LINEARIZED FE APPROXIMATIONS TO A NONLINEAR
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Abstract. We study fully discrete linearized Galerkin finite element approximations to a nonlin-
ear gradient flow, applications of which can be found in many areas. Due to the strong nonlinearity
of the equation, existing analyses for implicit schemes require certain restrictions on the time step
and no analysis has been explored for linearized schemes. This paper focuses on the unconditionally
optimal L? error estimate of a linearized scheme. The key to our analysis is an iterated sequence of
time-discrete elliptic equations and a rigorous analysis of its solution. We prove the W1:> bounded-
ness of the solution of the time-discrete system and the corresponding finite element solution, based
on a more precise estimate of elliptic PDEs in W2:2t€1 and H2t¢2 and a physical feature of the
gradient-dependent diffusion coefficient. Numerical examples are provided to support our theoretical
analysis.
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1. Introduction. We consider the nonlinear diffusion equation

(11) % LV (o (|Vu) V) = g

in a convex polygonal domain 2 in R? with the Neumann boundary condition
(1.2) Vu-i=0 on 0N

and the initial condition

(1.3) u(z,0) = up(x) for z € Q,

where ¢ is a given function and

1

is a gradient-dependent diffusion coefficient, where A\ is a positive constant. The
equation has been involved in many applications, such as minimal surface flow [32],
prescribed mean curvature flow [16,24], geometric measure theory [4], and a regu-
larized model in image denoising [11,13,14,19,25,34,35,38,40]. A review article for

(1.4) o(s?) =
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the applications in image processing was given in [10]. On the other hand, (1.1) can
be viewed as a gradient flow with the energy functional

Ja[u] ::/Q\/|Vu|2+)\2dxf/ﬂgud:c.

Mathematical analysis of the nonlinear diffusion equation (1.1) was studied in
[21,24]. In particular, the W1:°° regularity of the solution was proved in [21], which
further implies higher regularity of the solution (by the method of Section 8.3.2 of [18]).
Numerical methods and simulations for the nonlinear diffusion equation have been in-
vestigated extensively in the last several decades. For examples, see [2,34,35,40] for
finite difference methods and [13,16,17,19-22] for finite element methods (FEMs). Ex-
plicit schemes may not be efficient due to their strong time-step restrictions. A fully
implicit backward Euler—-Galerkin FEM was analyzed in [21], where optimal conver-
gence rate was proved under the condition 7 = O(h?). Suboptimal error estimates
for the scheme were presented in [22] under a weaker mesh restriction 7 = o(h'/?),
and further analysis on the convergence rate of the scheme with respect to the reg-
ularization parameter was given in [20]. The implicit backward Euler scheme was
also studied in [19] with a lumped mass FEM, where L*°-boundedness of the nu-
merical solution was proved and no error estimates were presented. In these fully
implicit schemes, one has to solve a system of nonlinear equations at each time step
and an extra inner iteration is needed. In addition to the implicit schemes, linearized
semi-implicit FEMs for the nonlinear diffusion equation have also been investigated by
several authors [13,34,37]. In this method, the gradient-dependent diffusion coefficient
is calculated with the numerical solution at the last time step and Galerkin FEMs are
used to solve the linearized equation. The scheme only requires the solution of a linear
system at each time step, which is simple and efficient for implementation [23,31].
However, theoretical error analysis of the linearized scheme seems very difficult due
to the strong nonlinear structure. As far as we know, no optimal error estimates of
linearized semi-implicit FEMs are available for the nonlinear diffusion equation. The
major difficulty for the analysis of the semi-implicit scheme is due to the nature of
the linearization of the scheme, which leads to the arising of the energy-norm errors
at two different time levels in the error equation (see (3.23)-(3.26) for the estimates
of the error equation).

In this paper, we study linearized backward Euler—Galerkin methods for the non-
linear system (1.1)-(1.3). Our focus is on unconditionally optimal error estimates
of numerical methods. The key issue in the analysis is to establish the W1 con-
vergence of the numerical solution. To deal with the strong nonlinearity from the
gradient-dependent diffusion coefficient, we introduce an iterated sequence of time-
discrete elliptic PDEs as in [28,29]. Thus the linearized backward Euler—Galerkin
method coincides with the corresponding FE approximation to the time-discrete sys-
tem. We prove the W1> convergence of the solution of the time-discrete system
and FE solution, in terms of more precise estimates for elliptic PDEs in W22+ and
H2+62:

[ullpzver < (14 €7)]|Aul|p2+e

[ull z+e: < (1 + €)[|Aul[ree
and a physical feature of the gradient flow

(1.5) 2|0’ (s%)]s* < o(s?).
2



With these a priori estimates, we establish the L2-norm optimal error estimate without
any time-step restrictions.

The rest part of this paper is organized as follows. In Section 2, we introduce
some notations and the linearized backward Euler—Galerkin FEM for the nonlinear
diffusion equation (1.1)-(1.3), and then we present our main results and our method-
ology. In Section 3, we prove our main results based on the regularity and W1-
convergence of the time-discrete solution, while the rigorous proof of the regularity
and W1 >-convergence of the time-discrete solution is postponed to Section 4. Nu-
merical examples are presented in Section 5, which confirm our theoretical analysis
and show clearly that the linearized scheme is efficient and no time-step conditions
are needed.

2. Notations and main results. Let ) be a given convex polygon in R2. For
1 < p < 0o and any nonnegative integer k, we denote by W*?(Q) the usual Sobolev
space of functions defined on Q and, to simplify the notations, we set WFP :=
wkr(Q), H¥ = Wk2(Q) and LP := W%, For s € (0,1), we define H¥*® :=
(H*, Hk+1)[s] as the complex interpolation space between H* and H¥*1. More de-
tailed discussions for the complex interpolation spaces can be found in literature, e.g.,
see the classical book [5] by Bergh and Lofstrom.

For a given quasi-uniform triangulation of € into triangles T}, j = 1,---,J, we
denote by h = max;<;<s{diam T} the mesh size and define a finite element space by

Vi ={v, €C(Q): vp|7; is a polynomial of degree 7}

so that V;" is a subspace of H'(Q). Let II;, : C(Q) — V;" denote the Lagrangian
interpolation operator. Let 0 = tg < t; < --- <ty = T be a uniform partition of the
time interval [0, T] with ¢,, = n7. For a sequence of functions {f"})_;, we define a
time-difference operator by

n+1_fn+1_fn _
(2.1) D.f =~ forn=0,1,--- ,N — 1.
T

We define the linearized backward Euler—Galerkin finite element scheme by
(2.2) (DU 0) + (o(|VURP)VURT, Vo) = (¢"T0), Yo eV,

with the initial condition U,? = Ilpug and r > 2. At each time step, the scheme
only requires the solution of a linear system. Also we assume that the solution of
(1.1)-(1.3) exists and satisfies

2.3)

lwoll zrr+1 + llwll oo 0,7y 41y + 10wl oo (0,7): 741y + [|Oketel| L2 ((0,7):12) < Mo,

where Mj is some positive constant. For simplicity, we assume that g = g(x,t) in
this paper. The analysis presented in this paper can be easily extended to the general
case g = g(u, x,t) for the scheme

(DU 0) + (o(|VUR ) VU, Vo) = (g(Uf, 2,t7),v), Yo eV,

if g is a smooth function of u, x and ¢.

Our main results are given in the following theorem concerning the uncondition-
ally optimal convergence rate of the numerical solution.

THEOREM 2.1. Suppose that the system (1.1)-(1.3) has a unique solution u sat-
isfying the regularity condition (2.3). Then there exists a positive constant Cy, which

3



is independent of T and h (but may depend on \, My, Q and T'), such that the finite
element system (2.2) admits a unique solution {UP}N_, satisfying

(2.4) U —u"||12 < Co(r 4+ hA"Th).

To prove the above theorem, we introduce an iterated sequence of elliptic PDEs
(time-discrete system) as proposed in [28,29]:

(2.5) DU -V - (o(|VU"?)VU ) = g"HL,

with the boundary condition VU™ ! .7 = 0 on 9 and the initial condition U° = uq.
Then the fully discrete solution U ,’:H coincides with the finite element solution of
(2.5). In view of this property, we split the error into

Up " = (U = U) + (U7 — ")

and analyze the two error functions separately. The regularity of the solution of the
time-discrete system (2.5) is given in the following theorem.

THEOREM 2.2. Under the assumption of Theorem 2.1, there exist positive con-
stants 75, C§, p > 2 and so > 0, which are dependent upon A, My, @ and T and
independent of T and h, such that when T < 7§ the time-discrete system (2.5) admits
a unique solution {U}N_, satisfying

N
(26) max (10" Ry + 0" 3poees) + 3 71D0" s < G5,
- = n=1
N N
@) max [e" 3+ 37l + 3 7l Dre 3 < G,
=n= n=1 n=1
(2.8) (max_ " [war < G5!/,

where e™ :=u" — U".

The proofs of Theorem 2.1 and Theorem 2.2 will be given in Section 3 and Section
4, respectively. In the rest part of this paper, we denote by C' a generic positive
constant which is independent of 7, h and n, and by € a generic small positive constant.

3. Proof of Theorem 2.1. In this section, we prove Theorem 2.1 based on the
results of Theorem 2.2. The proof of the latter is deferred to Section 4. The following
inverse inequalities will be used in this section:

(3.1) o]l < CR¥P=9||v|| La, for veVy, 1<q¢<p<o,
(3.2) Vollzr < Ch™ Y| Le, for veVy, 1<p<oo.
3.1. Preliminaries. Based on Theorem 2.2, we define

—_ n n
M =sup max (" s~ + |07 fwae) +1

so that
o(|Vu'?) = on,  |o(IVu™?)| + o' (IVu"*)| + 0" (|Vu"?)] < Cu,
o(IVU™R) = s, |o(|VU™ )| + |6’ (VU P)] + 0" (VU™ )] < Ca,
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for some positive constants op; and Chy.
For any given function w € H', we define the following matrix functions:

(3.3) B(Vw) = 20/ (|Vw|*)Vw(Vw)?,  A(Vw) = o(|Vw|*)I + B(Vw).

For n > 0 we define the projection operators EZH : HY(Q) — V7 and RZH :
H'(Q) =V} by

(3.4) (A(Vu™)V(w — Ezﬂw), Vo) =0, V weH" and veV,

(3.5) (A(VU"V(w — Ry w), Vo) =0, V we H' and veVy,

—n—+1 .
where [, R, wdz = [, R} 'wdz = [, wdz are enforced for uniqueness, and we set

Eg = E,ll, RY = R}.. These two projection operators are well defined since

Noylel < FA(VuME < 20u 7, YV EER?,
Mo € < ETA(VU™)E < 2Cu[E?, V€ e R

We denote

QZ“ =yntl — RZHU"H, and §Z+1 =" — Ezﬂu"'“ .

By the classical theory of finite element methods, with the regularity of U™ given in
Theorem 2.2, we have

(36)  fu" = Ry e < Cllut|gah,
G710 g < Cllu Y e TN for 1=0,1,
n B+l g n n

38)  IRTUM [y + IR, u  lwre < CUU™ H lwroe + ([0 [y ),
(3.9) 7D, VU 1= < O|7D, Ve Y| e + C||T D,V | 1o < OT/3,
(3.10)  |D,A(VU™)||1s < C|D,VU"||1s < C|D-U"|| g2,
and

167 lwea < €™ = RpFte™ g + [[u™* = Ry |y
(3.11) < CR27Y|e" Y |y + CR2T2/9)|y" Y | s for 1 =10,1 and 2 < ¢ < p,

where p is given in Theorem 2.2 and 1/p + 1/p = 1/2. The above inequality (3.7)
with [ = 0,1 is standard L? and H' error estimate of the finite element method for
elliptic equations, respectively. Since A(VU™) € WP for some p > 2, the L? error
estimate [|u" ! — R} un |2 < Ch3|ju™ || s is also standard. An interpolation
error estimate related to (3.6) is

u™ ™ — pu™ 1o < Chlju™ | g

which can be derived by Bramble-Hilbert Lemma (see page 77 of the book [7]). Then
(3.6) can be established by using the above inequality and the standard L? error es-
timate (together with an inverse inequality). Moreover, (3.8) and (3.11) follow from
Theorem 8.1.11 and Theorem 8.5.3 of [8], respectively, and (3.9)-(3.10) are conse-
quences of Theorem 2.2. From these inequalities we also derive that

10 lwre < e = Rpe™[lwree + [[u” = Rpu®{lwre

< Clle®|lwre + Chllw” || s

(3.12) < (T3 +h).
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In this section, we shall frequently use the inequalities (3.6)-(3.12) and also, we need
the following Lemma.

LEMMA 3.1. Under the assumptions of Theorem 2.1, there exist positive constants
To and 8y such that when T < 7y,

N-1 1
(3.13) (Z T|DT9;;+1|§L11> < C(1Y3 + ho)R?,
n=0
N-1 !
(3.14) (Z 7| Dy (u™ — Rz+lu”+1)|%{1) < Ch',
n=0
N-—-1 g1 %
(3.15) (Z 7 D-6,, |iz> < Ch™t,
n=0

Proof. Since u™ is smooth enough, (3.14)-(3.15) can be obtained easily. Here we
only prove (3.13). Note that

(3.16) (A(VU")V(U”+1 — RrHiyntY), v¢h) =0,
(3.17) (A(VU"—l)V(U"+1 — RPU™Y, vm) —0.
The difference of the above two equations gives
(AVar) V(R — RO, Vo)
+ ((A(VU") — A(Vu"))V(RRU™ — RiHiynty, Vqsh)
+ ((A(VU") — A(VU ) V(U™ — RrUHY, V¢h) =0,
which together with Theorem 2.2 implies

IV(RRU™ = REFU™ || 2
< CI(A(VU™) — A(Vu™)V(RRU™ T = RpFHU™ ) |2
+ C|I(A(VU™) = A(VU™ M) V(U™ = RpU™ || 2
< O|Ve™|| 1o |V (RRU™Y — RPHFIU™ )| 12 + C7|| D, VU™ 1o ||V (U™ — REU™ ) |1
< O3 V(RRU™T — RpFIUTTY) |12
+ CT|DU g2 (€™ = Rpe" s + 0" = Rpu™ ™ [wn)
< O3 V(RRU™T — RpFIUTTY) |12
+ CT|| DU |2 (Chlle" Iy + CRM 2P [ s)
< Cr'B3V(RRU™ — RPTU™MY) |12 + C| DU g2 (712 + h¥/P)7h,

where we have used (2.8), (3.10) and a similar WP estimate as given in (3.11). When
T < 7o := min(7g, (2C)73), we get

(3.18) |V(RRU™ — RYFIU™Y) |12 < 2C)D,U™| g2 (72 + h%/P)7h.



To establish the corresponding L2-norm estimate, for any given ¢ € H'(Q) we
let 1) be the solution of the equation

V. (A(VU")w) —p- |§12|/Qg0dx

with the boundary condition A(VU")V¢ -7 = 0 on 9Q and [,¢dz = 0. Due
to the structure of the matrix A(VU™), this boundary condition is equivalent to
V-7t = 0 on 99Q. Since A(VU™) is uniformly bounded in WP N H1*50 there exists
a positive constant dp € (0, min(2/p, so)) (dependent on the norm [|[VU™ || gi+s,) such
that ||| g2+s < Cll||m- for s € [0,0d0] (see Lemma 4.2).
By noting the fact that [,(RpU™! — RyT'U™1)dz = 0, we have
(RZUTL—‘,-I _ RZ+1Un+1,S0)
= (AvUmv(ET - BT, T)
= (AU (RRUT — REFUT), V(6 - ) )
~ ((AVU™) = A(VUT )9 (U™ = RRU™), V(g — 1))
_ ((A(VUn) _ A(VU”_l)V(Un+1 _ R';lLUn+1)7 V’(/J) =1L+ 1+ I3

By (3.11) and (3.18), the first two terms of the right-hand side of the above
equation are bounded by

11| < CIDU |2 |9 a2 (712 + B2/P)rh?,
12| < CID-ANVU™) | Lo V(U = RRU™ ) [ [ 2
< CIDU w2 |9l a2 (712 + B2/P)rh?,

where 1/p+1/p = 1/2. Again by (2.8), (3.11) and (3.18) and noting the homogeneous
boundary condition, with integration by part, we can bound the last term by

1I5] = |((A(VU™) = AU 1)V = RRomt), Vo)

- ‘ (U"+1 — RPpU™HL V- [(A(VU™) — A(VU"*))vw])‘

< UM = RRU |10 |V - [(A(VU™) = A(VU )V | Lo

< Ol waw + B2 u ) (JAVU™) = AVU™ D) [Vl o
+ [JA(VU™) = A(VU™ )| s 19l ar2)

< CIDU |2l L2 (712 + B*/P)rh?,

where 1/p+1/p’ =1and 1/p+1/2=1/p".
With the above estimates, we obtain

|RpU™ — RIFIU™Y 2 < O\ D U| g2 (712 + B2/P)rh?  for n > 1.
Since R)U' = R} U,

1

N-1 1
(Z T|RpU™ — RZ“U"“l%z) < O3 4 B2/P)rn2,

n=0

7



Finally, we take a standard approach to the H~!-norm estimate (3.13) [8]. Since
(¢ = Rno, )| = inf |[(A(VU")V (¢ — Rng), V(¢ —n))|
Y eV

< CIV(6 = Bd) L2 oo B

< Ol llellmsnh* %, Vo € H,
we have

16 = Rudll-s0 < Cligllz=h*, v ¢ € H?

from which, we further derive that

D (U™ = Ry U™ )| gy

< IDU™ = REDAU™ s 7 RO = RUT s
<DV = BRDU™ | ggso 7 | RO REUM o

< C||Dre™ g2k 4 C|| Do Y| o + 77| RpH UM — REUY| e,

(3.13) follows immediately. 0O

3.2. Boundedness of the numerical solution. By (2.6) and (3.8), we can
re-define

_ n DB on
M = sup (me o e + mo (B o

U™ |lypr1.00 RIU™ ,oo) 2.
+Og}1&§xNH [l +OIST§§SXN|| WU lwree ) +

By the regularity assumptions on o, there exist op; and Cp; > 0 such that
(3.19) o(s?) > o, Vs € [-M,M],
(3.20) lo(s%)] + |0’ (s?)| + |o”(s*)] < Crnr, Vs € [-M, M].

LEMMA 3.2. Under the assumptions of Theorem 2.1, there exist positive constants
7o and ho which are independent of n, T and h, such that the finite element system
(2.2) admits a unique solution {UP}N_| when 7 < 7y and h < ho, satisfying

(3.21) UL + IVUR L < M,
(3.22) ler ||z + |VeR||lpe < 748 + hdo/8,

where e} = RRU™ — U} and &y is given in Lemma 3.1.
Proof. By (3.19)-(3.20), the coefficient matrix of the linear system (2.2) is symmetric
and positive definite, which implies that (2.2) admits a unique solution U ;}H e
for0<n<k.
It is easy to see that the inequalities (3.21)-(3.22) hold for n = 0. By mathematical
induction, we can assume that (3.21)-(3.22) hold for 0 < n < k for some k& > 0.
Since the solution U™+ of (2.5) satisfies

(DU 0) + (o(|VU"P) VU™, Vo) = (¢"T0), VoveV,

8



the error function eh L satisfies
(3.23)  (Drep™,v) + (o(|VU"?)Ver ™, Vo)
- {_ (c(IVU™A)VOT, Vo) + ((o(|VUR?) — o(IVU™ ) VU, Vv)}
~ (D)
= J1(v) + J2(v), YovelV,.
By using Taylor’s expansion, we see that
(3.24)
(e(|VUL?) = a(IVU ) VU *
= (20/(|VU"P)VU™ - V(U = U™) + o' (VU™ )|V (U = U™)[?) VU™
1
+ 50”(5;’5)\V(Uﬁ‘ +UM)-V(Up - UM PVUTt
+ (o(IVUL?) = o(IVU )V (—eptt — 05+
= =20/ (|VU" 2 )VU™ - V(e + 07 (VU" + 7D, VU™ 1)
+ 20/ (VU™ [*)VU" - VD, 0yt vun Tt
+ (VU PNV~ UMP + Lo €IV U + UR) - V(e + 65)P ) U
— (o(IVUP) = o(IVU" ) V(eptt + 05+

where £ is some number between |VU/'|* and |VU"|?. By using the notations in
(3.3), we see further that

Ji(v) = —(A(VU™) VO, Vv)
- (20'(IVU"P) VU™ - VO D, VU™, V)
— (20/(]VU™)(VU™ - Vep)VU™ !, Vv)
+ (20 (VU™ ?)VU™ - V7D 07T VU | Vo)
+ ('(IVU PV (U = U™ + §o—”(g,f;)\V(U" +UR) - V(ep +00)*VU" T, V)
— ((e(IVUR? 70(|VU”| NV (et + 05T, Vo).
Let
(3.25) A(IVU) =200 (VU )||VU"? = o (|VU"[?) = Mo ([VU"[?)°.

Taking v = e} "' in (3.23) and noting the fact (A(VU™)VOT, Vep™) = 0, we
obtain

Ji(ep™)

IN

(V(IVU" ) |Ver ™, [Verl)
+ C|lTD VU™ |1 ([ Veqll 2 + VO 22) Ve | 2
n+1
+C (Z le™ — Rye™ || s + 7| D (u"F — RZ”u““)HHI) IVep Iz

+C(IVepllze + VO =) (IVerllze + VO 2) Ve ™ | 2
+C(IVepllze + VO IL=) VO L2 Ve e + Ve ™ 172).
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From (3.11), (3.12) and (3.22) we have

IV6; |2 < Chlle™ | + Ch2,
Vel || + [ VO | e < C(TV/8 + h%/8) < €
when 7 < 7 and h < hy for some positive constants 73 and hy (which depend on

the constant €). With (3.6)-(3.12), the induction assumptions (3.21)-(3.22) and the
regularity of U™ given in Theorem 2.2, we derive that,

™) < 3 |VATVTEve |, + 3 [VATv o Ve
+ C(hle™ 2 + hlle™ [z + 7R + 7| Dr (" = Ry )| ) [Vep | e
+e([Verllz: + Ve HIEe) + Ce ' (IVepllZe + I\W"Ilim)(llwﬁlliz + VO IZ:)
< glVATTEve |, + 5 [VAr o]
+ Ce (B2l Gy + B2l |32 + 720" + TQIIDT(U”+1 - Ry )
+2¢(|Verlliz + | Ver T IZ2)
+ O (| VepllEe + 722 + B2) (2 "2 + B |le™ |32 + )

1 2

H\/ (VU P) vw“” ,+ 5| vATvTE Ve y

+ 3e([[Vep13e + Ve I32) + O (2l [3a + B2l %)
=+ 06_1(7'2/3]14 + h6) + Ce_17'2||DT(u"+1 _ Rz+lun+1)”%{1,

2
L, TCTNIVeR||e Ve e

where we have used the inverse inequality h*||Vell||2.. < Ch?||Vel||2, < €|[Vel|2,
For Jy(ef '), we have the following estimate,

Ty ™) < D=0 r-alleg ™

< Ce MDAy [ F— + el Vep Tz +ellen 2o

With the above estimates, (3.23) reduces to
n n nll2
2D 2 4 5 (Vo IVTBYe |2 — VATV T P e 2, )
< 3e([[Ve |7 + IVe H[72) + ClLD-05 T |7

+ Ce Hep |22 + Ce 72| Do (u T — R a3
(3.26) + Ce (€))% + |le™ |2 )h? + Ce L (72 3ht + 1),

From (2.8) we derive that

7Dy (VU™ ||l < CllTDre™|lwiee + CllT D™y < CTH3,

10



which implies

Vo (VU ) Ver Iz — IVA(VUP)Veg1Z:
= Vo (IVU"?) = (VU ) Ve 72 + IVA(IVU R Ver e — VA (VU1 2) ey |72

= ((y(IVU" ") = (VU™ 1)) Ve, Vey)
> Ao (IVU"2)* 2V e ™72 + 7D VA (VU ) Ver e — 7]/ IDA (VU P) [ Ver 12
> Nodf|IVep e +7D-IVA (VU ) Ve 7 — O3 Veg||2s.

With the above inequality, (3.26) reduces to

1 n+12 )‘20?\4 n+1(2 T nl2 n+1(2
LD, e + 2T 2, + 2, VATV P Ve
<3e(|[Ve |72 + Ve 72) + ClID- 0 [

+ Ce Hef 32 + Ce 72| D (u T — Ry |12,

+ Ce(|[e™|%2 + [le™ %) h% + Ce (722t + RE).

Choosing € = A3, /72, by Theorem 2.2, Lemma 3.1 and Gronwall’s inequality,
we derive that

k
ek + D TIVEpHIs < Or2h24Or2/mt 4 Onto,
m=0
when 7 < 79 < 79 and h < ho for some positive constants 7o and hs.
Applying the inverse inequality, when 7 > h? we have

len ™ e + 1Ver ™ e < Ch™ (lleg™ 22 + Ve[l 22)
< Ch Yrh? + 3Rt 4 Tﬁlh4+26°)1/2
< O(TY2 4+ 1?3 4 h%)

and when 7 < h? we have

ey Nl + Ve Iz < CR72[lef e < Ch72(r2h? 4 723 R 4 2012

< C(h+ 73 4+ h%).
In either case, we have
(3.27) Xt oo + || Vet || oo < 71/8 4 pOO/8)
and
(3.28) ||UN Y| + VU oo < [RRFUM oo + [VRETUF oo +1 < M
when 7 < 73 and h < h3 for some positive constants 73 and h3. The induction on
(3.21)-(3.22) is closed with 7y = min{7, 7o, 71,72, T3} and hg = min{hy, ha, h3}.

The proof of Lemma 3.2 is completed. 0O
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3.3. Unconditionally optimal error estimate. Now we turn back to the
proof of Theorem 2.1. Let e} = R, u" — U'. From Lemma 3.2, Theorem 2.2, (3.6)

and (3.12), we see that there exist positive constants 74 < 7p and hy < ho such that
when 7 < 74 and h < hy

(3.29) 1UR L + (VU [ Lee < M, forn=0,1,---,N,
(3.30) [€rllzoe + |VER || e < 278 4 20%/8  forn=0,1,---,N.
Since the exact solution u™ satisfies
(Dyu™0) + (o(|Vu"[*)Vu" Vo) = (¢" o) + (1 v), YoveVy,

—n+1

the error function €, satisfies

(3.31)  (Dreptv) + (o(|Vu"[>)Vertt, Vo)
= [ (o(va V8, Vo) + (0(VUE) = o(IVu" ) YU+, Vo)
— (D:8, o) + (€6 0)
= Jl(U)+J2(U)+j3(U), V’UEVhT.

To estimate .J;, i = 1,2, 3, we take the same approach as used for .J; and .J, in Section
3.2 and we get

Ti@ ) = —(A(Vu" )wz“ vept!)

— (20 (V" P)Vu" - Vepvutt, veptt)
(20”(|Vu"| ) V@h TD VunJrl vfn_H)
(20’(|Vu”| ) 'VTDTH;L Vu”Jrl, VEZ"H)

1 =N —n n
+ (A IVe PTG = )P+ 5o @IV ) V(e + T, Vet

(
— ((e(vog? >—o—<|wn|2>> Vet 16,7, veprtt)

1 2
<3|va (|Vu"|2)V’"+1’ S|V Ever|
+(Cr+ Crl| DG, \\Hl)llw”“llm
+C(|Veq | e + VO, =) (IVER |2 + VO]l 2) I VeER ™ 2
+C(IVeR|l L= + IV (u™ = Ryu™)l| =) Ve (172
—n—+1 . —n
+CIVO, = (IVerll2 + \|V9h||L2)I|V6h+1HL2

VA(Va ) V*"“’ VA(Var B)ver

1
< 5[Vt 3
- 2 2
—n 1
+e(|Ver|2. + IVErtY22) + Ce (1 + | D, 0,

+Cr VR el Ve e

13;0)7% 4+ Ce h?+2,

Ta(@r ) < Ce D8y [2a + el 2,
and

Js(ey ™) < elley ™ 7e + CetEn T 1z

12



when 7 < 75 and h < hy for some positive constants 75 and hs. With the above
estimates, (3.31) reduces to

(3 32)

fD et + = (H\/ (VU P)Ver [, — |V (VU™ ) Vehl\Lz)

< e(||Ver|3: + Ve TH|T2) + ellep |
+ Ce 2D 20+ Ce YDA 2 + CeH|ERTY 2, + Ce (72 + h2T2).

Since

Vo (VU2 Ve, Iz = IV (VU ) Ve, |17

= Vo (IVU"2) = (VU 2)Ver 2 + [VA(VU ) Ve [Ee — VA (VU TR Ver |7
= ((y(IVU"P) = (VU1 ) Ve, V)

> Ao (IVU" ) 2Vey ™| 7a + Do VA (VU ) Ver e — 7]V DA (VU ?) Ve 12

> Noi Ve 1 2: + 7D VA (VU ) Ve 7. — O3 VelZs,

the inequality (3.32) reduces to

(3 33)
—n—+1 )‘20?\/[ —n—+1(12 T nl|2 n+1(2
*D l[en 17 + 5 IVE T lIze + 5 DellvA (VU 2) Ver™ Iz
<e(|IVe'||7. + \IVG"“IILz) + 6H’"“Ilm
+ O 2D, 20 + Ce YDA T2 + CeH|ERTY 20 + Ce (72 + h2rT2).

By choosing ¢ = A?03,/24 and applying Gronwall’s inequality, when 7 < 75 and
h < hg for some positive constants 7 and hg, we obtain

N
(3.34) R lew)|2s + E:OTHvehHLQ < C(T% + ¥ T2,
So far we have proved Theorem 2.1 for the case 7 < 77 := min{ry4, 75,76} and

h < h7 := min{hg, hs,hg}. Now we consider the case that 7 > 77 or h > hy.
Substituting v = Uy in (2.2), we get

1
D, (GIUR 1R ) < O 1™ s + el

which further implies that (via Gronwall’s inequality)

(3.35)  ax, UM e < C.
Therefore,
(3.36)
_n < < _ - r+1 < - - r+1 .
12N IO = wllee < €< max(7, h7t1) (r+ ) < min(77, h5 1) (A

Combining (3.7), (3.34 ) and (3.36), we see that (2.4) holds unconditionally.
The proof of Theorem 2.1 is completed. O

13



4. Proof of Theorem 2.2. First, we consider the Poisson equation

—Av=f— & [ fdz, in Q
‘Ql Q 9 9
(4.1) { Ozv =0 on 09,

in a convex polygon, and introduce some lemmas concerning the W?2P and H?*$
estimates of its solution.

LEMMA 4.1. Let v be the solution of (4.1) and w € W and wyin < w(x) <
Wimax, Where Wmin and Wmax are positive constants. If f € L?, then v € H? and for
any € € (0,1/2) we have

(4.2) IV20llze < [ flz2,

(4.3)

(1—6)/QZ|8ijU|2wdx§/Q‘f—;”/Qfdm

2
wdz + Cop o lfwll g€ IV 72

Proof. The inequality (4.2) is a consequence of Theorem 3.1.1.1 in [26].

To prove (4.3), we denote by w; the interior angle of the corner z;, j =1,2,--- ,J,
of the convex polygon 2 and by 8;(z) the angle spanned by the two vectors ;41 — ;
and x —z;. If f € C§°(Q), then the solution v can be decomposed as [26,33]

J
0= Y (o — oyl — a7 cos ( Z0y(0)) 47

j=1 J

with o € H?, where ®(r) is a smooth cut-off function which equals 1 in a neighborhood
of r=0and o, j=1,---,J, are positive constants. Letting wmax = maxi<;j<jw; €
(0,7), from the above expression one can see that v € H?** N W3l — CY(Q) N
W2(9Q) for s € (0,7 /wmax — 1). Thus the identity

&-ivajjv = (%((%U@jj’l)) — 8j (&v@ijv) + |8ijv|2
holds in L(£2) and therefore, we derive that

/ Z |0;v|?wdz = / |Av[Pwdz + / (AvVv -Vw — V0V - Vw) dz
Q% Q Q

- AvVo - dwdl + V2oV - 7wdl
o0 o0

14



By noting the Neumann boundary condition in (4.1), we have Vv -7 = 0 and VZvVuv-
=0 on 0f2. Denoting f = f — ﬁ fQ fdz, the last equation reduces to

/ Z |0;v|?wdz = / |ﬂ2wdx + / (—va -Vw — V2V - Vw> dx
e Q Q

<(1+ 6)/ |ﬂ2wdx + 6_1||w_1/2VU}||%3||VU||%6
Q

<(1+e / FPuwde + Ce w2V w2, (Vo] 22 + Vol Y2120

2/3
L2

)

<1+ e)/ |f[2wdz + e/ Z 10,50 wdzx + Ce 2w 2Vw|)3, || Vol|22,
Q

.7

which leads to

(1—6)/QZ|6¢M2wdfﬂ§ (1+6)/Q|f|2wdx+06_2Hw_1/2VwHisHW||2L2~
i

Since the above inequality holds for any f € C§°(Q) and C§°(Q) is dense in L?, the
inequality must hold for all f € L2. O

It can be found in literatures, such as Theorem 4.3.2.3 and Theorem 4.4.3.7 of [26],
and (23.3) of [15], that

(44) 190l oters < Cullll ot

IV20ll o2 < Cull fllpoerz
for some positive constant C, > 4, where p, = min(5/2,1/[1 — 7/(2wmax)]), S+ =
T/Wmax — 1 and wpax denotes the maximal interior angle of the convex polygon €.
Since the operator from f to V2v defined by (4.1) satisfies (4.2) and (4.4)-(4.5). By
applying the complex interpolation (see Theorem 5.6.3 of [5]) to (4.2) and (4.4)-(4.5),

we obtain the following lemma.
LEMMA 4.2. Assume that v € H*(Q) is the solution of the equation (4.1). Then

(4.6) V20l < (1+ep)llfllze
IV*0llzs < (142 f ]l

forp € (2,p.) and s € (0, ), where lim,_,oe, =0 and lim,_,0&; = 0.
Based on the regularity assumption (2.3), we set

K = |[ullL=@x 1) + IVl Lo @x0,1)) +2-

Then, by the regularity assumptions on o, there exist positive constants 0 < o < 1
and Cg such that for 0 < s < K we have

(4.8) o(s*) 2 ok, |o(s?)| + o' (s*)| + 0" (s*)] < Ok,
and we choose p so close to 2 that

(4.9) gp < N2o%.
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Now we start to prove Theorem 2.2. For the given U™ € H?5» (2.5) can be
viewed as a linear elliptic boundary value problem and therefore, it admits a unique
solution U"*! € H?*sn+1 for some positive constant s, 1 > 0 (a qualitative regularity
as a consequence of Lemma 4.2). Here we only prove the quantitative estimates (2.6)-
(2.8).

Before we study the estimates (2.6)-(2.8), we prove by mathematical induction
the following inequalities
(4.10) U™ ||pee + ||VU" ||~ < K,

(4.11) e lwan < 7Y%

assuming 7 < 7§ for some 77 > 0. Since U = ug, the above inequalities hold for
n = 0. We assume that (4.10)-(4.11) hold for 0 < n < k for some nonnegative integer
k, and prove the inequalities for n = k + 1.

From (1.1)-(1.3) and (2.5), we see that e"™! satisfies the equation
(4.12) D e — V. (o(|Vu"|?)Ve T

=& =V ((o(IVUP) = o(IVu" ) VU™ ™),

—

with the boundary condition Ve"*! .7 = 0 and the initial condition e® = 0, where
EMt = 9™t — DT 4V - [(o(IVU?) — o(|Vu" ) VT

is the truncation error due to the time discretization. By the regularity assumption
(2.3), we have

N
(4.13) max x|z <C, Y 7lER]T. < 07

1<n
n=1

With a similar approach to (3.24), we can derive that
(@(IVU" ") = o(IVu"]?)) VU™
= (=20'(|Vu"?)Vu" - Ve + o' (|Vu"|?)|Ve" [?) VU
1
+ 5&’(5“)\(%” + VU™ Ve Pvuntt
= —20'(|Vu"|?)(Vu™ - Ve™)Vu"
— 20/ (|Vu"|?)(Vu"™ - Ve™) (1D, Vu" T — Ve )
1
+ (V" BV 2+ S0 (€](Vu" + VUM Ve 2) - VU
(4.14) <A(|Vu™ )| Ve | + Or|Ve | 4+ C|Ve™||Ve T + C|Ve™|?,

where 7(-) is defined in (3.25).
Multiplying (4.12) by e"*! and using (4.14), we get

1 n n
D, (Gl ) +IV AV P ver s
1 n 1 n n n
< VATV PIVe 2 + LIVAIVaPIVE™ 2 + On(|Ver |2 + Ve 22)

+C[Ve[p (Ve [z + IIW”“IILz) +ERT T + llem Iz,
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which implies that

1 1 " n
D, (511 )+ (IWoTTw R ver I ~ VATV e By ve )

(415) <OV Ta + Ve 122) + Clle™ 122 + ClERT 12,

where we have used (4.11). By noting

Ve ([Vur)Ve |7z — VA (I Vur ) Ve (|7

= [IVo([Vur?) = y(IVur P)Ve 72 + VA ([Vur D) Ve s — [VA([Vur—12) Ve |7
— ((V(IVu" ) = ([Vu" 1 ?)) Ver, Ver)

> Ao (IVu"[*)2Ve 3z + 7D, |/A([Vur ) Ve 3, — 7l DA ([Vur 2)[ Ve |72

> Nog||[Ve |z + 7DV A([Vur2)Ve 7. — C7|| Ve |72,

(4.15) reduces to

1, . T " 203 "
D, (Gl + FIVATT Ve 2, )+ 275 [veri 3,

< OV 2 + IV [3e) + Cllen 2, + Cllent 2.

By Gronwall’s inequality, when 7 < 73 for some positive constant 7g, we have
k k
(416) a4 3 e B < 03 rllent i < o
- n=0 n=0

From the above inequality we also see that

(4.17) 10" 2z < [lu | zz + e 2 < C,
(4.18) 1D, U™ 12 < || Dy |2 + | Dre™ Y 2 < C.

We rewrite (4.12) as

(4.19)
D.e" Tt — o(|Vu"|?)Ae™ Tt
=&ML 120/ (VU ) (V2UVU™) - Ve — (o(|VU"?) — o(|Vu™?)Au™T)
— 20/ (VU™ P)V2U"VU" — 20’ (|Vu"|?)V2u"Vu"] - Vu
= [o(|Vu"?) = o(IVU"[*)] A"
= ET 420/ (IVUPY(VPUVU™) - Ve — (o(|VU™ ) = o(|Vu" ) Aum 1)
+ 207 (|Vu™ *)V2e"Vu" - Vu™ — 20/ (VU™ )\ V2"VU™ — 20’ (|[Vu™?) V2" V"] - Vu™
+ 20/ (VU™ A) VU™ — 20’ (|Vu"?)Vu™] - (VZe"Vu™ 1)
+ 270’ (|Vu"|*)V2e"Vu" - VD u™ T — [o(|Vu™?) — o(|VU"[?)]Ae™ .
17



Multiplying the above equation by —Ae™*! leads to

(4.20)

D <;|V6”+1|2dx>+/go(|VU"2)|Ae"+1|2dx

< € 2 A |12 + CIVU Lo [ VU | oo V™ | Lops o2 [| Ae™ | 2

+ O Ver |2 [ Ae™ 2 + /Q Y(IVu?)[ Ve |Ae dz + O Ve [ 2 [ A 2
+C|IVe" L= [IVZe™ | 2| Ae™ | 2 + CT|[ Ve | 2| Ae™ | L2 + O Ve[| | Ae™ 2. -

By the induction assumption (4.10)-(4.11), we have |[VU"| L~ < [|[V2U"|r» < C and
by the Sobolev interpolation inequality, the second term in the hand side of the above
inequality is bounded by

V20U |Lo [ VU [0 IV €™ p2vroeo | A |12 < Clle™ |27 Ae™ 1

< Celle™ 72 + A7
for some 0 € (0,1). With (4.11), (3.25) and the above inequality, (4.20) reduces to
1 1
D <2|Ve”+1|2dx>—|—2 / (o(|Vu™ %) + X2 (|Vu™?)? — €) [Ae™ T Pda
Q

1 n n n n n
< 3 [OUVaR) + 4+ Or (T P + CLIER s + 196" [ + |9 22
1 n n n
—|—§/Q [a(|Vu 112 — o (|Vu \2)]|Ae T2de

1
< 3 / (Y(|Vu™?) 4 € + 071/4)\V26"|2dx + CT/ |Ae™ T2 de
Q Q
+ Ce(lEFT 172 + 1IVe™ 12 + Ve H172).

Choosing € < \20%./2 and 7 < 19 for some positive constant 19, we get

2
D, <1|Ve”+1|2dx>+1/ [U(|Vu"+1|2) + LJ(|VU"\2)3] |Ae™ 2 da
2 2 /o 2

1
=3 / (Y(IVu" ) + 26 + O/ V2e" Pda + Ce (€L 172 + Ve 122 + IV 7).
Q
and by applying Lemma 4.1 with w = o(|Vu"1|?) + %U(‘VU”F)B, we obtain
1 1 1—e)X\?
D, (2|Ve"+1|2dx>+2/ (1= o(IVurt'2) + (L=9X ;) o(IVu"2)?] |92 P
Q

1 n n n n n
= i/gz[v(IVu )+ e+ Crt/YI Ve Pde + Ce(IERTHIT: + 1IVe™ |22 + Ve [Z2).

By choosing € small enough and when 7 < 79y for some positive constant 719, we
derive that

1 1
D, <2 |Vertt |2dx> —&—5 / o(|Vu" )| Ve 2de
Q

1 n n n n n
< 5/9(0(|Vu ) = Naic /2)[V2e" Pdx + C (€5 + Ve [T + Ve [72),
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which in turn shows that (with Gronwall’s inequality)

1 A2o3 & b
(4.21) Jmax, §||Ve"+1||2L2 + TK Z T|VZe" T3, < C’Z T|ERT2, < OT2
- n=1 n=1

From the above inequality we further derive that

k
(422)  max (JU G + DU F) + Y 7lDU e < C.

n=1
From (4.19) we see that
IDze" 22 < CIER 2 + Clle™ = + Clle™ | 2,
and by using (4.21),

k k k
(4.23) Yo TIDre G < O Y TlER e + C Y wllem e < O

n=0 n=0 n=0

In particular, the above inequality implies that || D,e**1|| > < C7'/2 and || D ef 1| g <
C from (4.22). By an interpolation between L? and H', we have

”DTekJrlHLp < CHDTekﬂ||2L/2p||DT€kH||}{_12/p < CorY/P,
We rewrite (4.19) by
(4.24) At = o (|Vuk 271207 (|Vuk 2) V2eb Vit - Vb + G,
where

IGllLe < C|ID-e¥ | Lo + CIEL o + (CIVPU||Lr + C) |V || Lo
+ CT[|V2e 1o + C(IIV€¥|| Lo + [[VZ€* | 1o) [ V|| oo

< OTYP 4 €| V2R | o + Comnt | VeF Y 12 + CTV4(|| V2R | o + || V2R | 2o)
(4.25)

< Car 7P 4 (| V2eF Y| 1o + (| V2€F | 10).
With (4.9), we apply (4.6) to the elliptic equation (4.24) to get

V2" | e < (14 X2o%)[lo(|Vu*?) "y ([VuF ) V2er || e + (1 + Xo%) |Gl e
< (1= Mot IV2eF e + (14 A26%) (|G| Lr-

With € = M09 /(4 4+ 2X\%0%) in (4.25), a straightforward calculation gives

(V2R < (1 — Mok /2)|V2e¥|| e + CTY/P

when 7 < 711 for some positive constant 771. By the Sobolev embedding inequality,
we have ||e||L» + || VeF||Lr < Olle¥| g2 < CT/? and therefore,

(4.26) e Y |war < (1 — Mot /2)|leF |lwe2e + CTY/P
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which, by noting 1 < p < 5/2, leads to
(4.27) e |y < 7Y/3

when 7 < 75 for some positive constant 715. By using the Sobolev embedding in-
equality again, we obtain

[ |z + IV | < Ol lwaw < CTV3
which further implies that

(4.28) " [ + [ VeF | < 714,
(4.29) IUE e + VU e < K,

when 7 < 73 for some positive constant 7y3.
The induction on (4.10)-(4.11) is closed, and (4.16) and (4.21)-(4.27) hold for

k= N provided 7 < 7§ := min ;.
8<i<13

It remains to estimate |[U"™"!||f2+s for some s > 0. From (4.27) we see that
VU € C* for some o > 0. Rewrite (2.5) as

20" (|[VU™|?)
—_A ntl _ 27 \IY™= |/ 2rmn ny ., n
U Vo) (Y UTYU VU
U’(WUn\Q) 2 +1 +1 +1 2
or——— _ L(V2U"vU") - VD, U" ntl_ p un vun
o) ¢ ) o Vv
(4.30)  =UVEU™) + (¢"™ — DU [o(]VU™ ),

where the linear operator [ defined by
2 / A\VAUAL 2 / \VAUAL 2

VU = S voy (VTP

(V2U"vuU™) - VDU

satisfies that

K2

Hl(vQUn)HLQ < <A2 e +CT1/3)V2U71”L2

lE(V2U™) e < CIVZU™ |17

By choosing 7 < 114 for some 74 > 0 and using the complex interpolation between
L? and H® [5] we derive that, there exist positive constants sx such that

2 K? 1/3 trow/a Ja o2
(VU™ g < (AQ—&-KQ +Ct ) Cox/ VAU s
/\2
(4.31) < (1 IR e 2K2) |IV2U™||g- for s€[0,sk].

Therefore, by applying (4.7) to the equation (4.30) we obtain that

/\2
©2\2 4+ 2K2
20

VU™ g < (142, [(1 )||v2U”||Hs O™ e + CIDAU™ e |



and choosing sg so small that £, < A\?/(2)\? 4+ 2K?), we get

n A4 n n n
920" v < (1= s ) IV o+ Cllg™ i + DU .

Iterations of the above inequality give

. 20 | e < U s " se) < C.
(4.32) 1%agXN”V U™ 20 _C(lgLaSXNIIg l| =0 +1gLaSXNHDTU [#50) < C

The proof of Theorem 2.2 is completed. O

5. Numerical example. In this section, we present an example to confirm
our theoretical analysis. All computations are performed by FreeFEM++ in double
precision [27].

We solve (1.1)-(1.3) in the domain = [0, 1] x [0, 1] up to the time T' = 1, where
the diffusion coefficient o(|Vu|?) is given by (1.4), the function g and ug are chosen
corresponding to the exact solution

(5.1) u(z,y,t) = %O cos(2mx) cos(2my) /4.

To test the convergence rate in the spatial direction, a uniform triangulation is gener-
ated with M + 1 points on each side of the rectangular domain with h = v/2/M, and
we choose a very small time step 7 = 27'°. In this case, the optimal error estimate
given in Theorem 2.1 is, approximately,

U = u"r2 = O(h").

We present the L2-norm errors for A = 1 in Table 1, where the convergence rate is
calculated based on the numerical results corresponding to two finest meshes. We
see that the L2-norm errors are proportional to A"t!, which is consistent with our
theoretical error analysis.

TABLE 1
L?-norm errors of the numerical solution for A = 1

M NUN —uN|[zz for r =2 | [UN —u™N][z2 for r =3

8 9.0361E-04 3.6292E-04

16 1.1846E-04 7.6558E-05

32 1.4948E-05 4.1758E-07
convergence rate O(h379) O(n*h)

To test the stability of the numerical solution, we solve (1.1)-(1.3) with several
refined meshes for each fixed 7. The L?-norm errors of the numerical solution are
presented in Figure 1 for r = 2,3 and A = 1 in the logarithmic scale. We see that, for
each fixed 7, the L2-norm error of the numerical solution tends to a constant which
is proportional to 7. Therefore, no restriction on the grid ratio is needed. It has been
noted that our theoretical analysis is given under the assumption of A being a positive
constant. Clearly, the numerical accuracy of the linearized scheme depends upon A
and decreases as A — 0. In this example, |Vu| = 0 at some points and the equation
becomes degenerate when A — 0.
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FiG. 1. L2-errors of the FEM for the problem with A = 1 (left for r = 2 and right for r = 3)

6. Conclusion. In this paper, we have presented optimal error estimates for a
linearized backward Euler-Galerkin FEM (r > 2) for a nonlinear and non-degenerate
diffusion equation in a convex polygonal domain under certain assumption on the
regularity of the exact solution and A\ being a positive constant. For this strongly
nonlinear equation, no previous works have been devoted to the error analysis for
linearized semi-implicit FEMs, and existing analyses for implicit schemes still require
certain restrictions on the time-step size. Our analysis shows that the numerical solu-
tion of the linearized semi-implicit scheme achieves optimal convergence rate without
any time-step condition. The analysis only focuses on the gradient flow with the
gradient-dependent diffusion coefficient given in (1.4), while it can be extended easily
to the problem with the diffusion coefficient satisfying (1.5).

For r = 1, the expected optimal spatial error bound is in the second order and
under the assumption ||U}||w1.~ < K, we can derive that

R U™ — U3, + > 7| V(RWU™ = Up)|I72 < Cich?.

However, from this estimate, one may not be able to obtain the uniform boundedness
of numerical solution in W1 *>-norm by inverse inequalities. The stability analysis of
the lowest order FEM is under investigation. Moreover, in the gradient flow model, A
denotes a regularization parameter. Clearly, the constant Cj in Theorem 2.1 depends
heavily upon A and therefore, the optimal error estimate given in Theorem 2.1 is
not uniform for the parameter A. There are some applications in which degenerate
diffusion equations (A = 0) are concerned, such as total variation model [4,20,21] and
parabolic p-Laplacian [3,17,40] without regularization. Numerical analysis for such
degenerate equations is extremely difficult. Existing techniques in classical FEMs may
not work well. An implicit backward finite element scheme was analyzed in [21]. The
uniform convergence to the solution of the degenerate equation as h,7,A — 0 was

22



proved and optimal error estimate for the nondegenerate equation was established
under the time-step condition 7 = O(h?). Analysis for linearized schemes was less
explored due to the strong nonlinearity of the equations. Developing efficient schemes
for the nonlinear degenerate equations with the uniform and optimal convergence is
our future work.
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