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Part |

Linear Complementarity Problem
to find a vector x € R"™ such that

Mz+q¢>0, >0, 2'(Mz+q)=0,
where M € R"*" and ¢ € R". We denote this problem by

LCP(M, q) and its solution by z*.
M is called

P-matrix, if max z;(Mzx); > 0for all x # 0;

M-matrix, if M~ >0, M;; <0 (i # j) for
1,7 =1,2,...,n;

H-matrix, if its comparison matrix is an M-matrix.



e Natural Residual:

r(x) := min(z, Mz + q)

e (Global error bound if there exists a constant 7 such that

le — 27| < 7llr(2)]l, VzeR"

e Question: How to compute 77




Mathias-Pang Error Bound(1990)

M 1s a P-matrix

for any x € R", where

() = min { o (012); |

[z][co=1 | 1st<m
M is an H-matrix with positive diagonals

) > (miin bi)(miin(M—lb)i) B
ST max(r

for any vector b > 0, where M is the comparison matrix of M, that is
Mz‘z‘ = M;; Mz’j = —|My;| for i#7.

14 [ Moo 1+ 1M ]l
QL) e

u(b, M) =



New Error Bound

M is a P-matrix,

|z =2l < max (I =D+ DM)"]|r(z)]],,
€[0,1]™

where D =diag(dy,ds, ..., d,).
M is an H-matrix with positive diagonals,

dn[lax I(I =D+ DM)7 ', < |M~ " max(A, 1),
c[0,1)"

M is an M-matrix,
max |[(I— D+ DM)™ |, = max f(v).
=

del0,1]"
V={v|Muv<ev>0}

f(v) = max (e + v+ M'v);.

1<i<n



Comparison M is a P-matrix,

1

|7(2)]|o (Mathias-Pang)
L4 ([ Moo
1
< |7(2)]| 00 (Cottle-Pang-Stone)
max(1, [[ M)
1
= max [T=D 5 D " @lee
del0,1]™
< [l = 27|
< max [[(I =D+ DM)"lso|lr(z)]o
€[0,1]™
max(1, || M|o)
< B = @)l
_ 14 M min(1, || M|o)
= D) I ()]0 — ) ()]
L+ ([ Moo

< 00) |7(2)]] 00 (Mathias-Pang).



M is an H-matrix with positive diagonals

lz — 2|
< max [[(I - D+ DM)" Hlooll7 ()] oc
c[0,1]™

< M7 max(A, 1) [loolr(2) [l
< (u(M,0) — M~ min(A, I)|loo)[I7(2) ]|
< u(M,b)||r(x)]|l (Mathias-Pang).



M 1s an M-matrix

o~ a*[l
< M7 max(A, 1) ()
1 M ||~
< (= 1M i, D)
L+ [0

|7 ()| 0 (Mathias-Pang)

c(M)



Numerical Examples
Example 1.(P-matrix)Schafer (2004)

M(;j).

M 1s a P-matrix but not an H-matrix.

New Error Bound

max |[(I — D+ DM) || = 5,
del0,1]?

Mathias-Pang Error Bound

L+ | Mo
> 13.
(M) ~




Example 2.(H-matrix)Cottle(1992)

1 ¢
M = ,  where |t| > 1.
0 1

New Error bound

I —D(I — M) !
max |[(I = D(I = M)~

— max (1 + dyt])
d1€[0,1]

= ||M ™" max(1,A)],
=1+ |t], p=1,00.

Mathias-Pang Error Bound

1+ ||M
c(M)

H“;ﬁ%2+M):O@%.
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Example 3. (M —matrix)

11

/ b+ asin(:) c
a b+ asin(2) ¢
M — . .
C
\ a b+ asin(l)
Table 1.
o a b c K1 Mt max(A, I)||e | p(M,e)
0 -1 2 -1 | 2.0100e4 4.0200e4 2.0201e7
n?%|-15| 2 | -05 | 3.9920e2 7.8832e2 1.5536e6
n~2%|-15|22|-05 | 6.3910e0 1.0999e1 3.6557¢€2
1 -1.5 1 3.0 | -1.5 | 2.4399¢l 7.3936el 1.8060e4




n = 400,

k1= max |[(I —D+DM)
de(0,1]™

(miin ei)(miin(M_le)i)

(max(Me), )

L+ | M][o

pM ) = c(M,e)

=: ¢(M, e),

12



Part |l

Perturbation Error Bounds for LCP

e r* is the solution of LCP(M, q)

e 1 is the solution of LCP(M + AM, q + AA\q)

o Question: ||x — x| <7,

13



14

Cottle-Pang-Stone (1992)

M is a P-matrix. The following statements hold:

(i) for any two vectors q and p in R",

|lz(M, q) — 2(M,p)|ls < (M) g — plloos

where
c(M) = min {max $Z(M£E)z} .

Jzlleo=1 | 1i<n

(ii) for each vector ¢ € R", there exists a neighborhood
U of the pair (M, q) and a constant ¢y > 0 such that for
any (A,b),(B,p) €U, A, B are P-matrices and

|l2(A,0) = 2(B,p)llec < co(lA = Blloo + 1[0 = plloo)-



15
Remark

The above constant ¢(M) is difficult to compute, and ¢ is

not specified. It is hard to use this result for veritying

accuracy of a computed solution of the LCP when the

data (M, q) contain errors.



New Perturbation Error Bounds 16

M 1is a P-matrix,

Bp(M) = max [[(I =D+ DM)" 1DHP7

delo,1]™

where D =diag(dy, ds, ..., d,).
Using the constant 3,(M ), we give perturbation bounds for M being

a P-matrix as follows.

(M, q) — =(M,p)|| < Bp(M)llg — pl,

(M A-B o (M)||b—
2(A,5) — 2(B, p)|| < SODUDIIABI | GODIb-p],

and
lz(M,q) — (A, b)]| 2
|x(M, q) = 1 Bp(M)[| M|

for A, Be M :={A|B,(M)||M — A|| <n <1}, and

lg = bl < €l (=g)+]]



o [f VM is a P-matrix, then for || ° Hoo,
Bo(M) < —
TV T (M)

e )\ is an H-matrix with positive diagonals,
Bp(M) < | M,

e ) is an M-matrix,
Bp(M) = | M.

e )\ is a symmetric positive definite matrix,

Bo(M) = |M 2.

17



18
M 1is a positive definite matrix

M+ Mt

2(M, ) = 2(M,p)ll2 < | (=—5——)"lela = Dl
(L) 13 (—p)- )14 — Bl
2(4,0) — 2(B,p)ll2 < T
IS Tl — ol
| 1_77 ]

and

|MMﬂ®—xMﬁNp<%MﬂmwM+Nﬂyw2
le(M,q)l. = 1-n 2

for A, B € M := {A]||(XEL)y|M — Alls <np < 1},




Example 4

where t > 1.
New Error bound

Boo(M) = max [(I =D+ DM) Do =2

del0,1]?

Mathias-Pang Error Bound

00 >t — oot — 00).
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Relative Perturbation Bounds for LCP 20

e Linear systems

Suppose

Ax = b, Ae R 0#be R"
(A+ANA)y = b+ ALb, NA € RV, Abe R"

with | AA|| < €||Al| and [|Ab|| < €]|b]. Tf ex(A) = 5 < 1

and A is nonsingular, then A + A A is nonsingular and

ly—zl _ 2

k(A).

|| L=



e P-Matrix LCP
Suppose min(z, Mx + q) = 0
Me R, 0+#(—q)y € R"

min(y, (M + AM)y+q+ Aq) =0

AM e RV"™  Aq e R™.

with
|AM]| < e|| M|

and

|Aq|| < emax([[(=g)+]], llqll — | Mz + ql]).
If M is a P-matrix and eG(M)||M|| =n < 1, then
M + AM is a P-matrix and

ly—zl _ 2

GM)|| M.

||| L=

21



e )\ is an H-matrix with positive diagonals,

~

€koo(M) =n < 1, and
|AM||o < €| M]|o
and

1AG]loe < emax([|(=q)+ o, lgllo0 = Mz + gl[)

then M + AM is an H-matrix with positive diagonals

and

22



o )\ is a symmetric positive definite matrix,
eka(M)=mn <1, and

[|AM ||y < €||M||2
and

|Aq]l2 < emax([[(=q) ]2, llgllz = [Mz + ql[2),

then M + AM is a P-matrix and
ly—alle _ 2

K)Q(M).

lzlla = 1T =7

23



e )\ is a positive definite matrix,

M+ MY
6/{2( il ) =17 < 1
2
and M+ MYt
_|_
[AMy < o 72,
and

1Al < emax(||(=¢)+ll2, lgllz = Mz + ql|2)

, | MA4M")
2([M|l2

then M + AM is a positive matrix, and

— 2 M+ M7T
Hx yHQ < € /{2( T )
|z||2 l—mn 2

24



Remark 25

The above inequalities indicate that the constant
B(M)||M|| is a measure of sensitivity of the solution
(M, q) of the LCP(M, q). Moreover, it is interesting to
see that the measure is expressed in the terms of the

condition number of M, that is,
kp(M) = || MM ], = Bp(M)[|M],

for M being an M-matrix with p > 1 and a symmetric
positive definite matrix with p = 2. Hence, it makes
connection between perturbation bounds of the LCP and
perturbation bounds of the systems of linear equations in

the Newton-type methods for solving the LCP.



Newton-type method %

(I — Dy, + DiM)(z — 2*) = —r(2), (1)

M -1 r — " -
(IDk Dk)(yyk)F(x’y)’ (2)

where D;. is a diagonal matrix whose diagonal elements

are in [0, 1.

Sensitivity of (??) and (?7?) will effect implementation of
the methods and reliability of the computed solution.



Proposition
For any diagonal matrix D=diag(d) with 0 < d; <1,
1 =1,2,...,n, the following inequalities hold

M —/
o > Kool — D+ DM
K (ID D)KJ( + )

and

M -1 1
> —kp(l — D+ DM > 1.

K,(M):= max |(I —D+DM)™ ||, || — D+ DM||,.

de|0,1]™

~1
A M =1 M -1
Kp(M) := max | I -] I
de[0,1]” D I—-D D I —D

Koo (M) > Koo (M).

27



Example 5 28
Let M =al(a > 1),

A M -1
KOO(M)>/<JOO< I )

el T ol —1\

_H I 0 ||ooH I 0 Hoo
0 I

(1+a)<l a1>°°

= (1+a)?

Ko(M)= max |[(I =D+ DM) e - ||[I =D+ DM||

de(0,1]™
o maxoce (1 +af — ¢
~ ming<g<i [(1+a& —§)]

— .

For large a, Koo(M) — Koo(M) > a® + a + 1 is very large.



Connection with Sensitivity of LCP (M, q) 29
M being an M-matrix with | M ||, > 1

Koo (M) < Koo (M) < i (M) max(A, T)]|.o.

The condition number k(M) is a measure of sensitivity
of the solution of the system of linear equations for the
worst case. Note that we have shown that k.. (M) is a
measure of sensitivity of the solution of LCP. Hence we
may suggest that if A is not large, then the LCP is
well-conditioned if and only if the system of linear
equations (??) at each step of the Newton method is

well-conditioned.



Numerical Examples

o |r(z)]] <107

e macheps = 10716

Example 6 (Free boundary problem for journal
bearings(Bierlein, 1975).

1.3 S
hi—l—%’ J =1 - 17
he . +hS ., =1,
m;; = \ z—% H_% ’ ty] = 17 y TV
_hf_l7 ] — Z — 17
2
0, otherwise

_ 2 _
5—n—+1,6—0.8and |

1 + ecos(m(i — =)o)
h 1 = 2. " =12 n4+1

’L—§ ﬁ

30



Let

AMIGM

\

N —

1 2
1

)

)

ANq = €ge.

Table 2. Perturbation bounds of Example 6 (u = max(M;;) + 1)

n €M € | Koo(M) | theo(M) | ||Az||s | bound
10 0| —0.001 | 498.0448 | 1.3085e3 | 0.1740 | 0.2201
0.001 | 0.001 | 498.0448 | 1.3085e3 | 0.7768 | 2.1288

—0.001 | —0.001 | 498.0448 | 1.3085e3 | 1.2196 | 3.8864

100 0| —0.001 | 1.0216e5 | 3.1546e5 | 23.4828 | 24.6533
1.0e-5 | 0.001 | 1.0216e5 | 3.1546ed | 2.9249 | 24.6533

-1.0e-5 | —0.001 | 1.0216e5 | 3.1546e5 | 51.4563 | 76.8289

1000 0| -1.0e-5 | 1.0168e7 | 3.1465e7 | 23.0367 | 24.2724
1.0e-7 | 1.0e-5| 1.0168e7 | 3.1465e7 | 2.5224 | 24.2724

-1.0e-7 | -1.0e-5 | 1.0168e7 | 3.1465e7 | 49.7432 | 73.9102

31



Example 7 (Ahn,1983). »

We consider a tridiagonal H-matrix

(1 \
1 4 =2

M = , and g = —A4e.
1 4

—2
\ 14

Notice that M is well-conditioned for any n. From our

analysis, LCP(M, q) is not sensitive to small changes in
data. Let AM and Aq be defined in Example 6.



Table 3. Perturbation analysis of Example 7 33
BM) = [|M Moo, v =max(L, || M]oo)[| M~ max(A, I)[|oc

n €1 eq | BM)|| M| % |Az|| | bound
10 0.0 | -1.0e-3 6.7828 27.1216 | 4.0812e-4 | 9.6899¢e-4
1.0e-3 | 1.0e-3 6.7828 27.1216 | 2.4000e-3 | 7.3000e-3
-1.0e-3 | -1.0e-3 6.7828 27.1216 | 2.4000e-3 | 7.3000e-3
100 0.0 | -1.0e-3 7.0000 28.0000 | 4.0825e-4 | 1.0000e-3
1.0e-5 | 1.0e-3 7.0000 28.0000 | 4.2838e-4 | 1.1000e-3
-1.0e-5 | -1.0e-3 7.0000 28.0000 | 4.2838e-4 | 1.1000e-3
1000 0.0 | -1.0e-5 7.0000 28.0000 | 4.0825e-6 | 1.0000e-5
1.0e-7 | 1.0e-5 7.0000 28.0000 | 4.2839e-6 | 1.0653e-5
-1.0e-7 | -1.0e-5 7.0000 28.0000 | 4.2839e-6 | 1.0653e-5
10000 0.0 | -1.0e-5 7.0000 28.0000 | 4.0825e-6 | 1.0000e-5
1.0e-7 | 1.0e-5 7.0000 28.0000 | 4.2839e-6 | 1.0653e-5
-1.0e-7 | -1.0e-5 7.0000 28.0000 | 4.2839e-6 | 1.0653e-5




Applications

Non-Lipschitizan NCP

F(x)>0, x>0, x'F(x)=0
Extended Vertical LCP
min(M _x+q. ,M x+q,,....., M x+q )=0

Stochastic LCP

M(o)X+Jd(w)=0,x>0,x (M(w)+9g(w))=0
min E min(M (@)X + q(@), X|
X2>0
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