arXiv:2403.16966v1 [math.OC] 25 Mar 2024

UNSUPERVISED FEATURE SELECTION viIA NOCRM

Unsupervised Feature Selection via Nonnegative Orthogonal
Constrained Regularized Minimization

Yan Li

Department of Mathematical Sciences
Tsinghua University

Beijing 100084, China

Defeng Sun

Department of Applied Mathematics
The Hong Kong Polytechnic University
Hung Hom, Kowloon, Hong Kong

Liping Zhang*

Department of Mathematical Sciences
Tsinghua University

Beijing 100084, China

Editor:

LI-YAN20@QMAILS.TSINGHUA.EDU.CN

DEFENG.SUNQPOLYU.EDU.HK

LIPINGZHANG@QTSINGHUA.EDU.CN

biology (Chen et al., 2020).

Abstract

Unsupervised feature selection has drawn wide attention in the era of big data since it is
a primary technique for dimensionality reduction. However, many existing unsupervised
feature selection models and solution methods were presented for the purpose of application,
and lack of theoretical support, e.g., without convergence analysis. In this paper, we first
establish a novel unsupervised feature selection model based on regularized minimization with
nonnegative orthogonal constraints, which has advantages of embedding feature selection
into the nonnegative spectral clustering and preventing overfitting. An effective inexact
augmented Lagrangian multiplier method is proposed to solve our model, which adopts the
proximal alternating minimization method to solve subproblem at each iteration. We show
that the sequence generated by our method globally converges to a Karush-Kuhn-Tucker
point of our model. Extensive numerical experiments on popular datasets demonstrate
the stability and robustness of our method. Moreover, comparison results of algorithm
performance show that our method outperforms some existing state-of-the-art methods.

Keywords: unsupervised feature selection, orthogonal constraint, augmented Lagrangian
multiplier method, alternating minimization method, Karush-Kuhn-Tucker point

1. Introduction

Due to large amounts of data produced by rapid development of technology, processing
high-dimensional data is one of the most challenging problems in many fields, such as action
recognition (Klaser et al., 2011), image classification (Gui et al., 2014), computational
Generally, not all the features are equally important for
the data with high-dimensional features. There are some redundant, irrelevant and noisy
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features, which not only increase computational cost and storage burden, but also reduce the
performance of learning tasks. Dimensionality reduction methods can be roughly divided
into two types: feature extraction (Lee and Seung, 1999; Charte et al., 2021; Lian et al., 2018)
and feature selection (Kittler, 1986; Li et al., 2021; Roffo et al., 2020; Yu et al., 2019). They
project the high-dimensional feature space to a low-dimensional space to squeeze features.
The low-dimensional space generated by the former is usually composed of linear or nonlinear
combinations of original features, but irrelevant, redundant and even noisy features are
involved in the process of reducing dimension, which may affect the subsequent learning tasks
to some extent. However, the latter evaluates each dimension feature of high dimensional
data and directly select the optimal feature subset from the original high-dimensional feature
set by using certain criteria to achieve compact and accurate data representation (Liu et al.,
2004; Molina et al., 2002). Compared with the former, the latter has better interpretability.
Feature selection maintains the semantic information of the original features and it aims
to select valuable and discriminative feature subsets from the original high-dimensional
feature set, while feature extraction changes the original meanings of the feature and the
new features usually lose the physical meanings of the original features. Therefore, feature
selection enjoys tremendous popularity in a wide range of applications from data mining to
machine learning. Many feature selection methods (Nie et al., 2016; Hou et al., 2013; Nie
et al., 2019) are proposed to better explore the properties of high-dimensional data.

According to whether the class label information is available or not, feature selection
methods can be roughly grouped into two categories, i.e., supervised feature selection, and
unsupervised feature selection (Dash et al., 1997; He et al., 2005). Benefiting from the sample-
wise annotations, supervised feature selection algorithms, e.g., Fisher score (Duda and Hart,
2001), robust regression (Nie et al., 2010), minimum redundancy maximum relevance (Peng
et al., 2005) and trace radio (Nie et al., 2008), are able to select discriminative features and
achieve superior classification accuracy and reliability. With the fact that the labeled data
is often inadequate or completely unobtainable in many practical applications, traditional
supervised feature selection methods cannot deal with such problems. In addition, annotating
the unlabeled data requires an excessive cost in human resources and is time-consuming.
Therefore, for the high-dimensional data with missing labels, it is an effective means to
solve above mentioned problems by using unsupervised approaches to reduce the feature
dimension. Compared to supervised feature selection, unsupervised feature selection is a
more challenging task since the label information of the training data is unavailable (He
et al., 2005). Many studies have been conducted on unsupervised feature selection methods,
such as spectral analysis (Zhao and Liu, 2007; Cai et al., 2010; Li et al., 2012), matrix
factorization (Wang et al., 2015; Qian and Zhai, 2013), dictionary learning (Zhu et al., 2016)
and so on.

Unsupervised feature selection methods (Nie et al., 2019; Chen et al., 2022) generally select
features according to the intrinsic structural characteristics of data and have achieved pretty
good performance, which can alleviate the undesirable influence of noise and redundant
features in the original data. For example, MaxVar (Krzanowski, 1987) is a statistical
method, which selects features corresponding to the maximum variance. Laplacian Score (He
et al., 2005) is a similarity preserving method, which evaluates the importance of a feature
by its power of locality preservation; SPEC (Zhao and Liu, 2007) selects features using
spectral regression. RSR (Zhu et al., 2015) is a data reconstruction method, which uses
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the Iz 1-norm to measure the fitting error and to promote sparsity; CPFS (Masaeli et al.,
2010) relaxes the feature selection problem into a continuous convex optimization problem;
REFS (Li et al., 2017) embeds the reconstruction function learning process to feature
selection. MCFS (Cai et al., 2010) selects features based on spectral analysis and sparse
regression problem, UDFS (Yang et al., 2011a) which selects features by preserving the
structure based on discriminative information; UDPFS (Wang et al., 2020) introduces
fuzziness into sub-space learning to learn a discriminative projection for feature selection;
NDFS (Li et al., 2012) selects features by leveraging a joint framework of nonnegative
spectral analysis and l3 1-norm regularization. However, numerical algorithms proposed in
these unsupervised feature selection methods are often without global convergence analysis
and then lack of theoretical support (Shi et al., 2016). Furthermore, these methods may be
greatly affected by disturbance and do not have good performance, and then they may not
have good stability and strong robustness.

Motivated by this, we establish a novel unsupervised feature selection model based on
regularized minimization with nonnegative orthogonal constraints, which has two advantages
of embedding feature selection into the nonnegative spectral clustering and preventing
overfitting. In our model, the ls j-regularized term will enable the subproblem from our
proposed algorithm has closed-form optimal solution, and the Frobenius-norm regularization
will explicitly control the overfitting, which is the main difference from NDFS (Li et al.,
2012). And the nonnegative orthogonal constraints can embed feature selection into the
nonnegative spectral clustering. However, it is hard to handle the orthogonal constraints
in general (Absil et al., 2009). Some existing popular solution methods, such as the
multiplicative update method (Ding et al., 2006; Yoo and Choi, 2008) and the greedy
orthogonal pivoting algorithm (Zhang et al., 2019), require the objective function to be
differentiable and have the special formulation. So, they are not applicable to our model. This
prompts us to design an effective solution method for our model. Based on the algorithmic
frameworks of the augmented Lagrangian method (Andreani et al., 2008) and the proximal
alternating minimization (Attouch et al., 2013), we propose an effective inexact augmented
Lagrangian multiplier (ALM) method to solve our model, which uses the proximal alternating
minimization (PAM) method to solve subproblems at each iteration. We show that the
sequence generated by our ALM method globally converges to a Karush-Kuhn-Tucker point
of our model. Numerical experiments on popular datasets demonstrate the stability and
robustness of our method. Moreover, comparison results of algorithm performance show
that our method outperforms some existing state-of-the-art methods.

The main contribution of this paper is summarized as follows:

e We establish a novel /5 1-regularized optimization model with nonnegative orthogonal
constraints for unsupervised feature selection, which has two advantages of embedding
feature selection into the nonnegative spectral clustering and preventing overfitting.
Specifically, we use the spectral clustering technique to learn pseudo class labels, and
then select features which are most discriminative to pseudo class labels.

e We propose an effective inexact ALM method to solve our model. At each iteration,
we use the PAM method to solve subproblems, which has the advantage of making
each subproblem have a closed form solution. This helps us to show that the sequence
generated by our ALM method globally converges to a Karush-Kuhn-Tucker point of
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our model without any further assumption. Numerical results on popular datasets are
reported to show the efficiency, stability and robustness of our method.

The rest of this paper is organized as follows. In Section 2, some preliminaries for nons-
mooth optimization are collected. In Section 3, we establish a novel model for unsupervised
feature selection. In Section 4, an inexact ALM method is proposed to solve our model, and
its convergence analysis is also given. Numerical experiments and concluding remarks are
given in the last two sections.

2. Preliminaries

In this section, we recall some preliminaries on nonsmooth optimization and give some
notations. Throughout this paper, matrices are written as capital letters (e.g., A, B,---) and
vectors are denoted as boldface lowercase letters (e.g., x,y, -+ ). For any positive integer n,
denote [n] = {1,2,...,n}. Given a matrix Y = (Y; ;) € R™"", its maximum (elementwise)
norm is denoted by

1Y [loo := max{[Yi ;[ : i € [n], j € [m]}.

The Frobenius norm of Y is denoted by

n m
> DY

i=1 j=1

YlF =

and its [y 1-norm is defined as

n

V21 =)

=1

m n
S VE =YYl
=1

J=1

where Y; is the i-th row of Y and || - ||2 is Euclidean norm. Let Vec(Y') be an mn x 1 vector
with Vec(Y) := [Y{, Y, .-+, Y;}|T. For any v € R", let [v]; denote its ith component, and let
diag(v) € R™*™ denote the diagonal matrix with diagonal entries {[v];}~,. Given a square
matrix Y, Y > 0 denotes that Y is a positive definite matrix and the trace of Y, i.e., the
sum of the diagonal elements of Y, is denoted by Tr(Y). E is a matrix whose elements are
all 1. O is a matrix whose elements are all 0. O < X < E denotes that each element of X
satisfies 0 < X; ; < 1. 0 < v <1 denotes that each element of v satisfies 0 < [v]; < 1. Given
a set , IIoY denotes the projection of Y on 2. For an index sequence K = {ko, k1, k2, ...}
that satisfies kj+1 > kj; for any j > 0, we denote limyec x = limj_,00 2%;. For any set S,
its indicator function is defined by

0, if X eS8,
400, otherwise.

ss(x) = { 1)

Let us recall some definitions of sub-differential calculus (see, e.g., Rockafellar and Wets,
2009).
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Definition 1 Let C C R" and ® € C. A vector v is normal to C' at T in the regular sense,
or a regular normal, written v € No (&), if

(v,z—Z) < o(||lx—Z||) for xe C.

A wvector is normal to C' at T in the general sense, written v € N (&), if there exists sequence
{x}x C C,{vg}r such that , — T and vy, — v with vy € Neo(xx). The cone No(Z) is
called the normal cone to C at .

Definition 2 Let f:R"™ — RU {400} be a proper lower semicontinuous function.
1) The domain of f is defined and denoted by dom f:={x € R": f(x)< + co}.

2) For each x € Adom f, the vector x* € R™ is said to be a regular subgradient of f at x,
written @ € f (@), if f(y) = f(x) + (&, y — ) + o([|lz — yl|).

3) The vector * € R™ is said to be a (limiting) subgradient of f at © € dom f, written
z* € 0f(x), if there exists {@n}n, {@)}n such that &, — =z, f(z,) — f(x) and x}, €
Of () with x, — x*.

4) For each x € dom f, x is called (limiting)-critical if 0 € Of(x).

Remark 3 (Closedness of 0f) Let (x, %) € Graph Of be a sequence that converges to
(z, ). By the definition of Of(x), if f(xr) converges to f(x) then (x,x*) € Graph Of.

Remark 4 (Rockafellar and Wets, 2009, Example 6.7) Let S be a closed nonempty subset
of R™, then
dds(x) = Ng(Z), T € S.

Furthermore, for a smooth mapping G : R™ — R™ i.e., G(x) := (g1(x), - , gm(x))T, define

S =G 10) Cc R". Set VG(z) := [g%(m)]:zzl € R™™ [f VG(®) has full rank m at a point

z € S, with G(z) = 0, then its normal cone to S can be explicitly written as

Ns(z) ={VG(Z)y| y € R™}.

3. A New Unsupervised Feature Selection Model

Let X = [x1,X2, -+ ,X,] € R¥™ be the data matrix with each column x; € R%*! being the
i-th data point. Let d and n be the number of features and the number of sample, respectively.
Suppose these n samples are sampled from ¢ classes. Denote F = [f,--- ,f,]T € {0, 1}"*€,
where f; € {0,1}¢*! is the cluster indicator vector for x;. That is, the j-th element of f; is
1, if x; is assigned to the j-th cluster, otherwise 0. Following the notation in Yang et al.
(2011b), the scaled cluster indicator matrix Y is defined as

_1
Y = [y1,YQ7"' 7yn]T = F(FTF) 2,
where y; is the scaled cluster indicator of x;. It turns out that

YTY = (FTF) 2 FTF(FTF) 2 = I,
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where I, € R9*¢ is an identity matrix.

At first, we use the clustering techniques to learn the scaled cluster indicators of data
points, which can be regarded as pseudo class labels. Given a set of data points x1,x2, -+ , Xy
and some notion of similarity s; ; > 0 between all pairs of data points x; and x;, the intuitive
goal of clustering is to divide the data points into several groups such that points in the
same group are similar and points in different groups are dissimilar to each other. Spectral
clustering is widely used in that it can effectively generate the pseudo labels from the graphs.
In our method, we construct a k-nearest neighbors graph and choose the Gaussian kernel as
the weight (see Cai et al., 2005). Specially, we define the affinity graph S as follows:

{ exp(—w) x; € Ni(x;) or x; € Ni(x;)
S’L’,j — 252 3 7 J ’ J )
0, otherwise,
where N (x) is the set of k-nearest neighbors of x. The corresponding degree matrix can
be constructed to D with D;; = > j S;.j, and Laplacian matrix L of the normalized graph

(see Von Luxburg, 2007) is calculated with L = D_%(D - S)D_%. Therefore, the local
geometrical structure of data points can be obtained by:

min Tr(YTLY) s, Y = F(FTF) 2. (2)

This is a discrete optimization problem as the entries of the feasible solution are only allowed
to take two particular values, and of course it is a NP-hard problem. A well-known method
is to discard the discreteness condition and relax the problem by allowing the entries of the
matrix Y to take arbitrary real values. Then, the relaxed problem becomes:
min Tr(YTLY) st. YTY = 1. (3)
Y eRnxe
The next stage is to construct a sparse transformation W on the data matrix X by
employing the scaled cluster indicator matrix Y, joined with two regularization terms. We
can formulate it as:

. 2
i (1Y = XTWila + AW llza + W, (4)
where W is a linear and low dimensional transformation matrix, and S and y are the
regularization parameters. In the objection function of the problem (4), the first term
represents the linear transformation model to measure the association between the features
and the pseudo class labels. The second term constructs the sparsity on the rows of the
transformation matrix W, which is beneficial for selecting discriminative features. The third
term is to avoid overfitting.
By integrating the spectral clustering (3) and sparse regression (4) in a joint objective
function, the model we proposed can be obtained as follows:

21 +[WIE

min Tr(YTLY) + af|Y — XTW |21 + B W
st. YIY=1I.,Y >0,

where « is a tuning parameter.
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4. Algorithm Description of Our Inexact ALM Method

In this section, we develop our inexact augmented Lagrangian method for solving problem
(5), which is a nonconvex optimization with a nonsmooth objective function. By introduc-
ing auxiliary variables U, V, 37, F, the problem (5) can be transformed into the following
equivalent:

min __Te(YTLY) + al|Ul|21 + BV ll2.0 + VW7 + 05, (V) + 85, (F)

WU V)Y, F\Y
Y=F
U=Y - XTW (6)
s.t. V=W
Y=Y

where S, ={Y |YTV =1.},S;={ F|O<F<E}.
Set A := (A1, A2, A3, \g) € R™X¢ x R4X¢ x R™*¢ x R"*¢, The augmented Lagrangian
function for (6) is defined by

LIW,U,V,Y, .Y % p) :=Te(YTLY) + af|U 21 + BV 2 + 1 W [ + b5, (V)
+3s,(F)+ (A, Y = XTW —U) + (A, V = W)
+ 0¥ = F) + (¥ =)+ LY = YR+ |V - W
Y = Fl}+ Y = XTW = U},

(7)

where p is a positive penalty parameter.

The ALM method can be used to alternately update the (W, U, V.Y, F, }7), the multiplier
A, and the penalty parameter p to satisfy the accuracy condition (10). We describe our
inexact ALM method for solving (5) in details as follows.

Remark 5 Set the parameters in Algorithm 1 as follows: T € [0,1); p' > 0; r > 1; the
sequence of positive tolerance parameters {€y}ren is chosen such that limg_, o € = 0. The

parameters Xi,X;,X;,XL,XN7mm7XN7mM are finite-valued matrices satisfying
—00 < [XN,mm]z,] < [XN,ma:v]i,j < 400 Vi7j> N = 1>27374'

In Algorithm 1, the most important is how to solve (8-10). That is, given the current
iterate (W*, U* V¥ Y* FF Y*) how to generate the next iterate (WL Uk+l yh+l
Ykt Rl YR g very critical. We propose a PAM method to solve (8-10) and show
that there exists a solution for (8-10) and such a solution can be efficiently computed as
€l 0, i.e., Step 1 in Algorithm 1 is well defined. We will establish the PAM method and its
convergence in the following two subsections.

4.1 PAM for Augmented Lagrangian Subproblem

In this subsection, we present more details on implementing Algorithm 1 and construct a
PAM method to solve the augmented Lagrangian subproblem with arbitrarily given accuracy.
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Algorithm 1 Inexact ALM Method for (5)
Input. Data matrix X € R¥*". Given predefined parameters {ex}ren, pt, 7, 7, XMmm,
AN,maz (N =1,2,3,4), and o= (X},X;,X;,,Xll) that satisfy the condition in Remark 5,
fork=1,2,...,
Output. Sort all the d features according to ||[W;||2 (i € [d]) and select the top ¢ ranked
features.
Step 1: Compute the subproblem

Wk, U* VE YR FR V¥) & argmin L(W,U,V,Y,F,¥,X"; p*) (8)

W,UV,Y,FY

such that IR
O<FF<E XMYF=1, (9)

and there exists ©F € 9L(Wk U* VF Y Fk ?k,Xk; pF) satisfying
10" ]l00 < € (10)
Step 2: Update the multiplier as:

AL Z X 4 by R - XTIE - Uy
/\1§+1 _ XS + E(VE — W)
M
M

=

ML ZXS 4 pF(vE - FF)
/\Z“:X{Z—i-p vE vk

where X’;VH = HQ)\%H and Q = {A\y : ANmin < AN < ANmaz}, N =1,2,3,4.
Step 3: Update the penalty parameter:

ko k k—1 .
if || R; < 7||R! 1=1,2,3,4
pkH _ {T/) [Rilloe <7l i oo ( ) (11)

p"  otherwise,

where RY = Y* — XTWk — Uk Rk =VF Wk RE =Y* - FF Rk — Yk _ Yk,

It can be seen that the constraint (10) is an e*-perturbation of the critical point property
0 € AL(W*, Uk, vk vk Fk vE 3 o). (12)

In fact, the algorithm we proposed to deal with (12) is a regularized proximal six-block
Gauss-Seidel method. At the kth outer iteration, the problem (12) can be solved with
arbitrary accuracy using the following alternating minimizing procedure:

(a) Update WHJ:

k-1
o’

. . . . . ~7 —k
WhI e argmin {L(W, UL yki=l yhi=l phi=1 yki—1 3" k) 5

W —wHI=E),
(13)
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(b) Update U*J:

k,j—1

. . , . o C _
U™ € argmin {L(WH9,U, VHI~1 yki=t phi=t gha=t 35 o) 4 U= UM R,
(14)
(c) Update VFJ:
. . . . e k-1 .
VI € argmin {L(WH UMV, y"I=t phi=l yhi=l /\kE p*) + 32 IV = VEITHZY,
(15)
(d) Update Y*J:
. ) ) . . ~ —k Ck’j_l .
YhI € argmin {L(WH, UM, VELY, FRITHYEITLRE pb) 4 = — [y = YRR, (16)
(e) Update Fki:
oyt

FRi € argmin {L(WHI,UR9, VR yRa B 9Ra=t X o) 4 = —F = PR (1)

(f) Update Y*4:

. . . . . ok cka-1
VR € argmin (LW, URT, VB9, YT pRI YR pF) 4 |7 - PRRY(8)

where the proximal parameters {C’Z]c A }k,j need to satisfy
0<C<CM<C<oo kjeN, i=1,2,34,5,6,

for some predetermined positive constants C and C.
By direct calculation, the subproblems in (13-18) have closed-form solutions as follows:

(a) For (13):
k,j 1 P P -1
whi = (1, - Zx(1, + L x7x)'x7) 2,
a a a

where a = 2y + pk + Cf’jil and
Z = XXy 4 X + pEXYRIT — phx kil byl g kIl

(b) For (14): Uk = (Uk’j)ie[n], where Uik’j is the row vector of U7,

(A
Set
—k

N = YRl xTpkd 4 AL
ok
and denote n; as the i-th row vector of N. Then,
s ki1 ‘
14 i 4 2 kjil ilw—l
pk 4+ Cy Pk + Oy

k,j o

U™’ = max {0 1-— _ . }
) kj—177kj—1

’ | pFn; + C57 U o
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(c) For (15): VFi = (Vik’j)ie[d] , where Vzkj is the row vector of V5.
Set .
Moo ki _ A2
ok
and its row vector is denoted by m;. Then,
k-1
P . C5” kj—1
k kg1 I kj—1"i
P+ Cy P+ Cy

V;;k’j:max{o’l_ kﬁj—l kg1 }
lpFmi + C37 VT

(d) For (16):

Yk = 2L 4 (3p* + ¥ 171 P,
where
P =2 — Xs — Ay + pPXTWHRT 4 phhid o phphd =1 g phykii =1 4 okd=ly k=1,
(e) For (17):
FR9 = (F{)sen) el and Fy =T,y Asi, where

s,t

DY ki—1 ke j
) ) pk(Yk’J+p%)+C5’]_ Fk,]—l
= ( s,t)se[n},te[c] = pk " Cg’jfl .
(f) For (18):
YFI = Ul,x.VT, where U € R™™ V € R are two orthogonal matrices and
> € R™*¢ is a diagonal matrix satisfying the SVD factorization

pk(Yk,] _ %) + ng—lyk,jfl .
o+ R :UZV '
6

The iteration is terminated if there exists ©%7 € L(WHJ UkJ Vki Yki Fki ?k’j,xk; )
satisfying
H@’m”oo <e, O< ki <E, (Yk,J)TYk,J =1,

where ©FJ = (@]1W7 @57]7 @]:;J’ 927]’ elgd’ @]g,]) c RIXC  RMXC 5 RAXC o« RNXC o RNXC 5 RNXC
is concretely expressed in the form

ellv,j ::ka(Yk,j—l . Yk,j) 4+ ka(Uk,j . Uk,j—l) + pk(Vk,j—l . Vk,j)
+ COPITH Wk kg
@ls,j ::pk(Yk:,j—l _ Yk,j) + Céf,j—l(Uk,j—l _ Uk,j)
Ol =C5I (vki—t ki) (19)
O = pb (FRI=1 = phi) 4 g (YPRI=1 — PRIy 4 opd (v Ri—t  yki)
(_),15@]' ::Céq,j—l(Fk,j—l o Fk,j)
@lg,j ::Cg,j—l(}’}k,j—l _ f/k])

We summarize the algorithmic framework of PAM in Algorithm 2, whose convergence
analysis is established in the next subsection.

10



UNSUPERVISED FEATURE SELECTION VIA NOCRM

Algorithm 2 PAM Method for (8-10)
Input:
Let (WI’O,ULO,VI’O,YLO,FLO,}A’LO) be any initialization; R
For k > 2, set (Wk,O’ Uk,O’ Vk,O’ Yk,O’ Fk,O’ Yk,O) — (Wk_l, Uk_l, Vk_l, Yk_l, Fk_l, Yk:—l);

Output: (W* U* vk YF FFYF),
Step 1: Reiterate on j until ||©%7| . < €, where ©%7 is defined by (19);

1. Compute W*J by (13);
2. Compute U7 by (14);

(14)
3. Compute VF7 by (15);
4. Compute Y7 by (16);
(17)
(18)

5. Compute F*J by (17

?

6. Compute Yk by (18);
Step 2: Set
(Wk7 Uk, Vk, Yk, F’k’7 }//\'k’) = (kaj, Uk7j, Vk'J, Ykhj, Fkvj, }//\'k‘,j)

and OF .= ©FJ,

4.2 Convergence Analysis for Algorithm 2

For the sake of notation simplicity, we fix some notations. We define 7" := (W, U, VY, F, 17)
and Ly(T) := L(W,U, V.Y, F, ?,Xk; p*) for the k-th outer iteration. In this part, we will
establish the global convergence for Algorithm 2, in other words, we can derive that the
solution set of (8-10) is nonempty and hence Algorithm 1 is well defined with using Algorithm

2 to solve the subproblem in Step 1. ' ' ' ' 4
We first claim that ©F7 := (057 @57 @F7 @F7 ©F7 Of7) defined by (19) must satisfy

O% e oL, (TH7) VjeN.

for each k£ € N.
Considering the structure of L (7)), it can be split as

Li(T) = fiW) + foY) + f3(U) + fa(V) + [5(F) + fo(Y) + gu(T), (20)

where

AW) =y [WlEs V) =Tc(YTLY);  f3(U) = a|Ull21;

V) =BlIVlax;s  f5(F)=05,(F);  fo(¥):=ds,(Y);
gr(T) =00, Y = XTW —U) + (%, V = W) + (g, Y — F) + (X,,Y - Y)
k
p ~
\ + (1Y = XTW = UlF + 1Y = Y1+ IV = W + Y = FII}).

11
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Then, a direct calculation shows that ©%J := (G)If’j, @g’j, @lg’j, @i’j, @Ig’j, @Ig’j) defined by
(19) can be expressed in terms of partial derivatives of g := g as

6’{7,j _ VWg(Wk,j7 Uk,j—l7 Vk,j—17yk,j—17 Fk,j—l’f/k,j—l) _ Cf’j_l(Wk’j _ Wk,j—l) + vwg(Tk,j>7
61;,]‘ _ VUg(Wk,j Uk,j Vk,j—l Yk,j—l ki1 i}k,j—l) _ C;c,j—l(Uk,j _ Uk,j—l) + VUg(Tk,j)7
Ok = Wy g(Whi |k Yk yki=t phi=1 ghi=1y _ cki=1(ykd _yki=1y 4 gy, q(Th),

0T — Wy g(Whd Ui ki ykid phi=1 ghi=1) _ cki=Lyki _ yki=ly L gy g(Th),
OF) = = Vpg(Whi Ukd vk yki phi yki=ly _ cki=l(pki _ pki=1l) 4 ¢ pg(T"7),
OFI = — Vo g(Whi Uk ki yhi phi PRy — o= (P _}’}k,j—l)_’_v?g(Tk,j).

(21)
Moreover, given (Wki—1 yhki=t yki=l yki=1 pki-1 yki-1y ysing 8.8(c) in Rockafellar and
Wets (2009), the necessary first-order optimality conditions for the subproblem (13-18) are
the following system:

ng(Wk,j7 Uk,jfl,Vk,jfl,yk,jfl,Fk,jfl,?k,jfl) + Vfl(Wk,_]) + C{C,j*l(wk,j o Wk,jfl) _ O,
gk:,j + ng(Wk,j,Uk,j,Vk,jfl,yk,jfl,Fk:,jfl,?k?,jfl) + Cga]-*l(Uk,j o U}c,jfl) _ O,

Ck,j + vvg(Wk,j, Uk,j, Vk’j, Yk,jfl’ Fk,jfl’ S}k,jfl) + ngjfl(vk,j o Vk:,jfl) _ 0,

Vf2(YET) 4+ Vyg(Whi Uhd vEI yhd phi=t yki=l) 4 o= (yhI — yRi~1) = 0,

99 4 pg(WhI gkd ykd yki phi yki=1y 4 oli=t(pkd _ pki=ly = Q,

kI Lo g(Whd gkd Vi Yk i YRy 4 ol (YR YR = O,

where ¢87 € 9 f3(UR), ¢FI € 9 f4(VFI), 953 € Of5(FF7), and ¢h € 8f6(l?k’j). Combin(ifg)
(21) with (22), we have
Oy = VAW + Viwg(TH),
087 = €4 1 Vyg(TH),
037 = ¢ + Vyg(TH),
@’W Vo (Y5) + Vy g(TH),
OF = 9k - Vpg(TH7),
Oy’ = M 4 Vog(TH).

By Proposition 2.1 in Attouch et al. (2010), for each k € N, we get
oki ¢ aLk(Wk’j, Ukd yki yki gk ?kﬁj)’ Vj e N.
Thus, we can obtain the following theorem which shows that Algorithm 2 converges,
which means the Step 1 of Algorithm 1 is well defined. The proof is based on a general
result established in Attouch et al. (2013, Theorem 6.2).

Theorem 6 Set parameters r > 1,p' > 0 in Algorithm 1. For each k € N, we have the
sequence {T*7 }jen produced by Algorithm 2 converges and

1057 |0o — 0 asj — oo.
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Proof We know that S; and So are semi-algebraic sets and their indicator functions are semi-
algebraic (Bolte et al., 2014). The quadratic functions x7Lx and ||x||,(p is rational) are also
semi-algebraic. Using the fact that composition of semi-algebraic functions is semi-algebraic,
we derive that Ly, is a semi-algebraic function. Also known is that the semi-algebraic function
is a Kurdyka-Lojasiewicz (KL) function (Bolte et al., 2014, Appendic). Thus, Ly is a KL
function. From the expression (20) of Lg, it can be seen that the function Lj satisfies: (i)f;
is a proper lower semicontinuous function, i = 1,2,3,4,5,6; (ii) g is a C''-function with
locally Lipschitz continuous gradient.

Next, we will verify that for each k € N, Ly, is bounded below and the sequence {T%7} jeN
is bounded. For each k£ € N, the lower boundness of Ly is proved by showing that Ly is
a coercive function (i.e., Ly(T) — +o00 when ||T||c — 00), provided that the parameters
r > 1,p! > 0. Clearly, the five terms f1, f3, f1, f5, f6 of L in (20) are coercive. Then the
residual terms are

ROY) + g(W,U,V,Y,F,Y) =Te(YTLY) + (A1, Y — XTW —U) + (g, V — W) + (s, Y — F)
8T =)+ (I = VI IV = W+ 1Y - FI
FY - XTW — UH%).

We can rewrite it as

L)+ g(W,U,V,Y,F,Y) = g1x(W,U,Y) + g2 (W, V, Y, F,Y),

where
<k p* 2
ng(W, UY)=Tr(YTLY)+ (N, Y = XTW - U) + ?HY - XTW - Ul|%
and
S\ _ vk <k <k o A 5 2
W, VY, EY) =5,V = W)+ (5,Y = F) + (84, ¥ = V) + S (17 = Y3+ |V - W}
+ Y = F|%).
Let us observe that
k Xk k Xk
g (W, U,Y) ST(YTLY) 4+ Y = XTW = U+ JHE = S 27
and
& —k —k —k —k
~ P ) ) -~ ) )
gz,k(W,V,Y,F?Y)Zg[IIV—W+;ZH%+HY—F+[7§II%+HY—Y+[7‘§II%—(H[7§II%
—k —k
A3 12 A2
225+ 1521F) |-
Hpkllp HkaIF)

Thus, g1 x(W,U,Y) and go 1;(W, V, Y, F, 57) are all bounded below. Furthermore, the functions
{Li}r € N defined by (20) are all coercive.

13
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The boundedness of the sequence {Tk’j }jen is proved by contradiction. On the one hand,
suppose that the sequence {T%0};cy is unbounded, and so limj_. ||7%07|| = co. Then,
it follows from the coercive of Ly, (T) that the sequence {Ly,(T*)},cn should diverge to
infinity. On the other hand, let

71 _ ko,j+1 7rko,j 17k0.d vko.d ko Vko.j
Lkoj_Lk’o(WO] ,URosd ko) yRod  pRosd iy ko

ko = (Wko,j-i-l’ Uko,j-i-l’ Vko,j’ Yko,j’ Fk07j7 ?ko,j)’

k’o,] =Ly, (Wko,j-l-l’ Uko,j-l-l’ Vkoﬁj-l—l’ Ykoyj’ Fkoﬂj’ ?kovj)’
Nko J= Lko (Wko,j+1’ Uko,j+1’ Vk01j+1’ Yk‘oyj-‘rl’ Fk()uj’ }7"30:]')7
~k0 = =Ly, (Wko,j-l-l’ Uko,j-l-l’ Vk07j+1’ Ykoyj-l-l’ Fko,j-i-l7 }//\'k‘oyj)‘

By (13-18), we deduce that

- Cko»j ) . .
1 ki 1 ki 2 ki
Lko,j + 1 ||W 0,.J+1 _ w 0,J| & < Lko(T OJ);
ko,j
L 020 HU]go,j+1 _ Uko’j||2 < El .
koj T 2 F = Ly s
ko,j
3 C 0,]

T 3 ko,j+1 ko,j
i LA ] g

kO)j
4 C4 ||Yk0’j+1 _ Yk01j||2 < I3 .
koj T 92 F = gy g
ko.j
L 050 ! HFko,j+1 o Fko,j||2 < E4 .
ko.j T 92 F = Ly s

) Ckod . -
Lig (TH0) 4 S [Phoatt - Phod} < B}

Summing up these inequalities, we have
: C . A o
Ly (TH01) 4 S| THH — Thod|[3. < [ (TR09), j € N,

which implies that {Ly,(T%07)};cn is a nonincreasing sequence, leading to a contradiction.

Based on a general result established in Attouch et al. (2013, Theorem 6.2), we know that
for each k € N, the sequence {T%7},cy has finite length, i.e., P | TR+ — Tk || p < o0,
and the sequence {T%7};cy converges to a critical point of L. Since ©%7 is given by (19),
we conclude that for each k € N, ||©%7||,, — 0 as j — 0o. The proof is complete. [ |

5. Convergence Analysis of Our Inexact ALM Method

In this section, we discuss the convergence for our inexact ALM method given in Algorithm
1.

In the following, we rewrite (6) using the notation of vectors. Let x € R2¢+4n¢ denote
the column vector formed by concatenating the columns of W, U, V.Y, F.Y | i.e.,

x 1= Vec([W|U|V|Y|F|Y]). (23)

14
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Then, problem (6) can be rewritten as follows:

min  f(xz) s.t. hi(x) =0 and ho(x) =0, (24)

X€R2d0+4nc

where hy(x) € R3m¢t4¢ denotes Vec([Y — XTW — U|V — W|Y — F|Y — Y]), hy(x) denotes
the @ x 1 vector obtained by vectorizing only the lower triangular part of the symmetric

matrix YTY — I., and

c

n d
F(x) =Y YILY; + y[[WlI3 + 65/ (Fy) + > allUilla + > Bl Villa.
j=1 i=1 i=1

In this case, Y;, W;, F; are the column vectors of Y, W and F, respectively; U; and
V; are the row vectors of U and V, respectively; S" = {F; | 0 < F; < 1}. Let A :=
Vec([A1]A2|A3|A4]). Then, the corresponding augmented Lagrangian function of (24) is

Lix, A p) i= f(x) + D[ (0] + 5 D[ (012,
i=1 i=1
where x € I', my := 3nc+ dc, mo := @ and
I':={x| ha(x) = 0}. (25)

Therefore, (W*, U*, V* Y* F* }A/*) is a KKT point for optimization problem (6) if and only
if the vector x defined by (23) is a KKT point for optimization problem (24), i.e., there exist
0* € 0f(x*), A* € R™, n* € R™2 such that the following system is fulfilled

0" + >3 [NV [ha ()]s + 2205 )iV [he (x7)]i = 0,
hl(x*) =0, (26)
hg(x*) =0.

Suppose that {T%},cn is a sequence generated by Algorithm 1. We will show first that
the sequence {T%},cn is bounded. Then, there exists at least one convergent subsequence of
{Tk}keN. We will next show that it converges to a KKT point of the optimization problem
(24). Thus, we have the following main convergence result for Algorithm 1.

Theorem 7 Suppose that the parameters r > 1 and p' > 0 in Algorithm 1. Let {T*}ren be
the sequence generated by Algorithm 1. Then, the limit point set of {T*}ren is nonempty,
and every limit point is a KKT point of the original problem (6).

To show Theorem 7, we need the following two lemmas.
Lemma 8 Let {T"}1en be the sequence generated by Algorithm 1. Suppose that the param-

eters v, p' in Algorithm 1 are chosen so that v > 1 and p' > 0. Then, {T*}ren is bounded
and thus contains at least one convergent sequence.

15



L1, SUN AND ZHANG

Proof It follows from (9) that the sequence {F*}ren and {Y*}4cn are bounded. The first
four partial subdifferentials of L in (10) guarantee the following: there exist ¥ € da||U||2.1,
CF € 0B||V]2,1 and RF = (RF RE RE RE) € Rd*C x R7X€¢ x RIX¢ x R™*¢ such that
RE =2y WE — XAF — Ns — pEX (YR — XTWHR — UR) — g (v — W),
RE =gk — XY — ph(YVE - XTWE - ),

E_ kY5 kyk k (27)
N3 :C +)‘2+p (V -w )a
~k  ~k <k 5
NE=2LY* + X + 05 — ) + pF (YR — XTWE —UF) 4 pF(YF — FF) — pR (YR —vF),
where ||RF||o < €*. By adding X5 and R%, we obtain that
RE + NE = €8 4 (2L + 2P D)YF + Ns — N — pF R — pEVE
This implies
YR = [2(L + pF D)7 (RE + 0K — ek _XE L 3E 4 R 4 Ry, (28)
Let L = Ddiag(oy, - -+ ,0,)DT denotes the SVD decomposition of the symmetric and positive
semi-definite matrix L. Hence (28) yields
1 1 1 e
Y* =Ddia, , DT(RE 4+ RE — P X5 + X
(s e ) PO € 3D )
k 2 k
. p P P k_ yk
+ Ddia ) s, ———— | DT(F" 4+ Y").
(s T T ) DT

Using the fact {p*}ren is a nondecreasing sequence and 2(L + p'I) = 0, for k € N, we have
2(L 4 p*I) = 0, which derives 2(o; + p¥) > 0,47 =1,2,--- ,n. Then, we can show that for
each k € N

1 1 S .. .
{ 0< 2(o;+pF) = idph) < too, =12, e (30)

2
0< 585 <5 i=12-,n
Note that {€¥}ren, {85 ren, (N5 ren, {Xg}keN and {XZ};CGN are bounded. It follows from
(29) and (30) that the sequence {Y*},cn is bounded.

Likewise, according to the expression of X and N% in (27), we conclude that {p*(V* —
W) ien and {pF(Y* — XTW* — U*)},en are bounded. Then, from the expression of
NE in (27), we must have that the sequence {W¥}.cy is bounded. Using the fact that
p* > p' again, we obtain that {V* — W¥},cy and {Y* — XTW* — UF},cn are bounded.
Therefore, the sequence {V¥*},eny and {U*}en are bounded. In a conclusion, the sequence
{(Wk Uk VE Yk FF }A/k)}keN is bounded. The proof is complete. [ |

Lemma 9 Suppose that & € I'. Then {V[hi(Z)];};2, U{V]ha(Z)];}"3 are linearly indepen-
dent, where hy and hy are defined as in (24).
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21 Y Y3 Ye Onx1 Onxi o Omxa Onx1 Onxi Onxi
Onx1 Y1 Onx1 Onx1  2Y2 Y3 Ye : ; :
Gx) = Onx1 Onxi Vi Onx1 Onxi Ya Onx1 -+ Opxi Onxi
S A S T O
Onx1 Onx1 Onx1 Y Onx1 Onx1 Y Onx1 Yoo 2(?1)

Proof For convenience, we define the block diagonal matrix A € Ré¥xn¢ B ¢ R¥xde gand
C € R"*"¢ ag follows:

—-X Id In

By the structure of x defined in (23), we have

I A -B Ochnc Odcxnc i [ Odcxmg i
-C Oncxdc Oncxnc Onc><nc OTLCXWL2
B
Vhl (X) _ Odgnc o — Odg(nc Of:énc and VhQ(X) _ 8dc>><<m2 7
nexde nexmsa
Oncxnc Oncxdc —C Oncxnc Oncxmz
L Oncxnc Oncxdc Oncxnc C . L G(X)

where G(x) is given in (31) and {Y} _, are the cloumn vectors of Y.

As x € I', we must have that the column vectors {Yl}l-:1 are orthogonal to each other,
and then the columns of G(x) are orthogonal to each other. Note that the first 3nc + 2dc
rows of Vha(x) constitute a zero matrix. Therefore, it follows from the structure of Vh;(x)
and Vha(x) that {V[hi(x)];}iy U {V[ha(X)];i};23 are linearly independent for any x € I'.
The proof is complete. |

By Lemmas 8 and 9, we can show that any accumulation point x* of the corresponding
sequence {x*}cn with respect to {T%} ey is a KKT point of problem (24). As shown in
Remark 4, the normal cone dds, (T') = Ns, (T') in vector notation is

Np(x) = {Vhe(X)v|v € R™} = {Z %)]i|v € R™2}.

=1

According to the well-definedness of (10), in view of the vector notation, we can obtain a
solution x* such that there exist two vectors #* € 9f(x*) and v* to satisfy

HH’“+Z Ji + pF [ (X)) v +Z X ]illoo < €

for each k£ € N. The following result is central to this paper.

17



L1, SUN AND ZHANG

Theorem 10 Let {x"}cn be the iteration sequence generated by Algorithm 1 and x* be its
accumulation point, i.e., there exists a subsequence KK C N such that limpex * = x*. Then
x* is also a KKT point of problem (24).

Proof We first show that x* satisfies the feasibility of problem (24), i.e., h1(x*) = 0 and
ha(x*) = 0. By (9), we conclude that hy(x*¥) = 0 for each k € N. The continuity of hs
yields ho(x*) = 0, i.e., x* € I'. The proof of feasibility h;(x*) = 0 is divided into two parts,
according to the boundedness of the sequence {,0]C been-

Part I. Suppose first that the penalty sequence {p*}ey is bounded. By the penalty
parameter update rule (11), it follows that p* stabilizes after some kg, which implies that
A1 (¥ )| < 7||h1(xF) || for all k& > ko and the constant 7 € [0,1). By a standard
continuity argument, we obtain that hi(x*) = 0.

Part II. In the following, we assume that {p*}ren is unbounded. For each k € K, there
exist vectors {6} ren with [|0%]|o < €* and € | 0 such that

e’wz 4 PTGV O+ TG =8 (32
=1

for some 6% € 9f(x*). Dividing both sides of (32) by p*, we obtain that

& A k k Rk k 5* — 0"
Z([ﬁ]i + [P (X)) V[ (X)) + ) [0F]:V [ha(xF)]; = P (33)
i=1 i=1
where 0F = U—k Define
H(x)T := [Vhi(x) Vha(x)]
and
A" A" k k k
77k = ([?]1 + [h’l(xk)]l? R [E]ml + [hl(X )]mu [/D ]1a 3 [lfj ]mQ)T
Hence we can rewrite (33) in the following way:
5k _ Qk
H(x)Tnk = P

A straightforward application of Lemma 9 yields that {V[hi(x*)];};2 U {V[ho(x*)]i} 2%
are independent as x* € I'. In addition, we notice that the gradient vectors Vhi, Vho are
continuous and ho(x*) = 0 for all k € K. This means that H(x*) — H(x*) and H(x*) has
full rank as x* € I'. Therefore, we have that H(x*)H(x*)T — H(x*)H(x*)T = 0. By the
fact that eigenvalues of a symmetric matrix vary continuously with its matrix values. We
then conclude that H(x*)H (x*)T is nonsingular for sufficiently large k € K, which yields

6k_9k

0" = [H(x")H ("1 H(x") P

Since f is a convex function, the set U,cx0f(x) is bounded whenever X is bounded. A
nice proof of this result can be found in Bertsekas (1999, Proposition B.24(b)). It is
then straightforward to see that {#*}rcx is bounded by setting X = {x*}rcx, where the
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boundedness of {x*}rcx is motivated by Proposition 8. Combining the previous result
|6%]|00 < € ] 0, we obtain for k € K

n* =0 ask— .
Finally, with the boundedness of Lagrange multipliers {Xk}k, [h(x*)]; = 0 = [0]; is
guaranteed for all 4, j. Hence we conclude that h;(x*) = 0.
Next, we show that x* is a KKT point. The boundedness of {#*}rcx implies that there

exists a subsequence Ky C K such that limgex, 6% = 6*. Together with limpex, xF = x* and
ok € of (xk), it can be follows from the closedness property of subdifferential that

0" € Of(x*).

By the fact that [\F+1]; = [Kk}z + pF[h1(x¥)]; for all 4, we have that for k € K3
mi m2
08+ NV ()] + D [0V [ha(xF)); = 6 (34)
i=1 i=1

for some vector 6% with ||6¥||e < €* | 0 and 0% € 9f(x*). Define
ﬂ-k = ([)\k+1]17 ) [)\k+1]m13 [Uk]b ) [Uk]mg)T' (35)

We then deduce from (34)
H(xk)Tﬂ'k =&k — g*.

Likewise, the matrix H (x*)H (x*)T is nonsingular for sufficiently large k € K1, and
7 = [H(x*)H (x| L H (x*) (6% - 6%).

Taking limitations within K; on both sides of the expression above for 7%, we have then
= = —[H(x*)H (x*)T] " H(x*)6".

Taking limitations for k& € 1 again on both sides of (34), it follows from (35) that
mi m2
0"+ [N VA (x)]i + Y [0*]iV]ha(x)]i = 0,
i=1 i=1
where A* and v* are guaranteed by 7*. Therefore, x* is a KKT point of problem (24). W

By Theorem 10 and (23), we can immediately obtain Theorem 7. Our numerical
experiments in the next section testify that Algorithm 1 works well and can output KKT
point of the original problem (6).
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6. Experiment Study

In this section, we conduct numerical experiments to show effectiveness of Algorithm 1 by
using MATLAB (2020a) on a laptop of 16G of memory and Inter Core i7 2.3Ghz CPU against
several state-of-the-art unsupervised feature selection methods on six real-world datasets,
including one speech signal dataset (Isolet™), two face image datasets (ORL*,COIL20"), three
microarray datasets (lung*, TOX-171%, 9_Tumors'). Table 1 summarizes the details of these
6 benchmark datasets used in the experiments. In addition to verifying the effectiveness of
our method on the above datasets, we also show the stability analysis, robustness analysis
and parameter sensitivity analysis on some datasets.

Table 1: Dataset Description
] Dataset ‘ Size ‘# of Features ‘ # of Classes‘

lung 203 3312 5
TOX-171] 171 5748 4
9_Tumors| 60 5726 9

Isolet |1560 617 26

ORL 400 1024 40

COIL20 |1440 1024 20

Methods to Compare. We compare the performance of Algorithm 1 with the following
state-of-the-art unsupervised feature selection methods:

e Baseline: All of the original features are adopted.

e MaxVar (Krzanowski, 1987): Features corresponding to the maximum variance are
selected to obtain the expressive features.

e LS (He et al., 2005): Laplacian Score, in which features are selected with the most
consistency with Gaussian Laplacian matrix.

e SPEC (Zhao and Liu, 2007): According to spectrum of the graph to select features.

e MCFS (Cai et al., 2010): Multi-cluster feature selection, it uses the [j-norm to
regularize the feature selection process as a spectral information regression problem.

e NDFS (Li et al., 2012):Non-negative discriminative feature selection, which addressed
feature discriminability and correlation simultaneously.

e UDFS (Yang et al., 2011a):Unsupervised discriminative feature selection incorporated
discriminative analysis as well as [ ;-norm minimization, which is formalized as a
unified framework.

*. https://jundongl.github.io/scikit-feature/datasets.html
1. https://github.com/primekangkang/Genedata
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e UDPFS (Wang et al., 2020): Unsupervised discriminative projection for feature
selection to select discriminative features by conducting fuzziness learning and sparse
learning simultaneously.

Evaluation Measures. Similar to previous work, and basing on the attained clustering
results and the ground truth information, we evaluate the performance of the unsupervised
feature selection methods by two widely utilized evaluation metrics, i.e., clustering ACCuracy
(ACC) and Normalized Mutual Information (NMI) (Yang et al., 2011a). The higher the
ACC and NMTI are, the better the clustering performance is.

Given one sample x; € {x;}I';, denote y; be the ground truth label and l; be the
predicted clustering label. The ACC is defined as

1 n
A = - i i))s
CC - E 0(yi, map(l;))

=1

where 0(a,b) = 1 if a = b; otherwise §(a,b) = 0, and map(l;) is the permutation mapping
function that maps each cluster label I; to the equivalent label from the data set.

Given two random variables P and (), P denotes the true labels and () represents
clustering results. The NMI of P and @ is defined as:

I(P;Q)

NIE Q)= Pa©Q)

)

where I(P; @) is the mutual information between P and @, H(P) and H(Q) are the entropies
of P and Q), respectively.

Experiment Setting. In our experiments, the parameters of Algorithm 1 are set as
follows:

7=099, r=101, p=c/2, A =As=r;=Onxe, A= Oure,
and
ANmin = —100BE, AN.maz = 100E (N =1,2,3,4), " =0.995" (k€ N).

The parameters in Algorithm 2 are set as C = Cf J = C = 0.5. The iteration is terminated
if the iteration number exceeds 20.

In the compared methods, there are some hyper-parameters to be set in advance. We
fix number of neighboring parameter £ = 5 for LS, SPEC, MCFS, UDFS, NDFS, and
our proposed method. In order to make fair comparison of different unsupervised feature
selection methods, we tuned the parameters for all methods by a grid-search strategy
from {1076,1075, 1074, -+ ,10%, 10, 10%}, and the best clustering results from the optimal
parameters are reported for all the algorithms. Because the optimal number of selected
features is unknown, we set different number of selected features for all datasets, the selected
feature number was tuned from {50, 100, 150, 200, 250,300}. After completing the feature
selection process, we use K-means algorithm to cluster the data into ¢ groups. Since the
initial center points have great impact on the performance of K-means algorithm, we conduct
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K-means algorithm 20 times repeatedly with random initialization to report the mean and
standard deviation values of ACC and NMI.

In the next subsections, we will illustrate the algorithmic performance, stability, robust-
ness and parameter sensitivity, respectively.

6.1 Algorithmic Performance

The experiments results of different methods on the datasets are summarized in Tables 2
and 3. The best results are highlighted in bold fonts.

In view of the averaging of all numerical results, it can be seen that the performance of
our method is superior to other state-of-the-art methods. Its good performance is mainly
attributed to the following aspects: Firstly, we adopt the technology similar to NDFS to
establish the model, i.e., learning the pseudo class label indicators and the feature selection
matrix simultaneously. However, the difference is that we use [ 1-norm to characterize
the linear loss function between features and pseudo labels and also take into account the
prevention of overfitting. Secondly, different from the commonly used processing methods,
we apply a convergent algorithm that can simultaneously optimize all variables in the feature
selection model. In the previous section, we have proven the convergence property of our
algorithm. Since the iterative sequence of our algorithm converges to KK'T points, it achieves
better results than other methods.

Table 2: Clustering results (ACCESTD%) of different feature selection algorithms on six
real-world datasets. The best results are highlighted in bold.

Dataset All features LS Maxvar MCFS NDFS SPEC UDFS UDPFS Ours
lung 65.0+3.6 74.940.2 | 68.0+9.4 | 77.6+£11.0 | 63.3+6.9 | 64.1+£7.9 | 72.3£10.9 69.6+7.7 82.4+7.9
ORL 49.74+3.2 49.9+2.4 | 50.8+1.4 | 55.7+3.7 | 50.5+3.0 | 51.4+ 2.2 | 53.3+4.1 53.14+3.8 52.94+3.4
Isolet 60.9+2.1 58.7+1.5 | 56.9+2.3 | 64.5+4.3 61.6+4.4 56.5+3.0 | 57.8+ 3.1 58.3+2.9 65.8+3.9

COIL20 62.7£3.1 62.2+1.9 | 61.4£1.6 | 63.0+£3.7 | 58.7+ 4.1 | 65.5+3.8 | 60.2+4.2 58.2 £4.6 61.6+3.8
TOX-171 42.842.1 43.1+1.4 | 42.9£1.6 | 42.9%+1.6 43.44+3.3 40.440.0 48.2+2.1 | 54.0+ 3.2 | 49.2+4.1
9_Tumors 40.8+3.7 42.3£2.6 | 41.2£2.6 | 42.4+3.6 44.0£3.7 35.8+2.4 | 43.0+ 4.3 | 44.2+4.3 44.1+4.1

Mean 53.7£3.0 55.2£1.7 | 53.5£3.2 | 57.7£4.7 53.6+4.2 52.3£3.2 55.8+4.8 56.24+4.4 59.3+4.5

Table 3: Clustering results (NMI£STD%) of different feature selection algorithms on six
real-world datasets. The best results are highlighted in bold.

Dataset All features LS Maxvar MCFS NDFS SPEC UDFS UDPFS Ours
lung 51.6+1.9 53.1+ 0.5 | 57.8+ 3.9 | 67.5+7.0 53.0+3.5 | 52.5+ 5.6 | 61.3+5.8 | 59.0+4.0 | 69.0+4.4
ORL 70.0+£1.7 7114+ 1.3 | 70.7+ 2.1 | 76.8+1.8 | 73.24+1.9 | 714+ 1.3 | 74.7£1.6 | 74.84£1.6 74.94+1.7
Isolet 75.7+0.8 73.240.9 | 74.84+1.3 71T | 771+ 2.2 | 724411 | 74.7+£1.8 | T4.44+1.3 | 80.5+1.3

COIL20 77.1£1.3 72.5+1.1 71.94+0.7 | 76.5+£1.7 | 74.0+ 1.6 | 75.3£1.6 | 75.4+1.3 | 73.9%£2.0 76.3£2.3
TOX-171 13.6£2.3 12.5+£1.7 | 11.4£3.2 12.7£0.4 | 16.4 £5.9 | 9.7 £ 0.0 | 22.843.5 | 29.9£1.2 | 25.3+4.4
9_Tumors 39.5+3.1 41.0£2.3 | 40.24+2.5 | 41.1£2.7 | 44.7+4.5 | 34.5+£2.4 | 44.1+4.3 | 46.7+£3.6 | 44.84+3.2

Mean 54.6+1.9 53.9£1.3 | 54.54+2.3 58.7+2.6 56.41+3.3 52.61+2 58.8+3.1 | 59.842.3 | 61.8+2.9
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Figure 1: Stability curves over lung and Isolet.

6.2 Stability Analysis

Now we will illustrate that our algorithm is more stable than other iterative algorithms
including: UDPFS (Wang et al., 2020), NDFS (Li et al., 2012) and UDFS (Yang et al.,
2011a). Following the symbol in Li et al. (2012); Yang et al. (2011a); Wang et al. (2020),
we denote the feature selection matrix as W in these methods and define

_ Wi = Wiellr
Wi = Wi—1llr’

where W), is the k-th iterative point. To demonstrate fully that our algorithm is more stable,
we randomly initialize cluster indicator matrix ¥ and W 20 times. Under the parameter
setting of the optimal results obtained by corresponding method, we record the average
results of 1. The experimental results are shown in Fig. 1.

It can be seen that the value of 1 of the other three methods are always changing
irregularly , while ours starts to stabilize after fewer iterations and then always less than
1. Furthermore, we know that , with the increase of iterative number k, ||[Wy11 — Wil r
decreases gradually in our method, which shows that our iterative sequence {Wj }ren keeps
the ”distance” of the adjacent two points gradually reduced and it is changed regularly
according to the iterative rules. Following the previous theoretical proof, iterative sequence
{Wi}ken will eventually converge to the KKT points. Compared with our method, since
the values of n of UDPFS, NDFS and UDFS are ruleless, iterative sequence {Wj}ren is
“jumping” irregularly and does not have a convergence trend. Therefore, our method is more
stable.

6.3 Robustness Analysis
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Figure 2: Robustness comparison to data perturbation between our method and other
iterative methods on lung.
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Figure 3: Robustness comparison to data perturbation between our method and other
iterative methods on Isolet.

In this subsection, we summarize the main results for our robustness analysis. We
consider the effect of varying the amount of perturbation introduced in the datasets, i.e.,
the effect of performance if we fine-tune the Gaussian noise from the distribution N (0, 0?)
where o is sampled from the set {0.0,0.5,1.0,1.5,2.0} and add the Gaussian noise to the
input data. In order to make a fair comparison, we conduct the experiments under the
parameter setting of the optimal results obtained by each method for the chosen dataset.
Meanwhile, in order to avoid the influence of the randomness of noise in a single experiment,
we uniformly do ten experiments for each noise variance, and then average the results as the
final result.
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Figure 4: Performance with different «, 5, 7 values on Isolet and lung with a grid search
strategy.

Fig. 2 and Fig. 3 show the robustness of the iterative methods here considered on the
lung dataset and Isolet dataset with different levels of noise. Note that with the increase
of disturbance, the robustness of all iterative methods falls off, while the performance of
our method is always the best. Therefore, compared with other methods, our method has a

strong robustness.

6.4 Parameter Sensitivity Analysis

Like many other feature selection algorithms, our proposed method also requires several
parameters «, 3,7 to be set in advance. Next, we will discuss their sensitivity. In our
experiments, we observe that the parameters o and 8 have more effect on the performance
than the parameter v on the given datasets. Therefore, we focus on discussing the parameters
a and 5. We will conduct the parameter sensitivity study in terms of «, § when = is fixed
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to some values. o and B are tuned from {1076 1075, .- /10°,10%}. The results on lung and
Isolet are presented in Fig. 4. It can be seen that our method is not sensitive to a, 8 and -y
with relatively wide ranges.

7. conclusion

In this paper, we firstly have explored an ideal feature selection model: [5 ;-norm regularized
regression optimization problem with non-negative orthogonal constraint, which well captures
the most representative features from the original high-dimensional data. Then, we propose
an inexact augmented Lagrangian multiplier method to solve our feature selection model.
Moreover, a proximal alternating minimization method is utilized to solve the augmented
Lagrangian subproblem with the benefit being that each subproblem has a closed form
solution. It is shown that our algorithm has the subsequence convergence property, which is
not provided in the state-of-the-art unsupervised feature selection methods. Quantitative
and qualitative experimental results have shown the effectiveness of our proposed method.
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