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Abstract

We prove global well-posedness of the time-dependent degenerate thermistor problem by
establishing a uniform-in-time bounded mean ocsillation (BMO) estimate of inhomogeneous
parabolic equations. Applying this estimate to the temperature equation, we derive a BMO bound
of the temperature uniform with respect to time, which implies that the electric conductivity is an
A, weight. The Holder continuity of the electric potential is then proved by applying the De Giorgi—
Nash—Moser estimate for degenerate elliptic equations with an A, coefficient. The uniqueness of
the solution is proved based on the established regularity of the weak solution. Our results also
imply the existence of a global classical solution when the initial and boundary data are smooth.

2010 Mathematics Subject Classification: 35K20 (primary); 35Q99 (secondary)

1. Introduction

The thermistor problem refers to the heating of a conductor, with temperature-
sensitive electric conductivity, by electric current. Let ¢ be the electric potential
and let E = V¢ be the electric field. The electric current J is related to the electric
field via J = o (u)E, where o (1) is the electric conductivity of the conductor,
dependent on the temperature u. The heat produced (per unit volume) by the
electric current is given by Joule’s law: E - J = o (1)|V¢|?, and the conservation
of charge is described by V - J = 0.
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Let £2 denote the domain possessed by the conductor. Based on the above
formulations, the temperature u and the electric potential ¢ are governed by the
equations

ou 2
E—V-(K(H)VM)=O’(M)|V¢| , (D
—V - (c(u)Ve) =0, (2

for x € §£2 and ¢t > 0, where « (u) is the thermal conductivity. In this paper, we

consider the above equations with the Dirichlet boundary/initial conditions:
u(x,t) =gkx,t), ¢x,t)=h(x,t) forx € 92 andt > 0, 3)
u(x,0) = ug(x) for x € £2.

The mathematical expressions of o (#) and «(u) depend on the materials.
For some semiconductors, the electric resistivity p(u) = 1/o0(u) can be
approximately expressed as [21]

p(u) = ape”"u,

and the thermal conductivity « (#) can be regarded as constant (independent of u).
For metallic conductors, the electric conductivity and the thermal conductivity
obey the Wiedemann—Franz law [24]:

Kk(u) _
o)

Lu,

where L = 2.44 x 1078 WQK~2 is the Lorenz number. In general, the electric
resistivity of metals increases as the temperature rises. At high temperatures, the
electric resistivity increases approximately linearly with temperature:

pu) = poll +a(u —ug)l,

where up is some reference temperature and o is called the temperature
coefficient of resistivity. If the temperature does not vary much, the above
linear formula is often used. More precisely, the electric resistivity is given by the
Bloch—Griineisen formula [33]:

U\ O/u s
pw =p0+a(5)" [ s

where a, ® and m > 2 are all positive physical constants.

For both metals and semiconductors, the electric conductivity o (#) tends to
zero as the temperature u rises to infinity. The elliptic equation (2) is thus possibly
degenerate, which leads to severe difficulties for the analysis of the coupled
system.
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The nondegenerate assumption
01 <o) <o

is often used to simplify the problem. Mathematical analysis for such a
nondegenerate problem has been studied by many authors in the last two decades.
The existence of weak solutions was studied by Antontsev and Chipot [5],
Allegretto and Xie [3] and Cimatti [8]. With the same nondegenerate assumption,
Elliott and Larsson [10] proved the existence of strong solutions for the two-
dimensional problem by using the energy method (and uniqueness follows). The
uniqueness of solutions for the three-dimensional problem is a consequence of
the C“ regularity proved by Yuan and Liu [30, 31] by using the method of layer
potentials. Yin [29] proved the same result by using the technique of Campanato
spaces. Their results also imply the existence of classical solutions when the
boundary and initial data are smooth.

Without the nondegenerate assumption, the problem becomes much more
difficult. The partial regularity of the solution was studied by Xu [27], where
the author proved that the solution is smooth in an open subset D C £2
whose complement £2\ D is of measure zero. Xu [28] also proved the existence
of solutions with bounded temperature when the boundary potential is small
enough, that is, |||l ~@ex©r) 15 small enough. Hachimi and Ammi [14]
essentially proved the existence of weak solutions with a truncated nondegenerate
electric conductivity. Montesinos and Gallego [22, 23] proved the existence of
‘capacity solutions’ by considering a new formulation with the transformation
@ = o (u)Ve¢. The uniqueness of the weak solution and the existence of global
classical solutions remain open. Overall, the main difficulty of the degenerate
problem is the lack of an L* bound for the temperature u.

In this paper, we overcome this difficulty by establishing a uniform-in-
time BMO estimate for inhomogeneous parabolic equations with possibly
discontinuous coefficients. Applying this estimate to the temperature equation,
we obtain a uniform-in-time BMO bound of the temperature u, as a substitute of
the L*° bound. Based on the BMO bound of the temperature, we further prove
that the electric conductivity o (1) is an A, weight uniform in time. The Holder
continuity of the electric potential ¢ is then proved by applying the De Giorgi—
Nash—Moser estimate for degenerate elliptic equations with A, coefficient. The
Holder continuity of the temperature is proved by using the Holder continuity of
the electric potential. The existence of a weak solution in a bounded Lipschitz
domain is proved, and the uniqueness of the weak solution is proved based on the
established regularity of the solution. Our results also imply the existence of a
global classical solution when the initial and boundary data are smooth.

For interested readers, we refer to [2, 4, 10, 12, 19, 32] for numerical methods
and numerical analysis of the thermistor problem based on the well-posedness
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assumption. Analyses of the related optimal control problems can be found
in [15, 16], and the existence of solutions for a related thermoviscoelastic
thermistor problem was presented in [18].

The remainder of this paper is organized in the following way. In Section 2
we introduce the notation to be used in this paper and in Section 3 we present
our main results. In Section 4, we establish a uniform-in-time BMO estimate for
the solutions of inhomogeneous parabolic equations, and in Section 5 we present
Holder estimates of parabolic equations in terms of the Campanato spaces. Based
on the estimates obtained in Sections 4 and 5, we prove global existence and
uniqueness of a weak solution to the degenerate thermistor problem in Section 6.
Conclusions are drawn in Section 7.

2. Notation

Before we present our main results, we define the notation to be used in this
paper.

Let n be a fixed positive integer and let Bg(xy) denote the ball of radius R
centered at the point x, € R". Let £2 be a bounded Lipschitz domain in R”", that
is, £2 is a bounded domain in R" and for any y € 052, there exists a ball Bg(y)
such that through a rotation of coordinates (if necessary),

BR(y)mQ = {(.X'], '-'axn) € BR(y) Xy > (0(351, '--axn—])}7

where ¢ : R"~! — R is a Lipschitz continuous function. For a bounded Lipschitz
domain, there exist a positive constant R, and a finite number of balls Bg, (y1),
Br,(y2), ..., Br,(yy) such that 082 C U;f'zl Bgy,2(y;) and through a rotation of
coordinates (if necessary),

Bogo (9;) N2 = {(x1, ..., %) € Bopg (¥j) i X > @ (x1, ..., X1)}

for some Lipschitz continuous function ¢; : R"~! — R.

For any integer m > 0, 1 < p < ocoand 0 < a < 1, let W™?(£) and
C"+*(£2) denote the usual Sobolev space and Holder space [1], respectively, and
let C™*%(£2) denote the space of functions that belong to C"*¢ (B) for any closed
ball B C £2. Let cyt (£2) be the subspace of C”+%(£2) consisting of functions
vanishing on the boundary 9£2.

Let | D| denote the Lebesgue measure for any measurable subset D of R", and
let Bg(x) denote the ball of radius R centered at the point x, € R". We say that
a positive locally integrable function w defined on R" is an A, weight if

1 1 1
o (E /B wmdx) (ﬁfg w(x) dx) s¢

for some positive constant C, where the supremum extends over all balls in B
in R”.
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For any measurable subset D of R", we let fp = (1/|D]) fD f(x)dx denote
the average of f over D.For 1 < p < ooand 0 < 6 < 1, let L”?(£2) denote the
Morrey space of measurable functions f such that

1 1/p
| fllLre2) := sup <7/ |f(x)|”dx> < 00,
Br(x0) R BR(x0)N$2

where the supremum above extends over all balls Bg(xy) with xo € 2 and
0<R<Rg. Forl1 < p<ooand1 <60 < oo, let LP?(£2) denote the
Campanato space of functions bounded (or vanishing for 6 > 1) on the boundary
352, equipped with the norm

1 1/p
1 llcroey - = sup (—,,0 / If(x)l"dx>
Breo)n2 \ R" Jppne

1 1/p
+ sup (W/ | f () — fBR(yo)ﬂ.Q|pdx) ,
Br(yo)N$2 Br(y0)N$2

where the supremum above extends over all balls with x, € 982, y, € £ and
0 < R < Ry, and we set BMO = L1(£2).

For any fixed T > 0, we set 27 = £2 x (0, T] and I = 952 x (0, T]. For any
point (xo, t) € R"™!, we set Qr(xo, ) = Br(x¢) x (ty — R?, ty] as the parabolic
cylinder centered at (xo, #) of radius R. For integers m,n > 0,0 < «, 8 < 1 and
any open subset Q C 27, let C"**"+#(Q) denote the anisotropic Holder space
of functions, equipped with the norm || f|| cwtants gy = | f 2oy + | f |cmrants g)»
where

|D? f(x,1) — DY f(y,s)|
| flemrants gy = sup = =
crrern @ = D wneo X —yle+ ]t —s]f

(y.9)eQ

|D} f (x, 1) — DY f(y, 5)]
+ sup

wneg X —yle -+t —s|f
(y,$)€Q

lyl=m

and set C*(27) = C**(27). Let Cy B (Q) denote the subspace of
Cmten+P(Q) with functions vanishing on the boundary 3£2. Let C*(Q)
denote the space of functions whose partial derivatives up to all orders are
uniformly continuous on Q. Let C"t*"F(24) and C®(§27) denote the space
of functions that are in C”t*"t#(Q) and C*(Q) for any closed cylinder
QO C $27, respectively. For any measurable subset Q of R"*! and any integrable
function f defined on Q, we let |Q| denote the Lebesgue measure of Q and
let fo = (1/1Q1) fQ f(x)dx denote the average of f over Q. Analogous to the
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Morrey space L”?(£2) and the Campanato space L£7?(£2), for 1 < p < oo we
can define the parabolic Morrey space L?:? (£27) equipped with the norm

para

1 1/p
||f||Lgég(gT)=SgP (W/ |f(X,l)|pdxdf) ., 0<o<1,
Or

R

and the parabolic Campanato space ,Cf)’z;fa(.QT) of functions vanishing on the
boundary /7, equipped with the norm

1 1/p
I fllzre o, = sup (—/ If(x,t)l”dxdt) ,
para (€27 0rGon2r \R"? J o o.oner

1 1/p
+ su _— X, t) — Pdxdt ,
) <R(n+2)0 ‘/;R(YOJO)HQT |f( ) fQR| )

Qr(¥0,50)NS27
where the suprema above extend over all cylinders with xo € 02, y, € £2, to,
so0€(0,T]and 0 < R < Rg.
For any Banach space X and time interval (¢, t,) C R, we denote by L”((¢, 1;);
X)) the Bochner space equipped with the norm

153 1/p
(f ||f<r)||§dr> 1< p<co,
”f”L!'((tl,tz);X) = n
esssup || f (1)l x, p = o0.

te(t )

The importance of the (parabolic) Morrey spaces is that L79(£2) rescales just
like L?/1=9(£2), that is, through the transformation f(y) = f(Ry) we have

1-6 &
1 lrose = RPN fllrosy,

just like ~
”f”Ll’/('*”)(BR) = Rn(l_e)/p||f||Lﬂ/<l*9>(Bl),
for any ball By C £2. Similarly, Lg,‘;fa(QT) rescales just like LP/1=9(£2;).

Therefore, L7%(§2) and L?:? (£27) can be used as substitute for L?/1~9(£2) and

para
LP/1=9(£2;), respectively, with lower order integrability. The importance of the
(parabolic) Campanato spaces includes:

(1) Lr1(£2) are equivalent for all 1 < p < oo, thatis, £7!(£2) = BMO.
(2) If1 <0 < (n+ p)/n, then LP9(2) = Cg‘(ﬁ) fora =n(@ —1)/p.

(B)If1 <6 < (n+2+ p)/(n+2), then L2 (27) = C5**(27) for o =
(n+2)0 —1)/p.

These properties of the Morrey and Campanato spaces can be found in [7, 25].
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In this paper, we let C,, ,, ., denote a generic positive constant, which
depends on the parameters py, ps, ..., Pu-

3. Main results

First, we establish a uniform-in-time BMO estimate and a Holder estimate for
the solution of the parabolic equation

i) .
8—”;—V-(AW)=V.f+fo in 2 x 0, 7),

u=g on 32 x (0, T), @)
u(x,0) = ug(x) for x € £2,

where A(x, t) = [A;;(x, 1)],xn is @ symmetric positive definite measurable matrix
function defined on R"*! such that

KTEP < ) Aylx, D& < KIEP forall € € R” (5)

i,j=1

holds almost everywhere for (x, r) € R""!', where K is a positive constant.

THEOREM 1 (BMO and Holder estimates of parabolic equations). There exist
positive constants C and oy € (0, 1) depending only on the elliptic constant K,
the domain $2 and the dimension n (independent of T), such that the solution of
(4) satisfies the BMO estimate

lull o 0.7y B80y < C Ul follrmen@py + I1Lf | 2me2 ) + luoll L@y + 118 | e irr)) -

(6)
If the compatibility condition uy(x) = g(x, 0) for x € 382 is satisfied, then we
have

-
|| u ” Cu.a/2(§r) g C( ” f() ||L1A(n+oz)/(n+2)(g,l,) + || f || LZ.(H+20{)/(7£+2)(9T)

+ llwollce @y + 118 lcaarr(rry)s @)

for0 < a < ap.

Inequality (6) is new. An inequality similar to (7) was proved in [29],
where || foll rotwimin g,y Was replaced by || follzw2t20/mi2o,). Note that
L>(=220/0+2) () rescales in the same way as LU@+9/0+2(0Q.) under a
scale transformation but requires higher integrability.

Second, by applying Theorem 1, we prove global existence and uniqueness of a
weak solution for the degenerate thermistor problem under the following physical
hypotheses:
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(H1) The thermal conductivity is a smooth function of temperature and satisfies

0 < infk(s) <supk(s) < oo forany fixed r > 0.

s2r s=r

(H2) The electric resistivity p(u) = 1/o (1) is a smooth function of temperature
such that for some p > 0 there holds

Cl,r + CZ,rsp < IO(S) g C3,r + C4,rsp Vs 2 r > O’ (8)

where C;,,i =1, ..., 5, are some positive constants (possibly depending on r).

Clearly, hypotheses (H1) and (H2) are true for metals and some
semiconductors. In particular, the electric resistivity p(u) can be any polynomial
that is positive for u > 0. Physical hypotheses (H1) and (H2) also imply that for
any given r > 0, o (s) is bounded for s > r.

THEOREM 2 (Global well-posedness of the degenerate thermistor problem). Let
§2 be a bounded Lipschitz domain in R" (n = 2, 3) and let gy > n. Assume
that ug € W (), g € L*((0,T); W (2)), ;g € L*((0,T); L*(£2)),
h € L*((0, T); Wha(£2)), with

min g(x,?) >0, minuy(x) > 0,
(x,n)elr xef

and g(x,0) = ug(x) for x € 352. Then, under hypotheses (H1) and (H2), the
initial-boundary value problem (1)—(3) admits a unique weak solution (u, ¢) such
that

ue C™2(Q2)NLPO, T); WH(R)), ¢ e L®0,T); Wi(£2)),

T ©
du € LP((0,T); W11(82)),

forsome g >n, 0 <a < landany 1 < p < oo, in the sense that the equations

T 814 T T
f /—vdxdt—l—/ /K(u)Vu-Vvdxdt:/ /0(u)|V¢>|2vdxdt,
0o Jo Ot 0o Je 0o Je

T
/ / o(w)Ve¢ -Vedxdt =0,
0o Jo
hold for any v, ¢ € L*((0, T); Hy (£2)).
Note that with the regularity (9), the last equation above is equivalent to

/ ocw)Ve -Vodx =0, Ve Hy(2), aete(0,T).
2
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4. BMO estimate of parabolic equations

The solution of (4) can be decomposed into three parts, that is, the solution of
the following three problems:

9

8—': —V-(AVu) = fy, in2x(0,T),

u=0 on 982 x (0, T), (10)
u(x,0 =0 for x € £2.

9 .

a—?—V-(AVu)=V~f, in 2 x (0,7),

u=0 on a8 x (0, T), an
ux,0 =0 forx € §2,

9

a—bt‘—v-(Avu)=o, in 2 x (0, T),

u=g on 382 x (0, T), (12)
u(x,0) = ug(x) for x € £2.

From the maximum principle and the De Giorgi—Nash—Moser estimates, we
know that there exist positive constants C and 0 < «y < 1 such that the solution
of (12) satisfies

lullLoory < NgILowryy + lluoll o),
||“||ca»w/2(§r) < C(”g”cavaﬂ(ﬂ) + ||M0||C”(§))a

for 0 < @ < ayp < 1 and T > 0O (the second inequality above requires the
compatibility condition). To prove Theorem 1, it suffices to present estimates for
Equations (10) and (11).

The remainder of this section is organized in the following way. In Section 4.1,
we present local L! estimates for the solution to (10). In Section 4.2, we combine
the local L' estimates to derive a global BMO estimate based on the equivalence
of BMO with the Campanato space £"'(£2). In Section 4.3, we establish the
BMO estimate for (11) in terms of the Campanato space £>!(£2).

4.1. Local L! estimates. In this subsection, we present local L' estimates for
the solution of (10). The estimates obtained in this subsection will be used in
Section 4.2 to derive a global BMO estimate uniformly with respect to time.

LEMMA 3. Letxg € 2 and 0 < ty < T. There exist oy € (0, 1) and C > 0 such
that if u is the solution of (10) in Qg = Bg(xo) x Ig with Iy = (ty — R?, 1],
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then
— Cl|—= e —0 + C f
max ||[u u 1 < ( ) max |[u 1 1
rel, ” (o) ”L (Bp) X R reln ” ”L (BR) ” 0||L (OR)

holds for all 0 < p < R < min(dist(xo, 52), v/ty), where the constants C and o
depend only on K and n.

Proof First, we prove the lemma for 6 = 0. Let B = B,(0), I = (—r2,0] and
F = 8B X I With any function & defined on Q r,» We associate a function
§(y, s) = &(xo + Ry, ty + R%s) defined on Q1 = B] X Il. Then u is a solution to
the equation

ou - -
a - Vy . (AV\u) =R fo
in Q 1. Let w be the solution of
Jw - 5 7
g — Vy . (AV},'LU) =R f()

with the boundary/initial condition w = 0 on the parabolic boundary 3, O, and let
w be the solution of

9w . -
- V, - (AV,w) = R*| fol 13,

in R"*! with the initial condition w(y, —1) = 0. By the maximum principle, we
know that

lw(y, s)| < |w(y, s)
: C —(ly—y'|? s—s’ A o ’ ’
< /1 /” me =y DACE=D R £y, s 15, (Y, s ) dy' ds'.

Taking the L'(B,) norm with respect to y, we derive

||w||L°°(11 L'(B)) X < CR? ”fO”Ll(Ql)

We note that v = 1 — ﬁél — w 1is the solution of

dv ~
rri V, - (AVyv) =0

in é 1, and by the De Giorgi—Nash estimates of parabolic equations [20,
Theorems 6.28 and 6.17], with k; = k, = k = 0) we know that there exists
o € (0, 1) such that for p € (0, 1/2],

max
rel, Pt

/ lv—vg, ldy < C|v|cao%/2<gl/2) Clivllpgy) < Cmax lvllz3,)-
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Therefore,

max || — fiép ||L1(§p) < mzlix lv — Vg, ||L1(§p) + mflix lw — wg, ||L'(E,,)
te te

tel, o P
< Cp"" ™ max ||l 5, + C max [|wl 113,
tel; tel;
< Cp"

" max |i — g, |15, + C max |wlli G,
tel; tel;

~ ~ 2 ~
< Cp""max [li —iig, |l + CR foll g,

tel)

~ 2 ~
< Cp"* max ||ill 15, + CR I follL1(3,)

tel;

where we have noted that

- 1Bl [ - -
15,115, = il dx di < max @ -
tel]

1011 Jo,

Transforming back to the (x, ¢)-coordinates, we complete the proof of the lemma
for6 = 0.

Then we note that u — 6 is also a solution to Equation (10) in Q¢ for any
0 eR. O

Similarly, we can prove the following local L' estimates near the boundary
0,827.

LEMMA 4. Let xy € 2 and ty = 0. There exist ag € (0, 1) and C > 0 such that if
u is the solution of (10) in Qg = Bg(x¢) x I, with I, = [0, R?), then

n—+oagp
max lullzis,, < € (2) max ulluisy + Cll follion
tel, R telp

holds for any 0 < p < R < min(dist(xy, 52), VT), where the constants C and
o depend only on K and n.

LEMMA 5. Let xo € 082 and ty > 0. There exist ag € (0, 1) and C > 0 such
that if u is the solution of (10) in Qr = Bp X Iy, with By = Br(xo) N 2 and
Ir = ([0 — RZ, to], then

n+oq
max lullpis, < € (%) max ulluisy + Cll follion
tel, R telg

0

holds for any 0 < p < R < min(Rg, \/t_o), where the constants C and o depend
onlyon K, n and S2.
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LEMMA 6. Let xo € 052 and ty = 0. There exist ag € (0, 1) and C > 0 such

that if u is the solution of (10) in Qr = Bgr X I, with Bx = Bg(xg) N $2 and
Iz = [0, R?), then
0 n+og
Ilrglij( lullzis,) < C (E> Itréf}z( lullLrgey + Cll follLror

holds for any 0 < p < R < min(Rg, JT), where the constants C and o depend
onlyon K, nand 2.

The following simple lemma can be found in [7, 20], which has been widely
used in the analysis of elliptic and parabolic equations in terms of the Morrey and

Campanato spaces.

LEMMA 7. Let ¢(-) be a nonnegative and nondecreasing function defined on
(0, Ry] and suppose that for any 0 < p < R < Ry,

PAN
0(p) <€ (%) o(R) +C:R™,

where Cy, v, and y, are nonnegative constants such that 0 < y, < y;. Then

1 1
EW(R) <Gy (R—(;),Z<P(Ro) + Cz) .

By applying Lemma 7 to Lemmas 3-6, we obtain the following local L'
estimates.

PROPOSITION 8. Forxy € §2, ty > 0 and Qg = Bgr(xo) x Ig with Ir = (t, — R?,
to], we have

o = ug, leo—p2.aL 8,
1
<C ﬁ”u||L°0((tU—R2,to);L1(BR)) + [l foll w22
forany 0 < p < R < min(dist(xo, 352), 4/).
PROPOSITION 9. For xy € §2, ty = 0 and Qr = Bg(xo) x [0, R*], we have
1 1
;”u”LDO((lofpz,to);L](Bp)) <C ﬁ||M||LOC((107R2,10);L'(BR)) + ”fO”L""/(””)(.QT)

forany 0 < p < R < min(dist(xy, 0£2), ﬁ).
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PROPOSITION 10. For xy € 082, ty > 0 and Qr = Br(xg) N 2 x Iz with I =
(to — R?, t,], we have

1 1

—ullzowo-priiL1 8,y < C | Sl Loo—r2.10:L18ry T | foll Lrme @)
pn Rn

forany 0 < p < R < min(Rg, 4/f).

PROPOSITION 11. For xy € 352, ty = 0 and Qg = Br(xp) N 2 x [0, R?], we
have

1 1
E”u”LN((O,pZ);L‘(B,))) <C (ﬁ”u”Lf’O((O,RZ);LI(BR)) + ||f0||L‘v"/("+2)(QT)>

forany 0 < p < R < min(Rg, v/T).

4.2. BMO estimates via £"1.  We combine the local L' estimates obtained in
the last subsection to derive a global BMO estimate of u, uniform with respect to
time.

PROPOSITION 12. Propositions 8—11 imply that the solution of (10) satisfies

||M||L°c((o T);BMO) X C||f0||L1"/<"+2>(QT), (13)

where C depends only on K, n and $2 (independent of T ).

Proof. Set M = || foll Lrve2(@p)-

First, we prove the proposition for 7 > R%. We shall prove that for R < Rg /2
and any set Bg = Br(xp) N £2 with some point x, € 2 and § = dist(xo, 962), the
following estimates hold:

1 .
ol ryi ey < CUlUllLoeo, 2120 + M) if§ <R
! (14)

1 )
ﬁ”u gl oo, 101 Bry < CUUll oo, my:L1 2y + M) if 6 > R.

Case 1: § < R. In this case, there exists a region Byg = Bgr(yy) N §2 with some
Yo € 082 such that By C Bg and so, for any given ¢y € [0, T],

(s t0)llLresey < N o)Lt (Bop)- 5)
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Now if t; < 4R?, then by Proposition 11,

%”M(', )1y < Nllze0.4r2);21 (Bog)) < C (R—n||M||Lm((o.R§]);L'(BRQ)) +M
fo)
(16)
Otherwise, f, > 4R?* and by Proposition 10, for Ry = min(/%, R) and R,, =
max(y/%, Ro) we have

ﬁ [|ue ||L°°((t0—4R2,to);L‘ (Bagr))

1
<C <R—6,||M||Lvo((roRg,zo);L'(BRO)) + M)
1
C t”7”u”L°°((0,to);L1(B@)) +M), V1 < Ra,
- 0
1
C R_?Z”u||L°°((t0—R?2,t0);L1(BRQ)) +M), Jth>=Rg,
1 ..
C 7 ]l Loo (0. Re): L1 Bogy + M ) 5 Ty < R (by Proposition 11)
< 3 °
1
c (R_?z||u||Lw((t0—R§._,,z0);Ll(BRQ)) + M> , /o = Rg.

To conclude, for § < R and 1y € [0, T] we have

A7)

1
—||“( ) llLise <

Case 2: 5 > R. In this case, we set Ry = min(3, /7y, Rp). Then Proposition 8
implies that

— |l — upg | (to—R2.10):L1 (BR))

Rl'l
1 1
< FH“ Uopll(o-r2 0L Bry < € ﬁ”u”L"C((f(J—RgJo):LI(BRO)) +M
0

1 . .
C R_n”u||L°°((to—R_quo);L](BRQ)) + M| if Ro < min(8, /1),
2

1
= C 5 ||M||Loo((10 82,10); L1 (Bs)) + M else 1f3 mln(\/%, RQ)

1
— R2
C (R_g”u”Lw((O’R(Z));Ll(BRO)) + M) else th = RO’
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() + CM if RQ mln(8 \/B)

R" ||M||Loo((0 T); L1 (2)) +CM else lf8 mln(\/t—, RQ) by (17)

1 .
C <3—n||u||Lw((o,sl);Ll(35)) + M> elseif § < Ry

N

(by Proposition 11),

1 .
C <R__,é||“”L°°((0,R§);L‘(BRQ>) +M> else if § > Rg

R” lee|| o< 0.7): L1 2)) + CM, again by (17).

So far we have proved (14). Once we note that ||u| .~ o0.7).212) < Cll follLi2p)
we derive (13) from (14).

Second, we prove the proposition for 0 < T < Rg. In this case, we consider
the solution & of the equation

0 _ g av A 18
v (AVi) = fy (18)

in the domain 2z, = £2 x (0, Ry;) with the boundary and initial conditions # = 0
on 382 x (0, Rp) and u(x, 0) = O for x € §2, where
. fo(x t) forte(0,7),
Jo(x, 1) =
fort € (T, Ry).
Check that

l f0||L1 MO (Qpgy) X < Cll follprme(py,
L follzi @y < Cll follian,

||u||L°°((0 7);BMO) X ||14||L00((0 Rg):BMO)»

where the constant C does not depend on T (as T — 0). Then we apply the
inequality (13) to &t with T = Rg. O

4.3. BMO estimates via £*!. In this section, we present estimates for the
solution of (11). The idea is similar to that in Section 4.2. From the proof of the
following lemma we can see the main difference between the current subsection
and the last subsection.

LEMMA 13. Let xo € 2 and 0 < tg < T. There exist ag € (0,1) and C > 0
such that if u is the solution to (11) in Qg = Bg(xo) x Ig with Iz = (ty — R?, 1],
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then

P

n+2aq N
2 2 2
max u ~ g, Wz, < C (%) max e =015+ Cll g,

R

holds for any 0 < p < R < min(dist(xo, 3§2), /o), where C depends only on K
and n.

Proof. Let B, = B,(0), I, = (—r* 0] and I} = 3B, x I,. With any function w
defined on Qp, we associate a function £(y, s) = £(xo + Ry, ty + R?s) defined
on Q; := B; x I;. Then u is a solution of the equation

ou . ~
a5 V,-(AV,i) =RV, - f
in @1. Let w be the solution of

ow - -
i V,-(AVy,w) =RV, - f

with the initial and boundary condition w = 0 on the parabolic boundary 8p§1.
Multiplying the above equation by w and integrating the result over O, we obtain

||w||L°°(T];L2(§1)) < CR“f”LZ(Q,)-
On the other hand, we observe that v = & — i3, — w is the solution of

av ~

Pl V, - (AVyv) =0

in Q. By the De Giorgi—Nash estimates of parabolic equations, we know that
there exists o € (0, 1) such that for p € (0, 1/2],

1
max

2 2 ~
rel, 2% ./Ep v va| dy < C|U|Ca°'a0/2(Q1/z)

2 2
< Clvlagg,y < Cmax ol

Therefore,
max ||ii — iy |25, < Cmax lv—vz |25, + Cmax ||[w — wy [|%,5
rel, Qo lL2(By) rel, 2, 'L2(B)) rel, Qo 112(B))

+2 2 2
< CIO" 0 m%,x ”v”LZ(El) + Cm%,x ||w||L2(§])
tel tel
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+2 ~ ~ 2 2
< Cp" P max i — i, I, + € max
1

B
rel, (By)

2 ~ ~ 2 21 £112
g Cp"+ “0 rfg}x ”u - M@] ||L2(§]) + CR ”f”LZ(Q[)
1

n+2a ~112 20 £112

g CIO Olga,l;lx “u”LZ(EI) +CR “f”LZ(él)
Transforming back to the (x, ¢)-coordinates, we complete the proof of the lemma
for & = 0. Then we note that u — 6 is also a solution to Equation (11) in Q for
any 6 € R. O

In a similar way, we can prove the following lemmas and propositions.

LEMMA 14. Let xy € §2 and ty = 0. There exist ay € (0, 1) and C > 0 such that
if u is the solution of (11) in Qg = Bg(xo) x I, with I , =[O, R?), then

+2 5
max el < € (%) max bl + CIAIG:
tel, L*(By) R rely L*(BR) L=(QRr)

holds for any 0 < p < R < min(dist(x,, 02), VT), where C and o depend only
on K and n.

LEMMA 15. Let xq € 082 and ty > 0. There exist ag € (0, 1) and C > 0 such
that if u is the solution of (11) in Qg = Br X Ig with Bg = Br(xy) N 2 and
Ir = (ty — R?, 1], then

P

2
max ||u <C (—
tel, I ”LZ(Bp) =

" max ey, + CIFI
R max ullzpy, L2(0x)

holds for any 0 < p < R < min(Rg, /%), where C and oy depend only on K, n
and $2.

LEMMA 16. Let xq € 052 and ty = 0. There exist ay € (0, 1) and C > 0 such
that if u is the solution to (11) in Qg = Bg X I, with Bg = Bgr(x¢) N £2 and
1, = [0, R?), then

+2 -
max s, < C(2) max ullsp,, + CIFIE:
tel, (Bp) R relp (BRr) (Or)

holds for any 0 < p < R < min(Rg, V/T), where C and oy depend only on K, n
and 2.

From the above lemmas, using Lemma 7 we can derive the following results
concerning the solution of (11).
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PROPOSITION 17. Forxy € 2,1ty > 0, Qg = Bg(xo) x (to — R%, 1)) and 0 < p <
R < min(dist(xo, 52), \/To), we have

2
e = 10, 700 (= p2.100:12(8, )

1 -
2 2 n
<C (Rn ”u”L”((IO*RZJO):LZ(BR)) + ||f||L2‘”/("+2)(91‘)> P

PROPOSITION 18. Forxy € 2,1 =0, Qg = Br(xy) x[0, R*]and0 < p < R <
min(dist(xg, 882), v/T), we have

1 -
2 2 2 n
Nl zoe 0, 021:2208, < € <Rn N e 0, R2): 228y T “f”LZv"/(M)(QT)) P

PROPOSITION 19. For xy € 852, to > 0, Qr = Br(xo) N 2 x (ty — R?, ty] and
0 < p < R < min(Rg, 4/fy), we have

n

2 2 212
”u||L°°((to—p2,t0);L2(Bﬂ)) < C <ﬁ||u||L0C((tO_R2,[()):L2(BR)> + ||f||L2Jl/(ﬂ+2)(QT)) P

PROPOSITION 20. For xo € 382, tp = 0, Qg = Br(xo) N 2 x [0, R?] and
0 < p < R <min(Rg, «/T), we have

n

1 .
2 2 2
Nl oo 0,022, < € <ﬁ||”||L°0(<o,R2>;L2<BR>> + ”f”Ll"/(M)(fzr)) o

With the above propositions and following the outline of Section 4.2, we can
prove the global BMO estimate below.

PROPOSITION 21. Propositions 17-20 imply that the solution of (11) satisfies

||u||L°°((0,T);BMO) < C”f”sz”/(”*Z)(QT)’ (19)

where C depends only on K, n and §2 (independent of T).

5. Holder estimate of parabolic equations

In this section, we list the propositions to be used in deriving (7). We omit the
proof of these propositions, as it is very similar to the proof presented in the last
section. The reason we keep these propositions in this section is that some of them
are also used in the next section to prove global well-posedness of the degenerate
thermistor problem.

There exist positive constants oy and C such that the following propositions
hold.
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PROPOSITION 22. Forxy € 2, ty > 0, Qg = Br(xy) x (to — R%, 1], 0 < 2p <
R < min(dist(xo, 8§2), V/fo) and 0 < a < o, the solution of (10) satisfies

1
—p”+2+°‘ lu —ug, i, <C <—R”+2+"‘ lu —0OllLiop + Rite ”fO”L‘(QR)) )
where 0 is an arbitrary constant.

PROPOSITION 23. Forxg € §2,to =0, Qg = Br(x9) x [0, R?], 0 < p < R <
min(dist(xo, 882), VT) and 0 < o < g, the solution of (10) satisfies

1 1 1
WHMHL‘(Q/,) <C <W”u”LI(QR) t e ”fO”L‘(QR)) :

PROPOSITION 24. For xy € 382, ty > 0, Qg = Bgr(xy) N 2 x (ty — R?, 1],
0 < p < R <min(Rg, +/fy) and 0 < a < wy, the solution of (10) satisfies

1 1 1
W”unﬂ(gp) <C <W”M”L‘(QR) + W”foHLI(QR)) .

PROPOSITION 25. Forxy € 382,19 =0, Or = Br(xg) N 2 x [0, R?], 0 < p <
R < min(Rg, VT) and 0 < a < ay, the solution of (10) satisfies

1 1 1
W”u”LI(Q,)) <C <W||M||LI(QR) t oo ||f0||L1(QR)> .

With the above propositions and following the outline of Section 4.2, we can
derive the following estimate in terms of the Campanato space.

PROPOSITION 26. The solution of (10) satisfies
il oo gy < Cllfoll ooy, (20)

where C depends only on K, n and §2 (independent of T).

The local and global estimates in Eﬁ:ﬁa(QT) follow in a similar way. To
conclude, we have the following.

PROPOSITION 27. Forxy € 2,1ty > 0, Qr = Br(xo) X (ty — R*, 1,1, 0 < 2p <
R < min(dist(xg, 382), \/To) and 0 < a < a, the solution of (11) satisfies

1 -
2 2 2
PE=Er lw =ug, 12, < € (Rn+2+2a llw = 6W20p + niza ||f||L2(QR)> ’

where 0 is an arbitrary constant.
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PROPOSITION 28. Forxy € §2,tp =0, Or = Br(xy) N 2 x [0, R*], 0 < p <
R < min(dist(xo, 32), v/T) and 0 < a < «y, the solution of (11) satisfies

1 1 -
2 2 2
i, < € (gm0 + vz )

PROPOSITION 29. For xy € 382, ty > 0, Qg = Bg(xy) N 2 x (ty — R?, 1],
0 < p < R <min(Rg, 4/fp) and 0 < o < w, the solution of (11) satisfies

1 1 1 >
2 2
el < € (g o + o o )

PROPOSITION 30. Forxy € 382,10 =0, Or = Br(xg) N2 x [0, R*], 0 < p <
R < min(Rgo, vVT) and 0 < a < ay, the solution of (11) satisfies

1 1 1 >
2 2 2
i, < € (gm0 + oz Pl )

PROPOSITION 31. The solution of (11) satisfies
|| u || E%;;Za/(:wZ) (©@r) < C ” f || L.2.(n1420)/(n+2) (27)> (2 l)

where C depends only on K, n and S2 (independent of T).

Propositions 26 and 31 imply the global Holder estimate (7).

6. The degenerate thermistor problem

In this section, we prove Theorem 2 concerning global well-posedness of the
degenerate thermistor problem. Before we prove the theorem, we introduce some
lemmas to be used.

6.1. Preliminaries

LEMMA 32. Let p > 0. If u € BMO(R"), u > 0, and C, + C,|s|” < p(s) <
Cs + Cyls|? for s > 0, then p(u) is an A, weight in the sense that

1 d 1 1 d <C
(@/BP(”) x) (ﬁfgp(u) x>\

for any ball B C R", where the constant C depends on Cy, C,, C3, Cy, p and
Il || gmo-
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Proof. For any ball B C R", we set B = {x € B||u(x) — ug| < %uB} and
B, = B\B,. By the Nirenberg inequality [13] we have |B,|/|B| < e C"#/lullsvo,
Clearly, p(u) > Cp(up) on B;. Therefore,

1 / C
— p(u)dxé—/(l-l—lu—u|”)dx+—/|u |” dx
1Bl J5 1B| J5 g Bl J; "

< C + Clugl” < Cp(up),

1 1 C|B,|
— X < — x +
|B| Jp p(u) |B| Jp, p(u) | B
< —Cug/llullBMO < ¢
o(ug) pug)
The last two inequalities imply that p () is an A, weight. O

The following lemma concerns maximal regularity of parabolic equations,
which is an application of the maximal regularity of [26] and [17] (with the
perturbation method for the treatment of operators with merely continuous
coefficients).

LEMMA 33. Let u be the solution of the parabolic problem (4) in R" (n = 2, 3)
with the Dirichlet boundary/initial conditions u = g = fy = 0, and assume that
the coefficient matrix A is continuous. Then we have

lullrwia@y < Cpgll fllLea.Lo@))
for some q > n and any 1 < p < oo. The constant C, , depends only on p, q, K,

the domain §2 and the modulo of continuity of A.

The analogous result for elliptic equations is given below, which can be proved
by applying the W4 estimate of [17] with a perturbation argument.

LEMMA 34. Let A;j, i,j = 1,...,n, be continuous functions defined on S2,
satisfying

TEP <) Ay(0EE < KIEP forallE R, ae x eR" (n=2,3),
ij=1
where K is a positive constant. Let u be the solution of the elliptic equation
—V.-(AVu) =V - f in$2,
with the Dirichlet boundary condition u = 0 on 052. Then we have

”u”W“i(.Q) C ||f||L4(9)
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for some q > n. The constant C, depends only on q, A, the domain $2 and the
modulo of continuity of A.

The following lemma is concerned with Holder estimates for inhomogeneous
parabolic equations [6], which is also a consequence of Theorem 1.

LEMMA 35. The solution of (4) with uy = g = 0 satisfies
lullcowrz,y < CU follLrqo.r):La@y + A1l 2o,y 220 )
forsome O <« < 1, provided 1 < p,g <oocand?2/p+n/q <?2.

The following lemma concerns an estimate of Vu in the Morrey space for the
parabolic equation (4), which was proved in [29] for uy = g = f, = 0.

LEMMA 36. The solution of (4) with f, = 0 satisfies

Vel 2o gy, < CULF ooy, + 1V8 N zaeen g,
+ ”a’g”ngﬂ(”Z)(Qr) + ”uOHLOC(.Q))-

6.2. Construction of approximating solutions. For the nondegenerate

problem, the existence of a C* solution was proved by Yuan and Lin [30, 31].
Based on their result, for any given ¢ > 0, there exists a weak solution (u#°, ¢°)
such that ¢° € L=((0, T); H'(2)) and u® € C**>(27) N L*((0, T); H'(R2)),
to the following equations

8 &
a”t = V. [(0(u) + e)¢* V] in 2,
ut =g onds2, (22)
ut(x,0) = up(x) for x € £2,
{—V'((U(u’)+e)V¢ )=0 ing, )
¢ =h on d52.

We also note that, by the maximum principle, the solution u® of (22) satisfies
u® > c:= min(min uog(x), min g(x)) > 0, 24)
xef xed

and the solution ¢ of (23) satisfies

e @r) < NAllLoecry)- (25)
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By hypotheses (H1) and (H2), we have

kKo K ku®) <k, <o) +e <20 :=supols), (26)

s=c

for some positive constants kg, k; and oy, where we choose € < oy.

PROPOSITION 37. The solution (u®, ¢°) of (22) and (23) satisfies

lu® Nl caerryy + Nu Nl Loo.1): wracey)
F+ 10:u |l oo,y w—ra(2y + 19° |l L0,y wia2)y < C,
and
||¢£”C"‘~"/2(§R><[O,T]) < Cdist(ER,aQ)

for any closed ball By C $2, where the constants C and CiisBr.o0) are
independent of ¢.

Proof. First, we show that o (u®) + ¢ is an A, weight, uniformly with respect to
time and ¢.

Let xo € £2,t) > 0 and let Ry, = %min(\/t_, dist(xg, 0§2)). For any ball By
of radius R centered at x,, we let { be a smooth function defined on R”, which
satisfiles0 < ¢ < 1,¢ = 1in Bg and ¢ = 0 outside B,g. For any interval Iz = (fo—
R?, 1], we let x be a smooth function defined on R, which satisfies 0 < x < 1,
x =1lonlIgand x = 0on (=00, fy —4R?]. Let Qg = Br x I so that (u?, ¢°)
is a solution of (22) and (23) in Qy,. Multiplying (23) by ¢ = ¢*¢?, we obtain

f (o) +&)|Ve°|*dx < / (0 ) +8)|¢°PIVE [ dx < Cll¢° 7o) R
Bgr Bar
Integrating the above inequality with respect to time and using (25), we get
./ (0 W) + &)V P dxdt < Clhlwcr,, R" (27)
Or

Similarly, for xo € 882, t, > 0, R < 3 min(/%, Re), Bg := Bg(xp) N £2 and

Or = Qr(xo, 1) N 27, we also have (27). From the last inequality we see that
Vo) +ever

By Theorem 1, the solution of (22) satisfies

I oo < C |Vo@) 69| L0
para T
+C||MO||L°C(.Q) + C||g||L°°(FT) < C. (29)

(28)

2, 2 ~
Lyl ™ @r)
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Applying Lemma 36 to Equation (22) and using (28), we derive
IV 2o g, < C ”\/G(M*?) eve

We extend the function u® defined on £ to R” by setting u®(x) = c for
x € R"\ 2 so that

+C<C. (30)

2, 2
Lol " (2r)

lluf |l L0, 7):BMO@®RM) < C.

Since (8) holds, from Lemma 32 we see that p(#°) (and also o (1®) = 1/p(u®))
is an A, weight uniform with respect to time and ¢. It follows that, for any ball
B C R”,

. 1 1
(|B|/(“(”)+8)dx)(|B|/o(ue>+edx)
( ! /a(uﬂdx)( ! /;dx>+if;dx
1B| Bl Jy o) e B| Jy o) + e
1
€ d 1
<|B|f () d )(|B|/a<uf) x)+

which says that o (u®) +¢ is also an A, weight, uniform with respect to time and ¢.

Second, we estimate the Holder norms of ¢° and u®, respectively. In fact,
from [11] and [9] we know that any solution of the elliptic equation (23) with
the A, coefficient o (u®) + ¢ satisfies the Holder estimates (see Remark 38):

l6°C, Dllcem < CIA G, Dllcepy < C fort € (0,T), Vo e (0,ap), (31)

for some fixed constant ¢y € (0, 1).

We proceed to the Holder estimate of #°. For any fixed x, € £2, we decompose
the function u® as u® = uj + u5, where uj and u5 are weak solutions of the
equations

% — V.- (k@)Vui) =0 in$2,
ui =g on 052,
ui(x,0) = up(x) forx € 2,
and
8t =V (k@ )Vu3) =V - [(¢° — ¢ (x0, 1)) (0 (") +&)Ve*] in £,

uy =0 onds2,
u5(x,0) =0 for x € £2,
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respectively. By the De Giorgi—Nash—Moser estimates [20], we have
luillcoerg,y < CUIglIcanrF,y + lltollceg)),

and in order to estimate ||u5 || ca/2(,), We set f = (¢° — P®(xp, 1)) (0 (u®)+¢e)Vp*©
and apply Propositions 27-30. We see that for xo € £2, % > 0,0 < 2p < R <
min(dist(xo, 3§2), /%), we have

pn+2+2a ”I/l; - (u;)Qp ”iZ(Qﬂ)
< € (s 05— Ol gy + s 11
X Rn+2+2« 2 L2(Qr) Rl’l+2a om0
1
s¢ (W” —Oll20n + 2 LB iy Hmw,

L2(Qk ))
<C —1 0
=~ Rn+2+2a ”I/lz ”LZ(QR) + L2(Q )

Similarly, for xo € 2, 1) = 0, Qr = Br(xp) x [0,R?’]and 0 < p < R <

min(dist(xo, 882), ~/T), we have
Vo) 4+ eVe® )
L2(Qg)

FOI'X() €082, fo > 0, QR = BR(X())OQ X (l(]—Rz, [0] and 0 < p < R < diSt(R_Q,

J/1o), we have
L2(Qr ))

Forxy € 82,10 =0, Qg = Br(x)N2 %[0, R*]and 0 < p < R < min(Rgo, v/T),

we have
Vo (ut) +evVe )
L%(QR)

Combining the last four inequalities and following the outline of Section 4.2,
we can derive

5l g g, < C H\/a(us) Feve

With (28) and the equivalence relation L3,/ ¥>*/"+2(2) = C**/ 2(827), we see
that

o) +e¢

1
i, < € (o +

1 . 1
I, <€ (mnuznmk) t o |Vow rever|

g2
Wl g, < € (o +

2, 2 :
Lol ™ (0p)

||u;||ca~u/2(§r) < C.
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Therefore,

||”g||cw/2(§T) < ||”?||cava/2(§T) + ||”§||Cav°f/2(§T) < C. (32)
Third, we present W9 estimates of ¢° and u®. Note that the last inequality

implies that

Cl'<ow)+e<C, |oW)+elcuorg, <C, k@) cuarg, < C.
(33)
With the Holder estimates of o (4°) + ¢ and « (1®), we apply Lemmas 33 and 34
and derive

6% M| Lo 0.1y wra(2y < CllAl Lo, my:wra@) < C, 34)
< Colldllerorywraey +Cp < Cp, (35)

for some ¢ > n and any 1 < p < oco. From Equation (22) we also see that

flu’ ||LP(((),T):,W]"’(9))

106 | Locr:w—rac2y < CUU oo,y wracey + IV llLro,r:wra)) < C. (36)

Finally, we estimate the interior space-time Holder norm of ¢°, which is
used to obtain pointwise convergence of the approximating solutions in the next
subsection. For the simplicity of notation, we set A* = o (u®) + €. From (23) we
see that

=V (A (x, 1) VI[$* (x, 1) — ¢°(x, )])
= V- ((A°(x, 1) — A*(x, ) V9 (x, 1n)).

By applying the interior W4 estimate to the above equation, we find that for any
closed ball By contained in §2 there holds

l¢°(x, 1) — " (x, )l Lo, 1y:wraBr)y < CaisuBroo) |A° (X, 1) — A°(x, ) ||l L2

: 2
< Cdist(?;g,&[))”AF”C“-H/Z(ﬁr)'tl - l‘2|a/ s
which reduces to
1% llcerqo.riwra ey < CaisiBr.o2)-
Since W'9(Bg) < C%(£2), the last inequality implies that
||¢£||ca-u/2(§kx[0,n) < Cdisx(ER,aQ)- (37)
The proof of Proposition 37 is complete. O

REMARK 38. In (31), we have used both the interior estimate of [11] and
a boundary estimate, which is slightly stronger than the result proved in [9,
Theorem 4.2]. In fact, from the proof of Theorem 4.2 of [9] one can see that
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there exists y > 0 such that

O\
osc E<C(—) osc ¢ + C,4llh° | cra) R”
B,(xo)n9¢ =T A\R BR(XO)anb vl llcroe)

for xo € 952 and B < y. Then an application of Lemma 7 (together with the
interior Holder estimate) yields (31). (If one applies [9, Theorem 4.2] directly,
instead of the stronger result used in (31), one still can prove Theorem 2.)

Note that the conditions of [9, Theorem 4.2] are satisfied:

(1) o(u®) is an A, weight:

<L/G(u)dx) (L/ ! dx) < C.
1Bl /5 |B| Jp o(u)

(2) o (1®) has an upper bound in £2 and is constant in R"\§2, which imply that

CI/ ocw®)dx < R"< C/ o®)dx forxy € 0S2.
Bg(x0) Bg(x0)\£2

6.3. Existence of solution. Since C**/*>(£27) is compactly embedded into
C(27) and C**>(Bg x [0, T]) is compactly embedded into C (B x [0, T1), there
exist functions u € C*%2(27), ¢ € L®(I; W"4(£2)) with ¢ € C**/*(Bg x [0,
T]) for any closed ball By contained in £2, and a sequence & — 0, such
that u* converges to u in the norm of C(£27), u® converges weakly to u
in LP(I; Wh4(£2)), 0,u®* converges weakly to d,u in LP(I; W19(82)), ¢
converges weakly* to ¢ in L>(1; W'4(£2)), and ¢* converges to ¢ pointwise
uniformly in each compact subset of £2 x [0, T].
From (23) we see that

f (o (u*) +&)Ve*™ - Vodx =0 forany ¢ € H} (£2).
22
By taking the limit k — oo, we obtain
/ ou)V¢ -Vodx =0 forany ¢ € Hj(2) and ae.t € (0, T). (38)
2
Therefore, for any function v € C§°(£2),
k—o00

lim | V. (¢% (o) + )Vep*)vdx
2

= —klim f O (o () + &) Vo™ - Vv dx
— 00 7
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= —/ ¢o(w)Veo - Vodx
2
= _/ o(u)Ve - [V(pv) —vVeldx
2
=/ o)|Ve|*vdx.
2

From (22) we know that for any v € L*((0, T); C5°(£2)),

T ou* T
/ / vdxdt—l—/ / Kk (u™),, Vu™ - Vudx dt
o Jo O 0o Jo
T 1
= f f V. ((l)ak V¢>£") vdxdt.
0o Jo o W),

By taking the limit k — oo, we get

T 81/! T T
/ / —vdxdt+/ /K(I/L)VI/L-VdedZZ/ /G(u)|V¢|2vdxdt.
0o Jo Ot 0o Je 0 Je

(39)
From the regularity of u and ¢, we know that Equations (38) and (39) actually
hold for any ¢ € H, (£2) and v € L*((0, T); H, (£2)).
To conclude, we have proved the existence of a weak solution (u, ¢) to
Equations (1)—(3) with regularity (9).

6.4. Uniqueness of solution. Suppose that (1, ¢,) and (u,, ¢,) are two pairs
of solutions to the initial-boundary value problem (1)—(3), both satisfying (9).
Let it = u; — u, and ¢ = ¢, — ¢,. Then it and ¢ are weak solutions to the
equations

57
a—L: — V. (k)Vi) =V - ((k(uy) — k(u2))Vus)

+ (@) — o))V > + o) V(g + ¢2) - Vo (40)
—V - (cu)Ve) =V - ((ocuy) — o)) V), 41)

with the following boundary and initial conditions:

i(x,1)=0, ¢x,t)=0 forxedf2, tel0,T],

_ (42)
u(x,00=0 for x € £2.

For any v € (0, T), we denote I, = (0, 7) and §2, = £2 x I,. By applying
Lemma 35 to parabolic equation (40), we see that for ¢ > n there exists
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1 < p < oo such that

llull e,y < Cli(k(ur) — kU2))Vus|lLra,:Le@))
+ Cll(o(u1) — o (u2)) |V |2||L/’(IT;L‘1/2(.Q))
+ Cllo w2) V(g1 + ¢2) - VPlloa,en@)
< Cllit|l zion (T IV uall 1201, . Loy + IV ”izl)([T;Lq(Q)))
+ Ct' PP V(@1 + )l eirLon VOl 2o, 1oy
< CT'PP)i| @, + CTPPIIVP | 1ot 0020
where the constant C is independent of t. With the Holder regularity of u;, by
applying the W' estimates to (41), we obtain
||V(IS||L°°(1,;L4<Q)) < Cll(o(u1) — o W2)Vallrei, Loy < Cllitll=,)-
There exists Ty such that for T < Ty, the last two inequalities imply that
il @0 + IVl yira iy = 0.

By dividing the interval (0, 7') into small parts (7}, Tl k=0,1,..., each
part satisf}/ing Ti1 — Ty < Ty, we find that u(-, Ty) = ¢(-, T;) = 0 implies that
u(-,t) =¢(-,t) =0fort € [Ty, Ty, 1] This proves the uniqueness of the solution.

7. Conclusions

In this paper, we have proved global existence and uniqueness of a weak
solution to the degenerate thermistor problem by establishing a uniform-in-time
BMO estimate for parabolic equations with possibly discontinuous coefficients.
Roughly speaking, BMO is a combination of the conventional BMO in the interior
of the domain and L near the boundary. Physical hypotheses (H1) and (H2) are
satisfied by metals and many semiconductors. The BMO estimate of parabolic
equations established in this paper may also be applied to other equations of
mathematical physics.
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