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Abstract

We consider a class of mathematical programs with complementarity constraints (M-
PCC) where the objective function involves a non-Lipschitz sparsity-inducing term. Due
to the existence of the non-Lipschitz term, existing constraint qualifications for locally
Lipschitz MPCC cannot ensure that necessary optimality conditions hold at a local mini-
mizer. In this paper, we present necessary optimality conditions and MPCC-tailed qualifi-
cations for the non-Lipschitz MPCC. The qualifications are related to the constraints and
non-Lipschitz term, which ensure that local minimizers satisfy these necessary optimality
conditions. Moreover, we present an approximation method for solving the non-Lipschitz
MPCC and establish its convergence. Finally, we use numerical examples of sparse so-
lutions of linear complementarity problems and the second-best road pricing problem
in transportation science to illustrate the effectiveness of our approximation method for
solving the non-Lipschitz MPCC.
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1 Introduction

Sparse solutions of systems of equalities and inequalities have been extensively studied for
many important problems in signal processing, image science, statistical and machine leaning
[2,4-7,9,10,12,14,15,19,33,41,42,49]. In this paper, we are interested in sparse solutions of
complementarity problems that is a system of inequalities with a complementarity equality.
Sparse solutions of linear complementarity problems (LCP) are solutions of the following
problem [13]:

min ||z|o

(1.1)
st. >0, Mx+q>0, 27 (Mxz+q) =0,
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where M € R™" ¢ € R", and ||z||p denotes the number of nonzero entries in x.

The non-Lipschitz function ||z||} := >_r; [;[? (0 < p < 1) has been used as a continuous
approximation of ||z|lg. In particular, it has been shown that there is p € (0,1) such that
solutions of the following problem

min |[z[3

(1.2)
st. >0, Me+q>0, 27 (Mz+4q)=0

with any p € [0,p| are solutions of problem (1.1) in [13]. Since LCP can characterize the
optimality conditions of linear and convex quadratic programming, problem (1.2) can be used
to find sparse solutions of linear and convex quadratic programming problems.

In this paper, we consider the following problem:

min F(z) := f(z) + || Dz

st. G(r) >0, H(z) >0, G(x)"H(z) =0, (1.3)

where p € (0,1), D € R™", and f : R®* - R, G,H : R® — IR™ are continuously
differentiable. The feasible region of problem (1.3) can characterize optimal solutions of
convex programming problems or equilibria of equilibrium systems [34].

Problem (1.3) is a class of mathematical programs with complementarity constraints
(MPCC), which has numerous applications in economics and engineering [34]. However, all
existing results in the MPCC literature assume local Lipschitz continuity of functions, which
are not applicable to problem (1.3) due to the existence of non-Lipschitz term || Dz|h. The
research in theoretical and numerical treatments for locally Lipschitz MPCC focuses mainly
on the difficulty that Mangasarian-Fromovitz constraint qualification (MFCQ) is violated at
every feasible point; see [39,47]. Several stationarity concepts such as Clarke stationarity,
Mordukhovich stationarity, and strong stationarity, and associated MPCC-tailed constraint
qualifications, and perturbation analysis for parametric MPCC have been studied; see, e.g.,
[21-23, 28,37, 39,46, 47] and the references therein for more discussions. Moreover, many
numerical methods have been proposed to solve locally Lipschitz MPCC such as regularization
(or relaxation) methods [24,40], sequential quadratic programming methods [18], augmented
Lagrangian methods [27], interior point methods [32], active set methods [20,26], and penalty
function methods [25].

Optimization problems involving the non-Lipschitz term || - ||} (0 < p < 1) and linear
constraints or box constrains have been widely used to induce a sparse solution in regression,
feature selection in machine learning, edge preserving image restoration, compressed sensing
in signal processing, and Markowitz portfolios [4-6]. Optimality conditions and lower bound
theory have been established for these problems [14]. Moreover, smoothing regularization
methods [4], smoothing trust region methods [12], smoothing SQP methods [30], iteratively
re-weighted minimization methods [8, 10, 15, 33,49], and penalty function methods [11] are
proposed for solving these problems, in which || - ||} is approximated by locally Lipschitz func-
tions. However, existing theory and algorithms for convexly-constrained optimization with a
non-Lipschitz objective function are not applicable to problem (1.3) due to the existence of
complementarity constraints.



The smoothly clipped absolute deviation (SCAD) [17] is often used as a sparsity-inducing
function in the literature. It has been shown that the SCAD function may be seen as a
surrogate for ¢y quasi-norm under two conditions ( [31, Theorem 3.2 and Corollary 3.2]).
However, the conditions are difficult to hold for problem (1.1). On the other hand, we have
the existence of p € (0,1) such that the solution set of problem (1.2) with p € (0,p) is
contained in the solution set of problem (1.1) without conditions.

This paper aims to derive necessary optimality conditions of problem (1.3) and propose
associated qualifications, and develop an approximation method for finding points satisfying
these necessary optimality conditions. Our main contributions are summarized as follows.

e We investigate the applicability of the basic qualification (BQ) at z* € F:
—OF (") N NF (") = {0}, (1.4)

where F := {z € R" : G(z) > 0, H(x) > 0, G(z)TH(x) = 0} is the feasible region
of problem (1.3), 9°F(z*) is the horizon subdifferential of F at z*, and Nz(z*) is
the limiting normal cone to F at x*. The BQ ensures the validity of the sum rule
of the subdifferentials of the objective function F' and the indicator function dr (e.g.,
[38, Corollary 10.9]), which plays an important role in developing necessary optimality
conditions for problem (1.3) as shown in Section 2. We provide conditions that imply
the failure of the BQ due to the existence of the non-Lipschitz term. In particular, the
conditions imply that the BQ fails at any feasible point x with zero components for
problem (1.2).

e Motivated by the stationarity concepts of locally Lipschitz MPCC, we present the
Clarke (C-), Mordukhovich (M-), and strong (S-) stationarity conditions for problem
(1.3). Moreover, we propose two MPCC-tailed qualifications which guarantee that
M-stationarity and S-stationarity are necessary for local optimality of problem (1.3),
respectively. To the best of our knowledge, there are no necessary optimality conditions
for non-Lipschitz MPCC in the literature.

e We propose an approximation method for solving problem (1.3). At each step of the
method, the non-Lipschitz term is approximated by a locally Lipschitz function and
the complementarity constraints are relaxed such that certain constraint qualifications
hold. We show in Theorem 4.1 that any accumulation point of the sequence generated
by our method is C-stationary under MPCC linear independence (LI) qualification.
Moreover, we present weak second-order necessary conditions (WSONC) for the ap-
proximation problems, and show in Theorem 4.2 that the accumulation point is also
M-stationary (stronger than C-stationary) if MPCC-LI qualification holds and the ap-
proximation problems satisfy WSONC. We also provide a sufficient condition such that
the accumulation point is S-stationary (stronger than M-stationary) in Theorem 4.3.

The rest of the paper is organized as follows. In Section 2, we study the applicability
of the BQ and derive necessary optimality conditions for problem (1.3). In Section 3, we



introduce the approximation problems of problem (1.3) and present second-order necessary
conditions for these approximation problems. In Section 4, we propose an approximation
method for solving problem (1.3) and establish its convergence. In Section 5, we present
numerical results of our approximation method for solving problem (1.2) and a second-best
road pricing problem in transportation science.

1.1 Notation and terminology

The following notation will be used throughout this paper. For any given z € IR", ||z]|
denotes the Euclidean norm of x and Diag(z) the diagonal matrix whose ith diagonal entry
is x;. We let Bs(z) denote an open ball centered at x with positive radius ¢ and |J| the
number of elements of a finite set J. We let e denote a vector of all ones and e; a unit vector
whose i-th component is 1 with approximate dimension, and let I.x, be a r x r identity
matrix. We let VF(z) stand for the transposed Jacobian of a smooth function F' at x. Given
a matrix A € IR"*! and an index i € {1,...,r}, A; denotes the transpose of the ith row of
A. For any 0 € IR, we let

1 if >0,
signf =< [-1,1] if 6 =0,
-1 if 6 <0.

The feasible region of problem (1.3) is assumed to be nonempty and can be rewritten as
F={zeR": (G(x),H(x)) eC™ }, (1.5)

where C™ := {(a,b) € R™ xR™ :a > 0,b > 0,a”b =0} and we write C instead of C!. For a
given x € F, we define the following index sets:

To(z):={i=1,...,r: D'z =0}, Zu(z):={i=1,...,r: DIz #0},
Ia(z) ={i=1,...,m:Gi(x) =0}, Zg(x):={i=1,...,m: Hj(x) =0},
Zio(z) :=Zu(x)\Ig(x), Zoo(x):=Zg(x) NIu(x), Zor(x):=Zg(x)\Zu(z).

It is obvious that {Z;o(z),Zoo(z),Zo+ ()} is a partition of {1,...,m}.
Given a closed set 2 and a point x* € €, the regular normal cone of Q at z* is a closed
and convex cone defined as

Na(z*) :=={d:d"(z — 2*) < o(||z — z*|) Vz € Q},

where o(+) means that o(a))/a — 0 as « € Ry — 0, which is actually the polar of the tangent
cone of € at z*, and the limiting normal cone of €2 at £* is a closed cone defined as

No(z*) :={d : 32" € Q,2F — &*,3d* € No(a¥) s.t. d¥ — d}.

For a continuous function ¢ : R? — IR and a point z* € IR, the regular subdifferential of ¢
at 2" is defined as

Op(z*) = {v: p(z) 2 p(a") +vT (z — ") +o(|lz —2*||) Yz e R,



the limiting subdifferential of ¢ at x* is defined as
dp(x*) := {v: Fa¥ — 2, v € dp(a¥) s.t. vF — v},
and the horizon subdifferential of ¢ at z* is defined as
0% p(x*) == {v : Ja* — 2%, vF € dp(z¥) and t;, — 0 with ¢, > 0 s.t. t0* — v}.

It is well-known that when ¢ is continuously differentiable at =*, then dp(z*) = {Vo(x*)};
see, e.g., [38, Exercise 8.8], and moreover, ¢ is Lipschitz around z* if and only if 0®¢(x*) =
{0} by [38, Theorem 9.13].

The following lemma will be employed in Section 2.

Lemma 1.1 Let x € F. Then for any (u,v) € R™ x R™ with u; =01 € Zyo(x), v; =01 €
Zo+(x), u; > 0,v; >0 i € Zpo(x), we have that

—VG(z)u — VH(z)v € Nr(z).
Proof. It follows from [38, Theorem 6.14] and the definition of normal cones that
(VG(), VH(x))Nem (G(), H(x)) € NF(z) € Nr(z).
By [38, Proposition 6.41], it is easy to see that
New (G(x), H(z)) = Ne(Gi(x), Hy(2)) % ... x No(Gm(x), Hn()),

where the regular normal cone No(Gji(z), Hi(x)) can be directly calculated as (e.g., [45,
Proposition 2.7])

. u; € IR,v; =0 if Gi(l‘):O<Hi(l‘)
NC(G,(x),HZ(:r)) = (ui,vi) T 0,’[)1‘ elR if GZ(IL’) >0= Hz(flf)
U; S O,Ui § 0 if Gl(l’) = HZ(IL‘) =0

Then the desired result follows immediately from the above three formulas. ]

2 Necessary optimality conditions

To the best of our knowledge, the developed necessary optimality conditions for MPCC in
the literature assume local Lipschitz continuity and even continuous differentiability of all
involved functions. Since the objective function of problem (1.3) is not locally Lipschitz, all
the existing results are not applicable. In this section, we will develop necessary optimality
conditions for problem (1.3).

Clearly we can equivalently rewrite problem (1.3) as “min F(z) + dz(z)”, where dr is
the indicator function of F. By Fermat’s rule (e.g., [38, Theorem 10.1]), the most general
stationarity, 0 € O(F + dr)(z*), holds at a local minimizer z* of problem (1.3) without



requiring any condition. A sufficient condition for a more explicit and useful stationarity,
0 € OF (z*) + Nx(z*), to hold is the BQ (1.4) at x*.
We now investigate the applicability of the BQ for problem (1.3). Consider a special case
of problem (1.3)
min || Dz|b

. (2.1)
st. >0, Mx+q>0, 2/ (Mz+q) =0,

where D = [Ixr, Opxry] € R™™ with n = 7+ r9. Problem (2.1) is more general than problem
(1.2) since these two problems are the same when ro = 0. Let y := Dz. It is clear that when
y > 0, the objective function ¢(-) := || - ||} is Lipschitz around z since 8°¢(y) = {0}, and
thus the BQ holds since 0 € Nz(z). On the other hand, ¢ is not Lipschitz around z since
0%¢(y) # {0} when y # 0. In this case, the BQ fails as shown in the following.

Proposition 2.1 For problem (2.1), the BQ fails at all feasible point x with zero components
in{1,...,r}.

Proof. Let y:= Dz and recall the definition of D in problem (2.1). The horizon subdiffer-
ential of ¢ at x can be easily derived as follows

0%¢(y) ={(a,b) e R" xR™ :q; =0 ify; > 0,b=0}. (2.2)
Applying Lemma 1.1 to the reformulation F = {z : (x, Mz + q) € C"} implies that

u; =01 € I+0($),Ui =01:€ I(]+(£C)

S:=<S—u—My:
u; > 0,v;, >01 EIO()(Q?)

} C Nz(x).

Then to get the desired result that —9°°¢(y)NNx(z) # {0}, it suffices to show that —9>°¢(y)N
S # {0}. Let ip € {1,...,r} be an index such that y;, = z;, = 0 and ¢;, € IR™. It is clear
that e;, € 0%¢(y) by (2.2). On the other hand, it is easy to see that —e;, = —u — v, with
u = e;, and v = 0, belongs to S. Thus we have 0 # —e;, € —0®¢(y) NS. The proof is
complete. [ |

From Proposition 2.1, it is reasonable to infer that the BQ is difficult to hold for problem
(1.3). We next investigate how the BQ works for problem (1.3). When D is of full row rank,
we have the following result.

Proposition 2.2 Let * € F and I := Io(z*) # 0. Assume that D is of full row rank. If
there exists a vector (A, u,v) € R x R™ x R™ such that
—VG(x*)u —VH(x* v+ > \MD;=0, A#0,
i€T (2.3)
u; =01 € Z+0(1I*), v, =01 € Io+(113*), U > O,Ui >01€ I()o(x*),

then the BQ fails at x* for problem (1.3).



Proof. Using the reformulation (1.5) and Lemma 1.1, it follows that for all (u,v) with
wi =01 € Tio(x*), v; =01 € Loy (z*), pi > 0,1 > 01 € Zgo(z*), we have that

—VG(z*)u — VH(z")v € Np(z").
This together with the assumption implies that there is A # 0 such that
— Z ND; e N]?(.Z‘*) (2.4)
€Ty
Since D is of full row rank, it is clear that ), A\;D; # 0 and moreover, by [38, Exercise 10.7
i€y

and Corollary 10.9], it follows that

Y AND; € 0°F (%) ={ ) mwDi:p e RiecIj}

€Ly i€TE
These and (2.4) imply that

0+# — Z ND; € —OOOF(IL‘*) ﬂ./\/f(l'*).
€Ty

Thus the BQ fails at z* and the proof is complete. [ |

For an arbitrary matrix D € IR"*", one can introduce a variable z = Dx and make the
non-Lipschitz term separable, that is, reformulating problem (1.3) as

min  U(z,z) := f(z) + ||z|[5
st. Dx—2z=0, (2.5)
G(z) >0, H(z) >0, G(z)TH(x) = 0.

It is not difficult to verify that problem (1.3) and problem (2.5) are equivalent in the sense
that =* is a local minimizer of problem (1.3) if and only if (z*, Dz*) is a local minimizer
of problem (2.5). Using the same proof technique as in Proposition 2.2, the following result

follows immediately.

Proposition 2.3 Let «* € F and I§ := Io(z*) # 0. If there exists a vector (A, u,v) €
RIZ| x R™ x R™ such that (2.3) holds, then the BQ fails at (z*, Dx*) for problem (2.5).

As shown in Propositions 2.1, 2.2, and 2.3, it is very likely that the BQ fails at a local
minimizer of problem (1.3). However, it should be noted that if MPCC-LI qualification as
defined in the following holds, then condition (2.3) never hold. This fact motivates us to define
the following qualifications. These qualifications are actually the standard MPCC-LICQ and
MPCC-RCPLD in the literature ( [21,40]) for the system

{z eR?: DI'c =01 e Ty(z*), (G(z), H(z)) € C"}.

Since these conditions are not only related to the constraints but also the objective function,

we call them qualifications.



Definition 2.1 Let x* € F. (i) We say that MPCC-LI qualification holds at x* for problem
(1.3) if the following family of gradients is linearly independent:

{VG;(z"):i € Ig(z*)} U{VH;(a*) : i € Ty(z*)} U{D; : i € Tp(z")}.

(ii) Let Iy C Zo(x*), Is C Zo4(z*), and I3 C Zio(x*) be such that G(x*, 11, 12, I3) is a
basis for spanG(x*, Zo(z*), Lo+ (x*), Zio(z*)). We say that MPCC relazed constant positive
linear dependence (RCPLD) qualification holds at x* if there exists 6 > 0 such that

o G(z*,Zo(z*), Zo+(x*), Zso(x*)) has the same rank for all x € Bs(x*);
o for any 14,15 C Zoo(x*), if there exist A € RN o e RPEVEL gnd v € RIBYUSD sych
that (A, u,v) # 0, u;v; =0 or u; > 0,v; > 0 for any i € Zyo(x*), and
Z )\iDi — Z UIVGZ(QJ*) - Z ’UZVHI(.%*) =0
i€ly 1€laUly i€l3Uls

then for any x € Bs(x*), the following family of gradients is linearly dependent:
{Dl 11 € Il} U {VGZ(J}) 1elyu I4} U {VHz(x) 1 e l3u 15},
where G(x, I, I2,13) :=={D; :i € 1} U{VGi(z) :i € L} U{VH;(x) i€ I3}.

Throughout this paper, we call these two conditions in Definition 2.1 MPCC-LI qual-
ification and MPCC-RCPLD qualification respectively in contrast with MPCC-LICQ and
MPCC-RCPLD for locally Lipschitz MPCC in the literature.

Motivated by the stationarity concepts for locally Lipschitz MPCC (see, e.g., [39,47]), we
define the stationarity conditions for problem (1.3) as follows.

Definition 2.2 Let z* € F. (i) We say that x* is a weakly (W-) stationary point of problem
(1.3) if there exist A € R", p € R™, and v € R™ such that

Vf(z*)+ DX\ - VG(z*)u — VH(z*)v = 0,
Ai = p| DT z*[P~ sign (DI z*) i € T.(z*), (2.6)
wi=0 1€ I_H)(.Z'*), v,=0 1€ IQ+(1‘*).

(i) We say that =* is a C-stationary point of problem (1.3) if there exist A € R", p € R™,
and v € R™ satisfying (2.6) and

wivi >0 1€ Ioo(l'*).

(iii) We say that x* is an M-stationary point of problem (1.3) if there exist A € IR",
w € R™, and v € R™ satisfying (2.6) and

wi >0, v, >0 or ;=0 1€ IOQ(:E*).

(iv) We say that x* is an S-stationary point of problem (1.3) if there exist A € IR",
weR™, and v € R™ satisfying (2.6) and

pi >0, v; >0 i€ Ig(x").



A W-stationary point z* is said to satisfy upper lever strict complementarity (ULSC) if
there exist A € R", p € R™, and v € IR"™ satisfying (2.6) and p;v; # 0 for all i € Zoo(x™).

We now give some comments on these stationarity conditions in Definition 2.2. One can
easily see that the following relations hold:

S-stationarity = M-stationarity = C-stationarity = W-stationarity.

It should be also pointed out that these stationarity conditions in Definition 2.2 are actually
the same as those of applying directly the stationarity conditions for locally Lipschitz MPCC
to problem (1.3). Take the W-stationarity for an example. The standard W-stationarity
for locally Lipschitz MPCC (see, e.g., [39]) at z* says that there exist multipliers (u,v) €
IR™ x IR™ such that

0€ Vi) + Y (- P)Dfa*)D; — VG(a*)u - VH (z")v,
i=1
i =01i€Zio(z%), v =01 € Lo ("),

which are the same as (2.6) as long as we note that the limiting subdifferential of the function
[t|P is IR at t = 0 and {p|t|P~'sign (¢)} otherwise.
Now we are ready to establish necessary optimality for problem (1.3).

Theorem 2.1 Let z* € F be a local minimizer of problem (1.3). (i) If MPCC-RCPLD
qualification holds at x*, then x* is an M-stationary point of problem (1.3). (ii) If MPCC-LI
qualification holds at x*, then x* is an S-stationary point of problem (1.3).

Proof. As discussed before Proposition 2.3, (*, 2*) with z* := Dz* is a local minimizer of
problem (2.5). Let Zj := Zy(z") and T}, := Zx(x*). Then it is easy to verify that (z~, z};) is
a local minimizer of the restricted problem
min - f(z) + 35 [z
iEI;*é
st. DIz —z=0ieTs, Dfz=0ie1;, (2.7)

(G(z),H(z)) e C™.

Denote by = the feasible region of problem (2.7). Since z} # 0 for all ¢ € Z7, it is easy to see
that the objective function of problem (2.7) is continuously differentiable at (z*, z};). Then
problem (2.7) is a smooth MPCC.

(i) When MPCC-RCPLD qualification holds at z*, it is not difficult to verify that MPCC-
RCPLD holds at (x*,z};) € E. Then (x*,z};) is an M-stationary point of problem (2.7)
by [21, Corollary 4.1]. The desired M-stationarity of * for problem (1.3) follows immediately.

(il) When MPCC-LI qualification holds at z*, it is not difficult to verify that MPCC-
LICQ holds at (z*, z};) € Z. Then (x*, z};) is an S-stationary point of problem (2.7)
by [39, Theorem 2]. The desired S-stationarity of z* for problem (1.3) follows immediately.

The proof is complete. u



3 Approximation problems

The non-Lipschitz term and complementarity constraints make problem (1.3) difficult to
solve. In this section, we propose an approximation to problem (1.3) as follows

(Po) min  Fe(z) := f(2) + pe()
7 st. G(z) >0, H(z) >0, G(z)TH(z) < 0.

Here the non-Lipschitz function ||Dx|[} is approximated by a locally Lipschitz function

T

pe(z) ==Y (1D 2| + &),

=1

where ¢, > 04 =1,...,7; see, e.g., [33,49], and the feasible region F is approximated by
Fri={zcR":G(z) >0, H(z) >0, Gx)TH(z) <o},

where o > 0. The set F, is the so-called Scholtes’ relaxation or regularization of F [40],
and has good numerical approximation properties [24] in which numerical comparison of
several relaxation methods was investigated. The kind of Scholtes’ relaxation was also used
for solving mathematical programs with vanishing constraints [1]. As shown in Proposition
3.1, problem (P, ) is easier to satisfy some constraint qualifications compared with problem
(1.3).

Recall that MPCC-LI qualification is actually the standard MPCC-LICQ for the following
mixed complementarity system:

{z:Dl'z=0i€eIy(z*), Gx) >0, H(z) >0, G(z)" H(z) =0} .

Then the following result follows directly from [40, Lemma 2.1].

Proposition 3.1 Let MPCC-LI qualification hold at x* € F. Then there exist o9 > 0 and
do > 0 such that for any o € (0,00] and x € Bs,(x*), the standard LICQ holds at = for the
following system

{: DIz =0i¢€Ty(z*), G(x) >0, H(z) >0, G(z) H(x) < o}.
In particular, the standard LICQ holds at x € F, N Bs,(x*) with o € (0, op].

In the following, we will study the distance between optimal solution sets of problem (1.3)
and problem (P ).

The following simple example shows that for any given ¢ > 0 and € > 0, optimal solutions
of problem (P, ) are different from those of problem (1.3). But we observe that optimal
solutions of problem (P ) tend to those of problem (1.3) as ¢ | 0 and € | 0.

10



Example 3.1 Consider a non-Lipschitz MPCC in R?: p = 0.5, f(z) = 0, D = Iyyo,
G(z) = 1— 21 and H(x) = 1 — x9. Direct calculation implies that the feasible region of
problem (1.3) is

{:EG]Rzlegl, ro =1 or x2§1,:ﬂ1:1}.

Then it is easy to see that the solution set of problem (1.3) is S = {(0,1)T, (1,0)T}. Moreover,
the feasible region of problem (P, ) with 0 < o <1 and € >0 is

{:UEIR2 oy <Lwe<1,(1—a1)(1—a2) <o}

It is not difficult to verify that the solution set of problem (Pe ) is

{(0,1 —o)T} if €1 < eg,
Seo =2 {(0,1 =), (10,007} if € = e,
{(1—0‘,0)T} if €1 > e9.

It is clear that the Pompeiu-Hausdorff distance between S » and S is positive but it converges
to0aso |0 andel 0. Here the Pompeiu-Hausdorff distance between X and Y is defined as
max{sup inf ||z — y||, sup inf ||z — y|}.

(sup inf lo —yil sup inf |z — o]}

As shown in the following result, optimal solutions of problem (P, ) approach to those
of problem (1.3) as o L 0 and € | 0.

Theorem 3.1 Let z., be an optimal solution of problem (Pey) for any o > 0 and € > 0,
and let x* be an arbitrary accumulation point of {xecs} as o | 0 and € | 0. Then z* is an
optimal solution of problem (1.3).

Proof. First it is easy to show that «* € F. Since F C F, for any ¢ > 0, then by the
optimality of z¢,, we have that

T T
f@eo) + D (1D aeo| + ) < f(x)+ ) (IDf 2| + &) VoeF.
i=1 i=1
Upon taking limits on both sides of the above inequality as ¢ | 0 and € | 0, we have that
f(@*) + ||Dz*||h < f(x) + || Dz|h for any x € F. This proof is complete. [

3.1 Second-order necessary optimality conditions for problem (F,,)

The convergence analysis in Section 4 requires second-order necessary conditions for approx-
imation problems. Thus in this subsection, we develop the second-order necessary optimality
for problem (P ), in which f,G, H are all assumed to be twice continuously differentiable.
By Fermat’s rule (e.g., [38, Theorem 10.1]), it is easy to see that any local minimizer z* of
problem (P, ) satisfies the first-order necessary optimality conditions:

0€ Vf(a*)+p Y Di|DFa*| + )P tsign (DY a*) + N, (2).
=1
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Note that in problem (P.,), (|[Dfz| + )P i = 1,...,r, are not continuously differentiable.
This makes the chain rule of (second-order) subdifferentials fail. Thus, second-order necessary
optimality conditions of problem (3.1) cannot be obtained by directly employing the existing
results in the literature. In what follows, we investigate how to develop second-order necessary
optimality of problem (3.1) by utilizing the characterization of function Fi(z). For simplicity
of notation, in this subsection we consider problem (P ) in the following form:

min  F(x)
(3.1)
st. ¢%(x) <0,
where ¢ : R" — IR?™*! is a twice continuously differentiable function with the form
97 (z) = (=G(2)", ~H(x)",G(z)" H(z) — 0)". (3.2)

Proposition 3.2 Assume that =* is a local minimizer of problem (3.1). If the gradients
{Vg7(z%), Dj:i€1y,jelp}

are linearly independent where I3, := {i : gf (v*) = 0}, I := Zo(a*), then x* is a KKT point,

i.e., there exists a unique nonnegative multiplier u € Rl such that

I
0€ Vf(x*)+p Y Di(|Df x|+ e)P tsign (D] z*) + > Vg (x*), (3.3)
i=1 i€l
g

and weak second-order necessary condition (WSONC) holds at x*, i.e.,

T

d' [V () + Y VPl (@) +p(p—1) ) (ID]a*| + )P 2DiDf|d >0 Vd € Cy(a"),

iGI;g =1
(3.4)
where Cy(x*) is the critical subspace of problem (3.1) defined as
Co(a®)={deR": Dd=0i€eIj, Vgi(a*)'d=0j€eI}.
Proof. First we observe that (z*,t*) with ¢} := |DIx*|, i =1,...,r is a local minimizer of
the following problem
,
win f()+ S0+ 6
Z, i=1
st. g7(z) <0, (3.5)

Dx—t<0, —Dx—1t<0,

where all the involved functions are twice continuously differentiable. We next show that
LICQ holds at (z*,t*) for problem (3.5). Let I7, := Zx(z") and

Zui<ngO(x*)>+Zui<féi)—l€§; ( ) ZA(DS@DT*))_O

i€T7, = Ty €

12



Since ZJ NZ% =0, it is easy to see that \; =0 for all i € 7%. Thus, (3.6) simplifies to

> Vel (@) + > (i —vi) Dy =0, (3.7)

i€T%, €T

i€Ty
Since {Vg{ (z*), Dj : i € Zjo,j € I} are linearly independent, by (3.7) it follows that u; = 0
for all ¢ € Z7s and u; = v; for all i € Zj. This together with (3.8) implies that u; = v; = 0 for
all ¢ € Z5. Thus, all the coefficients (u; : i € Zgo), (us,v; 2 i € Ig), and (A; : i € T7) are equal
to zero. Thus LICQ holds at (z*,t*) for problem (3.5). Then, WSONC of problem (3.5)
are satisfied at (z*,t*) (see, e.g., [35, Theorem 4]), i.e., there exists a unique nonnegative
multiplier vector (u,u,v) such that

(@) + > (ui —v)Di+ Y piVg(x*) =0, (3.9)
i=1 iEI;o
p(tr+e)P ™ —(ui+v) =0 i=1,...,r (3.10)
(tr — DI'ax*Yu; =0, (t + DI a*)yv; =0 i=1,...,r (3.11)
and
VEf@) + 3 piVigl(a") 0
(d*,nT) €T’y <Z>20 V<Z>€C( )
0 Diag (T™)
(3.12)
where T* := p(p — 1)((|Df z*| + )P 2 :i=1,...,r) and
. Ve (x*)Td =0 i€}
Co(a*, 1) = <h>e]R”><IR”: DTd=h; =0 ieTr V. (3.13)

sign (D]'a*)Df'd —h; =0 i eI}
It follows from (3.10) and the nonnegtiveness of multipliers u, v that
u; —v; € p(|DF ¥ + )P ~1,1] i€y
Moreover, by (3.10) and (3.11), it is not difficult to verify that
w; —v; = p(|Df x*| 4 ¢;)PLsign (DI z*) i€ 7%.
These last two relations and the definition of sign(-) imply that
u; —v; € p(|DF x| + ;)P tsign (DI z*) i=1,...,r

Then (3.3) follows immediately from (3.9) and the above relation. Moreover, it follows from
(3.12) that

4> Vel (2))d+p(p—1) S (DT a* |+ 2 (hy)? = ov( Z ) € Cu(z*, tY).

ZEI* i=1
(3.14)
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By (3.13), any direction < d > € Cy(x*, t*) satisfies

h
Dld=h;=0i€1j, sign(D]a*)Djd—h;=0i€T,

which together with (3.14) implies (3.4) immediately. The proof is complete. [ |
The following theorem can be obtained by applying Propositions 3.1 and 3.2 to problem
(P.,). For simplicity of notation, we let ¥, () := G(x)T H(x) — 0.

Theorem 3.2 Let € > 0. Let x7 be a local minimizer of problem (Pe,) for any ¢ > 0.
Assume that MPCC-LI qualification holds at x* € F. Then there exist § > 0 and & > 0 such
that if ° € Bs(x*) and o € (0,7), then x° is a KKT point of problem (P, ), i.e., there exist
a e R™, peR™, and v € IR such that

0eVf(z?)+p i (|D1Tx”] + €;)P~ Lsign (DiTa:")Di
i=1
—VG(27)a— VH(z%)B+ [VG(z7)H (2°) + VH(27)G(27)],
a>0, Gx)a=0, B>0, Hx)T3=0, v>0, ¥y(z7)y =0,

and moreover, the WSONC' holds at 2%, i.e,

AT (®y + My)d >0 Vd € Cyp(z9),

where .

P, = V2f(27) +pp—1) X (|D] | + e)P~2D; DY, (3.15)
=1
M, = —3 aV2Gi(2%) = 3 BVEH (%) +~ 3 [Gi(®)V2H (2%) + Hi(27)V2Gi(2))]
=1 =1 =1
+7 Y [VGi(2°)VH;(2°)T + VH;(27)VGi(2°)T],
=1
(3.16)
and
VGi(z°)'d=01i¢€ Ig(x)

Cu(z?):={deR": VH;(z°)T'd=01i¢€ Iy(x°) (3.17)

Vo (27)Td = 0 if p(27) = 0

Proof. First we may choose g > 0 such that Zy(27) C Zo(x*) for all 27 € Bs,(z*). Then by
Proposition 3.1, there exist & € (0,00) and & € (0, dp) such that if 27 € Bs(x*) and o € (0, 5],
LICQ holds at x¢ for the following system

{reF,: DIx=0i¢€Ty(a")}.

Then the desired results follow directly from Proposition 3.2 by setting g(z) as in (3.2). ®
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4 Convergence of an approximation method

In Section 3, we have shown that optimal solutions of approximation problems approach to
those of problem (1.3). However, it may be difficult to find an exact optimal solution of prob-
lem (P, ). Thus it is also necessary to investigate the convergence behavior of approximate
stationary points of problem (P ,) as €] 0,0 | 0.

Algorithm 4.1 Let {o}} | 0 and {*} | 0, {e¥} and {5} be sequences of monnegative
parameters approaching to 0, and {C*} be a sequence of error parameters satisfying ||C¥|| < ¥.
Choose an arbitrary point 290 € R™ and set k = 0.

(i) Solve problem (P.x ,, ) with initial point 2*° to get & such that there exists 1 satisfying
|2F — &F|| < &b and

¢* e VI(a") +p ) (IDf & + )P~ sign (D] a*)D; + N, (%) (4.1)
i=1

(ii) Set 2*+H10 =3k |k =k + 1, and go to Step (i).

We give some comments on Step (i) of Algorithm 4.1. The point #* required in Step (i)
of Algorithm 4.1 can be seen as a generalization of an approximate stationary point since

k

when 5 = 0, it follows that #¥ = ¥ is an approximate stationary point of problem (Pek g, )-

On the other hand, by Ekeland’s variational principal (e.g., [38, Proposition 1.43]), the point
#¥ can be used to characterize approximate optimal solutions of problem (P

ek o) @s shown
in the proof of Theorem A.2. Recall that ¢, (z) := G(x)T H(z) — 0.

Theorem 4.1 Let {i*} be a sequence generated by Algorithm 4.1 and x* be an arbitrary
accumulation point of {Z*}. Suppose further that MPCC-LI qualification holds at x*. Then

*

x* is a C-stationary point of problem (1.3).

Proof. Without loss of generality, we assume that #¥ — z* as k — co. By the implementa-
tion process of Algorithm 4.1, there exists =¥ € F,, satisfying (4.1) such that 2% — #*|| — 0
as k — oo, which together with the fact that ¥ — z* implies that z* — z* as k — co. Then
by the continuity of functions G, H, it is not difficult to see that x* € F.

By Proposition 3.1 and the relations that ¢, — 0 and ¥ — z*, it follows that LICQ
holds at 2% € F,, when k is sufficiently large. This together with e.g. [38, Theorem 6.14]
implies that

k T ok
~VG(a)ak — VH(2F)BF+ a® >0, G(z")"a" =0

N Ry C c BE >0, HzMTpk =0 . (4.2

7o (@) € [VG(2*)H (2%) + VH (2*)G(2F)]y* I,B)/k g 0, ¢a(:zxk)’€k -0 (4.2)

It then follows from (4.1) that for all k sufficiently large, there exist o, g%, and v* such that

¢k e Vi) +p 3 (DT | + )P~ sign (DT 2%)D;
=1
VG (F)(ak — AFH(24)) — VH(z*)(8* — 1FG (),

(4.3)
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af >0,GM) Tk =0, g5 >0,HM)TE =0, vF > 0,9,, (%)7* = 0. (4.4)

For simplicity, we denote Zj := Zo(x*), Z7, := Zx(z*), I3} = Zot(2*), L3y = Zoo(z"), and
Tig := Zyo(z*). By the continuity of functions G, H, it follows from (4.4) that for all k
sufficiently large, of = 0 for all i € Z% and 8F = 0 for all ¢ € Z},. Then after a suitable
rearrangement of terms, (4.3) can be rewritten as

¢F=Vf(ah) = X NDi— 3 APH (@M VGi(ah) = 3 A Gi(a")VHi(a")

i€T, €T, i€y,

SL AP Y VGO - X VG o
€Ty €LY, UL, €L (UL,
where k ko kpr(oky ok k koo k
= — H(x , vV 225 - G(x )
L YU H (z") 7G(@") (4.6)

Af = p(|Df x| + ef)P~sign (DI a%) i€ Ty, N eRielg.

We next show the convergence of the sequences {\F : i € T}, {¢*}, and {v*} by consid-
ering two cases. (a) Assume that {y*} is bounded. Then puf = —*H;(2*) — 0 for all i € T7
and v = —4*G;(2%) — 0 for all i € I3, . Then the left hand side of (4.5) tends to

—Vf(z*) - 2 p| DY 2* [P~ tsign (D] *) D;

i€Ty

as k — oo. Then by MPCC-LI qualification at x*, it is not hard to verify that {)\f S
I3}, {pk i e Iy, UTH), and {vF i € Tt ) ULy} converge to some {\; : i € Ig}, {u} i€
I, UZLg}, and {v) @i € I5) UL}, respectively. Then taking limits on both sides of (4.5)
implies that

Vi) + Y p|Dfa* P sign (D] 2*)D; + Y AID;
z‘eZ;*é i€}

— > VG- > viVH(a*)=0. (47)

i€Ty, UTg, €Tt UL,
(b) Assume that {y*} is unbounded. Then dividing (4.5) by v* implies that

CF=Vf(h)— > AD;

€LY
i€}, i€Ls, (4_8)
=Y DM Y VGEMHE - Y VH(@MA
- ) Z,.Yk' ) (2 ’Yk ) (2 ,Yk .
€Ty €Ty, UL, €T UL,

By the definition of 7%, Z% ), and Zjj , it is easy to see that ¥ — p| DT x*|P~1sign (D¥ 2*) D; for
alli € 77, Gi(z%) — Ofor alli € g, , and H;(z*) — 0 for all i € Z7 . These together with the
boundedness of {V f(z*)} and {¢¥} imply that the left hand side of (4.8) tends to 0 as k — oo.
Then by MPCC-LI qualification at x*, one can easily have that the coefficients of gradients on

v

the right hand side of (4.8) tend to 0. In particular, :—}lz — 0 for any i € Zj, and 7—: — 0 for any

k k
i€T%,ask — oo. Ifi € Iy, , then Hj(z*) > 0. Then by the fact that 57 = j—k — H;(2%) — 0,
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it follows that the equality ozf = 0 never holds on an infinite subsequence for all ¢ € Zg, .
This together with (4.4) means that for all k& sufficiently large, G;(z*) = 0 for any i € Z¢, .
By symmetry, one can also have that for all k sufficiently large, H;(z*) = 0 for any i € T3
Then pf = —*H;(z*) = 0 for all i € I, and vf = —v*G;(z*) = 0 for all i € T3, . These
two relations and (4.5) imply that

CF=VfEF) =D NDi=> MDi— Y VG- > vVH(@). (49)

i€T, €Ty €Ty, UL, i€T7 UL,

Due to the boundedness of the left hand side of the above equation, by MPCC-LI qualification
at 2%, it is not hard to verify that {\f : i € I3}, {uF :i € Ig, UT3}, and {vF 1 i € T (UL}
converge to some {\; : i € Ig}, {uf i € I, ULy}, and {v] i € T4 ULy}, respectively.
Taking limits on both sides of (4.9) as k — oo implies

V@) + > plDfa* P~ sign (DY 2*)Di + Y A7 D;
€T i€L

— Y wVGi) — Y vy VHi(z*) = 0. (4.10)
i€Ty ULy, i€T7 U,

The inequality p;v; > 0 follows immediately since

wivi = (of '“H( NEBE = Gilz"))
af B =7 afGi(a") kBkH( ")+ (7)2Gi(a") Hi(a")
= af B} + (4")?Gi(a") Hi(a®) >

where the last equality follows from (4.4). This together with (4.7) and (4.10) implies that
z* is a C-stationary point. [ |

If we can use Algorithm 4.1 to find an approximate WSONC point #* for all large k > 0
i.e., there exists z¥ satisfying ||z* — #¥| < €5 and 2% is an approximate WSONC point of
problem (P ,, ), Theorem 4.1 can be improved as shown in Theorem 4.2. Recall that zk
an approx1mate WSONC point of problem (P ,,) if there exist o, g* and v* such that
(4.3) and (4.4) hold, and

dT((I)k + Mk)d > —1; Vde C'w(xk),

where 7, > 0 is a tolerance, and ®;, My, and C,,(z¥) are respectively defined as (3.15), (3.16),
and (3.17) with €*, 0%, 2%, o¥, B*, and v* in place of €, o, 27, a, 3, and 7, respectively.

Theorem 4.2 Assume that f,G, H are twice continuously differentiable. In addition to the
assumptions of Theorem 4.1, we also assume that for all large k, approximate WSONC' of
problem (P ,, ) holds at xk. Let 7, < 79 for some positive number 9. Then z* is an

M-stationary point of problem (1.3).
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Proof. In the same way as the proof of Theorem 4.1, we can show that z* is a C-stationary
point. Assume to the contrary that z* is not an M-stationary point. There must exist iy € Zg,
such that g < 0 and v} < 0. Then by (4.6), we have

ok — R H, (2% = i <0, BE — 4Gy (aF) = vf <0, (4.11)
This together with (4.4) implies that for all & sufficient large,
afy = Bl = 0, Hig(z") >0, Gi(«*) > 0. (4.12)

Then (4.11) simplifies to

—yRH; () — piy <0, — Gy (2F) — vy < 0. (4.13)
Let -~ )
DI ieTy
VGz({L‘k)T 1= io
VGi(zM)T i € I\ {io} U Zg ()
(K
Ap = | R VH (R + V6T i€ Ty \Ta ()
VH;(z")T i =g
VHZ(xk)T 1€ Iéko\{’io} U IH(xk)
i (xh . "
| GERVG()T + VH (R i€ T\ Iu (") ]
and
[ 0 ieTy 7
1 i = i
0 i € Igp\{io}
k|0 ieT,
_Giggffk; L
0 i € Zgo \{io}
L0 ieTh,

Since Zg(z*) C I3, U L5 \{io} and Zy(2*) C Tt U I\ {io} for all k sufficiently large, we
can have that (Zg\{io} UZa(2%)) U (T3, \Za(2F)) = I3, U5\ {io} and (Zgo\{io} UZp (2%)) U
(I3 \Zu(2%)) = I3, Ui \{io}. Then by MPCC-LI qualification at z*, it follows that the
limit point of the matrix sequence { Ay} has full row rank. Thus, A has full row rank for all
k sufficiently large. Let d* := A%(AkA{)*lzk, which clearly satisfies A,d* = z*. Moreover,
Hio(:ﬂk) Mfo

Gio (xk) Vz'*()

that {d*} is bounded. By the choice of d*, it easily follows that

by (4.13), the sequence {z*} is convergent since as k — oo. It then follows

Vo, (F)Tdb = i[Gi(azk)VHi(xk)Tdk+Hi(xk)VGi(xk)Tdk]
i=1

= Gy (z®")VH, (M d* + Hy, (2F)VGy, (2F) T d*
_Hio (xk) + Hio (xk)
= 0. (4.14)
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Moreover, one can have that Zo(x¥) C Z¥ for all k sufficiently large. Thus, it follows from the
fact that Azd® = 2* and (4.14) that d* € O, («*) for all k sufficiently large.

We next show that ¢y, (d¥) := (d*)T (@ + M},)d* — —oo as k — oo. This contradicts the
approximate WSONC at z* when k is sufficiently large. This contradiction implies that z*
is an M-stationary point. By the definition of ®; and the fact that D}'d* = 0 for all i € I,
we have that

(@) By = (@2 () + p(p— 1) 3 (IDFa*| + c)r-2(DT b2,

; *
ZEI#

It is not hard to verify that the sequence {(d*)” ®,d"*} is bounded due to the boundedness of
{d*} and {z*}, and the relation that |Dfz*| — |DTz*| > 0 for all i € 7% . By the definition
of My, it follows that

m
(@) Myd® = 24% 3" VGi(a*)Td*V Hy ()T d*

_(d)T [i VG (2) + 30 BEVRH () — +F SO [Gi(@) V2H, (x) + Hi(x)V2Gi(x)]| dF.

i=1 i=1 i=1
After a rearrangement of terms, by (4.6), we have that

(d)T Myd* = 27kZVG TPV H; (2F)Td" = (of — 7 Hi(2"))(d))TV2Gi(a)d*
=1

- Z(ﬂf =7 Gi(a")(d") V2 Hi(w)d"
i=1

= = pHa"TVG(aM)dE = v (dh) TV H (2 dF (4.15)
=1 =1
+295 > " VGi(a)Td V H, («F) T db. (4.16)
=1

In the proof of Theorem 4.1, we have shown that {u*} and {v*} have limits which imply that
{u¥} and {v*} are bounded. Recall that {d*} is bounded. Thus, it is easy to see that the
terms in (4.15) are all bounded. At the same time, by the choice of d*, we have
m
> VG APV Hy(2M) T dF
i=1

i3, <“f"“>
—i-kaGiO( k)Td’“VHiO( W\ gk
_— 2)T qk)2 (@ Ta2 (417
ZEZI(% iz 2 G ) TdF)? (417
— kHio(UCk)
Giy(zF)

n (4.18)
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We observe that the terms in (4.17) tend to 0 as k — oo. Moreover, since Gy, (z*) | 0 and
—v"Hiy (2*) = u}, < 0, the term in (4.18) tends to —oo as k — oo. Thus the term in (4.16)
tends to —oo and then (d*)T Mpd* — —o0o as k — oo. This together with the boundedness
of {(d*)T®;.d*} implies that o (d¥) — —oc as k — co. The proof is complete. [ |

The proof for the following result is standard as that in [40].
Theorem 4.3 If, in addition to the assumptions of Theorem 4.2, ULSC holds at x*, then

x* is an S-stationary point of problem (1.3).

Proof. In Theorem 4.2, we have shown that x* is an M-stationary point. Moreover, the
multipliers (u, v) associated with z* are unique by MPCC-LI qualification at z*. These facts
together with the ULSC assumption imply that z* is an S-stationary point immediately. B

5 Numerical simulations

In this section we conduct numerical experiments to test the performance of the proposed
Algorithm 4.1. All computations are performed on a Lenovo laptop (1.80 GHz-2.40 GHz,
7.92GB RAM) with MATLAB R2018a.

5.1 Sparse LCP solution

Consider problem (1.2) with p € (0,1]. The case with p = 1 will be used as a benchmark
against cases with 0 < p < 1. We first generate M and g such that the LCP in the constraints
of problem (1.2) has a solution z with sparsity being s = n/10. In particular, we generate M
by setting M = H x Diag(|w|) * H” where the entries of matrix H are randomly chosen from
the standard normal distribution, and the n/5 components with random positions of vector
w are also randomly chosen from the standard normal distribution and other components
of vector w are equal to 0. Let ind be a row vector containing s unique integers selected
randomly from {1,2...,n}. Then let z be a vector whose components in ind are generated
by the standard normal distribution truncated by 0.1 x* e and other components are equal to
0. Let ¢ be a vector that is equal to —M x z for indices in ind and equal to the maximum of
—M % z and 0 for indices not in ind. From the construction process, it is easy to see that z
(with sparsity being s) is a solution to the LCP in the constraints of problem (1.2). Our goal
is to find an approximate solution x* such that ||2*||o < ||z|lo by using Algorithm 4.1 to solve
problem (1.2). The initial point of using Algorithm 4.1 to solve problem (1.2) is obtained by
solving the quadratic programming problem:

min "Mz + ¢"z
st. ©>0, Mz+q>0.

We set 0, = 107372% and ¥ = 10737%. In Step (i) of Algorithm 4.1, we use the active-set
method implemented in KNITRO [29] with the default setting to solve problem (P ,, ).
Algorithm 4.1 is terminated once the solution z* of the k-th approximation problem satisfies

| min(z*, Mz* 4+ ¢)|| <1075 and ||z — 2571/ max{|z*"||,1} < 1078,

20



In the tests below, we set n = 500 and n = 1000, and generate 100 random instances for
each such n. The computational results reported in Tables 1 and 2 are averaged over the 100
instances, where we report the number of nonzero entries (||2*||g), the deviation of sparsity
(Dev=max{||z*||o — 5,0}) compared with s, and the residual (Res=|| min{z*, Ma* + ¢}||)
at the approximate solution z¥, and the CPU time (CPU) in seconds. From Tables 1 and
2, we observe that our method can find a sparse solution successfully for almost all instances
when 0 < p < 1 and moreover, it can produce sparser solutions when using 0 < p < 1 than

using p = 1.
Table 1: Results for random instances with n = 500
P 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
<o I 51 | 51 | 51 | 505 | 50 | 50 | 50 | 50.5 | 50.5 | 87.4
Dev 1 1 1 0.5 0 0 0 0.5 0.5 | 374

Res le-12 | 1le-12 | le-12 | 1e-12 | 1le-12 | 2e-12 | 2e-12 | 2e-11 | 1le-10 | 4e-9
CPU 3.0 2.8 2.9 24 2.2 2.2 2.1 2.1 3.2 8.5

Table 2: Results for random instances with n = 1000

P 01 | 02 | 03 | 04 | 05 | 06 | 07 | 08 | 09 | 1.0
%[0 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 101 | 150.8
Dev | 0 0 0 0 0 0 0 0 1 | 508

Res 8e-12 | Te-12 | 8e-12 | 8e-12 | 8e-12 | 8e-12 | 9e-12 | 1le-11 | 2e-08 | 2e-08
CPU 17.5 17.5 15.5 14.9 14.9 14.4 14.3 14.5 22.0 59.9

5.2 Second-best road pricing problem

We are given a directed network of nodes and links (V, A) representing the road network of
some city. Let W denote the set of all origin-destination (OD) pairs. For certain pairs of
nodes w = (ws, wy) € W, we are given an amount of flow d,, that flows from ws to wy. Let
d = (dy : w € W) denote the vector of all OD demands. Let R = Uy Ry denote the set of
all paths in the network, where R,, denotes the set of all paths connecting OD pair w € W.
Let A = [d,,] € {0, 1}AXIRI denote the link/path incidence matrix where 4, is equal to 1
if link a € A is on path r € R and 0 otherwise. Let A = [ny,] € {0,1}WIXIRl denote the
OD/path incidence matrix, where 7, is equal to 1 if path r € R,, and 0 otherwise.

Let fr, denote the flow variable on path r € Ry, and f = (fry : 7 € Ry, w € W) the
vector of path flows. Let v, denote the flow variable on link a € A and v = (v, : a € A)
the vector of link flows. Let 1, denote the generalized travel cost between OD pair w € W
at equilibrium and g = (py : w € W) the vector of generalized OD travel costs. Let ¢4(v)
denote the travel cost function for a given link a € A and t(v) = (t,(v) : a € A) the vector
of link travel costs, depending on link flows v. Then Wardrop’s user equilibrium (UE) flows
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satisfy the flow conservation conditions Af —d =0, Af —v =0, f >0, and
ATtw) = ATp >0, f>0, (ATtw) - ATp)Tf =0.

We refer the reader to the monograph [43] for detailed discussions.

In general, the UE flow is not the same as the system optimum (SO) flow that is the
optimal solution of minimizing the total network travel cost ¢(v)?v subject to the flow con-
servation conditions. Then various road pricing schemes are explored to decentralize the SO
flow pattern into an UE flow pattern in a general network. The assumptions of the first-best
road pricing scheme are generally not met in reality due to the fact that we cannot charge on
all links in view of high operating cost and poor public acceptance. As an improvement to
first-best road pricing scheme, the general second-best road pricing model in the literature
is to choose a subset of links for toll charges to minimize the total travel cost while taking
account of the route choice behavior of network users; see the monograph [43]. However, it is
difficult and even almost impossible to predetermine an appropriate set of toll links especially
when the set of links A is huge.

Let u = (uq : a € A) denote the vector of link tolls in which wu, denotes the toll charging
on link a € A. By introducing the sparsity-induced function ||u|/h, we give an alternative
approach that minimizes the total travel cost and the number of toll links simultaneously. In
particular, we propose a new second-best road pricing model as follows

. + T p
Juin (v)" v+ 7lullp
st. Af—d=0, Af—v=0, (5.1)

AT () +u) = ATp >0, f20, (AT (H(v) +u) = AT f =0,

where 7 > 0 is used to tune the tradeoff between the total network travel cost and the number
of toll links. Letting G(u,v, f, p) := AT (t(v)+u) — ATy and H(u,v, f, ) := f, problem (5.1)
is a special case of problem (1.3) with nonlinear complementarity constraints !.

We apply Algorithm 4.1 to solve the second-best road pricing problem (5.1) with p € (0, 1).
The test examples are based on a road network as shown in Figure 1, which is first adopted
in [36] and then is extensively used in transportation community. This network contains 13
nodes, 19 directed links, and 4 OD movements 1 — 2, 1 — 3, 4 — 2, and 4 — 3. The link
cost function ¢4(v,) is assumed to follow a Bureau of Public Roads (BPR) function:

Vg \ e
tava) = 83(1 402 (22)™),
CCL
where b, = 0.15 and n, = 4 are given as in [44,48]. The free-flow travel time O and the link
capacity ¢, are the same as those used in [44]. The entries of the OD demand vector d are
chosen from a normal distribution with mean 1000 and standard deviation 400.

"We check that all the results presented in the paper have evident valid counterparts in the presence
of additional usual equality and inequality constraints. We omit the usual constraints of problem (1.3) for
simplifying the analysis since all the essential difficulties are associated with the complementarity constraints
and the non-Lipschitz term in the objective.
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Origin

Destination

Destination

Figure 1: Nguyen and Dupuis’s road network

The initial point in our method for solving problem (5.1) is chosen as (u®,v°, f0, u°)
where 1 = 0 and (v°, %, u°) is an arbitrary UE solution. The parameters are the same as
those mentioned above. In Table 3, we report numerical results including the vector of link
tolls (u*) and the number of toll links (||u¥||g) at the approximate solution, the standardized
total network travel cost (TotalCost = (C; — Cy)/Cy) where C; is the total network cost
at the approximate solution when the tradeoff is 7, and the CPU time (CPU) in seconds.
Since we are concerned about the impact of choice of 7 on the number of toll links and
the total network travel cost, we fix p = 0.5 and set 7 = 0,1074,1073,1072,1071,1,2. It
should be noted that when setting 7 = 0, the obtained solution is actually the first-best
road pricing strategy that makes the SO flow to be the same as the UE flow, which can
be seen as a benchmark against cases with 7 > 0. As shown in Table 3, the scheme with
7 = 0 leads to charge on almost all links, which is not a good decision in view of high
operating cost and managing difficulty. From Table 3, we observe that when we choose
7 = 2, then u = (0,0,0,5.40,3.24,0,3.54,0,0,0,3.18,0,0,0,0,0,0,5.64,0)7 as the vector
of link tolls, and the total network cost only increases 0.014% compared with the first-best
pricing case, while the number of toll links decreases 68.74 % (only 5 links are for toll charges).
The numerical results demonstrate the effectiveness of the non-Lipschitz MPCC model (5.1)
and our approximation method.
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Table 3: Results for second-best road pricing problem (5.1) with p = 0.5

T 0 le-4 le-3 le-2 le-1 1 2
7.24 2.40 2.40 2.40 2.40 2.38 0
1.17 0 0 0 0 0 0
5.65 0 0 0 0 0 0
10.45 4.80 4.80 4.80 4.80 4.79 5.40
2.34e-4 2.40 2.40 2.40 2.40 2.39 3.24
1.94e-7 0 0 0 0 0 0
0.66 4.00 4.00 4.00 4.00 3.99 3.54
3.20 0 0 0 0 0 0
11.05 | 1.33¢-4 | 6.93e-4 0 0 0 0
uP 6.55 0 0 0 0 0 0
0 3.20 3.20 3.20 3.20 3.19 3.18
0.80 2.58¢-3 0 0 0 0 0
5.16 3.20 3.20 3.20 3.20 3.16 0
0 0 0 0 0 0 0
1.30 0 0 0 0 0 0
1.15 0 0 0 0 0 0
1.27 0 0 0 0 0 0
15.38 6.40 6.40 6.40 6.40 6.38 5.64
0 0 0 0 0 0 0
[|u¥ o 16 9 8 7 7 7 5
TotalCost 0 3.60e-12 | 7.34e-12 | 7.35¢-12 | 2.69¢-10 | 2.77¢-08 | 1.44e-04
CPU 0.4 0.4 0.3 0.3 0.3 0.2 0.2
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A An iteratively reweighted /; minimization method for solv-
ing problem (P.,)
Algorithm A.1 Choose an arbitrary initial point y° € R™ and set 1 = 0.
Step 1) Solve the weighted ¢1 minimization problem
min  f(y) +p 3 wi|Dly
W +p 2wl (A1)
st. G(y) >0, H(y) >0, Gy)"H(y) <o
to get 'L, where w! = (|DI'y'| + )P~ for alli=1,...,r.
Step 2) Set1 =141 and go to Step 1).

The proof of the following theorem uses the techniques in [33] for iteratively reweighted ¢;
methods for unconstrained minimization problems. For completeness, we give a brief proof.

Theorem A.1 Any accumulation point y* of the sequence {y'} generated by Algorithm A.1
is a stationary point of problem (P ).

Proof. Let g be such that 1/p+1/q =1, and let

=la

Telyw) = ) +p 3 [wi Dyl + ) = 711,

=1

It is easy to verify that for any y € IR™ and € > 0,

and for any 2 > 0,
* = Argmin Y. (y* e A in T, Y. A.
w rg min (y',w), y € rg min (y,w") (A.3)
It then follows that
F(y'™) =Ty w™™) < Te(y'th w') < Ty, w') = Fo(y'). (A4)

Hence, the sequence of {F¢(y")},>0 is nonincreasing. Let y* — y* as + € K — oo. This
together with the continuity of F, and the monotonicity of { F¢(y")}.>0 implies that Fe(y") —
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F.(y*) as 1 — oo. Moreover, it is easy to see that w* — (|DI'y*|+€;)P~1 as1 € K — oo for all
i=1,...,7. Then by (A.4), we have that T (y**!,w*) = F.(y*) = T(y*, w*). It follows from
the second relation in (A.3) that Y.(y*™!, w') < T (y,w*) for all y € F,. Upon taking limits
on both sides of this inequality as ¢+ € K — oo, we have that YT (y*, w*) < Y (y,w*) for all
y € Fo. This means that y* € Arg ;glfn Te(y,w*). By Fermat’s rule (see, e.g., [38, Theorem

10.1]), it follows that

0eVily —l—pZD (|DFy*| + €)P~tsign (DI y*) + Nz, ("),
=1

which is the stationary condition of problem (P ) at y*. The proof is complete. [ |
Although any accumulation point of the sequence generated by Algorithm A.1l is a sta-

tionary point of problem (P ), all iteration points may not be approximate stationary points
since ||y* — *™!|| may not converge to 0 as 1 — oo. However, a weak approximate stationary
point can be obtained as follows.

Theorem A.2 Assume that the sequence {y'} generated by Algorithm A.1 has a bounded
subsequence. Then for any e > 0, there exist §* and ¢ satisfying ||y* — §*|| < e and ||C]| < €
such that
¢CeVf(y +pZD (IDF | + )P tsign (DI i) + Nz, (7).
=1

Proof. Without loss of generality, we assume that the whole sequence {y'} is bounded. Let
g9 > 0. Since the sequence {F.(y")},>0 is convergent, it follows that ||F.(y*) — F.(y*t1)| < eo
when ¢ is sufficiently large. Then by (A.4), we have

0< Te(ylawl) - Te(y”rl,wl) <egp.

This means that y* is an ep-optimal solution to the problem of minimizing T(y,w")
F5. Then by Ekeland’s variational principal, there exists ¢* such that ||7* — ¢*| < /2o,
T(7", w') < YTe(y',w"), and g is the unique minimizer of the problem

min Y (y,w") + veolly — 7| s.t.y € Fo.
Then by Fermat’s rule (see, e.g., [38, Theorem 10.1]), we have that

0eVi(y +prD181gn(DT Y+ veoB + Nz, (1),

i=1
where B stands for the closed unit ball of IR"™. This and the definition of w® imply that

0€ VL +pZD (ID79'| + e)P~ 'sign (D] §") + N7, (§) + 2oB
i=1

T
+p Y Dil(IDTy'| +e)P " = (D] 5| + e)P Vsign (D). (A.5)
i=1
Since {y'} is bounded, we can find an eg such that when ||7* — y'|| < /g0 < /2, the norm of
the term in (A.5) is bounded above by /2. Then the desired result follows immediately. B
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