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Abstract. The proof of the main theorem in [B. Li, SIAM J. Numer. Anal., 59 (2021), pp. 1592–1617]
is corrected. With the corrected proof, the main theorem in this published paper is still valid.
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1. Introduction. In [4, p. 1611], the author used the following formula:

DiDju = DjDiu+HniDju−HnjDiu, (1.1)

which is not correct and should be replaced by the following one (see [1, Lemma 2.6]):

DiDju = DjDiu+ niHjlDlu− njHilDlu. (1.2)

However, with the formula in (1.2), the cancellations in Lemma 3,3, Proposition 4.1 and
Proposition 4.2 do not hold, i.e.∫

Γθ
h

[tr(∇Γθ
h
eθh)

2 − tr(∇Γθ
h
eθh∇Γθ

h
eθh)] ̸= 0, (1.3)∫

Γ∗
h

[tr(∇Γ∗
h
e∗h)

2 − tr(∇Γ∗
h
e∗h∇Γ∗

h
e∗h)] ̸= 0. (1.4)

According to these changes, the error equation now should be replaced by

d

dt
∥e∥2M(x) + 2

∫ 1

0

∫
Γθ
h

|(∇Γθ
h
eθh)n̂

θ
h|2dθ

≲ ch2k−2 + cϵ−1∥e∥2M(x) + 2ϵ

∫ 1

0

∫
Γθ
h

|(∇Γθ
h
eθh)n̂

θ
h|2dθ

+
∣∣∣ ∫ 1

0

∫
Γθ
h

[tr(∇Γθ
h
eθh)

2 − tr(∇Γθ
h
eθh∇Γθ

h
eθh)]dθ

∣∣∣, (1.5)

where the last term is missing in [4, Eq. (3.42)].
In the next section, we show that the last term in (1.5) differs from zero by a harmless

lower-order correction term and an error term which can be absorbed into the left hand
side of the error equation (1.5). This additional remainder will not influence the stability
of the error equation. Therefore, the coercivity of (A(x)x −A(x∗)x∗) · (x − x∗) can still
be proved, leading to the correctness of the main theorem (i.e., [4, Theorem 2.1]).
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2. Correction. By using the commutator formula (1.2), integration by parts and the
Einstein summation convention, we derive as follows on a closed smooth surface Γ for any
smooth function u ∈ C∞(Γ)∫

Γ

DiujDjui = −
∫
Γ

ujDiDjui +

∫
Γ

ujDjuiHni

= −
∫
Γ

uj(DjDiui + niHjkDkui − njHikDkui) +

∫
Γ

ujDjuiHni

=

∫
Γ

DjujDiui −
∫
Γ

ujDiuiHnj +

∫
Γ

ujDjuiHni

−
∫
Γ

ujniHjkDkui +

∫
Γ

ujnjHikDkui. (2.1)

By a density argument, (2.1) holds for u ∈ H1(Γ) as well. Then, by using the basic
geometric perturbation estimates (cf. [4, Eq. (3.32)]), we have∣∣∣ ∫

Γ∗
h

[tr(∇Γ∗
h
e∗h)

2 − tr(∇Γ∗
h
e∗h∇Γ∗

h
e∗h)]

∣∣∣
=

∣∣∣− ∫
Γ∗
h

Die
∗
h,jDje

∗
h,i +

∫
Γ∗
h

Dje
∗
h,jDie

∗
h,i

∣∣∣
≤

∣∣∣− ∫
Γ∗
h

Die
∗
h,jDje

∗
h,i +

∫
Γ

Die
∗,l
h,jDje

∗,l
h,i

∣∣∣+ ∣∣∣ ∫
Γ∗
h

Dje
∗
h,jDie

∗
h,i −

∫
Γ

Dje
∗,l
h,jDie

∗,l
h,i

∣∣∣
+
∣∣∣ ∫

Γ

Die
∗,l
h,jDje

∗,l
h,i −

∫
Γ

Dje
∗,l
h,jDie

∗,l
h,i

∣∣∣
≲ hk∥e∗h∥2H1(Γ∗

h)
+
∣∣∣− ∫

Γ

e∗,lh,jDie
∗,l
h,iHnj +

∫
Γ

e∗,lh,jDje
∗,l
h,iHni

−
∫
Γ

e∗,lh,jniHjkDke
∗,l
h,i +

∫
Γ

e∗,lh,jnjHikDke
∗,l
h,i

∣∣∣ ((2.1) is used here) (2.2)

where the first term comes in a similar way as [4, Eq. (3.32)]. From integration by parts
(cf. [4, Eq. (4.2)]), we continue the calculations with∣∣∣− ∫

Γ

e∗,lh,jDie
∗,l
h,iHnj +

∫
Γ

e∗,lh,jDje
∗,l
h,iHni −

∫
Γ

e∗,lh,jniHjkDke
∗,l
h,i +

∫
Γ

e∗,lh,jnjHikDke
∗,l
h,i

∣∣∣
≲ ∥e∗h∥2L2(Γ∗

h)
+

∣∣∣ ∫
Γ

Die
∗,l
h,jnjHe∗,lh,i +

∫
Γ

e∗,lh,jHDje
∗,l
h,ini

−
∫
Γ

e∗,lh,jHjkDke
∗,l
h,ini −

∫
Γ

Dke
∗,l
h,jnjHike

∗,l
h,i

∣∣∣, (2.3)

where ∥e∗h∥2L2(Γ∗
h)

corresponds to the lower-order terms arising from the integration by parts
formula [4, Eq. (4.2)]. Then, by changing n to n̂∗,l

h (normal vector of the interpolation
surface Γ∗

h, lifted onto Γ) in the inequality above and using the geometric approximation
relation |n̂∗,l

h −n| ≲ hk (as well as the inverse inequality), we further derive from (2.2)-(2.3)
that ∣∣∣ ∫

Γ∗
h

[tr(∇Γ∗
h
e∗h)

2 − tr(∇Γ∗
h
e∗h∇Γ∗

h
e∗h)]

∣∣∣
≲ (1 + ϵ−1)∥e∗h∥2L2(Γ∗

h)
+ ϵ∥(∇Γ∗

h
e∗h)n̂

∗
h∥2L2(Γ∗

h)
. (2.4)
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The induction hypothesis in [4, Eq. (3.2)] reads

∥e∗h∥W 1,∞(Γ∗
h)

≲ h2 (2.5)

and it holds that∣∣∣ ∫ 1

0

∥(∇Γθ
h
eθh)n̂

θ
h∥2L2(Γθ

h)
dθ − ∥(∇Γ∗

h
e∗h)n̂

∗
h∥2L2(Γ∗

h)

∣∣∣
=

∣∣∣ ∫ 1

0

∫ θ

0

d

dα

∫
Γα
h

(∇Γα
h
eαh)n̂

α
h · (∇Γα

h
eαh)n̂

α
hdαdθ

∣∣∣
=

∣∣∣2 ∫ 1

0

∫ θ

0

∫
Γα
h

(∂•
α∇Γα

h
eαh)n̂

α
h · (∇Γα

h
eαh)n̂

α
hdαdθ

− 2

∫ 1

0

∫ θ

0

∫
Γα
h

(
(∇Γα

h
eαh)(∇Γα

h
eαh)n̂

α
h

)
· (∇Γα

h
eαh)n̂

α
hdαdθ

+

∫ 1

0

∫ θ

0

∫
Γα
h

θ(∇Γα
h
· eαh)(∇Γα

h
eαh)n̂

α
h · (∇Γα

h
eαh)n̂

α
hdαdθ

∣∣∣
≲

∫ 1

0

∫ θ

0

∥∇Γα
h
eαh∥L∞(Γα

h)∥∇Γα
h
eαh∥2L2(Γα

h)dαdθ

≲ ∥∇Γ∗
h
e∗h∥L∞(Γ∗

h)
∥∇Γ∗

h
e∗h∥2L2(Γ∗

h)

≲ ∥e∗h∥2L2(Γ∗
h)
, ((2.5) and inverse inequality are used) (2.6)

where in the second equality we have used distribution rule and the evolution equation of
n̂α
h on every curved triangle of the surface (cf. [3, p. 33]), i.e.

∂•
αn̂

α
h,i = −Die

α
h,j n̂

α
h,j , (2.7)

and in the first inequality of (2.6) we have applied the following commutator formula
(cf. [2, Lemma 2.6] and [4, Eq. (3.30)]) and Hölder’s inequality:

∂•
αDie

α
h = −θ(Die

α
h,j − n̂α

h,in̂
α
h,lDje

α
h,l)Dje

α
h . (2.8)

Thus, analogous to (2.4), we have the following estimate for the last term of (1.5), after
integrating w.r.t. θ, with the help of fundamental theorem of calculus:∣∣∣ ∫ 1

0

∫
Γθ
h

[tr(∇Γθ
h
eθh)

2 − tr(∇Γθ
h
eθh∇Γθ

h
eθh)]dθ

∣∣∣
≤

∣∣∣ ∫ 1

0

∫
Γ∗
h

[tr(∇Γ∗
h
e∗h)

2 − tr(∇Γ∗
h
e∗h∇Γ∗

h
e∗h)]dθ

∣∣∣
+
∣∣∣ ∫ 1

0

∫ θ

0

d

dα

∫
Γα
h

[tr(∇Γα
h
eαh)

2 − tr(∇Γα
h
eαh∇Γα

h
eαh)]dαdθ

∣∣∣
≲ (1 + ϵ−1)∥e∗h∥2L2(Γ∗

h)
+ ϵ∥(∇Γ∗

h
e∗h)n̂

∗
h∥2L2(Γ∗

h)
+ ∥∇Γ∗

h
e∗h∥L∞(Γ∗

h)
∥∇Γ∗

h
e∗h∥2L2(Γ∗

h)

((2.4) and (2.8) are used here)

≲ (1 + ϵ−1)∥e∗h∥2L2(Γ∗
h)

+ ϵ

∫ 1

0

∥(∇Γθ
h
eθh)n̂

θ
h∥2L2(Γθ

h)
dθ, (2.9)

where we have used induction hypothesis (2.5) and (2.6) in deriving the last inequality.
The second term on the right hand side of (2.9) can be absorbed by the left hand side of
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(1.5) by choosing a sufficiently small ϵ, and then the first term can be controlled by using
Gronwall’s inequality. Then the stability of the error equation [4, Eq. (3.42)-(3.43)] follows
and therefore [4, Theorem 2.1] still holds.
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