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Abstract

In this paper, we study the Aubin property of the Karush-Kuhn-Tucker solution map-
ping for the nonlinear semidefinite programming (NLSDP) problem at a locally optimal
solution. In the literature, it is known that the Aubin property implies the constraint
nondegeneracy by Fusek [STAM J. Optim. 23 (2013), pp. 1041-1061] and the second-order
sufficient condition by Ding et al. [SIAM J. Optim. 27 (2017), pp. 67-90]. Based on the
Mordukhovich criterion, here we further prove that the strong second-order sufficient con-
dition is also necessary for the Aubin property to hold. Consequently, several equivalent
conditions including the strong regularity are established for NLSDP’s Aubin property. To-
gether with the recent progress made by Chen et al. on the equivalence between the Aubin
property and the strong regularity for nonlinear second-order cone programming [SIAM
J. Optim., in press; arXiv:2406.13798v3 (2024)], this paper constitutes a significant step
forward in characterizing the Aubin property for general non-polyhedral C*-cone reducible
constrained optimization problems.
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1 Introduction
Consider the constrained optimization problem

min f(z) st. G(z)eK, (1.1)

reEX

where X and ) are two finite-dimensional real Hilbert spaces each endowed with an inner
product (-,-) and its induced norm || - ||, f : X = R and G : X — Y are twice continuously
differentiable functions, and K C Y is a closed convex set. The Lagrangian function of (1.1) is
defined by

L(z,y) = f(x) + (y,G(x)), (w;y) € X x V. (1.2)
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Here and throughout this paper, the notation (-;-) signifies the arrangement of two vectors or
linear operators symbolically column-wise. Then the first-order optimality condition of (1.1) is
characterized by the Karush-Kuhn-Tucker (KKT) system

0=V.L(z,y) and y e Nx(G(x)), (1.3)

where V,L(x,y) denotes the adjoint of L! (z,y), the partial derivative of £ with respect to
z € X, and N denotes the normal cone of K in convex analysis [40]. For any solution
(Z;7) € X x Y of the KKT system (1.3), we say that Z is a stationary point of (1.1) and 7 is a
(Lagrange) multiplier at Z. The set of all multipliers at Z is denoted by M(Z).
The canonically perturbed version [7, Section 5.1.3] of (1.1) is given by
gg{% f(x) —{a,z) st. G(x)+beK, (1.4)

where a € X and b € ) are the perturbation parameters. With £ being the Lagrangian function
defined by (1.2), the KKT system of (1.4), as a perturbed KKT system of (1.1), is given by

a=V.L(z,y) and y € Ni(G(z)+D). (1.5)
Then, one can associate (1.5) with the solution mapping
SkkT(a,b) :={(z;y) | a = VoL(x,y), y € Nic(G(z) +b)}. (1.6)

As a core research topic in perturbation analysis of optimization problems, how the solution
set Skkr(a,b) of (1.5) varies along with (a;b) around the origin has been studied for a long
time [7, 14, 15, 21, 24, 34, 43]. In a landmark paper of Robinson [37], the definition of strong
regularity was introduced to extend the inverse and implicit function theorems to generalized
equations. Note that the KKT system (1.3) can be equivalently reformulated to the generalized

e ot = (Vand )+ (W) Y

Then, we say that (Z;7) € X x ) is a strongly regular solution of (1.7) (or the KKT system
(1.3)) if the inverse of the set-valued mapping

(x,y) = <V51£(f’§()(f _ 2/(;)75—?)@ R g)) - (Ni_q}(y))

has a Lipschitz continuous single-valued localization around (0; 0) € X xY for (z; i), where VZ_L
is the partial Hessian of £ with respect to x. According to [12], such a strong regularity condition
is equivalent to the condition that the solution mapping SxxT has a Lipschitz continuous single-
valued localization around ((0;0);(Z; %)), or equivalently, the mapping ® in (1.7) is strongly
metrically regular at (Z; 7) for (0;0). Another significant yet less restrictive concept in studying
the variation of Skxr(a,b) with respect to the perturbation is the Aubin property (cf. [43,
Section 9F] or [14, Section 3E] for a systematic introduction), which was originally called the
“pseudo-Lipschitzian” property by Aubin [1]. The Aubin property of Skkr holds at (0;0) €
X x Y for (Z;§) € Skkr(0,0) if there exist a constant £ > 0 and open neighborhoods U of (0; 0)
and V of (Z;g) such that

Skxr(a’,b') NV C Skkr(a,b) + &(a;0") — (a;0)|Bxxy V(a;b),(a';0) €U,

where By xy denotes the closed unit ball in X x ) centered at the origin. It is easy to see
from the definition that the Aubin property of SkxT holds at (0;0) for (z;g) if (Z;7) is a
strongly regular solution to (1.3). Moreover, such an Aubin property is equivalent to the metric
regularity or the linear openness of ® at (Z;y) (e.g. [43, Theorem 9.43]).

Since the solution mapping Sk is implicitly defined, verifying both the strong regularity
and the Aubin property from their definitions is generally unachievable. Consequently, char-
acterizations for the two conditions have evolved into a central topic in optimization theory



and variational analysis. For conventional nonlinear programming with K in (1.1) being a con-
vex polyhedral cone, such characterizations have been well established for about three decades.
Specifically, Robinson [37] defined the strong second-order sufficient condition (SSOSC) for the
nonlinear programming problem. Moreover, at a stationary point Z satisfying the linear inde-
pendence counstraint qualification (LICQ), he also showed in [37, Theorem 4.1] that the KKT
system is strongly regular at (Z;7) € Skkr if the SSOSC holds at (Z;7). At the same time,
Kojima [27] introduced the concept of strong stability to stationary points of the nonlinear pro-
gramming problem, and showed in [27, Theorems 6.4 & 6.5] that for a locally optimal solution
satisfying the LICQ), it is strongly stable if and only if the SSOSC holds. It was later revealed
by Jongen et al. [23, Section 3] that the strong regularity and the strong stability are equivalent
for stationary points of nonlinear programming where the LICQ holds. Furthermore, the strong
regularity was characterized by Kummer [28] based on a generalized “implicit function theorem”
on nonsmooth equations, and one may refer to [22] and [26] for a related approach, especially
[26, Theorem 4.3] for a survey of equivalent characterizations. By combining the results of [37],
[27], and [26], one has that at a locally optimal solution of the nonlinear programming problem,
the strong regularity is equivalent to the condition that both the SSOSC and the LICQ hold (cf.
[6, Remark 4.11]). Such a result is also available in [6, Theorem 4.10] and [7, Proposition 5.38].
In addition to these equivalent characterizations of the strong regularity, a surprising result of
Dontchev and Rockafellar [13, Theorems 1, 4, & 5] for the nonlinear programming problem
is that the Aubin property of Skxr at (0;0) for (Z;%) € Skkr(0,0), with Z being a locally
optimal solution, implies the strong regularity of the KKT system (1.3) at (Z; ). Consequently,
a comprehensive class of equivalent characterizations of the Aubin property for the nonlinear
programming problem was achieved.

When the set K in (1.1) is no longer a polyhedral set, characterizing these two concepts
becomes much more involved. A more realistic setting is that K is C?-cone reducible (cf.
[7, Definition 3.135]), which is practical enough for encompassing many important classes of
optimization problems, including the nonlinear programming, the nonlinear second-order cone
programming (NLSOCP), and the nonlinear semidefinite programming (NLSDP) [44]. In this
setting, the perturbation analysis of problem (1.1) has been extensively studied [3, 4, 5, 11,
45, 46], and characterizing the strong regularity via second-order optimality conditions has
been recognized as a prominent topic. Although deriving an equivalent characterization of the
strong regularity akin to [7, Proposition 5.38] for problem (1.1) in its general form has not been
achieved, achievements have been made for the most representative classes of problems with
significant importance in the form of (1.1).

According to [7, Theorem 5.24], the strong regularity of the KKT system (1.3) at a solution
(Z;y) implies that the constraint nondegeneracy condition holds at Z (or Z is nondegenerate,
cf. (2.13)). With the help of this result, Bonnans and Ramirez [5] established a counterpart
of [7, Proposition 5.38] for the NLSOCP problem. For the NLSDP problem, Sun [45] defined
the SSOSC by introducing an approximation set, and finally obtained a collection of equivalent
characterizations of the strong regularity condition, including the SSOSC accompanied by the
constraint nondegeneracy. These results properly extend the characterizations of the strong
regularity from the conventional nonlinear programming to problem (1.1) with K being a non-
polyhedral set. Nevertheless, for both the NLSOCP and the NLSDP problems, obtaining such
an extension for characterizing the Aubin property has been an open question for a long time.

The first step to address this issue was achieved by Outrata and Ramirez [33] (and the
erratum by Opazo, Outrata, and Ramirez [32]). They proved that, for a nondegenerate locally
optimal solution Z of the NLSOCP problem (i.e., (1.1) with K being the Cartesian product of
second-order cones), the Aubin property of a solution mapping (akin to (3.1)) at 0 € X for Z
implies the SSOSC, but under an assumption regarding the strict complementarity. Recently,
Chen et al. [8] finalized this conclusion by removing these assumptions and showed that, with
g € M(Z), the Aubin property of Sk at (0;0) for (Z;§) is equivalent to the strong regularity
of (z;7) to the KKT system, thus constituting for the NLSOCP a counterpart of the seminal
result of Dontchev and Rockafellar [13]. As a result, an extension of the characterizations
for the Aubin property is realized from the nonlinear programming problem to the NLSOCP
problem. Generally, if K is a C2-cone reducible set, another recent work [19, Theorem 5.14]



utilized an assumption on relative interiors of subdifferential mappings to prove the equivalence
between the Aubin property of Skxt and the strong regularity of the KKT system, but such an
assumption is exactly the strict complementarity condition when applied to the desired NLSDP
problem.

In this paper, we study the characterizations of the Aubin property for the KKT solution
mapping of the NLSDP problem

migf(x) st. h(z)=0, gj(x)esSy, j=1,....J, (1.8)
EaS
where h : X — R™ and g; : ¥ — 8%, j = 1,...,J are twice continuously differentiable

functions, SP7 is the linear space of p; x p; real symmetric matrices endowed with the inner
product (A, B) := trace(AB) for A, B € SPi, where trace(-) denotes the sum of the diagonal
elements, and Sf_j is the closed convex cone of all positive semidefinite matrices in SP7. When
J =1 in (1.8), the strong regularity of the corresponding KKT system is equivalent to the
SSOSC together with the constraint nondegeneracy [45, Theorem 4.1]. For the case that J > 1,
it is easy to see from the analysis in [45] that such an equivalence still holds. Moreover, in the
case that J = 1, Fusek [16] showed that the Aubin property at (0;0) for a solution (Z; ) implies
the constraint nondegeneracy at . Such a result was later extended by Klatte and Kummer
[25] to the general case of problem (1.1).

The main contribution of this paper is that, at a locally optimal solution Z of (1.8) with
g € M(Z), we prove that the Aubin property of Skkr at (0;0) for (Z; §) implies the SSOSC. We
achieve this by designing an auxiliary optimization problem and fully exploiting its properties,
and using the Mordukhovich criterion for characterizing the Aubin property [29]. We should
emphasize that the key tools we used in this paper are essentially different from those in [8] for
the NLSOCP. Specifically, the main progress in [8] is based on a lemma of alternative choices
on cones, and the fact that the spectral factorization associated with second-order cones admits
only two “eigenvalues” is indispensable. This approach can be used here when max;{p,} < 3,
but does not apply to the general cases. Consequently, it is not hard to see that the tools
in [8] are far from sufficient for deriving a counterpart of its main result in the setting of the
NLSDP problem (1.8). Based on the equivalence between the Aubin property and the strong
regularity established in this paper, we finally obtain a comprehensive collection of equivalent
characterizations of the Aubin property for the NLSDP problem (1.8).

The remaining parts of this paper are organized as follows. Section 2 introduces the notation,
the definitions, and the preliminary results used throughout this paper. In Section 3, we study
the implications of the Aubin property of the solution mapping Skt for NLSDP, especially the
SSOSC. The characterizations of the Aubin property of Skt for NLSDP are given in Section
4. We conclude this paper with some discussions in Section 5.

2 Notation and preliminaries

Let £ and F be two finite-dimensional real Hilbert spaces each endowed with an inner product
(+,-) and its induced norm || - ||. The inner product on € x F is defined by ((z1; 2}), (22;24)) :=
(21, z2) + (21, 25) for all (z1; 22), (21; 25) € € x F, and the norm || - || on £ x F is induced by this
inner product. For a vector z € £ (or a subspace & C &), 2+ (or &) denotes its orthogonal
complement in £. Given a set of vectors {z1,...,2,} C &, we use span{zy,..., 2.} to denote
the linear subspace it spans. Given a cone C C &, C° :={v € & | (v,2) <0Vz € C} is the
polar cone of C. For a linear operator A : £ — F, we use A*,rge(A) and ker(.A) to denote
its adjoint, range space, and null space, respectively. Note that rge(A) = (ker(A*))*. For a
continuously differentiable function ¢ : &€ — F, we use ¥’(z) to denote the Fréchet derivative
or the Jacobian of ¥ at z € £, and define Vy(z) := (¢'(2))*.

Given a matrix A € R**9, we use A;x to denote the entry at the ¢-th row and the k-th column
of A, and use Ay to denote the k-th column of A. The transpose of A is denoted by A". When
| = q, we use A~! to denote the inverse of A if it is nonsingular. Given a subset S C {1,...,q},
we use |S| to denote its cardinality and use Ag to denote the sub-matrix of A by eliminating
all the columns that are not indexed by S from A. For the given index sets I C {1,...,1} and



S C{1,...,q}, we use Arg to denote the |I| x |S| sub-matrix of A by removing all the rows
and columns not in I and S, respectively. Given two matrices A, B € R A o B denotes
their Hadamard product. The inner product of A, B is defined by (A, B) = trace(A" B), and
IA]| = 1/(A, A) is the Frobenius norm. We use E to denote an all-ones matrix, whose dimension
will be specified from the context. For a matrix A € S, we use A > 0 (or A = 0) to say that A
is positive definite (or positive semidefinite). Moreover, A < 0 (or A < 0) means that —A > 0
(or —A > 0).

Given a set C' C &, we use lin(C) to denote the largest linear subspace contained in C' (the
lineality space of C), aff(C') to denote the smallest linear subspace that contains C' (the affine
hull of C), intC to denote its topological interior, and clC to denote the closure of C. The
paratingent cone of C' at z is defined by

7L (2) == limsup ¢ Z,
zgi,t\o

where “limsup” is the outer limit in Painlevé-Kuratowski convergence for subsets, and z Sz
means that z — z with z € C. The regular (Fréchet) normal cone of C at z € C' is defined by
Ne@@) ={veE|wz—2 <ol|z—2|) Vz e C},
and the limiting (Mordukhovich) normal cone of C at z € C' is defined by
Ne(2) := limsup N (2).
zgé

When C is a closed convex set, N (2) coincides with N (), and both of them are simply called
the normal cone of C' at z (in convex analysis [40]), i.e.,

{vel| (v,z—2z)<0Vze(C}, ifzeC,
0, otherwise.

Ne(z) = {

When C is a closed convex set, the tangent cone 7o (z) of C at Z € C can be defined by
To(z) == (Ne(2))° (cf. [43, Example 6.24]).

Given a function ¢ : & — (—o00,00] with Z € £ such that ¢(Z) is finite, according to [43,
Theorem 8.9], the (limiting) subdifferential of ¢ at z is defined by

Op(2) = {v | (v;—1) € Nepin(2:9(2))}, (2.1)

where epiy) := {(z;t) | t > 1(z)} is the epigraph of .
Given a set-valued mapping ¥ : £ = F |, we use gph¥ C £ X F to denote the graph of ¥,

ie.,

gph¥ :={(z;w) € Ex F|w e V(2)}.
The strict graphical (paratingent) derivative of ¥ at (Z;w) € gph¥ is defined by
DY (z,w)(u) ={veF| (uv) € 7;1;},\1,(2;@)}, u€é. (2.2)
Meanwhile, the limiting coderivative of ¥ at (z; @) € gph¥ is defined by
D*U(z,w)(v) :=={u € E|(u;—v) € Ngphw(Z; @)}, v eF. (2.3)

The set-valued mapping ¥ : £ = F is said to have the Aubin property at z € £ for w € ¥(z)
if there exist a constant x > 0 and open neighborhoods U of Z and V of w such that

V)NV CYU(2) +klz—72|Br Vz,2 €el,

where B is the closed unit ball in F centered at the origin. Moreover, such an Aubin property
has been equivalently characterized by the Mordukhovich criterion [29]. Specifically, under the
assumption that gphW is locally closed around (z;w) € gphW, the Aubin property of ¥ holds
at z for @ if and only if D*¥(z,w)(0) = {0}.



2.1 Coderivative related to positive semidefinite cone

This subsection briefly introduces the explicit formula of the limiting coderivative of the normal
cone mapping to 87, which was calculated by Ding et al. [10]. Let A € S” be given. It admits
an eigenvalue decomposition in the form of

Aaa
A=PAP" =P 05 P" with P = (P,,Ps P,), (2.4)
A

vy

where P € RP*? is an orthogonal matrix and A is a diagonal matrix with non-increasing diagonal
elements A1, ..., A\, (the eigenvalues of A) such that An, > 0 and A,y < 0. Here «, 8 and 7 are
three sets of indices with the cardinalities |a/, |3| and |y|. One has P, € Rr*lel, Py € RP*I8I
and P, € RP*I7l. We use ILsr (A) to denote the metric projection of A to the cone S (under

the Frobenius norm). For convenience, we denote A4 := sr (A)and A_ :=A—- A, € -S%.

Then, it is obvious that |a| and |y| are the ranks of Ay and A_, respectively. Recall that S¥
is a closed convex cone, and one has

Tor(Ay) ={Z e S” | Pg,ZPguy = 0}
Consequently, it holds that
lin(Tsz (A+)) ={Z € S” | Pj ZPs =0, P ZP, =0, P/ ZP, = 0}.

Note that (A4, A_) € gph\, ST and in the following we will introduce the explicit formulation
of the coderivative D*Nsi (A4, A_). For this purpose, denote the set of all partitions of the

index set 8 by Y3 and let IR‘f | be the set of all the vectors in R!#! whose components are
arranged in non-increasing order, i.e.,

]Rlzm :Z{zGR‘Bl|Z12222"'Zzlﬁ\}'

For any z € ]le‘, one can define D(z) € RIFIXIAl as the matrix whose elements (D(z)),

i,k €{1,...,|B|}, are given by

max{z;,0} — max{zx, 0}

€[0,1], if z; # 2,

Zi — Rk

(D(2))ik = 1, if z; =z > 0,
0, if z; =z, <0.
Define the set
T = {7 €SP Z= lim D), 2~ 0, Fe Rf'} c sl (2.5)

Let Z; € T|g. Then, there exists a partition 7(3) := (84, B0, f—) € P such that

Es. . Es, 5, (El)ﬁ+ﬁ—
T
Eg, 8o 0 0
(El)g+,6, 0 0

, (2.6)

w
|

where each element of (Z1)s, s_ belongs to the interval [0, 1]. Moreover, based on Z; one can
define the matrix

0 0 Ep p_ — (El)ﬁ+ﬁf
=g 1= 0 0 Eg,5_ . (2.7)
(Bsyp- — (E)pes )" Egp Es 5

Building upon the above definitions, the coderivative of N, sp can be explicitly given in the
following result.



Lemma 2.1. [10, Theorem 3.1 & Proposition 3.3] Suppose that A € SP has the eigenvalue
decomposition in (2.4). Then, U € D*Nsi (A, A_)(V) if and only if

0 0 Ua'y Vaa VozB Va'y
U=P| 0 U Upy |P" and V=P |Vsy Vs 0 |PT (2.8)
Uya Uyp Uy Via 0 0
with _ B _ B
Ugg € D*st\ (0, 0)(V5ﬂ) and Yoy 0o Uy — (Ea,y — Za,y) oVay =0, (2.9)

where U := PTUP € SP, V:=PTVPe SP, and X € RP*P is the matriz defined by

max{\;,0} — max{Ag,0}

Ei = y
» X — M

i,ke{l,...,p},

where 0/0 is defined to be 1. In addition, ﬁgﬁ € D*Nsm\ (0,0)(‘~/5g) holds if and only if there
+

exist a matriz =y € Yg in (2.5) and an orthogonal matriz O € RIPIXIBL such that
=10 OTﬁﬂBO ==50 OT"}ﬂBO, 0;0[71550130 =<0, and 0;0‘75,30130 =0, (2.10)

where (B4, Bo, B-) € P(B) is a partition such that Z; takes the form of (2.6) and Eq is given
by (2.7).

We make the following remarks on Lemma 2.1.

Remark 2.1. According to the definitions of Ay and A_, from (2.4) one can see that the
index set B corresponds to the failure of the strict complementarity. Specifically, the fact that
Ay € 8Y, A_ € S8 and (Af,A_) = 0 constitutes a complementarity condition, and this
complementarity is strict if A is not singular. When |38] # 0, an extensive non-smooth analysis

should be imposed to establish the relation between Ugg and Vgg in (2.8), resulting in a more
complicated coderivative inclusion (2.9) than the relationship for the other matriz pairs.

Remark 2.2. For the case that A = 0 in Lemma 2.1, one has |B| = p. Thus, by taking P
as the identity matriz, one can get ‘7g5 = V. In addition, one can further take B+ = B and
B— = Bo =0 to get a partition of B. In this case, from (2.6) and (2.7) one has 21 = Egg and
Sy =0 e SIPl. Then, one has that (2.10) holds with ﬁﬁg =0 € SIPl for any orthogonal matriz
O € RIFIXIBL. Consequently, one has 0 € D*Nsi (0,0)(V) for any V € SP.

Furthermore, to understand Lemma 2.1 more intuitively, one can consider the following
example, which is constructed from [10, Example 7.1].

Example 2.1. Consider the matrix

0o -2 -1 1 -1 0 -1 -1 -1
A=1-2 0 —-1| withA,=|-1 1 0| andA_=|-1 -1 -1
-1 -1 -1 0 0 0 -1 -1 -1
We have
1 1 1
2 0 0 \/51 \{g NG
A=P|0 0 O |PTwithP=|-% = 5|,
0 0 -3 0 -2 1
V6 V3

and that the index sets of positive, zero, and negative eigenvalues are given by « = {1}, 8 = {2},
and v = {3}. Also, we have S15 = 2. Since |B| =1 and O € {1,—1}, three cases should be
considered:

(1) 8=+, E1=1, and Z2 = 0. One has [722 =0.



(2) B=p0 and =21 = E3 =0. From (2.10) one has Uss < 0 and Vay < 0.
(8) B=pP-,E1 =0, and 22 = 1. One has Vay = 0.
Therefore, U € D*Nsi (Ay, A_)(V) if and only if

‘:/11 ‘:/12 Vis 0 0 [213
V=P|Va Voo 0 |PT and U=P| 0 Uy Us |P'
Vai 0 0 Ui Uszx U,y

with 2Uy3 = 3Vis and (Uaz; Vaz) € (R x {0}) U ({0} x R) U (R_ x R_).

2.2 Second-order sufficient conditions

In this subsection, we briefly introduce the second-order (sufficient) optimality conditions of the
NLSDP problem (1.8), which can be viewed as an extension of the discussions in [45].

Let Z be a stationary point of the NLSDP (1.8) and 7 = ((;T'1;...;Ty) € M(Z) be a
multiplier at #, where { € R™ and I'; € SP7 for all j = 1,...,J. From the KKT system (1.3)
we know that g;(z) € S and I € Nsij (gj()). For convenience, define

9(@) = (1 (z);...595()) and Aj:=g;(@)+T;, j=1,...,J

Then one has (4;); = g¢;(Z) and (4;)—- = I';. One also has the eigenvalue decomposition
Aj = P;A P asin (2.4) with Pj = ((Pj)a,, (Pj)s,, (P;)y,) being the corresponding orthogonal
matrix and A’ being the corresponding diagonal matrix of eigenvalues.

Recall that at a stationary point z € X of (1.1) with M(z) being nonempty, the critical
cone at x is defined by

Cz) == {d e X | G'(2)d € Te(G(x)), f'(x)d = 0}.

Then, following the discussions in [45, Section 3], the critical cone of (1.8) at Z can be explicitly
given as

) = {d|h'(z)d =0, gj(z)d € C(A;;SY), j=1,...,J}, (2.11)
where for each j =1,...,J,

C(Aj;spj) =1, s (gj( ))
={Zes"|(P ) Z(P; 0, (P)3,Z(Pj)~; = 0, (Pj)y,Z(Pj)~, = 0}.

Vi

(2.12)

According to [7, Section 4.6.1], for a feasible point x € X of (1.1), it is called nondegenerate
[38], or the constraint nondegeneracy [39] is called to hold at x, if
G' ()X +1in(Te(G(x))) = V. (2.13)

Then for the NLSDP (1.8), the constraint nondegeneracy condition (2.13) at T can be written

(Z/Ex;) X+ (H I|n('§2; (g;-(;z)))) = (H;{R:nspj> : (2.14)

Note that (2.14) implies that M(Z) is a singleton, i.e., g is the unique multiplier at Z. In this
case, by following the proof of [45, Proposition 3.1] one can get from (2.11) that

8

aff(C(z) = {deX | W(@)d= O,g}(f)d € aff(C(A}; ), 1

=1
= {d c x| M@d=0(F i), (95(2)d) (Py)s, =0, } ' (2.15)
i) J

)d =
(P;)y, (9] ())(Pg) =0,7=1...,




Next, we discuss the second-order optimality conditions for (1.8). With Z being a stationary
point of (1.8) and § = ((;Ty;...;Ty) € M(Z), we define the self-adjoint linear operator Q :
X — X by

J
(d,Qd) = (d, V2, L(&,5)d) —2Y (T, (9(@)d)(9;(2)) (g(2)d)), d € X, (2.16)
j=1
where (g;(7))" denotes the Moore—Penrose pseudoinverse of g;(z) for all j = 1,...,J. Based

on (2.16), the second-order sufficient condition and the strong second-order sufficient condition
(SSOSC) for (1.8) are defined as follows.

Definition 2.1. Let T be a stationary point of (1.8) with j = (¢;T1;...;T ;) € M(Z) and C(%)
be the critical cone at T. Let Q : X — X be the self-adjoint linear operator defined by (2.16).
We say that the second-order sufficient condition holds at (Z;g) if

(d,Qd) >0 VvdeC(z)\{0}. (2.17)
Moreover, we say that the SSOSC holds at (Z; ) if
(d,Qd) >0 Vd e aff(C(z))\{0}. (2.18)

Remark 2.3. In Definition 2.1, the second-order sufficient condition given by (2.17) comes
from [4], while the SSOSC is a straightforward extension and simplification of [45, Definition
3.2] from the case that J =1 to the general setting. It is the same as [45, Definition 3.2] when
J =1 and the constraint nondegeneracy holds.

The following result on the relationship between the Aubin property of SkkT and the second-
order sufficient condition (2.17) comes from [11, Corollary 25]. It constitutes the starting point
of our analysis.

Lemma 2.2. Let T be a locally optimal solution to (1.8) with § € M(Z). Suppose that the
Aubin property of Skxr in (1.6) holds at (0;0) for (Z;y). Then, T is nondegenerate, in the
sense that (2.14) holds, and the second-order sufficient condition (2.17) in Definition 2.1 holds
with Q being defined in (2.16).

2.3 Technical lemmas

In this part, we provide three technical lemmas for our discussions. These results are not
specialized only for the problems considered here. The first lemma is about the polar cone.

Lemma 2.3 ([43, Corollary 11.25(d)]). Let H : € — F be a linear operator and K C F be a
closed nonempty convexr cone. Then the set C :={z € £ | Hz € K} is also a closed convex cone
and one has

C° =cl{H"v |ve K},
where the closure operation is superfluous if 0 is in the interior of {K — rgeH}.
The following lemma gives a variational characterization of self-adjoint positive definite

operators. One can also see [20, Proposition 3.1] for a more straightforward proof based on the
Moreau decomposition.

Lemma 2.4 ([18, Theorem 3.6]). Let H : &€ — & be an invertible self-adjoint linear operator
and C be a closed convex cone in E. Then

(z,Hz) > 0 Vz € C\{0} and

(z,Hz) >0 Vze&\{0} < {<Z,’H_1z>>OVZ€CO\{O}'



The following lemma discusses Robinson’s constraint qualification [36] of a special constraint
system. Recall that for the general constraint system G(z) € K in (1.1), we say that Robinson’s
constraint qualification holds at a point € X such that G(z) € Kif0 € int {G(z)+G (z) ¥ —-K}.
According to [7, Proposition 2.97 & Corollary 2.98], this constraint qualification is equivalent
to

G'(2)X + Ti(G(z)) = V.

Moreover, if Robinson’s constraint qualification holds at a locally optimal solution Z of (1.1),
then the set of multipliers M(Z) is non-empty, convex and compact [7, Theorem 3.9].

Lemma 2.5. Let H : £ — F be a linear operator and K C F be a nonempty closed convex cone.
Then, Robinson’s constraint qualification holds at any feasible point to the constraint system

1
z—Hv=0, §(Hv||271):0, and v € K. (2.19)
Proof. Suppose that (z;9) € € x F is a given feasible point to the constraint system (2.19). Let
(A;;0;A,) € EXR X F be arbitrarily chosen. To show that Robinson’s constraint qualification

holds at (Z;7) we need to find z € £, v € F and u € T (¥) such that

z—Hv=A,, (2.20a)
(B,0) =, (2.20b)
v+u=A,. (2.20¢)

Since K is a closed convex cone, from [43, Example 6.24] we know that Nx(v) = (T (9))°.
Then by Moreau’s decomposition theorem [40, Theorem 31.5] we know that one can uniquely
decompose A, by A, = Al + A” such that

AL € Tg(@), Al € Nk(v), and (A, Al)=0.

One can take vy := Al € Ng(v) and ug := Al € Tk (9), so that vo + up = A,. Moreover, it is
easy to see from v € K that

A€ T (D) with X := (7,v9) — 0.

Then, by letting v := vy — A0 and u := ug + AU one has u € Tk (¥) and that (2.20c) holds.
Moreover, since ||5|| = 1, we have (0, v) = (U, v9 — A\T) = (T, v9) — A = §, so that (2.20b) is valid.
Then, letting z := A, + H*v, we have that (2.20a) holds. This completes the proof. O

3 Implications of the Aubin property for NLSDP

In this section, we study the implications of the Aubin property of the solution mapping SxkT
in (1.6) for the NLSDP problem (1.8). Throughout this section, we set G(x) := (h(z); g(z)) =
(h(z);91(x);...595(x)), Y = ]Rmx]_[j:1 SPiand K := {0 € ]Rm}x]_[j:l 8% in (1.1). Moreover,
we make no distinction between the general constraint optimization problem (1.1) and the
NLSDP problem (1.8) for convenience.

3.1 A reduction method for NLSDP

This part exploits the Aubin property of the solution mapping SkxT in (1.6). Note that if
SkkT in (1.6) has the Aubin property at (0;0) € X x Y for (Z; ), the tilt perturbation solution
mapping Sgg, defined by

Sce(a) :={z € X|a € Vf(z) + VG(x)Nk(G(z))}, (3.1)

also has the Aubin property at 0 € X for £. Moreover, according to the Mordukhovich criterion
[29], the latter Aubin property holds if and only if

D*Sce(0,7)(0) = {0}
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Next, we use a reduction method to get more accessible results from the original formula of
the Mordukhovich criterion. Since K is C?-cone reducible at every y € K, one can utilize the
second-order chain rule developed in [33, Theorem 7], as a generalization of [31, Theorem 3.4],
to get the following result.

Lemma 3.1. Let T be a stationary point of (1.8) with § € M(Z). Suppose that T is nondegen-
erate, i.e., (2.14) holds. Then one has

D*Sge(0,2)(0) = {—d | 0 € V2,L(Z,5)d + VG(2)D*Ni(G(z), ) (G (z)d) } -

Proof. The proof follows directly from [33, Theorem 20], in which K was assumed to be a
second-order cone, but it still holds when I is a general closed convex set. o

Next, we apply Lemmas 2.1 and 3.1 to the NLSDP problem (1.8) to obtain the following
result.

Proposition 3.1. Let T be a nondegenerate stationary point of (1.8) such that j = (¢;Ty;...5Ty) €
M(Z). For j € {1,...,J}, define A; = g;(Z) + T and write its eigenvalue decomposition
Aj = PN P as in (2.4) with Py = ((Pj)a,, (Pj)s; (P )+,) being the corresponding orthogonal
matriz and A7 being the corresponding diagonal matriz of eigenvalues. Then, the mapping Scg
defined by (3.1) has the Aubin property at 0 for T if and only if

Ul Ul
BB Bivi T
Qd ¢ rge(Vh(z {ngj i) 85Uy (U] J J) ﬁj; i (Pj)ﬁju»yj
Bivi YiVi

(3.2)
' Uj 5 € DN, el 1(0,0)((P)) g, (95(2)d)(P))g;)

} vd € aff(C(z))\{0},
VU3 . € Rlﬁylxlwl,Ugm eshil j=1,...,J

where Q is the linear operator defined by (2.16).

Proof. From Lemma 3.1 we know that the mapping Sqgg defined by (3.1) has the Aubin property
at 0 for z if and only if

VieL(@ g)d ¢ —Vh@)D*Nioy(h(2),¢) (W (7)d)

S V@D N @ D) @) vozdex. Y

In the following, we will reformulate the right-hand side of (3.3) into an explicit form by using
specific formulas of coderivatives for normal cones. On the one hand, since h(Z) = 0, it is easy
to see from the definition of the coderivative in (2.3) that

D*Nioy (h(2), C) (M (z)d) = {Rmv if 1'(z)d = 0,

0, otherwise.

On the other hand, for all j = 1,...,J, by applying Lemma 2.1 to A := A; = ¢;(Z) + ['; and

V = V7 = g(z)d we know that U’ € D*Ngr, (9;(%),T;)(g}(T)d) holds if and only if U := U’
¥

and V can be expressed as in (2.8) with o := «;, 8 := 8; and 7 := ; such that (2.9) holds.

Since Z is nondegenerate, from the formula of aff(C(Z)) given in (2.15) one can see that (3.3)
holds if and only if

V2, L(z,7)d ¢ rge(Vh(z ngj YU, vd € aff(C(z))\{0}, (3.4)
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where with fgﬂj = (Pj); (95(%)d)(Pj),, and XN/ﬁjjﬁj = (Pj)gj (95(@)d)(Pj)s;, the set U7, is
defined by

0 0 gz]’YJ
U7 o= {Pj 0 U, Uhoy | BF
(Ugeﬂj )" (U,Kji’; Vi )’ U'JY] v
ﬁé 8, c D*stj‘ (0, 0)(‘/5].1[3:‘)’ }
aﬂj ngﬂ] = (Ba,n, _EgejVj)OV£j7j’ i=t-d |

in which the matrix ¥7 is defined by

E]k ': max{A{,O} - m_ax{)\i,()}
N =\,

Coikef{l,...pti=1,...J (3.5)

where 0/0 is defined to be 1 and each )\g is the i-th diagonal element of AJ. Note that for any
Ul el j=1,...,J,it holds that

0 0 Ug@%
i — p. (77 T
Ul ="p - 0 . UﬂJﬂJT QBJW Pj
. ; .
(Uéﬂj) (Uﬁﬂj> U"jrm
and ¥, Uéﬂ] = (Ea,~; — Za,~,) © ‘Zgﬂj. Then, from the definition of 3, , in (3.5) one

can see that for any 7 € oj and k € y; it holds that

N~ N,
—— Ui]k + szk =
o=\ =\

Consequently, one has \/ ﬁfk )\J Vi 7 = 0. Therefore, it holds that

Ul 4+ N, )W AN =0, j=1,...,J (3.6)

Y5 Qj Qg QGG

Next, we provide an equivalent reformulation of the last term! in (2.16) for defining the linear
operator Q, for the purpose of studying the left-hand side of (3.2). Note that for any d € X
one has ¢}(Z)d € 8P and (g;(z))" € 8P7. Therefore, it holds that

( (@)d) + (95 ()T (g5(@)A)T 5, g5(7)d), (3.7)
= (Vg;(@)(T;(g;(@)d)(9; (@) + (9; (@) (g5 (@)AT;), d) Vj=1,....

One can see from the eigenvalue decomposition of g;(Z) + [; = A; = P;A Pj‘r and ‘Ngﬂj _
(Pj)aj (gj( )d)(P;)-, that

_ (Adyo,) ™! 0
(9;(2)(gj(@))T; = P; 0 ) P (g;(@)d)P, o P
0 A, s
1 . o~ . °
0 0 (Ada,)” ng 2 i, 00 -U3,, .
=P |0 0 0 P P10 0 0 P,
0 0 0 0 0 0

IThis term was known as the “sigma term” (cf. [5, p. 177]).
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where the last equality comes from (3.6). Similarly, one also has that

0 00
Li(gy(@)d)(g; @)t =p( 0 0 0) P (3.9)
~Ui., 00

Then, by putting (3.7), (3.8) and (3.9) together, one can see that

0 0 76&‘%
2(Ly, (g(z)d)(g; ()1 (g)(z)d)) = <V9j($)Pj 0 0 0 P, d> - (3.10)
~Uisn; 0 0

Now, one can see from the definition of Q in (2.16) and (3.10) that (3.2) holds if and only if
(3.4) holds. This completes the proof. O

Proposition 3.1 may seem complicated and confusing, but in fact, it represents the first step
of our reduction method. Taking a look at (3.2), only the 5; and +; parts remain, and we have
reduced the a; part in g;(Z) + I';. When the assumptions in Proposition 3.1 hold, one can

further define the linear operator B : X — R™ x szl(]RWJ'X'W x Shil) by
n(z)d

(274, [91(2)d] Py, 5 P\ [g1 (2)d] Py, )

Bd: . dexX. (3.11)

(2P], [gf](f)d]PwJ,PT [95(2)d] Py, )

From (2.15) one can see that ker(B) = aff(C(Z)), which is a finite-dimensional subspace of X'. Let

r be the dimension of ker(B). Then, a collection of linearly independent vectors wy,...,w, € X
can be found such that span{ws,...,w,} = ker(B). Moreover, one can define the linear operator
W:R" — ker(B) via
WV:ZViwi, v=(v1;...;v) €R". (3.12)
i=1

Consequently, rge(W) = ker(B) = aff(C(Z)). Based on the definition of W in (3.12) we have the
following result from Proposition 3.1.

Proposition 3.2. Suppose that the conditions of Proposition 3.1 are satisfied. Let Q be the
linear operator defined by (2.16) and W be the linear operator defined by (3.12). Then, the
mapping Sgr defined by (3.1) has the Aubin property at 0 for T if and only if

W* QW ¢ { ZW Vg;(2)(Py)p,Ub, 5, (P,
= (3.13)

| Us,s, € DN, 51231 (0, 0)((Z, i), (95 (2)Wr) (P, )ﬁj)} Vv € R"\{0}.

Proof. From proposition 3.1 we know that the the mapping Sgg defined by (3.1) for the NLSDP
problem (1.8) has the Aubin property at 0 for Z if and only if (3.2) holds. Note that W in
(3.12) is well-defined and rge(WW) = aff(C(Z)). Therefore, such an Aubin property of Sgg holds
if and only if

i i
_ BiB Bivi T
AWv ¢ rge Vh { E :VQJ x ﬁJU'VJ (Uj ' ])T U]J J (Pj)ﬁjU’Yj
ﬂ]'Y] Yivi

- (3.14)
‘ Ub,, € D"Ngio1 (0,00 ((P)3, (95 @WVv) (Fy) )

56 =~ Vv € R™\{0}.
VUéj’Yj c R\BJ\X\VH,U,JM_,Y], e Shil ,J=1,...,J
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Consequently, it is sufficient to prove that (3.14) and (3.13) are equivalent.
First, suppose that (3.13) does not hold, i.e., there exists a nonzero vector 7 € R" such that

W* QWi = Zw Vi (2)(P))s, U7 5 (P)), (3.15)
Jj=1
with _
UB]‘B]‘ € D*Ns‘fj‘ (0, 0)((P ) (g](fc)Wu)( )ﬂ;) J=1....J
Denote i := QW©v. From (3.15) one has
fi + Z Vg, (z U}, 5. (P))5, € ker(W"). (3.16)

Recall that the linear operator B in (3.11) is well-defined and
ker(W*) = (rge(W))* =(ker(B))* = rge(B*).

Thus, we calculate rge(B*) to further reformulate (3.16). Note that for any d € X, £ € R™,
U, € RWGb<hal gg | e Shill j=1,...,J, it holds from (3.11) that

(B (6 Ok, V)i 5 Wiy i02)) )
- <(€ (U3 Vs )i (Uﬁ,»y,’UQ]JW)) ,Bd>

= (€W (@) )
+2<UM POLIS@AP) ) + 30 (V. (B 5P, )
= (Vh().d)

-

+2Z< Ul P-)Ij,g;(:z)d> n <(Pj)%. vl (Pj)jj,g;(:z)d>.

We know that g7(Z)d is symmetric for all j = 1,...J. Therefore, one has

<B* (5’ (Uéj'yj' ; U’iJ’Y]) (UBJ’YJ’ U:Y]J'YJ)) ) d>

Jj=

1

J

[

7 J
+ Z <(Pj)ﬁj Ug'j’)’j (Pj)'jj ) g;(f)d> + Z <(Pj)'w‘ U’jy.j’m (Pj)'jj ’ g;(j)d> (3.17)
= (Vh(z)§ + Z V;(@)(Py)a; (Uh,,) T (P,

+ng] ﬁJ’Y] ’YJ +ngj ’7]’7] (P )I’J d>

Then by combining (3.16) and the formula of rge(B*) = ker(W*) given by (3.17) one can get

Uy, U
I € rge(Vh(z { Z Vg;(Z)(P})s;0n; ; ’ ]T ]ﬂ] (Pj)[—irju'yj
(UBJW) U'YJ'YJ

‘ Uk, € D* Ny (0,0) ()3, (65 @)Wr) (Py)s,) }
VUéﬂj c R\By\xml,[jgy‘m eShl, j=1,...,J
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which contradicts (3.14) since i = QW&w. Therefore, (3.14) implies (3.13).
Next, suppose that (3.14) does not hold, i.e., there exist two vectors 7 € R" and £ € R™,
the matrices o _
U, € RSBl g7 e sull =1,

and the matrices

Uh,a, € D"Ngost (0,00 ()5, (65 @DWVO)(Pi)gy) s G =1,

such that
J T 0
~ _ — iR 375 T
QWP = Vh@)E =) Vo @Edmony | o r g | Ao
Jj=1 B3vi Vivi

Note that for any vector v € R", it holds that Wv € ker(B) = aff(C(Z)). Then by using (2.15)
one has for all ¥ € R" it holds that

(v, W*QWr)
= (v, W*Vh(2)6)
G
-Yia <v,w*ng<f><Pj>M< s ~§”><PJ>M>

rrj
(UBJ Vj ViVi

= (W)W, §)
- Zj:l (Pj);irjuryj (gé (i‘)wy)(Pj)ﬂjU’Yw

(ﬁj )T

r7J r7J
Uﬁj B Uﬁﬂj >
Bjv;

7,
= =X (P35 @W)(P)s,. T )

= (m WV @) ()5, TG, (P, )

which means that W*OQWrv = —ijl W*Vg;(Z)(Pj)s, ﬁéjﬁj (PJ)EJ Therefore, (3.13) also
implies (3.14). Consequently, (3.13) is equivalent to (3.14), which completes the proof. O

Propositions 3.1 and 3.2 constitute the reduction method by reformulating the Mordukhovich
criterion to characterize the Aubin property of Sgr defined by (3.1) to that given by (3.13),
in which only the indices 3; are involved while the indices o; and «y; are eliminated. Such a
reduction provides a more accessible form of the Aubin property, which is convenient for the
discussions on obtaining the SSOSC from the second-order sufficient condition. Before that, we
provide a useful result based on Proposition 3.2.

Corollary 3.1. Under the conditions of Proposition 3.2, the linear operator W*QW is a non-
singular matrix in S”.

Proof. Note that W*QW € 8" holds by definition. Suppose on the contrary that there exists
a nonzero vector 7 € R” such that W*QWwv = 0. According to the discussions in Remark 2.2
one can set

03,5, i= 0 € DN 1o, (0,0)(P)S, (G5 @WR)(P)s,), 5= Lo .

* _ J . - ~j . .
As a result, one has W QWv = 0 = — 37, W*Vg;(Z)(P;)g, Ué]ﬂj (Pj)gj, which contradicts
(3.13). Consequently, W*QW is not singular. O
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3.2 Aubin property implies SSOSC

Note that Proposition 3.2 in the previous subsection provides a characterization of the Aubin
property of the mapping Sqr defined by (3.1) using only the indices ;. In this part, our
objective is to utilize (3.13) and the second-order sufficient condition in (2.17) (as a consequence
of the Aubin property of Skxr for locally optimal solutions by Lemma 2.2) to derive the
SSOSC in (2.18). For this purpose, we need to first reformulate the two second-order optimality
conditions to pave the way for using Proposition 3.2.
Under the conditions of Proposition 3.2, define a linear operator A : R” — SIA1l x ... x SIAJ
by
Av = (Ayv;. .. Ajv), (3.18)

where the linear operators A; : R — Slil j=1,...,J, are given by
Ay = (P} (g @W0)(P)s, ve R,
Then, one can define the closed convex cone 2 C R" by
Q={veR"|Ar>0,j=1,...,J}

Note that Z is nondegenerate, and the linear operators B in (3.11) and W in (3.12) are well
defined with rge(W) = ker(B) = aff(C(z)). Thus, for any d € aff(C(Z)) there exists a vector
v € R" such that d = Wv. Consequently, the SSOSC (2.18) can be equivalently written as

(v, W*OWv) >0 Vv e R"\{0}. (3.19)
Moreover, recall from (2.11), (2.12) and (2.15) that

W(z)d = ()((@)d()zo,
(Pj) g, (g5(2)d)(Pj)~, =0,

J

(
(Pj)y, (g5(@)A)(P)y; =0, j=1,....J
:{de;c]deafr(C(f)),( D5 (g5 @A) (Pr) s, o,j:1,...,J}.

Therefore, the second-order sufficient condition (2.17) can be equivalently recast as

(v, W OWv) >0 Yr e Q\{0}. (3.20)

C(z) de X

Note that by Corollary 3.1, the matrix W* QW is nonsingular. Then, by using Lemma 2.4 and
(3.20) we know that (3.19) holds if and only if

(n, WoW)™'n) >0 Vne\{o}. (3.21)

In the following, we show that the conditions of Lemma 2.2 can actually imply (3.19), hence
the SSOSC given by (2.18), which constitutes a remarkable improvement to the second-order
sufficient condition in this Lemma. To achieve this, we need the explicit formula of £2°, and the
following result is essential.

Lemma 3.2. Under the conditions of Proposition 3.2, the linear operator A defined by (3.18)
18 surjective.

Proof. Since the constraint nondegeneracy (2.14) holds, for any given Y; € 8%, j =1,...,J,
one can always find a vector d € X and the matrices

Zj € lin(Tsni(9()))
—(Z; e8| (P Db, Zi(Payuy, =04 G=1,...,J

such that
K (z)d =0,
(Yj)ajaj (Yj)%ﬂj (Yj)aﬂj
g;(@)d+ Z; =P | (Yi)ge;  (Y5)s; 0 Pl j=1,...,J
ey 0 0
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Consequently, it holds that

(Pj)(;-zj(Pj)a] (PJ); J(Pj)ﬁj (PJ); ](P])’YJ
PjT(gé(j)CUPJJF (Pj)q_,Zj(Pj)ozj 0 0
(P))], Z;(P;)a, 0 0
(Yj)ajaj (Yj)ayﬂg (Yj)aﬂ]
= Y)ga;  (Yi)8 0 ;o g=10
J)vjey 0 0

Since (Y})p,;5, can be any matrix in S5l one can see that the linear operator A defined by
(3.18) is subjective. This completes the proof. O

Since A is subjective by Lemma 3.2, one can explicitly calculate from Lemma 2.3 that
0° = {A*(0;...;0,) | ©; € =87 j=1,....J}

SN . , (3.22)
=3 WV (@)(Py)p,0;(Py)5, 10, <0, j=1,...,J
j=1

Now, we are ready to present the main result of this section.

Theorem 3.1. Let T be a locally optimal solution to the NLSDP problem (1.8) and § =
(¢;Ty;...;Ty) € M(Z) be a multiplier at Z. Suppose that the solution mapping Sxxr in (1.6)
has the Aubin property at (0;0) for (Z;y). Then, the SSOSC (2.18) in Definition 2.1 holds at
(Z;§) with Q being defined in (2.16).

Proof. Following the notation of Proposition 3.2, for j € {1,...,J}, define 4; := g;(Z)+T; and
write its eigenvalue decomposition A; = P;A7P;T as in (2.4) with Pj = ((Pj)a,, (Pj)s;, (Pj)y;)
being the corresponding orthogonal matrix and A7 being the corresponding diagonal matrix of
eigenvalues. Then, from the above analysis, we only need to prove that (3.21) holds.

We start by considering the following auxiliary optimization problem

3(n, W QW) ~1n)
n— 3 WVg;(2)(P;)s,0;(P))}, =0,

J
s.t. 3= 164]17 = 1) =0,
0, <0, j=1,...,J

min
neR”,0,; €873

(3.23)

Since the feasible set of (3.23) is compact, the minimum of the objective function can be
attained at a certain solution (7;01;...;0). Moreover, by applying Lemma 2.5 with H =
A K = —(Sfl‘ X - X Sf"'), E=R" and F = 8Pl x ... x SIB71_ one has that Robinson’s
constraint qualification holds for the constraint in (3.23) at (77;01;...;0;). Consequently,
we know from [7, Theorem 3.9] that there exists a Lagrange multiplier (p;7;Ay;...;Ay) €
R x R x SIA1l x ... x S8l at (73;04;...;0,) such that the following KKT system of (3.23)
holds:

W QW)~'i+ p =0,

—(P)) 5, (g5 (@)Wp)(P))s, +TO; + A5 =0,

n— Z.jjzl W*Vg; (‘i')(Pj)ﬂj (:)j (PJ)EJ =0, (3.24)

It is obvious that

J
W QWp = —=—> W*Vg;(z)(P;)s,0;(P;)}, - (3.25)



Moreover, from (3.24) one can also see that Z'j]:l ;]I = 1, so that

S\ (3.26)

J
P> WV (2)(P))s, ©,(P)5, ) = (pyil) = — (i, V" QW) 7).

P

- - ((M)aya; O 0
0;+A; =0; 0 0,3 0 O/, j=1,....J,
0 0 (A5,

where each O; is an orthogonal matrix such that (A;)a,a, = 0 and (A;)5,5, < 0. In this case,
it holds that

~ [0sa;, O 0 )
©;,=0,1 0 055 O o, j=1,....J
0 0 (A
and _
B B B (Aj)&j&j 0 0 B
A;+70; =0; 0 0,3, 0 O/, j=1,...,J (3.27)
0 0 ?(Aj)’%"%

For an arbitrarily given index j € {1,...,J}, one can take B4y = &;, o = 3; U7; and B_ = 0)
in (2.6) and (2.7) to set

Qj
0 and Z, =0 € SlFl,
0

Consequently, it holds that

Q

(3.28)

=10 OT(:)J‘O_ =0==5 OO_T(A]‘ —l—?éj)
016,05 <0,

Now, suppose on the contrary that (3.21) does not hold. With the help of the explicit formula
of Q° in (3.22), it is easy to see that the optimal value of (3.23) is not positive, so that 7 > 0
by (3.26). Thus, by (3.27) one has

05,(8; +76;)05, <0,
which, together with (3.28) and Lemma 2.1, implies that

6, ¢ D*stﬂ(O, 0)(A; +70;) = D*stﬂ (0,0)((Py)3, (g5 (2)Wh)(P))5,),

where the equality holds from the second line of (3.24). Note that such an inclusion holds simul-

taneously for all j = 1,...,J. Thus, this inclusion, together with (3.25), makes a contradiction
to (3.13) in Proposition 3.2 (with ¥ = p and Uéjﬁj =0, forallj=1,...,J). Consequently, we
know that (3.21) is valid, which completes the proof. O
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4 Characterizations of the Aubin property for NLSDP

This section establishes the equivalent characterizations of the Aubin property of Skt in (1.6)
at (0;0) for (Z;y) with T being a locally optimal solution to the NLSDP problem (1.8) and
g e M(z).

We first review some related concepts in variational analysis. As mentioned in Section 1,
the Aubin property is related to the strong metric regularity [17, Definition 2.5]. Specifically,
for a set-valued mapping ¥ : £ = F, one has U is strongly metrically regular at (z; @) € gph¥
if ¥~! has the Aubin property at w for z, and there exist neighborhoods U of z and V of w,
such that U—!(w) N is a singleton for all w € V. The following result provides a criterion for
characterizing the strong metric regularity.

Lemma 4.1. [17, Theorem 2.7] U is strongly metrically reqular at (Z;w) € gph(¥) if and only
if for all w € F and z € £, one has

0€D'V(z,w)(w) = w=0 and 0€ DY (Z,0)(z) = z2=0,
where D, refers to the strict graphical derivative defined in (2.2).

Recall that the KKT system (1.3) can be equivalently written as the nonsmooth equation

._ Vzﬁ(:c,y) _
F(z,y) := (G(z)+H;¢(G(x)+y)) =0. (4.1)

Since F' is locally Lipschitz continuous around (Z;§), it is almost everywhere differentiable in
a neighborhood V of (Z;¥) by Rademacher’s theorem [43, Theorem 9.60]. We use Drp C V to
denote the set of points at which F' is differentiable. The Bouligand subdifferential of F' at
(Z;9) is defined by

OpF(z,7) = {veX x V|3 (xx;ux) 25 (2;9) with F'(zx, yx) — v}

Moreover, the Clarke generalized Jacobian of F' at (Z;g) is defined by

OF (z,7) := conv(0p F(Z, 7)),

i.e., the convex hull of g F(Z, 7).
The perturbed KKT system (1.4) corresponds to a two-parametric optimization problem

Eéi;? o(z,b) — (a, ), (4.2)
where
d(x,b) := f(x) + 0k (G(x) + b) (4.3)

with dx(-) being the indicator function of K in convex analysis [40]. When a = 0 € X and
b =0 € Y, one has (4.2) is exactly (1.1). Given ¢ > 0 and (Z;b) € X x Y such that ¢(z,b) is
finite, one can define

Mb(a’a b) = argmin{¢(za b) - (a,x> | ||1' - i'” < L}a
reX (44)
m(a,8) = inf {6(z,5) — (a,2) | | — 7] < 1}

We say the point 7 is a Lipschitzian fully stable local minimizer [30, Definition 3.2] of (4.2) at
(a; ) if there exist numbers x > 0,. > 0 and a neighborhood V of (a;b) such that the mapping
M, (a,b) is single-valued on V with M, (a,b) = Z satisfying

| M, (a1,b1) — M, (az,b2)| < kl/(a1;01) — (az;b2)|| ¥ (a1;b1), (az;b2) €V,

and that the function m,(a,b) is also Lipschitz continuous on V. Unlike Skkr, the mapping
M, (a,b) focuses mainly on locally optimal solutions.
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Recently, Rockafellar [41, 42] introduced the strong variational sufficient condition for local
optimality and provided several characterizations of this abstract property. With ¢ defined in
(4.3), one can reformulate (1.1) to

i b) st. b=0.
SHn ¢(z,b) s

Define the function ¢y (z,b) := ¢(x,b) + £||b||2. The following definition comes from [42, Section
2].

Definition 4.1. The (strong) variational sufficient condition for local optimality in (1.1) holds
with respect to a solution (Z;y) to the KKT system (1.3) if there exists £ > 0 such that ¢, is
(strongly) variationally convex with respect to the pair ((Z;0), (0;7)) € gph(d¢e), i.e., there exist
open convex neighborhoods U of (Z;0) and V of (0;4), and a closed proper (strongly) convex
function o0 < ¢p on U such that

(U x V) Ngph(de) = (U x V) N gph(I¢r),

and o(xz,b) = ¢e(x,b) holds for ((x;b); (a;y)) belonging to this common set. Here, Dp is the
subdifferential in convexr analysis and O¢y is the limiting subdifferential defined in (2.1).

Remark 4.1. For a special case (J =1 and m = 0) of the NLSDP problem (1.8), the strong
variational sufficient condition (with respect to a solution (T;7) to the KKT system (1.3)) and
the SSOSC (2.18) (for the same (T;7)) were proved to be equivalent in [46, Theorem 8.3]. This
equivalence can be extended to the NLSDP problem (1.8) in its general form with ease by directly
following their proof.

More recently, the primal-dual full stability was studied in [2] as an extension of the above
(primal) full stability. Specifically, given § € M(Z), in addition to M, in (4.4), one defines

M (a,b) = {(z,y) | v € M(a,b), (a,y) € Ip(w,b), [ly — 7] < ¢}

We say that the primal-dual pair (Z;g) is fully stable [2, Definition 1.4] in problem (1.8) if there
exist a number ¢ > 0 and a neighborhood V of (0;0) such that the mapping M, is single-valued
and Lipschitz continuous in V, and the function m, is likewise Lipschitz continuous on V.

Based on the above definitions, the following result holds regarding the equivalent character-
izations of the Aubin property for the solution mapping Skxr in (1.6) of the NLSDP problem
(1.8).

Theorem 4.1. Let T be a locally optimal solution to the NLSDP problem (1.8) and § =
(¢;Ty;...5T ) € M(Z) be a multiplier at T. Then, the following statements are equivalent:

(i) The solution mapping Skkr in (1.6) has the Aubin property at (0;0) for (Z;7).

(ii) The strong second-order sufficient condition (2.18) holds at (Z;§) and T is nondegenerate,
i.e., (2.14) holds.

(iii) Any element of the Clarke generalized Jacobian OF (Z,4) is nonsingular, where the function
F is defined in (4.1).

(iv) The KKT point (Z;7) is a strongly regular solution to the generalized equation (1.7) (or
the KKT system (1.5)).

(v) The mapping ® in (1.7) is strongly metrically regular at (Z;y) for (0;0).
(vi) For any w € X x Y with 0 € D*®(Z,y)(w), one has w = 0.

(vil) The strong variational sufficient condition in Definition 4.1 holds with respect to (Z;q),
and T is nondegenerate, i.e., (2.14) holds.

(viii) & is a Lipschitzian fully stable local minimizer of (4.2), and T is nondegenerate, i.e.,

(2.14) holds.
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(ix) The primal-dual pair (Z; ) is fully stable in (1.8).

Proof. One has (i) = (ii) from Theorem 3.1 and [25, Theorem 1]. By simply repeating the
proof of [45, Proposition 3.2] one can get (ii) = (iii) = (iv). It follows by [37, Corollary 2.2]
and the definition that (iv) = (v) holds. From Lemma 4.1 and the Mordukhovich criterion for
the Aubin property [43, Theorem 9.40] one has (v) = (vi) = (i). According to Remark 4.1 we
know that (ii) < (vii). One also has from [30, Theorem 5.6] that (iv) < (viii). Moreover, from
[2, Theorems 2.3 & 4.2] we have (v) < (ix). This completes the proof. O

In the following, we introduce an example to help with understanding Theorem 4.1, focusing
on the equivalence of (i), (ii), and (iii).

Example 4.1. Consider the following optimization problem

. 1 1
min () = gl - 5o,
st h(zx):=x11—-1=0,

g(z) ==z € S3.

(4.5)

The unique optimal solution T of (4.5) and its unique Lagrange multiplier § are given by

1 0 0 o ~ - 0
z=(0 0 O and g=(¢,T) with (=0, T'=10
0 0 0 0

o O O

0
0
0

It is easy to verify by definition that the constraint nondegeneracy holds at T for (4.5). By direct
calculations the linear operator Q and B defined in (2.16) and (3.11) are given by

0 diz diz
Qd = |dy1 doa dos and Bd=d;1 Vde S;s.
d31 d3z ds3

Note that one can find a basis for kerB given by

{W1,W2,w3,W4,W5}

010 0 0 1 0 00 0 00 0 00
—2(1 0 0],l0o0 o], {01 0],[oo0 1], |00 0
0 0 0 1 0 0 0 0 O 01 0 0 0 1
Taking this basis for the definition of W in (3.12), one can get
W*QWu = (2u1; 209533 25 v5) - Vv = (v1; v0; 133 15 v5) € RO, (4.6)

Thus the SOSC (3.20) holds, and one can use the Aubin property of Sgg to obtain the SSOSC.
According to Proposition 3.2, the Aubin property of Sgg at O for T can be equivalently
expressed as that for all 0 # v € RS,

21/1 0

2:0,2 ¢ —222 ’ (“22 “23> € D* N2 (0,0) (”3 ”4> (4.7)
U u A vy U ’ ’

21/4 — U3 — U32 32 33 4 5

Vs —Uu33

If (4.7) does not hold, there exists a certain nonzero v € R® such that

M =1=0 and — <”3 ”4> € D5 (0,0) <”3 ”4) .

Vs Us Vy Us
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However, this is impossible due to [35, Theorem 2.1]. Thus, the Aubin property of Sgg at 0 for
T holds. Consequently, the analysis in Theorem 3.1 tells us that the SSOSC (3.19) holds. Of
course, one can also directly observe the SSOSC from (4.6). As a result, the solution mapping
SkkT also has the Aubin property at the origin for (Z;7).

Besides, for the function F defined by (4.1), from [34, Lemma 11] and [45, Lemma 2.1] one
has for any W € OF(z,(,T), there exists a matriz T € S such that

AC A.Tlg A.Tlg
Axzor Axgs Axos | + AT
W(AZE, AC, AF) = A.’L‘31 A.’L‘32 A.’L‘33 y

ASCll

—Az+T o (Az + AT)

[{)

where “o” denotes the Hadamard product and

1 1 1
Te{ 1 ¢t t tl,tg,tge[o,l]}.
1ty t3

Thus, it is easy to see that each element in EF(.i', ¢,I) is not singular.

Remark 4.2. Note that the nine equivalent conditions listed in Theorem 4.1 are not exhaustive.
For example, one additional equivalent condition, according to [45, Remark 3.1], is that F is
a locally Lipschitz homeomorphism [15, Definition 2.1.9] near (Z;y). Furthermore, by [45,
Theorem 4.1], another condition is that T is nondegenerate and strongly stable [7, Definition
5.33]. For more details and equivalent conditions, one may refer to [45] and the references
therein.

Remark 4.3. According to the equivalence between the two conditions (v) and (vi) in Theorem
4.1, one can see from Lemma 4.1 and [2, Section 2] that the conditions in Theorem 4.1 are also

equivalent to
0€D.P(z,9)(2) = 2=0 VzeXx),

where D, ® denotes the strict graphical derivative defined by (2.2).

Remark 4.4. It should be emphasized that, for (1.1) with K being an arbitrary C*-cone re-
ducible set, it is still unknown if the strong regularity of the KKT system (1.7) is equivalent
to the constraint nondegeneracy (2.13) combined with a certain second-order optimality condi-
tion similar to (2.18). The currently known cases include the nonlinear programming [13], the
NLSOCP [5], the NLSDP problem [45] and a composite matriz programming regarding matriz
eigenvectors [9].

5 Conclusions

In this paper, we prove that at a locally optimal solution to the nonlinear semidefinite program-
ming problem (1.8), the Aubin property of SkkT (1.6) is equivalent to the strong second-order
sufficient condition plus the constraint nondegeneracy. This enables us to derive a series of
equivalent characterizations of the Aubin property, which includes the strong regularity of the
Karush-Kuhn-Tucker system (1.3). As a byproduct, for nonlinear semidefinite programming,
this paper answers the open question posed in [11, Section 5] if the Aubin property can be
characterized by an exact form of a certain second-order optimality condition together with
the constraint nondegeneracy. It should be noted that our analysis for nonlinear semidefinite
programming (and also for nonlinear second-order cone programming in [8]) relies on the ex-
plicit formulas of the coderivative for the underlying normal cone mapping. Currently, it is not
clear to us how to extend these results to generic non-polyhedral C2-cone reducible constrained
optimization problems. We leave this as our future research topic.
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