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1. LP Model and Its Dual Model

| |
! () . i
: s.t. Ayx = by : : yE[R{%,lnER" —(b,y) +6p(y) + 6¢c(—2) :
; A,x = b, o s.t. A'y+z=c !
i x €C L |

where: 4; € R™** A, € R™2*" p, € R™1,h, € R™2,c € R"
C={xeR"l<x<ujle(RU{-})™"ue (RU{+oo})"
— [AllAZ] (S Rmxn,m = my + mz,b = [bl' bz] e R™M

D := {y = (¥1,¥2) € R™M1 X RTZ}
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Applications of LP
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Data Center Resource

Allocation

Reasonably allocate limited resources
to meet various demands and improve
resource utilization efficiency.

Production Planning

By reasonably arranging production
plans, optimizing resource
allocation, and improving
production efficiency.

Financial Investment
Under risk and return constraints,
formulate the optimal investment
portfolio plan.

Logistics and

Transportation

Optimize transportation routes and
methods to reduce transportation
costs.

Has the LP problem already been solved?
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LP Algorlthms and Solvers

v Simplex Method (George Dantzig, 1947)

v Ellipsoid Algorithm (Khachiyan, 1979)

v Interior-Point Method: Karmarkar's Algorithm (1984)

v Splitting Algorithm: Divides a large LP problem into smaller
subproblems by partitioning constraints or variables

oA LP Solvers:

v Commercial Solvers: Gurobi, Cplex, Mosek, COPT, MindOpt, OptVerse
v Open-Source Solvers: SCIP (ZIB), GLOP (Google), JuMP, CLP (COIN-OR)
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Relevant Research Progress

« First-order methods have been used for linear programming since the 1950s
but remained inefficient in numerical computation.
« With the rise of large-scale LP problems, this direction has regained research

interest.
Operator splitting /ADMM algorithm [O'Donoghue, Chu, Parikh, Boyd, 2016]
02 ADMM-based interior point method [Lin et al., 2021], [Deng et al., 2024]
Semismooth Newton based inexact proximal augmented Lagrangian method [Li, Sun, Toh, 2020]
Nesterov's accelerated gradient method [Basu, Ghoting, Mazumder, Pan, 2020]
05 Primal-dual hybrid gradient method [Applegate et al., 2021] Nvidia:
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Challenges of Large-Scale LP Problems

O Computational Complexity: As LP problems grow larger, solving them takes

excessive time, sometimes becoming impractical

O Storage Limitations: Large-scale LP problems demand high memory, posing

challenges for embedded and mobile devices

O Solution Efficiency: Optimization, parallel, and distributed methods face challenges

Efficient optimization algorithms are needed to overcome
memory constraints, reduce computational complexity, and

improve solution efficiency.
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2. Convex Optimization: Accelerated Preconditioned
(Semi-Proximal) ADMM? (P ADMM)

Convex Optimization : y&li?ez i) + f2(2)
prObIem (COP) S. L. Bly + Bzz = C

Dual problem — max {—f{"(—=Bix) — 5 (—B5x) — {(c, x)}
(COD) x€X

where: X)Y,Z: Finite — dimensional real Euclidean spaces
f1: Y = (—o0,400], f, : Z = (—o0,4+00] : proper closed convex functions
B, :Y->X, B, :Z - X: linear operators, c € X

2Defeng Sun, Yancheng Yuan, Guojun Zhang, and Xinyuan Zhao. "Accelerating preconditioned ADMM via
degenerate proximal point mappings." SIAM J. Optimization 35:2 (2025) 1165-1193.
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Convex Optimization Method

O Augmented Lagrangian function: V(y,z,x) € Y X Z X X,
o)
Le(y,z;x) = f1(y) + f2(2) + (x,B1y + Bz —¢) + E”Bly + Byz — c||?

O Operators %y, and Xy, satisfy:
- Foranyy,y €dom(fy), ¢ €0fi(y) and ¢ € 3£, ()

LO)ZAG) + By =9)+ 3y =IIE, . (6= by =9) = Iy =9I,

= Foranyzzedom(f,), ¢ €df,(2) and ¢ € df,(2)

A N a 1 7 D 4 4
L@ 2 L@+ (P z=2)+ Sz =215, (¢~ @,z —2) 2 llz —2IIE,
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3Xiao, Chen, and Li. Math.

A|g1 A pADMM3 for COP Program. Comput. (2018):
Input: Choose 7; (= 0) and 75 (> 0) such that SR
Zfl + BIBl + 71 >0, Zfz +B§Bz +J; >0 “Glowinski and Marroco.
Choose w® = (y9,2°,x°). Let o0 > 0andp € (0,2]. Revue francaise
k=01 d’automatique, informatique,
oy recherche opérationnelle.
1. wktl = UpdateStep(w",Tl,TZ, 0'): Analyse numérique (1975):
( o 2 41-76.
ZzK+1 = argmin,ey {La(yk,z; x*) + 5 |z — Zk”T }
2
_ _ >Gab d Mercier. C t.
< xk+1 = xk + O-(Blyk + BZZk+1 — C) MaathayATjr;)l (lzr;éirl7c_)22)pu
o 2
=k+1 _ . ~k+1. zk+1 k
= argmin L ,ZVT X + =1y —
\y 5 er{ a()’ ) 2 ”y Y ”7'1} 6Eckstein and Bertsekas. Math.
2. wiktl = (1 — pwk + pwk+? Program. (1992): 293-318.

: : . ’Fazel, Pong, Sun, and Tseng.
. . 4,5 6 _ 7 , , dun,
Related works: ADMM#4 5, Generalized ADMMS, semi-proximal ADMM SIAM J. Matrix Anal. Appl.

«  p = 2: Semi-proximal Peaceman-Rachford (PR) algorithm (2013): 946-977.
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A pADMM for Solvmg LP

a Augmented Lagrangian function for LP:

0)
LEP(y,z;x) == —(b,y) + 6p(y) + 6;(—2) + (x,A*y +z—¢) + > |A*y + z — c||?

Alg2. A pADMM for LP

Input: Choose 7;(= 0) such that 7; + AA* > 0 and w° = (y°,2% x%) € D X R" x R",
Let 0 > 0and p € (0,2].

k=0,1,..,
1. wk*1 = UpdateStep(w*, 73, 0):
(Fh+1 = argmin,cgn {LLUP(yk,Z; x*) }
QX = xk 4 g(Aryk + 21 — )
<+ = argmin, e (Ll (0, 2943 29) + 2 |ly = v¥]|. |
2. wktl = (1 — p)w* + pwk+!
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Table 1: Existing CompIeX|ty Results of pADMM- type Algorlthms

Reference @ M&S(2013)° D&Y(2016)1° Cui(2016)10
Algorithm ADMM ADMM maj. ADMM
Dual step T 1 (0, (1 + \/E)/Z)
Prim. feas. 0(1/k) o(1/Vk) o(1/Vk)
Obj. err. - o(1/Vk) -
0(1/k)
KKT res. g-subdifferential - 0(1/\/E)
residual
Type Ergodic Non-ergodic  Non-ergodic

Chambolle and Pock!!12: O (1/k) ergodic iteration complexity for the PDHG (linearized
ADMM) in terms of a certain primal-dual gap (derived by primal feasibility and objective

error), which may not imply the desired O(1/k) complexity bound for the KKT residual.
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8Monteiro and Svaiter. STAM
J. Optim. (2013): 475-507.
(First version: August 2010).
*Davis and Yin. Splitting
methods in communication,
imaging, science, and
engineering (2016): 115-163.
10Cui, Li, Sun, and Toh. J.
Optim. Theory Appl. (2016):
1013-1041.

"IChambolle and Pock. J.
Math. Imaging Vis. (2011):
120-145. (Online: May 2010).
12Chambolle and Pock. Math.
Program. (2016): 253-287.

Q: The KKT residual of pADMM is at most 0(1/vk). How can we accelerate

PADMM to achieve 0(1/k) or better?
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Karush Kuhn Tucker (KKT) System and Its Equivalent Problems

k m
Vw=(y,zx) EW:==YXZXX>
—Bix* € 0f,(y") df1(y) + Bix
—B3x™ € 0f,(z") 0ETwW= 0f,(z) + By x (%)
Biy*+Byz" —c=0 c—B,y— B,z

(KKT) system has a non-
empty solution set
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Degenerate proximal point method

13

An admissible preconditioner M: W - W for the operator7: W - 2%Wis a

linear, bounded self-adjoint, and positive semidefinite operator such that
T=M+T)M

s single-valued and has full domain.

degenerate PPM (dPPM):

whtl=Fwk |o 0 e 7(WHt1) + M(W*+T — wh)]

= (1—p)w" + pw**!
where w® € W and p € (0,2].

13Bredies, Chenchene, Lorenz, and Naldi. SIAM J. Optim. (2022): 2376-2401.
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The Equivalence of pADMM and dPPM

Linear operator M: W - W:

oB;{B,+07;, 0 B
M = 0 o, 0
B, 0 o'

If starting from the same initial point w® € W, the sequences {w*}
generated by pADMM (Algorithm 1) and dPPM are identical.

Moreover, M is an admissible preconditioner, and (M + 7)1 Lipschitz

continuous.

Ad DEPARTMENT OF APPLIED MATHEMATICS
B B '] 2 A

=




An Accelé
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e Define F, := (1 — p)I + pT with p € (0,2]. F, is M-nonexpansive, i.e.

Ew—-Ew'| <|w-=wlyy, Vw,w eW
[Epw — Ew'][,

Alg3. An accelerated dPPM for the inclusion problem (x)

Input: Let w® € Wand p € (0,2]
k=01,..,

1. wktl = Twk

2 wktl = I’;‘bwk — (1 _ p)Wk + pV_Vk+1

1 k+1
3. Wk+1 — WO + Wk+1

= Halpern's iteration141>
k+2 k+2

Halpern, B. Bull. Am. Math. Soc. 73(6), 957-961 (1967)
15 jeder, F. Optim. Lett. 15(2), 405-418 (2021)
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Convergence Propertles of the Accelerated dPPM

If Assumption 2.1 holds and M is an admissible preconditioner such that (M + 7)1
is continuous, then the sequence {w*} generated by Algorithm 3 converges to a
point w* € 771(0).

If Assumption 2.1 holds and M is an admissible preconditioner, then the
sequences {w*} and {w*} generated by Algorithm 3 satisfy

2|[w®-w|

k _ Wk+1|| —

M vk >0w*eT 10).

Iw

Q Without acceleration, dPPM'¢ with p = 1 has O( ) iteration complexity for ||w* — "‘1||M

16Brézis, Haim, and Pierre Louis Lions. Israel J. Math. (1978): 329-345.
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3 Halpern Peaceman Rachford (HPR) Method

Alg4. An HPR method with semi-proximal terms for LP

Input: Choose 7; (> 0) such that 7; + 44* > 0and w’ = (y",2°,x") € D x R® x R",
o>0

k=0,1,..,

1. w**1 = UpdateStep(w*,7;,0):

(

Z**1 = argmin,cgn {LLGP(yk,Z;xk) }

fk-l_l — xk + O.(A*yk + Z—k+1 _ C)

"

o 2
Sk+1 _ - LP(+, Zk+1. zk+1 k
ky = argminyegn {LG (y,z ;X ) + 5 ||y —y ||T1}
2. Whtl = 2kt — wk
1 K+1
3. whktl = — )0 4 ——pk+l

k+2 k+2
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Let R, = |[w°® — w*||,,. If assumption 2.1 holds, then the sequence {w*} generated
by Algorithm 4 satisfies

Primal infeasibility—> ||/¥*** — Ip (7%t — Ax**! + b)
Complementarity —> AL 1 (REH1 — Z7k+1) - (0(||A||+||\/71||)+1) Ro

. oy ege — \/— k+1 '
Dual infeasibility — C — AFghtl — Zhk+ ’

Dual objective . (—llx*ll) Ro _ pLP (}7k+1,Z_k+1) < (BRO n IIx*II) kall

Vo Jk+1 T Jo

function error

where hLP(:)—]k+1, Z—k+1): — _(b’ }—,k+1> + 52(_Z—k+1) _ (—<b,y*> + 52(_Z*))
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Alg5: HPR-LP

1. Input: Choose 7; (= 0) such that 7; + AA* > 0,and w%0: = (29,299 x%9) € D x R" x R"
2. Initialization: Set parameterog, > 0 andr =0

3. Outer loop:

! 3.1 Inner loop initialization: t = 0 :
' 3.2 Inner loop: w" ! = UpdateStep(w™*t, 7, 0,.) !

! T t+1__ 2w t+1 Wr,t |
| .
i w’ t+1 — 1 w' 0 + Ar t+1 I
. t+2 t+2 |
! If one of the restart criteria or all termination criteria are met, then output: |
' r+1,0 _ Sr,t+1 |

w =w |
Otherwise, t=t+ 1 :

4. If all termination criteria are met, output: w”*19; otherwise,

0,41 = SigmaUpdate(w™t10, w0 77, 4)
5.r=r+1

w DEPARTMENT OF APPLIED MATHEMATICS
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Restart crlterla for HPR LP

If Assumption 2.1 holds and M is an admissible preconditioner, then the sequences
{wk} and {w*} generated by Algorithm 3 satisfy

Hwk — v’\\/k“HM < ZHW;VlV*”M, vk > 0,w* € T-1(0).

Based on 0(1/k) iteration complexity for the KKT residual, define

the merit function:

Ryg=|lwt—=wlly, VvVr=01t=0
Approximate R,., by
Ry = llwht — whtt|y
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Restart criteria for HPR-LP  R&.. = |lw"t — @™t
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o Sufficient decay of R, :

ﬁr,t < alﬁr,o;

o0 Necessary decay + no local progress of R,
Rr,t < aZRr,Oi Rr,t+1 > Rr,t;

0 Long inner loop:

t = ask,

where a; € (0,a,), a,€ (0,1), as€ (0,1).
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HPR-LP: Update rule for o P L O

+1,0 2 A 0 o7l
*k
LY —w ||M

Or+1 = arg min||w
o

= argmin(ally™ ™ - y*|I7, + o7 X0 —x* + oA (YO — y)|I7)

2710 _x*||2
lyT*+ 10—y *||Z +]|A*(yT+1O—y*)||?

In HPR-LP, update ¢ with the approximation:

||xr+1,0 — xr,O”Z

[y 10 — y"O||Z + [|A* (L0 — yn0)||2

Gr+1 A2

\
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HPR-LP: Update rule for o-example

o For LP with a special structure, such as optimal transport!’ ,

set 7, =0
”xr+1,0 . xr,OH

T AT =y

0 For general LP, set 7, =Al,, — AA*, 1= 1,(AA")

1 ”xr+1,0 . xr,O”
[0) I~
T VA NAT(yr 0 — yr0)||

7Zhang, Gu, Yuan, and Sun. ”HOT: An Efficient Halpern Accelerating Algorithm for Optimal Transport Problems.”
arXiv preprint arXiv:2408.00598 (2024). IEEE Transactions on Pattern Analysis and Machine Intelligence (2025).
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4. Numerical experiment (computing environment)

O HPR-LP: implemented in Julia, referred to as HPR-LPJI;
O cuPDLPjI'8: the GPU version of the award-winning solver PDLP'? , also
implemented in Julia;
O All experiments are conducted on a SuperServer SYS-420GP-TNR.
> HPR-LPjl and cuPDLPjl : NVIDIA A100-SXM4-80GB GPU, CUDA 12.3
> Gurobi 11.0.3 (academic license): Intel Xeon Platinum8338C CPU
2.60GHz with 256GB RAM

18 u and Yang. arXiv preprint arXiv:2311.12180 (2023).
PApplegate, D’1az, Hinder, Lu, Lubin, O’Donoghue, and Schudy were awarded the Beale—Orchard-Hays Prize for
Excellence in ISMP2024, July 21-26, 2024, Montr’eal, Canada.
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Termination criteria and SGM10

» Termination criteria (Optimality): HPR-LP (PDLP) terminates when the stopping
criteria are met for tolerance ¢ € (0, )

3 Relative duality gap  [{b,y) = 6¢c(=2z) —{c,x)| < (1 + [{b,y) — 6¢c(=2) + (¢, x)|)
O Relative primal infeasibility IITp(B — Ax) |l < (1 + [|b]])
3 Relative dual infeasibility e = A7y =zl < (1 + [lelD)

» SGM1O0: the shifted geometric mean of solving time

n 1/n
(1_[ (t; + 10)) ~ 10,
=1

where t; is the time in seconds for i-th instance

Q DEPARTMENT OF APPLIED MATHEMATICS

B B '] 2 A




DR s T @ e
Effect of Restart Strategy for HPR-LP

Me————

nug08-3rd instance 2t
s
(with Gourbi's presolve): ig A
» 20,400 variables % —=rR
» 19,700 constraints “% 6
> 139,000,000 non-zeros =
10

| | | | | | | | | |
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
1ter
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Effect of Restart Strategy for HPR-LP

nug08-3rd instance 2y m:::::
(with Gourbi's presolve): :E
: g 4
» 20,400 variables 2 i
> 19,700 constraints “Eé 6r
.
> 139,000,000 non-zeros —~ |
-10

| | | | | | | | | |
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
1ter
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Effect of Restart Strategy for HPR-LP
”

nug08-3rd instance 2+ Wm:::::

(with Gourbi's presolve): E
: g 4r == PR
» 20,400 variables = —o=HPR
-y HPR_restart (o = 0.995)
» 19,700 constraints = o
b-C'
> 139,000,000 non-zeros ~ |
-10

| | | | | | | | | |
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
1ter
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Effect of Restart Strategy for HPR-LP

nug08-3rd instance 2

N
(with Gourbi's presolve): =
g 4 =8=PR
- =®=HPR
» 20,400 variables £ PR restart (0 = 0,995
> 19 700 Constraints 3 6l =®=HPR restart (o varies)
a0
> 139,000,000 non-zeros = |
_10 | | | | | | | | | |
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

iter
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Mittelmann's LP benchmark with presolve

Table 2: Numerical performance on 49 instances with Gurobi's presolve

Solvers SGM10  Solved SGM10  Solved SGM10  Solved
cuPDLPyl 60.0 46 118.6 45 220.6 43
HPR-LPjl 17.4 49 31.8 49 59.4 48

- HPR-LPjl solves 3-5 more problems than cuPDLP)l does;
- Speed up in SGM10: 3.45x (107%), 3.73x (107°), and 3.71x (1073).
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Mittelmann's LP benchmark with presolve
Table 3: Numerical performance on 49 instances without presolve
Solvers SGM10 solved SGM10 solved SGM10  solved

cuPDLPyl 76.9 42 156.2 41 277.9 40
HPR-LP)l 30.2 47 69.1 44 103.8 43

- HPR-LPjl solves 3-5 more problems than cuPDLP)l does;
- Speed up in SGM10: 2.55x (107%), 2.26x (107°), and 2.68x (1073).
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MIP relaxations with presolve

Table 4: Numerical performance on 380 instances with presolve

Solvers SGM10 Solved SGM10 Solved SGM10 Solved
cuPDLPyl 9.6 373 18.6 370 28.4 363
HPR-LPjl 5.1 373 8.3 370 11.9 370

« For 1078, HPR-LPjl solves 7 more problems than cuPDLPjl does;
+ Speed up in SGM10: 1.88x (107%), 2.24x (107°), and 2.39x (107%).
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MIP relaxations without presolve

Table 5: Numerical performance on 380 instances without presolve

Solver SGM10 Solved SGM10 Solved SGM10 Solved
cuPDLP}l 14.3 372 25.0 366 36.3 359
HPR-LPjl 6.9 376 11.6 371 17.9 363

« For 1078, HPR-LPjl solves 4 more problems than cuPDLPjl does;
« Speed up in SGM10: 2.07x (10™%), 2.16x (107°), and 2.03x (1078).




QAP problem
Table 6: SGM10 on 20 QAP instances with presolve

Solver HPR-LPjl cuPDLPjl HPR-LPjl cuPDLPjl HPR-LPjl cuPDLPjl
SGM10 2.9 12.7 8.8 60.0 60.2  343.1

- Speed up in SGM10: (10~%), (107%), and (10783).

Table 7: SGM10 on 20 QAP instances without presolve

Solver HPR-LPjl cuPDLPjl HPR-LPjl cuPDLPjl HPR-LPjl cuPDLPjl
SGM10  18.9 439 1507 3424 12464  3202.5

- Speed up in SGM10: (10~%), (107°), and (107%).
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Dimensions v' The LP solver COPT used
Rows Columns Non-zeros .
of A 16.5 hours to solve this

After presolve 19,701,908 29069,187 104,300,584 instance on an AMD
. 20
Without 19731970 29128799 104,422,573 Ryzen 3 5900X

presolve

Table 8: Solving time in seconds for the “zib03”

Speed up in
Solver HPR-LPjI cuPDLPjI HPR-LPjlI cuPDLPjl HPR-LPjI' cuPDLPjlI <5\ 10-
With
sresolve 2738 3519 13172 16346 36858 164622 & 447X
Without
sresolve 1942 2377 1063.6 19639 48653 197464 < 4.06x

201 u, Yang, Hu, Huangfu, Liu, Liu, Ye, Zhang, Ge. arXiv preprint arXiv:2312.14832 (2023).
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Table 9: Numerical results of Gurobi (32 threads) on several Mittelmann's LP
benchmark instances with presolve (Tolerance: 1078, Time-limit: 15000s)

Primal Dual

Barrier Simplex Simplex

square4l 1,754 23,828 4,336,554 93.09 1.55 2.89 2.22
physiciansched3-3 68,149 16,275 415,175 77.53 5.52 40.57 34.98
degma 185,501 659,415 8,127,528 49.32 60.15 15000 15000

dir2 2,565,754 2,441,978 8,904,144 226.1 570.79 15000 15000
thk_48 4,229,611 6,339,391 22,790,807 362.62  9366.02 15000 15000
Dual2_5000 30,000,600 33,050,602 93,001,800 61.49 m::;(:; 15000 7291.77
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Comparlsbn with Ergodlc PR (EPR 21
Alg5. An EPR for LP

Input: Choose 7; (= 0) such that 7; + 44* > 0 and w° = (°,2%,x%) € D Xx R™® x R"™.

Let 0 > 0.
k = O
1. UpdateStep(W ,T,,0):
7k — argmin cgn {LLGP (y*, z; x¥) }
¢ Xk =xk+o(Ay*+ 25 - )
| 7* = argminyeqn {LY (3, 25 25) + 5 ly - v .|
2. witl = 2k — K [w¥*1 = w¥: Douglas- Rachford (DR) (p = 1)]

Output: w, " = ﬁﬂ‘:o wt

21Chen, Sun, Yuan, Zhang, and Zhao. "Peaceman-Rachford Splitting Method Converges Ergodically
for Solvmg Convex Optlmlzatlon Problems." arXiv preprint arXiv:2501.07807 (2025)
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Performance comparison of algorithms (o = 1) on the
“ex10” instance from Mittelmann's LP benchmark
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Table 10: Performance comparison of ADMM-type LP solvers on 49 instances of
Mittelmann’s LP benchmark without presolve (Tolerance: 1078, Time-limit: 3600s)

cuPDLP;j| 205.49 2.48 38
rEPRj| 94.04 1.14 42
HPR-LPjI 82.89 1.00 42
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5. Conclusion

0 We proposed an accelerated dPPM with 0(1/k) iteration complexity
using the Halpern iteration

0 Based on the equivalence between pADMM and dPPM, we derived an
accelerated pADMM with 0(1/k) iteration complexity for the KKT
residual and objective error

0 We introduced HPR-LP: an implementation of an HPR method for
solving LP

0 In SGM10, HPR-LPjl achieved a 2.39x to 5.70x speedup with presolve

(2.03x to 4.06x without presolve) over cuPDLPjl at 1078 tolerance
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