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The American (put) option
Consider the following European put option

LV =————¢ (t)xQ%—(r(t)x—D(x,t))g—‘;%—ﬂ/ =0, (1)

with the payoff and boundary conditions

V(z,t) = max(K — z,0),
V(0,t) = Kexp(—r(T —1t)), V(z,t) — 0asx — oc.

If the option can be exercise anytime before 1', the value
determined by the above problem sometimes falls below its intrinsic

value.

For example, when x = 0, the intrinsic value is K, but the above



problem gives
Viz,t) = Kexp(—r(T —t)) < K,

which is not true. Therefore, we need to impose the following

condition:
V(z,t) > max(K — x,0)

Combining this with the above problem we have the following

linear complementarity problem:

LV(z,t) > 0 (2)
Ve, t) — V) > 0 (3)
LV (z,t) - (V(z,t) — V*z)) = 0 (4)

a.e. in Q:=1x(0,7),



Note that this also contains the European option as special case if

we assume V'* is sufficiently small (or V* =0).

Equivalent to the HJB equation

min{LV,V —V*} = 0.



Variational formulation

Before reformulating the complementarity problem (43)—(45) as a
variational problem, we first transform it into an equivalent
standard form satisfying homogeneous Dirichlet boundary

conditions.

Let V) be the linear function satisfying the boundary conditions
(??) and (?7?). It is easy to show that Vj is given by

Vo(z) = (1 - %) g(t) = (1 - %) K (5)

by (??). Introduce a new variable

U(x,t) = 6ﬁt(V(x,t) — Vo(x))



where

B= sup o°(t). (6)
0<t<T

Taking LV, away from both sides of (43) and transforming V" in
(43)—(45) into the new variable U, it is easy to show that, the
complementarity problem (43)—(45) then becomes

LU (xz,t) > —f(x,t), (7)
U(x,t) —U*(x,t) > 0, (8)
(LU(:I:,t) + f(:zs,t)) (U(x,t) —U*(x,t)) = 0, (9)

where

f(t) =" LVo(z),  U*(a,t) = (V*(x) = Vo(z))  (10)



and LU is the self-adjoint form of LU given by
ou 0 28U

with
a = %02, (12)
b = r—o2 (13)
c = r+b+pB=2r+03-0" (14)

From (?7), (??7), (5) and the definition of U, we see that the

boundary conditions now become
U0,t) =0=U(X,t), tel0,T). (15)

Finally, letting u = —U, the complementarity problem (7)—(9) can



further be rewritten as the following standard form:

Lu(x,t) < f(x,t), (16)
u(x,t) —u*(z,t) < 0, (17)
(Lu(z,t) — f(z,t)) - (u(z,t) — u*(z,t)) = O (18)

in Q7, where Q7 = (0, X) x (0,7,

f(z,t) := e’ LVy(x, t), u(z,t) = —eP (V¥ (z) — Vo(z, t))

(19)
and Lu is the conservative form of Lu given by
ou 0 5 OU
Lu = 5 T Bm a(t)x o + b(t)xu| + c(t)u, (20)



with

Here



Let K := {v € Hy () : v < u'}. It is easy to verify that K is a
convex and closed subset of H(%’w(Q). Using /C, we define the

following problem.

Find u(t) € K such that, for all v € IC,

(-5

o= u(®)) +AGult), 0= u(®)i) = (F(0),0-u(0)

(25)
almost everywhere (a.e.) in (0,7"), where A(-,-;t) be a
bilinear form defined by

Au,v;t) = (azu’ + bxu, v + (cu,v), wu,v e Hi (Q).
0,w
(26)

Here H; () is a weighted Sobolev space.



Lemma

There exist positive constants C' and M, independent of v, such

that for any v, w € H&)w(l),

A(v,v;t) Cllvl4
A(v,w;t) < M| al|lw]|a

IV

for t € (0,7"), where || - || 4 is a weighted energy norm.



The Power Penalty Approach

Consider now the following semilinear equation
Cux(z,t) + AMux(z, ) — u* (2, )] = f(z,1), (2,t) € Qr (29)
with the given boundary and final conditions
ux(0,t) =0 =wux(X,t) and wux(z,T)=u"(x,T),

where A > 0 and k£ > 0 are parameters, and |-| . denotes the
positive part of a function.

When k =1, it becomes a linear penalty method. In this case,

large values of \ are needed which causes computational problems.



The corresponding variational form is

Find uy(t) € H&jw(ﬂ) such that, for all v € H&jw(ﬂ),

(_(‘?ua)\t(t) | v) + A(ux(t),v;t) + A ([UA(t) _ u*(t)]i/k) v)

= (f(t),v) (30)

a.e. in (0,7) and uy(x,T) = gs(x).



The above problem has a unique solution.

The proof (by Wang, Yang & Teo) is essentially to show

T
/ {(»C(Ul — vg), V1 — V2) +
0
A ([m — u*]i/k — |vg — u*]i/k,vl — vg) }d’]‘

> Cl|vy — UQH%?(O,T;H(%(I))°



Convergence of the penalty approach

Let v and u) be the solutions to (25) and (30), respectively. If
% c LFT1(Q7), then there exists a non-negative constant C' > 0,
independent of w, u) and A, such that

C
Ju — UAHLO@(O,T;L?(Q)) + [Ju — u>\HL2(O,T;H&w(Q)) < /2 (31)

where k is the parameter used in (30) and Q7 = (0, X)) x (0, 7).

The significance of this result is that the convergence rate can be

of any order, depending on the choice of k.

Therefore, we can choose rather small A\, but large £.



Discretisation of the nonlinear PDE

Consider
ou 0 5 OU
—E(x,t) o a(t)x %(aj,t) + b(x, t)xu(x,t)
+c(x, t)u(x, t) + V(u(z,t),t) = f(z,t)  (32)
Mesh:

[,; = (:IJZ',.CCZ'+1), iZO,...,N—l.

Integrating the equation (32) over ; := (z;,_1 /9, 7;11/2),
i=1,... N—1,

—/ ud:v—[:cp(u)]ifing/ cudaj—l—/ \If(u,-)da::/ fdx,
(33)

1



where p = azv’ + bv denotes the flux.

The flux can be approximated locally by solving
(azv + biH/Qv) 0, xe€l;
v(@i) = ui,  V(Tiy1) = Uit
where b; /9 = b(x;11/2,t). This gives

% 0%
- L Ui+l — Xy Uy
pz(u) — bi—|—1/2 o, 0 ;
Lit1 = &

where o = bi+1/2/a.
Substituting into (33),
_8ui(t)

5 li + E;(D)u(t) + di(ui(t)) = fi(t)ls,

(36)

(37)



foro. =1,2,.... N — 1, where

Eq; — (O, oo O, 62',,,;_1(15), €44 (t), 6i,i+1(t)7 O, S000 0)



Time discretisation

2-level discretisation:

m+1l _ um

a0 [T it
m

+(1 = 0) [Ef'u™ + di(ui")] = (07" + (1= 0) f")ls

u

form=0,1,...,M — 1, where 0 € [1/2,1].

¢ = 1 — Backward Euler; § = 1/2 — Crank-Nicolson.
Properties of the system matrix

The system matrix is an M -matrix.

The discretization is monotone, which guarantees the solution is

non-negative.



Error estimates for the spatial discretization

Let © € [1/2,1], UY = Iug and k = 1. Then, if
u,w € L*(0,T; HY(Q)), it € L*(0,T; L*(2)) and
p(u) € C(0,T;WL(Q)), the following estimate holds:

11,u(0) — UM lon < C(h+ Ab).

A proof is given in Angermann & Wang, Numer. Math. (2007).



Error estimates for the spatial discretization
Let © ¢ [1/2,1], U° = Iug and k = 1. Then, if
u,w € L*(0,T; HY(Q)), it € L*(0,T; L*(2)) and
p(u) € C(0,T;WL(Q)), the following estimate holds:

11,u(0) — UM lon < C(h+ Ab).

A proof is given in Angermann & Wang, Numer. Math. (2007).

Remark: Under stronger smoothness assumptions on u than those
in the above theorem and by more detailed considerations, it can
also be shown that the Crank—Nicolson method (© = 1/2) is of

2nd order accuracy in At.



Numerical experiments
¢ = 1/2 — Crank-Nicholson scheme for the time stepping.

Test Problem: American Put option. Parameters: X = 100,
T'=1.5,r=0.03,0 =0.4 and K = 50.
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Figure 1: Computed value V', A and I' of the option, and the
constraint V' — V* for kK =4 and A = 10.
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[JB equation for Two-asset American options (Zhang, Wang Yang Tec

HJB equation:

min{ LV, V —V*} =0,

where




Options with proportional transaction costs

Question: how can we define the issuing price of a call or put

option?
Consider the following problems.

Problem 1. Utility maximization for an investor without an option:
Suppose that the investor trades only in the underlying stock and
the bond. At time ¢ € [0, T, the investor holds 3 dollars in the
bond and « shares of the stock whose price is S. The objective of
the investor is to maximize the expected utility of wealth at

terminal time 7.



Problem 2. Utility maximization for an investor buying an option
Assume that the investor trades in the market for the stock and
the bond, and in addition, purchases a cash-settling European call
option written on the stock with strike price K and expiry date T
Then, the investor’'s time ¢ expected utility of terminal wealth is to

be maximized over the set of feasible strategies.

Problem 3 Utility maximization for an investor writing an option: If
the investor trades in the market for the stock and the bond, and,
in addition, sells a cash-settling European call option written on
the stock with strike price ' and expiry date 7. Then, the investor
wishes to maximize expected utility of terminal wealth over the set

of feasible strategies.

Using these and the no arbitrage principle we can define the values

of the put and call options.



The HJB equations:

min {El V, £2V, £3V} — O,

where
0 0 0 1
Fro= (E”B%“‘S%+§“
0 0
- —— 1 —
Lo 8a+( +0)S@ﬁ’
0 0
: - 1_ _.
L3 o ( 9)55’5

with different terminal and boundary conditions.
o — value of shares.

(3 — value of bonds.

2528_2

)

(40)

(41)



Penalty approach:
L1V 2o + AL2Va 2|7 + A2[L3Va 5] 7 = 0. (42)

We have shown that there exists a unique viscosity solution to (42)

and Vi, x, — V as A1, Ay — 00.

We have also constructed a numerical method for solving (42).



A nonlinear obstacle problem

ou

T T(u(z,t)) — f(z,t) < 0(43)
u(x,t) - U*(xvt) < 0 (44)
(% + T(u(x,t)) — f(a:,t)) (u(w,t) —u'(x,t)) = 0(45)

for (x,t) € Q x (0,7T] =: @ with given initial and boundary

conditions, where
T(u(xz,t)) = -V - (A(z)Vu(x,t)) + G(u(z,t)), (46)

A(z) = (a;j(x)) is an n X n matrix, and

G(+) : R +— R is monotone.



Penalty approach

%+T(u,\(axt))+A (d(un(a, 1) +¢) " = fla, )+ AV, (47)

for (x,t) € €2 where

d(v(x,t)) = v(x,t) —u (x,t)]+ = max{v(x,t) —u"(x,t),0}.



Convergence Result

Let v and u) be the solutions to the original and the penalized

problems, respectively. If % c LFt1(Q), then there exists a

constant C' > 0, independent of u, u) and A, such that

lu — uy| \Loo(o,T;LZ(Q)) + [Ju — uy| ‘LQ(O,T;H(%(Q))

1/2

1
<Clyg e+

If \e'/F < O(1), then
C

lu — UAHLO@(O,T;L?(Q)) + [|u — UAHH(O,T;H&(Q)) < \k/2



Example 1. ajlp] — a9 =

Numerical Results

1, aijo — a1 = 0 and G(u) = u2,

u* = —0.05(x — 1) +0.05. £ = 10785,

JAN

W

A
QO
RS

uy at t = 1.

N

uy and u* at ¢t = 1.

Figure 6: Computed solution for Example 1.



Example 2. a1; = 3 + sin(2ny), ags = 3 + sin(27x),
al2 = as; = 0, G(u) = u?, u* = 0.2(x + 2sin(27x)) + 0.3.

uy at t = 1. uy and u* at t = 1.

Figure 7: Computed solution for Example 2.



