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For a class of compatible profiles of initial data describing bulk phase regions separated by
transition zones, we approximate the Cauchy problem of the Allen—Cahn phase field equation
by an initial-boundary value problem in a bounded domain with the Dirichlet boundary con-
dition. The initial-boundary value problem is discretized in time by the backward difference
formulae (BDF) of order 1 < ¢ <5 and in space by the Galerkin finite element method of poly-
nomial degree r— 1, with r > 2. We establish an error estimate of 0(1‘18*‘1*% threT 1 +e /%)
with explicit dependence on the small parameter € describing the thickness of the phase tran-
sition layer. The analysis utilizes the maximum-norm stability of BDF and finite element
methods with respect to the boundary data, the discrete maximal LP-regularity of BDF meth-
ods for parabolic equations, and the Nevanlinna—Odeh multiplier technique combined with a
time-dependent inner product motivated by a spectrum estimate of the linearized Allen—Cahn
operator.

Keywords: Allen—-Cahn equation; phase transition layer; BDF methods; finite element method;
maximum-norm stability; time-dependent norm; multiplier; G-stability; discrete maximal LP-
regularity.

1. Introduction

The Allen-Cahn (AC) equation

1

u—Au+—f(u)=0 in RYx (0,T

t +£2f<) (> )7 (1.1)

u(-,0) =up in RY,

with d € {2,3}, is a model describing phase separation of a binary alloy at a fixed temperature
[6], where f(v) =3 —v is the derivative of the Ginzburg-Landau energy function F(v) =
(v?—1)2/4. The solution of (1.1) is equal to —1 and 1 in the two phases of the alloy, respectively,
separated by a phase transition zone of width O(¢), in which the solution changes rapidly from
—1 to 1. The Cauchy problem of the AC equation is connected to the mean curvature flow of
closed surfaces, see [20], i.e., as the small parameter € tends to zero, the surface determined
by the level set I;(t) = {x € R? : u(x,t) = 0} tends to a surface I'(¢) that evolves with velocity
v = Hv (called mean curvature flow), where H and v denote the mean curvature and unit
normal vector, respectively, on the surface I'(¢).
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In view of its application as a phase field model and its connection to mean curvature
flow, many numerical methods and analyses have been developed for approximating the mean
curvature flow through AC related diffusive phase field models as € — 0. Error analysis for the
AC equation and related phase field models (instead of the limit of the interface I;(¢) as € — 0)
has also been conducted in many articles. As pointed out in [12,23], error estimation using
a straightforward Gronwall inequality argument would yield a constant factor eCT/ 82, which
grows exponentially as € — 0. Such error estimates are not useful when the width € of the
phase transition zone in the phase field model is small. To overcome this difficulty, Feng and
Prohl [23] established an error estimate for the AC equation in a bounded domain with only
polynomial dependence on ! by utilizing the spectrum estimate of the linearized AC operator
in a bounded domain [17], i.e.,

1
Vol + g2 WC)v.0) > Al VoeH (@ vieDT],  (2)

with A a positive constant, independent of € and 7 € [0,T], and u(-,7) the solution of the AC
equation. This spectral estimate is valid for smooth interfaces away from singularities such as
the collapse of an interface.

The spectrum estimate (1.2) was also used to remove the exponential dependence on £~!
in error analyses for other numerical methods and related phase-field equations, including the
implicit Euler method for the non-isothermal AC phase field equations [25], stabilized semi-
implicit schemes for the AC equation [45], and a posteriori error estimates for the AC equation
[9-11,29]. These articles concern either implicit or semi-implicit Euler methods for the AC
equation and error estimates of O((T+/")e~%), where o is some positive number.

Spectrum estimates similar to (1.2) were also used in establishing error estimates for the
Ginzburg-Landau equations [8], the Cahn—Hilliard equation and Hele-Shaw flow [9, 22,24, 44],
as well as for phase field models with nonlinear constitutive laws [19].

Since € is often very small, there is also a vast literature on constructing energy-decaying
time-stepping methods for phase field models with large time stepsizes (compared with €),
including stabilized semi-implicit schemes [15,16,35,42], invariant energy quadratization meth-
ods [46-48], and the scalar auxiliary variable approach [41] and [3].

In the literature, practical computations are often in a bounded domain, while many of
the properties of the AC equation were established for the Cauchy problem (1.1), including
the convergence to mean curvature flow and the regularity of the solution for very small €;
see [20] and [38]. These properties were proved when the initial value ug is a compatible profile
describing bulk phase regions separated by transition zones of width O(g), i.e.,

uo(x) = O (Ao(x)/(V2¢)) (1.3)
with Ag(x) denoting the signed distance to a closed smooth interface Iy (separating the two
phases at initial time) and ® : R — [—1,1] denoting the unique increasing solution of the bound-
ary value problem

-0"(r)+2f(O©(r)) =0, reR,
{ lim ©(r) = 1. (1.4)

r—>4oo

Figure 1 illustrates an example of such initial data, with values changing from —1 to 1 in the
phase transition zone (shadow region).

It was shown in [38, §2.4] that, for an initial value ug € L*(R?), the Cauchy problem has a
unique mild solution in L*(R¥ x [0,T]). Moreover, if the initial value ug is a compatible profile
in the form of (1.3), then the mild solution of the Cauchy problem (1.1) is a classical solution
with the following properties ([38, §4 and §5]):
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(P1) The following spectrum estimate holds:

1
VI3 gy 3 1))V, 0 > <A sy Vo € H'(RY) Ve € (0,7,

(P2) The following regularity estimates hold in any bounded domain Q:
||atkuHL°°(0,T;Wmv°°(Q)) <Ce*™  0<k<qg+l, 0<m<r,
19Ful| =0 7-m(y) <CEF™E, 0<k<q+1, 0<m<r,

for the solution u of the AC equation (1.1).

In fact, (P1) was proved in [38, Theorem 5.1 and p. 1585]; (P2) is a consequence of the asymp-
totic expansion [38, (1.17)] (our ¢ corresponds to A%t therein), which implies ||V"d}ul| [=(Q) =

O(e~%=™). Since the function 9™ u is concentrated in a phase transition zone of width O(g) (this
can also be seen from the asymptotic expansion), it follows that vaatkMHH](Q) = O(&“k—’”*%).

uo%l

Fig. 1. An initial data that describes bulk phase regions separated by a phase transition zone of width O(g).

In view of the discrepancy between theoretical analysis (in the whole space) and practical
computation (in a bounded domain), we consider the discretization of the Cauchy problem
(1.1) with initial value up a compatible profile of the form (1.3) as follows: we solve an initial-
boundary value problem

1
u,—Au—F?f(u):O in Qx(0,7],

— on 92 x (0,T], (1.5)

u(+,0) =u in Q,
in a bounded convex polygonal /polyhedral domain Q C R?, d € {2,3}, with an unknown func-

tion ¢ on the boundary d€2, based on the following assumption on the solution of the Cauchy
problem (1.1) restricted to Q:

¢ — Ulz=(00) < Ce /¢ ()

In particular, the solution of the Cauchy problem (1.1) satisfies (1.5) for some function ¢ (i.e.,
the value of u on dQ) satisfying condition (x) when the domain Q encloses the phase transition
zone with dist(dQ,Iz(¢)) uniformly bounded from below by a positive constant. This is due to
the asymptotic expansion [38, (1.17)] and the exponential decay property [38, Theorem 4.2],
which imply that the solution tends to 1 exponentially with respect to dist(x,I;(¢))/€. Since



4 of 23 GEORGIOS AKRIVIS AND BUYANG LI

the solution of (1.5) is exactly the solution of (1.1) restricted to €, property (P1) yields
1
Vol + o (F )0, 0) > AVl Ve Hi(@) VieDT),  (16)

since the extension Ev of a v € H}(Q) as a zero function outside Q is an element of H!(R?).

Let t, =nt, n=0,1,...,N, be a uniform partition of the time interval [0,T] with stepsize
T=T/N. Let S, be the Lagrange finite element subspace of H!(£) consisting of piecewise
polynomials of degree r— 1 associated to a regular and quasi-uniform triangulation of the domain
Q with mesh size h. Let §h consist of the elements of S, that vanish on the boundary dQ.

The exact boundary value ¢ of the solution is unknown, but it is known that the solution
differs from 1 only by a small function of O(e~“/¢) on the boundary dQ x [0,T]. Therefore, for
given starting approximations ug,u}l,...,uq_l € S to the nodal values u(-,t;),j=0,1,...,q—1,
we discretize (1.5) in time by the g-step BDF method (with 1 < ¢ <5), with the finite element
method in space: find uj € §;, such that

1< i 1 .

(E Z 6/”2 j7 ‘l)h) + (VMZ7V‘U;1) + (gf(btﬁ% ‘Uh) =0 Vv, €Sy,

j=0 (1.7)

uy =1 on dQ,
with an approximate boundary condition on d€, where 9;,j =0,...,q, are the coeflicients of
the generating polynomial of the g-step BDF method,
a1 .4 ,
§(0)=) ~(1-8) =Y §¢% (1.8)

=1t j=0
see [27, §V.2] (where o; = §,—;). The starting approximations ”111» . ,uZﬁl should be computed
by other methods (or with smaller stepsizes and mesh sizes); this will not be analyzed in this
article.

For sufficiently accurate given starting approximations, we establish an error estimate of

5

0(1"18"”% threTrd +e /%) under the stepsize and mesh conditions 7 = O(¢'74) and h =
0(81+% ), with a simple expression on the dependence on €. Our analysis combines the following
three techniques, among which the first yields an L”-stability result of the BDF methods, which
is of independent interest.

First, to estimate the influence of the boundary error, we introduce 6;' € Sj, to be the solution
of the linear equation

1 Z i o
(7 Y. 5,0 f,u) +(VOIL VD) =0 YveS$),
Tj:O n:qv"'aN7 (19)
0; = Ihu(-,t,) —uj, on dQ,
with starting values

0/ = Ryu(-,t;)—ul, j=0,....,q—1,

where I and R;, denote the Lagrange interpolation and Ritz projection operators onto S, (see
§2.3 for their definition and properties).

We need to estimate [|8}||;=(q) in terms of the boundary values Iu(-,t,) — uj,. However, the
maximum principle does not hold for high-order BDF methods (1.9) (see [13]). To overcome
this difficulty, we prove L”-stability of the BDF methods with respect to the boundary data in
Lemma 3.2 (a weaker version of the maximum principle).

Second, the analysis of the g-step BDF method requires testing the error equation by e} —
ngep ', with e = Ryu(-,t,) —ull — 0] € Sy, where 71 =, =0 and n, € (0,1) for ¢ > 3. In order to
use the spectrum estimate (1.6) with such multipliers 1,, we introduce and utilize the following
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time-dependent inner product and norm on H{ (Q):
1
(v,w); == (Vv,Vw) + ?(f’(u(.,t))v,w) +2A(v,w) Yo,we Hi(R), (1.10)
o]l := V/(v,0) Yo € Hy(Q), (1.11)

in the error analysis of the BDF methods. The spectral estimate (1.6) implies that

[v]I? > Alv]|? YveHNR) vrelo,T). (1.12)
Time-dependent inner products and norms are used in [36] and [5] to establish stability es-
timates of BDF methods for evolving surface PDEs and for quasi-linear parabolic equations,
respectively. In this article, we use time-dependent inner products to remove the exponential
dependency on 1/€ by utilizing (1.12), which is a consequence of property (P1).

Third, existence and uniqueness of numerical solutions as well as error estimates are proved
by constructing a modified numerical scheme coinciding with the original numerical scheme
when the error of the numerical solution is o(€?) in the L*-norm. Then, we derive L= error
estimates by using discrete maximal LP-regularity for sufficiently large p. This shows that the
L* error is indeed o(€?) under a certain stepsize condition. These results are proved for general
€ € [0,1] without smallness assumption on €; see Remark 5.2.

2. Notation and preliminary results
2.1 BDF methods

For ¢ € (0,7), we denote by X, the closed sector of half-angle ¢, X, :={z€ C: |arg(z)| < ¢}. It is
well known that the BDF methods are strongly A(o)-stable with oy = ap =0.57, o3 ~0.47797,
oy ~ 0.40757, and as =~ 0.28807; see [27, §V.2]. The A(ay)-stability means that 6(¢) € Zr—q,
for { € C and || =1, with 6({) defined in (1.8). The order of the g-step BDF method is g, i.e.,

q
Y (g-i)fs=1tq"", ¢=01,... 4. (2.1)
i=0

These properties will be used in the analysis of method (1.7).

2.2 Generating function of a sequence
The generating function D of a given bounded sequence of functions v",n=0,1,..., is defined
by
0(8) =) v"¢".
n=0

The generating function is analytic in the unit disk D={z€ C:|z] < 1}.

2.3 Interpolation and L? and Ritz projections

We denote by (-,-) and |- || the inner product and norm on L?(£2), respectively. The Lagrangian
interpolation operator I : C(Q) — S, is defined by requiring Iu to be equal to u at the nodes
of finite elements [14, §3.2-3.3]. This interpolation satisfies

[ Tnw —wl| < CH[|w|pr(q) VYwe H'(Q) for r>2, (2.2)
1Tnw = wl =) < CH [Wllyieiq)  YweEC(Q)NWE™(Q), 0<k<r. (2.3)
Let P, : L*(Q) — S), be the L?-orthogonal projection onto the subspace S‘h, defined by
(Paw, 0p) = (w,0) V0, €5,
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and R, : H'(2) — S, be the Ritz projection onto the finite element space, defined by
(VRyw, V) = (Vw,V,) VY, €8,
Ryw = Iw on 0Q.
It is easy to see that R, maps H{ () into Sp (preserving the zero boundary condition).
Both the L? and Ritz projections are bounded in L*(R), i.e.,
[Pl =) < ClIwllz=(q) Vw e L™(Q), (2.4)
IRwwll =) < Clallwlli=2)  YweH'(Q)NL7(Q), (2.5)
where
{ln(2+ 1/h), r=1,
Ly =

1 r>=2.

)

For these estimates we refer to [43, Lemma 6.1] and [33,40], and [32, Theorem 5.1], respectively
(for both 2D and 3D cases). The L™-stability of the Ritz projection implies also the L™ error
estimate:

1Rnw = wll=() < COOR* |Wlea, YweH(Q)NCH Q) Vae[o,1]. (2.7)

2.4 Maximum-norm estimates

Let Ay : Sy — S, be the discrete Laplacian operator defined by
(Ahwh, ’l)h) = —(VW;,,V’U;,) Ywp, vy € §h-

Then, for any given ¢ € (7, 7), the following resolvent estimate holds for all complex numbers
z in the sector Xy:

2(z = An) ™" Pull1=(2) o 1(2) < Cop- (2.8)

This results was proved in [33, Theorem 15] (with a logarithmic factor) and [34, Theorem 3.1].

2.5 Sobolev and Besov spaces

For 1 < p < and an integer k > 0, we denote by W*?(Q) the conventional Sobolev space of
functions defined in Q; see [1]. For k > 1, W(f’p(.Q) denotes the completion of C5 () in WhP(Q).
In particular, Wo1 P(Q) consists of functions in W!?(Q) with zero traces on the boundary 9Q.
The abbreviations H*(Q) = Wk?(Q) and HE (Q) = Wéc’z(Q) will be used as usual.

For s € [0,2], we let H*(2) C L?>(2) denote the Hilbert space induced by the norm

o 1/2
10l = ( X 271(9.001)
j=1

where ¢; and Aj,j=1,2,..., are the Lz(.Q)—orthonormal eigenfunctions and eigenvalues of the
Dirichlet Laplacian operator —Ap, arranged in nondecreasing order, 4; < Ajy1. In particular,
HY(Q)=1*(Q), H'(Q)=H}(Q) and H*(Q) = H*(Q)NH(RQ); see [43, chapter 3].
For s € (0,2), the Besov space
$;2,p _ (72 72
BRP(Q) = (H2(2).H(Q)).s2

is defined as the real interpolation space between two Sobolev spaces; see [1, §7.32]. If 0 < 51 <
s<sy<2and (1 —a)s; +asy =s, then the following reiteration property holds:

B (Q) = (H(Q),H?(Q))a,p-
If 55 > s1, then B2 (Q) «— B1:24(Q) for all 1 < p,q < oo. In particular, we will use the property
BS2P(Q) — L*(Q) for s>0and 1 < p < oo.
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2.6 Some abbreviations

For the solution u(x,t) defined in Q X [0,T], we shall use the abbreviation u(r) = u(-,7). Through-
out this article, we denote by C a generic positive constant independent of €,7 and h (not
necessarily the same at different occurrences).

3. Maximum-norm estimate for 6;

In this section, we present an estimate for the solutions 6} of (1.9). The result will be used in
the next two sections to prove existence, uniqueness and convergence of the numerical solutions.

We need the following estimate for finite element solutions of an elliptic equation with a
complex coefficient.

Lemma 3.1 For z € X, with ¢ € (5,7), the complex-valued finite element solution uj € S, of
the boundary value problem
(zun, o) + (Vit, Vo) =0 Vv, € S, (3.1)
up = Ihg on 39, '

with g € C(dQ — C), satisfies

lunll < Collgll=(a0);

where the constant Cy is independent of z and A.

Proof. It is known that the finite element solution ug; € S;, of the boundary value problem

(Vug,h,Vvh) =0 V‘Uh S §h7 (3 2)
ugh = 1Ing on dQ, .

satisfies a weak maximum principle (cf. [40] and [32] for 2D and 3D cases, respectively), i.e.,
lugnllz=(@) < Clngllz=(a0) < Cllgll=(30)- (3.3)

Now, u, —ug ) € §h is the finite element solution of a homogeneous Dirichlet boundary value
problem, i.e.,

(2(up — g ), Vn) + (V(un — g 1), V) = —(2ttg o, V4) V0, € S
This can be equivalently written as
(z— Ap) (up — ug ) = —2Phtg p,

where P, is the L? projection operator onto So‘h, and A, : S, — S, is the discrete Laplacian operator;
see §2.4. Hence, we have

llun — g |l 1= ) = 2(z = An) " Pattg nll1=(0) < Cllug.nllz=(2);
where the last inequality is due to (2.8). In view of (3.3), this estimate implies
lunllz=(@) < Cllugnllz=(@) < Cligllz=20),
which is the desired result. (]
Lemma 3.2 The solution of (1.9) satisfies the following estimate:

n _on _on
omax 16711 < Cle max, [lu) = s = 90 +Clh max_ flu(ta) =] = o),

where ¢, is defined in (2.6) and ¢; =log(2+1/7).
Proof. We decompose the solution of (1.9) into
0; =0+ 60y,

where @' € S), and Oy €Sy, n=gq,...,N, are the finite element solutions of the following varia-
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tional problems:
1< oy o
(E Y. 5,0] ’,vh) +(VO!LVY,) =0 Y, €S, (3.4)
j=0
and

lq . °
~Y 507 V!, Vu,) =0
(E o) svorom=0 vacs, s

O =g on dQ,
respectively, with the starting values
@éthu( i) — u{l, ¥/ =0 and g/ :=0 for j=0,....q—1,
and boundary values
g i=Iu(-,t,) —u; for n>=gq.

We note that @} account for the starting errors, while ;' account for the errors on the boundary
29Q.
We express the solution of (3. 4) in terms of the starting values (cf. [43, (10.10)])

o) = Z B, (Ryu(-tm) —uy)), for n>gq, (3.6)
where Bzm =Yy =g mOj [3" ") with the operators B determined by the power series expan-
sion

(8(8) —7An)~ ZﬁhC" 3.7)
There exists a k € (0,7) (independent of 7, cf. [28, Lemma B.1]) such that

(e e z. “la, Vze E,ﬁ_%, (3.8)

Cilz] < [8(e*F)| < o] Vz€Z iz, (3.9)

lz—1718(e%%)| < Clz*t VzEZ iz (3.10)
Using Cauchy’s integral formula, we have

n_ 1 / A p—n-1
= — 6(8)—rtA "d
Bi= o [ (310 -
1
= ﬁ/ e"*(§(e™*") —1A;)"'dz (by a change of variable { = e %),

where I'" = {1In2+is : |s| < Z}. Since e*(§(e*") — TAp)~! is analytic in the region enclosed
by I'", F+,, and z=R=£iZ, with

1 T
I’ .= C: =K ,—In2 <
K {ZE arg(2) = + 2°27 n 2l < ‘L’cos(K)}

T 1
U{ZE(C: |arg(z)| < K+ §7|z| = 2Tlnz},

and the integration on the two lines z=R=£i% cancels each other, it follows that the integration
contour I'* can be further deformed to I'Y, ;. In other words,
2

Bi=5- / e3(8(e) — TA)~dz. (3.11)

2

Now (2.8) and (3.9) imply
15787 = 4) " lmyim(@) < Ol 8™ < Crlef ™ (312)
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Therefore,
1 _ _
B 22(@)1=(0) = ’ 271/1 e"?(8(e%F) — TAy) 14z
s L=(Q)—L=(Q)
< C/ 2| Te""Re@dz| < C.
re .
This estimate and expression (3.6) imply that
—1
107 |1=(0) < C Z | Rpa(tm) — ' | 2=
" (3.13)
<cn, Z ultm) — @)y for n>q,

where we have used the L™ stability (2.5) in deriving the last inequality.
It remains to estimate [|9][|;2(q). To this end, we multiply (3.5) by " and sum up the

resulting relations for n = ¢q,q+1,.... With the notation &,({) = Yoy Uy 6", this yields

{(rlcs(c:)ﬁh@),vh) FTBO),Tu) =0 Vo€, o1
3(8) =an(0) on 9Q.
Let My (77'8($)) denote the operator which maps gh(é_,') to 19;,(@'), defined by (3.14),
On(8) = My (t7'8(8))an(¢
Then,
1 < i
n n— l —1 5 —n—1 J
= — = M o di=) M,_;
=g [ BHOTT = s [ M (eS80 aE = Y My,
with
_ b n-1g / 1§ T2\ alnZ
= /m:lM (18N tag = | M8 ) e
3
Since T7'8(e” %) € Lz_q,, Lemma 3.1 implies
My (7' 8(e™™)) l1=(90)—1~@) < C.
This further implies
M l=(20)—1=(0)
< [ coll (e 6 ™) g oy e
K+7
<cn™!
Hence, we have
107 |- (0 n— jgh
L=(Q)
< Z 1Mo jllz=(20) > 1=@) |81l =(20) (3.15)
Jj=0
SCle max ||g;]]2-(o0).
The desired result of Lemma 3.2 follows from the estimates (3.13) and (3.15). O

Lemma 3.2 and (x) immediately imply the following result.
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Proposition 3.1 If 7> ¢, e /€ and h > c,e /¢ for some positive numbers ¥ and ¢, then the
solutions of (1.9) satisfy the following estimate:

max |6} [|;= (o < Ce¢/e +C£h0<r;1§;<71 l[ue(t;) — upll 1) (3.16)

0<n<N

4. Existence and uniqueness of solutions of a modified equation
Let x : R = R be a smooth cut-off function such that

s for |s| <

x(s)= sl < lx(s)] <1and |x'(s)| < 1VseER,

0 for |s| >3,

and define a nonlinear functional fy(-,7,) : L*(2) — L*(Q) by
/ 4 v —u(t) ?
T (0tn) = fu(tn)) + £ (u(tn)) (0 —u(tn)) + g (v,1a)€™ | X e (4.1)

with

gx(l),tn):/o]f”( (ta) + V€ x(ﬁ))w.

Then, we have the following estimates
lgx (V,10) | =) < 6(1 +&%) Yvel*(Q)
and, for vy, v, € L*(Q),
| £ (V1,80) — f (V2,1)] < (2+18€* +12€%)|v; — o] ace. in Q. (4.2)

Indeed, the former estimate is a consequence of f”(s) = 6s and |[u(t,)|| ;= (@) < 1, while the latter
follows from

|fx(vlvtn) _fl(v27tn)|
<If (u(ta))] [o1 = val + (max| 9z (&) |e* + 2max|gy (E,1a)|e?) o1 — vz
geRr EeR
<2/vi—vo|+( max [f"(s)|e*+2 max |f"(s)|62) 0 — s
s|<|u|+e€2 s|<|ul+e€2
< (2468 +12(1+£%)e?)|v,
note that in the last two inequalities we used the facts that f(s) =6, f"(s) = 6s and [lu(t,)|| =(q@) <

1.
If [0 —u(tn) | = (2 , then 2y (*"4%)) = v —u(t,) and therefore

fx(v,tn)—f( (tn))+f( (tn)) (0 — u(tn))
1
+(v—u(tn))2/0 I (u(ty) + (0 —u(ty)))dd
= f(v),

where the last equality is Taylor’s formula.
For given uZil €Sy, j=1,...,q, we denote by M : S, — §;, the map from v, € S, to wy, € S,
defined by

(1_50Wh,¢h) +(VWhaV¢h)+( — fx(Vn:ta), ¢h) ( Z5u ,¢h) Y on € Si,

wp=1 on dQ.
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If Ml)}(ll) = w§11> and legz) = W22)7 then
%, (1 2 1 2 1 1 2 .
2w = wi?) = ann) =) = = SR (F (0 )~ f (0 1) i @,
wﬁll) — wf) =0 on dQ.

Testing this equation by ngl) — wf) and using (4.2), we obtain

24 18e* +12¢2
2

&
i = w2+ 190 = wi)IP < g =02 1w} =i

Ifr<y €2, then

%
(1+9e%+6€2)
1 2 1, « 2
i =2 < 510 = oI,

which implies that the map M is a contraction on S;. By the Banach fixed point theorem, M
has a unique fixed point. Therefore, we have the following lemma.

Lemma 4.1 Let 7< g €2. Then, given uzfj €Sy, j=1,...,q, the modified equation

%
(1+9e4+6€2)
lfé"*fAulf("t) 0 in Q
P Uy~ — Al T S Ty Uy ln) =V 122,
TS €2 (4.3)
up =1 on 9Q,
has a unique solution uj, € S.

Existence and uniqueness of solutions to the original scheme (1.7) are proved in the next
section based on Lemma 4.1 and a maximum norm error estimate for the modified equation

(4.3).
5. Error estimate

In this section, we prove the following theorem, which is the main result of this article.

Theorem 5.1 Let € € (0,1] and let the initial value up be a compatible profile of the form
(1.3), so that properties (P1)—(P2) hold. Let y and ¢, be any fixed positive constants, and let
1<g<s.

Assume that the given starting values ui,j =0,...,q— 1, are sufficiently accurate, i.e.,
max  ||u(t;) —ul|| =0y < C(zle 9+ he™"). 5.1
Jmax | [u(t;) =1 ) < C ) (5.1

Then, under assumption (x) and the condition

_ o 5 - ) s
”eyw<7<4u+%ﬁ+@%£H% Qcyk<h<4u+%%+&%y+” (52)
equation (1.7) has a unique solution u} € S, for n=g,...,N, and uj}, satisfies the following error
estimate:
max_ [Ju(ty) — ]| < Cle /¢ + 19972 4 e~ 1), (5.3)
gs<n<N

Remark 5.1 If r =g =35, then 1+§ = 1+% =2, and therefore (5.2) is satisfied when 7,h <

80€2/64. In particular, our result implies that the five-step BDF method can have an error
bound of O(&¢*®) under the stepsize condition T = O(&?).

Remark 5.2 To prove Theorem 5.1, we shall show that there exists a constant & > 0 such
that (5.3) holds for € € (0,&,]. If € € [&,1], then the parameter € in problem (1.5) is not
small. In this case, the proof of Theorem 5.1 is standard and the details are omitted. In
particular, if € € [g,, 1], then the numerical scheme (1.7) possesses a unique solution u} € Sy, for
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T < 8oe? (because e 2f'(£) = 2(3E2— 1) > —¢&;72). Testing (1.7) by u}! —ngu} ' and using the
Nevanlinna—Odeh multiplier technique immediately yields

n
<
Ignnaé(N”uh” A Ca
which implies
max ||u(ty) — ]| < C < (Ce/&)e /% + C19e™972 +-Ch'e 1.
gsnsN
Hence, estimate (5.3) is valid for all € € (0,1].

We will use the following result from Dahlquist’s G-stability theory in the proof of Theorem
5.1.

Lemma 5.1 (Dahlquist [18]; see also [7] and [27, §V.6]) Let 8({) = 8,87+ ---+ & and u(f) =
UgC9+-- -+ 1o be polynomials of degree at most ¢ (and at least one of them of degree g) that
have no common divisor. Let (-,-) be a real inner product. If

Q) o
ReN(C)>O for |§| <1,

then there exists a positive definite symmetric matrix G = (g;;) € R%? such that for 00, e
in the real inner product space,

(251'0[’7’7 Zlijvﬁ) > Y g0 v) = Y g0 0.
i=0 j=0 ij=1 ij=1
In combination with the preceding result for the multiplier p({) =1—n,¢, the following
property of BDF methods up to order 5 becomes important.

Lemma 5.2 (Nevanlinna & Odeh [39]) For g <5, there exists a multiplier 0 < 1, < 1 such that
for 8(5) =X, 1 (1-0)",

6(¢)
1=n4C

The smallest possible values of 1, are
n =n2=0, N3 =0.0836, ny =0.2878, 15 = 0.8160.

Re

>0 for |C] < 1.

Precise expressions for the optimal multipliers for the BDF methods of orders 3,4, and 5
are given in [2].

5.1 Consistency errors

The consistency error d" of the semi-discrete BDF method is given by
14
j=0

By Taylor expanding about #,_, and using the order conditions (2.1), we have

111 & Tn—j tn

d'=— |- Z Sj/ (tw—j —5)298  u(s)ds — q (tn— )7 u(s) ds|;

q' T j:() th—q n—q

thus, under obvious regularity requirements, we obtain the desired optimal order consistency
estimate

N
(FX 10P) " < Comr )iz < Cote (5.5)
n=q

we used assumption (P2) in the last inequality.
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In addition to d", the following consistency error (due to spatial discretization) will also
appear in our error estimation:

1 q
q" = (Ry *Ph); Y Sjult).
=0

Thanks to the regularity property (P2), we have

1
4" | 12(@) < CH|Ou(D) || 2(0,7:1m()) < ChE™" 2. (5.6)
Similarly, the Ritz projection error pj = u(t,) — Ryu(t,) satisfies
r Fo—r+l
lPillr2i0) < CHl|u(®) |l 200, 7:m(0)) < CHE™""2. (5.7)

5.2 Proof of Theorem 5.1
Let u} € Sj, be the unique solution of the modified equation (4.3). We shall prove that

uy € Be(tn) := {n € Sp: || on —ultn) || =) < e}
therefore, fy(u},t,) = f(u};) and thus u} is actually a solution of (1.7). Then, the uniqueness
result in Lemma 4.1 implies that (1.7) has a unique solution in Be(#y).
Lemma 3.2 and assumptions (x) and (5.1) imply

1 1
max [|6]']| < C(e™/€+ 19972 4 h""2). (5.8)
0<n<N
Let €} := Ryu(t,) —uj, — 6}/,n =gq,...,N, denote the error of the numerical solutions, with ei =

0,j=0,...,g—1,and ¢ € S'h,n =¢,...,N. Then, we have the decomposition
u(ty) — i = e+ 6} +pi. (5.9)
Adding (4.3) and (1.9), and subtracting the result from the consistency equation

(iqu‘z)6ju(f”j),vh> + (Vu(ta), Vog) + <812fx(u(t,,),tn),vh> = (d", 1),
cf. (5.4), we obtain the error equation
igfjezj —Apel + éPh [fo (u(tn) tn) — fr (U, ta)] = Pud" + 4",
with d" and ¢" defined in §5.1. In view of (4.1) and the error decomposition (5.9), we have
! Zq: 6/'eh_j A
TS

/ n n n n\ 12
+&f%?D%+%qpﬁ+&&%yﬂgh(%+z+m)} (5.10)
=PRd"+4", n=gq,...,N.
An immediate consequence of Lemma 5.2 and Lemma 5.1 is the relation
(L avr i vr—nur 1) > Y gy(v0) = ¥ gy(v Lo (5.11)
i=0 ij=1 ij=1
with a positive definite symmetric matrix G = (g;;) € R%9; this inequality will play a crucial

role in our energy estimates.
With the Nevanlinna—Odeh multipliers n, € [0,1), we take in (5.10) the L? inner product
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with e} — nqezfl, and obtain
1 o )
(3L 06 d-n )+ (el mel )
j:

1

5 (i) e+ 03+ PR) h — e ™) (5.12)

g (un,tn) e+ Qn +p11 o
(e (S EE)] e -m )

(@), =gy N,
Using the inner product defined in (1.10), we rewrite (5.12) in the form

1 &
-] .n n—1 n o n n—1
(;Z(sjeh € — Ngey, >+<eh7€h_nqeh >ln
j=

,_O

— (f (1)) (8] +pp) € — Mgep ) (5.13)

8
L 1) e+ 0"+ pn .
(e (I )

=21 eh’eh_nqeh ) (dn""_q’:ez_nqezil)'
The spectral estimate (1.6) (as a result of property (P1)) guarantees that (-,-), in (5.13) is a
time-dependent inner product. It is this time-dependent inner product that helps us to obtain
an error estimate without exponential dependence on 1/€.
The first term on the left-hand side of (5.13) can be taken care of exactly as in [39], [36]
and [5]: from (5.11), with the notation EJ := (e}, AL .,en)T and

(A Z gi(ey e ),
i,j=1

we have

q .
(X o en—nger™) > IR~ 1EL 1 (5.14)
j=0

Using the Cauchy—Schwarz and arithmetic—geometric mean inequalities, we can estimate the
second term on the left-hand side of (5.13) as follows

(i =106 = 2 — 3y 12+l 2). (5.15)
Now, to relate HeZ*len back to ||eZ’1||t2n_1, we note that, in view of (1.10) and (1.11),
e 12 = ep 12 +§<[f’<u<rn>> e )
< eIz, + 2|| [

Therefore, from (5.15) we obtain

_ _ Ct, ,._
(hoef— ey > (1= 5, )b~ Smalel 2, — Sl 1P (5.16)
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In view of (5.14) and (5.16), relation (5.13) yields
CUENG + mgllerllz) — QIE;IE + Tnglley ™ 1I7_,) +27(1—ng)lleh]7

2T n n n n—
< g\(f’(u(tn))(eh +o7),€h =g )|
g, (Ul t, er+6; +py 2 n e
e () [y (A BBV g

Ct
+21|(24¢} ¢ —ngey ) +27|(d" +q" €]~ gey D+ 215 ¢

Crt
< ;H@ﬁﬂ)}lll2 +Ct(1+/€)(|lell* + e I1?) +Crlld" +¢"|>.

Summing here from n =g to n =m < N, and using (5.8), we obtain (note that HEZAHG =
-1
llef "I =10)

m

2 2 2
CUENE +TngllerlI7,) + Y 27 (1 =) bl
n=q
m
<C(1+e e /e p e yon¥e ' +Cr(1+1/e?) Y e}l
n=q
Under condition (5.2), using the consistency error estimates (5.5)—(5.7), this estimate can be
further reduced to
m
2 2
IERNIG+7(1=ng) ) llehll,
n=q
m
<C(1+e e */ercr™e 2 en¥e ™+t ) |e>
n=q
Since ||E*||% = c4lle||?, with ¢; > 0 denoting the smallest eigenvalue of the positive definite
symmetric matrix G, we thus infer that

m
calleiI? + (1 =ng)e Y llepllz
n=q

m
<C(1+e e */frcr?e 2 yon¥e e Y |lep]*.

n=q
A straightforward application of the discrete Gronwall inequality yields
max el < Ce'e /¢ +Cr9e T +Ch'e L. (5.17)
0<n<N

Next, following the notation of [4], we introduce a rescaled norm on £7(L*()), denoted by

|- lrz2(@)): for a sequence (V")N_, and a given stepsize 7, we denote

n y n 1/p
H(D )2\/:1 HLp(LZ(Q)) = (T ; ||‘U HZZ(_Q)) 5

which coincides with the LP(0,7;L*(2)) norm of the piecewise constant function taking the
values v".
We rewrite (5.10) as

1 4 .
;Zﬁjeh I~ Ayel=v)!, n=gq,...,N, (5.18)
j=0
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with

S (u(t))

of = =m0+ o) -

g n_ gn n 2
8y (u}, )84{x(6’1+ h+ph>:|

e? €2

+ P,d" + Rh —Ph Z 5 iu ln

We apply the discrete maximal LP-regularity to (5.18) (cf. [30, Theorem 4.2]). This yields

5o,

<l Mgl 2@y

<cH (W@%eﬁp}:)y

n=qllLr(12(@))

n n n 2
€ n=qllLr(L2(2))

n 1 d N
+ @R iy +| (Re=P) 3 50

+ | (Aneh g lloe2
) W=qllr@z(@)

Jj=0 n=q|ILP(L*(2))

< C872|| () + 6y +pp) itV*qHLP 12(Q +CH(dn)il\;qHL”(Lz(-Q))

+C ( Ry — Z 8ju(ty )

n=qlILP(12(Q))
<Ce e /F4Crie 12 4+ Che 2 V1< p<oo
In [4, p. 1538] it is shown that (for zero starting values el =--- = eZil =0)
e P I\ N
(5 o <G E ) s
T n=gllLP(12(Q n=q|ILP(L2(2))

Therefore,
+ (Aol i)

H( ),
n=q||LP(12(Q)) (5.19)

(873 7C/S+Tq8 q— 25+hr —r— 25) V1< p<oo.

Adapting the idea of [31, Section 3.4] here, we denote by é,(t), ¢ € [0,T], the piecewise linear
interpolant of the sequence (e;‘l)nNzo at the temporal nodes t, =nt, n=0,1,...,N. Then,

9@l Lo 0.r:12(0)) + 1 Anhll Lo (0,722 (2))

e _en I\NN
<C<H<hh> +||(Aheg>yq||L,,(L2(m)>.
n=qllLr(22(2)

Let ¢ be the solution of the boundary value problem
{A(p = A8, in Q,

(5.20)

=0 on Q.
Then
[191l12(0) < CllAnenll 2 (q)

and
10: 11200y = 1A~ M0l 12() < Cll9henll 20
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the last inequality was proved in [26, Lemma 5.1]. Thus
1901l r0.7:02(2)) T 19l r 0,702 002)) < N9k@hllLro.7:22)) + 1Anhl 1o (0,7:12(2))- (5.21)
By using the inhomogeneous Sobolev embedding (cf. [37, Proposition 1.2.10])
WP (0,T:X)NLP(0,T:Y) < L™(0,T5(X,Y)1-1/p.),
where (X,Y)_1/p, = BZ—%;Z,p () denotes the real interpolation space between the two Banach
spaces X = L?(Q) and Y = H*(Q) (cf. [1, §7.32]), we obtain

loll ., or 327 @) <C(19:91lr0.r:200)) T 1100 0.7502(0))) - (5.22)

2
Since B> 727 (Q) < C*(Q) for some positive a when p > 4/(4—d), in this case we have

10122 (0,7:co@ ||¢|| m0 1B 520 (0)) (5.23)

Since €], is the Ritz projection of ¢(z,), using the L™ estimate of the Ritz projection (cf. (2.7)),
we have

lleh = @ (tn)ll=(0) < Cluh® (|9 (ta) | co i@y < ClIO (tn)l ce ) - (5.24)
Then, estimates (5.19)—(5.24) imply
max e}l =) < Ce e /€ +CT9e 92+ Ch'e ™ 2% V1< p<oo.
If (5.2) holds, then
1979725 = p(e?) and e "2 =o(e?).
Meanwhile, Proposition 3.1 and (5.1)—(5.2) imply

1
. —5c/€ 2 (G o—q ra—T
r<na<xN||6hHL < Ce 28 4y (t9e 9+ Ch"e™)

< Ce /% 4 Ce B(19797% + Cife™"7)

< Ce2°/¢ L C(19e~1"1 4+ Ci'e ™" 1)
= 0(82),
max_||pflli=(a) < Ch'e™"% = o(€?),

gq<n<N

where we have used the estimate E%E% < C, which is a consequence of the mesh condition (5.2).
Since u(t,) —uj, = €}, + 6, + p;., for sufficiently small € the last three estimates yield

) — || ;=0 < E2. 2
qglnégNHM(n) uyll=() < € (5.25)

Therefore, u} € Be(t,) and fy(u},t,) = f(u}). This means that uj is a solution of (1.7). This
together with (5.17) imply the result of Theorem 5.1. O

6. Numerical examples

The initial and boundary value problem (1.5) with ¢ =1 is still an L? gradient flow of the
Cahn—Hilliard energy, i.e., testing (1.5) by u, and using integration by parts (with u, =0 on
dQ) still yields the energy decay property,

3 (3wl r )as= [ uPas<o (6.

In this article, we considered high-order BDF methods (1.7). It turns out that the condition
for the error estimate is less restrictive if a high-order method in time is used. This is a desired
property of the numerical method. On the other hand, we cannot prove unconditional (uniform
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in €) energy decay of the numerical solutions given by high-order BDF methods. We present
results of numerical experiments to illustrate the merit of high-order BDF methods.
We consider the AC equation (1.5) with the initial value

o(x) = O (Ao(x)/(V2e)), (6.2)

where Ag(x) is the signed distance to an ellipse interface
I — R2 - X 3 -1
0—{()51,%2)e "036 T 004 }1
and the function O (r) = tanh(r) satisfies (1.4). This example was considered in [21]. We solve
the problem by the proposed method in a domain Q = [—1,1]%. The 3-stage (5th-order) Runge—
Kutta Radau ITA method is used at the first 4 steps to generate sufficiently accurate starting

values for the BDF5 method.

First, we present the numerical simulation of the zero-level set of the solution in Figure 2
with € =0.04,0.02 and 0.01. The numerical results show that the zero-level sets obtained with

several sufficiently small € are consistent.

1.00 1.00
ors{ £=004 ors{ T £=0.04
---- £=0.02 ---- £=0.02
030 — £=001 050 — £=0.01
0.25 0.25
-0.25 -0.25
-0.50 -0.50
-0.75 -0.75
-1.00 T T T T T T -1.00 T T T T T
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00 -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
(a) (b)
1.00 1.00
ors{ £=0.04 ors{ T £=0.04
---- £=0.02 ---- £=0.02
030 — £=001 050 — £=0.01
0.25 0.25
0.00{ 0.00
-0.254 -0.25
-0.501 -0.50
-0.751 -0.75
-1.00 T T T T T T T -1.00 T T T T T T T
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00 -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
(c) (d)

Fig. 2. Snapshots of the zero-level set of uj at time r = 0,0.02,0.04,0.05, 7 = 0.5¢2 and € =0.04,0.02,0.01.

The energy curves of numerical solutions corresponding to various € are presented in Figure
3, from which we see that the energy decays as time increases. This shows that high-order BDF
methods are practically energy stable in numerical simulation for small €. Since the initial value
depends on &, as shown in (6.2), the initial energy is O(e~!).

Second, we investigate the temporal convergence rates of numerical solutions with a fix
spatial mesh size h=¢€/ V2. The numerical results at T = 8¢, € and 0.1 are presented in Tables
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500 — £=0.04
--- £=0.02
4004 e £=0.01

0.00 0.02 0.04 0.06 0.08 0.10
t

Fig. 3. Energy evolution of numerical solutions, with 7= €2 and h = 8/\/5

1-3. These results show that the BDF5 method has much smaller errors than the backward
Euler method for all three cases, T = 8¢2, € and 0.1. This shows the merit of using high-order
BDF methods for the AC equation.

Table 1. Time discretization errors Huﬁlfuf/zHLz(Q) at T =8¢ with h=¢/v2.

T = 8¢? T 2-6g2 2772 2-8¢2 order
€

BDF5 0.04 3.365E-10 1.458E-11 5.418E-13 4.8
Method 0.02 4.854E-11 2.154E-12 8.796E-14 4.6
0.01 3.865E-11 1.972E-12 8.627E-14 4.5
Backward 0.04 9.840E-05 4.914E-05 2.453E-05 1.0
Euler 0.02 1.443E-05 7.181E-06 3.594E-06 1.0
Method 0.01 2.749E-06 1.379E-06 6.909E-07 1.0

Table 2. Time discretization errors |ju *MITV/ZHLz(g) at T =¢ with h=¢/V2.

T=c¢ T 2-6¢2 2772 2-8¢2 order
€

BDF5 0.04 5.394E-08 2.692E-09 1.095E-10 4.6
Method 0.02 4.033E-11 1.783E-12 7.222E-14 4.6
0.01 2.540E-11 1.259E-12 5.841E-14 4.4
Backward 0.04 2.251E-04 1.123E-04 5.596E-05 1.0
Euler 0.02 5.032E-05 2.511E-05 1.254E-05 1.0
Method 0.01 1.045E-05 5.218E-06 2.607E-06 1.0

Third, we investigate the spatial convergence rates of numerical solutions with a fixed tem-
poral stepsize. The numerical results at T =4¢€2, € and 0.1 are presented in Tables 4-6. These
results show that the error decreases as T increases, and high-order finite elements yield higher-
order accuracy than low-order finite elements when € is small. This shows the merit of high-order
finite elements for the AC equation. The convergence rates at T = 0.1 is not accurate when € is
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Table 3. Time discretization errors |ju _“];’/QHLZ(Q) at T =0.1 with h = ¢/v/2.

T=0.1 T 2-1g2 272¢2 273¢2 order
&

BDF5 0.04 1.717E-09 8.061E-13 4.353E-15 75
Method 0.02 2.641E-13 4.097E-13 2.282E-15 75
0.01 1.224E-13 1.820E-13 2.280E-14 3.0
Backward 0.04 2.787E-09 4.994E-09 8.518E-09 —
Euler 0.02 3.748E-09 9.105E-09 2.010E-08 -
Method 0.01 6.431E-09 2.261E-08 3.283E-08 -

Table 4. Space discretization errors ||ulf 7u2//2|\Lz(Q) at T = 4€?, with 7= €?/2.

£ h r=2 order r=3 order

272/2¢ 3.052E-01 - 4.821E-02 —~

0.04 273\/2¢ 6.974E-02 2.1 1.032E-02 2.2
24/2¢ 1.718E-02 2.0 1.358E-03 2.9
22\/2¢ 1.476E-01 - 3.418E-02 —~

0.02 212e 3.800E-02 1.9 6.968E-03 2.3
20\/2¢ 1.007E-02 1.8 9.489E-04 2.9
21y/2¢ 9.392E-02 - 2.377E-02 -

0.01 20./2¢ 2.488E-02 1.9 4.691E-03 2.3
2-1/2¢ 6.550E-03 1.8 6.877E-04 2.8

too small, as the solution is identical to 1 almost everywhere. In this case, the error suddenly
decreases to almost zero when the mesh size reaches a threshold.

7. Conclusion

We have presented an error estimate for fully discrete FEMs with high-order BDF methods
for the AC phase field equation with explicit dependence on the parameter € describing the
thickness of the phase transition zone, by utilizing the spectral estimate (1.6) of the linearized
AC operator. The error estimation uses the time-dependent inner product (1.10), introduced
based on the spectral estimate (1.6), and is presented for the AC equation subject to the
Dirichlet boundary condition u = 1. The error estimate can be straightforwardly extended to
the AC equation with homogeneous Neumann or periodic boundary conditions. The extension
to other phase field models, such as the Cahn-Hilliard equation, is possible if the spectral
estimate is available. Rigorous analysis for those problems requires further investigation.
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Table 5. Space discretization errors [|ul) fug/zHLz(_Q) at T = ¢, with 7= €2.

€ h r=2 order r=3 order

272/2¢ 2.499E-01 - 1.324E-02 -

0.04 273\2¢ 6.618E-02 1.9 2.913E-03 22
274/2¢ 1.813E-02 1.9 2.449E-04 3.5
22\/2¢ 1.072E-01 - 3.390E-02 -
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0.01 204/2¢ 2.884E-02 14 1.492E-03 3.2
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