the augmented views of different images far
apart while minimizing (2). Therein, the augmented views of different images are dubbed
as negative samples. Nevertheless, as noted by Chuang et al. (2020, 2022), brutally pushing
far apart negative samples can hinder representation learning, as these samples may share
similar or even identical semantic meaning. Consequently, efficient representation learning
without negative samples has become a significant research focus. Methods like Zbontar
et al. (2021); Ermolov et al. (2021); Bardes et al. (2022); HaoChen et al. (2022) propose reg-
ularization techniques on f to ensure non-degenerate representation variability. A common
approach (HaoChen et al., 2022; HaoChen and Ma, 2023; Duan et al., 2024) constrains
ExsopsExs, xsomaxs) LS (Xs1)f(Xs2) "} to be close to the identity matrix, demonstrating
effectiveness but lacking interpretability. As an alternative, we propose distribution match-
ing (DM), which defines a reference distribution in the representation space and minimizes
the Mallows’ distance to align the learned distribution with this reference, offering a clear

geometric interpretation.
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2.3 Distribution Matching

Before introducing the DM method, we briefly review the Mallows’ distance (Mallows,
1972; Shao and Tu, 2012), also known as the Wasserstein distance (Villani, 2009). To do
so, we first define some key concepts. Let v be a measure on R® and f : Rh — R% a
measurable function. The push-forward measure fyv is defined as fyv(E) = v(f~H(E)) for

any fyv-measurable set £ C R%. In this context, the Mallows’ distance is defined as:

Definition 1 (Mallows’ distance). Let (X, 1) and (X3, v2) are two probability spaces with
X1, Xy C R” for some positive integer k. Then the Mallow’s distance is defined as

W(Vl,l/g) = mf E(Xl,Xz)(“Xl —X2||1), (4)

(Xl,XQ)EH(lll,VQ)

where II(v1, v5) denotes the collection of all possible joint distributions of the pairs (X7, X5)
with marginal distributions given by v and vy, respectively. Here we implicitly assume
that there exists a probability space (€2, P) such that X; : Q@ — A} and X, : Q — X, are
measurable and satisfy (X;);P = ;1 and (X3)sP = vs.

To better understand the Definition 1, we explore a special case in detail. Let X; =
{Z11, @19, ,T1n, ) CRY and Xy = {@21,X22, + ,Tan,} C RF, where k,n; and ny are
positive integers. Suppose v; and 1, are discrete probability distributions on X} and X,
respectively. Then each element in II(v,15) can be completely determined by a discrete
probability distribution on the cartesian product X; x Aj, represented by W (xq,xs2) €
R™*"2 - Accordingly, it should satisfy that (i) U(xy,2) > 0 for any x; € X} and x5 €
Xy, (i) Dopy oy V@1, o) = 1, (i) Do, cn, V(@1 @2) = i) for any x; € A} and (iv)
ZmleXl U(xy, xe) = vo(xs) for any xs € Xy. The Mallows’ distance between 14 and vy is
then given by: W(v1, 10) = infueri(, i) Zm1€X1,:B2€X2 U(xy,@2) - |1 — @21 Intuitively, 1y

and v, can be regarded as two piles of probability masses, with v (1) and v, () indicating
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the mass at x; and @9, respectively. The transport plan W(xq,x5) can be thought of as
the amount of mass transported from @x; and @, while the term ||x; — @;]|; represents the
transportation cost. Thus, the Mallows’ distance quantifies the minimal cost to transport
one probability distribution to another.

Although Definition 1 is intuitive, computing it is challenging due to the difficulty of
finding the optimal coupling in II(r4, v5). To address this, a dual formulation is provided
in Remark 6.5 of Villani (2009):

W(vi,1p) = sup Exlwl{g(Xl)} - EX2~V2{9(X2)}a (5)

g€Lip(1)

where the task reduces to finding the optimal function ¢ in Lip(1), , a problem that can
be solved using a neural network with gradient penalty (Gulrajani et al., 2017), as de-
tailed in (19). Notably, the Mallows’ distance remains effective even when vy and vy
have different supports, unlike many other divergence measures (e.g., Kullback-Leibler and
Jensen-Shannon divergence), which either diverge to infinite or become constant in such
cases. Furthermore, the Mallows’ distance satisfies the triangle inequality, making it a true
distance metric, an important property not shared by many other divergence measures.
For a thorough theoretical treatment of Mallows’ distance, we refer to Villani (2009).
With the Mallows’ distance defined, we can now proceed to develop the DM method.
The key idea is to prevent model collapse by minimizing the Mallows’ distance between
the representation distribution and the predefined reference distribution. As a result, con-
structing the reference distribution becomes the most crucial step, which can be broken
down into three sub-steps. In the first sub-step, we design K’ centers in RY" | where
K’ < d*. The i-th center ¢; is chosen to be either e; or —e; with equal probability, where
e; is the standard basis vector in RY" with the i-th component equal to 1 and all others

components equal to 0. In the second sub-step, we define the i-th reference part a random
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vector as:

Yar
C; €ET—+
B i T e
= , (6)
ei + e |l
T ey o | S

P

where € > 0 is a tuning parameter, and ~,- is a standard Gaussian random vector in R?".
To gain an intuitive understanding of P;, let B(a,r) denote the ball centered at a € R®

with radius 7 > 0. It is straightforward to observe that the vector 4/ o follows a

|’Yd*

uniform distribution on the surface of the unit ball 5(0,1). We then scale and translate
this vector to lie within the ball B(e;, €) by multiplying by € and adding the center ¢;. To
ensure that the resulting random variable P; lies on the surface of the ball B(0, R), we
normalize the vector and scale it by R. As shown in the left-hand side of Figure 4, the
process results in P; follows a uniform distribution over the orange region of the sphere.
Next, we define a categorical random variable C € {1,2,--- K’} with P(C = i) = «;,
where «; are the probabilities associated with i-th part, and C is independent of P; for all
1 <4 < K’. We then construct a new random variable R as R = Zfil 1(C = i)P;. The
distribution of R is referred to as the reference distribution, denoted by Pz. DM aim to
cluster augmented views with similar semantic meaning according to the same part of the
reference distribution by minimizing W(P;,Pg), as illustrated on the right hand side of
Figure 4.

We define the representation distribution Py = fyP4, where P4 is the distribution of
augmented views. This is rigorously given by P4(E) = [ & >, 4 1{A(z) € E}Ps(dx)
for any measurable set E. The DM learning problem is then formulated as the following

minimization problem:

f* c ar]%er?in ,C(f) = Ealign(f) + )\ W(]P)f, ]P)R) (7)

where L£(f) is the objective function that consists of alignment loss and the Wasserstein

distance between Py and Px. The tuning parameter A > 0 balances the relative importance
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Figure 4: Left. Generative process of P; (R = 1). Given ¢; (red point) and ¢, the

|Ya+ ||2- Normalizing this into the sphere

of radius R yields a sample of P; (purple point). This process results in P; following a

black point is obtained by adding ¢; and ey /

uniform distribution on the orange region of the sphere. Right: The key idea of DM.
Augmented views with similar semantic meaning are mapped to the same region of the

reference distribution.

of Lajign(f) and W(PPy,Pg). The function class F is defined in (3). It is important to note
that the solution f* to this minimization problem may bot be unique, as f € minger L(f)
implies multiple possible minimizer. Let G := Lip(1) and plug (2) and (5) into (7) gives
the following formulation of the DM learning problem:

z+)\sup E g(Z)— E ¢g(R). (8)

geg ZN]P)f R~Pr

‘f(xs,ﬂ — f(Xs2)

ff€argmin E E
feF Xs~PgsXs1,Xs52~A(Xs)

It is evident that (8) can be interpreted as a mini-max optimization problem. To emphasize
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this, we rewrite it as follows:

(f*g") € arg rfnig max L(f, g) := Laign(f) + X - W(f, 9), 9)
eF geg

where W(f, g) = Ez~p;{9(Z)} — Er~pr{9(R)}, g is referred to as a critic. It immediately
follows that W(Py, Pr) = sup,.c W(f, g) and L(f) = sup,cg L(f, 9)-

To solve (9) in practice, we face two challenges. The first challenge is the popu-
lation distribution of the original images Pg is unknown. We therefore have to replace
it by its finite sample counterpart. Specifically, for each instance X S), we sample two
augmentations A;; and A, s from A uniformly. These augmentations produce two views,
)N(g) = (ng)l, ng) = (A1 (X éi)), Aio(X g))) € R??. Simultaneously, we independently collect
ng instances {R(i) : 1 <i<ng} from Pg. The resulting augmentation-reference dataset is

Dy = {()N((Si), R®):1<1i < ng}. The finite sample approximation of £(f, g) is then:

Z(fv g) = Aalign(f) + A W(f? g)7

~ 1 O i i
Laign(f) = — > IF(XE)) — FEE)I3,
ns 3
ns

W(f.9) = - S [o(RO) — a(FOE) + o (7)) }] (10)

-

It is evident that W(f,g) = Eﬁs{w\(f, g)} and L(f,g9) = ]Eﬁs{f(f, g)}, which justifies
calling E( f,g) the finite sample counterpart of L(f,g).

The second challenge stems from the complexity of the functional spaces F and G,
which complicates practical search. To overcome this, we parametrize them using deep

ReLU networks. Specifically, we define a class of deep ReLLU networks as follows:

Definition 2 (Deep ReLU network class). The function fo(x) : R? — R? implemented

by a deep ReLU network with parameter 6 is expressed as composition of a sequence of
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functions
fo(x) :=1lpogolp 10000l opolyx)

for any @ € RP, where po(x) is the ReLU activation function and the depth D is the number
of hidden layers. For 1 < i < D, the i-th layer is represented by [;(x) := A;x + b;, where
A; € RE+1%di i5 the weight matrix, b; € R%+! is the bias vector, d; is the width of the i-th
layer and @ = ((Ao, bo),- -+ , (Ap, bp)). The network fy contains (D+ 1) layers in all. We use
a (D+1)-dimension vector (dg,dy, -+ ,dp)" to describe the width of each layer. In particular,
dy = p is the dimension of the domain and dp = ¢ is the dimension of the codomain. The
width W is defined as the maximum width of hidden layers, that is, W = max {d;, ds, - - - , dp}.
The bound B denotes the L bound of fyg(-), that is, sup,cps || fo(€)|lc < B. We denote
the function class { fo : R? — R?} implemented by deep ReLU network class with width W,
depth D, and bound B as NN, ,(W,D, B).

By parametrizing F and G as two deep ReLLU network classes, the optimization prob-

lem in (9) is reformulated as:

(frgs Gns) € argminmax L(f, g), (11)
fEF g€eg

where F = NN g4+(Wy,Dq,B;) and G = NN g« 1(Wg,Dg, Bs). In practice, we set Wy 2 Wy and

D; 2 Dy, ensuring that WiD; = WsDy in subsequent analysis.

2.4 Transfer Learning

One significant application of learned representations is transfer learning. Recall
Dr = {(X;”,Y;) : 1 < i < nr} denotes the target dataset. For each X:(Fi) € Dr, we

sample two augmentations A; 1, A;» from A uniformly, resulting in ng) = (ng?l,ng’g) =
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(Ai,l(X;i)), Ai,g(Xg))). The augmented dataset is then Dy = {( T Yi):1<i<nr} We

next consider a linear classifier

G (@) = arg max (W f(x)),. (12)

1<k<K

where (-); denotes the k-th entry of the vector, and W is a K x d* matrix with its k-th

row given by

iz (k Z{f Po) LY = kY, (13)

2TZT
where np(k) = >0 1{Y; = k} represents the sample size of the k-th class. It is evident
that fir (k) serves as an unbiased estimator of pr(k) = E(x, vyopr Expoaxp) {.f Xo)|Y =k},
which denotes the center of the k-th class in the representation space. To evaluate its

performance, we examine its misclassification rate by
Err(Gy) = Pr{G;(Xr) #Y},

where (Xr,Y) represents an independent copy of (XT), Y;).

3 Theoretical Guarantee

3.1 Population Theorem

We assume that any upstream data Xg ~ Pg can be categorized into categorized into
some of K latent classes, each corresponding to a distinct downstream class. The term
“latent” implies that these classes are not directly observable to us, but do exist. For
1 <k < K, we define Cg(k) as the set of data points belonging to the k-th latent class.
The conditional probability distribution Pf(k) is given by Pr(k)(-) = P{-|Xs € Cs(k)},
with its population center (k) = ExgopsExsmaxs)1f(Xs)| Xs € Cs(k)}.
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The goal of DM is to render source data well-separated. Specifically, we aim to drive
us(i)Tps() as close to zero as possible for any i # j. To accomplish this, we aim to
push P;(k) towards distinct parts of the reference distribution through Mallows’ distance
(which we refer to as “pushing P; in parts”), thereby inheriting the characteristics of Px.
However, since IP¢(k) is inaccessible, we must instead minimize the overall Mallows’ distance
W(P;,Pg), and explore its effect on achieving the objective of separating the classes.

We begin by assigning labels to each part of the reference distribution. Let the pre-
defined reference consist of K disjoint parts {C) : 1 < k < K}. Let Q* represent the
joint distribution of (Z*,R*), where (Z*,R*) = argminzr)ene, rr) Ezr) (|2 — Rl1).
Denote the set of permutations on {1,2,---, K} by Pg. The k-th class of the refer-
ence, Cr(k), corresponding to the k-th latent class Cg(k), is defined as Cr (k) := Cre(),
where 7° = argmax, cp_ Zszl Q*(Cs(k) = Crxy). Therein, Q*(Cs(k) — Cru)) repre-
sents the transport mass from Cg(k) to Crx) according to Q*. To better understand
this assignment, consider an example with K = 3 and Q* such that Q*(Cs(1) — C}) =
1/5,Q*(Cs(1) — Cy) = 0,Q*(Cs(1) — C3) = 2/15;Q*(Cs(2) — C1) = 1/15,Q*(Cs(2) —
Cy) = 1/30,Q°(Cs(2) — C5) = 7/30 and Q*(Cs(3) — C1) = 4/15,Q"(Cs(3) — C3) =
1/30,Q*(Cs(3) — C3) = 1/30. In this context, we for example evaluate two permuta-
tions: 7 : (1,2,3) — (3,2,1) and 75 : (1,2,3) — (2,3,1). For the permutation 71, we
have 303, Q*(Cs(k) = Cryay) = Q*(Cs(1) — Cs) + Q*(Cs(2) — C) + Q*(Cs(3) —
Cy) = 2/15 4+ 1/30 + 4/15 = 13/30, while 22:1 Q*(Cs(k) — Crwy) = Q*(Cs(1) —
Cy) + Q*(Cs(2) — C5) + Q*(Cs(3) — Cy) =0+ 7/30 +4/15 = 1/2. After comparisons
across all permutations, we obtain Cr(1) = Cy, Cr(2) = C3,Cx(3) = Cy. In summary, for
given C;, we tend to assign the label arg max; Q*(Cgs(k) — C;). However, it may lead to
non-unique assignments. We resolve this by introducing optimal permutation.

Let Z € Cs(i) denote the event Z = f(A(Xg)) for some Xg € Cs(i) and A € A, Pr(j)
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be the uniform distribution on Cx(j). We can yield

WErP) = [ 2= RIdQ(ZR)
(ZR)
K

Z {/(ZR) |Z — R[:dQ*(Z,R|Z € Cs(i),R € ]P’R(j))}(@* (Cs(i) = Pr(5))

i,j=1

v

> W(P(i), Pr(5))Q (Cs(i) = Cr()))

1

7
]

Q*(Cs(k) = Cr(k))W(Ps(k),Pr(k)), (14)

Y

where the first inequality follows from Q*(Z, R|Z € Cs(i), R € Pr(j)) € II(Ps(i), Pr(7)).
Therefore, under Assumption 1, we know that W(P,(k), Pr(k)) S W(Pf,Pr) < L(f).

Assumption 1. Assume Q*(Cs(k) = Cr(k)) > Oforany k:1 <k < K.

Assumption 1 essentially indicates that, in contrast to the example above regarding
label assignments, we do not desire Cy to be labeled as Cr (1) while Q*(Cs(1) — C5) = 0.

Furthermore, by utilizing ¢/ ¢; = 0 and ||¢;|s = R, we yield

ps(i)  ps() = (us(i) — ¢;) " ps(G) + ¢ us(i) + ¢ ¢; + ¢ (us(j) — ¢;)
< s (i) = cillzllps ()2 + lleill2llns (5) — ¢jll2
S llps(i) — eill2 + s (5) — ¢jlle, (15)
where the last inequality stems from [|1s(j)||2 = ||ExgepsExsaixs) {f (Xs)[Xs € Cs(5)}]], <

ExrsExgacrs) {1 (K5)ll2| Xs € C5(j)} = R. Moreover, regarding ||us(k) — exlo.

d*

s -ali =3[ E B {it}- E(Ru)]

—1 XgeCs(k)XseA(Xg)
d*

< Z w? (Pf(k)a ]P)R<k)) = d'W? (]P)f(k)’ ]P)R(k))
=1
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5 WQ(Pf(k)ﬂ]PR(k»a (16>

where the first inequality follows from (5). Plugging (16) into (15) yields us(i) " us(j) <
L(f), implying that minimizing the loss function of DM can indeed reduce ps(i) " us(j).

We now show that minimizing £(f) also reduces pz (i) " pur(5). It suffices to explore the
relationship between pug (i) " ps(j) and pur(i) " pr(j). Let Pr(k) be the distribution defined
by Pr(k)(E) = Pr(Xs € E|Y = k) for any measurable set E, with pg(k) = Ps{Xs €
Cs(k)} and pr(k) = Pr(Y = k). To quantify the distribution shift, we define

€1 = mI?XW(IP’S(k),IP’T(k)), €2 = max Ips(k) — pr(k)|. (17)
Thus, we have
pr (i) pr(5) — s () s (5) = pr (i) pr(5) = pr(i) T ps(G) + pr () s () — ps(i) " ps(5)
= pr(8) {pr(§) — ps(G)} + {pr (i) — ps(D)} ps(j)
< lpr@ll2llpr () — msG)lle + [rr(@) — ps(@) ||zl s ()2

< R{llpzr(j) — ps()ll2 + llnr(i) — ps (i)l }-

Moreover, for any 1 < k < K, we have:

d*

lis(k) e (012 = 3 [{ss k), — {our (i), ]

=1

da*
= 3" [ExerExgmacx { AKX € Cs(k)} ~ Eoxryyers Exrion {AEDIY = )]

M
! Z [EXSN]P’S{fl (X9)| Xs € Cs(k)} — Expyyory { fiAd(Xp))|Y = k‘}]

If we assume any A; € A is @-Lipschitz function as Assumption 2, and given that f &€
Lip(L), we find that f;(A,(-)) is LQ-Lipschitz continuous for every 1 <[ < d*. Further-
more, with €, = max;, W(Ps(k), Pr(k)) and equation (5), we can yield ||us(k) — pr(k)|3 <
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2. Consequently, for any 7 # 7,

pr (i) pr(5) S ps(@) T ps(h) + e SW(P,PR) + 61 < L(f) + €1, (18)

which implies that minimizing £(f) can indeed reduce pr (i) " pr(5), which intuitively mea-

sures the distinguishability between different target classes in the representation space.

Assumption 2. There exists a @ > 0 satisfying ||A;(x1) — Ai(x2)|]2 < Q|1 — x1||2 for
for any x1, o € [0,1]¢ and 1 <i < M.

This Assumption is highly realistic. A typical example is that the resulting augmented
data obtained through cropping would not undergo drastic changes when minor perturba-
tions are applied to the original image.

Next, we introduce the (o, d)-augmentation to quantify the quality of data augmenta-
tion, inspired by Huang et al. (2023). Let Cr(k) denote the set such that for the target
data (xr,y), 7 € Cr(k) if and only if y = k. The (o, §)-augmentation is then defined as

Definition 3. We refer to a collection of data augmentations A as (o, d)-augmentation, if
for each 1 < k < K, there exists a subset 6’T(k) C Cr(k), such that: (i) IP’T{XT € GT(k:)} >
UPT{XT € CT(k‘)}, (ii) Sume’lvaygeaT(k) minxTJEA(wTﬂl),xTyge.A(zT,g) ||XT,1 - XT,2||2 < 9, and
(iii) Pr{UE_,Cr(k)} > o, where o € (0,1] and § > 0. Moreover, Cp(k) is referred to as the

main part of Cp(k).

We present Figure 5 to illustrate the motivation behind Definition 3. Consider the
task of classifying dog and cat. Although the images ®; and @, are semantically sim-
ilar, their difference, ||[@; — 2|2, can be large due to background variations. Through
data augmentation, we can find xj € A(x;) and x5 € A(xz) such that ||xj — x3||2 is suf-
ficiently small. In this regard, the quantity da(xi,2) = ming c g(@,)xocA@s) [|X1 — X2|2

can indeed capture the semantic similarity. Furthermore, the supremum over Cr(k),
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min ||x1 — Xa||2
X1 E.A(ml) x2EA (22

f ar away

5131

Figure 5: Illustration of (o, d)-augmentation

SUDgy , wraeCr(k) AA(TT,1, T12) serves as a criterion for evaluating the quality of data aug-
mentation. However, problematic pairs (€11, Z72) such that da(@&;,®2) is significantly
larger than that of other pairs, causing the supremum to be disproportionately large,
leading to unreliable results. To fix this issue, we replace Cp(k) with its subset Cp(k)
satisfying condition (i), improving the robustness of the definition. Moreover, condition
(iii) implies that the augmentation should be sufficiently effective to correctly recognize
the objects that align with the image label. Specifically, consider the image presented in
Figure 3, this condition necessitates that the data augmentations can accurately recognize
the patch of toilet paper rather than the other objects, as this image has been labeled as
toilet paper in ImageNet. A simpler alternative to this condition is to assume that dif-
ferent classes Cr(k) are pairwise disjoint, i.e., Vi # j, Cr(i) N Cr(j) = 0, which implies
Pr{UE Cr(k)} = S Pr{Cr(k)} > o 1 Pr{Cr(k)} = 0. With these, we are now
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are ready to present the population theorem.

Theorem 1. Given a (o, 6)-augmentation, if the encoder f with ||f||2 = R is L-Lipschitz,
and if Assumption 1 and 2 hold, then for any € > 0, max;z; pur (i) pur(5) S L(f) +er. Fur-
thermore, if max;z; ur(i) " ur(j) < R*Y(0,0,¢e, f), then the downstream misclassification

rate of G'f
Err(Gy) < (1— o) + 0(5—1{c<f) Y +62}%),
where the specific formulation of (o, d, e, f) can be found in Lemma 2.

Theorem 1 demonstrates that minimizing the loss function of DM results in a well-
separated representation space for downstream task. Specifically, once the quantity 7 (i) " pr ()
falls below the critical threshold (o, 4, e, f), minimizing L£(f) significantly reduces the
downstream misclassification rate. The error bound is composed of three factors: the
quality of augmentation o, the loss function of DM, £(f), and the distribution shift e, es.

While Theorem 1 highlights the effectiveness of DM, several questions remain unre-
solved. First, can the sample-level minimizer fns satisfy the conditions of Theorem 17
Second, is it possible to establish an end-to-end error bound for DM to analyze the im-
pact of ng and ny on the misclassification rate, thereby elucidating the success of few-shot

learning?

3.2 Sample Theorem

Assumption 3. Assume there exists a sequence of (o, d,)-augmentations A,, such that

both o, — 1 and 4,, — O.

We note that, in contrast to Assumption 4.3 in Duan et al. (2024), which requires the

convergence rate of 4, to be faster than O(n=(4+1)/20+d+) for f* in the Holder class with
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parameter -y, our Assumption 3 only requires that 6, — 1 without any constraint on the

convergence rate. Hence, Assumption 3 is notably milder.

Assumption 4. Assume there exists a« > 0 and § > 0 such that ¢, = O(ng®) and

e, = O(ng") for sufficiently large ng.

This assumption implies that the distribution shift should not be excessive. Intu-
itively, a model that distinguishes between cats and dogs is largely ineffective for identifying
whether a patient is ill based on X-ray images, due to the significant domain shift between
the tasks.

Before presenting the final assumption, we introduce Lemma 1, known as Brenier’s

theorem in optimal transport theory. Its proof can be found in Theorem 1 of Ball (2004).

Lemma 1 (Existence of Optimal Transport Map). If v4 and vy are probability measures
on R¥, vy has compact support and v, assigns no mass to any set of Hausdorff dimension
(k — 1), then there exists a optimal transport map T : R¥ — R¥ transporting vy to vs, i.e.

Ty(1n) = vo. Moreover, T' is bijective.

We now introduce Assumption 5, which justifies that £(f*) = 0, a crucial step for

extending our theory to the sample level. Further details are provided in Section C.5.

Assumption 5. Suppose there exists a Lipschitz map f : Xs — R satisfying (i) fyPs
assigns no mass to any set of Hausdorff dimension (d* — 1) and (ii) the optimal transport

map transporting f;Pg to Px is also Lipschitz continuous.

The Lipschitz continuity of optimal transport maps has long been a key yet challenging
problem, with numerous studies demonstrating this property under specific classes of dis-
tributions (Caffarelli, 2000; Kim and Milman, 2012; Carlier et al., 2024; Fathi et al., 2024).
Therefore, Assumption 5 essentially concerns the data distribution, where the variability

of f may allow a broad range of distributions to satisfy this condition.

25



Theorem 2. Suppose Assumptions 1-5 hold. Set the widths and depths of the encoder and
__4d
critic networks satisfying DoWo < DiW; = O(ns 2‘”4), and set the augmentation as A, then

with probability at least 1 — O (ng min{ﬁ’a}) - 0(——),
(&3 B

\/ming np (k)
—min{s1-,2 8
EﬁS{Err(vaL&*)} < (1 - Uns) + O(TLS {2d+4’4’4})
holds for sufficiently large ng.

We defer the proof to Section C. Theorem 2 reveals that appropriately setting the
widths and depths of encoder and critic ensures that the downstream misclassification
rate of GG Fu is controlled by the quality of data augmentation o, and the source sample
size, with high probability. The convergence rate of the downstream misclassification rate is
jointly determined by the original data dimension d and the extent of the distribution shift,
a and (. This probability approaches 1 as ng or nr(k) increases. Notably, the convergence
rate regarding ming ny(k) is 1/2, implying even with a few downstream samples, as long
as the unlabeled sample size ng is sufficiently large, the misclassification rate can still
be maintained at a sufficiently low level, which coincides with empirical observations in

practice.

4 Experiment

The PyTorch implementation of DM can be found in https://github.com/vincen-
github/DM.
4.1 Experiment details

Datasets Following prior self-supervised learning works (Chen et al., 2020a; Ermolov

et al., 2021; Zbontar et al., 2021; HaoChen et al., 2021; Bardes et al., 2022), we evaluate
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Method CIFAR-10 CIFAR-100 STL-10

Linear k-nn Linear k-nn Linear k-nn

Barlow Twins (Zbontar et al., 2021) 83.96 81.18 56.75 47.91 8141 76.41
SimCLR (Chen et al., 2020a) 90.23 8757 64.16 53.65 87.44 82.68
Haochen22 (HaoChen et al., 2022) 86.95 82.83 53.75 4840 81.44 77.31

Vicreg (Bardes et al., 2022) 87.16 85.10 56.63 49.59 84.63 81.13

DM 91.10 88.17 64.49 53.11 88.65 84.21

Table 1: Classification accuracy (top 1) of a linear classifier and a k-nearest neighbors

classifier (k = 5) for different loss functions and datasets.

our method on three widely used image datasets: CIFAR-10 (Krizhevsky, 2009), CIFAR-
100 (Krizhevsky, 2009), and STL-10 (Coates et al., 2011). Each dataset is split into three
parts: an unsupervised set for training the encoder and critic via DM, a supervised set for

training the linear classifier, and a testing set to assess the error.

Experimental Pipeline During training, we randomly crop and resize images to 32x32
(CIFAR-10, CIFAR-100) or 64x64 (STL-10) before feeding them into the encoder. In the
pretraining phase, we use the Adam optimizer to update both the encoder and the projec-
tion head based on the unlabeled dataset. After pretraining, the encoder is frozen, and the
projection head is removed. We then train a linear classifier on top of the frozen encoder
using another Adam optimizer, with the classifier represented as a linear transformation
from R?" to RX. followed by a softmax layer. The classification loss is cross-entropy. We

evaluate the classifier’s accuracy on the testing dataset and also report the performance of
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a k-nearest neighbors classifier (k=5) without fine-tuning.

Network Architecture The encoder backbone is ResNet-18 (He et al., 2016), while the
critic network consists of three smaller layers, each followed by layer normalization (Ba
et al., 2016) and a LeakyReLU activation with a slope of 0.2. The critic’s dimensionality
transformation follows d* — 128 — d* — 1. Notably, an overly complex critic may
impair the learned representation’s performance. Following Chen et al. (2020a), we train a
projection head alongside the encoder during the self-supervised task. The projection head

is a two-layer ReLU network with a hidden size of 1000.

Estimating Mallows’ Distance with Gradient Penalty Mallow’s distance in Equa-
tion (8) involves a minimization problem with the constraint g € Lip(1), which is difficult to
optimize directly due to the challenging nature of searching the Lip(1) set. To address this,
Gulrajani et al. (2017) reformulate Mallow’s distance in Equation (9) as an unconstrained

optimization problem,

Wl 9) = Bz, {9(2)} = Brer {g(R)} + 11 Exor [ {[|[Vx0(D)| = 1}], (19)

where 7 > 0 is a tuning parameter referred to as the “plenty weight”, typically set to
1 during DM training. Let U[0, 1] be the uniform distribution on the interval [0, 1] The
random variable X ~ Pg is defined by X = uZ + (1 — u)R, where Z ~ Py, R ~ Pg, and
u ~ U[0,1]. In practice, the encoder is updated at each step, while the critic is updated

every five steps.

Hyperparameters We set K’ = 384, R = 1 and ¢ = 1072 across all datasets. The
encoder’s output dimension d* is set to be 384. The learning rates for the encoder and

critic are 3 x 107° and 1073, respectively, with weight decay of 5 x 107 and 107*. A
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learning rate warm-up is applied for the first 500 iterations of the encoder optimizer. The
weight parameter A is set as 1 for all datasets. is set to 1 for all datasets. The batch sizes
are 512 for CIFAR-10 and CIFAR-100, and 384 for STL-10, with training for 1000 epochs
on the unsupervised dataset. During testing, a linear classifier is trained for 500 epochs
using the Adam optimizer with an exponentially decaying learning rate from 10=2 to 1075,

and a weight decay of 5 x 1076,

Data Augmentations We randomly extract crops ranging in size from 0.2 to 1.0 of
the original area, with aspect ratios varying from 3/4 to 4/3 of the original aspect ratio.
Horizontal mirroring is applied with a probability of 0.5. Additionally, color jittering is
configured with parameters 0.4, 0.4, 0.4, 0.1 and a probability of 0.8, while grayscaling is
applied with a probability of 0.2. During testing, only randomly crop and resize are utilized

for evaluation.

Platform All experiments were conducted using a single Tesla V100 GPU unit. The
torch version is 2.2.14-cull8 and the CUDA version is 11.8.

4.2 Ablation Experiment: Finer-Grained Concept

As shown in Figure 4, some samples (e.g., orange and gray points) share similar se-
mantic meaning (both represent “dog”) but are distant in the representation space due to
the existence of finer-grained classes (e.g., “black dog” and “orange dog”). Whether self-
supervised representation learning methods can effectively capture such subclass structures
remains an open question, particularly in real-world applications (HaoChen et al.; 2021,
2022; HaoChen and Ma, 2023).

A key distinction between our theoretical framework and experiments lies in the opti-
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mization of W. In theory, W can be directly calculated, whereas in practice, it is updated
via gradient descent. This approach relaxes the constraint K’ = K discussed in Section 3
and provides greater flexibility. Additionally, K’ offers significant interpretability, reflect-
ing the number of concepts within the data. Intuitively, as the number of learned concepts
were to increase within a certain range, more fine-grained concepts would be captured,
and the transferability of the representations would improve. We validate this through the

following ablation experiments.

Concept number (K') 64 128 256 384 512

Linear 49.83 5593 61.13 64.49 63.87
k-nn 32.73 44.17 51.00 53.11 52.45

Table 2: The influence of concept number on representation performance. All experiments
are conducted on CIFAR-100. The parameter k is set to be 5 and the representation

dimension d* is set as K.

5 Outlook

Our study offers significant potential for further exploration in self-supervised learn-
ing. First, replacing the Mallows’ distance with alternative divergences may yield more
efficient representations. Second, as highlighted by Wang and Isola (2020), Awasthi et al.
(2022), and Duan et al. (2024), different self-supervised learning losses can lead to dis-
tinct structures in the representation space. While analyzing the structure of some existing
losses is challenging due to their specialized design, recovering these structures via DM and
examining the hyperparameters of the reference distribution may provide valuable insights

into their interpretation. Lastly, the condition in Definition 3 represents a crucial factor in
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advancing self-supervised learning methods. Random augmentation compositions may be
too disruptive for handling more complex real-world tasks. How to derive more effective
augmentations that align with the requirements in Definition 3 remains an open question

for future investigation.
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A Notation List

Given the large number of symbols in this paper, consolidating them in this section
offers readers a convenient reference. This structure reduces confusion and enhances com-
prehension by guiding readers to the first occurrence of each symbol in the relevant sections

or equations.
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Symbol Description Reference
Dg source dataset Section 2
Dy target dataset Section 2
55 augmentation-reference dataset Section 2.3
5T augmented target dataset Section 2.4

Cs(k) k-th source latent class Section 3.1
Cr(k) k-th target class Definition 3
Cr(k) main part of Cp(k) Definition 3
Ch k-th unlabeled reference part Definition 3
Cr(k) k-th labeled reference part Section 3.1
nr(k) sample size of k-th target class Equation (13)
ng sample size of source dataset Section 2
nr sample size of target dataset Section 2
Pg source distribution Section 2
Pr target distribution Section 2
Pg(k) distribution conditioned on X* € Cg(k)  Section 3.1
Pr(k) distribution conditioned on Y =k Section 3.1
ps(k) probability of X% € C¥ Section 3.1
pr(k) probability of Y = k Section 3.1
s (k) center of k-th latent class Section 3.1
pr (k) center of k-th target class Section 2.4
Pi random variable of i-th reference part Equation (6)
c; center of i-th reference part Section 2.3

Continued on next page
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Symbol Description Reference
€ range of reference part Equation (6)
€1, €2 distribution shift Equation (17)
K’ number of reference parts Section 2.3
K the number downstream classes Section 2
Pr reference distribution Section 2.3
Py representation distribution Section 2.3
R random vector of reference Section 2.3
R range constraint of encoder Equation (3)
F feasible set of encoder Equation (3)
g feasible set of critic Equation (8)
F space for approximating JF Equation (11)
G space for approximating G Equation (11)
I population optimal encoder Equation (7)
fns empirical optimal encoder Equation (11)
L Lipschitz constant of encoder Equation (3)
Q Lipschitz constant of augmentations Assumption 2
M number of augmentations Section 2.2
W(P;,Pr) Mallows’ distance between P, Px Equation (7)
W(f,9) Ezp{9(2)} — Er~pr{9(R)} Equation (2.3)
L(f) Latign (f) + X - W(Py, Pr) Equation (7)
L(f,9) Latign(f) + X - W([.9) Equation (9)

Table 3: Summary of Symbols
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B Population theorem

The population theorem in this study mainly builds upon the technique used in Huang

et al. (2023) and Duan et al. (2024).

Lemma 2. Given a (0,0)-augmentation, if the encoder f with Ry < ||f|l2 < Ry is L-

Lipschitz and

MT(Z>TMT<j) < Rgiﬁ(@ (57 g, f)?

holds for any pair of (i,7) with i # j, then for any € > 0, the downstream misclassification

rate of Gy
Err(Gy) < (1 —0)+ Ur(e, f),

where Ur(e, f) = Pr{Xr : Sy, xromd(Xp) ILf (X71) — f(X72)[]2 > e} and

w(U’ 5757f) = Fmin(av 57€>f) - \/2 - 2Fmin(07 57€>f) - %(1 - mink Hélja{;)H%)

_ 2maxy |z (k) — pr(k)||2
Ry ’

(20)
here Tin(0, 0, €, f) is given by

(20_ 1) . UT(E,f)) N (0__ Ur(e,f) ><%5+2§6>’ Ri=Ry,=R

Loin(0, 6,6, f) = min; pr (3 min; pr (1)
(0 — s L+ () -8 - %) - L, Ry < Ro.

Proof. For any encoder f, let Vr(e, f) :=={Xr: SUPx,. ;X o~ A(X7) | f(Xr1) — f(Xr2)|l2 < e},
if any Xy € Cp(1)U---UCp(K) N Vi(e, f) can be correctly classified by Gy, it turns out
that Err(G) can be bounded by (1 — o) + Ur(e, f). In fact,

EI‘I‘(Gf) = ]PT{Gf(XT) 7é k?, Y = /{Z} S IPT |:{5T(1) J---u éT(K) N VT<€, f)}c]
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=Py [(@(1) U UCr(K)) U {Vr(e, f)}c} <(1—-0)+Pr[{Vr(e f)}]

= (1 _U) +UT(€7f)7

where the last row is due to the fact Ur(e, f) = {Vr(e, f)}°.
Hence it suffices to show for given 1 <i < K, X € 6T(Z) N Vr(e, f) can be correctly

classified by Gy if for any j # ¢,
MT@)TMT(]) < R%¢(Ua 57 g, f)

To this end, without losing generality, consider the case ¢ = 1. To turn out X, €
5T(1) N Vr(e, f) can be correctly classified by G; under given condition, by the defi-
nition of Cp(1) and Vip(e, f), It suffices to show for any k # 1,|f(Xr) — fir(1)]l2 <
| f(X7) — fir(k)||2, which is equivalent to

. . 1, . 1.
) T (1) = FO0n) (k) = (Gllar (I = Sllar (k) [3) > 0. (21)
We will firstly deal with the term f(X7)"jir(1),

f(Xr) "ar(1) = f(Xr) "pr (1) + f(X7) {Ar(1) — pr(1)}
> f(X7) "B yv)eprBxpmacin {f B0)Y = 1} = [ f(X0) 2l 22 (1) — pr(1)]2

1 ~
Z pT—(l)f(XT>TE(XT,Y)~PTEXT~A(XT) [f(XT)]]‘{XT € CT(]')}i| B R2HMT(1) o MT(1)||2
1

= pT—(l)f(XT)TE(XT7y)~]PTExT~A(XT) [f(XT)IL{XT € CT(1> M 6T(1> N VT(g’ f)}]

+ pTL(l)f(XT)TE(XT,Y)NPT]EXTNA(XT) [f(XT)ﬂ{XT € Or(1) N (Cr(1) N V(e f))c}]

— Rol|fir (1) — pr(1) |l

_ Pr{Cr(1) N Vi(e, f)}
pr(1)

f(XT)TE(XT,Y)NPTEXTNA(XT){f(XT)’XT € Cr(1) N Vr(e, f)}
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+—= o Exz,v)~pr |:]EXTN-A(XT){f(XT)Tf(XT)}I]‘{XT e Cr(W\(Cr(1) NV (e, f))}]

- RzHuT( ) = pr(1)]2
> PT{CT N VT g, f }
- PT(l)

R? . A
pT(l)PT [CT(l)\{CT(l) N Vr(e, f)}] — Rollfir (1) — pr(1)]l2, (22)

where the second and the third inequalities are both due to the || f|l2 < Rs.

F(X7) "Exp b Expmacen { f Xr)| X7 € Cr(1) N Ve, N}

Furthermore, we note that
Pr | Cr(D\{Cr(1) N Vile, )} | = Br [{CrO\Cr(} U {Cr(1) N (Vile, 1))
< (1= o)pr(1) + Ur(e, f), (23)
and

Pr{Cr(1) NVi(e, f)} = Pr{Cr(1)} = Pr|CrO\{Cr(1) N Vie, )}

> pT(l) — {(1 — U)pT(l) + UT(gvf)}
— opr(1) = Ur(e, f). (24)

Plugging (23), (24) into (22) yields

706 (1) 2 (o= TSI F0) Bt 000 B ) i € Co(1) 1 Vi, 1)
- (1= o+ TED) - Rl (t) - (1)l (25)

Notice that X7 € Cr(1) N Vi(e, f). Thus for any X € Cp(1) N Vip(e, f), by the defini-
tion of Cr(1), we have MiNg,~A(X7) X~ AXS) [ X7 — Xpll2 < 0. Further denote (X7, X7) =
arg Ming,~ A(xp) x,~Ax,) [|X7 — Xpll2, then [ X7 — X7[[2 < 0, combining L-Lipschitz property
of f toyield || f(X%) — fF(X))|l2 < L||X5 — X2 < L. Besides that, since X/ € Vr(e, f), for
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any Xip ~ A(X]). | f(p) — F(K5)||2 < <. Similarly, as X € Vr(e, f) and Xr, X5 ~ A(X7),
we know || f(Xr) — f(X%)||2 < e. Therefore,

F(X7) "B(xp vyt Bapmacn) { f (X2)| X € Cr(1) N Vir(e, f)}

= Expyrr Exgmacen {f (X2) T f (%) | Xr € Or(1) 0 Va(e, £)}

= By vy Braen) | f(X) { () = F(X7) + F(X7)}|Xr € Cr(1) N Va(e, £)]

> B2+ Exp,y ) Brgacen) | F(X0) T {f (k) = F(X0)} [ X € Cr(1) N Va(e, /)]

= B+ By, ) Brpmaven) | £ T {f (k) = F(X) + F(X) = F(X5)

+ FOG) = FOX)}Xr € Cr(1) N Vi(e, )]
> R — (Rog + RyLd + Rye)
= R? — Ry(L5 + 2¢), (26)

where the first inequality is derived from the fact that || f||o > R;. Subsequently, plugging
(26) to the inequality (25) yields

£ Tir(1) = (o - %) FT BB ()Rl Uiiiif)>
— Ro||fir (1) — pr(1)]]2
UT(€7 f) 2 2 UT(sv f)
> (o - ey ) (B = Ry(L8 +22) - B3 (1- 0+ ) )
— Ro||fir(1) — pr(1)]]2
- R%Fl(a, 6757 f) - R2||/:LT(1) - /JJT(l)H?a (27>

where I'y (0, d, ¢, f) is defined as

(20_1)_M_<0_M><§_2+£>7 Ri=Ry,=R

[i(o,0,e, f) = pr(1) pr(1) Ra
) b ) 2
(0 - TEly(1 4 (B) L2y 1 R <R




As for the term f(X7)"fir(k) in (21), we note that similar deduction process as above

can also turns out f(Xr)"ur(1) > Ry (0,6,¢, f), along with the fact: any 1 < k < K,
e (B)ll2 = IE(xr yy~pr Expmacin {f E0Y = kYl < By yymbr Bxpmaoen {1 f (Xo) [2]Y =
k} < R, we have

F(Xr) T fir(k) < F(Xp) Tpr (k) + £(X) T (fir (k) — pr(k))

< F(X) Tz (k) + | £ (X ol (k) = pr(B) 2

< f(Xr)Tur (k) + Rolljir (k) = pr (k)2

= (f(Xr) = pr(V) pr(k) + pr(1) T pr(k) + Rl pr (k) — pr (k)2

< £ (X7) = pr(Wll2 - e (®)ll2 + pr (1) Tz (k) + Ralljir (k) — pr (k)2

< RoyfIIF X0 — 2 (Xe) Tper (1) + lpar (DIE + e (1) g (k) + Rollfer (k) — o ()

< Roy/20 = 2/ (Xr) Tar (1) + (1) iz (k) + Rollfir () = pur(B)l:

< Roy/2R3 — 2R3\ (0,8,2, ) + (1) iz (k) + Rallfer (8) = per ()]

= V2R3\/1—=T1(0,6,¢, f) + pr(1) "ur(k) + Rallfer (k) — pr (k) |2- (28)

Plugging (27) and (28) into (21) concludes
P T (1) = £ T (B) — (G (DI = 5l (R)?)
= )T r(1) — F(X) (k) — S (DI + Sl (b
> (X0 (V) — 7)) — 3B 4 2 min e (B
= (X (1) — F(Xr) i (k) — S R3(1 i [ () 3/ )
> R0y (0,0,¢, f) — Ralljir(1) — pr(1)[]2 — V2R3\/1 = T(0,6,e, f)

= pr(1)" pr(k) = Rollfur (k) — pr (k)2 — 533(1 — min IIﬂT(kJ)Ilg/RE) >0

where the last inequality follows from the condition provided in Lemma 2. O
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Lemma 3. Given a (o,6)-augmentation, if the encoder f with Ry < ||fll < Rg is L-

Lipschitz continuous, then for any e > 0,

UVT(6 f 2{ﬁahgn + € + 62}, (29)
and
mgXMT( i)' pr(5) S W(Pf, Pr) + €1 (30)

Proof. The inequality in (30) has been established according to (18). Therefore, we will

focus on proving (29) in this lemma. Since the distribution on A is uniform distribution,

we have
Exy 1 xr 5~ A7) Hf Xr1) — f(Xr2 H2 e ZZHf f(Aj(XT))HQ-
i=1 j5=1
Hence,

sup ||f(XT,1) - f(XTQ)Hz = Siujp Hf(Ai(XT)) - f(Aj(XT)>H2

X7,1,X7,2~A(XT)
<SS F(AXD) = F(A D)

i=1 j=1

= M*Exy., xpomaxo) |l f Xra) — f(Xr2)ll2,

which implies that

{Xr:  sw W)~ Sl > S{Xr: B 1) = [l > 15 )

2
X7,1,X7,2~A(XT) Xr,1,X7,2~A(XT) M

Recall the definition Ur(e, f) = Pr{Xr : supy, , x;,~acxp) [/ Er1) — fEr2)|l2 > e}, by

Markov inequality, we know that

9
Uf(e, ) <Pt <]EXT,1,XT,2~A(XT)Hf(XTJ) = f(r2)|, > W)
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<

<]E(XTvy)"’]PTEXT,l7XT,2N.A(XT)Hf(XT,l) - f(XT,Q)H2>2
#

< E(XT,Y)NPT]EXT,l,xT,2~A(XT)||f(XT,1) - f(XT,2)H;

- i
< e E(xp v )mopr Expy xpamd(xn) || f (Rr1) — f(XT,2)H§- (31)
Moreover,
2
E Hf Xr1) f(XT,2)H2
(XT Y)N]P’T X7,1,.XT QNA(X
= E E Hf (Xs1) — f( X&?)H; + E E Hf(XT,l) - f(XT,2)||;
Xg~Pg XS717XS’2NA( (XT,Y)N]P’T XT,l,XTygw.A(XT)
- E ||f (Xs1) — f( Xs,2)H§
Xs~Ps Xg.1,Xs, 2NA
2 1 2
= B B Hf Xs1) = f(s2)[|s + 775 ZJ { B () = F(as )

(A(X7)) — fil Ay (X))}

D

G

=

+
S
M=
=
=l
ks

~

¢

L]ﬁ
—_—

=

Since for all i € [m],j € [m] and [ € [d*], we have

E(xpy)pr {1 (Ai(X7)) = fi(4; XT))}2 — Exgops { f1(Ai(Xs)) — fi (Aj(XS))}2

B Z [ (XTY )~Pr {fl X)) = Il )Y = k}Q
“psh) E{A(A(XS)) — Ai(4,(X9)) X5 € Cs(k)}’]
=S fr{ B (A(A0) ~ A )Y = 1

o1



— E_{fi(Ai(Xs)) — fi(4;(Xs))|Xs € Cs(k)}Q}

XSNIPS\ ~ J/

h(Xs)

+ {pr(k) — ps(k)} XS@PS {fi(Ai(Xs)) — fi(A;(Xs))|Xs € Cs(k’)}z]

S et e, (33)

where the last inequality arises from e, = maxy, |ps(k) — pr(k)| and €; = maxy W(Ps(k), Pr(k)),
€2 = maxy, [ps(k) — pr(k)|, along with the dual formulation of Mallows’ distance (5). In
fact, since f and any A € A are Lipschitz continuous, and given that fact Ry < [|f]|2 < Ra,

it follows that h is also a Lipschitz function.

Combining (31) (32) (33) yields U (e, f) < e 2(Latign(f) + €1 + €2). O
Next we represent Theorem 1 and give out its proof.

Theorem 3 (General version of Theorem 1). Given a (o,0)-augmentation, if the encoder

f with Ry < ||f||2 < Rg is L-Lipschitz and Assumption 1, 2 both hold, then for any e > 0,
max;; pr(i) pr(i) S L(f) + e1. Furthermore, if max;z; pr(i) ur(j) < R3v(o,d,¢, f),

then the downstream misclassification rate of Gy
1
Err(Gy) <(1—0)+ O(afl{ﬁ(f) + € + 62}2>,
Proof. Combining Lemma 2 and Lemma 3 yields this result. It is evident that Theorem 1

is a direct conclusion when setting Ry = Ry = R. ]

C Sample Theorem

The sample theorem in this study mainly draws on the technique used in Duan et al.

(2024).
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C.1 Error Decomposition

Note that L(f) = sup,cg L(f, g), define the stochastic error £,, the encoder approxi-
mation error £x and the discriminator approximation error, £ respectively as follows

Eaa = sup |L(f,9) = L(f,9)],

fEF,geG

Er == }Qf%{ﬁ(f) — L(f)},

&g = sup ‘ supW(f,g) — Sup W(f, 9)‘
fer 9€9 g€eG

Then we have following relationship.

~

Lemma 4. L(f,,) < L(f*) + 28 + EF + 2&5.

Proof. For any f € ]?,

L(fng) = {L(Fns) — 5D L(fus, 9)} + { 5D L(fus, 9) — sp L(fus. 9) }

9€g geG 9cG
+ {SUEE(fnS79) - SuEE(f; 9)}+ {SUEE(f, g) —sup L(f, 9)}
9€G e e g
+ {5 L(J.9) = LN} + L0 = LU} + £

g€eg

For the second term and the forth term, we can conclude

SUp £(fng. 9) = SUp L(fus, 9) < SU{L(fus 9) = L(fng, 9)} < Ea

9eG geG geg

and

SHEE(]C’ g) - SU.E,C(]C, g) S SUE{E(f7 g) - 'C(fv g)} S gsta
g€y

geg geg
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The first and the fifth terms both can be bounded &g. For the first term:

L(fns) = sup L(fug, 9) < sup{L(f) — sup L(f,9)} = sup{supW(f, g) — supW(f, 9)}

g€G feFr g€G feF 9€9 =9
<sup‘supW fs g)—supW frg ‘ =&;.
feFr 9€9 geG

Similar for the fifth term,

sup L(f, g) — L(f) < sup{sup L(f, g) — L(f)} = sup{sup W(f, g) — sup W(f, g)}

geG feF geg feF ged 9eg
< sup [sup W(f. g) — sup W(f,9)l =&
feF geG

Finally, taking infimum over all f € F yields

L(fng) < L(f*) + 26 + EF + 2&;.

C.2 The Stochastic Error

Let ((vy, v2, 03, v4,05) = ||[v1 — va|[3+vs—5{vs+us}, where vy, v, € RT and vs, v4, 05 €
R. It immediately follows that

E(1.9) = 7= (70, 1) o(R), g £ (), 9/ (kD)

Let Dy = {(X/S(?, ng, R!):1<i<ng}bearandom copy of Dg, which follows that

am%—Z%ﬂ X$5), 9(RY)., g(F (X&), g(F(XEN)) }

o4



Plugging this equation into the definition of &, yields

Ep, {€ua} =Es,{ sup [L(f.9) = L(f.9)l}

fEF,9€G
<Ep, | sw ZED/{K (X&), (RS, g(F(XED), o F(XED)) }
(f9)eFxG '
= S ), £, 9RO, o £, o) |

<Es & { sup
> LBpep p
o (f9)eFxG ' s T4

— ((J (X)), F(%5). g(R@) <f<xfé?1>>, 9(f(X55))) \}

S E557§/S7£ { Sup
(f.9)€F G =1

—e(ﬂxé?l),f(xgz) (R <f<xg’?1>>,g<f<x§?2>>>)1},

where the last inequality stems from the standard randomization techniques in empirical
process theory, as detailed in Giné and Nickl (2016). Moreover, since 75% is a random copy

of Dg, we have

Bp ()} <25 s |- Z@ FOEN), £, 9 (RO, g(F(XE0), o £ () |}

(f.9)€F%G
SJ]EZSS»&[ Sup ‘ Zz{fmfy Xgl) +&ijafil st }+§z1g R(l)
(f.9)€F %G i=1 j=1

+ €20 (F(E)) + &g (F(XED)||
SN CTIES 2 DEWAC | RES EHES i

ng “ Zf’ ‘} (34)

95

+ Eﬁs,é{ sup
(f.9)€F%G



where the second inequality follows from the vector-contraction principle, derived by com-

bining Maurer (2016) with Theorem 3.2.1 in Giné and Nickl (2016).

Lemma 5 (Vector-contraction principle). Let X' be any set, (v1,...,x,) € X", let H be a
class of functions f : X — ly and let h; : {5 — R have Lipschitz norm L'. Then

Y

feH feH

Esup | > &hi( /()] < 2V2LEsup| 3 afilw:)
where &, is an independent doubly indered Rademacher sequence and fi(x;) is the k-th

component of f(x;).

To deal with three terms concluded in (34), it is necessary to introduce several defini-

tions and lemmas below.

Definition 4 (Covering number). Let n € N, S C R™, and p > 0. A set N C S is called
a o-net of S with respect to a metric d if for every u € S, there exists v € N such that

d(u,v) < p. The covering number of S is defined as
N(0,8.d) :=min {|Q|: Q is an p-cover of S},
where |Q] is the cardinality of the set Q.

Definition 5 (Uniform covering number). Let H be a class of functions from X to R.
Given a sequence x = (11,Ty,...,2;) € X*, define H|, be the subset of R" given by
M, = {(f(z1), f(z2),..., f(zx)) : f € H}. For a positive number p, the uniform covering

number is given by

N (o, H, k) = max {N(Q,"H\x,d) cx € Xk}.
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Lemma 6 (Lemma 10.5 of Anthony and Bartlett (1999)). Let H is a class of functions
from X toR. For any 0 > 0 and v € X*, we have the following inequality for the covering

numbers:

N(97H|zad1) < N(Q7H|z7d2) < N(Q7H|z7doo)7
where dy(z,y) == 37 | —yil da(m,y) = (20 (0 — 4:)2)"? and doo(m,y) =
maxj<i<n ’3% - yi"

Definition 6 (Sub-Gaussian process). A centred stochastic process X (t),t € T, is sub-
Gaussian with respect to a distance or pseudo-distance d on T if its increments satisfy the

sub-Gaussian inequality, that is, if
E[estXO=X()} < eSTEN2 e R s teT.
The following lemma are derived from Theorem 2.3.7 in Giné and Nickl (2016):

Lemma 7 (Dudley’s entropy integral). Let (T,d) be a separable pseudo-metric space, and
let X(t),t €T, be a sub-Gaussian process relative to d. Then

D/2

/
Esup| X (1)] < E[X(to)| +4v2 | /log2N{e, T d)do.
0

te’T

where to is any point in T and D is the diameter of (T, d).

Proof. Tt is remarkable to note that the essence of the entropy condition fooo log N(p, T, d)do <
oo in the proof of Theorem 2.3.7 in Giné and Nickl (2016) is to establish the separability
of (T, d). O

Based on Lemma 7 and (34), we can conclude

B1
Eﬁs{gsta Eﬁs{ /0 \/log QN(Q,NNd,l(Wl, Dy, Bl)|{x(z‘) ng ! d2)dQ

shti=1

1
SN

o7



B2
+/0 \/10g2N(Q>NNd*,1(W2,D2,BQ)\{R(i)}g,dﬁdQ

B2
+ /0 \/log QN(Q,NNd,l (max{wl, WQ}, D1 + D27 B2)|{R(i)}?:s1 s dg)dg} (35)

We exemplify the first term in (34). By the fact that f € F = fi € NNg1(Wy,Dy,By) for

any 1 < j < d*, along with Fubini theorem, we have

Ez, {sup n—SZZ@Jf]

= d*Eﬁs [EE{ sup
JENNg,1(W1,D1,B1)

1 &
P ;&ﬂxgb

)

} < dEp e [Eg{ sup
FENNg,1(W1,D1,B1)

1 o llet
— Z&f(xgﬁ)ngﬁ, 1<i<ns}]
ns =1

Therefore, it suffices to show

Eg{ sup
FENNg,1(W1,D1,B1)

By
} < / \/lOgQN(@NNd,l(wl’Dl’Bl) MO ’d2)dQ'
0

Sl}z 1

%n_s ;fiﬂxél)

In fact, conditioned on 55, which implies that Xg’)l,l < 1 < ng are fixed, the stochastic
process {m Yo &Gf(X (;7)1) . f € NNg1(W1,D1,By)} is a sub-Gaussian process, as &, 1 <
i < ng are independent Rademacher variables (see page 40 in Giné and Nickl (2016)).
Let f| s = (f(XSl) .‘,f(XS1 )) € R™s for any f € NN 41(Wi,D1,By), and define the

517,1

dlstance on the index set NN y1(W1,D1,B) as

I}

_ niSZ(ﬁ(xg}l)—fz(xg)l)) i g e P

dvwn(fi, f2) = Z&fl (xX$h) - Z&ﬁ (X$h)
\/_

),

{Xg,)l N

we know that (NN g1 (Wi, Dy, By) ,dy) is a separable subset of RS due to the existence

I 1 n
(@ >1}Z s1

of networks with rational parameters satisfying the condition of Lemma 7. Let fo €
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NNd,1(W1,D1, By) be the network with all zero parameters. Setting ¢y in Lemma 7 as fy
yvields E| X (to)| = 0. Furthermore, for any f € NN y1(W;,D1,B1):

1 & ‘
dyn(f, fo) = da(fy o oo == raxy) <,
wclf: o) 2(f|{x(§,)1}?£1 fO'{xS,)l}?fl) ns ‘= Fixsa) <3

hence the triangular inequality immediately follows that D/2 < B;. Combining all facts
turns out what we desire. The second and the third terms in 35 can be obtained similarly.

We now introduce several definitions and lemmas to address the terms in (35).

Definition 7 (VC-dimension). Let H denote a class of functions from X to {0,1}. For

any non-negative integer m, we define the growth function of H as
I3 (m) ;== max N [{(R(z1), .., h(zm)) : h € H}|.

If [{(h(z1),...,h(xy)):h € H} = 2™, we say H shatters the set {z1,...,z,,}. The
Vapnik-Chervonenkis dimension of ‘H, denoted VCdim(H), is the size of the largest shat-
tered set, i.e. the largest m such that Iy (m) = 2™. If there is no largest m, we de-

fine VCdim(#H) = oo. Moreover, for a class H of real-valued functions, we may define

VCdim(H) := VCdim(sgn(H)), where {sgn(f) : f € H} and sgn(z) = 1{z > 0}.

Definition 8 (pseudodimension). Let H be a class of functions from X to R. The
pseudodimension of H, written Pdim(?), is the largest integer m for which there exists
(T1y oy Ty Y1y - -y Ym) € X™ X R™ such that for any (by,...,b,) € {0,1}™ there exists
f € H such that Vi : f(x;) > y; < b = 1.

Lemma 8 (Theorem 12.2 in Bartlett et al. (2019)). Let H be a set of real functions from a
domain X to the bounded interval [0,B]. Then for any o > 0, the uniform covering number

Pdim(H)

i< 5 ()0

i=1
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which is less than (emB/(QPdim(’H)))Pdim(H) for m > Pdim(H).
Lemma 9 (Theorem 14.1 in Anthony and Bartlett (1999)). For any d,W,D € N,
Pdim (NN 41 (W,L)) < VCAim (NN 41 (W,L)).

Lemma 10 (Theorem 6 in Bartlett et al. (2019)). For any d,W,D € N, let S be the total
number of parameters of NN a1 (W,D), we have VCdim(NNg;(W,D)) < DSlog, S

Let NN g, 4,(W,D) be the ReLU network class without the constraint sup,cgs || fo(€) |00 <
B in Definition 2, it immediately follows that N'N g, 4,(W,D,B) € NN (W,D), implying fol-

lowing Lemma
Lemma 11. For any d,W,D € N, we have Pdim(NNq;(W,D,B)) < Pdim(NN4:(W,D)).

Following above preliminaries, we are now further processing (35).

Sl}z 1

Ez, Eta) S —= \/— / \/10g2N QaNNdl(W1,D1731)| N0 ns7d2)d9

+/0 \/10g2N(Q,NNd*,1(W2,D27Bz)|{R(i)}?:Sl>dz)dQ

B2
+/ \/10g2N(Q;NNd,1(maX{W1,W2}7D1 +D2>B2)|{R<i)}?§17d2)d9}

B1
<—IE log 2N (0, NN 41(W;,D,B . ,dso)d
\/_ /0 \/og (Q d,l( 1, U1 1)|{XS,)1}?:S1 ) 0

2
+ /O 1R 2N (0 NN 42102, D2.Ba)y ) o

Bo
+ /0 \/lOg 2N(Q7NNd,l<maX{w17 w2}7 Dl + D27 B2)|{R(i)}?:5‘1 ) doo)dg}
(Lemma 6)
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1 B
< \/_n_s{/ \/10g2Noo(Q,NNd,1(W1,D1>Bl),ns)dQ
0

B2
+ / \/log 2N (0, NN g+ 1 (W2, D2, B2), nig) do
0

B2
+/ \/IOQ;?NOO(Q,NNd,l(maX{Wl,WQ},D1+D2>Bz),ns)d9}
0

(Definition 5)

< Pdim(NN 41 (wl,Dl)) logngy 1/2 Pdim(NN g 1 (WQ,DQ)) logngy 1/2
~ ( ns ) * ( ns )
Pdim(N N, Wi,Wy},D; +Dy)) 1 1/2
+ im (NN a1 (max{W;, Wa}, Dy + Dy)) 08115) (Lemma 8 and 11)
ng
< VCdim(NN g (Wl,Dl)) log ng\ 1/2 VCdim(N/\/d*,l(wg,Dg)) logng\ 1/2
~ ( ng ) * < ns )
VCdim(NN Wi, Wolt,Dy +Dy))1 1/2
+ < im( d’l(maX{ 1, Wa}, D1 2>) ogn5> (Lemma 9)
ng
Dy + Dy)? 2
< (9( (D1 -+ Dp)* max{Wy, Wz} ) (Lemma 10 and S < W?D)
ngs
D{W
/S \/1% (Wl Z WQ and Dl 2 Dz)

We ignore the logarithmic term when deriving the penultimate inequality, as its impact on

polynomial growth is negligible.

C.3 The Approximation Error

In this section, we aim to determine the upper bounds for £ and &g, following the

approach outlined in Yang et al. (2023) and Gao et al. (2024). To this end, we need to

introduce serval definitions and lemmas in advance. Let d € N and U be an open subset

of RY. We denote L>°(U) as the standard Lebesgue space on U with L° norm.
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Definition 9 (Sobolev space). Let n € {0} UN, the Sobolev space W™ (U) is defined by
Wne(U) :={f € L*(U) : D*f € L=(U) for all @ € N¢ with ||a||; < n}.
Moreover, for any f € W™>°(U), we define the Sobolev norm ||-|[yyn.c(ry by

n,00 = Da oo .
oy = s 107l

Lemma 12 (Characterization of W1* in Evans (2010)). Let U be open and bounded, with
OU of class C*. Then f: U — R is Lipschitz continuous if and only if f € Wh=(U)

Lemma 13 (Corollary B.2 in Gao et al. (2024)). For any f € W5H*((0,1)%) such that
Il fllwro(0,1)sy < 00, and N,L € N, there exists a function fo implemented by a deep
ReLU network with width O(N), depth O(L) and B > | f|ls such that | follwree o,y S
[ Iwre((0,1)2) and

1o — Fllzeeqons S I lwreeqo,ya (NL) 72/,

C.3.1 The Encoder Approximation Error &£»

Lemma 13 and Lemma 12 together demonstrate that the approximation capacity of
NN 41(W,D,B) to Lipschitz functions can be made arbitrarily precise by increasing the scale
of the neural network. Consequently, the function. fns retains the property Ry < || fns Il <
R, for some constants Ry and Ry close to R, allowing us to directly apply Theorem 3.

Recall the £(f) is defined as follow:

7%s2) — F(%s2)|, + Ao E 9(7)~ E_o(R).

geg ZN]P’f R~PRr

L(f)=_E E

Xg~Ps Xg,1,%5,2~A(Xs)

For any f with By < ||f||2 < Bz, we know that

Er = inf {L(f)—L(f)}

fer
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2

- E E
2 Xg~Pg XS’I,XS’QNA(XS)

sut| B E F*(%s2) = £ (ko)

feF LXs~Ps X51,X5,2~A(Xs)

‘f Xs1) — [(Xs2)

+ A sup ExsopsExsmaxs){9(f(Xs)} — A sup ExsopsExsmaxs) {9(f (Xs) }}
ge ge
2

‘f Xs1) — f(Xs,2) ,

E E

Xs~Ps Xg,1,Xs5,2~A(Xs)

2
< inf { E E ‘f*(xs,l) — f*(Xs,Q)H2

feF L Xs~Ps X5, Xs,2~A(X

+Asup [JEXSNPSExs~A(Xs>{9(f (Xs)} — ExgnrsExgmaces) {9(f*(Xs) }] }
g

2 2

< ian{ E E ’f Xs1) — f(Xs2)|| — ‘f*(xs,ﬂ — f*(Xs2)
feF \ Xg~Ps Xg1,Xg2~A(X 2 Xs~PsXg1Xs2~A(Xg) 2
+ AExgnpsExgoa(xs) Hf Xs) — f*(Xs HQ} (9 € Lip(1))
= inf [ E {(Hf Xs1) — f(Xs2)|| + Hf*(xs,l) — ["(Xs2) )(Hf Xs1)
feF L Xs~Ps Xs,1.%s, 2~A(Xs 2

— f%s2)|| = || ®s) = F*(Rs2)|| ) } + ABxamrsErgmacxo | £(Xs) = (%)l
S }g;f? { XSJEJPS Xs,1.Xs, 2~A (Xs) <Hf Xs1) = f(Xs2) 2 Hf*(xs’l) — [ 1(%s2) 2)

+ ExgrsBxgmaveo [ (8s) = (%), | (I71l2 < Ro, ]2 < R)
S }Ieljff { XSHEPS Xs,1,Xs, 2~A (Xs) (Hf XSl - (XS’I) 2 + Hf(xs,2) B f*(ng) 2)

+ ExgopsExgna(xs) Hf(Xs) — f*(XS)HQ} (Triangle inequlity)

S inf ExgopsExgmacxs) || f(Xs) = f*(Xs)]],
feF

= inf EXSNPSEXSNA Xs) Z{f@ XS f‘*(XS>}2

fo =1
S inf Znﬁ FrIIZ
p
<\ > inf Ifi = f711% (+)

= leGNNdl(Lw1/d*J Dl, 1)
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FeWLe((0,1)4) f,e NN (| Wi /d*|,D1,By)

< (Dywy)~2/4, (Lemma 13)

The inequality () follows from the fact that f; € NN g1(|W1/d*|,D1,By) for i € [d¥],
with independent parameters, then their concatenation f = (fi, fo, -+, fo=)" is an ele-

ment of NN g4+(Wy,D1,By) with specific parameters. This is due to supgega || f(2)]|c =

SUDgepa MaxX;eq+ | fi(2)| < By. We ignore the logarithmic term when deriving the last in-

equality, as its impact on polynomial term is negligible.

C.3.2 The Critic Approximation Error &;

The main goal of this section is to bound &£;. The key idea is based on the approach
presented in (Liu et al., 2021).

Definition 10 (IPM, Miiller (1997)). For any probability distribution g and v and sym-
metric function class H, define

dn(ps v) = $up Bxyr {1(X1)} — Exyr {(X2) }

Remark 4. We focus on the scenario that H = Lip(1), implying dy (1, v) = W(u, v).

Definition 11 (Approximation error of H; to Hz). Define the approximation error of a

function class H; to another function class Ho

E(Hz,H1) = sup inf ||hy — hi]|o

hocHy P1E€H1
Lemma 14. For any probability distributions p and v and symmetric function classes H
and Hsz, the difference in IPMs with two distinct evaluation classes will not exceed 2 times

the approximation error between the two evaluation classes, that is dy,(p,v) — dyy, (u, v) <

26(Ha, Ha).
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Proof.

d?—[2 (,u, V) - dH1 (:ua V)

= Sup [Eximu{ha(X1)} = Expn {ha(X2)}] — Sup [Ex,mu{h(X1)} = Exyen{h1(X2)}]

= hsu?l?{ huel;-‘[ [EX1~u{h2(X1) - hl(Xl)} —f- EX2NV{h1(X2) - hQ(XQ)}} S 28(7‘[2, Hl)
2EHo N1 1

]

Applying Lemma 14 to & transforms the problem of bounding &g into estimating the
approximation error between G and G , as shown in Corollary 1. This allows for the direct

application of Lemma 13.

Corollary 1. The discriminator approximation error, Eg, will not exceed 2 times the ap-

proximation error between the two evaluation classes, that is Eg < 2E(G, QA)
Recall we have assumed DoWy < D;W;. Combining Corollary 1 and Lemma 13 yields

2E5 < (DoWo) ™2/ < (Dywy)~ 4.

C.4 'Trade-off between Statistic Error and Approximation Error

d

By setting D1W; = n2"**, DaWo < DiW; yields
DiWy
Vs

B, [L0fas)) S LU + 2ot + (D1W) 2/ S L) + 5™

C.5 Vanish L£(f")

In this section, we focus on constructing an encoder f € F making L( f ) vanish. This
follows that £(f*) = 0 by the definition of f*, further providing an end-to-end theoretical
guarantee for DM. To this end, we introduce following well-known lemma, the Kirszbraun

theorem. as stated in page 21 of Schwartz (1969).
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Lemma 15 (Kirszbraun theorem). if U is a subset of some Hilbert space Hy, and Ho
s another Hilbert space, and f : U — Hso is a Lipschitz-continuous map, then there is a

Lipschitz-continuous map F' : Hi — Hs that extends f and has the same Lipschitz constants

as f.

We first construct a function fl such that Lajign( fl) = 0, and subsequently identify
an injection fo. The composition f := f, o f; is shown to satisfy W(P,Pr) = 0, while
maintaining Ljign f )=0.

By the definition of Lajign(f), f1 satisfies Latign fl) = 0 if and only if, for all  ~ Pg,
any x1,xs € A(x), we have fl (x1) = f~1(X2). This implies that fl must encode all augmented
views of the same & ~ Pg as the same representation. To achieve this, we modify f from
Assumption 5. Specifically, for any x € A(Xs), where x = A(x) for some & € Xg and
A € A, we define fi(x) = f(x).

It follows that f; is a Lipschitz map on A(Xs), as both f and A € A are Lipschitz

continuous. Specifically, for any x; = A;(x1) and x3 = As(x2), we have:

I1f1(x1) = fi(x2)ll2 = | f1(Ar(1)) — fi(Aa(m2))ll2 S | As(zr) — Az(a)|
< [[Ai(z1) — Ar(ma)|2 + [[Az(z1) — Ag(a)|[2 < 2M |21 — T2|2.

We next extend f; to [0, 1]? using Kirszbraun theorem (Lemma 15). It is easy to verify that
| f1(x1) — fi(x2)||2 = 0 when x; and x, are augmented views of the same & € Xg. Moreover,
since the distribution on A is uniform, it is evident that f;Pg = (f1)sPs. Therefore,
according to Assumption 5, the optimal transport map 7" between ( fl)ﬁIPS and Py is a
Lipschitz bijection, so we set fg =T to obtain the desired f .

In fact, fz being the optimal transport map ensures that fﬁIPS = ( f2 o fl)ﬁIF’g =
(f2)s(f1)sPs = Pg, implying W(Pf,Pr) = 0. Furthermore, since both fi and f, is Lipschitz

continuous, f is Lipschitz continuous, ensuring that f € F with an appropriate Lipschitz
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constant L in (3). Finally, the bijectivity of f, guarantees that L align f) = 0. Therefore,
we have constructed an encoder f € F such that L( f) = 0, further concluding £(f*) =0

under Assumption 5.

C.6 Proof of Theorem 2

Theorem 2. Suppose Assumptions 1-5 hold. Set the widths and depths of the encoder and
__d
critic networks satisfying DoWo < D1Wy = O(ns 2‘“4), and set the augmentation as A,, then

with probability at least 1 — O(ng min{ﬁ’a}) - 0(——),

ming y/nr (k)

Ep, {Brr(C, )} < (1 - 0u,) +Ong "0 8 )

S
holds for sufficiently large ng.
Proof. We have established that Ry < anSHQ < Ry with Ry ~ R, in Section C.3.1, in

Section C.3.1, allowing us to apply Theorem 3 to fns. Taking the expectation with respect
to 755 on both sides yields:

B { max ur(i) pr ()} S B {L£(fas)} + (36)
Eﬁs{Err(anS)} N (1 — Uns) +et (Eﬁs{ﬁ(fns)} + e + 62>§, (37)

The right-hand side of (37) follows from Jensen’s inequality. Furthermore, substituting

1

Eﬁs{ﬁ(fns)} < ng™ into (36) and (37), we obtain:

I?%XEﬁs{MT(i)TMT(j)} S n;m +é (38)
and
Ep, {Er(G}, )} < (1 - oug) + o(g—l(nsdb et 62)%), (39)
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To ensure (39) holds, recall the corresponding requirement stated in Theorem 3:

NT(Z)TMT(j) < R%¢(0nsy 57137 g, fns)a

where ¢(0y,4, Ong, €, fns) = I’min(ans,éns,e,fns —/2 — 2l in(0, 0, f)—%( %;UC)H%)_
R

2maxy, ||ar(k)— k . U(afn ) Lon 3
clirB-ur @l in here, Dmin(Tng, Ong: €, fs) = (Tng = mmit) (14 (52) - 52— ) -
1.

Therefore, if (0ng, Ong, &, fug) > 0, by Markov inequality, we can ensure (39) holds
~1/(d+2)
with probability at least 1 — (9( g te )

For the scenario where the distribution shift satisfies ¢, < ng® e S ng’g for suffi-
ciently large ng, as stated in Assumption 4, and data augmentation in Assumption 3 (i.e.,
ons — 1 and 0,, — 0), setting ¢ = g, = n;min{m%’g} yields EﬁS{U%(ens,fns)} <
n; min{ sz ) by (29). This implies Fmin(ans,éns,sns,fns) ~ 1 for sufficiently large ng.

Furthermore, since (1 — ming [|fir(k)||3/R2) < 3, we conclude U(Ongs Ongs Engs frg) >

2 maxy, ||z (k)—pr (k)2
Ro

1
5 . According to Multidimensional Chebyshev’s inequality,

64/ Byt Bxpmacn {1/ (K1) — e (BB Xr € Cr(k))}

R%\/ 2TLT(]€)

Pr(Jlir(h) — pr(B) 2 =2 <

__ 128
= Ro/nr(k)

we have (0, Ong, Eng fns) > 1/4 with probability at least 1 — O(ﬁ) when ng is
ming /Ny

large enough.

By combining above conclusions, we know with probability at least 1— O( _min{zi }) —
o(——1
(mink nr (k) ) ’
—min{ 57— ,a, }
Eﬁs{Err(anS>} < (1 —Uns) —i—O( Tt )
when ng is sufficiently large. O
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