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Regularized Least Squares Approximation over the
Unit Sphere by Using Spherical Designs
Congpei An
Department of Mathematics,
Jinan University,
Guangzhou, China.
Email: andbach@163.com.
Abstract
We consider polynomial approximation on the unit sphere by a class of regularized
discrete least squares methods, with novel choices for the regularizing operator and the
point sets of the discretisation. We allow diﬀerent kinds of rotationally invariant regularization operators, including the zero operator (in which case the approximation includes interpolation, quasi-interpolation and hyperinterpolation); powers of the negative
Laplace-Beltrami operator (which can be suitable when there are data errors); and regularizers that yield ﬁltered polynomial approximations, which (even for exact data) can
exhibit improved uniform approximation compared to the unregularized case. As node
sets we use spherical t-designs, which are point sets on the sphere which when used as
equal-weight quadrature rules integrate all spherical polynomials up to degree t exactly.
For t ∈ [L, 2L), the error analysis corresponding to diﬀerent choices on regularization
operators are discussed. Finally, the numerical illustrates the theoretical results, and
show that well chosen regularizers and well conditioned spherical t-designs can provide
good polynomial approximation on the sphere, with or without the presence of data errors.
This is a joint work Prof. Xiaojun Chen, Prof. Ian H. Sloan and Prof. Rob.
S. Womersley.
Reference
(1) C. An, Error Analysis of Regularized Least Squares Approximation over the unit Sphere,
Preprint.
(2) C. An, X. Chen, I. H. Sloan and R. S. Womersley, Regularized Spherical Least-squares
Approximations on the Sphere Using Spherical Designs, SIAM J. Numer. Anal., to
appear.
(3) C. An, X. Chen, I. H. Sloan and R. S. Womersley, Well Conditioned Spherical Designs
for Integration and Interpolation on the Two-Sphere, SIAM J. Numer. Anal. 48 (2010),
pp. 2135-2157.

4

Some Problems Related to Spherical Designs
Eiichi Bannai
Shanghai Jiao Tong University
Email: bannai@sjtu.edu.cn
Abstract
We discuss some results and conjectures related to spherical t-designs. The following two
topics will be discussed, among others.
(i) Spherical designs of harmonic index t. We call a ﬁnite subset X on the unit sphere S n−1
∑
a design of harmonic index t, if
x∈X f (x) = 0 for all homogeneous harmonic polynomials
f (x) of degree exactly t. Please note that this is a weaker condition than design of strength
t (usual spherical t-designs) and design of index t. We discuss whether there is any natural
Fisher type lower bounds for size |X|. We observe some interesting conﬁgurations which attain
possible putative lower bounds. (This is joint work with Makoto Tagami of Niigata Institute of
Technology.)
(ii) Many existence proofs of spherical t-designs as well as of other t-designs (e.g., interval
t-designs) are known. Most of them use either topological techniques or the continuity property
of real numbers. We want to discuss the existence of so called ”rational” t-designs. Some recent
progress on this topic will be surveyed.
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Computational Existence Proofs for Spherical
t−Designs
Xiaojun Chen
Department of Applied Mathematics,
The Hong Kong Polytechnic University,
Hung Hom, Hong Kong.
Email: maxjchen@polyu.edu.hk.
Abstract
Spherical t−designs provide quadrature rules for the sphere which are exact for polynomials
up to degree t. In this talk, we propose a computational algorithm based on interval arithmetic
which, for given t, upon successful completion will have proved the existence of a t−design with
(t + 1)2 nodes and will have computed narrow interval enclosures which are known to contain
these nodes with mathematical certainty. Since there is no theoretical result which proves the
existence of a t-design with (t + 1)2 nodes for arbitrary t, our method contributes to the theory
because it was tested successfully for t = 1, 2, ..., 100, i.e., for all t considered so far. The t−design
is usually not unique; our method aims at ﬁnding a well-conditioned one. The method relies on
computing an interval enclosure for the zero of a highly nonlinear system of dimension (t + 1)2 .
We therefore develop several special approaches which allow us to use interval arithmetic eﬃciently in this particular situation. The computations were all done using the MATLAB toolbox
INTLAB. At the end of this talk, applications of well conditioned spherical designs for integration, interpolation and regularized least squares approximations on the two-sphere are discussed.
This is a joint work with Congpei An, Andreas Frommer, Bruno Lang, Ian Sloan
and Womersley.
Reference
(1) C. An, X. Chen, I. Sloan and R.S. Womersley, Well conditioned spherical designs for
integration and interpolation on the two-sphere, SIAM J. Numerical Analysis, 48(2010),
2135-2157.
(2) C. An, X. Chen, I.H. Sloan and R.S. Womersley, Regularized least squares approximations on the sphere using spherical designs, to appear in SIAM J. Numerical Analysis.
(3) X. Chen, A. Frommer and B. Lang, Computational existence proofs for spherical t−designs,
Numerische Mathematik, 117(2011), 289-305.
(4) X. Chen and R.S. Womersley, Existence of solutions to systems of underdetermined
equations and spherical designs, SIAM J. Numerical Analysis, 44(2006), 2326-2341.
(5) X. Chen, R. Womersley and J. Ye, Minimizing the condition number of a Gram matrix,
SIAM J. Optimization, 21(2011), 127-148.
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An ADI Extrapolated Crank-Nicolson Orthogonal
Spline Collocation Method for Nonlinear
Reaction-Diﬀusion Systems
Ryan I. Fernandes
Graeme Fairweather
Department of Mathematics
Mathematical Reviews
The Petroleum Institute
American Mathematical Society
P. O. Box 2533
416 Fourth Street
Abu Dhabi, UAE.
Ann Arbor,MI 48103, U.S.A.
Email: rfernandes@pi.ac.ae
Email: gxf@ams.org
Abstract
A new numerical technique is presented for the solution of a class of two-component nonlinear
reaction-diﬀusion problems in a rectangle. In this method, orthogonal spline collocation (OSC)
with piecewise polynomials of degree r ≥ 3 is used for the spatial discretization, and the timestepping is performed using an algebraically linear alternating direction implicit (ADI) method
based on an extrapolated Crank-Nicolson OSC method. At each time step, this technique
reduces the multidimensional problem to sets of independent linear OSC two-point boundary
value problems in the coordinate directions. The eﬃcacy of the method is demonstrated using
well-known examples of reaction-diﬀusion models arising in chemistry and biology. Moreover, it
is demonstrated numerically that the method is second-order accurate in time and of optimal
accuracy in space in various norms, and possesses superconvergence properties.
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Hybrid Monte-Carlo Deterministic Algorithm for
Neutron Transport
C. T. Kelley
Department of Mathematics,
Box 8205, SAS Hall,
2311 Stinson Drive,
North Carolina State University
Raleigh, NC 27695-8205, USA
Email:Tim Kelley@ncsu.edu
Abstract
Neutron transport in power reactors is modeled with a linear Boltzmann equation in phase
space (space + momentum). The neutron transport equation is an integro-diﬀerential whose
solution is the intensity of radiation. The quantities of interest are integrals of the intensity
over some of the variables (the angles of direction of motion). The two most common methods
of solution are Monte Carlo approximation (accurate and very expensive) and various deterministic discretization approaches (less expensive, but subject to solution artifacts from the
discretization).
We are developing algorithms that will combine good physical modeling properties of MonteCarlo simulation with the computational eﬃciency of deterministic modeling. Our approach
changes the Boltzmann equation to a coupled system of a linear equation in phase space of a
very simple form, and a nonlinear equation in space only (not momentum) which can be solved
with a Newton-Krylov approach. In our hybrid approach we solve the Boltzmann equation with
a Monte Carlo simulation.
The Monte Carlo error aﬀects the nonlinear solver in many ways. The termination criteria
for both the linear and nonlinear iterations must take the Monte Carlo error into account. The
line search may fail, and one must use knowledge of the Monte Carlo simulation to address line
search failures. Finally, the quality of the ﬁnal result will be aﬀected. In this talk we discuss
our recent progress and describe some unsolved problems.
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Proving the Monotonicity of the Period Function of
an ODE Using Maple
ManKam Kwong
Department of Applied Mathematics
The Hong Kong Polytechnic University,
Hung Hom, Hong Kong.
Email: mankwong@inet.polyu.edu.hk.
Abstract
A special case (when γ = −1) of the following initial value problem arises in the construction
of a class of rotational ﬂow with radial symmetry for the 2-dimensional Euler-Poisson system.
1
= 0,
r(0) = α, r′ (0) = 0 (−3 < γ < 1).
r′′ (t) + rγ (t) − 3
r (t)
All solutions of this diﬀerential equation are periodic. Let T (α) denote the period of the solution
as a function of the initial amplitude α. It is desirable to know if T (α) is increasing for α > 1.
A result of S.N. Chow and D. Wang (1986) provides a suﬃcient condition to answer the
question, for γ = −1, in the aﬃrmative. However, verifying the criterion needs the help of a
symbolic manipulation software such as Maple.
The Chow-Wang criterion is extended to handle the case for more general γ.
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Immersed Finite Element Methods for Interface
Problems
Yanping Lin
Department of Applied Mathematics
The Hong Kong Polytechnic University,
Hung Hom, Hong Kong.
Email: malin@inet.polyu.edu.hk.
Abstract
We will report some of recent results on immersed ﬁnite element methods for interface problems. Other related problems will also be mentioned.
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Optimal L∞ − L2-error Analysis of Semidiscrete
Galerkin Methods for Linear Parabolic Problems
with Nonsmooth Initial Data: An Alternate
Approach and Some Ramiﬁcations
Amiya Kumar Pani
Department of Mathematics,
Industrial Mathematics Group,
Indian Institute of Technology Bombay,
Powai, Mumbai-400076, India.
E-mail: akp@math.iitb.ac.in
Abstract
In this talk, starting with some earlier results, we propose and analyze an alternate approach
of optimal L2 - error estimates for semidiscrete Galerkin approximations to a second order linear
parabolic initial and boundary value problem with rough initial data. Our analysis is based on
energy arguments without using parabolic duality. Further, it follows the spirit of the proof
technique used for deriving optimal error estimates for ﬁnite element approxima- tions to parabolic problems with smooth initial data and hence, it uniﬁes both theories, that is, one for
smooth initial data and other for nonsmooth data. Moreover, the proposed technique is also
extended to a semidiscrete mixed method for linear parabolic integro-diﬀerential equations with
nonsmooth data for which there are some problems in deriving optimal L2 -error estimates.
This is a joint work with Deepjyoti Goswami.
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The Quantum Eigenvalue Problem
Liqun Qi
Department of Applied Mathematics
The Hong Kong Polytechnic University,
Hung Hom, Hong Kong.
Email: maqilq@inet.polyu.edu.hk.
Abstract
The quantum eigenvalue problem arises in the study of the geometric measure of the quantum entanglement. In this talk, we convert the quantum eigenvalue problem to a Z-eigenvalue
problem of a real symmetric tensor. In this way, the theory and algorithms for Z-eigenvalues
can be applied to the quantum eigenvalue problem. In particular, this gives an upper bound for
the number of quantum eigenvalues. We show that the quantum eigenvalues appear in pairs,
i.e., if a real number λ is a quantum eigenvalue of a square symmetric tensor Ψ, then −λ is also
a quantum eigenvalue of Ψ. When Ψ is real, we show that the entanglement eigenvalue of Ψ is
always greater than or equal to the Z-spectral radius of Ψ, and that in several cases the equality
holds.
We also show that the ratio between the entanglement eigenvalue and the Z-spectral radius
of a real symmetric tensor is bounded above in a real symmetric tensor space of ﬁxed order and
dimension.
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Adaptive Time Stepping and Energy Stable Schemes
Zhonghua Qiao
Department of Applied Mathematics
The Hong Kong Polytechnic University,
Hung Hom, Hong Kong.
Email: zqiao@inet.polyu.edu.hk.
Abstract
In this talk, we ﬁrst give a brief review on the recent development of the energy stable numerical schemes for the nonlinear diﬀusion equations. And then we will introduce an adaptive
time-stepping strategy, which is based on the energy variation. This strategy has been successfully applied to the nonlinear diﬀusion equations. It can not only resolve the steady state
solution eﬃciently, but also resolve the dynamics of the system accurately. Finally, we will show
the application of the proposed method in complex ﬂuids simulations.
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A Quadrilateral Morley Element for Biharmonic
Equations
Dongwoo Sheen
Department of Mathematics and Interdisciplinary Program
in Computational Science & Technology
Seoul National University,
Seoul 151–747, Korea
Email: sheen@snu.ac.kr
web page: http://www.nasc.snu.ac.kr
Abstract
We begin with a brief review on the recent development in ﬁnite element methods for biharmonic problems. Biharmonic problems arise from bending of clamped thin isotropic elastic
plates and creeping ﬂow of a viscous incompressible ﬂuid. Conforming ﬁnite elements are expensive to implement, in general, in solving the fourth-order PDEs. This, together with the
Stokes and elasticity problems, has been one of the major driving engines that lead to study
nonconforming ﬁnite elements.
We will propose a Morley-type ﬁnite element for quadrilateral meshes to solve biharmonic
problems. For each quadrilateral the element is deﬁned by the span of P2 plus two functions
from P3 . Error estimates and numerical results will be presented.
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Fast Spectral-Galerkin Methods for
High-Dimensional PDEs and Applications to the
Electronic Schrodinger Equation
Jie Shen
Department of Mathematics,
Purdue University,
West Lafayette, IN 47907, USA
Email:shen7@purdue.edu
Abstract
Many scientiﬁc, engineering and ﬁnancial applications require solving high-dimensional PDEs.
However, traditional tensor product based algorithms suﬀer from the so called ”curse of dimensionality”. We shall construct a new sparse spectral method for high-dimensional problems,
and present, in particular, rigorous error estimates as well as eﬃcient numerical algorithms for
elliptic equations in both bounded and unbounded domains. As an application, we shall use the
proposed sparse spectral method to solve the N-particle electronic Schrodinger equation.
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Spherical Designs and Approximate Spherical
Designs as Tools for Numerical Integration
Ian H. Sloan
University of New South Wales
Email: i.sloan@unsw.edu.au.
Abstract
Spherical designs are point sets on the sphere which when used as equal-weight integration
rules integrate exactly all polynomials up to some degree. As a result those integration rules have
a nice convergence property for functions in certain Sobolev spaces. In this talk we introduce
the new concept of approximate spherical design – a sequence of points sets on the sphere is
a sequence of approximate spherical designs if the corresponding equal-weight integration rules
have the same asymptotic error behaviour in Sobolev spaces as sequences of true spherical
designs. Many good point sets for integration belong to (or are suspected to belong to) families
of approximate spherical designs. The talk describes joint work with Robert Womersley, Ed Saﬀ
and Johann Brauchart.
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On Orthogonal Polynomial Expansions and
Interpolant Approximations
Shuhuang Xiang
Department of Applied Mathematics and Software,
Central South University,
Changsha, Hunan 410083, P. R. China.
Email: xiangsh@mail.csu.edu.cn.
Abstract
In this talk, we will consider asymptotics on the coeﬃcients of f (x) expanded in forms of
ultraspherical or Jacobi polynomial series, which imply the rate of the decay of the coeﬃcients
and derive the truncated error bounds. Moreover, from which we show that the Chebyshev
√
coeﬃcient αn decays a factor of n faster than the Legendre coeﬃcient un . Furthermore, by
using the Chebyshev expansion for f (x) of ﬁnite regularity, we give optimal orders for CleshawCurtis, Féjer and Gauss quadrature, and present the aliasing error between the coeﬃcients,
which also show the equal accuracy of these quadrature for non-analytic functions. In addition,
we consider Legendre approximation with interpolation. In particular, we are interested in the
barycentric Lagrange formula at the Gauss-Legendre points. Explicit barycentric weights, in
terms of Gauss-Legendre points and corresponding quadrature weights, are presented that allow
a fast evaluation of the Legendre interpolation formula. Finally, we present an application for
Clenshaw-Curtis-Filon-type quadrature to Volterra integral equations containing highly oscillatory Bessel kernels.
This is a joint work with Bornemann, Brunner, Chen, Cho and Wang.
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Numerical Simulations and Convergence for
Backward Stochastic Diﬀerential Equations
Mingyu Xu
AMSS, Chinese Academy of Sciences
Email: xumy@amss.ac.cn.
Abstract
Non-linear backward stochastic diﬀerential equations (BSDEs in short) were ﬁrstly introduced by Pardoux and Peng (1990), who proved the existence and uniqueness of the adapted
solution, under smooth square integrability assumptions on the coeﬃcient and the terminal condition, and when the coeﬃcient g(t, ω, y, z) is Lipschitz in (y, z) uniformly in (t, ω). For many
nonlinear cases of g, we cannot ﬁnd the solution explicitly. Here we study diﬀerent algorithms for
backward stochastic diﬀerential equations (BSDE in short) basing on random walk framework
for 1-dimensional Brownian motion. Implicit and explicit schemes for are introduced. Then we
prove the convergence of diﬀerent algorithms and give simulation results for diﬀerent types of
BSDEs. And we will give some simulations for Brownian motion and BSDEs.
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