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ABSTRACT. A new type of low-regularity integrator is proposed for the Navier—Stokes equa-
tions. Unlike the other low-regularity integrators for nonlinear dispersive equations, which
are all fully explicit in time, the proposed method is a semi-implicit exponential method
in time in order to preserve the energy-decay structure of the Navier—Stokes equations.
First-order convergence of the proposed method is established independently of the viscos-
ity coefficient p, under weaker regularity conditions than other existing numerical methods,
including the semi-implicit Euler method and classical exponential integrators. The pro-
posed low-regularity integrator can be extended to full discretization with either a stabilized
finite element method or a spectral collocation method in space, as illustrated in this ar-
ticle. Numerical results show that the proposed method is much more accurate than the
semi-implicit Euler method in the viscous case p = O(1), and more stable than the classical
exponential integrator in the inviscid case yu — 0.

1. Introduction

This article is concerned with the numerical solution of the initial and boundary value
problem of the incompressible Navier—Stokes (NS) equations

ou+u-Vu—pAu+Vp=0 in 2 x (0,7],
V-u=0 in 2x(0,7T], (1.1)
u=wug at 2 x {0},

in a bounded domain Q C R?, with d € {2,3}, under appropriate boundary conditions,
where we have used the notation u - Vu := (u - V)u. The well-posedness of the two- and
three-dimensional NS equations was discussed in [7,|14}/17,/19,23].

The NS equations are the fundamental partial differential equations describing the motion
of incompressible viscous fluids. They are widely used in fluid dynamics to model water
and blood flows, air flow around a wing, and ocean currents. As the exact solution is not
known in most applications, the numerical solution of the NS equations plays a central role.
The development of accurate, stable numerical methods, together with their rigorous error
analysis, is therefore crucial and of major practical importance to reliably describe of the
NS equations. Driven by the immense spectrum of applications, many different numerical
methods have been proposed for solving the NS equations.

In the smooth setting, i.e., for smooth solutions and regular initial data, the numerical
approximation of the NS equations is nowadays in large parts well understood and sharp
rigorous global error estimates could be established; see, e.g., [11}/15/18,|25,[26}33,/34]. The
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optimal-order error estimates generally use the viscosity term to control the nonlinear term,
and therefore contain a viscosity-dependent constant c(x~!) in the error bound in addition
to certain Sobolev norms of the exact solution. Note that in case of large viscosity pu ~ 1
the solution of NS is regularised such that non-smooth initial data is not a big problem
numerically. In particular, the rigorous error analysis of semi- and full discretisations of the
NS equations with H' initial data can be found in [12] and [9,[10,20], respectively. This,
however, drastically changes in case of small viscosity i < 1, where no smoothing can be
expected and classical viscosity-dependent c(p~!) error bounds explode. Although there are
explicit Runge—Kutta methods for which the stability region includes part of the imaginary
axis, which would be stable in the case u — 0 under the stepsize condition 7 = o(h), such
methods typically require a much stronger CFL condition 7 = o(h?) when pu is not close
to zero. Error estimates of the numerical methods for the NS equations without using the
viscosity term to bound the nonlinear term (therefore robust for all range of 1) could recently
be established for smooth solutions, see for example in [1,3,36]. The analysis in these articles
show that the classical finite difference methods in time, such as the semi-implicit Euler
method
—————— 4+ up—1 - Vuy, — pAu, + Vp, =0 in 2

T (1.2)
V- u, =0 in {2

and the backward differentiation formulae, typically requires the solution to satisfy u €
L>(0,T; H2(Q)?) and dyu € L2(0,T; L2(Q)9) for first-order convergence in time and space
(when the error constants do not depend on the viscosity), where d denotes the dimension of
space. The condition dyu € L2(0,T; L?(2)?) actually requires u € L2(0,T; H*(Q)%) for the
solution of the NS equations, as one time derivative of the solution is related to two spatial
derivatives of the solution. As a result, the classical finite difference methods in time requires

uwe H*(0,T; L2(Q)Y) N L2(0, T; H*(Q)?) — L>(0,T; H3(Q)9)

for first-order convergence in time and space. The analysis in the current paper further shows
that the classical exponential integrators for the NS equations, such as the exponential Euler
method,

tn
Uy = My, | — / e(t"_s)“APX(un,l -Vup—1)ds for n>1, (1.3)
tn—1

where A = PxA denotes the Stokes operator (with Px being the projection onto the
divergence-free subspace), would also require u € L>(0,T; H3(Q)?) for first-order conver-
gence in time (if we require the error bound to be independent of the viscosity).

The objective of this article is to develop a new low-regularity integrator for NS which
allows for first-order convergence in time and space under a weaker regularity condition
u € L0, T; W24te(Q)9), where € can be arbitrarily small. In particular, we present a
stabilization technique by utilizing the nonlinear convection term in the NS equations and
establish global error estimates independent of p allowing for low-regularity approximations
also in regimes of small viscosity p < 1.

Our new scheme also greatly extends previous works on low regularity integrators which
mainly focus on semi-discretizations in time [30] and nonlinear dispersive equations, e.g.,
Schrodinger, Dirac and Korteweg-de Vries [613])27-2932,38/139]. In this work we approach the
the NS equations, and, for the first time couple the idea of low regularity time discretisations
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with a finite element based spatial discretisation. Note that fully discrete low regularity
integrators were so far restricted to pseudo spectral methods for the spatial discretisation [22]
which are not suitable for problems posed on general bounded domains. The latter are,
however, especially interesting in the context of NS flow problems. The numerical experiments
in this article show that the proposed low regularity integrator for the NS equations is much
more accurate than the classical semi-implicit Euler method in the viscous case p = O(1),
and more accurate and robust than the classical exponential integrator in the inviscid case
1 — 0. Therefore, the proposed method combines the advantages of the semi-implicit Euler
method and classical exponential integrator in both viscous and inviscid cases.

The rest of this article is organized as follows. In Section [2] we construct a low-regularity
integrator for the NS equations through analyzing and improving both the consistency and
the stability of the classical exponential Euler method. We first present the construction of
the method in the context of periodic boundary conditions and then extend it to the widely
used no-slip boundary conditions in NS flow problems. The energy-decay property and and
error estimates of the proposed low-regularity integrator are proved for semidiscretization
in time. In Section [3| we extend the low-regularity integrator to full discretization with a
stabilized finite element method in space, and present error estimates for the fully discrete
low-regularity integrator. Numerical examples are presented in Section [4] to compare the
performance of the proposed low-regularity integrator with the performance of both the
semi-implicit Euler method and the exponential Euler method. Conclusions and remarks are
presented in Section

2. The low-regularity integrator and its basic properties

In this section, we present the construction of the low-regularity integrator by analyzing
the dependence of the consistency errors on the regularity of the solution. The construction
is presented first for the NS equations under the periodic boundary condition in subsection
and then extended to the no-slip boundary condition in subsection

2.1. Construction of the time-stepping method

In this subsection, we focus on the NS equations on the d-dimensional torus = [0,1]%
(under the periodic boundary condition). Through integration by parts it is straightforward
to verify the following property of the divergence-free subspace

H:={veLl?(Q)?¢:V.-v=0}.
If ve H and g € H' then
(v,Vq) =0.

Let Px : L?(Q)? — H be the L?-orthogonal projection onto the divergence-free subspace
X = H. By using the above orthogonality, it is straightforward to verify that

Pxf=f-Vq, (2.1)

where ¢ is the solution (up to a constant) of the following PDE problem (under periodic
boundary conditions):

Ag=V"-f.



Let A = PxA : H®> — H. Then the NS equations can be written as finding u €
C([0,T); H*) N C*([0,T]; L?) to the following problem:

Owu+ Px(u-Vu) — pAu=0  for t € (0,77,
(2.2)
u(0) = up.
From the definition of A and identity ([2.1)), it is easy to see that for f € H?(Q)?
APXf = P)(Apr = PXAf - PXqu = P)(Af (since PXVT] = 0) (23)

Moreover, if f € H? = {v € H*(Q)?: V- v = 0} then Af € H and therefore PxAf = Af.
As a result, the following identity holds:

Af = Af for fe H. (2.4)

Let 0 =ty < t; < --- < ty = T be a partition of the time interval [0, 7] with stepsize
Tn = tp —tp—1. According to the variation of constants formula, the solution of (2.2)) satisfies
the following identity:

in
u(ty) = e Aty 1) — / eltn=MAP (y(s) - Vu(s))ds for n > 1. (2.5)

tn—1

The classical exponential integrator (for example, the exponential Euler method) approxi-

mates u(s) by u(t,—1) in (2.5)). Since

w(s) = u(tar) + 1 / Au(o)do — / Py (u(0) - Vu(o))do, (2.6)
tn—1 tn—1
substituting this identity into (2.5)) yields that
tn
u(ty) =™ Au(ty_1) — / et = MAP (u(ty 1) - Vu(t,_1))ds + R, (2.7)
tn—1

where the remainder R, is given by

R.=- [ " et MAPY [us) - Vu(s) = ulta-r) - Vulta—1)] ds

tn—1

=— /ttn elin=s)nA py [(u(s) — u(tn—1)) - Vu(s)]ds

n—1

B /tn e(t"_s)'uAPX [U(tnfl) . V(u(s) — U(tnfl))] ds.

tn—1
By using the expression of u(s) — u(t,—1) in , one can obtain the following estimate:
[Bnllze < 7nlluls) — u(tn—l)HLoo(O,T;LQ)||VUHL°°(0,T;L°°)
+ Tullull oo 0,15200) [V (w(s) = u(tn-1))ll Lo 0,m;22)
5#Tg||U’|L°o(o,T;H2)||UHL°°(0,T;WL°°) + Tr%HU ' vU||L<><>(0,T;L2)||U”Loo(o,T;Wwo)
+ NTguuHL"O(O,T;Lw) HUHLOO(O,T;H3) + TgHUHLOO(O,T;L‘X’) [Jw - VUHLoo(o,T;Hl)
5#7'3”UHL°°(0,T;H2) HUHLOO(O,T;H3) + Tg”“”%w(o,T;H?)HUHLOO(O,T;H?’)‘ (2.8)

This requires v € L>°(0,T; H?) in order to have first-order convergence in time (with second-
order local truncation error).
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In contrast, the idea behind the low-regularity integrator recently developed in [30] lies in it-
erating the variation of constants formula (2.5)), i.e., approximating u(s) by e(s*tnfl)““‘u(tn_l)
in (2.5) and utilizing the relation

S
u(s) = E(S_t"*I)MAu(tnfl) _ / e(tn—o)uAPX (u(o) - Vu(o))do. (2.9)
tn—1

We then rewrite the corresponding temporal integral by

/tn eltn=A Py (u(s) - Vu(s))ds

tn—1

tn
= / eltn=mA Py (e(s=tn-DnAy (1 1) VelsTtn-UBAy (. 1))ds + Ry, 1. (2.10)

tn—1

Compared with the formula (2.6) used in the classical exponential integrator, the relation
(2.9) does not contain the term Au. As a result, the remainder R, ; in (2.10|) satisfies the
following improved estimate:

[Rnillze < 7'3”““%00(0,T;Loo)HUHLOO(O,T;H?) + TgﬂuHLw(o,T;Lw)HUH%oo(o,T;WlA)a (2.11)
which does not contain the H? norms of u that appear in ([2.8).
By substituting (2.10)) into (2.5)), we obtain

tn
u(tn) ZeT”“Au(tn,l) _ / e(tn_S)NAPX(6(5_tn71)/-‘14u(tn71) . Ve(s_tnfl)#Au(tnil))ds .

tn—1

tn
= ey (t, 1) — / g(s)ds — Ry 1, (2.12)

th—1
where
g(s) = et =9APLIy(s) - Vu(s)] with  v(s) = e tn=0rAy(t, ).
Then we consider a Taylor series of the function g(s) at s = ¢,,. Since and imply
that APxf = PxAf = APxf, by using this relation with f = v(s) - Vo(s) (in the second
equality below) we have

§(5) = —eE WAy AP [u(s) - To(s)
+ elts= APy [ Au(s) - Vo(s) + o(s) - Vide(s)
= —pue" APy Afu(s) - Vo(s)]
+ peltn=SBA P IAw(s) - Vo(s)
= f,ue(t”_s)“APX[ (s) - VAu(s)
+ petn=BA P Au(s) - Vo(s)
= —peltn=9nApy [Zj(?jv(s) ]v(s)] (2.13)

Since g(s) = g(ty) — ft" '(0)do and
, . , 11 1
l9'(@)lIr2 S plIVo(o)||Lel|Viv(o)|r  when PR L

d d
W2P < W4 when 1=—-— = and 1 <p<¢< oo,
p q
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: efoing L 1 1 d_d_2d_d :
bychoosmg1§p§q<oosatlsfylng5+5:§andlz;—azy—gweobtaln
19" (@) Iz < wllv(o) |y (2.14)
with
2d 12
— = if d=3
p=<L 14+d/2 5 (2.15)
2+4¢ if d=2,

where € > 0 can be arbitrarily small. Therefore, the following result holds:
2 2
lg(s) —g(tn)llz2 < NTnHUHLw(o,T;W%p) S F’JTnHuHLoo(o,T;Wlp)-
In view of this estimate, we can rewrite (2.12)) as

u(ty) =™ Au(t, 1) - /t " gltn)ds — Rt — R, (2.16)
n—1

with a new remainder R, 2 which has the following bound:

|Rnzllze S nr2 ol o zapem- (2.17)
Inserting the expression of g(t,) into (2.16)), we have
u(ty) =™ u(ty_1) — T Px [ u(tn_1) - Ve u(ty_1)] — Rng — Ruo. (2.18)
Dropping the remainders R, 1 and R, 2 in would yield a fully explicit scheme

Uup = e Ay, 1 — 7, Px [eT””Aun,l . VeT”“Aun,l]. (2.19)

However, in the stability estimate the gradient on the right-hand side should be bounded
by the smoothing property of the semigroup e™#4, and this would yield a stability estimate

which depend on p~'. This would not be suitable for solving the NS equations when the

viscosity p is small.
In order to construct a low-regularity integrator which is stable for small p, we further
approximate Ve™#4u(t, 1) by Vu(t,), and rewrite (2.18) into
u(ty) = e™ A u(t,_1) — 7o Px[e™ A u(ty_1) - Vu(ty)] — Ru1 — R — PxRn3,  (2:20)
with

Rog =mne™ " uty-1) - Ve u(tn-1) — ulty)]

tn
= e Ay (t, ) - V/ eltn=MA Py (u(s) - Vu(s))ds (here (2.5) is used)
tn—1

tn
= e At )] - / =4 Py (u(s) - Vosu(s))ds

tn—1
tn
+ Tale™ A (t, 1)), - / e(t”_s)“APX(aju(s) - Vu(s))ds, (2.21)
tn—1
where we have used (2.5) in deriving the second to last inequality. The new remainder has
the following bound:

| R,3

L2 5TgHeTnMAu(tnfl)HL“’HUHLOO(O,T;LOO)||u||L°°(O,T;H2)
+ alle™ A u(tn- )| oo [l 7 oo 0 1wy

57—721Hu”?ioo(o,T;H2)- (2.22)



Hence, the remainders in are bounded by O(72) in the L? norm, i.e.,
||Rn,1||L2 + | Ruallr2 + 1 Rosllzz < 77, (2.23)

which only requires v € L>(0,T; W?P), where p is defined in (2.15)).
By dropping the remainders R, 1, R,2 and PxR,3 in (2.20), we obtain the following
semi-implicit exponential method for the NS equations:

Un + Tn Px [€* A up_1 - V] = e™ A, . (2.24)

2.2. Extension to the no-slip boundary condition

If Q is a bounded domain in R? and the NS equations are considered under the no-slip
boundary condition, i.e., u = 0 on 912, then the definition of H should be replaced by

H={vel?Q)?%:V-v=0, v-v=0 on dQ},

where v denotes the unit outward normal vector on the boundary 92. The L?-orthogonal
projection Px : L*(Q)¢ — H is given by

Pxf=f— Vg, (2.25)

where ¢ is the solution (up to a constant) of the following elliptic boundary value problem:
Ag=V-f
{Vq v=f-u.

Let H2 = {v e (H1 x H*)4:V.v =0} and A = PxA: H?> — H. Then the NS equations
can be written as . Since PxVq = 0 for ¢ € H'(Q)?, applying A = PxA to ([2.25) yields

APXf = PxAf for fe (H} x H?), (2.26)
which is the same as . But ( . ) should be replaced by
Av = PxAv=Av—Vr for ve H? (2.27)
where
Ar =V - Av
{Vr ‘v =Av-v. (2.28)

In a bounded Lipschitz domain it is known that the solution of (2.28) satisfies the basic WP
estimate for some sufficiently small number e, > 0 (see [16, Theorem 2]):

e S lvllwes  for 2 <p <3+ e, (2.29)
The change from to causes the change of analysis in the local truncation errors
in , ie.,
g'(s) = —el"" = WA uAPx[u(s) - Vo (s)]
+ eI AP [ Av(s) - Vu(s) + v(s) - VirAu(s)]
= —peln APy Alu(s) - Vo(s)]
+ pen APy [(Av(s) = Vr) - Vo(s) + v(s) - V(Av(s) — Vr)]
= —pen APy [u(s) - VAv(s) + Av(s) - Vo(s) + 3;0;0(s) - VOju(s)]



+ peltn = MAPY[Au(s) - Vo(s) + v(s) - VAu(s)]
— et IRAP0,r00(s) + vi(5); V]
= —peltn=s)nApy [Zjﬁjv(s) - Voju(s)]
— el AP [D:r9;0(s) + vj(s)0; V7], (2.30)

where some additional terms involving V?r appears, compared with (2.13)). Since || V27| 2
is equivalent to ||v||ys, the additional term involving V2 is not desired. Fortunately, the
projection operator Py in the last term of (2.30)) cancels this bad term, i.e.,

[230) = —peltn APy [Y2 050(s) - VOju(s)]
— et IBAPLBr - Bju(s) — Vi (s)d;7]
— et IBAPL[V (v;(s) - B;r)]. (2.31)

Since PxVq = 0 for all ¢ € H'(), it follows that the last term of (2.31]) is zero. This implies
that

g'(s) = —ueln=MAPy[Y0 050(s) - VOju(s)]
— peltn=s)nApy [0;1 - 0jv(s) — Vw;(s)0;r]. (2.32)
If2<p<qg<oo, %+§:%andp<3+e*,then
19" ($)l2 < el Vo(s) Lo (IV20() | e + IV )
< pl|Vo(s)||La||V20(s)||»  (here is used).

Since
9 1 d d
WP — W% when 1=—-——- and 1 <p<gq< oo,
P q
bychoosing2§p§q<oosatisfying%—l—%:%andlz%—gz%d—gweobtain
19" ()22 < pllo(s) 1y (2.33)
with 19
— if d=3
p=40°
24+¢ if d=2,

where € > 0 can be arbitrarily small. Indeed, this choice of p satisfies the condition p < 3+ €,
required in . Since the estimate (2.33]) we obtained here is the same as , the rest
analysis would be the same as the periodic boundary condition and therefore omitted. In
the end, we would obtain under the no-slip boundary condition, with remainders R, 1,
R, 2 and R, 3 satisfying the same estimates as that under periodic boundary conditions. By
dropping the remainders we would obtain the same semi-implicit exponential method .

2.3. The energy-decay property

The proposed semi-implicit exponential low-regularity integrator in (2.24]) preserves the
energy-decay structure of the NS equations. This can be seen by testing (2.24) with wu,,.
Then we have

unl|2e + Tn(e™ 1 - Vg, un) = (€™ Aun_1, up). (2.34)
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T A

Since e Up—1 is divergence-free (the same as wu,_1), it follows from integration by parts

that
1 1
(eT”“Aun_l - Vp, uy) = (eT”“Aun_l, Vi\un\Q) =—(V- (eT"“Aun_l), §\un\2) =0.

As a result, (2.34) reduces to
lunllZ2 = (€™ Aun—1,un) < €™ || 2 lJunll 2 < lun—1llz2[[unll 2,
which implies that
[unl[r2 < llun—1llLz. (2.35)
On the one hand, the energy-decay structure of the semi-implicit exponential low-regularity
integrator guarantees the energy boundedness of the numerical solution without requiring any
regularity of the solution and initial data. On the other hand, this energy-decay structure

also plays an important role in guaranteeing the convergence of numerical solutions when the
solution has sufficient regularity, as reflected by the error analysis below.

2.4. Error estimates

Theorem 2.1. Consider the NS equations either in a torus Q = [0, 1] with periodic boundary
condition or in a bounded domain Q under the Dirichlet boundary condition, and assume that
the solution of the NS equations has the following regularity:

u € C([0,T); LA(Q)%) N L0, T; WhH>(Q)7) N L= (0, T; WP (Q)4), (2.36)
where p is given by (2.15)). Then the numerical solution by the semi-implicit exponential
method (2.24)) has the following error bound:

< 2.
a2 S 7 (237)

Proof. If the solution has regularity for some p > d, then p is bigger than the value
defined in and therefore the regularity required in Section [2|is satisfied.

Let e, = up, — u(ty) be the error function. The difference between (2.24) and (2.20)) yields
the following error equation:

en + TaPx [6T"“Aun,1 Ve = e e, 1 — 1, Px [eT”“Aen,l - Vu(ty)]
+ le + Rmz + P)(ang. (2.38)
Testing (2.38)) by e, and using the consistency error estimates in ([2.23]), we obtain

||enH%2 = (eTn“Aen—ly en) - (TneTnuAen—l : vu(tn)a en) + (Rn,l + Rn,2 + PXRn,Ba en)

1 1
<5 lenallzz + 5llenllzz + Cral Vulta)lls llentllzzllenllz2 + Crllenll 22

1 1
< §||en,1||%2 + §”€n”%2 + CTnHenle%? + CTnHenH%P + CTS-

The second and fourth terms on the right-hand side can be absorbed by the left-hand side.
Therefore, we have

(1- CTn)”enH%? <(1+ CTn)Hen—1H%2 + O

For sufficiently small stepsize 7;,, we can apply Gronwall’s inequality. This yields

max [len|2: S 2
1<n<N
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This proves the desired error bound in Theorem [2.1 ]

3. Extension to full discretization

In this section, we show that the proposed semi-implicit exponential method in
can be extended to full discretization, for example, with finite element methods or spectral
methods in space. Since the error analysis of these two class of full discretizations are similar,
we present the error analysis only for the finite element method in this article.

3.1. A finite element method with postprocessing

In this subsection, we extend the low-regularity integrator to full discretization by using
a finite element method with postprocessing at every time level. For simplicity we focus on
the periodic boundary condition.

We consider a conforming finite element subspace X, x Mj, ¢ H'(Q)% x L?(Q) with the
following two properties:

(1) The inf-sup condition:

v ° /Uha qh
Il < sup U od)

orex,,  0"m
vh=£0

(2) Approximation properties:

inf (flv— VM| 2 4 hllv — 0" 1) < BE o) for ve H*(Q)? and 1 <k < 2,
vheXy

inf g — ¢"ll2 < A¥|lql| g for g € H*(Q) and 0 < k < 1.
qheMy,

Examples of such finite element spaces include the Taylor-Hood P¥-P*~1 spaces (for k > 2)
and the mini-element P'P-P! space; see [2,44[5].
We define the discrete divergence-free subspace of X by

X = {vh € Xp: (V- vh,qh) =0 for all ¢" € My},
and then define the discrete Stokes operator Ay, : X, — X, by
(Apwh, ") = —(Vw", Vo) Yl " e X

We define Uy, to be the H(div,)-conforming Raviart—Thomas finite element spaces of
order 1, i.e.,

Up := {w € H(div,Q) : w|g € P(K)? + 2P (K) for every triangle K},
and define the divergence-free subspace of U, by
Up:={v, €U, :V-v,=0in Q}. (3.1)
Let Py, L2(Q)4 — Uy, be the L2-orthogonal projection, defined by

(v— Py o,wp) =0 YVuwy, € U, Vve L2(Q)% (3.2)
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If v € H?(Q)? is a divergence-free vector field then the following approximation result holds
(see |21}, inequality (3.4)])
lv = Py, vll 2 < Ch?|v]| 2. (3-3)
Note that the weak formulation of the time-stepping method in can be written as
(U, v) + (Tn€™ U1 - Vi, v) + (pn, V- 0) = (€™, _1,v)  Yoe H(Q)T,  (3.4)

(V- tn,q) = 0 VgeL*(Q),  (35)
where p,, is the function satisfying
TnPx [eT””Au _1-Vu,] =1 e Ay 1V, — Vpn.

By using the discrete Stokes operator Ay and the projection operator PU mtroduced in this
sectlon we consider the following fully discrete finite element method for . Find
(ul,p) € X, x My, such that the following equations hold:

(UZ’ Uh) + Tn([PUheTn”Athfl] ’ vufw Uh) + (p¢u V- vh) = (eTmuAthflv Uh) vvh € Xh,

(3.6)
(V-up,q")=0 V" € M.

(3.7)
The presence of the postprocessing projection PUh is necessary for obtaining error estimates

as well as preserving the energy-decay structure. In particular, since TnPUheT””Ahuﬁfl is

divergence-free (due to the projection P ) it follows that

([P, eyl L] vl uly = 0.
As a result, choosing (v",¢") = (ul,p") in (3.6)-(3.7) yields
npA n A
lup 72 = (™ Arup_y,up) < HeT W e llunllce < lupallzluglliz, — (3.8)

which implies the following energy-decay inequality:
h h
lunllrz < llun_1llzz. (3.9)
Theorem 3.1. Consider the NS equations either in a torus Q = [0,1]% (with periodic bound-

ary condition) and assume that the solution of the NS problem (1.1)) has the following regu-
larity:

w e C([0,T]; L2(Q)) N L=(0, T; WH>(Q)4) N L=(0, T; W2P(Q)9), (3.10)

where p is given by (2.15)). Then, under mesh size restriction h < Tmin (the smallest stepsize),
the numerical solution given by the fully discrete method (3.6)—(3.7) has the following error
bound:

— <
max ol = u(ta)] 2 S 7 (3.11)

Proof. By requiring the test function v to be in the discrete divergence-free subspace Xj,,
the weak formulation (3.6)—(3.7) can be equivalently written as: Find u” € X}, such that

(ul ") + o (Py, [emH Ayl 1 vl o) = (emr ARl P Yol e X (3.12)
The exact solution satisfies similar equations, i.e.,
(P, u(tn), v") + 7(Py, [e™** Py u(ty—1)] - VPg u(tn),v")
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= (e Py u(ty1),0") — (Rn1 + Rn2 + Px Rng, ")

- (En,l + En,2 + En,3a Uh) Vvh S Xh, (313)
where
Enp =1 [eT"”Au(tn_l) — PUheT"“AhPXhu(tn_l)} -Vu(ty,), (3.14)
En2 =7aPy [e™*4 Py u(tn-1)] - V(u(tn) — Py, ults)), (3.15)
En,3 :eT”“AhPXhu(tn_l) — PXheT"”Au(tn_l). (3.16)

By using the triangle inequality we can decompose E,, 1 into two parts, i.e.,
|Enillr2 < TnH [eT"“Au(tn,l) — PUheT"“Au(tn,l)] . Vu(tn)HL2 (3.17)
niA Rt A
+ T"HPU;L [ u(tn—1) — e™* hPXhu(tn_l)] 'Vu(tn)HLQ
<l A u(tn 1) | 2 | Vultn) [ oo + mb?u(tn-1)| g2 [ Vulta)llze, — (3.18)

where the first term on the right-hand side of is estimated by using , and the
second term is estimated by using the standard L? error estimates of semidiscrete FEM for
a linear parabolic equation with initial value u(t,—_1); see [35, Theorem 3.1] (for the time-
dependent Stokes equations the error estimation is the same). The standard approximation
property of the L? projection operator PXh implies that

1En2llre S mmbllullfoe oz (3.19)

Again, the standard L? error estimates of semidiscrete FEM for linear parabolic equations
with initial value u(t,—1) in [35, Theorem 3.1 implies that

1Enslire S h*lultn-1)lme- (3.20)
The three estimates above can be summarized as
||En,1 ‘LQ =+ ||En72HL2 + ||En,3||L2 5 Tnh + h2. (3.21)

Let el = ul — Py u(tn). Then the difference between (3.12) and (3.13) yields the following
error equation:

(e, v") + TPy, [e™* Ml 1] - Vel o) + 7 (Py, [e™ et 1] - VPg u(tn),v")  (3.22)

= (eT”“Aheg_l, ’Uh) — (le + Rn72 + Pmeg,vh) — (En,l + En72 + Enyg,vh) Vvh S Xh.

By choosing v/ = eﬁ in (3.22) and using the property (thanks to the projection PUh onto the

divergence-free space Uh)

(P, [eT"”’Ath_l] Vel ety =0,

n»-n

we obtain
el + Tn(Py, €™M el 1] - VPg u(tn), el)
= (e™HAneh My — (Ryi 4 Rpo+ PxRus,€l) — (Eni + Ena+ Ens,el). (3.23)

The rigth-hand side of the above inequality can be estimated by using the consistency error

estimates in (2.23]) and (3.21)). This yields

h TntAp h h
Hen”%ﬂ + T”(PUh [6 a hen—l] : VPXhu(tn)v en)
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Loh Loh h h
< 5”%—1”%2 + 5”%“%2 + Co(To + W)€l || L2 + Ch||el]| 2

1 1+
< SllehalBa + =R ehlRa + Clra(r2 + 1) + /)
1 147
< SllehalZs + = e + Ond when B S 7. (3.24)
The second term on the left-hand side of the above inequality can be estimated by
witAp h h h
|Tn(PUh [eT K henfl] : VPXhu(tn)7 en)‘ rg 7-””67171”[/2 HenHL2' (325)
By combining the two inequalities above, we obtain
(L=m)llenlz: < L+ Cma)lleh_1ll7 +Crp when h < 7. (3.26)
Then, iterating the inequality for n =1,2,..., N, we obtain the following error bound:
hj 2 <« .2 < .
11§nna§XN llenll7e ST when h < Tiin. (3.27)
This completes the proof of Theorem [3.1 ([l

3.2. A spectral collocation method

In this subsection, we show that the proposed semi-implicit low-regularity exponential
integrator can also be combined with some spectral methods which can be performed with
less computational cost by using the Fast Fourier transform (FFT). For illustration, we
present a Fourier collocation method in the two-dimensional torus. The three dimensional
case can be treated similarly by using the eigenfunctions expansion of the Stokes operator;
see [37, Theorem 2.11] or |31, Section 7].

It is known that the eigenfunctions of the Stokes operator A = PxA on the torus ) =
[—7, 7| X [=m, 7] are the constant vector fields

1 0
$o1 = 0 and  ¢o2 = 1

and the following vector fields:

. k
¢ = ke, ke Z§:=7°\{(0,0)}, where kT = < ]:> )
—k1

with eigenvalues —k? for k € Z3. Let Xy = span{¢o1, poa} © span{ey : |[k| < M}. If the
numerical solution at time level ¢t = t,,_1 is known to be

uply = tn 1 1do1 + Un-12002+ Y tn-1kbk € Xar,
|k|<M
then we seek a numerical solution at t = t,, i.e.,
up' = Un 101 + Un2Goa + Y, Un ik € X,
k|<M
satisfying the following equation:
uM + 7, Px,, [ M Vul] = ey M (3.28)

where Py,, : L? — X is the L?-orthogonal projection.
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The Fourier spectral method in (3.28]) can be computed by the FFT. In fact, direct calcu-
lation yields

A, M — T ik L ik
ey = Up—1,1001 + Un—1,2002 + E e TN g ket
|k|<M

Vi = 3 ungi @ gLt
l71<M

and therefore

TnitA. M M 1 _im-x
et Up—q " VU, = E (Un—1,1¢01 + un—1,2¢02)2un mmm—e
|m|<M

D D e b i te ™

Im|<2M k+j=m

=: E Ve ™.

|m|<2M

This is a product of two 2M-term Fourier series, and therefore the coefficients vy, |m| <
2M, can be computed by FFT with computational cost of O(M In M); see Appendix. Its
projection onto X, is given by

m~
®@mt
Py [eTn,uAuM § : Urr - el
M n—1" m d 5 € )
=t (2m)4|m]|

which is equivalent to cutting the length of a vector and then multiplying the vector by a
diagonal matrix, and therefore can be computed with O(M) operations.

Overall, the matrix-vector product on the left-hand side of can be computed by
FFT with computational cost of O(M In M). Under the condition 7, = O(h), the condition
number of the coefficient matrix in is O(1). In this case, we can solve the linear system
of by using GMRES, which converges well when the condition number of the matrix
is O(1). The errors of the numerical solutions given by this method (versus CPU time) is
shown in the numerical experiments in the next section.

4. Numerical experiments

In this section, we present numerical tests to support the theoretical analysis and to il-
lustrate the advantages of the proposed method in comparison with the semi-implicit Euler
method and classical exponential integrator (i.e., the exponential Euler method).

We solve the NS equations in the two-dimensional torus [0, 1] x [0,1] under the periodic
boundary condition by the proposed exponential low-regularity integrator (Exponential LRI),
with initial value
u? = (uf (2, ), up(,y)),
where

ul(z,y) = mmsin™ (rx) sin™ 1 (7y) cos(my),

u

NO RO

(z,y) = —masin™ ! (7z) sin™ (7y) cos(mz).
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By choosing m = 2.6, the initial value satisfies u’ € H*"¢(Q2)2 for 0 < € < 0.1. Therefore, the
initial value satisfies the conditions in Theorem The algorithm in is used to evaluate
the exponential operators in the low-regularity integrator and exponential Euler method.

We present the time discretization errors ||u§\T,) — ug\T,/ 2) | 22(q) of the numerical solutions at
time 7' = 1/8 in Figure[l]for 4 = 0.5,1072 and 10~*. The NaN in the case z = 10~* indicates
that the numerical solution of the exponential Euler method blows up due to instability.
From the numerical results in Figure [I| we see that the proposed Exponential LRI has first-
order convergence in time, as proved in this article. Moreover, the proposed Exponential
LRI is about 1000 times more accurate than the semi-implicit Euler method when p =
O(1) (similarly as the exponential Euler method in this case), and is more stable than the
exponential Euler method when p — 0 (similarly as the semi-implicit Euler method in this
case). Either the exponential Euler method or the semi-implicit Euler method only works
well in one of the two cases p = O(1) and p — 1, while the proposed Exponential LRI works
well for both cases as well as the intermediate case y = 1072,

u=05 =102 pw=10"*
10° 10°
NaN NaN
Order = 1 /EF - H
- /
o (S © = /
o — = /
o = — /
o o /
= s Order =1 E 40t O--_ A
107 L = 108 m @___@___@—-——@
e T e S A Order = 1
—— Exponential LRI —— Exponential LRI —— Exponential LRI
- (& - Semi-implicit Euler - (& - Semi-implicit Euler - (& - Semi-implicit Euler
—[= - Exponential Euler —[= - Exponential Euler 10 —[= - Exponential Euler
. . 10 .
103 10°? 10 102 10° 102
T T T
. . . . . . D s sy _
FIGURE 1. Time discretization errors vs stepsizes, with H= initial data (m = 2.6).
— 4 — —4
pn=05 w=10
—— Exponential LRI
NaD[\t _ j{a‘ - (- Semi-implicit Euler
N —[4 - Exponential Euler
102 10°? L
= - \\
o ]
= b \
i = '
________ Order =2 100 \\
0t e 10 @/@/,@/@
""""""" —— Exponential LRI —+— Exponential LRI e Order =2
~(© - Semi-implicit Euler ~(© - Semi-implicit Euler
—[3 - Exponential Euler —[3 - Exponential Euler 10'5 r
102 107 10 107

h

h

FIGURE 2. Finite element spatial discretization errors vs stepsizes, with H?
initial data (m = 2.6).

The spatial discretization errors by the finite element method is presented in Figure
where we see that the spatial discretization has second-order convergence, which is better
than the result proved in Theorem The rigorous proof of second-order convergence in
space is still challenging for this newly proposed method. Moreover, the proposed Exponential
LRI is as stable as the semi-implicit Euler method, unlike the exponential Euler method which
blows up in the case p — 0.
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We present the time discretization errors vs CPU time in Figure [3] for the initial value

0

u = (ud(x,y),ud(r,y)) in the domain [—7, 7] X [, 7] up to time T = 1, where

uf(,y) = — 5 cos™ (/2) cos™ " (y/2) sin(y/2),

m

cos™ Yz /2) cos™(y/2) sin(z/2).

The Fourier collocation method is used for the spatial discretization under the CFL condition
7 = 2/M, which is used to guarantee the fast convergence of the GMRES solver for the linear
systems. We see that the proposed Exponential LRI is about 1000 times more accurate than
the semi-implicit Euler method in the case p = O(1) when using the same CPU time (similarly
as the exponential Euler method in this case), and is more stable than the exponential Euler
method when p — 0 (similarly as the semi-implicit Euler method in this case). Again, either
the exponential Euler method or the semi-implicit Euler method only works well in one of
the two cases p = O(1) and p — 1, while the proposed Exponential LRI works well for both
cases as well as the intermediate case u = 1072,

p=1

=102

—— Exponential LRI
5 - ©- - Semi-implicit Euler
10 |~ - Exponential Euler

G-
©-0.6,

10° B\*BM

Error

-2 |—[= - Exponential Euler

—+— Exponential LRI
— & - Semi-implicit Euler

= 'Q*c@\.%
o= e o

10° 10?
CPU time (s)

FiGURE 3. Time discretization errors vs CPU time,

10°®

10° 10°
CPU time (s)

collocation method in space.

p=10"

NaN NaN NaN NaN

Il

C—e—9 09

—— Exponential LRI
- - Semi-implicit Euler
—[= - Exponential Euler

107 10° 10" 102
CPU time (s)

with the fast Fourier

The time discretization errors for H', H? and H? initial data with Fourier collocation
method in space. are presented in Figures for the three cases u = 1, 4 = 1072 and
= 1074, respectively. The spatial discretization is performed by the Fourier collocation
method with FFT, with a sufficiently large M so that the spatial discretization errors is
negligibly small in observing the temporal discretization errors. From Figures [4H6] we see
that the regularity of the initial data does not affect the first-order convergence of the time
discretizations. However, the theoretical analysis of first-order convergence for all range of
p with initial data below H? is still challenging. In this paper, we have set a first step
towards weakening the regularity condition of the NS equations for first-order convergence
and improving the accuracy of classical methods in both viscous and inviscid cases as well as

the intermediate case.

5. Conclusions

In this paper we set a first step towards weakening the regularity condition of the NS
equations for first-order convergence and improving the accuracy of classical methods in
both viscous and inviscid cases. We have proposed a semi-implicit fully discrete low-regularity
integrator for the NS equations under both periodic and Dirichlet boundary condition. This
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H? initial data (m = 1.6) , H? initial data (m = 2.6) , H?3 initial data (m = 3.6)
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FiGURE 4. Time discretization errors with p = 1.
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F1cURE 5. Time discretization errors with p = 0.01.
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F1GURE 6. Time discretization errors with p = 0.0001.

is the first time a low-regularity integrator is coupled with a finite element method in space.
The proposed method can be shown to have first-order convergence under weaker regularity
conditions than the semi-implicit Euler method and classical exponential integrators. Under
periodic boundary conditions, the numerical results show that the proposed method combines
the advantages of the semi-implicit Euler method and classical exponential integrator in both
viscous and inviscid cases. In particular, the proposed method is as good as the classical
exponential Euler method (much more accurate than the semi-implicit Euler method) in
the viscous case u = O(1) when diffusion dominates, and more robust than the classical
exponential Euler method in the inviscid case ¢ — 0 when convection dominates.

In the practical computation, whether diffusion dominates not only depends on the size
of p but also depends on other factors, such as the size and shape of domain, and the
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largeness of the velocity. It is also possible that convection dominates in one region but
diffusion dominates in another region. One advantage of the proposed method, in addition
to its theoretical value which weakens the regularity condition for first-order convergence, is
that one does not need to distinguish whether diffusion dominates or not, and whether the
solution is sufficiently smooth as required by the classical exponential integrator. In either
case, u = O(1) or u << 1, the proposed method is automatically as good as the better method
between the classical exponential integrator and the semi-implicit Euler method.

The semi-implicit exponential low-regularity integrator constructed in this paper is more
expensive than typical popular projection methods (for example, see [8,33,34]) as it requires
the computation of an exponential of the Stokes operator. The development of low-regularity
integrators which have similar feature of the projection methods is interesting and challenging.
The construction of a low-regularity integrator which allows low regularity approximations
and simultaneously resolves the boundary layer effect under the Dirichlet boundary condition
in the inviscid case p — 0 is an interesting and challenging future research direction.
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Appendix: Fast Fourier transform

For any positive integer N, we denote by Isy the (4N +1)-point trigonometric interpolation
operator, which can be obtained through the discrete Fourier transform

2N 2N
L ) - 1 »
Lyf(x)= ) e™fi with fi= — > e f(ay) (A1)
k=—2N n=—2N
where 5
™
xn:4N+1 for n=—-2N,--- ,2N.

If the Fourier coefficient f, of the function f satisfies that f = 0 for [k| > 2N, then Ly f = f
and therefore fi, = fi in the formula (A.1)). In this case, both

2N
flan) = Y ™ fy, n=-2N,... 2N, (A.2)
k=—2N
and
1 2N '
fr= Y e *mf(z,) k=-2N,--- 2N,
AN +1

can be computed with cost O(N In N) by using the fast Fourier transform (FFT).
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Let Sy be the subspace of functions f € L2([0,2n]) such that fr = 0 for |k| > N.
If w,v € Sy and their Fourier coefficients w; and o, K = —2N,--- ,2N, are stored in
the computer (with wy = v = 0 for N < |k| < 2N), then the values w(zy) and v(x,),

—

n = —2N,...,2N, can be computed exactly by using (A.2)) and FFT. Since (wv), = 0 for
|k| > 2N, it follows that wv = Ion(wv). If we denote by Fi[v] the kth Fourier coefficient of
the function v, then

2N
1 .
fk[wv] = m n_g_zNe lkxnw(fn)’l}(l'n), k= —QN, ey 2N,

which can also be computed exactly by using FFT.
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