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The evolution of a closed two-dimensional surface driven by both mean curvature flow and a
reaction—diffusion process on the surface is formulated as a system that couples the velocity law
not only to the surface partial differential equation but also to the evolution equations for the normal
vector and the mean curvature on the surface. Two algorithms are considered for the obtained system.
Both methods combine surface finite elements for space discretization and linearly implicit backward
difference formulae for time integration. Based on our recent results for mean curvature flow, one of
the algorithms directly admits a convergence proof for its full discretization in the case of finite
elements of polynomial degree at least two and backward difference formulae of orders two to
five, with optimal-order error bounds. Numerical examples are provided to support and complement
the theoretical convergence results (illustrating the convergence behaviour of both algorithms) and
demonstrate the effectiveness of the methods in simulating a three-dimensional tumour growth
model.

2010 Mathematics Subject Classification: Primary 35R01, 65M60, 65M15, 65M12.

Keywords: Forced mean curvature flow, reaction—diffusion on surfaces, evolving finite element
method, linearly implicit, backward difference formula, convergence, tumour growth.

1. Introduction

We consider the numerical approximation of an unknown evolving two-dimensional closed surface
I"(¢) that is driven by both mean curvature flow and a reaction—diffusion process on the surface,
starting from a given smooth initial surface I"°. The outer normal velocity V of the surface is
determined by the velocity law

V=_H+u (L.1)

© European Mathematical Society 2020
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where H is the mean curvature of the evolving surface, and where u(x,t) (x € I'(¢),t € [0,T]) is
the solution of a reaction—diffusion equation on the evolving surface,

0°u+uVp-v—Aru = F(u,Vru), (1.2)

with given initial data u% Here, F :RxR3 > Risa given smooth function, and v is the surface
velocity: v = Vv with V of (1.1) and the outer normal v. Problem (1.1)-(1.2) can be viewed as
forced mean curvature flow driven by the solution of the parabolic equation (1.2) on the evolving
surface.

While we study the numerical approximation of Problem (1.1)—(1.2) with a scalar parabolic
equation for notational simplicity, we remark that the numerical method and its convergence
properties extend readily to the case of a system of reaction-diffusion equations (1.2) with solution
u = (uy,...,Uy) and the velocity law V = —H + aju; + ... + amu,, with constant real
coefficients o;. We will encounter such a more general problem in our numerical experiments with
a tumour growth model.

Many practical applications concern mean curvature flow coupled with surface partial
differential equations (PDEs), for example tumour growth [2, 7-9, 22];surface dissolution [18, 21]
(also see [16, Section 10.4]); diffusion induced grain boundary motion [11, 23, 35]. These models
all use a velocity law that is linear in u, as in (1.1) or as in the previous paragraph, except for
diffusion induced grain boundary motion where V = —H + u?.

Numerical approximations to forced mean curvature flow coupled with surface partial
differential equations have been considered in some of these papers. For curves, convergence of
numerical methods for such coupled problems of forced curve shortening flow was proved in [3, 34].

Numerical approximation to pure mean curvature flow of surfaces — i.e., the case u = 0 in
(1.1) — was first addressed by Dziuk [14], based on a formulation of mean curvature flow as a
formally heat-like equation on a surface. He proposed an evolving surface finite element method
in which the moving nodes of the finite element mesh determine the approximate evolving surface.
Different surface finite element based methods were proposed by Barrett, Garcke & Niirnberg [5]
based on different variational formulations, and by Elliott & Fritz [19] based on DeTurck’s trick of
reparametrizing the surface. However, proving convergence of any of these methods has remained
an open problem for the mean curvature flow of closed two-dimensional surfaces.

In [27] we proved the first convergence result for semi- and full discretizations of mean curvature
flow of closed surfaces with evolving surface finite elements. Discretizing the coupled system for
the velocity law together with evolution equations for the normal vector field and mean curvature,
we obtained a method with provable error bounds of optimal order.

To our knowledge, no convergence results have yet been proved for forced mean curvature flow
of closed surfaces (1.1)—(1.2). For a regularized version of forced mean curvature flow of closed
surfaces, optimal-order convergence results for semi- and full discretizations were obtained in [28]
and [29], respectively.

In this paper, we extend the approach and techniques of our previous paper [27] to the forced
mean curvature flow problem (1.1)—(1.2) as a coupled problem together with evolution equations for
the normal vector and mean curvature. These evolution equations, as compared with those for pure
mean curvature flow given in [25], contain additional forcing terms depending on u. We present
two fully discrete evolving finite element algorithms for the obtained coupled system. The first
algorithm discretizes the two terms 0°u + u Vp[x] - v separately in the spatial discretization by
using the velocity law for v and the approach in [27]. The second algorithm combines the two terms
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in the spatial discretization by an idea of [15] for treating conservation laws on an evolving surface.
Both algorithms use evolving surface finite elements for spatial discretization and linearly implicit
backward difference formulae for time integration, and for both algorithms the moving nodes of a
finite element mesh determine the approximate evolving surface.

The convergence proof for the forced mean curvature algorithm considered here is a very minor
modification compared to the convergence proof for the pure mean curvature algorithm of [27], since
that algorithm is already built on coupling evolution equations on the surface to the evolution of the
surface. The first algorithm can be written in the same matrix—vector form as the method proposed
in [27] for the mean curvature flow. The convergence analysis in [27] applies directly to the present
algorithm for forced mean curvature flow as well, except for one term which corresponds to the term
Aru in the evolution equation for H. The necessary changes to the stability analysis brought about
by this term are carried out in detail. Under the assumption that the problem admits a sufficiently
regular solution, this yields uniform in time, optimal-order H '-norm convergence results for the
semi- and full discretizations of forced mean curvature flow when using at least quadratic evolving
surface FEM and linearly implicit backward difference formulae of order two to five.

For the second algorithm, we indicate how such an optimal-order convergence estimate of the
evolving surface finite element semi-discretization can be obtained by combining results of [28]
and [27], but we do not carry out the details.

For the velocity law V' = —H + g(u) with a nonlinear smooth function g, we expect that
convergence of a direct generalization of the algorithms presented in this paper can be shown with a
combination of the techniques of [27, 28, 31]. As this would become a nontrivial lengthy extension,
it is not worked out here.

Finally, we present numerical experiments to support and complement the theoretical results. We
present convergence tests for both algorithms, and also present an experiment with the numerical
simulation for a tumour growth model, using the parameters in [2] for the sake of easy comparison.

2. Evolution equations for mean curvature flow driven by diffusion on the surface
2.1 Basic notions and notation

We consider the evolving two-dimensional closed surface I'(t) C R3 for times ¢ € [0, T] as the
image
r@) =rixenl:={Xp.u: perl’,

of a smooth flow map X : I'° x [0, T] — R? such that X(-,7) is an embedding for every ¢. Here,
I'% is a smooth closed initial surface, and X(p,0) = p. When the time ¢ is clear from the context,
we drop ¢ in the notation and write for short

I'[X] = I'XC,0)].

In view of the subsequent numerical discretization, it is convenient to think of X (p, t) as the position
at time ¢ of a moving particle with label p, and of I"[X] as a collection of such particles.
The velocity v(x,t) € R3 at a point x = X(p,t) € I'(¢) equals

3 X(p.t) =v(X(p,1).1). 2.1

For a known velocity field v, the position X(p, t) at time ¢ of the particle with label p is obtained
by solving the ordinary differential equation (2.1) from O to ¢ for a fixed p.
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For a function w(x,t) (x € I'(t),0 <t < T) we denote the material derivative as
. d
°w(x,t) = m w(X(p,t),t) for x = X(p,1).

On any regular surface I' C R3, we denote by Vrw : I' — R3 the tangential gradient of a
function w : I' — R, and in the case of a vector field £ = (f1. f2. f3)T : I’ — R3, we let
Vrf = (Vr f1.Vr f2, Vr f3). We thus use the convention that the gradient of f has the gradient
of the components as column vectors. We denote by V - f the surface divergence of a vector field
fonI',andby Arw = Vp-Vrw the Laplace-Beltrami operator applied to w; see the review [10]
or [17, Appendix A] or any textbook on differential geometry for these notions.

We denote the unit outer normal vector field to I" by v : I’ — R3. Its surface gradient
contains the (extrinsic) curvature data of the surface I". At every x € I, the matrix of the extended
Weingarten map,

A(x) = Vrv(x),

is a symmetric 3 x 3 matrix (see, e.g., [36, Proposition 20]). Apart from the eigenvalue 0 with
eigenvector v, its other two eigenvalues are the principal curvatures k; and «,. They determine the
fundamental quantities

H :=tr(A) = k1 + k2, |A]> = kT + K3, (2.2)

where | A| denotes the Frobenius norm of the matrix A. Here, H is called the mean curvature (as in
most of the literature, we do not put a factor 1/2).

2.2 Evolution equations for normal vector and mean curvature

Forced mean curvature flow driven by diffusion on the surface sets the velocity (2.1) of the surface
Ir'X]to
v = Vv  with the normal velocity V = —H + u, 2.3)

where u is the solution of the non-linear reaction—diffusion equation on the surface I"[X] with given
initial value u©,

0°u + MV['[X] cV — A[‘[X]u = F(u, V['[X]u) on F[X], 2.4)

with a given smooth function F : R x R3 — R.

The geometric quantities H and v on the right-hand side of (2.3) satisfy the following evolution
equations, which are modifications of the evolution equations for pure mean curvature flow
(i.e., V = —H) as derived by Huisken [25].

Lemma 2.1 For a regular surface I' [ X | moving under forced mean curvature flow (2.3), the normal
vector and the mean curvature satisfy

0%y = Arxv + |A|2 vV — Vrxu, 2.5)
°H = ArpxH + |APH — Arpxqu — |Alu. (2.6)
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Proof. Using the normal velocity V' in the proof of [25, Lemma 3.3], or see also [6, Lemma 2.37],
the following evolution equation for the normal vector holds:

%y = —V['[X]V.
On any surface I', it holds true that (see [17, (A.9)] or [36, Proposition 24])
VF[X]H = AF[X]V + |A|2\),

which, in combination with V' = —H + u from (2.3), gives the stated evolution equation for v.
By revising the proof of [25, Theorem 3.4 and Corollary 3.5], or see [6, Lemma 2.39], with the
normal velocity V' we obtain
H = —ArpxV — |4V,

which, again with V' = —H + u from (2.3), yields the evolution equation for H . O

2.3 The system of equations used for discretization

Similarly to [27], collecting the above equations, we have reformulated forced mean curvature flow
as the system of semi-linear parabolic equations (2.5)—(2.6) on the surface coupled to the velocity
law (2.3) and the surface PDE (2.4). The numerical discretization is based on a weak formulation
of (2.3)—(2.6), together with the velocity equation (2.1). For the velocity law (2.3) we use a weak
formulation that turns into the standard Ritz projection when restricted to a subspace. The weak
formulation reads, with V' = —H +u and A = Vp[xjv,

/ VF[X]U . V['[X](pv —i—/ v’ =/ V['[X](Vv) . VF[X](pv + / Vv-g? (2.7a)
rixj r'[Xx] r'[X] rix]
/ a'v . gov + / V[‘[X]U . V['[X](pv = / |A|2 v - (pv — / VF[X]u . gDv (2.7b)
r[x] r[x] rix] rx]
/ 0°H ¢H+/ VF[X]H . VF[X](pH =—/ |A|2 V(pH +/ V['[X]u . V['[X](pH, (2.7¢)
rx] rix] rixj rix]
d
— up" +/ Vrxu - Vrxe” = / F(u,Vrixju)e", (2.8)
dr Jrix r[x] rx]

for all test functions ¢” € HY(I'[X])? and ¢* € HY(I'[X])3, ¥ € HYW(I'[X]), and ¢* €
HY(I'[X]) with 3°¢* = 0. Here, we use the Sobolev space H'(I") = {u € L*(I') : Vru €
L?(I")}. Throughout the paper both the usual Euclidean scalar product for vectors and the Frobenius
inner product for matrices (which equals to the Euclidean product using an arbitrary vectorization)
are denoted by a dot. This system is complemented with the initial data X°, v°, H® and u°.

An alternative weak formulation of (2.8), which is similar to (2.7b)—(2.7¢), is based on

/ °u ¢* ~I—/ Vrxu - Vexe" = / F(u,Vxju)e" —/ (Vrx - v)ug®,
rix] rix] rix] rix]

for * € H'(I'[X]). Using that V/V -v = 0 and H = Vp[x] - v and inserting the velocity
law (2.3), we obtain
Vrix1-v=Vrixy-(Vv) = (VrxgV) v+ V(Vrixy-v) = V(Vrxy - v)
=(—H +u)H.
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This yields a weak formulation of a similar form as (2.7b) and (2.7c¢),

/ d°u ¢* +/ Vrxu - Vexe® = [ f(H,u,Vpxu)e" (2.9)
r[x] r[xi r[x]

for all % € H'(I'[X]), where we set
f(H,u, V['[X]u) = F(u, V['[X]u) —(—H +u)Hu.

3. Evolving finite element semi-discretization
3.1  Evolving surface finite elements

We formulate the evolving surface finite element (ESFEM) discretization for the velocity law
coupled with evolution equations on the evolving surface, following the description in [27, 28],
which is based on [13] and [12]. We use a surface approximation consisting of curved elements
of polynomial degree k over a flat triangular reference element, which are therefore simply called
triangles (even if they are curved), and use continuous piecewise polynomial basis functions of
degree k, as defined in [12, Section 2.5].

We triangulate the given smooth initial surface I"? by an admissible family of triangulations T},
of decreasing maximal element diameter /; see [15] for the notion of an admissible triangulation,
which includes quasi-uniformity and shape regularity. For a momentarily fixed 4, we denote by
x° the vector in R3V that collects all nodes p; (j = 1,...,N) of the initial triangulation. By
piecewise polynomial interpolation of degree k, the nodal vector defines an approximate surface
T, hO that interpolates "% in the nodes p; of the (curved) triangles of Tj,. We will evolve the jth node
in time according to an approximation of the ODE (2.1), denoted x; () with x;(0) = p;, and collect
the nodes at time 7 in a column vector

x(1) e R3V,

We just write x for x(z) when the dependence on ¢ is not important.

By piecewise polynomial interpolation on the plane reference triangle that corresponds to every
curved triangle of the triangulation, the nodal vector x defines a closed surface denoted by I}[x].
We can then define globally continuous finite element basis functions

¢i[x] : Iu[x] — R, i=1,...,N,

which have the property that on every triangle their pullback to the reference triangle is polynomial
of degree k, and which satisfy at the nodes ¢; [x](x;) = §;; forall i, j = 1,..., N. These functions
span the finite element space on I, [x],

SnIx] = Sp(In[x]) = span{¢y[x]. $2[X]. . ... pn[x]}.

For a finite element function u;, € S;[x], the tangential gradient V, quy, is defined piecewise on
each element.

The discrete surface at time ¢ is parametrized by the initial discrete surface via the map X (-, 1) :
I — Iy[x(1)] defined by

N
Xn(pn.1) = Y _ X (1) ¢ [xO)(pn).  pa €T}
j=1
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which has the properties that X, (p;.t) = x;(t) for j = 1,..., N, that X;(pp.0) = pp for all
pn € T2, and

Lix0)] = CIXa( 0] = {Xn(pn.t) = pp € I}
The discrete velocity vy (x,t) € R3 at a point x = X, (pp,t) € I'[Xx(-,1)] is given by

3 Xn(pns 1) = vp(Xn(pn, 1), 1).

In view of the transport property of the basis functions [15], & (¢; [X(t)](X4(ps.?))) = O, the
discrete velocity equals, for x € I,[x(?)],

N
va(x, 1) = Y v () ¢ [xO](x)  with v; (1) = % (1),

j=1

where the dot denotes the time derivative d/dz. Hence, the discrete velocity vy (-, ¢) is in the finite
element space S [x(7)], with nodal vector v(1) = Xx(r).
The discrete material derivative of a finite element function u, (x, t) with nodal values u; (¢) is

d N
(e, 1) = —un(Xa(pa,0)) = Y i (¢ XOI6) at x = Xi(pn.1).

Jj=1

3.2 ESFEM spatial semi-discretizations

Now we will describe the semi-discretization of the coupled system using both formulations of the
surface PDE.

The finite element spatial semi-discretization of the weak coupled parabolic system (2.7)
and (2.9) reads as follows: Find the unknown nodal vector x(#) € R3" and the unknown finite
element functions vy (-, 1) € Sy[x(#)]® and v, (-, ¢) € Sp[x()]3, Hy(-, 1) € Sp[x(?)], and up (-, 1) €
Sp[x(1)] such that, by denoting «f = |V, xqval® and Vj = —Hj, + uy,

/ Vrh[x]vh-Vrh[x]pr+[ v @) =/ Vrh[x](thh)'Vrh[x]¢Z+/ ‘]/hvh'fﬂ},’ (3.1a)

Iylx] I'y[x] I'y[x] Iylx
v - @) +/ VrxVe - V,xen =/ ap vp '(P},’—/ Vr,xun - @, (3.1b)
Iy[x] Iy[x] Iy[x] Iy[x]
371Hh¢hH+/ Ve, Hi - Vr,men :_/ o, Vh¢f+/ Vet -V, xen
Iy[x] Iy[x] Iy[x] I'y[x]
(.1¢c)
and
IR uney +/ Vrexgun - Veo,wer = | f(Hiup Vr,mun)ey 3.2)
Iy [x] Iylx] Iy x]

for all ¢, € Sulx()]3, ¢, € Sulx()]3, gof € Sup[x(1)], and ¢ € Sp[x(7)] with the surface
Iy[x(¢)] = I'[ Xy (-, t)] given by the differential equation

3 Xn(pn.t) = vi(Xn(pn.1),1).  prel}. (3.3)
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The initial values for the nodal vector x are taken as the positions of the nodes of the triangulation
of the given initial surface I"°. The initial data for v, Hj, and u; are determined by Lagrange
interpolation of v°, H® and u°, respectively.

Alternatively, the finite element spatial semi-discretization of the weak coupled parabolic
system (2.7) and (2.8) determines the same unknown functions, but, instead of (3.2), the
equations (3.1) and the ODE (3.3) are coupled to

— uh(p;'f + / Vph[x]uh . VPh[x]‘PZ = / F(up, th[x]uh)WZ (3.4
dt Jr,ix Tylx] Tplx]

for all ;' € Sp[x(¢)] with 3} ¢, = 0.

In the above approaches, the discretization of the evolution equations for v, H and u is done
in the usual way of evolving surface finite elements. The velocity law (2.3) is enforced by a Ritz
projection to the finite element space on I, [x]. Note that the finite element functions vy and Hj, are
not the normal vector and the mean curvature of the discrete surface I,[x(¢)].

3.3  Matrix—vector formulation

We collect the nodal values in column vectors v = (v;) € R3N n = (v;) e R3N H = (H;) e R
andw = (u;) € R . We define the surface-dependent mass matrix M(x) and stiffness matrix A(x)
on the surface determined by the nodal vector x:

T
Tulx] i,j=1,... N,
ARX)];; = / Vr,x9i [X] - Vi, xe; [,
Ty[x]
with the finite element nodal basis functions ¢; [x] € Sp,[x]. We further let, for an arbitrary dimension
d (with the identity matrices I; € R4xd),
MAm =1, 0ME), Am =l 0AK,  K9® =10 (MK +AE).

When no confusion can arise, we write M(x) for MI)(x), A(x) for Al?)(x), and K(x) for K[¢!(x).
We define nonlinear functions f(x,n, H,u) € R>N and g(x,n,H,u) € R3N  where

f,(x,n,H,u)
fx,n,H,u) = | fg(x,n,H u)
f,(x,H,u)
with f,(x,n, H,u) € R*" fy(x,n,H,u) € RY and f,(x,n, H,u) € RY. These functions are given
as follows, with the notations ai = |V[‘h[x]l)h|2 and V, = —Hy, + uy,
fo(x,n, H,w)|; 1 ¢-ny = / aj (vi)e ¢5[x] —/ (Vr,,[x]uh) - ¢ [x],
Iy[x] Iylx] ¢
fr (x,n, H,u)|; = —/ ap Vi ¢j[x] +/ Vs - Vr,x e X,
Iylx] Iylx]

f, (x, H,u)|; S(Hp, up, Vi, qun) ¢ [X]:

Iylx]

gx.n,H.w)|; -1~ =/ Va(vr)e ¢j[X]+/ Vr,xd(Ve(n)e) - Vi, 9 [X],
I,[x] I'plx]
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forj =1,...,N and £ = 1,2, 3. We abbreviate

n
w=| H | e R,
u

Equations (3.1) and (3.2) with (3.3) can then be written in the matrix—vector formulation

KB (x)v = g(x, w),
MU (X)W + APl x)w = f(x, w), (3.5)

X=1vV.

The system (3.5) for forced mean curvature flow is formally the same as the matrix—vector form of
the coupled system for non-forced mean curvature flow derived in [27], cf. (3.4)—(3.5) therein, with
w = (n;H;u) € RV in the role of u = (n; H) € R*N of [27]. The nonlinearity f(x, w) is built up
from integrals of the same type as f(x, u) in [27], with the only exception of the second term in fz,
whose entries contain the tangential gradient of the basis functions and which in total can be written
as A(x)u. This term stems from the term —A r[xju in the evolution equation for / in Lemma 2.1.
The function g is defined in the same way as g in [27], just with V}, = —H}, + uy, in place of —Hj,.

REMARK 3.1 For the alternative system of equations (3.1) and (3.4) with (3.3) we denote

— n 4N _ fv (X7 n, H’ ll) 4N
z—(H)eR , f(X’Z’u)_(fH(X,n,H,u) eR

and introduce

Flx.u)|; = /F Pl Vi) 1
h X

Equations (3.1) and (3.4) with (3.3) can then be written in the following matrix—vector form:

K[! x)v = g(x,z,u),

M4 (x)z + A (x)z = f(x, z, u),
(3.6)

%(M(x)u) +Au = F(x.u),

X =vV.

34 Lifts

Asin [28] and [27, Section 3.4], we compare functions on the exact surface I'[ X (-, t)] with functions
on the discrete surface I'y[x(¢)], via functions on the interpolated surface I'y[x*(t)], where x*(¢)
denotes the nodal vector collecting the grid points x; (t) = X(p;.t) on the exact surface, where p;
are the nodes of the discrete initial triangulation 7 hO.

Any finite element function wy on the discrete surface, with nodal values wj, is associated
with a finite element function wy, on the interpolated surface I';" with the exact same nodal values.
This can be further lifted to a function on the exact surface by using the lift operator [, mapping a
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function on the interpolated surface I';* to a function on the exact surface I”, provided that they are
sufficiently close, see [12, 13].

Then the composed lift L maps finite element functions on the discrete surface I7}[x(7)] to
functions on the exact surface I"[X (-, t)] via the interpolated surface I, [x*(¢)]. This is denoted by

L _ (4l
wy = (Wp)" .

4. Convergence of the semi-discretization

We are now in the position to formulate the first main result of this paper, which yields optimal-
order error bounds for the finite element semi-discretization (using finite elements of polynomial
degree k = 2) (3.1), and (3.4) or (3.2), with (3.3) of the system for forced mean curvature equations
(2.7), and one of the weak formulations (2.8) or (2.9) for the surface PDE, with the ODE (2.1) for
the positions. We introduce the notation

xF(x,t) = XF(p,t) € Ty[x(t)]  for x = X(p,t) € ['[X(-,1)].

Theorem 4.1 For the coupled forced mean curvature flow problem (2.7) and (2.9) with a
smooth function F, taken together with the velocity equation (2.1), we consider the space
discretization (3.1)—(3.3) (or equivalently (3.5) in matrix—vector form) with evolving surface finite
elements of polynomial degree k = 2. Suppose that the problem admits an exact solution
(X, v, v, H,u) that is sufficiently regular on the time interval t € [0, T), and that the flow map X (-, t)
is non-degenerate so that I'(t) = I'[X(-,t)] is a regular surface on the time interval t € [0, T].

Then, there exists a constant hg > 0 such that for all mesh sizes h < hg the following error
bounds for the lifts of the discrete position, velocity, normal vector and mean curvature hold over
the exact surface I'(t) for0 <t < T

Ik .ty = idr i rays < ChE,
i (. 0) = v Dl (s < ChE,
Vi Co6) = v Dl (reys < CRE,
IH (1) = HC Ol (ray) < ChY,
gy G t) = uC Ol (reey < Ch*,
and also
XA 1) = XG0l s < ChE,

where the constant C is independent of h and t, but depends on bounds of higher derivatives of the
solution (X, v, v, H,u) of the forced mean curvature flow and on the length T of the time interval.

Sufficient regularity assumptions are the following: with bounds that are uniform in ¢ € [0, T],
we assume X(-,7) € HKT'(I'%)3 and for w = (v, H,u) we assume w(-1),d°w(-.t) €
Wk+1’°°(F([))5.

Under these strong regularity conditions on the solution, we only require local Lipschitz
continuity of the function F in (1.2). This condition is, of course, not sufficient to ensure the
existence of even just a weak solution. The point here is that we restrict our attention to cases where
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a sufficiently regular solution exists, which we can then approximate with optimal order under weak
conditions on F. The regularity theory of Problem (1.1)—(1.2) is, however, outside the scope of this
paper.

The remarks made after the convergence result in [27] apply also here. In particular, it is
explained that the admissibility of the triangulation over the whole time interval [0, 7] is preserved
for sufficiently fine grids, provided the exact surface is sufficiently regular.

Proof. The proof reduces in essence to the proof of Theorem 4.1 in [27], since the matrix—
vector formulation (3.5) is of precisely the same form as the matrix—vector formulation of [27],
formulas (3.4)—(3.5) therein, with the same mass and stiffness matrices and with nonlinear
functions given as integrals over products of smooth pointwise nonlinearities and finite element
basis functions (and with w in the role of u of [27]). The proof of the stability bounds of [27,
Proposition 7.1] uses energy estimates (testing with the time derivative of the error) on the equations
of the matrix—vector formulation to bound errors in terms of defects in (3.5) in the appropriate
norms. These stability bounds apply immediately to (3.5) with the same proof, except for one
subtle point: Because of the term —A rxju in the evolution equation for H in Lemma 2.1, which
translates into the second term A(x)u in fz (x, w) in the matrix—vector formulation, the bound for
the nonlinearity in part (v) of the proof of Proposition 7.1 in [27] needs to be changed. This is a very
local modification to the proof. No other part of the stability proof is affected.

To explain and resolve this local difficulty, we must assume that the reader has acquired some
familiarity with Section 7 of [27]. We use the same notation e,, = w — w* etc. for the error vectors
and note that ey, = (e,; eq; €,) now is in the role of e, = (ey,; ey) of [27]. Because of the extra term
A(x)u in fy (x, w), the same argument as in part (v) of the proof of Proposition 7.1 in [27] yields
only a modified bound

el (fx, w) — £(x*, w*)) < clléwllkes) (lewllkan) + llexlaan).

whereas in [27] only the weaker norm ||éy||m*) appears on the right-hand side. This modified
estimate is not sufficient for the further course of the proof.

It can be circumvented as follows. We write the error vector as ey, = (ey,; eq;€,) and take the
inner product of eg with (f H(x, w) — g (x*, w*)). We note that

fr(x, w) =Ty (x,w) + A(x)u,

Where?H is a nonlinearity of the same type as those studied in [27], and so we have the following
bound as in part (v) of the proof of Proposition 7.1 in [27],

e;l-; (fH (X’ W) —fy (X*» W*)) < C”éW”M(x*)(”eW”K(x*) + ”eX”A(x*))~
For the solution x(¢) of (3.5) we have
Ax)u = —M(x)ua + f,(x, w)

and for the nodal vector u*(¢) of the Ritz projection of the exact solution u(+, #) and the nodal vector
x*(¢) of the exact positions we have, with a defect dy(7),

AXH)u* = —ME"* + £, (x*, w*) + M(x*)d,.
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So we can write
el (AU — A(X*)u*) = —éf M(x)é, — éf (M(x) — M(x*))u*
+ éfy (B, (x. W) — £, (x*, w")) — ¢ M(x*)d,.

By the same estimates as used repeatedly in the proof of Proposition 7.1 in [27], this yields

e (AU — AX")u*) < [lénllve 1€allme + cllénllvee) llexlaxe)
+ cllemllma) (lewllkeey + llexllace) + lerlmee) | dullve)-

We now fix a small p > 0 and use the scaled norm, for &y, = (&y; éq; €u),

lewlne = lenlig + lenllie + @ leullfne

with a large weight w. If @ = 1/(2p), then we have

enllves l€ullme < olléw e -

Altogether, this yields the bound
el (F(x, w) — £(x*, W")) < plléwlifgey + clléwlimeen (lewlkas) + lleslace + lldullmeen)-

With this bound, the further parts of the stability proof remain unchanged.

Since the additional terms in (2.7) and (2.9) to those in the evolution equations of pure mean
curvature flow in [27] do not present additional difficulties in the consistency error analysis, the
same bounds for the consistency errors in (X, v, H, v, u) are obtained as for (X, v, H,v) in [27,
Proposition 8.1]. Furthermore, the combination of the stability bounds and the consistency error
bounds to yield optimal-order H ! error bounds is verbatim the same as in [27, Section 9]. 0

REMARK 4.2 For the semi-discretization (3.6) a convergence proof can be obtained by combining
the convergence proofs of our previous works [28] and [27]. The stability of the scheme is obtained
by combining the results of [28, Proposition 6.1] (in particular part (A)) for the surface PDE, and
of [27, Proposition 7.1] for the velocity law and for the geometric quantities, and further using
the same modification for the extra term A(x)u as in the proof above. As this extension does not
require any new ideas beyond [28] and [27], we do not present the lengthy but straightforward
details. Since there are no additional difficulties in bounding the consistency errors, together with
the stability bounds we then obtain the same error bounds as in Theorem 4.1. This is in agreement
with the results of numerical experiments presented in Section 7.

5. Linearly implicit full discretization

For the time discretization of the system of ordinary differential equations of Section 3.3 we use a
q-step linearly implicit backward difference formula (BDF) with ¢ < 5. For a step size t > 0, and
with t, = nt < T, let us introduce, for n = ¢,

S I N
the discrete time derivative u=- E su"/, and (5.1)
T
Jj=0

qg—1
the extrapolated value — W' = Z yu' s (5.2)
j=0
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where the coefficients are given by () = ?:0 8¢ = Zzzl%(l — o)t and

y(©) = X2 vi¢) = (1= (1= %)/, respectively.

We determine the approximations x” to x(z,), v" to v(t,), and w” to w(¢,) or 2" to z(t,) and u”
to u(t,) (only if not already collected into w”) by the linearly implicit BDF discretization of both
systems (3.5) and (3.6).

For (3.5) we obtain

KX")V' = gX". W"),
MEHW* + AX)wW" = fX", W"), (5.3)
X' =v".
For (3.6) we obtain
K&)' = gx".7".u"),

M) + AR = (X", 7" W),

14 o (54)
Y GME T + AR = FRT),
]=0 ) n
X" = v".
The starting values x' and W, or, in case of (5.4), z' and u’, fori = 0,...,q — 1, are assumed to

be given. They can be precomputed using either a lower order method with smaller step sizes or an
implicit Runge—Kutta method.

The classical BDF method is known to be A(6)-stable for some 8 > 0 for ¢ < 6 and to have
order g; see [24, Chapter V]. This order is retained by the linearly implicit variant using the above
coefficients y;; cf. [1].

From the vectors x" = (x7),v" = (v}), and w" = (w}) withw} = (v}, H,u) € R3xRxR
for the first method and z" = (z}) with z} = (v}, H]') € R3 x R and u" = (u}) for the second
method, we obtain approximations to their respective variables as finite element functions whose
nodal values are collected in these vectors.

6. Convergence of the full discretization

We are now in the position to formulate the second main result of this paper, which yields optimal-
order error bounds for the combined ESFEM-BDF full discretizations (5.3) of the forced mean
curvature flow problem (2.7) coupled to the weak form (2.9) of the surface PDE, with (2.1), for
finite elements of polynomial degree k > 2 and BDF methods of order 2 < g < 5.

Theorem 6.1 Consider the ESFEM—-BDF full discretizations (5.3) of the coupled forced mean
curvature flow problem (2.7) and (2.9), with (2.1), using evolving surface finite elements of
polynomial degree k = 2 and linearly implicit BDF time discretization of order g with2 < q < 5.
Suppose that the forced mean curvature flow problem admits an exact solution (X, v, v, H, u) that is
sufficiently smooth on the time interval t € [0, T, and that the flow map X(-,t) : I'° — I'(t) C R3
is non-degenerate so that I' (t) is a regular surface on the time interval t € [0, T). Assume that the
starting values are sufficiently accurate in the H' norm at time t; = it fori =0,...,q — 1.

Then there exist hg > 0 and t9 > 0 such that for all mesh sizes h < ho and time step sizes
T < 19 satisfying the step size restriction

7 < Coh 6.1)
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(where Cy > 0 can be chosen arbitrarily), the following error bounds for the lifts of the
discrete position, velocity, normal vector and mean curvature hold over the exact surface I' (t,) =
r'[X(,ty)] at timet, =nt <T:

1™ = idra la (rayys < COF +19).
I = vC )l (ranys < CH* + 19,
TONDE = vCt)llm (s < C(h* + 17),
ICHIDE = HCt) |y < CHF +19).

I = uC )l (rey) < C(h* + 79),

/A

and also
I = XCotw) g (rys < CR* + 29),

where the constant C is independent of h, T and n with nt < T, but depends on bounds of higher
derivatives of the solution (X, v, v, H,u) of the forced mean curvature flow problem, on the length
T of the time interval, and on Cy.

Sufficient regularity assumptions are the following: uniformly in ¢ € [0,7] and for j =
I,....,q + 1,

X(.1) € HFY(I®)3, 8/ X (1) e H'(I'°)?,
v(-, 1) € H*HY(r@))?, 8%/ v(, 1) € HX (I (1))’
for w= (v, H,u), w(,t),0%w(.1)e€ Wk+1’°°(1"(t))5, 3 w(-1) € Hz(F(t))S.
For the starting values, sufficient approximation conditions are as follows: fori =0,...,q — 1,

1Y —idrap e (rays < CHF +19),
for w=(,Hu), W) —wC g reys < CH* +9),

and in addition, fori =1,...,9 — 1,

, S CHE +19).

1 . 1
/2| 2 (yi _ yi—-1\¢ _ =
T H . (X5, — X5, 7) .

(Xt = XCam) |,
Since (5.3) is the same as the matrix—vector form of mean curvature flow in [27, equation (5.1)]
(recalling that here w = (n; H; u) takes the role of u = (n; H) of [27]) and the only problematic
additional term in (5.3) is the term A(X")u” that appears in f(X", W"), the proof of Theorem 6.1
directly follows from the error analysis presented in [27] together with the modification concerning
A(x)u given in the proof of Theorem 4.1.

REMARK 6.2 For the second algorithm (5.4), we expect that a fully discrete error estimate
can be obtained by combining the stability results for the coupled mean curvature flow,
[27, Proposition 10.1], with the extension of the stability analysis for the surface PDE [29,
Proposition 6.1] (via energy estimates obtained by testing with ). We note here that this extension,
in particular the analogous steps to part (iv) in [27, Proposition 10.1], is lengthy and possibly
nontrivial. Numerical experiments presented in Section 7 illustrate that optimal-order error estimates
are also observed for the scheme (5.4).
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7. Numerical experiments

We present numerical experiments for the forced mean curvature flow, using both (5.3) and (5.4).
For our numerical experiments we consider the problem coupling forced mean curvature flow (with
a new parameter ¢ > 0) of the surface I"(X(-,)), together with evolution equations for its normal
vector v and mean curvature H, where the forcing is given through the solution u of a reaction—
diffusion problem on the surface:

°u = —u(Vrixy-v) + Arpxqu + f(u, Vrixu) + o1,
v= —¢Hv + g(u)v + 02,

v = eArpxv + ¢4y — Vrpxy (g ) + 03, (7.1)
O°H = eArxH + e|APH — Arx)(gw) — [APg () + o4,
3tX =7,

where the inhomogeneities o; are scalar or vector valued functions on R3 x [0, T], to be specified
later on.
We used this problem to perform:

e A convergence order experiment for the algorithm (5.3), in order to illustrate our theoretical
results of Theorem 4.1 and 6.1.

e A convergence order experiment for algorithm (5.4), illustrating Remark 4.2 and 6.2.

e An experiment, using algorithm (5.3), for a tumour growth model from [2, Section 5], where one
component of a reaction—diffusion surface PDE system forces the mean curvature flow motion of
the surface. This experiment allows a direct comparison on the same problem with other methods
published in the literature.

All our numerical experiments use quadratic evolving surface finite elements, and linearly implicit
BDF methods. The numerical computations were carried out in Matlab. The initial meshes for all
surfaces were generated using DistMesh [33], without taking advantage of the symmetries of the
surfaces.

7.1  Convergence experiments

In order to illustrate the convergence results of Theorem 4.1 and 6.1, we have computed the errors
between the numerical and exact solutions of the system (7.1), where the forcing is set to be g(u) =
u, and € = 1. The reaction term in the PDE is F(u, Vrxju) = u?. The inhomogeneities o; are
chosen such that the exact solution is X(¢,t) = R(t)q, with ¢ on the initial surface I, the sphere
with radius Ry, and u(x,7) = e *x1x,, forall x € I'[X] and 0 < ¢t < T. The function R satisfies
the logistic differential equation:

dl;ft) - (1 - m)R(z), te[0,T],

Ry
R(0) = Ro,

with Ry = Ry, i.e., the exact evolving surface I'[X(-,7)] is a sphere with radius R(t) =
RoRy(Ro(1 —e™) + Rye™) .
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FIG. 1. Temporal convergence of the algorithm (5.3) for forced MCF with g (u) = u, using BDF2/quadratic ESFEM
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FIG. 2. Spatial convergence of the algorithm (5.3) for forced MCF with g (u) = u, using BDF2/quadratic ESFEM

Using the algorithm in (5.3) with 2-step BDF method and quadratic evolving surface FEM, we

computed approximations to forced mean curvature flow, using Ry = 1 and Ry = 2, until time

T

= 1. For our computations we used a sequence of time step sizes 7z = t4—1/2 with 7y = 0.2,

and a sequence of initial meshes of mesh widths hx ~ 27'/2h_; with hg ~ 0.5. The numerical
experiments suggest that the step size restriction (6.1) is not required in practice.

In Figure 1 and 2 we report the errors between the exact and both numerical solutions for all

four variables, i.e., the surface error, the errors in the dynamic variables v and H, and the error
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FIG. 3. Temporal convergence of the algorithm (5.4) for forced MCF with g (u) = u, using BDF2/quadratic ESFEM

in the PDE variable u. The logarithmic plots show the L>(H ) norm errors against the time step
size 7 in Figure 1, and against the mesh width % in Figure 2. The lines marked with different
symbols correspond to different mesh refinements and to different time step sizes in Figure 1 and 2,
respectively.

In Figure 1 we can observe two regions: a region where the temporal discretization error
dominates, matching to the O(t?) order of convergence of our theoretical results, and a region,
with small time step sizes, where the spatial discretization error dominates (the error curves flatten
out). For Figure 2, the same description applies, but with reversed roles.

Both the temporal and spatial convergence, as shown by Figures | and 2, respectively, are in
agreement with the theoretical convergence results of Theorem 4.1 and 6.1 (note the reference lines).

We have performed the same convergence experiments using algorithm (5.4), which, in view
of Remarks 4.2 and 6.2, and the stability and convergence results of previous works [27-29, 32],
should also have the same convergence properties as the algorithm (5.4). As Figures 3 and 4 (created
analogously as Figure | and 2) illustrate, this expectation appears to be fulfilled.

We have obtained similar convergence plots for the non-linear forcing term g(u) = %uz for
both algorithms.

7.2 Tumour growth

We performed numerical experiments, using (5.3), on a well-known model for forced mean
curvature flow from [2, Section 5]: The problem (7.1), with vector valued unknown u = (u1, u5)
and with a small parameter ¢ = 0.01, models solid tumour growth, for further details we refer
to [7-9] and [2]. Our results can be compared to those in these references, in particularly with those
in [2].

The surface PDE system for u = (u1,u) describes the activator—depleted kinetics, and has
diffusivity constants 1 and d = 10 for u; and u,, respectively. The reaction term is given by, with
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FIG. 4. Spatial convergence of the algorithm (5.4) for forced MCF with g (¥) = u, using BDF2/quadratic ESFEM
y >0,

_ 2
Fu) = Flur,u) = ( V("y(b”_l ;;5;)”2) ) ,

while in the velocity law the non-linearity is given by
gu) =g(uy,uz) =8 u;.

The parameters are chosen exactly as in [2, Table 5]: d = 10,a = 0.1, = 0.9, 8 = 0.1, and
€ = 0.01. The parameter y will be varied for different experiments.

The initial data for all of the presented experiments are obtained (exactly as in [2, Section 4.1.1
and Figure 8]) by integrating the reaction—diffusion system on the fixed unit sphere over the time
interval [0, 5], with small random perturbations of the steady state u; = a +b and us = b/(a + b)?
as initial data. Further initial values (fori = 1, ..., g—1) for high-order BDF methods are computed
using a cascade of steps performed by the corresponding lower order methods.

To mitigate the stiffness of the non-linear term, the linear part of F (u) is handled fully implicitly,
while the non-linear parts of F, and the velocity law as well, are treated linearly implicitly using the
extrapolation (5.2).

In Figure 5 and 6 we report on the evolution of the surface (and the approximated mean curvature
and normal vector) and the component u; for parameters y = 30 and y = 300, respectively, at
different times over the time interval [5, 8]. In these plots the linear interpolation of the computed
quadratic surface is plotted (since Matlab can only visualise polygonal objects). Figure 5 and 6
we present the surface evolution and the component u; of the surface PDE system (left-hand side
columns) and the computed mean curvature Hj and normal vector vy (right-hand side columns)
at times ¢t = 5,6,7,8 (the rows from top to bottom), on a mesh with 3882 nodes and time step
size T = 0.0015625. In particular the top rows show the initial data where the surface evolution is
started. The obtained results for the surface evolution and the reaction—diffusion PDE system (left
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F1G. 5. Evolution of the solution (#1), normal vector and mean curvature for tumour growth model with y = 30 at time
t=15,6,7,8; dof 3882
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tumour growth model (w;)
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FIG. 6. Evolution of the solution (1), normal vector and mean curvature for tumour growth model with y = 300 at time
t=15,6,7,8; dof 3882
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columns) match nicely (note the random effects in generating initial data) to previously reported
results.

In spite of the smoothing effect of the mean curvature flow, for some more complicated examples
it would be beneficial to use an algorithm which allows the tangential motion of the surface nodes,
for example based on the DeTurck trick [19], or on the velocity law v - v = V, e.g., [4, 5], or on
ALE techniques [20, 26, 30]. However, in our experiments — both here and in [27] — this was not
found necessary.
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