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Abstract. In this talk, we study the parametric generalized quasi
vector equilibrium problem (PGQVEP). We investigate existence of
solution for PGQVEP and continuities of the solution mappings of
PGQVEP. In particular, results concerning the lower semicontinuity of

the solution mapping of PGQVEP are presented.



1. INTRODUCTION

Let X be nonempty subset of a real topological vector space and Z a
real topological vector space. A set C C Z is said to be a cone if A\x € C
for any A > 0 and for any x € C. The cone C is called proper if it is not
whole space, i.e., C # Z. A cone C is said to be solid if it has nonempty
interior, i.e., intC # (. Let C': X — 2% which has proper convex cone
values. For any set A C 7Z, we let bd A and cl A denote the boundary
and closure of A, respectively. Also, we denote A° the complement of
the set A. For any set A of a real vector space, the convex hull of A,
denoted by co A, is the smallest convex set containing A. Furthermore,
we denote zero vector of Z by 6.

Let FF:Px X x X — 22\ {0} and K : P x X — 2%\ {0}. For fixed
p € P, the parametric generalized quasi vector equilibrium problem

(PGQVEP) is to find x € K(p,z) such that

(PGQVEP) F(p,xz,y) ¢ —int C(p,z), for all y € K(p, z).

Let Q : P — 2% be the set-valued mapping such that Q(p) is the

solutions set of PGQVEP for p € P, i.e.,

Qp) ={z € K(p,z) : F(p,z,y) ¢ —int C(p, ), for all y € K(p,x)}.



For fixed p € P, the parametric extended quasi vector equilibrium

problem (PEQVEP) is to find z € K(p,x) such that

(PEQVEP)  F(p,z,y) N (—=int C(p,z)) =0, for all y € K(p, x).

Let ® : P — 2% be the set-valued mapping such that ®(p) is the

solutions set of PEQVEP for p € P, i.e.,

®(p) ={z € K(p,z): F(p,z,y) N (=int C(p,x)) =0, Yy € K(p,x)}.

In the literature, existence results for a (generalized) vector quasi
equilibrium problems has been investigated. See, e.g., [3, 9]. If for
each fixed p € P, K and C have constant values for every x € X, re-
spectively, PGQVEP reduce to a parametric vector equilibrium prob-
lem (PVEP). Existence of solution and closedness of solution mapping
for PVEP has been studied in [6]. Continuity of solution mapping for
PVEP has been studied in [7].

We observe that our results in this paper can be employed to study
the behavior of solution maps of parametric vector optimization, para-
metric vector variational inequalities, parametric vector equilibrium

problems and those generalized problems and so on.



2. PRELIMINARIES

Definition 2.1 (C-continuity, [8]). Let X be a topological space and
7 a topological vector space with a partial ordering defined by a proper
solid convex cone C'. Suppose that f is a vector-valued function from
X to Z. Then, f is said to be C-continuous at x € X, if for any
neighbourhood Vj(,) C Z of f(x), there exists a neighbourhood U, C X
of x such that f(u) € Vj)+C for all u € U,. Moreover a vector-valued
function f is said to be C'-continuous in X if f is C-continuous at every

xzon X.

Definition 2.2 (Continuity for Set-valued mapping, See also [1]). Let

X and Y be two topological spaces, T : X — 2¥ a set-valued mapping.

(i) T is said to be upper semicontinuous (u.s.c. for short) at v € X
if for each open set V' containing T'(x), there is an open set U
containing x such that for each z € U, T'(z) C V; T is said to
be u.s.c. on X if it is u.s.c. at all z € X.

(ii) 7 is said to be lower semicontinuous (1.s.c. for short) at z € X
if for each open set V' with T'(z) NV # (), there is an open set
U containing x such that for each z € U, T(2) NV # 0; T is

said to be l.s.c. on X if it is l.s.c. at all z € X.



(iii) 7 is said to be continuous at x € X if T'(x) is both u.s.c. and
l.s.c.; T is said to be continuous on X if it is both u.s.c. and

l.s.c. at each z € X.

Proposition 2.1. Let X be a topological space and Z a real topological
vector space. Suppose that C : X — 2% has proper solid convex cone

values and that W : X — 2% is defined by Z \ (—int C(x)). Then we

have the following two statements:

(i) if C is u.s.c. at x, then there exists a neighborhood U of x such
that

clC(z) D C(u), for allu € Us;

(i) if W is u.s.c. at x, then there exists a neighborhood U of x

such that

W(z) D W(u), for allu € U.

Definition 2.3. Let X and Z be two real vector spaces. Suppose that

K is a nonempty convex set of X and that T : X — 22\ {(}.

(i) T is said to be convex mapping on K if for each x1, 29 € K

and p € [0, 1]

T(pzy + (1 — paz) D pT' (1) + (1 — )T (22);
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(ii) T is said to be concave mapping on K if for each x1, x3 € K
and p € [0, 1]
T(pay + (1 = p)as) € pT (1) + (1= p) T (2);
(iii) 7T is said to be affine on K if T" is convex and concave mapping

on K.

Definition 2.4 (C-compactness). [8] Let C' be a nonempty convex
cone in a Hausdorff topological space Z. We say F C Z is C-compact
if any cover of E of the form

{Uy + C : v € I, U, are open}

admits a finite subcover.

Definition 2.5 (C-semicontinuity, See also [8]). Let X and Z be a

topological space and a real topological vector space, respectively. Let

T:X — 22\ {0} and C : X — 27 which has proper convex cone
values. Let 2’ € X.

(i) T is said to be C(z)-lower semicontinuous (C(x)-l.s.c.) at x if

for each V, an open set of Z with T'(z) NV # (), there exists a

neighborhood U of x such that

T(w) N (V+intC(z))# 0, for all u € U.



T is said to be C-lower semicontinuous (C-l.s.c.) on X if T' is
C(x)-ls.c. at x for every x € Z.

(i) T is said to be C(z)-upper semicontinuous (C(x)-u.s.c.) at z,
if for each neighborhood Vp(y) of T'(x) there exists a neighbor-

hood U, of = such that

T(u) C V@) +int C(z), for all u € U,.

T is said to be C-upper semicontinuous (C-u.s.c.) on X if T'

is C'(x)-u.s.c. at x for every z € Z.

Definition 2.6 (Generalized C-quasiconvexity). Let X be a vector
space, and Z also a vector space with a proper solid convex cone C.
Suppose that K is a convex subset of X and that T : K — 27\ {0}.

Then T is said to be generalized C-quasiconvex on K if for each z € Z,

A(z) ={z e K:T(z) Cz—C}

is convex or empty.

Definition 2.7 (Extended C-quasiconvexity). Let X be a vector space,

and Z also a vector space with a proper solid convex cone C'. Suppose

that K is a convex subset of X and that T : K — 22\ {#}. Then T is



said to be extended C-quasiconvex on K if for each z € Z,
Aiz) ={z e K:T(x)N(z—C) # 0}

is convex or empty.

Definition 2.8 (C-quasiconcavity). [13] Let X be a nonempty convex
subset of a real topological vector space and Z a real topological vector
space. Let T': X — 27\ {0}. Suppose that C': X — 27 has proper
solid convex cone values. We say that T is C-quasiconcave on X if
for each 21,29 € X and z € Z, T(x1) ¢ z — int C(x1) and T'(x2) ¢
z — int C'(x2) imply
T(x,) ¢ z—intC(x,), for all z, € (21, ).

We also say that T is strictly C'-quasiconcave on X if for each x1, x5 € X
and z € Z, T(x1) ¢ z —int C(xy) and T'(x2) ¢ z — int C'(x9) imply

T(z,) ¢ z—clC(z,), for all z, € (z1,22).

Definition 2.9 (C-proper quasiconcavity). [13] Let X be a nonempty
convex subset of a real topological vector space and Z a real topological
vector space. Let T : X — 2%\ {(}. Suppose that C' : X — 27 has
proper solid convex cone values. We say that T is C-proper quasicon-

cave on X if for each z1,2 € X and z € Z, T(z1) N (z — int C (1)) =
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0 and T'(z2) N (2 — int C(x2))= 0 imply
T(z,) N (2 —int C(z,))=0, for all 7, € (1, 22).

We also say that T is strictly C'-properly quasiconcave on X if for each
21,82 € X and z € Z, T(z1) N (2 — int C(21))= 0 and T(z2) N (2 —

int C(z2))= 0 imply

T(z,) N (2 — clC(z,))=0, for all 7, € (21,z2).

Remark 1. If T is single-valued and C has constant values, Defini-

tions 2.8 and 2.9 reduce to the definition of (—C')-proper quasiconvex-

ity.

Definition 2.10 (C-weak quasiconcavity). Let X be a nonempty con-
vex subset of a real topological vector space, Z a real topological vector
space and C' : X — 2% with a proper solid convex cone values. Suppose
T: X — 28\ {0}. We say that T is C-weakly quasiconcave on X if for

each x1,29 € X, T'(z1) ¢ —int C(z1) and T'(zg) ¢ —int C'(x) imply
T(z,) ¢ —int C(z,), for all z, € (z1,22)
and also T'(x1) ¢ —int C(x1) and T(x2) ¢ —cl C'(x3) imply

T(z,) ¢ —clC(x,), for all x, € (x1,xs).
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We say that T is strictly C-weakly quasiconcave on X if for each z1, x5 €

X, T(x1) ¢ —int C(x1) and T'(x2) ¢ —int C(x2) imply

T(z,) ¢ —clC(x,), for all z, € (x1,xs).

Ezxample 1. Let X = [0, g] x [0, g] and Z = R%. Let

C(z,y) = {(u,v) € Z:ucosxz +vsinx > 0}.
Suppose
T(x,y) = (x— %)(sinx, —cosz)+{(y —x—t)(cosz,sinx) : t € [0,1]}.
Then T is C-weakly quasiconcave on X.
Definition 2.11 (C-weak proper quasiconcavity). Let X be a nonempty
convex subset of a real topological vector space, Z a real topological
vector space and C' : X — 2% with a proper solid convex cone val-
ues. Suppose T': X — 22\ {D}. We say that T is C-weakly properly

quasiconcave on X if for each 1,29 € X |, T'(21) N (2 — int C(zy)) #

0 and T(x) N (2 — int C(x5)) # O imply

T(z,) N(z—intC(x,)) # 0, for all z, € (z1,x2)
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and also T'(z1) N (z — int C(x1)) # 0 and T(x2) N (2 — cl C(xg)) # 0
imply

T(zx,)N(z—clC(z,)) #0, for all z, € (a1, 22).

We say that T'is strictly C'-weakly properly quasiconcave on X if for each
21,29 € X, T(x1)N (2 —int C(x1)) # 0 and T'(z2) N (2 —int C(xg)) # 0
imply

T(x,) N(z—clC(z,)) #0, for all z, € (a1, 22).

Ezample 2. Let X = |0, g] x [0, g] and Z = R%. Let
C(z,y) ={(u,v) EZ:ucosx +vsinx > 0}.
Suppose
T(x,y) = (x — %)(Sin x,—cosz)+ co{(y — x)(cosz,sinx), (0,0)}.
Then T is C-weakly properly quasiconcave on X.
Definition 2.12 (C-diagonally quasiconcavity; see also [5]). Let X

be a nonempty convex subset of a real vector space, Z a real vector

space and C' : X — 2% with proper solid convex cone values. Suppose

T:X x X — 22\ {0}.
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(i) T is said to be Type I C-diagonally quasiconcave in its second
argument, if for any finite subset A of X and any = € co A,
there exists y € A such that T(z,y) ¢ —int C(x).

(i) T is said to be Type II C-diagonally quasiconcave in its second
argument, if for any finite subset A of X and any = € co A,

there exists y € A such that T'(z,y) N (—int C(z)) = 0.

Proposition 2.2. Let X be a nonempty convexr subset of a real vector
space, Z a real vector space and C' : X — 2% with proper solid convex
cone values. Suppose that T : X x X — 2\ {0}. We also assume the
following two conditions:

(i) for each x € X T(z,z) ¢ —int C(z);

(i) for each x € X T(x,-) is generalized C(x)-quasiconvex on X.

Then T is Type I C-diagonally quasiconcave in its second argument.

Proposition 2.3. Let X be a nonempty convex subset of a real vector
space, Z a real vector space and C : X — 2% with proper solid convex
cone values. Suppose that T : X x X — 2\ {0}. We also assume the

following two conditions:

(i) for each x € X T(x,z) N (—int C(z)) = 0,
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(i) for each x € X T(x,-) is extended C(x)-quasiconvexr on X.

Then T is Type II C-diagonally quasiconcave in its second argument.

Definition 2.13 (Intersectional mapping [13]). Let X be a topological
space and Z a nonempty set. Let T, G : X — 2%\ {0}, respectively.
We say G is an intersectional mapping of T, if for each x € X there

exist a neighborhood U, of x such that

G(z) C () T(u).

UEU

Proposition 2.4. [13, Proposition 2.2] Let X be a nonempty subset of
a topological space and Z a real topological vector spaces, respectively.

Let C : X — 2%, which has proper solid convex cone values. Supose

that W : X — 2% defined by
W(z) =7\ int C(x)

has closed graph. Then C' has at least one intersectional mapping,

which has solid convex cone values.

Proposition 2.5. Let E be a nonempty subset of a topological space
and Z a real topological vector space. Let C' : E — 2% with proper

solid convex cone values and D : E — 2% an intersectional mapping
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of C with solid convex cone values. Suppose F : E — 22\ {0} and
W E — 2%, defined by W(z) =Z\ (—int C(z)). We also assume the

following conditions:

(i) W has closed graph;
(ii) F is (—D)-u.s.c on X

(iii) F(x) is (—D(x))-compact for each v € X.

Then the set & ={x € F: F(x) C —int C(x)} is open.

Proposition 2.6. Let E be a nonempty subset of a topological space
and 7 a real topological vector space. Let C : E — 2% with proper
solid convex cone values and D : E — 2% an intersectional mapping
of C' with solid convex cone values. Suppose F : E — 22\ {0} and
W E — 2%, defined by W(z) =Z\ (—int C(z)). We also assume the

following conditions:

(i) W has closed graph;

(ii) F is (—D)-l.s.c on X.

Then the set ¥ = {x € E: F(x) N (—int C(x)) # 0} is open.
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Definition 2.14. Let X be a topological space and Y an nonemptyset.
A set-valued map F : X — 2V is said to have open lower sections, if

the set F~'(y) ={z € X :y € F(x)} is open in X for every y € Y.

Lemma 2.1. [11] Let X be a topological space and Y a convex set of
a real topological vector space. Let F,G : X — 2Y be two set-valued
maps with open lower sections. Then:
(i) the set-valued map H : X — 2V, defined by H(z) = co (F(z))
for all x € X, has open lower sections;
(ii) the set-valued map J : X — 2Y, defined by J(x) = F(z)NG(z)

for all x € X, has open lower sections.

Lemma 2.2. [10, Fan-Browder fixed-point theorem|] Let X be a nonempty
compact convex subset of a real Hausdorff topological vector space. Sup-
pose that F' : X — 2% is a set-valued map with nonempty convex values

and open lower sections. Then F' has a fixed point.
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3. EXISTENCE OF SOLUTION FOR PGQVEP

In this section we drive some existence results for PGQVEP.

Theorem 3.1. Let X be a nonempty subset of a real topological vector
space and 7 a real topological vector space, P an index set and C :
P x X — 2% with proper solid convex cone values. Let K : P x X —

2X\ {0}. Suppose that F : P x X x X — 2E\ {D}. Also we assume

that the following conditions:

(i) for eachp € P F(p,-,-) is Type I C-diagonally quasiconcave in
the third argument;
(i) X is compact and convex;
(iii) K has convex values and has open lower sections;

(iv) for each fired p € P and x € X, the set

{ye X : F(p,z,y) C —int C(p,x)}

1S open.

Then 2 is nonempty for each p € P. Moreover, ® is nonempty for each
p € P if conditions (i) and (iv) are replaced by the following (v) and

(vi):
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(v) for each p € P F(p,-,+) is Type II C-diagonally quasiconcave
in the third argument;
(vi) the set {y € X : F(p,z,y) N (—int C(p,x)) # O} is open, for

eachp e P and x € X.

Next we concider sufficient condition for assumptions (iv) and (vi)

of Theorem 3.1.

Proposition 3.1. Let E be a nonempty subset of a real topological
vector space and Z a real topological vector space with a proper solid
convex cone C Suppose F : E — 22\ {Q}. If F is (=C)-u.s.c. on E,
then the set {x € E : F(x) C —int C'} is open. If F is (—C)-ls.c. on

E, then the set {x € E: F(x) N (—int C) # 0} is open.

To investigate upper and lower semicontinuities of €2 and ®, we need
to require closedness of K(p,x) for each p € P and x € X. The

following theorem is useful.

Theorem 3.2. Let X be a nonempty subset of a real topological vector
space and Z a real topological vector space, P an indexr set and C :

P x X — 2% with proper solid convex cone values. Let K : P x X —
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25\ {0}. Suppose that F : P x X x X — 22\ {0}. Also we assume
that the following conditions:
(i) Q(p) is nonempty for each p € P;
(ii) the set {y € X : F(p,x,y) C —int C(p,x)} is open for each
fixedp e P and x € X.

Then
Qp) ={z € K(p,x): F(p,x,y) ¢ —int C(p, ), for ally € cl K(p,v)}

1s nonempty for each p € P.

Theorem 3.3. Let X be a nonempty subset of a real topological vector
space and 7Z a real topological vector space, P an index set and C :
P x X — 2% with proper solid convex cone values. Let K : P x X —
25\ {0}. Suppose that F: P x X x X — 22\ {0}. Also we assume
that the following conditions:

(1) W(p) is nonempty for each p € P;

(ii) the set {y € X : F(p,x,y) N (—int C(p,z)) # 0} is open for

each firedp € P and x € X.

Then

U(p) ={r €l K(p,z): F(p,z,y)N(—int C(p,z)) =0, Yy € cl K (p, v)}
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1s nonempty for each p € P.

The following result is a consequence of Theorems 3.1, 3.2 and 3.3.

Theorem 3.4. Let X be a nonempty subset of a real topological vector
space and 7Z a real topological vector space, P an index set and C :
P x X — 2% with proper solid convex cone values. Let K, K' : Px X —

2X\ {0}. Suppose that F: P x X x X — 22\ {Q}. Also we assume

that the following conditions:

(i) for eachp € P F(p,-,-) is Type I C-diagonally quasiconcave in
the third argument;
(ii) X is compact and convex;
(iii) K’ has convez values and open lower sections;
(iv) K(p,x) =l K'(p,x) for eachp € P and x € X;
(v) the set {y € X : F(p,x,y) C —intC(p,x)} is open, for each

fixedp e P and x € X.

Then €) is nonempty for each p € P. Moreover, ® is nonempty for each

p € P if conditions (i) and (v) are replaced by the following (vi) and

(vii):



21

(vi) for each p € P F(p,-,+) is Type II C-diagonally quasiconcave
in the third argument;
(vii) the set {(p,z,y) € Px X : F(p,xz,y) N (—int C(p,z)) # 0} is

open.

Remark 2. Conditions (iii) and (iv) and the condition that K has closed
convex values and open lower sections are quite different. For example

let P = {1}, X =[0,1], A = (0,3) and B = (3,1). Suppose that

K :Px X — 2% is defined by
K(p,z)=cl(zA+ (1 —z)B).
Then K satisfies conditions (iii) and (iv) but K does not have open
lower sections.
Let

Y(p):={z € K(p,x): F(p,2,y) £ —clC(p, ), Yy € K(p,x)}

and

'(p) :={r € K(p,x): F(p,x,y) N (=clC(p,z)) =0, Yy € K(p,z)}.

Theorem 3.5. Let X be a nonempty subset of a real topological vector

space and Z a real topological vector space, P an index set and C' : P x
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X — 2% with proper solid convex cone values. Let K : Px X — 2X\ {0}
and ¢ : Px X — Z with ¢(p, x) € int C(p,z) for eachp € P and x € X .
Suppose that F : P x X x X — 22\ {0}. Also we assume that the
following conditions:
(i) for each p € P, F(p,-,+) — c(p,+) is Type I C-diagonally qua-
siconcave in the third argument;
(i) X is compact and convex;
(iii) K has convex values and open lower sections;
(iv) the set {y € X : F(p,z,y) — c(p,x) C —int C(p,x)} is open,
for each fized p € P and x € X.
Then Q' (p) is nonempty for each p € P. Moreover, ®'(p) is nonempty
for each p € P if conditions (i) and (iv) are replaced by the following
(v) and (vi):
(v) for eachp € P F(p,-,+) — c(p,x) is Type II C-diagonally qua-
siconcave in the third argument;
(vi) the set {y € X : (F(p,z,y) — c(p,x)) N (—=int C(p,x)) # O} is

open, for each p € P and x € X.

Theorem 3.6. Let X be a nonempty subset of a real topological vector

space and 7 a real topological vector space, P an index set and C :
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P x X — 2% with proper solid convex cone values. Let K, K' :Px X —
2X\ {0} and ¢ : P x X — Z with c(p,z) € int C(p,z) for each p € P
and x € X. Suppose that F: P x X x X — 22\ {0}. Also we assume
that the following conditions:
(i) for each p € P F(p,-,+) — c(p,+) is Type I C-diagonally quasi-
concave in the third argument;
(ii) X is compact and convex;
(iii) K’ has convez values and open lower sections;
(iv) K(p,x) = cl K'(p,z) for each p € P and z € X;
(v) the set{y € X : F(p,z,y) —c(p,xz) C —int C(p,x)} is open for
each fited p € P and x € X.
Then Q' is nonempty for each p € P. Moreover, ®' is nonempty for
each p € P if conditions (i) and (iv) are replaced by the following (v)
and (vi):
(vi) for each p € P F(p,+,+) — c(p, ) is Type II C-diagonally qua-
siconcave in the third argument;
(vii) the set {y € X : (F(p,x,y) — c(p,x)) N (—int C(p, x)) # O} is

open, for each p € P and x € X.
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4. UPPER SEMICONTINUITY OF THE SOLUTION MAPPING
In this section we show that the solution mappings €2 of PGQVEP
and ¢ of PEQVEP are upper semicontinuous on PP, respectively, under

suitable assumptions.

Theorem 4.1. Let X be a nonempty subset of a real topological vector
space and 7 a real topological vector space, C' : P x X — 2% with proper
solid convex cone values and P a topological space. Let K : P x X —
2X\ {0}. Suppose that F : P x X x X — 22\ {D}. Also we assume
that the following conditions:

(i) Q(p) is nonempty for each p € P;

(ii) X is compact;

(iii) K(p,z) is compact for each p € P and x € X;

(iv) K is u.s.c. on P x X;

(v) the set {(p,z,y) e Px X : F(p,x,y) C —int C(p, )} is open.

Then ) is u.s.c. on P. Moreover, ® is u.s.c. on P if condition (v) is

replaced by the following one:

(vi) the set {(p,z,y) € Px X : F(p,z,y) N (—int C(p,z)) # 0} is

open.
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Theorem 4.2. Let X be a nonempty subset of a real topological vector
space and Z a real topological vector space, C : P x X — 2% with proper
solid convex cone values and P a topological space. Let K : P x X —
2X\ {0}. Suppose that F: P x X x X — 22\ {D}. Also we assume

that the following conditions:

(i) Q(p) is nonempty for each p € P;
(il) X is compact;
(i) K(p,z) is compact for each p € P and z € X;
(iv) K is u.s.c. on P x X
(v) W : P x X — 27 defined by W(p,x) = Z\ (—int C(p, 93)) is
u.s.c. on P x X;

(vi) Fis (—C)-u.s.c. on P x X x X.

Then Q is u.s.c. on P. Moreover, ® is u.s.c. on P if condition (vi) is

replaced by the following one:

(vii) Fis (—C)-ls.c.on P x X x X.
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2]

Ezample 3. Let P = [0,1], X =R, X = [0 2,Z=R2,A=(7%)

T
and B = (17 5) Let
2 2(1 —
K(p,z) =cl <p—A—|— MB) ,
7r T
( m 1
{(u,v) € Z : u > 0}, J:E[O,g) andp€[0,§),
T 1
Cp,z) =4 {(u,v) € Z:u>0andv >0}, x€ [g,g] orp e [5,1],
1
\ {(u,v) € Z : v >0}, xe(g,l]) andpE[O,§).
Suppose that
(
—p 0 ) T 1
< — Z
co {(—p)’ (_1>}, if z <y,z €0, 6) and p € [0,2),
— 1
co p , 0 , ifxgy,xe[z,z]orpe[—,l],
—p)\0 63 2
F(p,z,y) = N 7 - .
{(_g)(o)} te<yee(C 1 mdpe ),
{ (—p) } , otherwise.
\ —-P

Then for each p € P, Q(p) # . We also observe that every condition

of Theorem 4.2 is satisfied. Accordingly €2 is u.s.c. on P. Indeed,

T
Lz -0

€O { 6 ) 4 }a p )

s

T
-, = =1.

co{z 3} P

The following result is a consequence of Theorem 4.1 and Proposi-

tion 2.5.

Theorem 4.3. Let X be a nonempty subset of a real topological vector

space X and Z a real topological vector space, C : P x X — 2% with
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proper solid convexr cone values and P a topological space. Let K :
Px X — 2%\ {0}. Suppose that F : P x X x X — 22\ {0} is a
vector-valued function and that D : P x X — 2% is an intersectional

mapping of C'" with solid convex cone values. Also we assume that the

following conditions:

(i) Q(p) is nonempty for each p € P;
(i) X is compact;
(iii) K(p,x) is compact for each p € P and x € X;
(iv) K is u.s.c. on P x X;
(v) W:Px X — 27 defined by W(p,z) = Z\ (—int C(p,z)) has
closed graph;
(vi) Fis (=D)-u.s.conPx X x X;
(vii) F(p,z,y) is (—D(p, a:))—compact for each p € P, x € X and

ye X.

Then Q is u.s.c. on P.

The following result is a consequence of Theorem 4.1 and Proposi-

tion 2.6.
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Theorem 4.4. Let X be a nonempty subset of a real topological vector
space X and Z a real topological vector space, C' : P x X — 2% with
proper solid convexr cone wvalues and P a topological space. Let K :
Px X — 2%\ {0}. Suppose that F : P x X x X — 22\ {0} is a
vector-valued function and that D : P x X — 2% is an intersectional
mapping of C'" with solid conver cone values. Also we assume that the

following conditions:

(i) ®(p) is nonempty for each p € P;
(i) X is compact;
(i) K(p,z) is compact for each p € P and z € X;
(iv) K is u.s.c. on P x X;
(v) WP x X — 27 defined by W (p,z) = Z \ (—int C(p, x)) has
closed graph;

(vi) Fis (—=D)-l.s.conPx X x X.

Then ® is u.s.c. on P.
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Ezxample 4. Let P, X, X, Z and K be the same as those in Exmaple 3.

= foe(52) ()20}

) = e 2 (27 ) () )

cosx sin x” v

Let

where 2’ =z +p — %, 2 =x+p+ ;—2 Suppose
0
o { (O s -ap( TN e <,
0 sin(x + p)
F(p,x,y) =
—cos(z + p) .
p . ) otherwise.
{ (- sin(z +P)> }

Then for each p € P, ®(p) # ). We also observe that every condition

of Theorem 4.4 is satisfied. Accordingly S is u.s.c. on P. Indeed

£} rel,
®(p)=4 1 &

53l »=0
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5. LOWER SEMICONTINUITY OF THE SOLUTION MAPPING
We next establish that the solution mappings €2 of PGQVEP and &

of PEQVEP are lower semicontinuous on [P under suitable assumptions.

Theorem 5.1. Let X and P be two nonempty subsets of two real
topological vector spaces, respectively, Z a real topological vector space
and C' : P x X — 2% with proper solid conver cone values. Let
K :Px X — 2X\ {0}. Suppose that F : P x X x X — 22\ {0}.

Also we assume that the following conditions:

(i) Q(p) is nonempty for each p € P;

(ii) K(p,z) is convex and compact for each p € P and x € X;

(iii) for each p € P K(p,+) is affine on X;

(iv) K is u.s.c. on P x X;

(v) F: P — 2% defined by F(p) = {xr € X : x € K(p,x)}, is
l.s.c. on IP;

(vi) the set {(p,z,y) e Px X x X : F(p,z,y) ¢ —clC(p,z) = 0}
1S open;

(vii) F' is C-weakly quasiconcave on P x X x X.
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Then Q is l.s.c. on P. Moreover, ® is l.s.c. on P if conditions (vi) and
(vii) are replaced by the following (viii) and (ix)
(viil) the set {(p,z,y) € Px X : F(p,x,y) N (—clC(p,z)) # 0} is
open;

(ix) F is C-weakly properly quasiconcave on P x X x X.

Next we investigate condition (vi) and (viii).

Proposition 5.1. Let X and P be two nonempty subsets of two real
topological vector spaces, respectively, Z a real topological vector space
and C' : P x X — 2% with proper solid convex cone values. Let K :

P x X — 25\ {0}. Suppose that F : P x X x X — 22\ {0}. Also we
assume that the following conditions:
(i) F 1s C(p,x)-l.s.c. at (p,x,y) for every p € P, x € X and
yeX;
(i) C is u.s.c. on P x X.
Then the set h = {(p,x,y) EPx X x X : F(p,z,y) ¢ —clC(p,x)} is

open.

Proposition 5.2. Let X and P be two nonempty subsets of two real

topological vector spaces, respectively, Z a real topological vector space
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and C : P x X — 2% with proper solid convex cone values. Let K :
P x X — 2%\ {0}. Suppose that F: P x X x X — 22\ {0}. Also we

assume that the following conditions:

(i) F is C(p,x)-u.s.c. at (p,z,y) for every p € P, x € X and
yeX;
(ii) C is u.s.c. on P x X.
Then the set W = {(p,x,y) € Px X x X : F(p,z,y)N(—clC(p,z)) = 0}

1S open.

Proposition 5.3. Let X and P be two nonempty subsets of two real
topological vector spaces, respectively, Z a real topological vector space
and C : P x X — 2% with proper solid conver cone values. Let K
P x X — 2%\ {0}. Suppose that F: P x X x X — 22\ {0} and that
D :Px X — 2% is a intersectional mapping of C with solid convex

cone values. Also we assume that the following conditions:
(i) F is D(p,x)-l.s.c. at (p,x,y) for every p € P, x € X and
yeX;
(ii) C has closed graph.

Then the set 4 = {(p,x,y) EP x X x X : F(p,x,y) ¢ —clC(p,x)} is

open.
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Proposition 5.4. Let X and P be two nonempty subsets of two real
topological vector spaces, respectively, Z a real topological vector space
and C : P x X — 2% with proper solid conver cone values. Let K
P x X — 2%\ {0}. Suppose that F: P x X x X — 22\ {0} and that
D : P x X — 2% is a intersectional mapping of C with solid convex

cone values. Also we assume that the following conditions:

(i) F is D(p,x)-u.s.c. at (p,x,y) for every p € P, x € X and
yeX;
(ii) F(p,x,y) is D(p,x)-comapct for eachp € P,z € X andy € X;
(iii) C has closed graph.
Then the set W' = {(p,z,y) e Px X x X : F(p,z,y)N(—clC(p,z)) =0}

1S open.

Theorem 5.2. Let X and P be two nonempty subsets of two real
topological vector spaces, respectively, Z a real topological vector space
and C : P x X — 2% with proper solid convex cone values. Let
K :Px X — 2%\ {0}. Suppose that F : P x X x X — 22\ {(}.
Also we assume that the following conditions:

(i) (p) is nonempty for each p € P;

(ii) K(p,z) is convex and compact for each p € P and x € X;
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(iii) for each p € P K(p,+) is affine on X;
(iv) K is ws.c. on P x X;
(v) F: P — 2% defined by F(p) = {xr € X : v € K(p,x)}, is
l.s.c. on IP;
(vi) F is C(p,x)-Ls.c. at (p,z,y) for every p € P, x € X and
yeX;
(vii) C is u.s.c. on P x X;

(viii) F is C-weakly quasiconcave on P x X x X.

Then Q is l.s.c. on IP.

Theorem 5.3. Let X and P be two nonempty subsets of two real
topological vector spaces, respectively, Z a real topological vector space
and C : P x X — 2% with proper solid convex cone values. Let
K :PxX — 25\ {0}. Suppose that F : P x X x X — 22\ {0}.

Also we assume that the following conditions:

(i) ' (p) is nonempty for each p € P;
(ii) K(p,z) is convex and compact for each p € P and x € X;
(iii) for eachp € P K(p,+) is affine on X;

(iv) K is u.s.c. on P x X;
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(v) F: P — 2% defined by F(p) = {xr € X : v € K(p,x)}, is
l.s.c. on IP;

(vi) F is C(p,z)-u.s.c. at (p,x,y) for every p € P, x € X and
yeX;

(vii) C is u.s.c. on P x X;

(viii) F' is C-weakly properly quasiconcave on P x X x X.

Then ® is l.s.c. on P.

Theorem 5.4. Let X and P be two nonempty subsets of two real
topological vector spaces, respectively, Z a real topological vector space
and C : P x X — 2% with proper solid convex cone values. Let
K :Px X — 25\ {0}. Suppose that F : P x X x X — 2%\ {0}
and that D : P x X — 2% is a intersectional mapping of C' with solid
convex cone values. Also we assume that the following conditions:

(i) Q' (p) is nonempty for each p € P;

(ii) K(p,z) is convex and compact for each p € P and x € X;

(iii) for each p € P K(p,+) is affine on X;

(iv) K is u.s.c. on P x X;

(v) F : P — 2%, defined by F(p) = {v € X : v € K(p,x)}, is

l.s.c. on IP;
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(vi) F' is D(p,x)-l.s.c. at (p,z,y) for every p € P, z € X and
yeX;
(vii) C has closed graph;

(viii) F is C-weakly quasiconcave on P x X x X.

Then Q is l.s.c. on IP.

Example 5. Let P, X, X, K, Z, C' and D be the same as those in

Example 4. Suppose

F'(p,z,y) = (v — Z)( sin(z + p) )) oy —2) (COS(@“ +p))

47\ —cos(z+p sin(z + p)
and
cos(x +p )
co {M(p),F’(p,x,y)—p(p—2)<. ( )>} if p<1,
F(p,a,y) = sin(z + p)
{F'(p,z,y)} otherwise,
where

M(p) = {p(ZTjZ) — G) a€ [0,%)}.

Then by Corollary ?7, we have

Q'(p) ={r € K(p,x) : F(p,x,y) ¢ —clC(p,x), for all y € K(p,z)} # 0

for each p € P. Hence by Theorem 5.4, €) is l.s.c. on P. Indeed,
2
{xEX:%SxS%—i-gp@—p)}, if pe[0,1),

Q(p) =
{x ceX x= %}, otherwise.
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Theorem 5.5. Let X and P be two nonempty subsets of two real
topological vector spaces, respectively, Z a real topological vector space
and C : P x X — 2% with proper solid conver cone values. Let
K :Px X — 2X\ {0}. Suppose that ' : P x X x X — 22\ {0}
and that D : P x X — 2% is a intersectional mapping of C' with solid

convex cone values. Also we assume that the following conditions:

(i) ®'(p) is nonempty for each p € P;
(ii) K(p,z) is convex and compact for each p € P and x € X;
(iii) for each p € P K(p,+) is affine on X;
(iv) K is u.s.c. on P x X;
(v) F : P — 2%, defined by F(p) = {x € X : v € K(p,x)}, is
l.s.c. on P;
(vi) F' is D(p,x)-u.s.c. at (p,x,y) for every p € P, x € X and
yeX;
(vii) F(p,z,y) is D(p, x)-compact for eachp € P, x € X andy € X;
(viii) C' has closed graph;

(ix) F is C-weakly properly quasiconcave on P x X x X.

Then ® is l.s.c. on IP.
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Example 6. Let P, X, X, K, Z, C, D and F’ be the same as those in

Exmaple 5. Suppose

2 .
+ §p<2 _p>}7 1fp € [07 1)5

= — }, otherwise.

Theorem 5.6. Let X and P be two nonempty subsets of two real
topological vector spaces, respectively, Z a real topological vector space
and C : P x X — 2% with proper solid convex cone values. Let
K :PxX — 25\ {0}. Suppose that F : P x X x X — 22\ {0}.

Also we assume that the following conditions:

(i) Q(p) has at least two elements for each p € P;
(ii) K(p,z) is convex and compact for each p € P and x € X;
(iii) for each p € P, K(p,+) is affine on X;
(iv) K is u.s.c. on P x X;
(v) F : P — 2%, defined by F(p) = {xr € X : z € K(p,x)}, is
l.s.c. on P;
(vi) the set {(p,x,y) € Px X x X : F(p,z,y) ¢ —clC(p,z)} is

open;



39

(vil) F' is strictly C-weakly quasiconcave on P x X x X.

Then € is l.s.c. on P.

Theorem 5.7. Let X and P be two nonempty subsets of two real
topological vector spaces, respectively, Z a real topological vector space
and C : P x X — 2% with proper solid convex cone values. Let
K :PxX — 25\ {0}. Suppose that F : P x X x X — 22\ {0}.

Also we assume that the following conditions:

(i) ®(p) has at least two elements for each p € P;

(ii) K(p,z) is convex and compact for each p € P and x € X;

(iii) for each p € P, K(p,+) is affine on X;

(iv) K is u.s.c. on P x X;

(v) F : P — 2%, defined by F(p) = {x € X : z € K(p,x)}, is
l.s.c. on P;

(vi) the set {(p,z,y) e Px X x X : F(p,z,y) N (—clC(p,z)) =0}
1S open;

(vii) F' is strictly C-weakly properly quasiconcave on P x X x X.

Then ® is [.s.c. on IP.
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Theorem 5.8. Let X and P be two nonempty subsets of two real
topological vector spaces, respectively, Z a real topological vector space
and C : P x X — 2% with proper solid conver cone values. Let
K :PxX — 25\ {0}. Suppose that F : P x X x X — 22\ {0}.

Also we assume that the following conditions:

(i) Q(p) has at least two elements for each p € P;
(ii) K(p,z) is convex and compact for each p € P and x € X;
(iii) for each p € P, K(p,+) is affine on X;
(iv) K is u.s.c. on P x X;
(v) F : P — 2%, defined by F(p) = {x € X : v € K(p,z)}, is
l.s.c. on IP;
(vi) F is C(p,x)-Ls.c. at (p,z,y) for every p € P, x € X and
yeX;
(vii) C is u.s.c. on P x X.

(viii) F' s strictly C-weakly quasiconcave on P x X x X.

Then € is l.s.c. on P.

Theorem 5.9. Let X and P be two nonempty subsets of two real
topological vector spaces, respectively, Z a real topological vector space

and C' : P x X — 2% with proper solid conver cone values. Let
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K :Px X — 2%\ {0}. Suppose that F : P x X x X — 22\ {(}.

Also we assume that the following conditions:

(i) ®(p) has at least two elements for each p € P;
(ii) K(p,x) is convex and compact for each p € P and v € X;
(iii) for each p € P, K(p,+) is affine on X;
(iv) K is u.s.c. on P x X;
(v) F: P — 2% defined by F(p) = {x € X : v € K(p,x)}, is
l.s.c. on IP;
(vi) F is C(p,z)-u.s.c. at (p,x,y) for every p € P, x € X and
yeX;
(vii) F(p,z,y) is D(p, x)-compact for eachp € P, x € X andy € X;
(viii) C' is u.s.c. on P x X.

(ix) F is strictly C-weakly properly quasiconcave on P x X x X.

Then ® is l.s.c. on P.

Theorem 5.10. Let X and P be two nonempty subsets of two real
topological vector spaces, respectively, Z a real topological vector space

and C : P x X — 2% with proper solid convex cone values. Let K :

P x X — 2%\ {0}. Suppose that F: P x X x X — 22\ {0} and that
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D :Px X — 2% is a intersectional mapping of C with solid convex

cone values. Also we assume that the following conditions:

(i) Q(p) has at least two elements for each p € P;
(ii) K(p,z) is convex and compact for each p € P and x € X;
(iii) for each p € P K(p,+) is affine on X;
(iv) K is u.s.c. on P x X;
(v) F: P — 2% defined by F(p) = {xr € X : © € K(p,x)}, is
l.s.c. on IP;
(vi) F' is D(p,x)-l.s.c. at (p,z,y) for every p € P, z € X and
yeX;
(vii) C has closed graph.

(viii) F is C-weakly quasiconcave on P x X x X.

Then € is l.s.c. on P.

Theorem 5.11. Let X and P be two nonempty subsets of two real
topological vector spaces, respectively, Z a real topological vector space
and C : P x X — 2% with proper solid convex cone values. Let K :
P x X — 2%\ {0}. Suppose that F : P x X x X — 22\ {0} and that
D : P x X — 2% is a intersectional mapping of C with solid convex

cone values. Also we assume that the following conditions:
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(i) ®(p) has at least two elements for each p € P;
(ii) K(p,z) is convex and compact for each p € P and x € X;
(iii) for eachp € P K(p,+) is affine on X;
(iv) K is u.s.c. on P x X;
(v) F: P — 2% defined by F(p) = {xr € X : ©x € K(p,x)}, 1is
l.s.c. on P;
(vi) F'is D(p,x)-u.s.c. at (p,x,y) for every p € P, x € X and
yeX;
(vil) F(p,z,y) is D(p, x)-compact for eachp € P, x € X andy € X;
(viii) C has closed graph.

(ix) F is C-weakly properly quasiconcave on P x X x X.

Then 2 is l.s.c. on P.

6. CONTINUITY OF THE SOLUTION MAPPING

By combining results established in Sections 4 and 5, we have the
following results concering continuity of the solution mappings 2 and

®, respectively.

Theorem 6.1. Let X and P be two nonempty subsets of two real

topological vector spaces, respectively, Z a real topological vector space
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and C : P x X — 2% with proper solid convex cone values. Let
K :PxX — 25\ {0}. Suppose that F : P x X x X — 22\ {D}.

Also we assume that the following conditions:

(i) Q' (p) is nonempty for each p € P;
(ii) X s compact;
(iii) K(p,z) is convex and compact for each p € P and x € X;
(iv) for each p € P K(p,-) is affine on X ;
(v) K is u.s.c. on P x X;
(vi) F : P — 2%, defined by F(p) = {xr € X : x € K(p,x)}, is
l.s.c. on P;
(vii) F' is C-weakly quasiconcave on P x X x X;
(viii) the set {(p,z,y) e Px X x X : F(p,x,y) ¢ —clC(p,z) = 0}
1S open;

(ix) the set {(p,z,y) € P x X : F(p,z,y) C —int C(p,x)} is open.

Then §2 is continuous on P. Moreover, ® is continuous on P if con-
ditions (vii), (viii) and (ix) are replaced by the following (x), (xi) and

(xii)

(x) F is C-weakly properly quasiconcave on P x X x X;
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(xi) the set {(p,z,y) € Px X : F(p,x,y) N (—clC(p,x)) # 0} is
open;
(xii) the set {(p,z,y) € Px X : F(p,xz,y) N (—int C(p,z)) # 0} is

open.

Theorem 6.2. Let X and P be two nonempty subsets of two real
topological vector spaces, respectively, Z a real topological vector space
and C : P x X — 2% with proper solid convex cone values. Let
K :Px X — 2%\ {0}. Suppose that F : P x X x X — 22\ {(}.
Also we assume that the following conditions:
(i) Q(p) is nonempty for each p € P;
(il) X is compact;
(iii) K(p,z) is convex and compact for each p € P and x € X;
(iv) for each p € P K(p,-) is affine on X;
(v) K is u.s.c. on P x X;
(vi) F : P — 2%, defined by F(p) = {xr € X : x € K(p,x)}, is
l.s.c. on IP;
(vil) F' is strictly C-weakly quasiconcave on P x X x X;
(viii) the set {(p,z,y) e Px X x X : F(p,x,y) ¢ —clC(p,z) = 0}

1S open;
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(ix) the set {(p,xz,y) € Px X : F(p,z,y) C —int C(p,x)} is open.

Then Q is continuous on P. Moreover, ® is continuous on P if con-
ditions (vii), (viii) and (ix) are replaced by the following (x), (xi) and
(xii)
(x) F is strictly C-weakly properly quasiconcave on P x X x X ;
(xi) the set {(p,xz,y) € P x X : F(p,z,y) N (—clC(p,x)) # 0} is
open;
(xii) the set {(p,z,y) € Px X : F(p,z,y) N (=int C(p,z)) # 0} is

open.

Example 7. Let P, X, X, K, Z, C, D and F’ be the same as those in

Example 5. Suppose

and
F(p,z,y) = co{F'(p,2,y),G(p,v,y)}-

Then (2 is continuous on P. Indeed,

Qp) ={zeX:
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Example 8. Let P, X, X, K, Z, C, D and G be the same as those in

Example 7. Suppose

F(p,z,y) = co {F’(p,:v,y), —(* —4) (COS(:U +p)) } -

sin(z + p)

Then 2 is continuous on P. Indeed,

2
@(p):{xEX:%gmgg—kgp@—p)}.
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