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STABILITY AND ERROR ANALYSIS FOR A SECOND-ORDER
FAST APPROXIMATION OF THE 1D SCHRODINGER EQUATION
UNDER ABSORBING BOUNDARY CONDITIONS *

BUYANG LIt, JIWEI ZHANG!, AND CHUNXIONG ZHENGS$

Abstract. A second-order Crank-Nicolson finite difference method, integrating a fast approxi-
mation of an exact discrete absorbing boundary condition, is proposed for solving the one-dimensional
Schrédinger equation in the whole space. The fast approximation is based on Gaussian quadrature
approximation of the convolution coefficients in the discrete absorbing boundary conditions. It
approximates the time convolution in the discrete absorbing boundary conditions by a system of
O(log? N) ordinary differential equations at each time step, where N denotes the total number of
time steps. Stability and error estimate are presented for the numerical solutions given by the pro-
posed fast algorithm. Numerical experiments are provided, which agree with the theoretical results
and show the performance of the proposed numerical method.
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1. Introduction. This article is concerned with the development and analysis
of a fast algorithm for solving Cauchy problem of the one-dimensional Schrédinger
equation:

iOgu(z,t) = L(t)u(z,t), Ve € R, Vit >0, (1.1a)
lim  wu(x,t) =0, vVt >0, (1.1b)
|z| =400
u(z,0) = up(z), Vo € R, (1.1c)

where ¢ = v/—1 denotes the imaginary unit, u(z,t) the complex-valued wave function
to be solved, and

L(t) = —[0, +iA(x,1)]* + V(x,t) (1.2)

the time-dependent Schrodinger operator. The initial wave function ug(z), the real-
valued magnetic potential A(x,t) and the real-valued electric potential V' (x,t) are as-
sumed to be smooth functions with compact supports in a bounded interval (z_, z ).
The standard Schrodinger equation

100(w,t) = =0 (@, 1) + V(2)9(2,1) + Veu (@, )9 (1), 7 €R,

whose external electric potential Vg, (x,t) has constant tails in (—oo,z_] U [z, 00),
can always be converted to (1.1)-(1.2) with A(x,t) = —0, fot Vez(x, s)ds through a
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transformation u(xz, t) = et Jo Ver(@:9)dsy (2 ¢): see [21, Section 2.

Under the assumptions above, it is known that the solution of the Cauchy problem
in the bounded domain (x_,x) coincides with the solution of the following
initial-boundary value problem (cf. [3}4}/18}21}31]):

i0wu(x,t) = L(t)u(z, 1), Ve € (z_,z4), V>0, (1.3a)
vV —io u(xg,t) + dyu(zy,t) =0, Vit >0, (1.3b)
u(z,0) = up(x), Vo€ lr_,xq], (1.3¢)

where 0, denotes the outward normal derivative at the boundary points zy, and
(1.3b) is often referred to as an absorbing boundary condition (ABC), with

\/Tﬁtu(xi, V=27t |:\/—728 (Lu)(zy, )
Nt
N /o (t —s) 20su(xy, s)ds. (1.4)

Here .Zu denotes the Laplace transform of u in time and ., denotes the inverse
Laplace transform with respect to the frequency s. Such ABCs were constructed for
various evolution equations in the literature to reduce the computation to a bounded
domain of physical interest [2,|7,[9H14}32]; also see |17},/28}/33-35] on high-dimensional
and nonlinear problems. In the more general computational domains, (e.g., nonconvex
domains where waves may leave and re-enter the domain), boundary integral equations
can be constructed and taken as implicit boundary conditions on an artificial boundary
[5L[19L[20,127,129].

The ABC contains a convolution operator v/—¢d; in time, which depends
on all the historical values of the solution on the boundary. As a consequence, the
direct evaluation of a discrete ABC at the nth time step requires O(n) operations to
evaluate the numerical solutions from all the past n steps. Hence, fast algorithms for
the ABC are important when the number of time steps is large. A fast algorithm
based on Fourier transform was developed in [16], which can be used to evaluate the
convolution integrals in the ABC exactly with O(log? N) operations and O(N) storage
for the computations up to the Nth time step. By using quadrature approximation
of the inverse Laplace transform representation of the convolution kernel with error e,
the convolution integrals in the ABC can be approximated within O(N (log V) log %)
operations and O((log N)log 1) storage [23,26]. Alternatively, the convolution kernel
can be approximated by a sum of exponentials based on a nonlinear least squares algo-
rithm with the same order of complexity and storage [1}/18]. Instead of approximating
the convolution integrals directly, one can also approximate the discretized convolu-
tion integrals based on quadrature approximation of the weights [30] with complexity
O(N(log N)log 1) and storage O((log N)log1).

For the initial-boundary value problem , an error estimate of (Q(if%(h2 +
72)) was presented in [31] for a Crank-Nicolson finite difference method (with finite
difference methods for spatial discretization and ABC), where 7 and h denote the time-
step size and spatial mesh size. The error estimate is optimal up to a factor h’%, which
was caused by using an L?-norm error estimate and controlling the boundary terms
from the ABC through utilizing the inverse (trace) inequality. By using a stronger H -
norm error estimate, an optimal-order error estimate of O(72 + h?) was proved in [21]
for a perturbed Crank—Nicolson method, integrating a fast approximation of the ABC
based on Padé’s approximation of the generating function of the discrete convolution
operator, with complexity O(N 3 log N ) and storage O(N 2 log N ) to maintain the
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overall second-order accuracy.

In this paper we develop a new fast method to approximate the discrete ABC
(described in section [2|) without using contour integrals or Padé approximation. In-
stead, the fast algorithm is based on a simple Gaussian quadrature approximation of
the discrete convolution coefficients on the real interval (0,1). We prove an overall
second-order convergence O(72+h?) for a Crank—Nicolson finite difference method for
in the interior domain, with the proposed fast approximation to the convolution
quadrature discretization of the ABC . The overall complexity and storage up
to Nth time step are O(MN + N log® N) and O(M + log® N), respectively, with M
denoting the nodes of spatial finite difference discretization.

2. Discretization of with direct evaluation of the ABC. In this
section, we first describe a Crank-Nicolson scheme for (1.3]) with a discrete ABC, which
is derived by first discretizing the original problem with the Crank-Nicolson
method and then reducing the discrete problem in the whole space to a bounded
domain of computational interest. This semi-discretization scheme was introduced
in |3]. We then present the stability analysis of time discretization and the finite
difference method for spatial discretization. Fast approximation of this discrete ABC
will be proposed in the next section.

2.1. Z-transform of a sequence of functions. Given a Hilbert space ‘H with
the inner product (-, )3 and the induced norm ||-||3, let us introduce the semi-infinite
sequence spaces:

+o0 3
P = {g (" g € M, gllegn = (Z ||g”|i) < oo},
n=0

BH) = {g={g"}i% € 2(0) : " = 0}.

Examples of Hilbert spaces to be used in this paper include CM and L?(I), where
M > 1 is an integer and I C R is a finite or infinite interval. The inner product of
L*(I) is defined as

(. 9) ) = / F@g(x)de, Vf.ge (D),

with f(z) denoting the complex conjugate of f(zx).
The linear space ¢?(H) is a Hilbert space with the inner product
“+oo

(f?g)KZ(H) = Z(fnagn)Ha vag € KQ(H)

n=0

For any element in g = {g"};1>5 € (?(H), we define its Z-transform as
+oo
gz) =Y g"=",
n=0

which is an H-valued function holomorphic in the unit disk D. The limit g(z) =
lim, 1 g(rz) exists in L?(0D;H), and the following Parseval’s identity holds:

(F9)eeo = [ (.32 ud2) Vige PR, (21)
where 1(dz) = 5-df (the Haar measure) through the change of variable z = €%, with
0 €[—m, ).



For a sequence f = {f"}% € (2(H), we define the shift operator S by Sf =
{fr+1}r29. The average operator E and the forward difference quotient operator D,
are defined by
ST S—1

and D, = ,

F
2 T

respectively. Besides, we make the following notations as our convention (to clearify
the meaning of the identities in (2.2)):

Sfr=(SH", Eft=(Ef", D f*"=(D-f)".
It is straightforward to verify that for f € ¢3(H) the following identities hold:
27 41~ 27t -1

SHz)==""f(2), Ef(z)= fz). Dif(z) = @ @2
Besides, for all f,g € £2(H) the following identities hold:
g"D-f" = DT(fngnil) - anTgnilv Vn >0, (2.3)
1
Re(D,f" Ef™)y = §DT||f"||%L7 Yn >0, (2.4)

where ¢! := ¢°. The identities (2.1))-(2.4) will be used frequently in this paper.

2.2. The Crank-Nicolson scheme with a discrete ABC. We shall derive
a time-stepping scheme for from the time discretization of the original problem
(1.1). To this end, we denote ¢, = n7t, n = 0,1,2,..., with 7 > 0 the step size for
time discretization.

We discretize by the standard Crank-Nicolson scheme for the time-dependent
Schrédinger equation:

iD;u"(z) = E""’%Eu"(m), vz eR, Vn >0,

lim  w™(z) =0 Vo> 1,
minioou (x) =0, nz (2.5)
u’(z) = uo(z), Vz eR,

where u” () ~ u(z,t,) and L2 = L(t41); see (1.2).
Since ug, A and V have compact supports in [z_,z], on the interval [z, 400)
the semi-discrete problem ([2.5) reduces to

iDu"(z) = —02Eu™(z), Vr € [ry,+00), Yn >0,

uo(x) = 0’ Vo € [$+,+OO), (26)
lim w"(z) =0, Yn > 1.
Tr—+00
Let u(z,z) denote the Z-transform of the sequence {u"(x)}; ). Applying the Z-

transform to (2.6 and using (2.2), we obtain
12—2z_
-— u
T 1+ 2
lim @(z,z) =0,
r—r+00

(z,2) — 0%u(x,2) =0, Va € lry,+oo),

whose solution can be generally expressed as

Wz, 2) = cF e T 2—-2z tote T 2—-2z
y2)=cf exp | —=1\/ ——— xp| ——=\/— |,
R WV T e VL S
where /- takes nonnegative real parts for numbers in C\(—o0,0). The condition
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lim @(x,z) = 0 implies ¢ = 0. This leads to the following identity (by differenti-

r—+00
ating w(x, z) with respect to x):
1 2 -2z

Ozu(xy,z) + —

u(ry,z) =0, VzeD. (2.7)
Note that the function
1 2—2z

K 2.8
&= (23)
is analytic in the unit disk . Therefore, it has a power series expansion

z):Zszj, Vz e D. (2.9)

The explicit expression of K is given by (cf. |3 306])
- Br = 2k e LU 2 J=2k
K, =vV—-2ia;, «a;= 22D ’ 2.10
J J J { By, j=2k+1. (2.10)

Substituting (2.9) and u(zx,z) = Zn pu™(x)z™ into (2.7) yields an exact ABC for
(2.5) at the right artificial boundary point x = x4 :

Opu"(x4) + T_%(K*u)”(au) =0, Vn>0, (2.11)

where Kx is the convolution quadrature operator corresponding to the symbol K (2),
namely,

(Kxu)" = zn:Kju"—j. (2.12)

Jj=0

For the simplicity of notation, for a function u(x,t) we denote

K+ u(z, t,) ZK w(, ty_ ;). (2.13)

Analogously, by analyzing the problem on (—oo,x_], we derive an exact
ABC at the left artificial boundary point x = x_:

—Opu™(x ) + 72 (Kxu)*(z_) =0, Vn>1.

Consequently, the semi-discrete problem (2.5, originally defined on the the whole
space, can be reduced to the following semi-discrete problem on a bounded domain:

iDu"(z) = L"Jr%Eu"(ac)7 Vo € (z_,z4), Vn >0,
OuM(ws) + 77 (Kxu)"(w2) =0, ¥n >0, (2.14)
u’(z) = uo (), Vo e [zo, x4,

where v = +1 denotes the unit outward normal at the boundary points x .

Since the time discretization in the whole space is of second order, it follows
that the induced convolution quadrature at the boundary points x+ in is also
of second order:

I772 (K % us)™ — \/—idu(zs, t,)| < CT2, (2.15)
where v}l := wu(zy,t,). A proof of (2.15) can be found in |21, Appendix A] (by
substituting o = 0 therein).



2.3. Stability of time discretization. The discrete operator Kx in (2.14) ob-
tained by convolution quadrature preserves the ‘sign property’ of the continuous con-
volution operator /—id;, as shown in the following theorem.

Theorem 2.1. The discrete convolution operator KCx is stable, in the sense that
for any sequence v = (v°,vt,---) with v° =0 and any m > 0, it holds that

&2

1 1M

Ev" - (K % Ev)" <0, (2.16)

=

Do - (K Ev)" > 0. (2.17)

Proof. Let us consider the following exterior problem:

iD,¢"(x) = —02FE¢™(z), vV € [0,400), Vn >0, (2.18a)
#°(x) =0, vz € [0, +00), (2.18b)
¢"(0) = o™, ll)rf " (x) =0, Vn > 1. (2.18c¢)
We have seen that (2.6) implies (2.11)). Similarly, the problem (2.18]) implies
0p¢"(0) = =772 (K% )™ (0) = —7 7 (Kxv)". (2.19)

The L?(R,y)-inner product between E¢"(x) and yields (by taking the
imaginary part)
SDe6" e, = 3 (Bo7(0) 056" (0)) =~ (3 Bw (K + Bo)"),
where we have used - and the following identity in the last equality:
E(Kxv)" = (K* Ev)". (2.20)
Summing up the index n from 0 to m yields

m 7 n 1 m
%Z Ev - (K * Ev)" = —27_7%||¢ +1||%2(R+) <0.

n=0
Similarly, the L?(R)-inner product between D,¢"(x) and (2.18a]) yields (by
taking the real part)

0 =R(D-¢", —02E¢") 12w,
= R(0.D;6",0.56") s,y + R (D:07(0) 0, B6" (0))
=R(0:D7¢", 0, E¢" )2, ) — R (7’7%W (K * Ev)") )
where we have used — and in the last equality. Since
R(0.D+0", 0. 56" 12s.) = 3D 100" [Fage,
it follows that

Ll n 1 7
R (74D (0 B0") = 5 De 0.7 e,

Summing up the index n from 0 to m yields
1
273

6

R> D" (K Ev)" =

n=0

1020 172,y > 0.



This completes the proof of Theorem 0

Remark 2.1. In |21} Proposition 5.3] we have proved similar sign properties

Im» (K™« f)* <0, Ym >0, (2.21)
n=0

Re Y (D, + 0E)f* (K"« (E + o7>D) f)" > 0, Ym > 0. (2.22)
n=0

It is seen that ¢ = 0 yields (2.16)-(2.17). However, the proof of |21, Proposition
5.3] does not apply to the case o = 0, as the extended sequence f" = %jr—g n—l
n=m+1,m+2,..., used in the proof of [21, Proposition 5.3] is not in £2(C) in the

case 0 = 0.
2.4. Spatial discretization. Let M be a positive integer and h = (x4 —x_)/M
the mesh size. We define the spatial and temporal mesh points

1
xkzx_+<k—2>h, k=0,1,--- . M+1,

t, =nT, n=0,1--- N

with g and x ;41 being two ghost points. Without loss of generality, we assume that
the initial data and potentials are zero outside the interval (x1,xp7). Otherwise we
slightly enlarge the computational domain.

)

Given a vector v = (vg, - ,vars1) € CM*+2, we denote
Viv = (Vpvo, - ,Vaor), Po:= (v, - ,vy) and Qu:= (vg, - ,var),
where
Vk4+1 — Uk
thk:T, k=0,1,---,M.

Besides, we define the Neumann and Dirichlet data

- Vo — V1 a4 UM+1— UM  _ vo+v1 UM+1 + VM
o, v = o= PELTOM oy _ Yar b Un

v U A n » Vv 9 » Y D)

The inner product between ¢ = (¢1,- -+, ¢ar) € CM and p = (¢1,--- , o) € CY
is defined as

M
(6 @)n =hY_ rr,
k=1

while the inner product between x = (xo0, -+, xar) € CM*! and w = (wp, -+ ,wnr) €
CM+1 is defined as
h = h
(x,w)n = 5)20010 +h ; Xkwg + §5<MWM-

The induced norms for the inner products on C* and CM*! are denoted by

élln =V (d:@)n and |xIn =V XX)n,

respectively.
A second-order spatial discretization operator £} for approximating the continu-
ous differential operator L(¢,) is defined by

Z’U = (( Zv)la' e a( Z'U)]V[), Vo= (UOa' e ;UM+1) € CM+2’
7



with
—Vg—1 + 20k — V41
( Z’U)k = h2

A($k+%,tn)vk+1 - A(xk_%,tn)vk_l
ih
For the simplicity of notations, we use the abbreviation L}vy := (L7v)r. A direct
computation yields the following discrete Green’s formula (with element-wise multi-
plication by U™ and A™):
(Pv, Liw);, = (Viv, Viw), + (P, U"Pw), —yFv-0Fw, VYou,we CY*2 (2.23)

where

+ [V(x) + A% (2k, tn)] k-

h=V,+iA"Q,
with A" = (AR,-.-  A®), U™ = (UP, .- ,U?) and
AR = Ay, ta), UL =Vi(ek) + A (wp, tn) — A2 (2401, t0)-
In the time-stepping scheme ([2.14)), replacing the function w"(x) by the vector
u” = (ug, - ,uf;, ;) and replacing the continuous operator £rFz with its discrete

1
analogue £Z+ 2, we obtain the following fully discrete finite difference scheme:

iD,Pu" = £} pur, V>0, (2.24a)
OFu™ + 773 (K« yFu)" =0, Vn >0, (2.24b)
u’ = (uo(wo), -+, uo(wrr41))- (2.24c)

3. Fast approximation of (2.24)). In this section, we introduce a fast algo-
rithm for approximating the discrete convolution in (2.24b)). The stability and con-
vergence of the proposed algorithm will be presented in the next section.

3.1. Approximation by exponential sums. Let us recall the convolution

coefficients (2.10). Since

T(2k+1)

P = 2k (k + 1)2

applying the Legendre duplication formula (cf. page 29 and 41 in [6]), we derive

1 T(k+3) 2 [%
=12/ _ = in2* 940
o= T+ 1) 71'/0 -

_ /01 2 u(ds) (with p(ds) = W%)

L-1 .1_g-t-1t 1

- Z/l_w stu(dS)Jr/l_ﬂ 5™ u(ds) (3.1)

=0
L—-1 L L

2k 2k
Sz,jwl,j+§ ST, jWL,j
1 j=1

l

=0 j=

L2
_. g _ 2k
=: 6,7 = g Sr W,
m=1
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where Zle s?yl;wl,j is the L-points Gaussian quadrature for the integral

1—27t1
/ 5% u(ds).
1—-2-1

L .
KO —yTma®, o] B . i=h (32)
7 C —BF =2k,

Put

and introduce KX x as the discrete convolution associated with the convolution co-
efficients K ](-L), namely,

K s = 3" K =i, (3.3)
§=0
Replacing the convolution K in (2.24b)) by K(F)x yields the following approximating
problem:

iD,Pu" = £ Eu, V>0, (3.4a)
OFu" + T*%(IC(L) s yFu)" =0, Yn >0, (3.4b)
’LLO = (UO(l‘o), s ,UO(l‘M_H)). (34C)

Problem ([3.4)) can be solved by a fast algorithm described in the next subsection.
Proposition 3.1. If L > log,(N) then

18 — gi| < \szo 075" k=0,1,...,N, (3.5)
(L) 2 2 L _
K" — K| <e \/;L20.075 , k=0,1,...,N. (3.6)

Proof. Let f(t) = t?*. Let s1,5,J =1,..., L, be the Gaussian quadrature nodes
in the interval [1 — 2711 =271 and let s7, = 1 =27+ 27171j/L, j = 1,..., L,
be the uniformly distributed nodes in the interval [I — 27! 1 — 27/=1]. Then a basic
property of the Gaussian orthogonal polynomial is the following inequality:
1_27l71 L 1_27l71 L

[ He-spuans [0 [Je-sipu@). 60

—1 —1
-2 =1 -2 j=1

Moreover, there exists & € [1 — 27! 1 — 27!71] such that

1_27l71 L
2%k 2k
/ s*¥u(ds) — E 85w
1 =

—o-1

e E) [
SR CT TR A 1}5‘3“ )

[FED©l 77
< (s — ;)" u(ds) (use (3.7) here)
RC J)

‘ I:l

2L (1 _ og—l—1\2k—2L p1-27'"" L
< (Qk) (]- (Qi)' ) /1 H(s o SZ:j)z,u(ds)

_o-1 i
9




e 1v9k— _g—i-1 L .
- (2k)2L(1 — 27t-1)2k—2L pl=2 —(141)(2L) Hﬁ
= L) . 2

—9-1

j=1
< (2k)*" (1 - 2_1_1>2k_2L2—(l+1)(2L) (LY =
= L) 2L 2
(2k)2L(1 _ 2—l—1)2k—2L —(l+1)(2L) L2L+1€—2L 6271' o ) )
< 2 se Stirling’s t
(L) et L as (use Stirling’s approximation)
2k)2L (1 — 2—[—1 2k—2L2—(l+1)(2L) 2
CL ) °T (3.8)
22L+3 23 2v2m

It is easy to calculate that for any given [ > 0 the function
gy) = (2y)* (1 —277H)2 728 Yy € 0,00)
achieves maximum value at a point ymin satisfying ¢’ (ymin) = 0, i.e.,
—L
Ymin =01 — 2-1-1)”
By using Taylor’s expansion, we have

1‘2

In(l—z)=—z— 30— 6a)" for some 6 € (0,1) depending on z.

which implies
—2x<In(l-z)< -z, Vzel0,1/2].
As a result, there exists ¢; € [3, 1] such that
In(1-2""Y=—-2""Y¢ and ymn = L2 ¢
Thus
(2k)2E(1 — 27171 2R 2L — (k) < g(ymin) = (L251e)2E(1 — 2—l—1)2L21+1cl—2L
(LQZHCI) e(2L2" e —2L) In(1-27""1)

_ (L2l+1cl)2L6(2L21+lc,—2L)(—2*’*1/c1)
_ L2L2(l+1)2LCl2Le—(2—cf12’Z)L.

Since cg = 271/In(2) ~ 0.72 and ¢; > ¢p for [ > 1, the last equality implies

L2Eo+1)2L0 9814 L if =0,
(2k)2E(1 — 271722l < 8 p2Lo()2L 1817l (2208771270 i
[,2Lo(+1)2L ,~3L/2 i 1> 9.

< L2L2(l+1)2L0.3L.
Substituting the inequality above into (3.8)), we obtain

1—27171 L L —L 2
/1724 s pu(ds) — ]; s?f}wl_’j < IQSL%%Q@T;T. (3.9)
Similarly, for L > log, (k)
1 (Zk)2L2—(L+1)(2L) o2 1 o2
/1 ot ZSL,]WLJ = 92L+ir2-i 9\/o7 < 92L+312L—§ 9\ /97
(3.10)

10



Overall, for L > logy(N) and 0 < k < N,
L=1 1000 2 2
(L) < Lz0.3% e*nm 1 e’n e\FL20075L 311
157 = Bl < ; 22L+3 2\/% 22L+3 20— 2\/% 2 (3.11)
This proves Proposition in view of (3.2). O
Remark 3.1. The function 62T‘/;L%O.OK")L exponentially decays with respect to

L > 1. Thus the approximation KJ(L)

of the convolution coefficients K; is exponen-
tially convergent. For any 0 < € < %, there exists a unique real number

L.>1, L.=0(logy(1/e)) as e = 0,
such that EZTﬁL?O.O75L‘ = ¢ and thus
KW —Kj| <e for L> L.

3.2. Implementation algorithm. In this subsection, we describe the fast al-
gorithm for the implementation of the numerical scheme (3.4)). By introducing v™ =
Eu™, the problem ([3.4) can be rewritten into the following equivalent form:

2ir 1 Pun = L0720 4 20 Py, Vn >0, (3.12a)

OFv" + T*%(IC(L) x4 Fo)" =0, Yn >0, (3.12b)

w" = 20" —u”, Vn >0, (3.12c)

u® = (ug(0), -+, uo(@rrs1))- (3.12d)
In view of (3.2)), the boundary condition is equivalent to

OFv™ + vV —2ir 3 Sy Fom 4 —2ir 2 En: alPytyn=i = . (3.13)

Since

L2 k
2 2 27 2 2 1-2 2k—1
z:wm z: Ji k—2j E:S]i k— ]—"}/i’l}k 771:2]{:7
m=1
L? k
Zwm Z m,yinqul 2; Zszg 2k~ 2]7,Yi,v2k =241,

by setting
k
£ (k) :Zs%{yiv%”j and GE(k Zsm’yiv%*l % (3.14)

we have (for n > 1)
i (L) O { 2m Wm []'—r%(k)*grﬁri(k* 1) — yFo?F 1} , n=2k,
i=1 E S wm (G (k) = Fi(k) =y 0], n=2k+1,
(3.15)
According to , it holds that
Fi(k+1) =82, [vFo* + FL(k)], FL0) =0, (3.16)
11



and
GE(k+1) =52, [y*v* T +GE(k)] . G=(0) = 0. (3.17)

By using - the summation term involved in can be derived within
O(L?) operatlons The total computation cost of the problem (3.4) at a single time

step is of order O(L? + M). Thus the computational cost up to Nth time step is
O(N(L?+M)). This significantly reduces the computation when L? << N, compared
with the complexity O(N(N + M)) of the direct evaluation method.

4. Stability and accuracy of the numerical solutions. In this section, we
present stability analysis and error estimate for the fast algorithm (3.4). In particular,
L = O(log N) guarantees second-order convergence of the numerical solutions.

4.1. Stability of the discrete problem. To investigate the stability of the
fast algorithm (3.4]) with perturbed right side, we consider the following problem of
¢" € CM+2 n=0,1,...,N:

iD,P" = L] B + f, V>0, (4.1)
7KW sy ) + 0F " = g, ¥n >0, (4.2)
¢’ =(0,...,0) e CM+2,

with g% = 0, where the discrete convolution operator KW is defined in .

Theorem 4.1. For e = O(T%>, there exists a positive constant 1y such that
for 7 < 719 the solutions of (4.1)-(4.3) satisfy the following stability estimate for
k=1,...,N:

||7>¢>’€Hh+|v "7 (4.4)
k—1

< C(Ilf’“‘llli F1GEP + 19 1P+ D UF™ME + 1D £ + gl + |D791—1|2>)-
n=0

Proof. Applying the operator E to (4.2)) yields

773 KWD) xyEEP" + 0FEP" = Eglt, Vn > 0. (4.5)
We further rewrite (4.5)) as
Tk« E@" + 0FE¢" = Egl + 0", ¥n >0, (4.6)

with
=T KW) ey B,

which satisfies

S

n —= L 1
1 <3 T K - KW B,
j=0

and thus
(™5 —ollezcy < 772 ||<Kn_j — KDk ool (FES™)E e
< T2 |(VEES™)E Sollee(c)
< eTT 2 E|(y iqb”)n olle- (4.7)

12



We define
=70 git=¢t, nt=19" and U'=U".
The inner product between PE¢™ and (4.1) yields (by taking the imaginary part)

R(PEQ", D:P§" ) = °<PE¢“ LB )+ S(PEG" f")n. (48)
Applying the discrete Green formula (2.23]) and . yields
S D-Pe"

= Y(PE$", U"PEG"), = S (1FE@" - OF E" ) + S(PEQ", ")

= S(EP", UMEPS")) + 7733 ( TEG" K viEdﬂ) (yiEw(Egg + n"))
+S(EPP", ")
< S(EP¢",U"EP$" ) — S (VFEG" (Egl +1")) + S(EP¢", ")

< CE|[PY" ([ + v " (1EgL| + 11" ) + EPS" [nll £ |- (4.9)

Multiplying the inequality above by 7 and summing up the results for n =0,...,k—1
we obtain

1
Ptz
k k—1 k—1 l
SOTZP¢“||i+(TZ| iw) < |Egi\2+72\n F)
n=0 n=0 n=0
k—1 —1
+(TZ||7>¢%) ( |f"||h)
n=0 =0
k k—1 %
gcTZqu”n%(T g < zw (TP Y e
n=0 n=0

n=0
1

¥ (Tii:nwh)Z( kz |f"||h)

k—1 k k—1
<Cr Y PR+ (5+eTT™ 2)72|vi¢"|2+6I(TZ|91|Q+TZ||f”|i),
n=0 n=0

n=0 n=0

(4.10)
which holds for arbitrary § >0 and k=1,..., N.

On the other hand, the inner product between D, P¢™ and (4.1)) yields (by taking
the real part)

R(D,PP", L), 2 E¢™)y = —R(D,PS", £*)1,

= —DR(Pe", f" )+ R(Pd", Dy £ 1)1, (4.11)
where we have used (2.3]) in to derive the last equality. By denoting

,UnJr% — "

do" =
it is straightforward to verify that

T

Vit D, ¢" = D, Vi — id AV E QM —id, A" Q4"
13



Vi EBg" = BV — T AT Qe - Td, Am Qg

Thus applying the discrete Green formula (2.23)) yields
R(D-PG", Ly > E¢™ )
_ §R<Vﬂ+2D ",V n+%E¢n>h + R(D, PP, U"+%E’P¢n)h _ §R( D, " aiE¢7r>
— R(D,Vi¢" —id, A3 Q"1 — id, A" Q" EVI" — Td, A3 Q" — Td, A" Qg
M
ntil n EN An n
+ > hU TR D P - R <7iDT¢" OEEd )

j=1
1 1
,D7|vz¢n|i + §R<DTVZ¢H7 _%dTAn+§ Q¢n+1 _ %dTAnQ¢n>h

+ R(—id, A3 Q"+ —id, A" Q" EVIp™ )y
M
”+% 1 n EN An n
+ ZhUj S DrIPe? =R <7iDT¢ Ot Eg )

D V"2 + R(D, V", —Td, A2 Qe" ! — Id, A" Qe")),

—|—§R<—szA”+EQ¢"+1 —z‘dTA" AV

M
1 1 " 1 1 "
+5D- > U TE P |? - 3 ZhDTUj [P}
=1 =1
+ n + n
§R( Dy (Egh + 1" — 775K sy Egb ))
n 1 n—3 n
> 5D-|Viig 2 + 3D ;hU 2[Po | Zh|D U
— CE|V};¢"nE|Q¢"|1 — % (¥ D, 4" (Egl +n”)) :
where we have used ([2.3) in the last equality, and (2.17)) in the last inequality. By
using (2.3) again we obtain
R (viDTW‘ (Egt + 77”))
=RD. (vicﬁ” (Bgi™ + 77”‘1)) - R (v%” D, (Egt ' + 77"‘1))
+1"h) + ClyE (1D B |+ 1D )).

TR Py

—_

< D% (V5" (Egl™!
Substituting the last two estimates into (4.11)), we have

M
1 n— n n n n
3D Vig" i < —5Dr Y hU; P! + C|[ P |2 + CE|V}¢" 1 E|Qe" |

Jj=1
+ DR (W(Egi
— D;R(PO", " ) + PO |nllD- £ In

") + CE (1D, Bgl ! + Do)

M
1 n—3 n n n_mn n n n
< =5 D: ) WU PP + CI P[5 + CEIVE" [1(E[VE" n + EIP¢"||n)
=1
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+ DR (EG" (Bt + ")) + CE " (1D, Egl ™| + DoY)

= D-R(PY™, £ )n + P [l D-F" " In, (4.12)

where we have used the discrete Sobolev embedding |Q¢" |, < C(|Vi ™ |n+||Pd™||n)
in the last inequality above.

Multiplying the inequality above by 7 and summing up the results for n =
0,...,k — 1, we obtain

M k—1 k—1
1 n 1 _% n ngn
I VAo < =5 D WU PSSP + O Y ElIP¢" |+ Cr )y E|Vii¢" |
j=1 n=0 n=0
R (TEFF (Beh 4 )
k—1 % k—1 k—1 %
co(r o pten?) (s DB P b S Do)
n=0 n=0 n=0

1
2

k—1 1 k-1
RPE Sk (D Peln) (73 1D
n=0 n=0

k k
SCrY |Vig" |+ Cr Y PO 7+ 0y EGF ) + 07 EgE T + P
n=0 n=0
k—1

2 k-1
+ 0T Z IvEp"|? + ot <7’ Z |Drgi 2+t Z |77”|2>
n=0 n=0 n=0
k-1 k—1

+OIPOR R + 6 IR+ Cr Y P+ Cr Y D

n=0 n=0
k k
<CrY Vg |n+0lIP" I + O Y [Pe" R
n=0 n=0
. k—1
+ 0|y ERFP + (S + 20 el T2 + 071 T 07 Z Iy Ee"|?
n=0

k
+ 25 B P 4+ 67 D P

n=0
k—1
S KA A R N 2 A (4.13)
n=0

where we have used (4.7)) to derive the last inequality, which holds for arbitrary ¢ > 0
and k=1,...,N.

Summing up (4.10) and (4.13) yields
1 1,
§||77¢k||}21 + §|Vh¢k 3

k k
<Cr Y Vi |n + 8IPSFI + CT Y IP™[7 + 8y E k|
n=0 n=0
k—1
+ (204207 err e Tr 67T ) 1Y g
n=0

15



k

+207 [BgET P 67 Y (gL + 1Dt )
n=0
k—1

+ 0P A O Y+ 1D F IR

n=0

k k
< C7 Y |Vig"ln + 8PSl + C7 Y 1P |7 + CS(1P" |17 + V5" [)

n=0
k
+ (25 426 YeTr % +eTr 3 +6 1 T27_5) T Z(||7)¢"||h + Vo™ 3)
n=0
+207 | Egh T 2 + 67 TZ (Ig2t1” + |Drgit ™)
n=0

k—1
O G O YR + 1D F ), (4.14)

n=0

where we have used the discrete H' norm to bound the trace at x+. By choosing &
. 5 .
sufficiently small and ¢ = O(72), we obtain

k
IPO*I17 + [Vig*: < Cr > _(IPo"II7 + [Vie"[7)
n=0
+C (1577 + 165 P+ 1957117)
k—1
+CT Y (IF"I7 + 1D £ 17 + |9k + [Drg 7). (4.15)
n=0

Then the discrete Gronwall’s inequality implies (4.4). O

4.2. Error estimate. Let u? = (u(xo,tn), u(z1,ty),... (zM+1, n)) denote
the vector whose entries are the nodal values of the exact solutlon of (1.3) at the time
tn, and let u™ denote the numerical solution given by the numerical scheme . Let
o" = ull — u denote the error of the numerical solution, which satisfies the error
equation (4.1] . ) with f™ and g7 denoting the truncation errors of the numerical
scheme, given by

f* =iD-Pult,) — idyult, 1) — [£7F3 Bu(t,) — Lty 1)ult,y1)], (4.16)
e :T_%(IC(L) — K)x* yEul + [T_%IC* yEU — /- (0 + o)viuf]
+ [ fiat'yiuf —/—i0wu(xy,t )] [8i n 8yu(:ci,tn)]. (4.17)

By using Taylor’s expansion, the following truncation error estimate can be verified,
provided the solution of the PDE problem (|1.1)) is sufficiently smooth (cf. [21, Ap-
pendix C] with o = 0):

£ + |1 D-f*Hn < C(7% + h?), n=0,1,....,N -1, (4.18)

lg%| + |Drg3™ Y| < C(7% + h?), n=0,1,...,N, (4.19)
where f~1 := f% and g~ ! := ¢°.

Substltutmg the truncation error estimates above into Theorem [£.1] we immedi-

ately obtain the following estimate for the error of the numerical solutions.
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Theorem 4.2. If the solution of the PDE problem (1.3)) is sufficiently regular,
or equivalently, the solution of the original problem (1.1) is sufficiently smooth, then
the following error estimate holds:

n__ .n N(p M _ oM 2 2
(max (1P(ul = u)lln +[Vi(ul —u")ln) < O + 17, (4.20)

5. Numerical examples. As discussed in Proposition 3.1 and Theorem [I.1] we
use

62

fL? 0.0755 = ¢

to adaptively determine the number of Gaussian points L = [L.] for any given toler-
ance error €. In all the numerical examples below, we take € = 73 with the time step
7 =T/N. In this case we have L = O(In N). The resulting complexity for evaluating
the ABCs up to Nth time step is O(N In® N), with storage of O(In® N).

Two numerical examples are provided below. The first example demonstrates the
convergence and complexity of the proposed numerical method. The second example
simulates the interaction between an external magnetic potential and the ground state
of two nuclei with fixed locations [24]. All the computations are performed by Matlab
with double precision.

Example 1. We study the Schrodinger equation with V(z) = 0 and A(x,t) = 0,
whose exact beam-like solution can be given explicitly as
1 (1 — 2kt)?

Vit 4(¢+it) |’
where k is a parameter to determine the propagation speed of the beam, and ( is
a positive parameter to adjust the beam width such that the initial wave function
ug(x) is negligibly small outside of the spatial computation domain [—3,3]. In the
calculations, we set k = 2, ( = 0.04 and the final time T" = 2.

The errors of numerical solutions in the log,, scale are shown in Fig. [5| by in-
creasing the mesh points with M = N from 120 to 3840. Obviously, second-order
convergence is observed by comparing the second order slope.

We now investigate the computational complexity of our numerical method. The
CPU time (in seconds) is plotted in the right panel of of Fig. by comparing the direct
method and the fast method proposed in this paper. To observe the dependence of
CPU time on the number of time steps, we fix M = 100 and increase the number of
time steps with N = 50000, 70000, 90000, . .., 300000. We observe that CPU times of
the direct method and the fast algorithm are consistent with the theoretical complexity
O(N?) and O(N log® N), respectively.

u(z,t) = exp |ik(x — kt) — (5.1)

Example 2. A bound state will keep its profile if there is no interaction between a
quantum system and its environment, while the ionization phenomenon may occur
when a time-varying electromagnetic field is applied. To simulate this process, we
take the electric potential

V(z) = —10exp(—10(x — 1)?) — 10exp(—10(z + 1)?)

and magnetic potential

Az, t) = (1 — cos(10t)) exp(—=?)

5
N

17



—e—Numerical convergence 1 -~ Direct Evaluation e of
4 —Slope =2 —o— Fast Evaluation ,.»"f
- 3 |— Slope=1 e
-

logyo(Lo-Error)
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22 24 26 28 3 32 34 ' 48 5 5.2 5.4
logyy(NV) log;(NV)
Order of convergence. CPU time versus total number of time
steps.

Fig. 5.1. Numerical results for Example 1.

to model the influence on the nuclei.

To obtain the bound states, we solve the L2-bounded eigenfunctions of the fol-
lowing Schrodinger eigenvalue problem:

[—02 + V(x)]u(z) = Mu(z). (5.2)
The bound state associated with the smallest point spectrum is referred to as the
ground state, whose energy is A\g = —3.7332, see the left panel of Fig. which is
chosen as the initial value of problem with the above space-dependent nuclear
potential.

We take the computational domain [—20,20] and the final time 7" = 100. The
evolutions of numerical solution (left) with M = 2560 and N = 10240, and the
reference solution (right) are plotted in Fig.|5.3] The reference solution is calculated in
an enlarged computational domain by employing sufficiently refined mesh parameters.

The errors between numerical solutions and reference solutions are plotted in Fig.
One can see that the errors are in the scale of 107°.

0.12

0.1
0.08
5006
0.04

0.02

0
-10 -5 0 5 10
X

The initial value (the eigenfunction of Ag). Errors of numerical solutions.

Fig. 5.2. (Example 2): Initial state and error of numerical solutions.

Again, the CPU times by using the direct method and fast algorithm are shown in
Fig. in the log; scale with N = 50000, 70000, . . ., 300000. We can see a significant
reduction of the CPU time by the fast algorithm, which behaves linearly with respect
to the total number of time steps.
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Evolution of the numerical solutions. Evolution of the reference solutions.

Fig. 5.3. (Example 2): Evolution of the solutions.

-+ Direct Evaluation| e
—e— Fast Evaluation ,»"
— Slope =1 L

log;o (CPUtime)(sec.)

4.8 5 5.2 5.4
logyo(N)

Fig. 5.4. (Example 2): log-log plot of the CPU time versus N (total number of time steps).

6. Conclusion. The one-dimensional Schrédinger equation in the whole space
was reformulated into an initial-boundary value problem in a bounded domain of
computational interest with an artificial boundary. The Crank-Nicolson finite differ-
ence method, together with a new fast algorithm for approximating the ABC, was
proposed to solve the initial-boundary value problem. The new fast algorithm approx-
imates the discrete convolution coefficients by a sum of exponentials derived through
applying the Gauss quadrature on dyadically decomposed subintervals. A criterion
determining the number of quadrature points was proposed to guarantee an overall
second-order accuracy of the fully discrete numerical method. Numerical examples
were provided to support the theoretical analysis and to demonstrate the effectiveness
of the proposed numerical method.

Compared with the existing fast algorithms for convolution quadrature (e.g. |23
30]), the fast algorithm presented in this paper does not require log(N) contours for
quadrature points, though the total number of quadrature points are of the same or-
der. The spatial discretization in this paper is based on the finite difference method.
We have tested by D, P¢™ (discrete time derivative of the solution) to derive a
stability estimate for the finite difference method, which together with the estimate
for the defect yields an optimal-order error estimate for the numerical solu-
tions. The stability analysis can be extended to finite element spatial discretization
of any order (see [3]), but the defect estimate would be one-order lower than the finite
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difference method (due to the Ritz projection error of the finite element method).
Therefore, for the piecewise linear finite element method, convergence of O(72 + h) in
the H! norm can be proved similarly.

We have assumed that the initial value ug has a compact support. Strategies to

overcome this restriction are given in, e.g., |§] and [22].

We have defined the Z-transform as a power series of z (instead of a Lorent series

of z) so that the Z-transform of a sequence in ¢?(H) is always holomorphic in the
unit disk D and has traces in L?(9D;H). This is the same notation as the generat-
ing functions that have been widely used in the community of ordinary differential
equations; see |15}[25].
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