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ABSTRACT. The numerical approximation of nonsmooth solutions of the semilinear Klein—
Gordon equation in the d-dimensional space, with d = 1,2, 3, is studied based on the dis-
covery of a new cancellation structure in the equation. This cancellation structure allows
us to construct a low-regularity correction of the Lie splitting method (i.e., exponential Eu-
ler method), which can significantly improve the accuracy of the numerical solutions under
low-regularity conditions compared with other second-order methods. In particular, the pro-
posed time-stepping method can have second-order convergence in the energy space under
the regularity condition (u,du) € L=(0,T; H™“ x H%)‘ In one dimension, the proposed
method is shown to have almost %—order convergence in L>(0,T; H* x L?) for solutions in
the same space, i.e. no additional regularity in the solution is required. Rigorous error es-
timates are presented for a fully discrete spectral method with the proposed low-regularity
time-stepping scheme. The numerical experiments show that the proposed time-stepping
method is much more accurate than previously proposed methods for approximating the
time dynamics of nonsmooth solutions of the semilinear Klein—-Gordon equation.

1. Introduction

We consider the following initial-boundary value problem of the semilinear Klein—Gordon
equation:

Opu — Au = f(u) in 2 x (0,77,
u=0 on 902 x (0,7, (1.1)
Ult=0 = u? and Ou|y—o = 0 in 02,

in a rectangular domain  C R? under the homogeneous Dirichlet boundary condition, where
f:R — R is a given nonlinear function. For example, is often referred to as the sine—
Gordon equation in the case f(u) = sin(u), which arises in many physical applications,
such as magnetic-flux propagation in Josephson junctions, bloch-wall dynamics in magnetic
crystals, propagation of dislocation in solid and liquid crystals, propagation of ultra-short
optical pulses in two-level media; see [3].

The numerical approximation of semilinear Klein—Gordon equations in the form of
has been extensively studied in computational mathematics. A large variety of numerical
schemes for approximating the time dynamics of the semilinear Klein—-Gordon equation has
been proposed and analyzed, including trigonometric/exponential integrators that are based
on the variation-of-constants formula (for example, see [5,|11,(14}/18.33]), splitting methods
(for example, see [1,25,10,13,28]), symplectic methods |7,8./15], and finite difference methods
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(such as the Crank—Nicolson, Runge-Kutta and Newmark methods, see [6}17,20}22-24,[27,
30,32]).

The analyses in these articles (for example in [5,/11,/18,133]) have shown that for initial
data (u®,2°) in the physically natural energy space H'(2) x L%(Q), so that the solution
(u, Opu) is bounded in the energy space H'(2) x L?(£2) uniformly for ¢ € [0, 7], the classical
time-stepping methods such as splitting methods, trigonometric integrators, and averaged
exponential integrators, can approximate the solution (u, d;u) with second-order convergence
in the weaker space L?(2) x H~1(2), but only with first-order convergence in the energy
space HY(Q) x L?(f) itself. Moreover, the second-order approximation to (u,d;u) in the
energy space H'(Q) x L?(Q) generally requires the initial data to be in the stronger space
H?(Q) x H'(€). Since every two temporal derivatives in the solution of the wave equation
can be converted to two spatial derivatives in the solution, the finite difference time-stepping
methods generally require more regularity of the solution according to the analyses in the
literature.

The only method which breaks this order barrier is the low-regularity integrator proposed
in [29], which can have second-order convergence in the energy space H'(2) x L?(Q) under
the weaker regularity condition (u°, v%) € H%(Q) X H%(Q); see [29, Corollary 5.7]. This
low-regularity integrator is based on the reformulation of into the first-order equation

w + W
)

through the transformation w = u — i(—A)_%atu, which is then discretized by the low-
regularity integrators proposed in [29] for first-order semilinear evolution equations. Such
low-regularity types of numerical schemes have recently gained a lot of attention in particular
in the context of the nonlinear Schrédinger equation (see, e.g., |4,25}26,29]), KAV equation
(see, e.g., [19,35137]), and the Navier—Stokes equations [21]. Second-order approximations to
the solutions of these equations in the H® norm generally require the solutions to be bounded
in H°(Q2) for s > d/2 + 1.

In this article, we construct a new time-stepping method for the semilinear Klein—-Gordon
equation based on the discovery of a new cancellation structure in the equation, which allows
us to find a low-regularity correction of the Lie splitting method, i.e.,

()=t () eret (o )+t (800 )

Lie splitting low-regularity correction

1

i@w:—{—Aﬁw+(—Ay§f(

(1.2)

where (u™,v")T is an approximation to (u(t,),du(t,))", and L is a linear anti-symmetric

partial differential operator defined by

A 0

The last term in (1.3), which contains the operator o(—27L) := (27L)"? (e"*"" + 2rL — I),
is a low-regularity correction term for the Lie splitting, i.e. it improves the Lie splitting
method to second order under low-regularity conditions, without requiring second-order par-
tial derivatives of the solution. Theoretically, we prove that the new time-stepping method
can achieve second-order convergence in the energy space H'(Q2) x L?(2) under the regu-
larity condition (u®,v°) € H 1+%(Q) x H %(Q) for spatial dimension d = 1,2, 3; see Theorem
In the one-dimension case, the proposed method is shown to have a convergence order
arbitrarily close to % in the energy space H'(Q) x L?(2) for solutions in the same space, i.e.

L:<01>ﬂWMMﬂMMXFm%MmmxHM) (1.4)
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no additional regularity in the solution is required. The numerical experiments in this arti-
cle show that the proposed method is practically higher-order than the previously proposed
methods for approximating nonsmooth solutions in the energy space H'(Q2) x L*(Q).

The following convergence results are proved in this article.

Theorem 1.1. Let f : R — R be a given nonlinear function satisfying the following Lipschitz
continuity condition (for some constants C1):

1f'(s)| <Cy and |f"(s)| < C1 for s€R. (1.5)

Then, ford =1,2,3 and (u°,2°) € [HH%(Q)HH&(Q)] X H%(Q), the numerical solution given
by (1.3) has the following error bound:
2
oJuax (lu™ = uta)l gy + 10" = Brultn)llL2(0)) <Cot?, (1.6)
where Cy is some positive constant independent of the stepsize T (but may depend on T).
Moreover, for d =1 and (u°,v°) € H}(Q) x L?(2), the numerical solution given by (1.3)
has the following error bound:
4_
e (" = uta) @y + 0" = Dyu(ta)120)) <Cor " (L.7)
where € € (0,1) is an arbitrary fized small constant, and Cs is some positive constant inde-
pendent of the stepsize T (but may depend on T).

Remark 1.2. The order of convergence in is higher than 1 without requiring additional
regularity in the solution. The error estimate in shows that second-order convergence
is achieved with a regularity condition weaker than H?(Q2) x H'(Q). These results not only
have theoretical value but also affect the accuracy in the practical computation, as reflected
in the numerical experiments in Section [4] i.e., the proposed time-stepping method is much
more accurate (with higher-order convergence) than the other methods for approximating
nonsmooth solutions of the semilinear Klein—-Gordon equation.

Remark 1.3. The consistency errors of the numerical method actually only contain first-
order partial derivatives of the solution, instead of 1 + % order partial derivatives. The

regularity condition H L+ (Q)xH g (€) arises from the use of Sobolev embedding H L+ (Q) —
WH4(Q) in the error estimation. In the one-dimensional numerical experiments (see Figure
in Section , we observe second-order convergence of the method for H(Q) x L?(f) initial
data.

Remark 1.4. The Lipschitz continuity condition in can be removed in the case d =1,
as the L> bound of the numerical solution u" can be proved by using its convergence in H'.
For d = 2, 3 this Lipschitz continuity condition is needed for a general nonlinear function f(u),
but is still possible to be removed for some special nonlinear functions such as f(u) = u3.
Since such analysis requires different treatments for different nonlinearities and d = 1,2,3
(see [34] for the excellent treatment of the case f(u) = u® in one dimension), we focus on
the construction of the low-regularity integrator in the general case d = 1, 2,3 with a general

nonlinear function under the Lipschitz continuity condition.

The rest of this article is devoted to the construction of the method and the proof of the
theorem. In Section [2] we construct the second-order low-regularity integrator by analyzing
the consistency errors in approximating the semilinear Klein—Gordon equation. In Section
we present error estimates for a fully discrete spectral method with the time-stepping scheme
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in (1.3) (see Theorem and Remark , which imply Theorem by passing to the
limit N — oo, where N* denotes the degrees of freedom in the spatial discretization. The

numerical experiments are presented in Section [4] to show the favorable error behaviour of
the new scheme for both nonsmooth and smooth initial data.

2. Construction of the low-regularity integrators

We rewrite the semilinear Klein—Gordon equation into the following first-order system, i.e.,
U — LU =F(U) in 2x(0,7T],
Ulty,) =U° in 2,

U= <5?u>’ Uo — (ZZ) and F(U) = ( f(ou) ) (2.2)

and L is defined in ((1.4). Under the Lipschitz continuity condition ((1.5)), it is well known
that problem (2.1)) has a unique energy solution U € L*(0,T; H} () x L*(Q)) satisfying the
following variation-of-constants formula:

(2.1)

where

S
Ut +s) = e*LU(t) +/ TPt 4 0))do for t,5> 0, (2.3)
0
where el is the continuous semigroup on HE(Q) x L?(€2) generated by the anti-symmetric

partial differential operator L.

For the simplicity of notation, we denote by A < B the statement “A < CB for some
constant C' which is independent of the stepsize 7 (or the degrees of freedom N in the case
there is spatial discretization)”.

N|=

For the error analysis we define the energy norm |W|; = (HleH%Q(Q) + ||w2||%2(9)) and
the following non-energy norms:
1
IWllo = (lwillZ2() + lw2llF-1(0)) %
1
Wl = (Ilwr gy + lw2l72)
1
W2 = (lwillfrzo) + w2l ) -
It is known that the semigroup e'! satisfies the energy conservation |e!!W |, = |W|; for

W € H}(Q) x L*(2), and the following estimates:
le " Wllo < Wllo YW € L*(Q) x H™H(Q),
le Wil S IWllx YW € Hy(Q) x L*(Q), (2.4)
le " Wlla S Wiz YW € [H*(Q) N Hy ()] x L*(€).
Moreover, the nonlinear function F(U) defined in satisfies the following estimate:
IE@)I S 1 @)llze S 11U o- (2.5)

In the following two subsections, we study the consistency errors in approximating formula
(2.3). We begin with a first-order approximation in the next subsection, which provides
insights for us for the construction of the second-order low-regularity integrator.



2.1. First-order approximation

Let t, =n7t,n=0,1,...,[T/7], be a sequence of discrete time levels with stepsize 7, and
consider the variation-of-constant formula:
Ulty +s) = e LU(t,) + /0 ) eC=ILRU(t, + 0))do  for s € [0,7], (2.6)
which implies that
Ultne) = e U () + /0 ’ TR (U (t, + 5))ds. (2.7)
Substituting into the right-hand side of yields
Ultni1) =e"FU (tn) + /0 ’ TR (el U (t,))ds + R(tn), (2.8)

where the remainder R;(t,) is given by
Ri(t,) = /0 ' e TTILF(U (b, + 5)) — F(eSLU(t,))]ds. (2.9)
For the simplicity of notation, we denote by (¢, + s) and o(¢, + s) the two functions
defined by
(29 - ) ) - o
Then the remainder Ry (t,) defined in satisfies the following estimate in view of (2.6)):
[R1(ta)]l1 S /OT I (U (tn + ) = F(e**U(tn))|l1ds
= [ttt + 5 = (e + Dlas
S [ utta +9) = alta + 9120y
/ 1U(tn -+ 5) — €U (1) Jods

/ / e~ ER(U(t, + 0))||odods

< /0 /0 |F(Utn + 0))llodods

<72 max | f(u(tn + o)) g-1-
c€[0,7]

Since H}(2) — L5(Q), it follows that L3 Q) = L%(Q) — HY(Q) = H1(Q) and therefore
7)

(
1S (ultn + o))l < 1f(ultn + )l Lors
< [If (utn + o))l 2
< F Oz + IIf (u(tn + 0)) = F(O)[| 2
< FOlz> + llultn + o)l 2

(0)

< [ Olz2 + U (#tn + o) llo-
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The two estimates above imply the following estimate for the remainder R;(t,):

1Bl S 72 (1 + _max [U@)]o). (2.10)

nytn41

Freezing the variable s at 0 in (2.8)) would yield
Ultni1) = LU ) + 7e™ P F(U(tn)) + Ri(tn) + Ra(ty), (2.11)

with an additional remainder

Ro(t,) = /0 "L LR (LU (1)) — F(U(t))]ds

T S d
:/ eTL/ —e LF(e“tU(t,))dods. (2.12)
0 0 dO'
By using the chain rule of differentiation, it is straightforward to verify that
d —oL oL _ d —oL oL

+ fd( Pt +0) 0 ) ( Aﬁ&n;’g) >

_ oL —f(a(ty, + o))
- ( f'(a(tn 4 0))o(tn + o) ) ' (2.13)

Therefore,
d _,r L Uty + o))
TEF(e?FU(t -
i re H< prat L oenr o) )|,
(L+ [[a(tn + o) 1 (e) + 1000 + o)l L2(0)
§ L+ [[U ()1 (2.14)
By utilizing this result, from we obtain
[R2(ta)ll S 721+ [[U (ta)[)- (2.15)

By dropping the remainders Ry and Rs in (2.11)), we obtain the following time-stepping
method:

Ut =emtyn 4 et E(UM) (2.16)
In view of the two estimates (2.10|) and (2.15]), the method in should have first-order
convergence in the energy space H{(2) x L?(Q) under the regularity condition
U € L>(0,T; HY(Q) x L*()).
This is the same regularity condition in [11,/1833] for first-order convergence in the energy

space. This condition is required in (2.14) in estimating the remainder Ry (t,,), which involves
d —O'LF O'LU ¢
o€ (e” U(tn)).
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From the analysis above we can see that, in order to have higher-order convergence in the
energy space, higher-order approximations of F'(U (¢, + s)) should be used in approximating
(2.7). This is considered in the next subsection.

In the construction of a second-order method, the remainder which involves the term
de=olp(eoLU(t,)) will require the solution to be in H?(Q2) x H(Q2). We shall construct
a second-order approximation by eliminating this part of the remainder, thus significantly
improves the order of convergence without requiring additional regularity of the solution.

2.2. Second-order approximation

By using the Taylor expansion of F(U) at U = e**U(t,), we have

F(U(tn +5)) = F(e*LU(t, / F'(1 = 0)esLU(ty) + 0U (ty, + ) (U (tn + s) — LU (t,,))d0
=F(e*LU(t,)) + F' (e U (t0)) (U (tn + s) — LU (L))
+ Rp(s)(U(tn +5) — eLU(t,)) - (U(ty, + 5) — eLU(t,)) (2.17)
where
/ / OF"[(1 — 0)e*tU(t,) + o(1 — 0)e*LU(t,) + 0U (¢, + s)]dodd.

Then, substituting (2.6]) into , we have

F(U(tn + 5)) = F(e* U (t,)) + F'(e*FU (t,)) /0 ) eC=LRU(t, + 0))do + Rs(s), (2.18)

where
Ra(s) = Ri(s) / SO LE(U (1, + 0))do / LB (Ut + ) )do
0 0
Since F(U) = (F1(U), F»(U))" is vector-valued, with Fy(U) = 0 and F»(U) = f(u), it
follows that F"(U) is tensor-valued and satisfying £ (U) = Oy, Oy, F;(U), where Uy = u and
Uz = v. In particular, F3}, (U) = f"(u) and F; (U) = 0 for (4, j, k) # (2,1,1). Therefore, for
W = (wy,w2)" and W* = (w},w3) T,

[Re(s)W - W < £ (wwiwillzz S llwillpalwilzs S IWILIW L,

which implies the following estimate:

2
[1R3(s)ll1 <

/ =L B(U (b, + 0))do
0

1
2

N

AUW&WW+®WMU

2

N

AWﬂM%+wmpw

s (1+ ma [u(tn + o)I3:)
S

)

< 2 (1 + o Ut + a)||0) . (2.19)



8

By substituting (2.18]) into (2.7]), we obtain

Ultain) = ™20 () + / TP (1, + 5))ds
0

=™t U(t,) + / eI p(estU(t,))ds
0

+ /0 "ot [F’(eSLU(tn)) /O el P(U (8, + a))da] ds + Rs(tn)

—=:e"PU(t,) + Li(tn) + Ia(tn) + R3(tn), (2.20)
with a remainder -
Rs(tn) = / eT9)L Ry(s)ds.
0
The estimate in (2.19]) implies the following result:

IRt S 7*(1+ _max [UIR): (2:21)

nyln41

The two terms I;(t,) and I5(t,) will be approximated by computable schemes as follows.

Part 1: Approzimation to I(ty).

The key ingredient that significantly improves the accuracy of the numerical method is the
discovery of a cancellation structure which allows us to compute I (t,) exactly.

We write I1(tn) = [y €"“G(ty, + s)ds, with G(t, + s) = e *LF(e*U(t,)), and substitute
the Newton—Leibniz formula

G(tn +s) = G(tn) + / G'(tp, + o)do (2.22)
0
into the expression of I;(¢,). Then we obtain

Li(t,) = / el G(t, + s)ds
0

:/ eTLG(tn)ds+/ eTL/ G'(t,, + o)dods
0

0 0
= / et G(t,)ds + / LG (ty, + o) (T — 0)do
0 0

= / "G (t,)ds + / T2 (7 — )2 LG (L, + 5)ds
0 0

:/ eTLG(tn)ds+/ T2 (1 — )G (t,)ds
0 0

T T—2s °d oL
+/0 o 2>L(T_S)/O (LG (ta + 0)|dods
u(ty))opu(ty)
+ Ru(tn), (2.23)

where we have used the expression of G'(t, +s) in (2.13), and the remainder R, (¢,) is defined
by

=7 F(U(tn)) + (L) [re™ — 2L) 7 (e — e7TH)] < f,(_f N )

R.(ty) :/ eT2)L (1 — s)/ d [€*°LG (t, 4 o)]dods. (2.24)
0 0 do
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By differentiating ¢?**G/(t,, + s) and using the expression of G'(t, + s) in (2.13), we also
obtain

i [GQSLG/(tn + S)]

ds
-5 [QSL ( PG o+ o) ) }

:Qiﬂ?<f Jﬁgﬁflg)+fﬁi<ﬂdgﬂ$aﬁlﬁ>
L( 0 ) (s s )

0
A
- ( f(a tn+§n +(t32>+ ) f’(ﬁ(tS—i—s)) > [( Ao ) ( 58:13 >] (2.25)

where we have used the following properties in the derivation of the last equality:

d <g1(~(t +8),0(tn +5)) )
(Ut +8),0(tn, + $))

_( 0291 (Ut + 8),0(ty +5)) Opg1(a(ty + 8),0(tn + 5)) >d ( a(ty +s)>
dug2(ultn + 5),0(tn +5))  Opga(ultn +5),0(tn +5)) ) ds \ 0(tn + )

AUt ) 2 Lo (W) Y] perr ()Y _p (Wt o)

By summing up the two parts on the right-hand side of (2.25) and noting that the second-
order partial derivatives are all cancelled, we obtain the following identity:

d  ogr v L 0

— "Gt +s)| =e - - - .
3¢ Gl el F! (@t + ) ([t + ) — [Vl +5)P)
This cancellation structure in the semlinear Klein—Gordon equation has not been discovered
before for a general nonlinearity f(u). It allows us to compute I(t,) without requiring
the second-order partial derivatives and therefore improves the accuracy of the numerical
approximation for low-regularity solutions. As a result, the remainder can be estimated as
follows:

and

(2.26)

IR (ta)ll1 < 7° gl[aX(HVU(t + )20 + 19t + )] Z4)
s gl[gx](HU(t + )P g 115+ 97 o)

3
ST IIU(tn)IIHg- (2.27)
In the case d = 1, the following result holds:
IR (tn)ll1 - S 7° Jnax, (NValtn + )Pl -y + ot + )P,y -0)

)

< 73 m[aax (lIVa(t, + s)| Iz + |l|o(t, + s)| 1)  (as L' — H 7 ¢in 1D)
sE

<73 Iél[aX(Hvu(t + )72 + 19(tn + 9)[I72)

S IUE)1E. (2.28)
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By the definition of R.(t,) in (2.23)) and the triangle inequality, we also obtain

R« (tn)]l2 S H/O e G(t, + s)ds

2

7L —1 7L -1/ 7L —7L _f<u(tn)>
e FUE) + QL) ret — QLT e )]< ' (ultn))Byus(t) > :
S TIU )1 (2:29)
Therefore, the Sobolev interpolation inequality implies that
_1 1/24e 7/24e
[Ru(tn)llr S HR*(tn)Hg/ffllR (ta)lls"7 S T (|U () [ + U (E)D),

(2.30)

3/2—¢

B (tnlly e S 1R ()12 1Rt )||3/2“<73/2+5(||U( )+ U (t)]17)-

Part 2: Approzimation to I(t).
By approximating U (t, + ) with e“U(t,) in the expression of I5(t,) in (2.20), we have

I(t,) = /0 T (e U () /0 e(s_")LF(U(tn+o))da]ds
= / eI (e U (L)) / e(s")LF(e"LU(tn))da}ds+R41(tn)
0 L 0

— /T e(T_S)L -F/(eSLU<tn))S€SLF(U<tn)):| ds + R4y (tn) + R42(tn)
0 L

= /OT se™ [F'(U(t,))F(U(tn))]ds + Ra1(tn) + Rao(tn) + Ras(ty)

= Ra1(tn) + Raz(tn) + Ruz(tn), (2.31)
where the last equality uses the property

PO = 4 o) (s ) =(0):

and the remainders Ry;(t,), j = 1,2, 3, are defined by

Rat(bn) = /0 "ot [F’(eSLU(tn)) / LB (U (1 + 0)) — F(e"LU(tn))]da] ds, (2.32)

0

Ras(t) = /0 T elr=9L [F’(eSLU(tn)) /O ) (e(S_U)LF(e"LU(tn))—eSLF(U(tn)))da] ds, (2.33)
Rus(ty) = /0 ' seTL( LI (U ()L F(U ()] fF’(U(tn))F(U(tn))>ds. (2.34)

The three remainders Raj (ty,), Ra2(tn) and Ras(ty) are estimated as follows.
Firstly,

HMNMhSA
i Se(s—J)L o)) — eO‘L o s
<[] F(U(ta + 0)) — F( W%md]f
<72 max, U (tn, + o)) — LU ) o (2.35)

o€0,7]

ds
1

F'(e*tU(ty,)) /O ) eCTOLEWU(t, + o)) — F(e"FU (tn))]da}
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By using (2.6 we obtain that
[U(tn +5)) —

e U(tn))llo < s max, 1U(tn + o)llo- (2.36)

Then, substituting this result into the estimate of ||R41(t,)||1, we obtain
[Rar(ta) s S7° max U)o (2.37)

tE[tn,thrl]
Secondly, substituting the identity
eCmILE (e U(t,)) — eLF(U (L)) = e*F / (fpe_pLF(epLU(tn))dp
0

into the expression of Ry2(ty) yields
T S g d
Rus(t) = / (3L [F’(eSLU(tn)) / el / dpe_pLF(e’)LU(tn))dpda]ds.
0 0 0

From this expression we immediately obtain

(esLU(t, / sL / e PEF(ePLU(t,))dpdo

(2.38)

ds
1

[Raz(tn)ll1 <

ds
0

est —PLF (e!LU(t,))dpdo

_pLF (e’LU(ty)) dpdods

<T3||U (tn) |1, (2.39)

where we have used ( in the last inequality.
Thirdly, we have

|Ry3(tn) 1 ZH/T seTk /sife—ﬂ [F'(e“LU (tn))e"  F(U(t,))]dods

1

dods
1

L [P U (1) F (U 1)

gge‘“L[P”<”Lcw ) (U (1)

(2.40)

1

<73 max
o€l0,7]

Let
ﬁ(tn + U) > oL oL < 0 >

~ =e’“F(U(t,)) =€ .

(Fnie (ltn) Fultn)

which satisfies the following estimate according to the basic estimates in

S (uta)ll 1) for k=1,2. (2.41)

15(tn + )l + 1d(tn + o)l ()

Then
& )W )

do
:% K f’(a(ts+o)) 8 > (

B(tn +0) >]
q

(tn +0)



:(ﬂ@%+g)m+0 >[<O}><§:Ig)}
(paeray o) (2 0) (2010
0 ), (2.42)

N ( f 'ty + 0))p(tn + 0)0(tn + o) + f'(U(tn + 0))G(tn + o)

and therefore
%e—d [F'(e“LU (tn))e" " F(U(t,))]

e LLF (e?TU (t,))e’ L F(U (1)) + e“’L%F'(e"LU(tn))e”LF(U(tn))

_ o _f/(a(tn +0))p(tn +0)

=e 7 < I (@ltn + 0))p(tn + 0)0(tn 4+ 0) + f/(@tn + 0))G(tn + 0) ) ' (2.43)

This implies that

L ot [P () P U )

<N (ltn + 0)B(tn + 0) 1110
(| £ (@ltn + 0))B(tn + 0)T(tn + 0) + F (@t + 0))dltn +0)]| 12

S Ip(tn + )1 () + [1P(n + )| L@ [[6(tn + o)1 ()

150t + o)l oo @00t + o)l L2 () + 14(En + o) |22
(a(tn + )l ) + [[0(tn + 0)l|2(0))

1

S P+ ) g 1e g
+[[p(tn + o)l ar) + 113t + )l 2(0)
S IF @D 3 4e o (Nt + )l @) + 1900 + o)l 22(2)
+ 1Bt + )0y + 13(tn + o)l 220
SNUED) [+ 1T EDIE + 1T E)lo- (2.44)

By substituting this result into (2.40)), we obtain
[Raz ()l ST U1+ 1T ED)T + 1T Ea)lo)-

Therefore, from (2.31) we obtain
H2(tn)llr S 1 Ra ()l + | Ra2 () 1 + [ Raz(tn) [l
(2.46)

ST ED I+ U E)IT + U ) o)
Therefore, substituting expressions and ([2.31)) into ([2.20]) yields
Ultni1) =eU(t,) + 7e™ P F(U(t,)) 4 (20)7* [TBTL —(20)7 (et - e*TL)]H(U(tn))
+ Ir(tn) + Re(tn) + R3(tn), (2.47)

(2.45)

where

o —f(u(tn))
me»~<fmmmmm>'

By dropping the remainders R,(t,) and R3(t,), we obtain the following numerical method
Uttt =™ U + 1™ F(U™) + (20) [re™ — 20) M (e™ — e TH) | H(U™), (2.48)
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which can also be written as .

In view of , the new method we constructed here turns out to be a correction of the
Lie splitting method without requiring second-order partial derivatives of the solution, i.e.,
it improves the accuracy of the Lie splitting method under low-regularity conditions.

3. The spatial discretization

Let Q = [0,1]% It is known that any function V € H}(Q) x L?(£2) can be expanded into
the Fourier sine series, i.e.,

V= Z Vi oo g sin(nimaxy) - - - sin(ngmxq). (3.1)

ni, - ,ng=1

Let

N
Sy = { Z Vit mg sin(mimzy) - - - sin(ngmazq) : Vo, oo ny € IR{Q}.
ni

=1
We denote by Iy and IIy the trigonometric interpolation and L?-orthogonal projection op-

erators onto Sy, respectively, i.e., InyV is the unique function in Sy satisfying the relation
(InV)(z) = V(z) for z € D?, with

2n
D:{ : :1,~--,N},
ON+1° "

(W —TINW,V)=0 VYV eSy, WeL*Q).
We consider the following fully discrete spectral method for the second-order low-regularity
integrator in (2.48)):
Ut =eThUR 4 geTLINF(U;z,)
+@2L) Mre™ = 2L) M (e™F - e Y] INH (UR). (3.2)
For given U}, the trigonometric interpolations Iy F(UY) and InH(UR) can be computed
with FFT.

Let EY, = HnU(t,) — U be the error of the numerical solution. Since the exact solution
satisfies

and

TNU (tpy1) = e “TINU (1) + geTLHNF(U(tn))
+ L) [re™E — (2L) 7Y (e™E — e E) Ty H(U (t,))
+ N [I2(tn) + Ri(tn) + Rs(tn)], (3.3)
the difference between (3.3)) and (3.2)) yields the following error equation:
By =M EY + e MLy (F(U(t)) = F(UR))
+ (2L) Mre™ — (2L) M (e™ — eIy (H(U(tn) — H(UR))
+ N 1o(tn) + TN Ry (tn) + I R3(tn) + Rs(tn) + Re(tn), (3.4)
with
-
Rs(tn) = §€TL(HN — IN)F(Uy),
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Rg(tn) = (2L) ' [re™ — (2L) " He™ — ™) [(Iy — IN)H(UR). (3.5)

The following result shows that for a solution bounded in the energy space Hg () x L(9)
the proposed numerical method can have second-order convergence in time and first-order
convergence in space in the same energy space.

Theorem 3.1. Ford =1,2,3 and U € L®(0, T; H"1(Q) N HL(Q) x H1(SY)), the numerical
solution given by (3.2)), with initial value UJOV =TInU(0), has the following error bound:

EM |, <124 N7 3.6
0;32’%/7” N ST+ (3.6)

Proof. If U € L0, T; H'*1(Q) N HY(Q) x H1(R)) then (2.21) and (2.46) imply that the
remainders I I5(t,) and Iy R3(t,) satisfy the following estimates:

Ty Lo (tn) | + |TINRe (t) |11 + Ty Ra(ta) |1 <78 in the case d = 1,2, 3. (3.7)

The remainders R5(t,) and Rg(t,) can be estimated by using mathematical induction on n:
assuming that

102 < TN () 1 + 1 (3.8)
we shall prove the following results:
U3y < My U(bnen) i +1 and  |[ER [y S 7%+ N1 (3.9)
Under assumption we have
[R5 (tn) |1 S 7Ty = In)F(UN)
STy = In) f(up)ll 2
STN 2| f(uf) | 2
STN 2| f'(u) Vil + " (uf) Vuly © Vuf| 2
STN 2 ([luy ||z + [IVul 1 74)
[Ro(ta)ll = [|(2L) " [re™ — (2L) (™ — ™) (Iy — In)H(UR)|,
Slre™ — L) (e™ — e ™) (Tn — In)H(UR) ||,
S|y — In)H(UR) ||,
STN (L )z + L (W)l a)
STN 2| f/(uf) VP + " (ufy) Vuly © Vg | 22)
+ TN () ol Yl + f(u) VoRll2)
STN 2 (lu gz + IV 176) + TN (Rl sl Vel + VRl z2)-

In the case d = 1,2, 3, the Sobolev interpolation inequality ||VuR|/p+ < Hu”NHHH% implies
that

1Rs(tn)ll S TN (lufllaz + [l L g)

_1-4
SN (lu e + luie ), (3.10)

1Re(tn)lr SN2 (lufllmz + loRlm + lujl g + [N )
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—1-4
STNT A (lujel g + 108 + Rl g + RIS ). (3.11)

By using these estimates and taking the energy norm |- |; on both sides of (3.4), we obtain

By < (1+ C7)|Efh + Cr(r2 + N71745), (3.12)
Then, using Gronwall’s inequality and the equivalence of norms | - [y ~ || - |1 on the energy
space H}(2) x L?(€), we obtain the following error bound:
IER ) S72+ N1 (3.13)
There exist some positive constants 79 and Ny such that for 7 < 7y and N > Ny we obtain
B < 1. (3.14)
This proves (with an additional triangle inequality). O

Remark 3.2. By passing to the limit N — oo in Theorem one can obtain the semi-
discretization results in Theorem [.1]

Remark 3.3. In the case d = 1, the remainder R.(t,) can be estimated by using (2.30)),
which yields the following result:

ogrfllggl’(ﬁ | E¥ |1 ST%_E + N~1 (for any fixed € > 0), (3.15)
2— -1
OSISS)T(/T HE}%,H%+6 ST+ N (for any fixed € > 0). (3.16)

These results hold under the weaker regularity condition U € C([0,T]; H3(Q) x L*(Q)), i.e.,

the numerical solution has higher-order convergence in the energy space. Since H %“(Q) —
L>(), it follows that that the numerical solution u}; has almost second-order convergence
in L>(Q).

Remark 3.4. For any given initial value (u’,v") € HH%(Q) N HL(Q) x H%(Q), Theorem
3.1l states that the error of the numerical solution is as follows:

d
IMvu(ts) = ulllg + [Tvo(tn) = ofll2 S 72+ N7,

which is a superconvergence result that much better than the regularity of the solution in
both time and space. In general, for any fixed ¢, the projection error in space satisfies

ITvu(t) — w(t)| g+ [[Tno(t) — o(t)]|2 S N5

4. Numerical experiments

In this section we present numerical experiments to support the theoretical analysis and
to illustrate the performance of our new method in on the semilinear Klein—Gordon
equation with f(u) = sin(u) in a one-, two-, and three-dimensional domain Q = [0, 1]¢,
d =1,2,3. For obtaining a sufficiently stiff system of differential equations while keeping the
experiments’ execution time reasonably low, we chose to use N, = 2'2 terms of a Fourier
space discretization in the x dimension and, N, = N, = 23 terms in the y and z dimensions,
when ) is two- and three-dimensional. As for the initial state of the differential equation, we
generate, as described in Section 5.1 of [25], random initial data u® and uY from the space
H?(Q) such that ||u®]| ;1 =1 and |[u?||;2 = 1. In particular, we are interested in comparing
the smooth case (f — oco) with the low-regularity case (6 = 1).
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Our new method is tested in comparison with several well-established numerical techniques
for the semilinear Klein—Gordon equation. To define them, it is useful to introduce the
operator ¥ = v/—A, which satisfies that A = —X2. This is because the exponential of our
linear operator can be easily expressed as

coity=es (1 (2 1)) = (% 2)) = (0 o)

This expression is worth using only in case the operator A can be discretized in space by
means of a diagonal matrix or if the resulting discretization matrix’s size is particularly
modest. In fact, in the other cases, computing the matrix square root is generally unfeasible.
The above-mentioned numerical techniques are:

e The second-order low-regularity exponential-type scheme from [29], that we refer to
as rs21 that we apply to the reformulation of (1.1]) into the first order equation (|1.2))
through the transformation w = u — i(—A)féatu. This method computes approxi-

mations w™ ! to w(t, 1) at discrete times t,,1 = to + (n + 1)7 with the time step
size T as

S eXp(T\/I) (wn _ T\/j_lF(’wn)) _ Tm—lE(u)n)

where
P = sin () (pa(-2rV=B) - 220V ) eos ()
+ cos <“;) (o1(-27V=R) — 2p5(-27VR)) sm(w;)
+sin (“:) 02(—27V—A) exp(27V—A) cos (exp (—2rV/—A )wn>
4+ cos (f) 02(—27V—A) exp(2rvV—A) sin (exp znﬁ)“’")
and

E(w™) = sin (exp(T\/—A)w") w2(—27vV—A) cos (exp(T\/—A)W)
+ cos (exp(ﬂ/ —A)w") wa(—27vV—A)sin (exp(ﬂ/ —A)W) .
e The recent second-order IMEX method for semilinear second-order wave equations

from [17], that we refer to as h121. This method computes approximations u"*!,
V" to u(tng1), ue(tnr1) at discrete times t,,1 = to + (n + 1)7 with the time step

size T as
72 -1 T T
(1 - A) (v" + B sin(u™) 4+ §Au”> ,

1
n+§7

w\»—A

v

n+1

u" T =u" + 1o

Un+1 — 2vn+% — " + % (sin(unﬂ) - Sln(un)) :
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e Another natural choice for measuring the performances of our scheme is the class
of second-order trigonometric integrators expressly designed for the discretization in
time of the spatially discrete nonlinear Klein—Gordon equation with periodic bound-
ary conditions. This class of trigonometric integrators computes approximations u"*1,
V" to u(tpy1), ur(tne1) at discrete times t,,1 = to+ (n+ 1)7 with the time stepsize
T as

wrtty 0 1 Y LT 7V sin(Lu”)
ot ] TEPAT LA g o) 2 \Wosin(Wu") 4+ ¥y sin(Wu™) ) -

The matrices @, ¥, ¥y, and V; are filters defined by
O =0¢(7Y), VY=9¢(X), Ys=to(tE), ¥ =11(7)

with filter functions ¢, 1, ¥, and 11 that satisfy ¢(0) = 1(0) = 1¥(0) = ¥1(0) = 1.
The choice of such filters uniquely characterizes a method. For even filter functions,
the method is symmetric if and only if

P(x) = sinc(x)i(x),  Yo(x) = cos(x)¢(x), (4.1)

and it is symplectic if and only if ¢ (x) = sinc(z)¢(x). Popular choices of the filter

functions are

(B) The one with ¢ (z) = sinc(z), ¢(z) = 1, ¥o and ¢; as in (4.1)). This is the impulse
method by Deuflhard [9).

(C) The one with ¢(z) = sinc?(z), ¢(x) = sinc(z), 1o and ¥y as in ([£.I). This is the
mollified impulse method by Garcia-Archilla, Sanz-Serna & Skeel [12].

(E) The one with ¢(z) = sinc?(z),¢(z) = 1, ¢ and ¢ as in (£.I). This is the
trigonometric exponential-type integrator by Hairer & Lubich [15].

(G) The one with ¢(z) = sinc®(z), ¢(x) = sinc(z), 1o and ¢y as in (4.I). This is the
trigonometric exponential-type integrator by Grimm & Hochbruck [14].

(B) The one with ¢(2) = X[_r x () sinc(z), () = X[—rx(x) o and ¢y as in [{@.1)).
This is the method introduced by Gauckler |11].

For a precise overview and for more information on this class of trigonometric methods

we refer the reader to [11]. In our tests it turned out that the methods B and B are

neatly superior to all the other options, therefore we will only include these two into

the data presentation, referring to them as, respectively, d79 and g15.

e The second order classical Strang splitting scheme from [31], that we refer to as ss68.
This method computes approximations u™ !, v"*! to u(t,y1), ui(tpr1) at discrete
times t,4+1 = to + (n + 1)7 with the time step size 7 as

uts _ T(0 1 u”
o3 T *Plola o L
u™ty (0 1 uts
vt ) TP g A o e 4 Tsin(u”Jr%) .

The H!(2) x L?(Q) relative errors of the numerical solutions given by the above-mentioned
methods and our new method -the corrected Lie method (which we refer to as c_lie)- are
presented in Figures |1] to |§| for nonsmooth H'(Q) x L?(f) initial data and smooth initial
data, respectively. The numerical results indicate that the new method proposed in this
article has second-order convergence for the nonsmooth H'(Q) x L?(f2) initial data, while
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FIGURE 1. Errors of the numerical solutions with one-dimensional H'(Q) x
L?() initial data. The dashed lines indicate orders 1 and 2, respectively.
-3 - T T T T T T 7T TTTH 10_3: T T T T T T T — T T 1A
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i 1 k - gl5 ]
| / 1 | ——d79 )
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g /// 1 B ss68 |]
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X [ J b X [ b
S 106} SN il s |
= £ [ ——h121 || = B ]
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F ss68 | I 1
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10 104 1073 102 10! 1072 10! 10° 101
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FIGURE 2. Errors of the numerical solutions with one-dimensional smooth
initial data. The dashed line indicates order 2.

all other second-order methods are practically first-order convergent in the nonsmooth case.
Finally, all methods have second-order convergence for sufficiently smooth initial data.
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FIGURE 3. Errors of the numerical solutions with two-dimensional H'(Q) x
L?() initial data. The dashed lines indicate orders 1 and 2, respectively.
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FIGURE 4. Errors of the numerical solutions with two-dimensional smooth
initial data. The dashed line indicates order 2.
Funding

The work of Buyang Li is partially supported by the Hong Kong Research Grants Council
(General Research Fund, project no. 15300519) and an internal grant at The Hong Kong



20

Polytechnic University (Project ID: P0031035, Work programme: ZZKQ). Franco Zivcovich
and Katharina Schratz have received funding from the European Research Council (ERC)
under the European Union’s Horizon 2020 research and innovation programme (grant agree-

HY(Q) x L*(Q) error

HY(Q) x L?(Q) error

10!

107?

104

LB A A1 1 W AL B A1 L SR AL/ B R RS-

YT U ORI OO 0 IR 1w 111 1

103

102

T

101

1079

101

)

T T T T T e opored
He——k Kk

10°

10!

102

wall-clock time

108

FIGURE 5. Errors of the numerical solutions with three-dimensional H*'(Q) x
L?() initial data. The dashed lines indicate orders 1 and 2, respectively.

10!

21 1l

——h121
——glb
——d79
—o—1rs21
ss68
——c_lie

N
T T T T 1 T Yt o

103

1072

T

1071

HY(Q) x L?(Q) error

10!

§ #‘hli‘él‘ T T T T T wuué
100 H —g15 E
F|——d79 §
107! H—e—rs21 E
of ss68 1
10 | —+—c-lie E
—9: Lol Lol Lol I \\\HH:

1071 10° 10! 102 103

wall-clock time

FIGURE 6. Errors of the numerical solutions with three-dimensional smooth
initial data. The dashed line indicates order 2.

ment No. 850941).



1]

(14]
(15]
(16]

(17]

21

References

Weizhu Bao, Yue Feng, and Chunmei Su: Uniform error bounds of time-splitting spectral methods for
the long-time dynamics of the nonlinear Klein—-Gordon equation with weak nonlinearity. Math. Comp. 91
(2022), pp. 811-842.

Weizhu Bao and Li Yang: Efficient and accurate numerical methods for the Klein-Gordon—Schrodinger
equations. J. Comput. Phys. 225 (2007), pp. 1863-1893.

A. Barone, F. Esposito, C. J. Magee: Theory and applications of the sine-gordon equation. La Rivista
del Nuovo Cimento 1 (1971), pp. 227-267 (1971).

Yvain Bruned and Katharina Schratz: Resonance based schemes for dispersive equations via decorated
trees. To appear in Forum of Mathematics, Pi, 10, E2. DOI:10.1017/fmp.2021.13

Simone Buchholz, Benjamin Dérich, and Marlis Hochbruck: On averaged exponential integrators for
semilinear Klein—Gordon equations with solutions of low-regularity. SN Partial Differ. Equ. Appl. 2 (2021),
pp. 2662-2963.

Waixiang Cao, Dongfang Li, and Zhimin Zhang: Unconditionally optimal convergence of an energy-
conserving and linearly implicit scheme for nonlinear Klein—Gordon equations. Sci. China Math. (2021).
https://doi.org/10.1007/s11425-020-1857-5

Chuchu Chen, Jialin Hong, Chol Sim, and Kwang Sonwu: Energy and quadratic invariants preserv-
ing (EQUIP) multi-symplectic methods for Hamiltonian Klein—Gordon equations. J. Comput. Phys. 418
(2020), article 10959.

David Cohen, Ernst Hairer, and Christian Lubich. Conservation of energy, momentum and actions in
numerical discretizations of non-linear wave equations. Numer. Math. 110 (2008), pp. 113-143.

Peter Deuflhard: A study of extrapolation methods based on multistep schemes without parasitic solu-
tions. Z. Angew. Math. Phys. 30 (1979), pp. 177-189.

Eskil Hansen and Alexander Ostermann: High-order splitting schemes for semilinear evolution equations.
BIT Numer. Math. 56 (2016), pp. , 1303-1316.

Ludwig Gauckler: Error analysis of trigonometric integrators for semilinear Klein-Gordon equations.
SIAM J. Numer. Anal. 53, 2, (2015), pp. 1082-1106

Bosco Garcia-Archilla, Jestis Maria Sanz-Serna, and Robert D. Skeel: Long-time-step methods for oscil-
latory differential equations. STAM J. Sci. Comput. 20 (1998), pp. 930-963.

Roland Glowinski and Annalisa Quaini: On the numerical solution to a nonlinear wave equation associated
with the first Painlevé equation: an operator-splitting approach. Partial Differential Equations: Theory,
Control and Approximation, pp. 243-264, Springer, Dordrecht, 2014.

Volker Grimm and Marlis Hochbruck: Error analysis of exponential integrators for oscillatory second-
order differential equations. J. Phys. A 39 (2006), pp. 5495-5507.

Ernst Hairer and Christian Lubich: Long-time energy conservation of numerical methods for oscillatory
differential equations. STAM J. Numer. Anal. 38 (2000), pp. 414-441.

Ernst Hairer, Christian Lubich, and Gerhard Wanner: Geometric Numerical Integration. Structure-
Preserving Algorithms for Ordinary Differential Equations. Second Edition. Springer 2006.

Marlis Hochbruck and Jan Leibold: An implicit-explicit time discretization scheme for second-order
semilinear Klein—Gordon equations with application to dynamic boundary conditions. Numer. Math. 147
(2021), pp. 869-899.

Marlis Hochbruck and Christian Lubich: A Gautschi-type method for oscillatory second-order differential
equations. Numer. Math. 83 (1999), pp. 403-426.

Martina Hofmanovéd and Katharina Schratz: An exponential-type integrator for the KdV equation. Nu-
mer. Math. 136 (2017), pp. 1117-1137.

William Layton, Yong Li, and Catalin Trenchea: Recent developments in IMEX methods with time filters
for systems of evolution equations. J. Comput. Appl. Math. 299 (2016), pp. 50-67.

Buyang Li, Shu Ma, and Katharina Schratz: A semi-implicit low-regularity integrator for Navier—Stokes
equations. SIAM J. Numer. Anal. 60 (2022), pp. 2273-2292.

Dongfang Li and Weiwei Sun: Linearly implicit and high-order energy-conserving schemes for nonlinear
Klein—-Gordon equations. J. Sci. Comput. 83 (2020), article 65.

Jichun Li and Miguel R. Visbal: High-order compact schemes for nonlinear dispersive waves. J. Sci.
Comput. 26 (2006), pp. 1-23.

D. Murai and T. Koto: Stability and convergence of staggered Runge-Kutta schemes for semilinear
Klein—Gordon equations. J. Comput. Appl. Math. 235 (2011), pp. 4251-4264.


https://doi.org/10.1007/s11425-020-1857-5

22
(25]
[26]
27]

(28]

29]
(30]
(31]

(32]

Alexander Ostermann and Katharina Schratz: Low regularity exponential-type integrators for semilinear
Schrodinger equations. Found. Comput. Math. 18 (2018), pp. 731-755.

Alexander Ostermann, Frédéric Rousset, and Katharina Schratz: Fourier integrator for periodic NLS:
low regularity estimates via discrete Bourgain spaces. To appear in J. Fur. Math. Soc.

Ruisheng Qi and Xiaojie Wang: Error estimates of finite element method for semilinear stochastic strongly
damped Klein—-Gordon equation. IMA J. Numer. Anal. 39 (2019) 39, pp. 1594-1626.

Annalisa Quaini and Roland Glowinski: Splitting methods for some nonlinear wave problems. Splitting
Methods In Communication, Imaging, Science, and Engineering, pp. 643—-676, Scientific Computation
Series, Springer, Cham, 2016.

Frédéric Rousset and Katharina Schratz: A general framework of low-regularity integrators. SIAM J.
Numer. Anal. 59 (2021), pp. 1735-1768.

Zhijian Rong and Chuanju Xu: Numerical approximation of acoustic waves by spectral element methods.
Appl. Numer. Math. 58 (2008), pp. 999-1016.

Gilbert Strang: On the construction and comparison of difference schemes. SIAM J. Numer. Anal. 5.3
(1968), pp. 506-517.

Bin Wang and Xinyuan Wu: The formulation and analysis of energy-preserving schemes for solving
high-dimensional nonlinear Klein-Gordon equations. IMA J. Numer. ANal. 39 (2019), pp. 2016-2044.
Bin Wang and Xinyuan Wu: Global error bounds of one-stage extended RKN integrators for semilinear
Klein—Gordon equations. Numer. Algorithm 81 (2019), pp. 1203-1218.

Y. Wang and X. Zhao: A symmetric low-regularity integrator for nonlinear Klein—-Gordon equation. Math.
Comp. 91 (2022), pp. 2215-2245.

Yongsheng Li, Yifei Wu, and Fangyan Yao: Convergence of an embedded exponential-type low-regularity
integrators for the KAV equation without loss of regularity. Ann. Appl. Math. 37 (2021), pp. 1-21.

Yifei Wu and Xiaofei Zhao: Optimal convergence of a first order low-regularity integrator for the KdV
equation. IMA J. Numer. Anal. (2021), DOI: 10.1093/imanum/drab054

Yifei Wu and Xiaofei Zhao: Embedded exponential-type low-regularity integrators for KdV equation
under rough data. BIT Numer. Math. 62 (2022), pp. 1049-1090.

Buvanag Li: DEPARTMENT OF APPLIED MATHEMATICS, THE HONG KONG POLYTECHNIC UNIVERSITY, HUNG
HowMm, HONG KONG. E-mail address: buyang.li@polyu.edu.hk

KATHARINA SCHRATZ AND FRANCO ZIVCOVICH: LABORATOIRE JACQUES-LOUIS LIONS, SORBONNE UNIVER-
SITE, BUREAU : 16-26-315, 4 PLACE JUSSIEU, PARIS 5EME.
E-mail address: katharina.schratz@sorbonne-universite.fr AND franco.zivcovich@gmail.com



	Introduction
	Construction of the low-regularity integrators
	First-order approximation
	Second-order approximation

	The spatial discretization
	Numerical experiments

