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Abstract In this paper, we present a majorized semismooth Newton-CG augmented
Lagrangian method, called SDPNAL+, for semidefinite programming (SDP) with
partial or full nonnegative constraints on the matrix variable. SDPNAL+ is a
much enhanced version of SDPNAL introduced by Zhao et al. (SIAM J Optim
20:1737–1765, 2010) for solving generic SDPs. SDPNAL works very efficiently for
nondegenerate SDPs but may encounter numerical difficulty for degenerate ones. Here
we tackle this numerical difficulty by employing a majorized semismooth Newton-
CG augmented Lagrangian method coupled with a convergent 3-block alternating
direction method of multipliers introduced recently by Sun et al. (SIAM J Optim, to
appear). Numerical results for various large scale SDPs with or without nonnegative
constraints show that the proposed method is not only fast but also robust in obtaining
accurate solutions. It outperforms, by a significant margin, two other competitive pub-
licly available first order methods based codes: (1) an alternating direction method of
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multipliers based solver called SDPAD by Wen et al. (Math Program Comput 2:203–
230, 2010) and (2) a two-easy-block-decomposition hybrid proximal extragradient
method called 2EBD-HPE by Monteiro et al. (Math Program Comput 1–48, 2014).
In contrast to these two codes, we are able to solve all the 95 difficult SDP problems
arising from the relaxations of quadratic assignment problems tested in SDPNAL to
an accuracy of 10−6 efficiently, while SDPAD and 2EBD-HPE successfully solve
30 and 16 problems, respectively. In addition, SDPNAL+ appears to be the only
viable method currently available to solve large scale SDPs arising from rank-1 tensor
approximation problems constructed by Nie and Wang (SIAM J Matrix Anal Appl
35:1155–1179, 2014). The largest rank-1 tensor approximation problem we solved
(in about 14.5 h) is nonsym(21,4), in which its resulting SDP problem has matrix
dimension n = 9261 and the number of equality constraints m = 12,326,390.

Keywords Semidefinite programming · Degeneracy · Augmented Lagrangian ·
Semismooth Newton-CG method

Mathematics Subject Classification 90C06 · 90C22 · 90C25 · 65F10

1 Introduction

Let K be a pointed closed convex cone whose interior int (K) �= ∅ and P be a
polyhedral convex cone in a finite-dimensional Euclidean space X such that K ∩ P is
non-empty. For any cone C ⊆ X , we denote the dual cone of C by C∗. For any closed
convex set C ⊆ X , we denote the metric projection of X onto C by �C(·) and the
tangent cone of C at X ∈ C by TC(X), respectively. We will make extensive use of the
Moreau decomposition theorem in [11], which states that X = �C(X) − �C∗(−X)

for any X ∈ X and any closed convex cone C ⊆ X . Let Sn be the space of n × n real
symmetric matrices and Sn+ be the cone of positive semidefinite matrices in Sn . In
this paper, we focus on the case where X = Sn , K = K∗ = Sn+. We are particularly
interested in the case where P = Sn≥0, the cone of n × n real symmetric matrices
whose elements are all nonnegative, though the algorithm which we will design later
is also applicable to other cases. For any matrix X ∈ Sn , we use X 	 0 to indicate
that X is a real symmetric positive definite matrix.

Consider the semidefinite programming (SDP) with an additional polyhedral cone
constraint, which we name as SDP+:

(P) max{〈−C, X〉 | A(X) = b, X ∈ K, X ∈ P}, (1)

where b ∈ �m and C ∈ X are given data, A : X → �m is a given linear map whose
adjoint is denoted as A∗. Note that P = X is allowed in (1), in which case there is no
additional polyhedral cone constraint imposed on X . We assume that the matrix AA∗
is invertible, i.e., A is surjective. The dual of (P) is given by

(D) min{〈−b, y〉 | A∗(y) + S + Z = C, S ∈ K∗, Z ∈ P∗}. (2)
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The optimality conditions (KKT conditions) for (P) and (D) can be written as follows:

{
A(X) − b = 0, A∗(y) + S + Z − C = 0,
〈X, S〉 = 0, X ∈ K, S ∈ K∗, 〈X, Z〉 = 0, X ∈ P, Z ∈ P∗. (3)

In order for the KKT conditions (3) to have solutions, throughout this paper we
make the following blanket assumption.

Assumption 1 (a) For problem (P), there exists a feasible solution X0 ∈ Sn+ such
that

A(X0) = b, X0 	 0, X0 ∈ P. (4)

(b) For problem (D), there exists a feasible solution (y0, S0, Z0) ∈ �m × Sn+ × Sn

such that

A∗(y0) + S0 + Z0 = C, S0 	 0, Z0 ∈ P∗. (5)

It is known fromconvex analysis (e.g, [3, Corollary 5.3.6]) that underAssumption 1,
the strong duality for (P) and (D) holds and the KKT conditions (3) have solutions.

For a given σ > 0, define the augmented Lagrangian function for the dual problem
(D) as follows:

Lσ (y, S, Z; X) = 〈−b, y〉 + 〈X, A∗y + S + Z − C〉 + σ

2
‖A∗y + S + Z − C‖2

= 〈−b, y〉 + σ

2
‖A∗y + S + Z + σ−1X − C‖2 − 1

2σ
‖X‖2, (6)

where X ∈ X , y ∈ �m, S ∈ K∗, Z ∈ P∗. We can consider the following inexact
augmentedLagrangianmethod to solve (D). Specifically, givenσ0 > 0, (y0, S0, Z0) ∈
�m × K∗ × P∗, perform the following steps at the (k + 1)th iteration:

⎧⎪⎨
⎪⎩

(yk+1, Sk+1, Zk+1) ≈ argmin{Lσk (y, S, Z; Xk) | y ∈ �m, S ∈ K∗, Z ∈ P∗},
(7a)

Xk+1 = Xk + σk(A∗yk+1 + Sk+1 + Zk+1 − C), (7b)

where σk ∈ (0,+∞), k = 0, 1, . . . For a general discussion on the convergence of the
augmented Lagrangianmethod for solving convex optimization problems and beyond,
see [18,19].

Note that problem (P) can be reformulated as a standard SDP in the primal form by
replacing the constraint X ∈ P with two constraints X − Y = 0 and Y ∈ P . In [26],
SDPNAL introduced by Zhaoet al. is applied to solve such a reformulated problem.
It works quite well for nondegenerate SDPs, especially those without the constraint
X ∈ P . However, many of the tested SDPs (with the constraint X ∈ P) in [26] are
degenerate and SDPNAL is unable to solve those problems efficiently. Motivated by
our desire to overcome the aforementioned difficulty in solving degenerate SDPs and
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to improve the performance of SDPNAL, we present here a majorized semismooth
Newton-CG augmented Lagrangian method by directly working on (P) instead of
its reformulated problem. We call this new method SDPNAL+ since it is a much
enhanced version of SDPNAL and it is designed for SDP+ problems (P). We should
emphasize that the technique of majorization plays a pivotal role in solving the inner
problem (7a), which leads to an alternating minimization between the blocks (y, S)

and Z .
The remaining parts of this paper are organized as follows. In Sect. 2, we introduce

amajorized semismooth Newton-CGmethod for solving the inner minimization prob-
lems of the augmented Lagrangian method and analyze the convergence for solving
these inner problems. Section 3 presents the SDPNAL+ dual approach. Section 4 is
on numerical issues. There we report numerical results for a variety of SDP+ and
SDP problems. We make an extensive numerical comparison with two other competi-
tive first order methods based codes: (1) an alternating direction method of multiplier
(ADMM) based solver called SDPAD by Wen et al. [25] and (2) a two-easy-block-
decomposition hybrid proximal extragradient method called 2EBD-HPE byMonteiro
et al. [10]. Numerical results show that SDPNAL+ is both fast and robust in achieving
accurate solutions.

For the first time, we are able to solve all the 95 difficult SDP problems arising
from the relaxations of quadratic assignment problems (QAPs) tested in SDPNAL
to an accuracy of 10−6 efficiently, while SDPAD and 2EBD-HPE successfully solve
30 and 16 problems, respectively. In addition, SDPNAL+ appears to be the only
viable method currently available to solve large scale SDPs arising from rank-1 ten-
sor approximation problems constructed by Nie and Wang [12]. The largest rank-1
tensor approximation problem solved is nonsym(21,4), in which its resulting SDP
problem has matrix dimension n = 9261 and the number of equality constraints
m = 12,326,390. Finally, in order to demonstrate the power of the proposedmajorized
semismooth Newton-CG procedure, we list the numerical results by only running the
convergent ADMM with 3-block constraints (ADMM+ in short) introduced by Sun
et al. [22]. As one may observe, although ADMM+ outperforms both SDPAD and
2EBD-HPE, it can still encounter numerical difficulty in solving some hard prob-
lems such as those arising from QAPs to high accuracy. The superior numerical
performance of SDPNAL+ over solvers based purely on first order methods such
as SDPAD and 2EBD-HPE clearly shows the necessity of exploiting second order
methods such as the semismooth Newton-CG method in order to solve hard SDP+
and SDP problems to high accuracy efficiently. While there has been a recent focus
on using first order methods such as those based on ADMM or accelerated proxi-
mal gradient methods to solve structured convex optimization problems arising from
machine learning and statistics, the extensive numerical results we obtained here for
matrix conic programming problems serve to demonstrate that second order methods
with good local convergence property are essential, if used wisely, for mitigating the
inherent slow local convergence of first order methods, especially on difficult prob-
lems.
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2 A majorized semismooth Newton-CG method for inner problems

Let σ > 0 and X̃ ∈ Sn be fixed. In this section we will present a majorized semi-
smooth Newton-CG method for solving the following inner problems involved in the
augmented Lagrangian method (7a):

min{φ(y, S, Z) := Lσ (y, S, Z; X̃) | y ∈ �m, S ∈ K∗, Z ∈ P∗}. (8)

Note that problem (8) is the dual of the following problem:

max

{
〈−C, X〉 − 1

2σ
‖X − X̃‖2 | A(X) = b, X ∈ K, X ∈ P

}
. (9)

Since the objective function in (9) is strongly concave, (9) has a unique optimal solu-
tion. In order for its dual problem (8) to have a bounded solution set, we need the
following generalized Slater condition.

Assumption 2 There exists a positive definite matrix X0 ∈ Sn+ ∩relint (P) such that

A(TP (X0)) = �m, X0 	 0, (10)

where relint (P) denotes the relative interior of P .

Note that in (10), TP (X0) is actually a linear subspace of Sn as X0 is assumed to
be in the relative interior part of the polyhedral cone P . When P = Sn , Assumption 2
is equivalent to saying that

{
A : Sn → �m is onto,
∃ X0 ∈ Sn

+ such that A(X0) = b, X0 	 0.
(11)

From [17, Theorems 17 and 18], we have the following useful lemma.

Lemma 2.1 Suppose that Assumption 2 holds. Then for any α ∈ �, the level set
Lα := {(y, S, Z) ∈ �m ×K∗ ×P∗ | φ(y, S, Z) ≤ α} is a closed and bounded convex
set.

2.1 A majorized semismooth Newton-CG method

Consider (ỹ, S̃, Z̃) ∈ argmin{φ(y, S, Z) | y ∈ �m, S ∈ K∗, Z ∈ P∗}. Let

Ĉ = C − σ−1 X̃ .

Then we must have Z̃ = �P∗(Ĉ − A∗ ỹ − S̃). Therefore, problem (8) is equivalent to
the following optimization problem:

min
{
Φ(y, S) := 〈−b, y〉 + σ

2
‖�P (A∗y + S − Ĉ)‖2 | y ∈ �m, S ∈ K∗} .

(12)
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In order to introduce our majorized semismooth Newton-CG method for solving
(12), we need to majorize the second part of the objective function in (12) by a
convex, but not necessarily strongly convex, quadratic function. Specifically, for given
(yl , Sl) ∈ �m × K∗ and l ≥ 0, since

‖�P (A∗y + S − Ĉ)‖2 ≤ ‖�P (A∗yl + Sl − Ĉ)‖2 + ‖A∗y + S − A∗yl − Sl‖2
+2〈�P (A∗yl + Sl − Ĉ), A∗y + S − A∗yl − Sl〉

= ‖A∗y + S + Zl − Ĉ‖2,

where Zl := �P∗(Ĉ − A∗yl − Sl), we know that for (y, S) ∈ �m × Sn ,

Φ(y, S) ≤ 〈−b, y〉 + σ

2
‖A∗y + S + Zl − Ĉ‖2

= Ψl(y, S) := 〈−b, y〉 + σ

2
‖A∗y + S + σ−1 X̃ − C̃l‖2, (13)

where C̃l := C − Zl . Thus Ψl is a majorization function of Φ at (yl , Sl) because
Ψl(yl , Sl) = Φ(yl , Sl) and Ψl(y, S) ≥ Φ(y, S)∀(y, S) ∈ �m × Sn . In order to find
an optimal solution for problem (12), for l = 0, 1, . . ., we solve the following problem

min{Ψl(y, S) | y ∈ �m, S ∈ K∗}. (14)

Observe that if (ỹ, S̃) ∈ argmin{Ψl(y, S) | y ∈ �m, S ∈ K∗}, then we must have
S̃ = �K∗(C̃l − A∗ ỹ − σ−1 X̃). Thus we can compute yl+1 and Sl+1 simultaneously
as follows:

⎧⎪⎨
⎪⎩

yl+1 ∈ argmin
{
ϕl(y) :=〈−b, y〉+ σ

2
‖�K(A∗y+σ−1 X̃−C̃l)‖2 | y∈�m

}
,

(15a)

Sl+1 = �K∗(C̃l − A∗yl+1 − σ−1 X̃). (15b)

Note thatwe can only solve problem (15a) inexactly by an iterativemethod.Herewe
will introduce a semismooth Newton-CG (SNCG) method for solving (15a). Specifi-
cally, for fixed X̃ , C̃ ∈ Sn , we need to consider the following problem of the form

min
{
ϕ(y) := 〈−b, y〉 + σ

2
‖�K(A∗y + σ−1 X̃ − C̃)‖2 | y ∈ �m

}
. (16)

The objective function in (16) is continuously differentiable and solving (16) is equiv-
alent to solving the following nonsmooth equation:

∇ϕ(y) = A�K(X̃ + σ(A∗y − C̃)) − b = 0, y ∈ �m . (17)

Since �K(·) is strongly semismooth [21], we can design a SNCG method as in [26]
to solve (17), and expect fast superlinear or even quadratic convergence.
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Let ỹ ∈ �m be fixed. Consider the following eigenvalue decomposition:

X̃ + σ(A∗ ỹ − C̃) = Q 	ỹ Q
T, (18)

where Q ∈ Rn×n is an orthogonal matrix whose columns are eigenvectors, and
	ỹ is the diagonal matrix of eigenvalues with the diagonal elements arranged in the
nonincreasing order: λ1 ≥ λ2 ≥ · · · ≥ λn . Define the following index sets

α := {i | λi > 0}, ᾱ := {i | λi ≤ 0}.

We define the operator W 0
ỹ : Sn → Sn by

W 0
ỹ (H) := Q(� ◦ (QTHQ))QT, H ∈ Sn, (19)

where “◦” denotes the Hadamard product of two matrices and

� =
[
Eαα ναᾱ

νT
αᾱ 0

]
, νi j := λi

λi − λ j
, i ∈ α, j ∈ ᾱ, (20)

where Eαα ∈ S |α| is the matrix of ones. Define V 0
ỹ : �m → Sn by

V 0
ỹ d := σA[ Q(� ◦ ( QT(A∗d) Q)) QT], d ∈ �m . (21)

For any y ∈ �m , define

∂̂2ϕ(y) := σA ∂�K(X̃ + σ(A∗y − C̃))A∗, (22)

where ∂�K(X̃ +σ(A∗y− C̃)) is the Clarke subdifferential of�K(·) at X̃ +σ(A∗y−
C̃). Note that from [9], we know that

∂̂2ϕ(ỹ)h = ∂2ϕ(ỹ)h ∀ h ∈ �m, (23)

where ∂2ϕ(ỹ) denotes the generalized Hessian of ϕ at ỹ, i.e., the Clarke subdifferential
of ∇ϕ at ỹ. However, note that (23) does not mean that ∂̂2ϕ(ỹ) = ∂2ϕ(ỹ). Actually,
it is unclear to us whether the latter holds. Fortunately, from Pang et al. [14, Lemma
11] we know that

W 0
ỹ ∈ ∂�K(X̃ + σ(A∗ ỹ − C̃))

and thus V 0
ỹ = σAW 0

ỹA∗ ∈ ∂̂2ϕ(ỹ).

Now we will introduce the SNCG algorithm for solving (16). Choose y0 ∈ �m .
Then the algorithm can be stated as follows.
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Algorithm SNCG: A Semismooth Newton-CG Algorithm (SNCG(y0, X, σ)).

Given μ ∈ (0, 1/2), η̄ ∈ (0, 1), τ ∈ (0, 1], τ1, τ2 ∈ (0, 1), and δ ∈ (0, 1). Perform the jth
iteration as follows.

Step 1. Given a maximum number of CG iterations Nj > 0, compute

ηj := min(η̄, ϕ(yj) 1+τ ).

Apply the conjugate gradient (CG) algorithm (CG(ηj , Nj)), to find an approxima-
tion solution dj to

(Vj + εjI) d = −∇ϕ(yj), (24)

where Vj ∈ ∂̂2ϕ(yj) is defined as in (21) and εj := τ1 min{τ2, ϕ(yj) .

Step 2. Set αj = δmj , where mj is the first nonnegative integer m for which

ϕ(yj + δmdj) ≤ ϕ(yj) + μδm ϕ(yj), dj . (25)

Step 3. Set yj+1 = yj + αj dj.

The convergence results for the above SNCG algorithm are stated in Theorems 2.2
and 2.3 below. We shall omit the proofs as they can be proved in the same fashion as
in [26, Theorems 3.4 and 3.5].

Theorem 2.2 Suppose that Assumption 2 holds. Then Algorithm SNCG generates a
bounded sequence {y j } and any accumulation point ŷ of {y j } is an optimal solution
to problem (16).

Theorem 2.3 Suppose that Assumption 2 holds. Let ŷ be an accumulation point of
the infinite sequence {y j } generated by Algorithm SNCG for solving the problem (16).
Suppose that at each step j ≥ 0, when the CG algorithm terminates, the tolerance η j

is achieved (e.g., when N j = m + 1), i.e.,

‖∇ϕ(y j ) + (Vj + ε j I ) d
j‖ ≤ η j . (26)

Assume that the constraint nondegenerate condition

A lin(TK(Ŵ )) = �m (27)

holds at Ŵ := �K(X̃ + σ(A∗ ŷ − C̃)), where lin(TK(Ŵ )) denotes the lineality space
of TK(Ŵ ). Then the whole sequence {y j } converges to ŷ and

‖y j+1 − ŷ‖ = O(‖y j − ŷ‖1+τ ). (28)

For notational convenience, for any y ∈ �m and S ∈ Sn , let Y := (y, S). Define
the linear map M : �m × Sn → Sn by

MY := A∗y + S ∀Y = (y, S) ∈ �m × Sn . (29)
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Let B := (b, 0) ∈ �m × Sn and C := �m × K∗. Then problem (12) is equivalent to

min
{
Φ(Y ) := 〈−B, Y 〉 + σ

2
‖�P (MY + σ−1 X̃ − C)‖2 | Y ∈ C

}
(30)

and the function Ψl(y, S) in (13) can be rewritten as

Ψl(Y ) = Ψl(y, S) = −〈B, Y 〉 + σ

2
‖MY + σ−1 X̃ − C + Zl‖2.

Furthermore, Ŷ = (ŷ, Ŝ) is an optimal solution of

min{Ψl(Y ) | Y ∈ C} (31)

if and only if ŷ is an optimal solution of problem (15a) and Ŝ = �K∗(C̃l − A∗ ŷ −
σ−1 X̃).Given ξ1 ∈ (0, 1) and ξ2 ∈ (0,∞), we will use the following stopping criteria
for terminating Algorithm SNCG:

(A1) Ψl(Y l+1) ≤ Ψl(Y l) − ξ1
2 |〈∇Ψl(Y l), Y l+1 − Y l〉|,

(A2) ‖Y l+1 − �C(Y l+1 − ∇Ψl(Y l+1))‖ ≤ ξ2(Ψl(Y l) − Ψl(Y l+1))
1
2 .

We can now state our majorized semismooth Newton-CG method for solving (12)
as follows:
Algorithm MSNCG: A Majorized Semismooth Newton-CG Algorithm
(MSNCG(y0, S0, Z0, X, σ)).

Given ξ1 ∈ (0, 1), ξ2 ∈ (0, +∞). Perform the lth iteration as follows.

Step 1. Starting with yl as the initial point, apply Algorithm SNCG to minimize ϕl(·)
to find yl+1 = SNCG(yl, X, σ) and Sl+1 := ΠK∗(C −A∗yl+1 −Z l −σ−1X) satisfying
(A1) and (A2).

Step 2. Compute Z l+1 := ΠP∗(C − A∗yl+1 − Sl+1 − σ−1X).

Next, we establish the convergence of Algorithm MSNCG.

Lemma 2.4 Suppose that Assumption 2 holds. Then for AlgorithmMSNCG, (A1) and
(A2) are achievable.

Proof If Y l − �C(Y l − ∇Ψl(Y l)) = 0, then one can take Y l+1 = Y l to satisfy (A1)
and (A2). Next, we assume that Y l − �C(Y l − ∇Ψl(Y l)) �= 0. Then Y l is not an
optimal solution of problem (31). Let Ŷ be an arbitrary optimal solution of problem
(31). Then Ŷ = �C(Ŷ − ∇Ψl(Ŷ )). So 〈Y l − Ŷ , (Ŷ − ∇Ψl(Ŷ )) − Ŷ 〉 ≤ 0, i.e.,
〈∇Ψl(Ŷ ), Y l − Ŷ 〉 ≥ 0, which implies

〈∇Ψl(Y
l), Y l − Ŷ 〉 ≥ 〈∇Ψl(Y

l) − ∇Ψl(Ŷ ), Y l − Ŷ 〉 = σ‖M(Ŷ − Y l)‖2. (32)

Since

Ψl(Y
l) > Ψl(Ŷ ) = Ψl(Y

l) + 〈∇Ψl(Y
l), Ŷ − Y l〉 + σ

2
‖M(Ŷ − Y l)‖2, (33)
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we obtain that 〈∇Ψl(Y l), Ŷ − Y l〉 + σ
2 ‖M(Ŷ − Y l)‖2 < 0. This implies

〈∇Ψl(Y
l), Ŷ − Y l〉 < 0. (34)

Then by using (32), (33), (34) and the fact that Ŷ = �C(Ŷ − ∇Ψl(Ŷ )), we know that
for given ξ1 ∈ (0, 1) and ξ2 ∈ (0,∞), there exists δ > 0 such that

Ψl(Y ) ≤ Ψl(Y
l) − ξ1

2
|〈∇Ψl(Y

l), Y − Y l〉|,
‖Y − �C(Y − ∇Ψl(Y ))‖ ≤ ξ2(Ψl(Y

l) − Ψl(Y ))
1
2 ,

for all Y ∈ C satisfying ‖Y − Ŷ‖ < δ. Let {ỹ j }+∞
j=0 be the sequence generated by

SNCG(ỹ0, X̃ , σ ) with ỹ0 := yl . For each j ≥ 0, let S̃ j := �K∗(C − A∗ ỹ j − Zl −
σ−1 X̃). Then by Theorem 2.2, we know that {(ỹ j , S̃ j )} is a bounded sequence and any
accumulation point of {(ỹ j , S̃ j )}, say Ŷ := (ŷ, Ŝ), is an optimal solution to problem
(31). Thus there exists a sufficiently large j such that Y l+1 := (ỹ j , S̃ j ) satisfying (A1)
and (A2). ��
Theorem 2.5 Suppose that Assumption 2 holds. Let Algorithm MSNCG be exe-
cuted with stopping criteria (A1) and (A2). Then it generates a bounded sequence
{(yl , Sl , Zl)} and any accumulation point (ŷ, Ŝ) of {(yl , Sl)} is an optimal solution
to problem (12) and hence (ŷ, Ŝ, Ẑ) is an optimal solution to problem (8), where
Ẑ := �P∗(C − A∗ ŷ − Ŝ − σ−1 X̃). Furthermore, ‖Zl+1 − Zl‖ → 0 as l → +∞.

Proof By (A1), we have Φ(Y l+1) ≤ Ψl(Y l+1) ≤ Ψl(Y l) − ξ1
2 |〈∇Ψl(Y l), Y l+1 −

Y l〉| = Φ(Y l) − ξ1
2 |〈∇Ψl(Y l), Y l+1 − Y l〉|. Hence, the sequence {Φ(Y l)} is nonin-

creasing.
By Lemma 2.1, we know that the level set L := {Y ∈ C | Φ(Y ) ≤ Φ(Y 0)} is

a closed and bounded convex set. Then the sequence {Y l} is bounded and so is the
sequence {Zl}. Let Ŷ be an accumulation point of {Y l}. Then Φ(Y l) → Φ(Ŷ ) and
〈∇Ψl(Y l), Y l+1 − Y l〉 → 0 as l → ∞. Furthermore, Ψl(Y l) − Ψl(Y l+1) → 0 as
l → ∞.

By noting that

Ψl(Y
l+1) = Ψl(Y

l) + 〈∇Ψl(Y
l), Y l+1 − Y l〉 + σ

2
‖M(Y l+1 − Y l)‖2, (35)

we get from (A1) that

〈∇Ψl(Y
l), Y l+1 − Y l〉 + σ

2
‖M(Y l+1 − Y l)‖2 ≤−ξ1

2
|〈∇Ψl(Y

l), Y l+1−Y l〉|≤0.

(36)

Since 〈∇Ψl(Y l), Y l+1 − Y l〉 → 0 as l → ∞, we obtain from (36) that

‖M(Y l+1 − Y l)‖ → 0 as l → ∞. (37)
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For any l ≥ 0, denote �l := Y l − �C(Y l − ∇Φ(Y l)). Then we have

‖�l+1‖ ≤ ‖Y l+1 − �C(Y l+1 − ∇Ψl(Y
l+1))‖

+‖�C(Y l+1 − ∇Ψl(Y
l+1)) − �C(Y l+1 − ∇Φ(Y l+1))‖

≤ ξ2(Ψl(Y
l) − Ψl(Y

l+1))
1
2 + ‖∇Ψl(Y

l+1) − ∇Φ(Y l+1)‖.

By direct computations, we have for l ≥ 1,

‖∇Ψl(Y
l+1) − ∇Φ(Y l+1)‖

= ‖σM∗(MY l+1 + σ−1 X̃ − C + Zl) − σM∗(�P (MY l+1 + σ−1 X̃ − C))‖
= ‖σM∗(Zl − Zl+1)‖ ≤ σ‖M∗‖‖M(Y l+1 − Y l)‖,

where we have used the fact that

‖Zl+1 − Zl‖ = ‖�P∗(C − σ−1 X̃ − MY l+1) − �P∗(C − σ−1 X̃ − MY l)‖
≤ ‖M(Y l+1 − Y l)‖. (38)

Thus, by (37) and the fact that (Ψl(Y l) − Ψl(Y l+1))
1
2 → 0 as l → ∞, we derive that

‖�l+1‖ → 0 as l → ∞. Since Ŷ is an accumulation point of {Y l}, we obtain that
Ŷ −�C(Ŷ −∇Φ(Ŷ )) = 0. By the convexity ofΦ, Ŷ is an optimal solution of problem
(30).

Finally, by using (37) and (38), we know that ‖Zl+1 − Zl‖ → 0 as l → ∞. ��

3 A majorized semismooth Newton-CG augmented Lagrangian method

For any k ≥ 0 and (y, S, Z) ∈ �m × Sn × Sn , denote

φk(y, S, Z) := Lσk (y, S, Z; Xk), (39)

φ̂k(y, S, Z) :=
{
Lσk (y, S, Z; Xk) if (y, S, Z) ∈ Ω := �m × K∗ × P∗,
+∞ otherwise.

(40)

Since the inner problems in (8) are solved inexactly, wewill use the following standard
stopping criteria considered in [18,19] to terminate Algorithm MSNCG:

(B1) φ̂k(yk+1, Sk+1, Zk+1) − inf φ̂k ≤ ε2k , εk ≥ 0,
∑∞

k=0 εk < ∞.
(B2) φ̂k(yk+1, Sk+1, Zk+1) − inf φ̂k ≤ (δ2k/2σk)‖Xk+1 − Xk‖, δk ≥ 0,

∑∞
k=0

δk < ∞.
(B3) dist(0, ∂φ̂k(yk+1, Sk+1, Zk+1)) ≤ (δ

′
k/σk)‖Xk+1 − Xk‖, 0 ≤ δ

′
k → 0.

Just like SDPNAL, each iteration of the MSNCG algorithm can be quite expensive.
Thus it is crucial for us to find a reasonably good initial point to warm start Algo-
rithm SDPNAL+. We can certainly do so by solving the inner problem (8) by using
any gradient descent type method. However, for this purpose we find that ADMM+
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introduced by Sun et al. [22] is usually more efficient than other choices. Now we can
present our SDPNAL+ algorithm as follows.

Algorithm SDPNAL+: A Majorized Semismooth Newton-CG Augmented La-
grangian Algorithm (SDPNAL+(y0, S0, Z0, X0, σ0))

Stage 1. Use ADMM+ to generate an initial point

(y0, S0, Z0, X0, σ0) ← ADMM+(y0, S0, Z0, X0, σ0).

Stage 2. For k = 0, . . . , perform the kth iteration as follows:

(a) Using (yk, Sk, Zk) as the initial point, apply Algorithm MSNCG to minimize
φ̂k(·) to find (yk+1, Sk+1, Zk+1) = MSNCG(yk, Sk, Zk, Xk, σk) and Xk+1 =
Xk + σk(A∗yk+1 + Sk+1 + Zk+1 − C) satisfying (B1), (B2) or (B3).

(b) Update σk+1 = ρσk for some ρ > 1 or σk+1 = σk.

Remark 3.1 (a) As mentioned in the introduction, if (P) is reformulated as a stan-
dard SDP and Algorithm SDPNAL+ is applied to this reformulated form, then
SDPNAL+ reduces to SDPNAL proposed in [26].

(b) Note that numerically it is difficult to compute dist(0, ∂φ̂k(Wk+1)) in the
criterion (B3) for terminating Algorithm MSNCG directly, where Wk+1 =
(yk+1, Sk+1, Zk+1). Fortunately, we have from [18] that

(dist(0, ∂φ̂k(W
k+1)))2 = ‖�TΩ(Wk+1)(−∇φk(W

k+1))‖2
= ‖�T�m (yk+1)(−∇yφk(W

k+1))‖2
+‖�TK∗ (Sk+1)(−∇Sφk(W

k+1))‖2
+‖�TP∗ (Zk+1)(−∇Zφk(W

k+1))‖2
= ‖A(Xk + σk R

k+1
D ) − b‖2

+‖�TK∗ (Sk+1)(−σk R
k+1
D − Xk)‖2

+‖�TP∗ (Zk+1)(−σk R
k+1
D − Xk)‖2

where Rk+1
D = A∗yk+1 + Sk+1 + Zk+1 − C . Observe that the first term in

the last equality can readily be evaluated. The third term can also be computed
easily since P is a polyhedral cone. The second term is again computable as we
shall show next. Let λ1 ≥ λ2 ≥ · · · ≥ λn be the eigenvalues of Sk+1 being
arranged in a nonincreasing order. Denote α := {i | λi > 0, i = 1, . . . , n} and
ᾱ := {1, . . . , n}\α. Then there exists an orthogonal matrix P ∈ �n×n such that

Sk+1 = P

[
�α 0
0 0

]
PT,

where �α is the diagonal matrix whose diagonal entries are λi for i ∈ α. Write
P = [Pα Pᾱ] with Pα ∈ �n×|α| and Pᾱ ∈ �n×|ᾱ|. From [1], we know that the
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tangent cone of Sn
+ at Sk+1 ∈ Sn

+ can be characterized as TSn+(Sk+1) = {B ∈ Sn |
PT

ᾱ B Pᾱ � 0}. Let H = PT (−σk R
k+1
D − Xk)P . Then

�TK∗ (Sk+1)(−σk R
k+1
D − Xk) = P

(
Hαα Hαᾱ

Hᾱα �S |ᾱ|
+

(Hᾱᾱ)

)
PT .

Wecanobtain similar theorems on the convergence of SDPNAL+ as SDPNAL ([26,
Theorems 4.1 and 4.2]). The global convergence of Algorithm SDPNAL+ follows
from Rockafellar [19, Theorem 1] and [18, Theorem 4] without much difficulty.

Theorem 3.1 Suppose that Assumption2holds. Let AlgorithmSDPNAL+be executed
with stopping criterion (B1). If there exists (y0, S0, Z0) ∈ �m × Sn+ × Sn such that

A∗(y0) + S0 + Z0 = C, S0 	 0, Z0 ∈ relint (P∗), (41)

then the sequence {Xk} ⊂ P generated by Algorithm SDPNAL+ is bounded and
{Xk} converges to X, where X is some optimal solution to (P), and {(yk, Sk, Zk)} is
asymptotically minimizing for (D) with max(P) = inf(D).

If {Xk} is bounded, then the sequence {(yk, Sk, Zk)} is also bounded, and all of its
accumulation points of the sequence {(yk, Sk, Zk)} are optimal solutions to (D).

Next we state the local linear convergence of Algorithm SDPNAL+.

Theorem 3.2 Suppose that Assumption2holds. Let AlgorithmSDPNAL+be executed
with stopping criteria (B1) and (B2). Assume that (D) satisfies condition (41). If
the second order sufficient conditions (in the sense of the conditions in [2, Theorem
3.137]) holds at X, where X is an optimal solution to (P), then the generated sequence
{Xk} ⊂ P is bounded and {Xk} converges to the unique optimal solution X with
max(P) = min(D), and

‖Xk+1 − X‖ ≤ θ∞‖Xk − X‖ ∀ k sufficiently large,

for some θ∞ ∈ [0, 1) with the property that θ∞ � 1 if σk → σ∞ for any sufficiently
large σ∞. The conclusions of Theorem 3.1 about {(yk, Sk, Zk)} are also valid.
Proof The conclusions of Theorem 3.2 follow from the results in [19, Theorem 2] and
[18, Theorem 5 and Proposition 3] combined with [2, Theorem 3.137]. ��

4 Numerical experiments

4.1 SDP+ and SDP problem sets

In our numerical experiments, we test the following SDP+ and SDP problem sets.
(i) SDP+ problems coming from the relaxation of a binary integer nonconvex

quadratic (BIQ) programming:

min

{
1

2
xT Qx + 〈c, x〉 | x ∈ {0, 1}n−1

}
. (42)
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This problem has been shown in [4] that under some mild assumptions, it can equiv-
alently be reformulated as the following completely positive programming (CPP)
problem:

min

{
1

2
〈Q, X0〉 + 〈c, x〉 | diag(X0) = x, X = [X0, x; xT , 1] ∈ Cn

pp

}
, (43)

where Cn
pp denotes the n-dimensional completely positive cone. It is well known that

even though Cn
pp is convex, it is computationally intractable. To solve theCPP problem,

one would typically relax Cn
pp to Sn+ ∩Sn≥0, and the relaxed problem has the form (P):

min 1
2 〈Q, X0〉 + 〈c, x〉

s.t. diag(X0) − x = 0, α = 1, X =
[
X0 x
xT α

]
∈ Sn+, X ∈ P,

(44)

where the polyhedral coneP = {X ∈ Sn | X ≥ 0}. In our numerical experiments, the
test data for Q and c are taken from Biq Mac Library maintained by Wiegele, which
is available at http://biqmac.uni-klu.ac.at/biqmaclib.html.

(ii) SDP and SDP+ problems arising from the relaxation of maximum stable set
problems. Given a graph G with edge set E , the SDP and SDP+ relaxation θ(G) and
θ+(G) of the maximum stable set problem are given by

θ(G) = max{〈eeT , X〉 : 〈Ei j , X〉 = 0, (i, j) ∈ E, 〈I, X〉 = 1, X ∈ Sn+},
(45)

θ+(G)=max{〈eeT , X〉 : 〈Ei j , X〉=0, (i, j)∈E, 〈I, X〉=1, X ∈Sn+, X ∈P},
(46)

where Ei j = ei eT
j + e j eT

i and ei denotes the i th column of the identity matrix, P =
{X ∈ Sn | X ≥ 0}. In our numerical experiments, we test the graph instances G
considered in [20,23,24].

(iii) SDP+ relaxation for computing lower bounds for quadratic assignment prob-
lems (QAPs). Let Π be the set of n × n permutation matrices. Given matrices
A, B ∈ Sn , the QAP is given by

v∗
QAP := min{〈X, AXB〉 : X ∈ Π}. (47)

For a matrix X = [x1, . . . , xn] ∈ �n×n , we will identify it with the n2-vector x =
[x1; . . . ; xn]. For a matrix Y ∈ Rn2×n2 , we let Y i j be the n × n block corresponding
to xi xTj in the matrix xxT . It is shown in [16] that v∗

QAP is bounded below by the
following number generated from the SDP+ relaxation of (47):

v := min 〈B ⊗ A, Y 〉
s.t.

∑n
i=1 Y

ii = I, 〈I, Y i j 〉 = δi j ∀ 1 ≤ i ≤ j ≤ n,

〈E, Y i j 〉 = 1 ∀ 1 ≤ i ≤ j ≤ n, Y ∈ Sn+, Y ∈ P,

(48)
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where the sign⊗ stands for the Kronecker product, E is thematrix of ones, and δi j = 1

if i = j , and 0 otherwise, P = {X ∈ Sn2 | X ≥ 0}. In our numerical experiments,
the test instances (A, B) are taken from the QAP Library [8].

(iv) SDP+ relaxations of clustering problems (RCPs) described in [15, eq. (13),
uptoaconstant]:

min{〈−W, X〉 | Xe = e, 〈I, X〉 = K , X ∈ Sn+, X ∈ P}, (49)

where W is the so-called affinity matrix whose entries represent the similarities of
the objects in the dataset, e is the vector of ones, and K is the number of clusters,
P = {X ∈ Sn | X ≥ 0}. All the data setswe tested are from theUCIMachineLearning
Repository (available at http://archive.ics.uci.edu/ml/datasets.html). For some large
data instances, we only select the first n rows. For example, the original data instance
“spambase” has 4601 rows, we select the first 1500 rows to obtain the test problem
“spambase-large.2” for which the number “2” means that there are K = 2
clusters.

(v) SDP+ problems arising from the SDP relaxation of frequency assignment prob-
lems (FAPs) [7]. Given a network represented by a graph G and an edge-weight
matrix W , a certain type of frequency assignment problem on G can be relaxed into
the following SDP (see [5, eq. (5)]):

max
〈( k−1

2k

)
L(G,W ) − 1

2Diag(We)X
〉

s.t. diag(X) = e, X ∈ Sn+,

−Ei j • X = 2/(k − 1) ∀(i, j) ∈ U ⊆ E,

−Ei j • X ≤ 2/(k − 1) ∀(i, j) ∈ E\U,

(50)

where k > 1 is an integer, L(G,W ) := Diag(We) − W is the Laplacian matrix,
Ei j = ei eTj + e j eTi with ei ∈ �n being the i th standard unit vector and e ∈ �n is the

vector of all ones. Define Mi j = − 1
k−1 if (i, j) ∈ E , and Mi j = 0 otherwise. Then

(50) is equivalent to

max
〈( k−1

2k

)
L(G,W ) − 1

2Diag(We)X
〉

s.t. diag(X) = e, X ∈ Sn+, X − M ∈ P,
(51)

where P = {X ∈ Sn | Xi j = 0, ∀(i, j) ∈ U ; Xi j ≥ 0, ∀(i, j) ∈ E\U }.
We should mention that we can easily extend our algorithm to handle the following

more general SDP+ problem:

min{〈C, X〉 | A(X) = b, X ∈ K, X − M ∈ P}, (52)

where M ∈ X is a given matrix. Thus (51) can also be solved by our proposed
algorithm.

(vi) SDP relaxations for rank-1 tensor approximations (R1TA) [13]:

max{〈 f, y〉 | M(y) ∈ Sn+, 〈g, y〉 = 1}, (53)
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where y ∈ �Nn
m , M(y) is a linear pencil in y. The dual of (53) is given by

min{γ | γ g − f = M∗(X), X ∈ Sn+}. (54)

It is shown in [12] that (54) can be transformed into a standard SDP (up to a constant):

min{〈C, X〉 | A(X) = b, X ∈ Sn+}, (55)

where C is a constant matrix and A is a linear map, which depend on M, f, g.

4.2 Numerical results

In this subsection, we compare the performance of our SDPNAL+ algorithm with
two other competitive publicly available first order methods based codes for solv-
ing large-scale SDP+ and SDP problems: an ADMM based solver, called SDPAD
(release-beta2, released in December 2012) developed in [25] and a two-easy-block-
decomposition hybrid proximal extragradient method, which was called 2EBD-HPE1

(v0.2, released on May 31, 2013) and we call it 2EBD here, introduced in [10]. Since
we use the convergent ADMM with 3-block constraints introduced by Sun et al. [22]
(which was called ADMM3c but we call it ADMM+ here to indicate that it is an
enhanced version of ADMM with convergence guarantee) to warm start SDPNAL+,
we also list the numerical results obtained by running ADMM+ alone for the purpose
of demonstrating the power and the importance of the proposedmajorized semismooth
Newton-CG algorithm for solving difficult SDP+ and SDP problems.

All our computational results for the tested SDP+ and SDP problems are obtained
by runningMatlab on a Linux server (6-core, Intel Xeon X5650 @ 2.67 GHz, 32 G
RAM).

In our numerical experiments, we measure the accuracy of an approximate optimal
solution (X, y, S, Z) for (P) and (D) by using the following relative residual:

η = max{ηP , ηD, ηK, ηP , ηK∗ , ηP∗ , ηC1, ηC2}, (56)

where ηP = ‖AX−b‖
1+‖b‖ , ηD = ‖A∗y+S+Z−C‖

1+‖C‖ , ηK = ‖�K∗ (−X)‖
1+‖X‖ , ηP = ‖�P∗ (−X)‖

1+‖X‖ ,

ηK∗ = ‖�K(−S)‖
1+‖S‖ , ηP∗ = ‖�P (−Z)‖

1+‖Z‖ , ηC1 = |〈X, S〉|
1+‖X‖+‖S‖ , ηC2 = |〈X, Z〉|

1+‖X‖+‖Z‖ . Addi-
tionally, we compute the relative gap by

ηg = 〈C, X〉 − 〈b, y〉
1 + |〈C, X〉| + |〈b, y〉| . (57)

Let ε > 0 be a given accuracy tolerance.We terminate both SDPNAL+ and ADMM+
when η < ε.

1 http://www2.isye.gatech.edu/~cod3/CamiloOrtiz/Software_files/2EBD-HPE_v0.2/2EBD-HPE_v0.2.
zip
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Note that SDPAD can be used to solve SDP+ problems of form (P) with P = Sn≥0
directly and we stop SDPAD when η < ε, where η is defined as in (56). However, it
is shown recently that the direct extension of ADMM to the multi-block case is not
necessarily convergent [6]. Hence SDPAD, which is essentially an implementation of
the direct extension of ADMM with the step length set at 1.618 for solving the dual
of SDP+ problems, does not have convergence guarantee in theory.

The implementation of 2EBD including its termination, along with ADMM+ and
SDPAD, is done in the same way as in [22]. For 2EBD, we reformulate QAP, RCP
and R1TA problems as SDP problems in the standard form as these problems do not
appear to have obvious two-easy blocks structures.

In our numerical experiments, we also use a restart strategy for SDPNAL+ if it is
not able to achieve the required accuracy for the tested SDP+ problems. For some
problems, even though ηP and ηD can reach the required accuracy tolerance, ηK or
ηC1 may stay above the required tolerance or stagnate. This may happen, as in the case
for SDPNAL, because many of these SDP+ problems are degenerate at the optimal
solutions. One way to overcome this difficulty is to apply ADMM+ to (P) using the
most recently computed (y, S, Z , X, σ ) to restart SDPNAL+ when its progress is
not satisfactory. From this point of view, our proposed algorithm is quite flexible. In
addition, the penalty parameter σ is dynamically adjusted according to the progress
of the algorithm. A greater σ ensures faster convergence in theory but it leads to a
more difficult inner problem (7a). Hence we adjust σ in order to balance this dilemma.
However, the exact details on the restart and adjustment strategies are too tedious to
be presented here. Note that MSNCG can be viewed as an alternating minimization
between the blocks (y, S) and Z for solving problem (7a). Naturally we can try to
alternately minimize the blocks (y, Z) and S, for which the computational cost of the
generalized Newton system is cheaper due to the simple structure of P . However, the
overall cost can be much more expensive because the piecewise linear structure of
�P (·) generally does not give rise to a well-conditioned generalized Hessian, which
leads to a slower convergence for solving the problem (7a).

Table 1 shows the number of problems that have been successfully solved to the
accuracy of 10−6 in η by each of the four solvers SDPNAL+, ADMM+, SDPAD
and 2EBD, with the maximum number of iterations set at 25,000 or the maximum

Table 1 Number of problems
which are solved to the accuracy
of 10−6 in η

Problem set
(no.)\solver

SDPNAL+ ADMM+ SDPAD 2EBD

θ (58) 58 56 53 53

θ+ (58) 58 58 58 56

FAP ( 7) 7 7 7 7

QAP (95) 95 39 30 16

BIQ (134) 134 134 134 134

RCP (120) 120 120 114 109

R1TA (55) 55 42 47 18

Total (527) 527 456 443 393
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computation time set at 99 h. As can be seen, only SDPNAL+ can solve all the
problems to the accuracy of 10−6. In particular, for the first time, we are able to solve
all the 95 difficult SDP+ problems arising fromQAP problems to an accuracy of 10−6

efficiently, while ADMM+, SDPAD and 2EBD can successfully solve 39, 30 and 16
problems, respectively.

Tables 2 and 3 show the numerical results obtained bySDPNAL+with the tolerance
ε = 10−6 for a subset of of the tested problems (the full set of numerical results
can be found at http://www.math.nus.edu.sg/~mattohkc/publist.html/). The first three
columns of each table give the problem name, the dimension of the variable y (m),
the size of the matrix C (ns) and the number of linear inequality constraints (nl ) in
(D), respectively. The middle five columns give the number of outer iterations, the
total number of inner iterations, the total number of iterations for ADMM+, and the
objective values 〈C, X〉 and 〈b, y〉. The relative infeasibilities and gap, as well as
times (in the format hours:minutes:seconds) are listed in the last eight columns. It is
interesting to note that all the tested problems (especially the QAPs) can be solved to
the required accuracy 10−6 efficiently by SDPNAL+.

Tables 4 and 5 compare SDPNAL+, ADMM+, SDPAD and 2EBD on a subset of
the tested SDP+ and SDP problems, respectively, using the tolerance ε = 10−6. We
terminate ADMM+, SDPAD, 2EBD after 25,000 iterations or 99 h. As can be seen,
except for SDPNAL+, the required accuracy is not achieved for most of the tested
QAPs after 25,000 iterations for the solvers ADMM+, SDPAD and 2EBD. For the
last three solvers, they typically converge very slowly when η falls below the range of
10−4 to 10−5. For R1TA problems, SDPNAL+ is significantly faster than the other
3 methods and it seems that only SDPNAL+ can solve those large scale (n ≥ 2000)
problems efficiently.

We observe that although ADMM+ and SDPAD perform similar steps in each
iteration cycle (except that the former perform one extra update on the variable
y to ensure the convergence of the algorithm), the former can be more efficient
than latter on many tested instances. The main factors to account for the differ-
ence in the performance could be (a) ADMM+ can take a larger step length for
updating the multiplier (it is shown in [22] that the step length can be taken to be
larger than (1 + √

5)/2 when a certain checkable criterion holds); (b) it uses a more
effective adjustment strategy for updating the penalty parameter σ ; (c) in addition,
ADMM+ also performs rescaling of the SDP data and restarting the algorithm when-
ever the ratio in ‖Xk‖ and max{‖Sk‖, ‖Zk‖, ‖A∗yk‖} deviate, say more than 20%
from 1.

Figure 1 shows the performance profiles of SDPNAL+, ADMM+, SDPAD
and 2EBD for all the 527 tested problems. We recall that a point (x, y) is in
the performance profile curve of a method if and only if it can be solved exactly
(100y)% of all the tested problems at most x times slower than any other method.
It can be seen that SDPNAL+ outperforms the other 3 methods by a significant
margin.
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