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Abstract. In this paper, we adopt the augmented Lagrangian method (ALM) to solve convex quadratic second-4
order cone programming problems (SOCPs). Fruitful results on the efficiency of the ALM have been established in5
the literature. Recently, it has been shown in [12] that, if the quadratic growth condition holds at an optimal solution6
for the dual problem, then the KKT residual converges to zero R-superlinearly when the ALM is applied to the7
primal problem. Moreover, Cui et al. [11] provided sufficient conditions for the quadratic growth condition to hold8
under the metric subregularity and bounded linear regularity conditions for solving composite matrix optimization9
problems involving spectral functions. Here, we adopt these recent ideas to analyze the convergence properties of10
the ALM when applied to SOCPs. To the best of our knowledge, no similar work has been done for SOCPs so far.11
In our paper, we first provide sufficient conditions to ensure the quadratic growth condition for SOCPs. With these12
elegant theoretical guarantees, we then design an SOCP solver and apply it to solve various classes of SOCPs such13
as minimal enclosing ball problems, classical trust-region subproblems, square-root Lasso problems, and DIMACS14
Challenge problems. Numerical results show that the proposed ALM based solver is efficient and robust compared15
to the existing highly developed solvers such as Mosek and SDPT3.16
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1. Introduction. Denote the standard d-dimensional second-order cone (also called ice20
cream cone or Lorentz cone) in Rd (d > 1) as21

Kd :=
{
x = (x0, xt)

> ∈ R× Rd−1 | x0 ≥ ‖xt‖
}
.22

Let K be the Cartesian product of r second-order cones, i.e.,23

K = Kn1 × · · · × Knr ⊆ Rn,24

where n = n1 + · · ·+ nr. In this paper, we consider the following convex quadratic second-25
order cone programs (SOCPs)26

(P) min
x=(x1;x2;x3)

f0(x) :=
1

2
〈x1, Hx1〉 − 〈b, x2〉+ δK(x3)27

s.t. −Hx1 +A>x2 + x3 = c, x1 ∈ Ran (H) ⊆ Rn, x2 ∈ Rm, x3 ∈ Rn,28

where H ∈ Sn+ (the cone of n × n symmetric positive semidefinite matrices) and A ∈29
Rm×n are given matrices, Ran(H) denotes the range space of H , c ∈ Rn and b ∈ Rm are30
given vectors, and δK(·) is the indicator function for the symmetric cone K. In the above,31
(x1;x2;x3) denotes the concatenation of the vectors x1, x2, x3. For notational simplicity, we32
denote X := Ran(H)× Rm × Rn for the rest of this paper.33
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2 L. LIANG, D. F. SUN, AND K.-C. TOH

The dual problem associated with (P) is given by34

(D) max
y

g0(y) := −1

2
〈y, Hy〉 − 〈c, y〉 − δK(y)35

s.t. Ay = b, y ∈ Rn.36

We should mention that in this paper, our naming convention of the primal and dual problems37
are opposite of the convention adopted in the interior-point methods literature.38

Let SOLP and SOLD be the solution sets of (P) and (D), respectively. The Karush-39
Kuhn-Tucker (KKT) optimality condition for (P) and (D) is given as follows:40

(1.1) −Hx1 +A>x2 + x3 = c, Ay − b = 0, H(x1 − y) = 0, K 3 x3 ⊥ y ∈ K.41

We assume for the rest of this paper that the KKT condition (1.1) admits at least one solution.42
Under this assumption, it is well known that (x̄, ȳ) solves the KKT condition (1.1) if and only43
if x̄ ∈ SOLP and ȳ ∈ SOLD.44

Note that problems (P) and (D) cover the standard primal and dual linear SOCP prob-45
lems by simply dropping the quadratic term in the objective function, respectively. One may46
also observe that problem (P) or (D) can be reformulated as a linear SOCP with additional47
affine and rotated quadratic cone constraints. To explain the procedure, we consider problem48
(D) as an illustrative example. Recall that a d-dimensional (d ≥ 3) rotated quadratic cone is49
defined by50

Kdr :=
{
x = (x1, x2, · · · , xd) ∈ Rd | 2x1x2 ≥ x2

3 + · · ·+ x2
d, x1, x2 ≥ 0

}
.51

From the positive semidefiniteness of H , there exists R ∈ Rn×n such that H = R>R, and52

hence we can rewrite problem (D) as miny,t
{
t + 〈c, y〉

∣∣∣ Ay = b, y ∈ K, ‖Ry‖2 ≤ 2t
}
.53

Observe that the constraint ‖Ry‖2 ≤ 2t is equivalent to (t, 1, Rx) ∈ Kn+2
r . Therefore, (D)54

can be reformulated as55

min
y,t,s,z

{
t+ 〈c, y〉

∣∣ Ay = b, Ry − z = 0, s = 1, y ∈ K, (t, s, z) ∈ Kn+2
r

}
.(1.2)56

From the constraints in (1.2), we can infer the following potential disadvantages for trans-57
forming the quadratic term in the objective into the constraints: (1) One needs to introduce58
an affine constraint with coefficient matrix of size (n + 1) × (2n + 1). Thus, when n is59
large, which is usually the case, this additional affine constraint will increase the difficulty60
of computing the search direction (e.g., when an interior point method is used, one needs to61
solve a large linear system to compute the Newton direction). (2) Introducing the extra vari-62
ables (y, z, s) naturally would increase the computational complexity in solving the problem.63
(3) The factorization H = R>R to begin with can be expensive to compute. The above64
disadvantages have motivated us to deal with (P) and (D) directly.65

Optimization problems with second-order cone constraints have been studied for quite a66
long time and still receive constant attention to date. There is a large body of literature on the67
topic. For comprehensive surveys and numerous important applications of SOCPs, we refer68
the readers to [1, 22, 25] and references therein. Here, we mention some recent literature in69
the next three paragraphs to capture the main research topics on SOCPs.70

Optimization problems with second-order cone constraints are of great interest theoret-71
ically due to their non-polyhedral nature. In fact, theoretical results on variational analysis72
for SOCPs have been well-developed. For example, Bonnans and Shapiro [7] performed rig-73
orous and systematic perturbation analysis for nonlinear SOCPs. Outrata and Sun [33] then74
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computed the limiting (Mordukhovich) coderivative of the metric projection onto a second-75
order cone, which can be used to provide a sufficient condition for the Aubin property of the76
solution map of a complementarity problem, as well as to derive certain necessary optimality77
conditions. Very recently, Hang et al. [17] conducted a second-order variational analysis for78
SOCPs without imposing any nondegeneracy assumptions.79

The importance of SOCPs comes from their modeling power. Indeed, applications of80
SOCPs have grown dramatically over the years in engineering, control, management science81
and statistics, see for instance [4, 6, 16, 27, 30, 39, 43, 47]. As illustrative examples, we82
consider minimal enclosing ball problems [47], classical trust-region subproblems [30] and83
square-root Lasso problems [6] in this paper.84

As driven by the needs in applications, many algorithms have also been developed for85
solving SOCPs. Among them, the most well-developed ones are interior point methods86
(IPMs). In particular, primal-dual IPMs have been shown to have superior theoretical and87
practical efficiency and they are widely used to solve SOCPs to high precision. For references88
on primal-dual IPMs for solving SOCPs, we recommend [2, 9, 29, 31, 32, 44]. However,89
IPMs are sometimes not scalable for large-scale problems due to the high expense needed to90
solve the large linear system of equations in each iteration. Besides IPMs, smoothing Newton91
methods [10, 15] and semismooth Newton methods [21] have also been applied to solve the92
KKT system directly. However, limited numerical implementations and experiments were93
conducted in these works. Therefore, the practical performance of these algorithms remains94
unclear. Finally, the augmented Lagrangian method (ALM) has also been applied to general95
nonlinear programming problems with second-order cone constraint in [18, 24]. Both papers96
focus on analyzing the local fast convergence rate of the ALM under some strong conditions97
such as the uniform second-order growth condition and the second-order sufficient condition,98
but with different approaches. Nevertheless, the practical performance of the ALM is not con-99
sidered in both works. Therefore, the contributions in [18, 24] are mainly on the theoretical100
development.101

Continuing the research theme on algorithmic development just mentioned above, the102
present paper aims to design a highly efficient and scalable algorithm for solving large-scale103
SOCPs. Our algorithmic design is motivated by the recent success in developing an ALM104
framework for solving semidefinite programming (SDP) problems. Specifically, in [46], an105
inexact ALM combined with a semismooth Newton method has been shown to be highly ef-106
ficient and scalable for solving large-scale SDP problems. Thus, it is natural for us to apply107
a similar ALM framework to solve SOCPs directly. Note that this ALM framework together108
with its convergence analysis is well established based on the theoretical work of Rockafel-109
lar [35, 36]. Along this line, various papers (see e.g., [12, 26]) have extended Rockafellar’s110
work by relaxing some restrictive conditions for convergence. For instance, Cui et al. [12]111
showed recently that under the calmness condition for the dual solution mapping (equiva-112
lently, the quadratic growth condition for the dual problem), the ALM applied to a primal113
convex composite conic programming problem has an asymptotic R-superlinear convergence114
rate in term of the KKT residual. Moreover, Cui et al. [11] showed that under the metric115
subregularity and bounded linear regularity conditions, the quadratic growth condition can be116
guaranteed for matrix optimization problems involving symmetric spectral functions. There-117
fore, we can borrow these ideas to establish the fast convergence rate of the ALM when118
applied to SOCPs. To the best of our knowledge, no such work has been done for SOCPs so119
far.120

Our contributions in this paper can thus be summarized as follows.121
• Theoretically, we provide sufficient conditions for ensuring the quadratic growth122

condition for the dual problem (D) under the bounded linear regularity condition123
and the metric subregularity condition. In particular, we revisit the fact that if a124

This manuscript is for review purposes only.



4 L. LIANG, D. F. SUN, AND K.-C. TOH

strictly complementary solution exists, then the quadratic growth condition holds125
for problem (D). Thus, sufficient conditions for the R-superlinear convergence of126
the KKT residual generated by the ALM can also be obtained.127

• Numerically, we develop a highly efficient and robust SOCP solver for large-scale128
SOCPs. Our numerical results show that the solver is comparable to existing state-129
of-the-art linear SOCP solvers such as the highly powerful commercial solver Mosek130
and the efficient open source solver SDPT3, when solving some large-scale linear131
SOCPs. More specifically, we apply our SOCP solver to solve minimal enclosing132
ball (MEB) problems, square-root Lasso problems and some linear SOCPs in DI-133
MACS implementation challenge. For the SOCPs arising from the MEB problems,134
we show that any feasible solution to the primal problem is constraint nondegenerate135
and hence the semismooth Newton method employed to solve the ALM subprob-136
lems is guaranteed to attain at least a superlinear convergence rate.137

• For solving the convex quadratic SOCPs (P) and (D), we deal with the quadratic138
objective functions directly in a concise manner. We do not need to transform the139
problem into a much larger linear SOCP problem with an additional rotated qua-140
dratic cone constraint. The great computational benefit of our approach is demon-141
strated via the numerical results for solving the classical trust-region subproblems.142

The rest of the paper is organized as follows. In Section 2, we introduce some prelimi-143
naries and notation which will be used in this paper. Recently developed convergence results144
of the ALM and related topics on the quadratic growth condition for the dual problem (D)145
are presented in Section 3 and Section 4. A highly efficient semismooth Newton method for146
solving the ALM subproblems is presented in Section 5 with some well-known convergence147
properties. In Section 6, we design an SOCP solver based on the proposed ALM. Moreover,148
we discuss the efficient implementation of the solver and conduct extensive numerical ex-149
periments to illustrate the efficiency and robustness of the proposed algorithm. Finally, we150
conclude the paper in Section 7.151

2. Preliminaries. In this section, we first list some notation and present some basic152
material on the projection operator onto the standard second-order cone.153

2.1. Notation and definitions. We use Y, Z and W to denote generic finite-dimensional154
real Euclidean spaces. For a given closed convex cone C, we use C◦ and C∗ to denote the polar155
and dual cones of C, respectively. We use NC(x) and TC(x) to denote the normal and tangent156
cones of C at a point x ∈ C, respectively.157

For a given convex function f : W → [−∞,+∞], its effective domain is denoted as158
dom (f) and the subdifferential at the point x ∈ dom( f) is denoted as ∂f(x). We use f∗ to159
denote the convex conjugate function of f , i.e., f∗(z) = supx {〈z, x〉−f(x) | x ∈ dom (f)}.160
Let D ⊆ W be a set. We use δD(·) to denote the indicator function over the set D. If the161
set D is closed and convex, then the metric projection of x ∈ W onto D is defined by162
ΠD(x) := arg min{‖x− s‖ | s ∈ D}. Moreover, the distance for a point x ∈ W to the set163
D is given by dist (x,D) := infx∈D ‖x− d‖. For more useful properties related to convex164
functions and convex sets, we refer the readers to the monograph of Rockafellar [37].165

For a proper closed convex function p : W→ (−∞,+∞], the proximal mapping of p(·)166

is defined as Propp(u) := arg minx {p(x) + 1
2 ‖x− u‖

2}, u ∈W. Note that x = Propp(u)167
if and only if u− x ∈ ∂p(x).168

The following definitions on the Lipschitz-like continuity for a set-valued mapping are169
commonly involved in derivation of the convergence rate for the ALM.170

DEFINITION 2.1. 1. A set-valued mapping Φ : W ⇒ Y is Lipschitz continuous at171
u ∈ W with modulus κ ≥ 0 if Φ(u) = {v} and there exists a positive constant ε172
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such that173

‖v′ − v‖ ≤ κ ‖u′ − u‖ , ∀ v′ ∈ Φ(u′), u′ ∈ Bε(u).174

2. A set-valued mapping Φ : W ⇒ Y is upper Lipschitz continuous at u ∈ W with175
modulus κ ≥ 0 if there exists a positive constant ε such that176

dist (v′,Φ−1(u)) ≤ κ ‖u′ − u‖ , ∀ v′ ∈ Φ(u′), u′ ∈ Bε(u).177

Next, we define some mappings that are closely related to the perturbation theory of178
optimization problems. We will use these mappings to analyze the convergence property of179
the proposed ALM.180

Let l : X× Rn → [−∞,+∞] be the Lagrangian function in the extended form:181

l(x, y) :=

{
f0(x) + 〈y, −Hx1 +A>x2 + x3 − c〉 x ∈ dom(f0),

+∞ x /∈ dom(f0).
182

Denote the essential objective functions of (P) and (D), respectively, by183

f(x) := sup
y

l(x, y) =

{
f0(x) −Hx1 +A>x2 + x3 = c,

+∞ otherwise,
184

g(x) := inf
x
l(x, y) =

{
g0(y) Ay = b,

−∞ otherwise.
185

Note that the functions l(·), f(·) and g(·) are convex-concave, convex and concave, respec-186
tively. Therefore, their subdifferentials are well-defined. In particular, we can define the187
following set-valued mappings Tl : X× Rn ⇒ X× Rn, Tf : X ⇒ X and Tg : Rn ⇒ Rn by188

Tl(x, y) :=
{

(u, v) ∈ X× Rn | (u,−v) ∈ ∂l(x, y)
}
, (x, y) ∈ X× Rn,189

Tf := ∂f , and Tg := −∂g, respectively.190
Consider the following linearly perturbed form of problem (P) with perturbation param-191

eters (u, v) ∈ X× Rn:192

(P(u, v)) min
x

{
f0(x)− 〈x, u〉

∣∣ −Hx1 +A>x2 + x3 + v − c = 0
}
.193

Then according to [35], the inverse mapping of three mappings Tl, Tf and Tg are well-defined194
(since Tl, Tf and Tg are shown to be maximal monotone operators), and can be viewed as the195
solution mappings of their corresponding perturbed problems. Indeed, one can verify that196 

Tl(u, v)−1 = the set of all KKT points to (P(u, v)),

Tf (u)−1 = the set of all optimal solution to (P(u, 0)),

Tg(v)−1 = the set of all optimal solution to (D(0, v)),

197

where (D(u, v)) is the ordinary dual of (P(u, v)) for any (u, v) ∈ X × Rn. Therefore, we198
may call T−1

l the KKT solution mapping, T−1
f the primal solution mapping and T−1

g the dual199
solution mapping.200
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2.2. Projection onto the second-order cone. We next recall some important properties201
on the projection onto the second-order cone. We will pay particular attention to the differ-202
ential properties for the projection mapping ΠK(·), where for notational simplicity we use K203
to denote a single second-order cone in Rd, i.e.,204

K := {x = (x0, xt)
> ∈ Rd | x0 ≥ ‖xt‖}.205

The following lemma provides an exact formula of the projection onto the second-order cone206
(see e.g., [15]).207

LEMMA 2.2. For any x = (x0, xt)
> ∈ Rd, the projection onto the second-order cone208

K is given by209

ΠK(x) =


x ‖xt‖ ≤ x0,

0 ‖xt‖ ≤ −x0,

1
2 (x0 + ‖xt‖)

(
1, xt

‖xt‖

)>
otherwise.

210

Since ΠK(·) is a globally Lipschitz continuous mapping with modulus 1 on Rd, i.e.,211

‖ΠK(x)−ΠK(y)‖ ≤ ‖x− y‖ , ∀x, y ∈ Rd,212

it is well known that by Rademacher’s Theorem [13], ΠK(·) is Fréchet differentiable almost213
everywhere on any open set O ⊆ Rd. Thus, we can define the B-subdifferential of ΠK(·) at214
a point x ∈ Rd as215

∂BΠK(x) := { lim
i→∞

JΠK(xi) | xi → x, JΠK(xi) exists},216

where JΠK(x) denotes the Jacobian of ΠK(·) at x ∈ Rd if it exists. Then, for any x ∈ Rd,217
the Clarke generalized Jacobian of ΠK(x), namely ∂CΠK(x), is defined as the convex hull218
of ∂BΠK(x). The following proposition gives the concrete expression of the elements in219
∂BΠK(x). We refer the readers to [34, 21, 33] for more details.220

PROPOSITION 2.3. Given an arbitrary point x = (x0, xt)
> ∈ Rd, each element V ∈221

∂BΠK(x) has the following representations:222
1. If x0 6= ±‖xt‖, ΠK(·) is continuously differentiable near x with223

JΠK(x) =



0 x0 < −‖xt‖ ,

Id x0 > ‖xt‖ ,

1
2

(
1

x>t
‖xt‖

xt

‖xt‖ (1 + x0

‖xt‖ )Id−1 − x0

‖xt‖3
xtx
>
t

)
−‖xt‖ < x0 < ‖xt‖ .

224

2. If xt 6= 0 and x0 = ‖xt‖, then225

V ∈

Id, 1

2

 1
x>t
‖xt‖

xt

‖xt‖ 2Id−1 − xt

‖xt‖
x>t
‖xt‖

 .226

3. If xt 6= 0 and x0 = −‖xt‖, then227

V ∈

0,
1

2

 1
x>t
‖xt‖

xt

‖xt‖
xt

‖xt‖
x>t
‖xt‖

 .228
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4. If xt = 0 and x0 = 0, then229

V ∈
{

0, Id

} ⋃ {
1

2

(
1 ω>

ω (1 + ρ)Id−1 − ρωω>
)

: |ρ| ≤ 1, ‖ω‖ = 1

}
.230

Recall that K = Kn1 × · · · × Knr ∈ Rn is the Cartesian product of r second-order cones. It231
is clear that for any x = (x1; · · · ;xr) ∈ Rn,232

V := Diag(V1, · · · , Vr) ∈ ∂BΠK(x), Vj ∈ ∂BΠKnj (xj), 1 ≤ j ≤ r.233

To apply the semismooth Newton method for solving the ALM subproblems presented234
later in the paper, we also need the concept of semismoothness.235

DEFINITION 2.4. Let Φ : W→ Y be a locally Lipschitz continuous function on the open236
set O ⊆ W. Φ is said to be semismooth at a point x ∈ O if Φ is directionally differentiable237
at x and for any V ∈ ∂CΦ(x+ ∆x),238

Φ(x+ ∆x)− Φ(x)− V∆x = o(‖∆x‖), ∆x→ 0.239

Φ is said to be strongly semismooth at x ∈ O if Φ is semismooth at x and for any V ∈240
∂CΦ(x+ ∆x),241

Φ(x+ ∆x)− Φ(x)− V∆x = o(‖∆x‖2), ∆x→ 0.242

Φ is said to be a (strongly) semismooth function on O if it is (strongly) semismooth for every243
point x ∈ O.244

The next lemma shows that ΠK(·) is strongly semismooth on Rn. For a proof of this245
lemma, see [10, 19].246

LEMMA 2.5. The projection mapping ΠK(·) is strongly semismooth everywhere.247

3. Convergence results of the ALM. In this section, we analyze the convergence prop-248
erties of the ALM applied to problem (P). Even though the theory has been highly developed,249
we present certain important results here to make our paper self-contained.250

Let σ > 0 be a given penalty parameter. The augmented Lagrangian function associated251
with problem (P) for any (x, y) ∈ X× Rn is defined as252

Lσ(x, y) := f0(x) +
1

2σ

(∥∥σ(−Hx1 +A>x2 + x3 − c
)

+ y
∥∥2 − ‖y‖2

)
.253

At the (k + 1)-th iteration, for a given sequence of penalty parameters 0 < σk ↑ σ∞ ≤ ∞254
and an initial point y0 ∈ Rn, the inexact ALM performs the following scheme:255 {

xk+1 := (xk+1
1 , xk+1

2 , xk+1
3 ) ≈ arg min

x
{fk(x) := Lσk

(x, yk)},

yk+1 := yk + σ(−Hxk+1
1 +A>xk+1

2 + xk+1
3 − c), k ≥ 0.

(3.1)256

The rate of convergence for the ALM can be obtained by considering its connection257
with the dual proximal point algorithm (PPA). This connection was explored in Rockafellar’s258
classical papers [35, 36]. More specifically, by combining Theorem 4 and Theorem 5 in [35],259
one obtains the following fundamental convergence result for ALM.260

THEOREM 3.1. Assume that SOLD is nonempty, i.e., T−1
g (0) 6= ∅. Let {(xk, yk)} be261

the infinite sequence generated by the ALM in (3.1) under the following criterion for inexact262
computation263

(A) fk(xk+1)− inf fk ≤
ε2k

2σk
,264
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where {εk} is a summable sequence in R. Then the whole sequence {yk} converges to some265
y∞ ∈ SOLD.266

If T−1
g is Lipschitz continuous at the origin with modulus κg > 0 and the ALM is also267

executed under the following criterion268

(B) fk(xk+1)− inf fk ≤
δ2
k

2σk

∥∥yk+1 − yk
∥∥2

269

with a summable sequence {δk}. Then yk → y∞ as k → ∞, where in this case, y∞ is the270
unique solution for problem (D). Furthermore, it holds that271

∥∥yk+1 − y∞
∥∥ ≤ κg(κ

2
g + σ2

k)−1/2 + δk

1− δk
∥∥yk − y∞∥∥272

for all k sufficiently large.273

Remark 3.2. Note that the Lipschitz continuity assumption on T−1
g is rather restrictive,274

since it requires the solution set T−1
g (0) to be a singleton. In [26], Luque extended Rock-275

afellar’s original results by relaxing the Lipschitz continuity condition to the upper Lipschitz276
continuity condition. The latter condition is satisfied if the corresponding set-valued mapping277
is piecewise polyhedral (see Sun’s PhD thesis [40] for more discussions on these mappings).278
However, in this paper, we consider the mapping involving the non-polyhedral second-order279
cone; thus, more relaxed conditions might be needed.280

The classical convergence results for the ALM (or equivalently PPA) are of great value281
both theoretically and numerically. However, there are two practical issues to be resolved.282
Firstly, we can only obtain the rate of convergence for the dual sequence {yk} generated283
by the ALM, but the rate of convergence for the primal sequence {xk} is not known. Even284
though [12, Proposition 3] has provided a convergence result for {xk} under the upper Lip-285
schitz continuity condition of T−1

l , the Lipschitz-like condition is quite restrictive as ex-286
plained in [12]. Thus, instead of requiring the convergence of {xk} when designing a solver,287
in our opinion, a more reasonable requirement is the convergence of the KKT residual of the288
computed primal-dual sequence {(xk, yk)}. Secondly, the stopping criteria used in the the-289
oretical analysis are not implementable since they require some unknown information (e.g.,290
inf fk). Fortunately, these issues are resolved in [12] by conducting finer analysis of the ALM291
applied to the dual problem. We shall summarize these results in the rest of this subsection.292

To proceed, we first need the following definition of quadratic growth condition and293
assumption of Robinson constraint qualification.294

DEFINITION 3.3. The quadratic growth condition holds at an optimal solution ȳ ∈295
SOLD if there exist positive constants κ and ε such that296

−g0(y) ≥ −g0(ȳ) + κdist2(y,SOLD), ∀y ∈ Bε(ȳ) ∩ {y ∈ Rn | Ay = b} .(3.2)297

Assumption 3.4. The solution set SOLD for the problem (D) is non-empty and the fol-298
lowing Robinson constraint qualification (RCQ) of the problem (D) hold at some ȳ ∈ SOLD :299

0 ∈ int

{(
b
ȳ

)
+

(
A 0
0 In

)(
Rn
Rn
)
−
(
{0}
K

)}
.300

By [7, Theorem 3.9], the optimal solution set SOLP to the problem (P) is nonempty and301
bounded under the Assumption 3.4.302
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For any k ≥ 0, yk ∈ Rn, x1 ∈ Rn and x2 ∈ Rm, denote303 

ỹk(x1, x2) := ΠK
[
yk + σk

(
−Hx1 +A>x2 − c

)]
,

x̃k(x1, x2) :=
(
x1, x2, ỹ

k(x1, x2)
)> ∈ X,

ek(x1, x2) :=

Hx1 −Hỹk(x)
−b+Aỹk(x)

0

 .

(3.3)304

Let {ε̂k} and {δ̂k} be two summable nonnegative sequences. For inexact computations, we305
adopt the following stopping criteria306

(A′)
∥∥ek+1

∥∥ ≤ ε̂2k/σk
1 + ‖xk+1‖+ ‖yk+1‖

min

{
1,

1

‖Hyk+1‖+ ‖yk+1 − yk‖ /σk + 1/σk

}
,

(B′)
∥∥ek+1

∥∥ ≤ (δ̂2
k/σk)

∥∥yk+1 − yk
∥∥2

1 + ‖xk+1‖+ ‖yk+1‖
min

{
1,

1

‖Hyk+1‖+ ‖yk+1 − yk‖ /σk + 1/σk

}
,

307

where308

yk+1 := ỹk(xk+1
1 , xk+1

2 ), xk+1 := x̃k(xk+1
1 , xk+1

2 ), ek+1 := ek(xk+1
1 , xk+1

2 ).309

We can see that the above stopping criteria are truly implementable and hence they are more310
useful for practical purposes than the classical ones (i.e., criteria (A) and (B)).311

Based on the KKT optimality condition (1.1), we define the natural map312

Rnat(x, y) :=


Hx1 −Hy
−b+Ay

x3 −ΠK(x3 − y)
Hx1 −A>x2 − x3 + c

 , ∀x = (x1, x2, x3) ∈ X, y ∈ Rn.(3.4)313

The following theorem is taken from [12, Theorem 2] which provides the R-superlinear con-314
vergence of the KKT residual.315

THEOREM 3.5. Suppose that Assumption 3.4 holds. Let {(xk, yk)} be an infinite se-316
quence generated by the ALM in (3.1) under the criterion (A′). Then the sequence {yk} is317
bounded and converges to some y∞ ∈ SOLD. Moreover, the sequence {xk} is also bounded318
with all of its limit points in SOLP.319

If criterion (B′) is also executed in the ALM and the quadratic growth condition holds at320
y∞ with modulus κ̂g > 0. Then there exist a positive constant α and an integer k̄ ≥ 0 such321

that for all k ≥ k̄, αδ̂k < 1 and322

dist (yk+1,SOLD) ≤ θkdist (yk,SOLD),
∥∥Rnat(xk+1, yk+1)

∥∥ ≤ θ′kdist (yk,SOLD),323

where324

θk :=
1

1− αδ̂k

αδ̂k +
αδ̂k√

1 + σ2
kκ̂

2
g

 ,325

θ′k :=
1

1− αδ̂k

(
max

{
1,

1

σk

}
+
δ̂2
k

σk

∥∥yk+1 − yk
∥∥) .326
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One can observe from the above theorem that when σk ↑ σ∞ ≤ ∞,327

θk → θ∞ :=
1√

1 + σ2
∞κ̂

2
g

, θ′k → θ′∞ := max

{
1,

1

σ∞

}
.328

Thus θ∞ can be arbitrarily close to zero if σ∞ is sufficiently large. This implies that the linear329
convergence rate for the sequence {dist(yk,SOLD)} can be arbitrarily small. Moreover,330
since θ′∞ ≤ 1, the KKT residual also converges as rapidly as {dist(yk,SOLD)}. These331
convergence properties may explain partially the highly efficiency of the ALM, as we shall332
see in our numerical experiments.333

4. Quadratic growth condition. In this section, we analyze the quadratic growth con-334
dition for the dual problem (D), which serves as a sufficient condition for the KKT residual335
generated by the ALM to achieve the R-superlinear convergence rate (see Theorem 3.5). In336
the recent work of Cui et al. [11], two types of sufficient conditions were proposed to en-337
sure the quadratic growth condition. Here in this section, we will follow one of the available338
frameworks in [11] to provide a sufficient condition for the quadratic growth condition under339
the bounded linear regularity and metric subregularity conditions.340

Recall that since H � 0, there exists R ∈ Rn×n such that H = R>R. Denote FD :=341 {
y ∈ Rn | Ay = b

}
. Then problem (D) can be reformulated as342

max
y

{
g0(y) := −1

2
‖Ry‖2 − 〈c, y〉 − p(y)

∣∣∣∣ y ∈ FD} ,343

where p(·) = δK(·). Moreover, the KKT optimality condition (1.1) can be rewritten as344

0 ∈ R>Ry + c+ ∂p(y)−A>x2, Ay − b = 0, ∀ (x2, y) ∈ Rm × Rn.(4.1)345

Take any ȳ ∈ SOLD. Denote346

ζ̄ := Rȳ, V :=
{
y ∈ Rn | Ry = ζ̄

}
347

and define the set-valued mapping G : X ⇒ Rn as348

G(x) := (∂p)−1
(
A>x2 −R>ζ̄ − c

)
, ∀ x = (x1, x2, x3) ∈ X.349

Then, we have the following characterization for the optimal solution set SOLD.350

PROPOSITION 4.1. Assume that ȳ ∈ SOLD and x̄ = (x̄1, x̄2, x̄3) ∈ SOLP. Then the351
optimal solution set SOLD can be characterized as352

SOLD = V ∩ G(x̄) ∩ FD.353

Proof. We only have to show that for any y, y′ ∈ SOLD, it holds that Ry = Ry′. This354
is equivalent to say that the value Ry is invariant over y ∈ SOLD. However, such a fact is355
already well known in the literature, see for instance [28].356

Next, we recall the concept of bounded linear regularity of a collection of closed convex357
sets. This concept is useful for analyzing error bound properties for constrained optimization358
problems.359

DEFINITION 4.2. Let D1, · · · , Dq be some closed convex sets in a finite dimensional360
Euclidean space W. Suppose that D := D1 ∩ · · · ∩ Dq is non-empty. The collection361
{D1, · · · , Dq} is said to be boundedly linearly regular if for every bounded set B ⊆ W,362
there exists a positive constant κ such that363

dist (x,D) ≤ κmax {dist (x,D1), · · · ,dist (x,Dq)} , ∀x ∈ B.364
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However, checking the condition in Definition 4.2 is not a trivial task. In [5, Corollary 3], the365
authors established the following simpler sufficient condition.366

PROPOSITION 4.3. Let D1, · · · , Dq be some closed convex sets in a finite dimensional367
Euclidean space W. Suppose that D1, · · · , Dq1 are polyhedral for some 0 ≤ q1 ≤ q. Then a368
sufficient condition for the collection {D1, · · · , Dq} to be boundedly linearly regular is369 ⋂

1≤i≤q1

Di ∩
⋂

q1+1≤i≤q

ri (Di) 6= ∅.370

We next introduce the definition of metric subregularity.371

DEFINITION 4.4. A multifunction Φ : W ⇒ Y is said to be metrically subregular at372
x̄ ∈W for v̄ ∈ Y if (x, v) ∈ gph (Φ) and there exist positive constants κ and ε such that373

dist (x,Φ−1(v̄)) ≤ κdist (v̄,Φ(x)), ∀x ∈ Bε(x̄).374

For a general multifunction, it could be difficult to check the metric subregularity directly375
since the graph of the multifunction at the reference point may contain infinitely many points.376
Fortunately, when the multifunction is the subdifferential of a proper closed convex function,377
it has a more convenient characterization as shown in the next proposition.378

PROPOSITION 4.5. Let W be a real Hilbert space endowed with the inner product 〈·, ·〉379
and p : W → (−∞,+∞] be a proper closed convex function. Let (v̄, x̄) ∈ W ×W such380
that v̄ ∈ ∂p(x̄). Then ∂p is metrically subregular at x̄ for v̄ if and only if there exist positive381
constants κ and ε such that382

p(x) ≥ p(x̄) + 〈v̄, x− x̄〉+ κdist (x, (∂p)−1(v̄)), ∀x ∈ Bε(x̄).383

The proof of Proposition 4.5 can be found in [3, Theorem 3.3]. Next proposition states that384
∂p(·) = ∂δK(·) = NK(·) is indeed metrically subregular.385

PROPOSITION 4.6. Let K = Kn1 × · · · × Knr ⊆ Rn be the Cartesian product of some386
second-order cones with Kni ⊆ Rni , i = 1, · · · , r, and n = n1 + · · · + nr. For any387
(x, v) ∈ gph(∂δK) i.e., v ∈ NK(x), ∂δK(·) is metrically subregular at x for v.388

Proof. Since the metric subregularity of NK is implied by the metric subregularity of389
each NKni for i = 1, . . . , r, we only need to check that for a standard second-order cone390
K, NK(·) is metrically subregular at any point on its graph. The latter has been shown in391
[41] as a special case of the results for the p-order conic constraint system. Thus, the proof is392
completed.393

After all the previous preparations, we are now able to provide a sufficient condition for394
the quadratic growth condition for problem (D) to hold. The next theorem, which is taken395
from [11], provides a general framework to establish the sufficient condition for the quadratic396
growth condition. To make the paper self-contained and to explain the idea more clearly, we397
provide a proof that is restricted to SOCPs.398

THEOREM 4.7. Assume that SOLD is nonempty and that there exists x̄ ∈ SOLP such399
that the collection

{
V,G(x̄)

}
is boundedly linearly regular. Then the quadratic growth con-400

dition holds for problem (D) at any point ȳ ∈ SOLD.401

Proof. Let ȳ ∈ SOLD, x̄ = (x̄1, x̄2, x̄3) ∈ SOLP and ε > 0. Then for any y ∈402
FD ∩ Bε

(
ȳ
)

we have that there exist κ2 > 0 and κ3 > 0 such that403

dist2
(
y,SOLD

)
= dist2

(
y,V ∩ G(x̄)

)
≤ κ2

[
dist2

(
y,V

)
+ dist2

(
y,G(x̄)

)]
≤ κ3

[ ∥∥Ry − ζ̄∥∥2
+ dist2

(
y, (∂p)−1(A>x2 − η̄)

)]
,

404
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under the assumption that
{
V,G(x̄)

}
is boundedly linearly regular. Note that in the last405

inequality of above, the first term makes use of Hoffman’s error bound [20].406
By Proposition 4.5, Proposition 4.6 and (ȳ, A>x̄2−R>ζ̄− c) ∈ gph(∂p), we know that407

there exists κp > 0 such that for any y ∈ Bε(ȳ), it holds that (by shrinking ε if necessary),408

p(y)− p(ȳ) ≥ 〈A>x̄2 −R>ζ̄ − c, y − ȳ〉+ κpdist2 (y, (∂p)−1(A>x̄2 −R>ζ̄ − c)).409

By combining all the obtained inequalities, we have that for any y ∈ FD ∩ Bε(ȳ),410

−g0(y) =
1

2
‖Ry‖2 + 〈c, y〉+ p(y)

≥ 1

2

∥∥ζ̄∥∥2
+ 〈ζ̄, Ry − ζ̄〉+

1

2

∥∥Ry − ζ̄∥∥2
+ 〈c, y〉

+ p(ȳ) + 〈A>x̄2 − η̄, y − ȳ〉+ κp dist2
(
y, (∂p)−1(A>x̄2 −R>ζ̄ − c)

)
= −g0(ȳ) +

1

2

∥∥Ry − ζ̄∥∥2
+ κp dist2

(
y, (∂p)−1(A>x̄2 −R>ζ̄ − c)

)
≥ −g0(ȳ) + κ−1

3 min{κp,
1

2
} dist2 (x, SOLD),

411

which is exactly the quadratic growth condition for problem (D). Therefore, the proof is412
completed.413

By the definitions of V and FD, it is obvious that both sets are polyhedral. However, G(·)414

is not always polyhedral. Indeed, let x̄3 := −A>x̄2 +R>ζ̄+c = ((x̄3)1, · · · , (x̄3)r)
T ∈ Rn,415

since (see e.g., [8])416

(∂δKni )−1 (−(x̄3)i) = N(Kni )◦(−(x̄3)i) =


{0} (x̄3)i ∈ intKni ,

Kni (x̄3)i = 0,

R+(−(x̄3)i,0, (x̄3)i,t) (x̄3)i ∈ bdKni\{0},
417

we can see that G(x̄) is polyhedral if and only if (x̄3)i 6= 0, ∀ 1 ≤ i ≤ r. As a conse-418
quence, given x̄2 ∈ Rm, let J be the index set defined as J := {i | (x̄3)i = 0}, if there exists419
ȳ = (ȳ1, · · · , ȳr)> ∈ Rn such that (x̄2, ȳ) solves the KKT system (4.1) and ȳi ∈ intKni ,420
∀ i ∈ J . Then by Proposition 4.3, the collection {V,G(x̄)} is boundedly linearly regular and421
hence the quadratic growth condition for the problem (D) holds at any optimal solution. The422
aforementioned conclusion on (x̄2, ȳ) is summarized as follows.423

COROLLARY 4.8. Let (x̄2, ȳ) be a solution of the KKT system (4.1) and x̄3 = −A>x̄2 +424
R>ζ̄ + c. If (x̄3, ȳ) is a strictly complementary solution, i.e., ȳi + (x̄3)i ∈ intKni holds425
for all block components i = 1, · · · , r. Then the quadratic growth condition holds at any426
solution of the problem (D).427

Proof. By [1, Corollary 24], we know that (x̄2, ȳ) is strictly complementary if and only428
if for each block 1 ≤ i ≤ r, either both ȳi and (x̄3)i are nonzero and in the bdKni , or if one429
is zero, the other is in the interior of Kni . Then by the above discussions, the conclusion can430
be derived in a straight-forward way.431

5. Solving the ALM subproblem by an inexact semismooth Newton method. In this432
section, we propose an inexact semismooth Newton method for solving subproblems arsing433
from the ALM in (3.1) applied to the problem (P).434

For given y and σ, denote ỹ(x1, x2, y) := Hx1−A>x2− y/σ+ c. Recall that the ALM435
subproblem is given by436

(5.1) (x+
1 , x

+
2 , x

+
3 ) = argmin

(x1,x2,x3)∈X

{
1
2 〈x1, Hx1〉 − 〈b, x2〉+ δK(x3)

+ 1
2σ

(
‖σ(x3 − ỹ(x1, x2, y))‖2 − ‖y‖2

) }
.437
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By simple calculations, we have438

x+
3 = ΠK

(
ỹ(x+

1 , x
+
2 , y)

)
.(5.2)439

Therefore, by using the Moreau identity, we obtain that to solve the problem (5.1), it is equiv-440
alent to solve441

(5.3) min
x1,x2

ψ(x1, x2) :=
1

2
〈x1, Hx1〉−〈b, x2〉+

1

2σ

(
‖ΠK [−σỹ(x1, x2, y)]‖2 − ‖y‖2

)
.442

Once x+
1 and x+

2 have been computed, we can obtain x+
3 via (5.2). Furthermore, to solve the443

above unconstrained minimization problem with respect to (x1, x2) ∈ Ran(H) × Rm, it is444
equivalent to solve the following system of nonsmooth equations:445

∇ψ(x1, x2) =

(
Hx1 −HΠK [−σỹ(x1, x2, y)]
−b+AΠK [−σỹ(x1, x2, y)]

)
= 0.(5.4)446

Since ΠK(·) is strongly semismooth everywhere (by Proposition 2.5), it is desirable to apply a447
semismooth Newton method to solve the above system of nonsmooth equations as one could448
expect a superlinear or even quadratic convergence rate. To this end, for any (x1, x2) ∈449
Ran(H)× Rm, we define450

∂̂2ψ(x1, x2) :=

(
H

0

)
+ σ

(
H
−A

)
∂CΠK [−σỹ(x1, x2, y)]

(
H −A>

)
.451

Then ∂̂2ψ(x1, x2) can serve as a replacement of the (hard-to-characterize) generalized Hes-452
sian of ψ at (x1, x2), namely ∂2ψ(x1, x2), in the sense that for any d1 ∈ Ran(H) and453
d2 ∈ Rm,454

∂̂2ψ(x1, x2)

((
d1

d2

))
= ∂2ψ(x1, x2)

((
d1

d2

))
.455

Next we present the well-known inexact semismooth Newton method (as Algorithm 5.1)456
in [46] to solve (5.3) as in Algorithm 5.1.457

The convergence of Algorithm 5.1 is given by the next theorem under the following458
assumption.459

Assumption 5.1. The linear mapping A : Rn → Rm is onto and there exists ŷ ∈ intK460
such that Aŷ = b.461

THEOREM 5.2. Suppose that Assumption 5.1 holds. Then Algorithm 5.1 generates a462
bounded sequence {(xj1, x

j
2)} such that any of its accumulation point is an optimal solution463

to problem (5.3).464

Readers may refer to [46, Theorem 3.4] for a proof of Theorem 5.2. To obtain a fast super-465
linear convergence rate or even a quadratic convergence rate of Algorithm 5.1, one needs the466
positive definiteness of the coefficient matrix in the linear system at the solution point. Estab-467
lishing conditions that ensure the positive definiteness of the coefficient matrix is important468
for the convergence analysis. Next theorem provides the convergence rate of the algorithm469
under the constraint nondegeneracy condition, whose proof can be done by combining the470
results from [23, Proposition 3.1, Theorem 3.2] and [46, Proposition 3.2, Theorem 3.5].471

THEOREM 5.3. Suppose that Assumption 5.1 holds. Let (x̂1, x̂2) be an accumulation472
point of the infinite sequence {(xj1, x

j
2)} generated by Algorithm iSSN for problem (5.3). Let473
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Algorithm 5.1 Algorithm iSSN: An inexact semismooth Newton method (iSSN(y, σ)).
Given ν̂ ∈ (0, 1), τ ∈ (0, 1], τ1, τ2 ∈ (0, 1), and µ ∈ (0, 1/2), δ ∈ (0, 1). Choose

(x0
1, x

0
2) ∈ Ran(H)× Rm. Perform the following iterations for j = 0, 1, 2, · · · ,

Step 1. Set εj := τ1 min
{
τ2,
∥∥∥∇ψ(xj1, x

j
2)
∥∥∥} and νj := min

{
ν̂,
∥∥∥∇ψ(xj1, x

j
2)
∥∥∥1+τ

}
.

Find (dj1, d
j
2) ∈ Ran(H) × Rm by solving the following linear system approxi-

mately

Mj

(
d1

d2

)
+ εj

(
0
d2

)
+∇ψ(xj1, x

j
2) = 0, Mj ∈ ∂̂2ψ(xj1, x

j
2)

in the sense that ∥∥∥∥Mj

(
dj1
dj2

)
+ εj

(
0

dj2

)
+∇ψ(xj1, x

j
2)

∥∥∥∥ ≤ νj .
Step 2. Set αj = δmj where mj is the smallest non-negative integer m for which

ψ(xj1 + δmdj1, x
j
2 + δmdj2) ≤ ψ(xj1, x

j
2) + µδm〈∇ψ(xj1, x

j
2),

(
dj1
dj2

)
〉.

Step 3. Set xj+1
1 = xj1 + αjd

j
1 and xj+1

2 = xj2 + αjd
j
2.

ŷ := ΠK (−σỹ(x̂1, x̂2, y)). Assume that the following constraint nondegeneracy condition474
holds475

A lin
(
TK(ŷ)

)
= Rm,476

where lin
(
TK(ŷ)

)
denotes the lineality space of the tangent cone of K at ŷ. Then, the whole477

sequence {(xj1, x
j
2)} converges to (x̂1, x̂2) and478 ∥∥∥(xj+1

1 , xj+1
2 )− (x̂1, x̂2)

∥∥∥ = O

(∥∥∥(xj1, x
j
2)− (x̂1, x̂2)

∥∥∥1+τ
)
.479

Remark 5.4. The constraint nondegeneracy condition in the above theorem could be hard480
to verify since the accumulation point (x̂1, x̂2) is usually not known. Fortunately, for some481
special problems one may check that this condition holds at any feasible solution. For such482
an example, see Theorem 6.1 in Section 6.3 on solving minimal enclosing ball problems.483

Note that under the constraint nondegeneracy condition, one can show that every element484
in ∂̂2ψ(x̂1, x̂2) is self-adjoint and positive definite on Ran(H) × Rm, see [23, Theorem485
3.2]. It is also clear that if H is not positive definite on Rn, then Ran(H) 6= Rn. Thus,486
if one replaces Ran(H) by any linear subspace of Rn strictly containing Ran(H) in the487
formulation of problem (P), then the local fast convergence rate for Algorithm iSSN will be488
lost. As a result, the restriction x1 ∈ Ran(H) in problem (P) in fact plays a crucial role in489
our algorithmic framework. We will discuss later in Section 6.1 on how to implement the490
restriction (d1, d2) ∈ Ran(H)× Rm when solving the linear system in Algorithm iSSN.491

We end this section by emphasizing that our ALM equipped with a semismooth Newton492
method for solving the ALM subproblems is an inner-outer loop algorithm. By our conver-493
gence analysis, both the inner loop and the outer loop have fast convergence rates under some494
technical assumptions. Thus, our present algorithm is a “fast+fast” algorithm.495
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6. Numerical implementation and experiments. In this section, we aim to design an496
efficient solver for the following SOCP problem497

min
x1,x2,x3

{
1

2
〈x1, Hx1〉 − 〈b, x2〉

∣∣∣∣ −Hx1 +A>x2 + x3 = c,
x3 =

(
(x3)0, (x3)1, · · · , (x3)r

)
∈ K

}
,(6.1)498

where K := Rn0
+ × Kn1 × · · · × Knr with Kni being the second-order cone in Rni for499

1 ≤ i ≤ r, c = (c0, c1, · · · , cr)T ∈ Rn0 × Rn1 × · · · × Rnr , b ∈ Rm, A ∈ Rm×n, and500
H ∈ Sn+ are given data with n = n0 + n1 + · · · + nr. Moreover, if we treat A as a linear501
mapping such that A : Rn → Rm, then it has the following form:502

Ay :=

r∑
i=0

Aiyi, Ai ∈ Rm×ni , 0 ≤ i ≤ r, ∀ y = (y0; y1; · · · ; yr) ∈ Rn.503

Note that in (6.1), we consider additionally a nonnegative constraint since it often appears504
in real world applications. However, all the theoretical development in the previous parts of505
the paper can easily be extended to include the additional nonnegative constraint since the506
cone Rn0

+ is polyhedral.507
In the remaining part of this section, we first discuss some implementation details for the508

proposed ALM. Next, we apply our SOCP solver to solve minimal enclosing ball problems,509
trust-region subproblems, square-root Lasso problems and some linear SOCPs problems in510
the DIMACS challenge dataset. We also mention here that the purpose of our numerical511
experiments is to compare the efficiency of our proposed ALM against other well-known512
linear SOCP solvers. Therefore, we do not compare the performance of our solver with513
specialized solvers for each application that are presented in the rest of this section.514

6.1. On the efficient implementation of the ALM for SOCP. In this subsection, we515
present some implementation details for our ALM solver. In particular we discuss how to516
solve the Newton systems efficiently when the input data possesses certain sparsity structures.517

Firstly, we consider solving systems arising in linear SOCPs. Let us focus on the case518
when A is a sparse matrix. For any given (y, x2) and σ > 0, it is shown in Section 5 that519
the crucial task for solving the ALM subproblem is to solve a linear system in the following520
form:521

Md :=

(
εIm +

r∑
i=0

Mi

)
d = rhs, d ∈ Rm,(6.2)522

where Mi := AiViA
>
i , for 1 ≤ i ≤ r, ε is a small positive number, rhs is a given vector and523

V0 ∈ ∂BΠRn
+

(
y0 + σ(A>0 x2 − c0)

)
,524

Vi ∈ ∂BΠKni

(
yi + σ(A>i x2 − ci)

)
, 1 ≤ i ≤ r.525

From the description of the elements in ∂BΠKni (·) presented in Section 2, we can see that Vi526
takes the following form527

Vi =
1

2

(
1 ω>i

ωi (1 + ρi)Ini−1 − ρiωiω>i

)
, |ρi| ≤ 1, ‖ωi‖ = 1.528

Then, for any 1 ≤ i ≤ r, Mi can be rewritten as529

Mi = AiViA
>
i =

1 + ρi
2

AiA
>
i +

1

2
(Ai,1, Ai,2wi)

(
−ρi 1

1 −ρi

)
(Ai,1, Ai,2wi)

>
,530
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where Ai = (Ai,1, Ai,2) with Ai,1 ∈ Rm and Ai,2 ∈ Rm×(ni−1).531
The presence of the outer-product terms in the formulation of the matrix Mi = AiViA

>
i532

can cause numerical issue in the following sense. If the vector Ai,1 or Ai,2wi is dense, even533
when AiA>i is a sparse matrix, Mi will still be a dense matrix. In this case, directly solv-534
ing (6.2) based on Cholesky factorization will be time-consuming. To overcome the afore-535
mentioned issue, we will apply the following dense-column handling technique to exploit the536
possibly sparse part of the matrix Mi.537

Let us assume that the coefficient matrix M can be written as M = Msp + UDU>538
where Msp is a sparse symmetric positive definite matrix, U has only a few columns and D539
is an invertible diagonal matrix. Then, we can solve the linear system (6.2) by solving the540
following slightly larger but sparse linear system541

M

(
d

du

)
=

(
rhs

0

)
, M :=

(
Msp U

UT −D−1,

)
, du := DU>d.(6.3)542

To obtain an accurate approximate solution to the linear system (6.3), it is desirable to543
solve the above linear system via a preconditioned symmetric quasi-minimal residual method544
(PSQMR) [14] with the preconditioner computed based on the following analytical expres-545
sion ofM−1:546

M−1 =

(
M−1

sp −M−1
sp US

−1U>M−1
sp M−1

sp US
−1

S−1U>M−1
sp −S−1

)
,547

where S = D−1 + U>M−1
sp U . It can be readily seen that for a given vector (h1;h2),548

M−1(h1;h2) can be evaluated efficiently as follows:549

λ1 = M−1
sp h1, λ2 = S−1

(
U>λ1 − h2

)
, M−1(h1;h2) = (λ1 −M−1

sp Uλ2;λ2).550

However, when the size of the matrix S (which is twice the number of second-order cones) is551
large or there is no obvious sparsity structure in the linear system (6.2), the aforementioned552
technique may be time-consuming. In this case, we would apply the PSQMR directly to solve553
the system (6.2) with diagonal preconditioner.554

Next, we consider the case when H 6= 0. We then need to solve the following linear555
system as described in Algorithm iSSN:556

(6.4) M

(
d1

d2

)
=

(
H + σHV H −σHV A>

−σAV H εIm + σAV A>

)(
d1

d2

)
=

(
HR1

R2

)
557

such that (d1, d2) ∈ Ran(H)× Rm and558

(6.5)

∥∥∥∥∥M
(
d1

d2

)
−

(
HR1

R2

)∥∥∥∥∥ ≤ ν,559

where ε > 0, σ > 0, ν > 0 are given parameters, R1, R2 are given vectors and V ∈560
∂CΠK[−σỹ(x1, x2, y)] at the given point (x1, x2, y). Given the fact that one requires the561
condition d1 ∈ Ran(H) to establish the convergence of Algorithm iSSN, however, in practice562
this condition may bring numerical issues in computing the Newton direction. Fortunately,563
we can fully overcome this difficulty via solving the following simplified system564

(6.6) M̂

(
d̂1

d̂2

)
=

(
In + σV H −σV A>

−σAV H εIm + σAV A>

)(
d̂1

d̂2

)
=

(
R1

R2

)
565
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such that (d̂1, d̂2) ∈ Rn × Rm, with the residual566 ∥∥∥∥∥M̂
(
d̂1

d̂2

)
−

(
R1

R2

)∥∥∥∥∥ ≤ 1

max{1, λmax(H)}
ν,567

where λmax(H) is the maximum eigenvalue of H . Then, simple calculations show that568

(d1, d2) := (ΠRan(H)(d̂1), d̂2) solves (6.4) satisfying (6.5). Moreover, one can verify that569

HΠRan(H)(d̂1) = Hd̂1 and 〈ΠRan(H)(d̂1), HΠRan(H)(d̂1)〉 = 〈d̂1, Hd̂1〉. Using these facts570
and analyzing the proposed algorithm carefully, we can execute the proposed algorithm with-571
out computing ΠRan(H)(d̂1) explicitly. Finally, to solve the linear system (6.6), we can apply572

a direct method which computes the sparse LU factorization of M̂ if it is sparse. Otherwise,573
we may use an iterative solver, such as BICGSTAB studied in [38].574

6.2. Settings for numerical experiments. In this subsection, we present the settings of575
our numerical experiments. We first set up the stopping criteria for the proposed ALM based576
on the KKT conditions given in (1.1). We define the following relative KKT residuals,577

∆1(x1, y) :=

√
‖Ay − b‖2 + ‖H(x1 − y)‖2

1 + ‖b‖+ ‖H‖F
, ∆2(y, x3) :=

‖x3 −ΠK(x3 − y)‖
1 + ‖y‖+ ‖x3‖

,578

∆3(x1, x2, x3) :=

∥∥−Hx1 +A>x2 + x3 − c
∥∥

1 + ‖c‖
,579

and the relative gap580

∆4(x1, x2, y) :=
|pobj− dobj|

1 + |pobj|+ |dobj|
,581

where pobj := 1
2 〈x1, Hx1〉 − 〈b, x2〉 and dobj := − 1

2 〈y, Hy〉 − 〈c, y〉 are the objective582
function values for primal and dual problems, respectively. For any given termination toler-583
ance tol which will be specified later, we terminate our ALM solver when584

∆k := max
{

∆1(xk1 , y
k), ∆2(yk, xk3), ∆3(xk1 , x

k
2 , x

k
3), ∆4(xk1 , x

k
2 , y

k)
}
< tol,(6.7)585

where {(xk1 , xk2 , xk3 , yk)} is the sequence generated by the algorithm at the k-th iteration.586
In our numerical experiments, we will consider both linear and convex quadratic SOCPs.587

For linear SOCPs, the solvers that we will benchmark against are the highly powerful com-588
mercial solver Mosek1 (version 9.1.7) and the efficient open source semidefinite-quadratic-589
linear programs (SQLP) solver SDPT32 [45] (version 4.0). For the convex quadratic SOCPs,590
we apply our ALM solver to the problem with quadratic objective directly, while for Mosek591
and SDPT3, we solve the reformulated problem (1.2).592

For the ALM, we set tol = 10−8 and stop the algorithm whenever it returns a solution593
such that ∆k defined in (6.7) is less than tol. Moreover, the maximum number of iterations594
for the ALM is set to be 100. Since Mosek solves a homogeneous self-dual model which uses595
different stopping criteria, we use its default settings. The solutions returned by Mosek and596
SDPT3 under the default settings are then extracted to compute the relative KKT residuals597
in (6.7). We observe that when the default settings are used, Mosek and SDPT3 provide598
similar levels of accuracy as ours, in the terms of relative KKT residuals defined in (6.7).599

1https://www.mosek.com/
2https://blog.nus.edu.sg/mattohkc/softwares/sdpt3/
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All the computational results are presented in tables. The column under “it” reports the600
number of iterations for each algorithm. Note that for the column “it(newton)”, we report the601
number of ALM iterations and the total number of Newton systems solved in the ALM. In602
addition, the column “time” reports the computation time in seconds. For the column “kkt”,603
we report the relative KKT residuals returned by each algorithm.604

All experiments are run in MATLAB R2018b on a workstation with Intel Xeon processor605
E5-2680v3 @2.50GHz (this processor has 12 cores and 24 threads) and 128GB of RAM,606
equipped with 64-bit Windows 10 OS. Since Mosek can take advantage of multi-threading,607
we observe that under this operating system, the number of threads used by Mosek is 12,608
whereas for SDPT3 and our solver, only one thread is observed to be used by MATLAB.609

6.3. Application to minimal enclosing ball problems. In this subsection, we consider610
the minimal enclosing ball problem (MEB) whose goal is to compute a ball of smallest radius611
that encloses a given set of balls (including points). The MEB problem is a member of the612
family of minimum containment problems and it is also known as the smallest enclosing613
ball problem and minimal bounding sphere problem, etc. We refer the reader to [47] for an614
introduction of MEB problems.615

Let Bi denote a ball in Rd with center ci and radius ri ≥ 0, i.e.,

Bi =
{
z ∈ Rd : ‖z − ci‖ ≤ ri

}
.

Given a set of distinct balls B = {B1, B2, · · · , Bm} ⊆ Rd, the MEB problem is equivalent616
to the following unconstrained convex minimization problem:617

min
z∈Rd

max
1≤i≤m

{‖z − ci‖+ ri} .(6.8)618

Since the objective function is nonsmooth, the usual gradient-based methods are not applica-
ble. However, if we denote n = m(d+ 1), x2 = (r; z) ∈ Rd+1, and

x3 = (t1; s1; t2; s2; · · · ; tm; sm) ∈ Rn,

problem ( 6.8) can be reformulated into a linear SOCP problem of the form (6.1) (see e.g., [47]619
for such reformulation):620

(MEB) max
x2,x3

{
b>x2

∣∣ A>x2 + x3 = c, x3 ∈ K
}
,(6.9)621

where622

b = −(1; 0; · · · ; 0) ∈ Rd+1, c = −(r1; c1; r2; c2; · · · ; rm; cm) ∈ Rn,623

A = −
(
Id+1 · · · Id+1

)︸ ︷︷ ︸
m

∈ R(d+1)×n,K = Kd+1 × · · · × Kd+1︸ ︷︷ ︸
m

⊆ Rn.624

Then, we can apply the proposed ALM to solve the MEB problem. To achieve a fast local625
convergence rate for the semismooth Newton method when solving the ALM subproblems,626
we need the constraint nondegeneracy condition. For the MEB problem, by considering its627
geometrical properties, we are able to show that the constraint nondegeneracy condition holds628
at any feasible solution of the dual problem of (MEB).629

THEOREM 6.1. Assume that B = {B1, B2, · · · , Bm} ⊂ Rd with m > 1. Then the630
constraint non-degeneracy condition holds at any feasible solution ȳ for the dual problem of631
(MEB), i.e.,632

A(lin(TK(ȳ))) = Rd+1, ∀Aȳ = b.633
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Proof. Let ȳ = (ȳ1; . . . ; ȳm) ∈ Rn be any feasible solution, i.e., A(ȳ) = b and ȳi =634
(αi; vi) ∈ Kd+1 for i = 1, . . . ,m. If there exists i such that αi > ‖vi‖, then the conclusion635
is trivial since lin(TKd+1(ȳi)) = Rd+1. Assume without loss of generality that for all 1 ≤636
i ≤ m0, m0 ≤ m, we have that αi = ‖vi‖ > 0 and that for all i > m0, αi = ‖vi‖ = 0.637

We claim thatm0 ≥ 2. Ifm0 = 1, then by the feasibility condition, we have that α1 = 1,638
and v1 = 0, but this is impossible since ȳ1 = (α1; v1) ∈ ∂Kd+1. Thus m0 ≥ 2. Next, we639
show that there exist 1 ≤ i < j ≤ m0 such that ȳi = (αi; vi) and ȳj = (αj ; vj) is linearly640
independent. Suppose that this is not true. Then all the vectors ȳi, 1 ≤ i ≤ m0, are parallel,641
and the feasibility condition implies that vi = 0 for all 1 ≤ i ≤ m0. The latter contradicts642
the assumption that ȳi, 1 ≤ i ≤ m0, are nonzero vectors on the boundary of Kd+1. Now for643
such i and j, the linearity spaces are given by644

lin(TKd+1(αi; vi)) = (αi;−vi)⊥, lin(TKd+1(αj ; vj)) = (αj ;−vj)⊥.645

For the primal constraint non-degeneracy condition to hold, we need to show that646

lin(TKd+1(αi; vi)) + lin(TKd+1(αj ; vj)) = Rd+1.647

However, the aforementioned condition is equivalent to648

span {(αi;−vi)} ∩ span {(αj ;−vj)} = {0} ,649

which holds true because of the linear independence of the vectors ȳi and ȳj . This completes650
the proof.651

Next, we evaluate the performance of the proposed ALM against SDPT3 and Mosek. Let652
{p̄i}i≥0 denote the following pseudo-random sequence:653

p0 = 7, pi+1 = (445pi + 1) mod 4096, p̄i =
pi

40.96
, i = 1, 2, · · · .654

Then the elements of ci, i = 1, 2, · · · ,m are successively set to p̄1, p̄2, · · · , in the order655

r1, (c1)1, · · · , (c1)d, · · · , rm, (cm)1, · · · , (cm)d.656

Note that same testing instances were also used in [47]. The associated computational results657
are presented in Table 1. From these results, we observe that SDPT3, Mosek and the ALM658
solve all the instances successfully. Our ALM outperforms the other methods in the sense659
that the computational time is much smaller. Mosek outperforms SDPT3 but becomes less660
efficient when the problem size is large. Indeed, Mosek is about two times faster than SDPT3661
while the ALM is at least two times faster than Mosek when the problem size is large. Thus662
we can conclude that the proposed ALM is highly efficient and robust for MEB problems.663
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TABLE 1
Computational results for MEB problems with various value of m and d.

SDPT3 Mosek ALM
m, d it|time|kkt it|time|kkt it(newton)|time|kkt

1000, 400 21 | 5.7 | 9.6e-09 13 | 2.7 | 3.5e-09 7(40) | 1.8 | 2.9e-09
1000, 800 22 | 13.1 | 6.5e-09 14 | 5.2 | 1.6e-09 7(44) | 3.0 | 1.9e-09

1000, 1200 21 | 19.8 | 8.0e-09 12 | 8.2 | 1.2e-09 7(42) | 4.1 | 1.3e-09
1000, 1600 21 | 29.7 | 7.3e-09 11 | 11.7 | 7.3e-09 6(39) | 5.3 | 3.2e-09
1000, 2000 19 | 34.3 | 8.1e-09 13 | 17.7 | 4.3e-09 6(37) | 6.0 | 2.3e-09
8000, 100 25 | 13.4 | 7.6e-09 17 | 5.2 | 2.4e-09 7(45) | 3.6 | 9.1e-09

16000, 100 25 | 26.1 | 7.1e-09 19 | 11.0 | 2.2e-09 8(48) | 7.5 | 4.1e-09
32000, 100 25 | 54.6 | 8.4e-09 20 | 23.7 | 1.7e-09 7(44) | 14.1 | 2.2e-09
64000, 100 28 | 119.7 | 6.7e-09 20 | 49.3 | 4.9e-09 7(45) | 28.6 | 1.9e-09
128000, 100 30 | 277.3 | 5.8e-09 18 | 97.9 | 6.4e-09 6(43) | 54.7 | 3.9e-09
256000, 100 30 | 645.3 | 1.0e-08 20 | 377.6 | 1.2e-08 6(45) | 118.4 | 3.6e-09
512000, 100 31 | 1429.2 | 7.0e-09 20 | 1306.5 | 1.0e-08 5(39) | 212.4 | 9.1e-09
3000, 1000 21 | 54.8 | 7.9e-09 14 | 20.1 | 4.4e-09 7(43) | 10.5 | 3.1e-09
3000, 2000 22 | 123.1 | 9.2e-09 15 | 51.9 | 1.9e-10 7(46) | 21.5 | 6.0e-09
3000, 4000 22 | 283.1 | 5.9e-09 11 | 128.8 | 1.5e-10 6(40) | 36.4 | 4.0e-09
3000, 8000 20 | 558.6 | 7.9e-09 12 | 277.2 | 5.0e-09 6(39) | 71.2 | 6.1e-09
3000, 16000 20 | 1334.9 | 5.4e-09 12 | 592.7 | 2.3e-10 6(44) | 164.6 | 1.6e-09

6.4. Application to trust-region subproblems. We consider in this subsection SOCPs664
arising from the classical trust-region subproblem (TRS):665

min
y∈Rd

{
1

2
〈y, Hy〉+ 〈c, y〉

∣∣∣∣ ‖y‖ ≤ 1

}
,(6.10)666

where H is symmetric but not necessarily positive semidefinite. It was proven in [30, The-667
orem 5] that when λH < 0 (the smallest eigenvalue of H), a tight convex relaxation of the668
classical TRS (6.10) can be derived and is given by669

min
y∈Rd

{
1

2
〈y, (H − λHId)y〉+ 〈c, y〉+ λH

∣∣∣∣ ‖y‖ ≤ 1

}
.(6.11)670

Problem (6.11) can be reformulated (ignoring the constant term λH in the objective) to the671
form of (D):672

min
y

{
1

2
〈y, Hy〉+ 〈c, y〉

∣∣∣∣ Ay = b, y ∈ Kd+1

}
,(6.12)673

where y := (s, y)> ∈ Rd+1, c := (0, c)> ∈ Rd+1, b := 1, A := (1, 0) ∈ R1×(d+1), and674

H :=

(
0 0

0 H − λHId

)
∈ Sd+1

+ .675

To solve a problem of the form (6.12) by Mosek and SDPT3, we need also to reformulate676
it as a linear SOCP as we did in the introduction. Specifically, problem (6.12) is equivalent to677
the following problem with additional affine and rotated quadratic cone constraints:678

min
ȳ
{〈c̄, ȳ〉 | Āȳ = b̄, ȳ ∈ Kd+1 ×Kd+2

r

}
,679

where ȳ := (y, t, q, z)> ∈ R2d+3 with t, q ∈ R, z ∈ Rd, c̄ := (c, 1, 0)> ∈ R2d+3,680
b̄ := (b, 0, 1) ∈ Rd+2 and681

Ā :=

 A 0 0 0

R 0 0 −Id+1

0 0 1 0

 ∈ R(d+2)×(2d+3)682
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with H = R>R.683
Next we compare the performance of our SOCP solver with Mosek on a class of synthetic684

data. In particular, we randomly generate the input date via the following MATLAB scripts:685
P = rand(d,d); h = (P*diag(randn(d,1)))*P’;686
lamh = eigs(h,1,’smallestreal’);687
H = [zeros(1,d+1);[zeros(d,1),h-lamh*eye(d)]];688
c = [0;randn(d,1)]; b = 1; A = [1,zeros(1,d)]; R = Hˆ0.5;689

The computational results are presented in Table 2. In the table, we also report the minimum690
eigenvalue of the data matrix H (corresponding to h in the above MATLAB script), which is691
denoted by the term λH . From the table, we can see that our ALM solver outperforms Mosek692
and SDPT3 in terms of computational time. In most cases, the solution quality returned by693
our solver is much better than that of Mosek and SDPT3. These results also indicate that694
dealing with the quadratic objective directly is indeed much more efficient.695

TABLE 2
Computational results for trust-region subproblem on synthetic data.

Mosek SDPT3 ALM
n λH it|time|kkt it|time|kkt it(newton)|time|kkt

1000 -9.9e+03 3 | 0.9 | 1.1e-09 9 | 2.2 | 1.1e-07 6(13) | 0.1 | 1.7e-09
2000 -1.2e+04 3 | 2.4 | 6.6e-08 8 | 8.3 | 2.6e-06 5(14) | 0.1 | 3.6e-09
3000 -1.3e+04 3 | 6.0 | 1.9e-06 9 | 22.1 | 9.9e-08 6(16) | 0.3 | 6.1e-10
4000 -1.5e+04 3 | 11.9 | 4.0e-09 9 | 40.5 | 1.1e-07 6(15) | 0.6 | 5.9e-11
5000 -1.8e+04 3 | 18.8 | 3.5e-09 9 | 66.6 | 1.2e-07 6(13) | 0.8 | 1.0e-09
6000 -4.1e+04 3 | 29.4 | 9.9e-08 9 | 106.9 | 1.2e-07 6(13) | 1.0 | 3.7e-10
7000 -5.3e+04 3 | 40.7 | 2.4e-07 9 | 149.8 | 1.6e-07 6(13) | 1.4 | 4.6e-11
8000 -6.6e+04 3 | 56.6 | 1.3e-06 9 | 205.8 | 1.0e-07 6(15) | 2.0 | 3.2e-11
9000 -1.4e+05 3 | 72.5 | 1.4e-07 9 | 269.4 | 1.8e-07 5(10) | 1.7 | 4.0e-09

10000 -1.2e+05 3 | 88.1 | 7.5e-10 9 | 292.8 | 5.5e-08 5(11) | 2.1 | 8.1e-10

6.5. Application to square-root Lasso problems. In this experiment, we consider the696
following square-root Lasso model proposed in [6]:697

min
x∈Rd

‖Bx− w‖+ λ ‖x‖1 ,(6.13)698

B ∈ Rm×d and w ∈ Rm are given data, m is the sample size and d is the dimension of the699
features.700

As explained in [6], the square-root Lasso model is advantageous over the classical Lasso701
model. When dealing with noise that follows a Gaussian distribution N (0, σ2), the square-702
root Lasso model guarantees a near-oracle performance. Moreover, for the square-root Lasso703
model, one does not need to know an estimate of the standard deviation σ in advance, while704
such an estimate of σ is needed in the classical Lasso model. However, it is non-trivial to705
estimate the standard deviation when the dimension of features, d, is much larger than the706
sample size, m. Therefore, the square-root Lasso model is in some sense more useful.707

It is outside the scope of this paper to compare the empirical performance of different708
models from statistical perspective. Here we focus on the numerical aspects of solving the709
optimization problem (6.13) by reformulating it into an SOCP of the form (6.1). Hence, we710
only compare the performance of our proposed ALM against other general SOCP solvers, but711
not the specialized square-root Lasso solvers such as the one in [42].712

As stated in [6, Section 4], problem (6.13) can be equivalently reformulated as a standard713
SOCP. Indeed, we note that for any real number a, we have |a| = a+ +a− and a = a+−a−,714
where a+ and a− denote the positive and negative parts of a, respectively. Therefore, we can715
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write x = p− q, with p, q ∈ Rd+ and thus,716

‖Bx− w‖+ λ ‖x‖1 = ‖Bp−Bq − w‖+ λe>(p+ q), e =
(
1 · · · 1

)> ∈ Rd.717

Now let z = Bp−Bq − w. Then (6.13) is equivalent to718

min
(t,z),p,q

{
t+ λe>(p+ q)

∣∣ Bp−Bq − z = w, (t, z) ∈ Km+1, p, q ∈ Rd+
}
,(6.14)719

where Km+1 is the second order cone in Rm+1. Denote y = (p, q, t, z)> ∈ R2d+m+1 and720

b := w ∈ Rm, c := (λe, λe, 1, 0)> ∈ R2d+m+1, A :=
(
B −B 0 −Im

)
∈ Rm×(2d+m+1).721

Then we obtain a standard SOCP in the form of the dual problem of (6.1)722

(srLasso) min
y

{
c>y

∣∣∣ Ay = b, y ∈ K := Rd+ × Rd+ ×Km+1
}
.(6.15)723

Next, we would test the reformulated problem (6.15) using SDPT3, Mosek and our linear724
SOCP solver on a collection of UCI dataset3 which provides the dataB and w. For the choice725
of the regularization parameter, we follow the recent work of Tang et al. [42] where they726
adopted a tenfold cross validation to estimate the best regularization parameter. In particular,727
we set the parameter λ = c0Φ−1(1− 1

40n )λc, with c0 = 1.1.728
The choice of λc and computational results are both presented in Table 3. From the table,729

we observe that the three SOCP solvers can successfully solve all the instances. In terms of730
efficiency, we can see that the ALM has better performance than Mosek while SDPT3 is less731
efficient.732

TABLE 3
Computational results for square-root Lasso problems on UCI dataset.

SDPT3 Mosek ALM
problem λc nnz it|time|kkt it|time|kkt it(newton)|time|kkt

E2006.test
(3308,150358)

0.107 1 13 | 102.8 | 8.3e-10 14 | 16.6 | 3.1e-11 4( 7) | 3.8 | 2.7e-09

pyrim.scaled.expanded5
(74,201376)

0.619 48 42 | 32.4 | 2.6e-10 26 | 11.8 | 1.9e-09 4(61) | 10.2 | 2.5e-09

abalone.scale.expanded7
(4177,6435)

0.020 32 22 | 83.1 | 2.2e-09 14 | 44.1 | 6.3e-10 12(37) | 23.2 | 5.0e-09

bodyfat.scale.expanded7
(252,116280)

0.067 15 34 | 42.7 | 3.4e-10 20 | 34.1 | 8.5e-09 4(57) | 5.9 | 7.5e-09

housing.scale.expanded7
(506,77520)

0.433 52 30 | 54.9 | 1.2e-09 20 | 47.2 | 4.8e-09 8(52) | 4.6 | 2.1e-09

mpg.scale.expanded7
(392,3432)

0.253 28 23 | 2.0 | 5.5e-10 13 | 1.3 | 1.2e-09 10(35) | 0.7 | 8.4e-09

space.ga.scale.expanded9
(3107,5005)

0.058 16 22 | 42.5 | 3.1e-09 11 | 22.0 | 1.3e-08 6(27) | 7.9 | 2.5e-10

6.6. Numerical experiments on Dimacs Challenge problems. In this subsection, we733
test each algorithm on the linear SOCPs in DIMACS Implementation Challenge4. These734
instances are commonly used to evaluate the efficiency and accuracy of linear SOCP solvers735
and they are quite challenging to solve since many of the instances are highly degenerate.736

The computational results are presented in Table 4. From the table, we observe that the737
three methods are able to solve all the instances to the desirable accuracy except for the last738
few instances. For the computational time, we see that ALM takes longer time than Mosek739
and SDPT3 for solving many of the instances, especially the last few instances for which the740

3https://archive.ics.uci.edu/
4http://archive.dimacs.rutgers.edu/Challenges/Seventh/Instances/
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ALM takes over a thousand Newton iterations to converge. Those instances, as far as we741
know, are highly degenerate, and it is the degeneracy that causes the slow convergence of the742
semismooth Newton method. This observation indicates that the ALM may perform poorly743
on degenerate problems. Finally, based on the presented numerical results, SDPT3 is also744
observed to be a highly efficient and robust solver for the DIMACS Challenge problems.745

TABLE 4
Computational results on DIMACS Challenge problems.

SDPT3 Mosek ALM
Problem it|time|kkt it|time|kkt it(newton)|time|kkt

nb 22 | 0.4 | 3.1e-09 10 | 0.4 | 8.1e-09 11(46) | 1.0 | 2.8e-12
nbL1 30 | 4.0 | 1.7e-09 12 | 0.3 | 1.3e-09 22(62) | 4.9 | 1.5e-12

nbL2bessel 20 | 0.4 | 9.6e-10 8 | 0.2 | 2.4e-13 8(15) | 0.3 | 1.9e-09
nbL2 15 | 0.3 | 3.1e-09 8 | 0.3 | 2.2e-10 11(49) | 1.0 | 3.8e-10

nql30new 26 | 1.0 | 4.3e-10 16 | 0.3 | 1.8e-10 38(104) | 1.7 | 9.6e-09
nql60new 27 | 4.5 | 1.9e-10 17 | 1.0 | 9.2e-11 38(109) | 7.7 | 7.9e-09
nql180new 33 | 40.4 | 6.1e-11 21 | 10.4 | 6.8e-10 33(126) | 95.5 | 8.9e-09
qssp30new 20 | 0.7 | 3.9e-10 13 | 0.3 | 5.5e-11 13(42) | 1.0 | 7.7e-09
qssp60new 23 | 3.6 | 4.5e-10 13 | 0.8 | 1.9e-10 21(60) | 7.0 | 6.9e-11

qssp180new 29 | 54.5 | 8.1e-10 19 | 12.8 | 9.3e-10 21(69) | 88.1 | 9.6e-09
sched5050s 27 | 0.9 | 1.4e-09 21 | 0.3 | 2.6e-08 13(44) | 0.5 | 9.2e-09
sched10050s 29 | 1.7 | 7.7e-08 20 | 0.4 | 5.0e-07 67(1381) | 30.1 | 2.5e-09

sched100100s 28 | 4.0 | 9.1e-09 23 | 0.8 | 2.4e-06 100(1597) | 39.3 | 1.7e-06
sched200100s 36 | 12.7 | 1.0e-07 24 | 1.5 | 5.3e-08 52(1119) | 59.5 | 7.5e-09

7. Concluding remarks. In this paper, we have employed the inexact augmented La-746
grangian method (ALM) to solve convex quadratic second-order cone programming prob-747
lems (SOCPs). Under the quadratic growth condition, the KKT residual is shown to possess748
a R-superlinear convergence rate based on recently developed results in the related topics.749
We also provide sufficient conditions for the quadratic growth condition to hold. Numeri-750
cally, a practical SOCP solver is designed and implemented based on the proposed semis-751
mooth Newton based ALM. Extensive numerical results on solving various classes of SOCPs752
demonstrate that our solver is highly efficient and robust. It has comparable performance as753
the highly powerful commercial solver Mosek and outperforms the well-known open source754
semidefinite-quadratic-linear programming solver SDPT3 on the tested problems. With fruit-755
ful applications of SOCPs in many fields, we believe that our solver could serve as a promis-756
ing toolbox for solving large-scale SOCPs in real-world applications.757
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