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Abstract The expected residual minimization (ERM) formulation for the stochastic
nonlinear complementarity problem (SNCP) is studied in this paper. We show that
the involved function is a stochastic Ry function if and only if the objective function
in the ERM formulation is coercive under a mild assumption. Moreover, we model
the traffic equilibrium problem (TEP) under uncertainty as SNCP and show that the
objective function in the ERM formulation is a stochastic Ry function. Numerical
experiments show that the ERM-SNCP model for TEP under uncertainty has various
desirable properties.
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1 Introduction

In this paper, we consider the stochastic nonlinear complementarity problem

x>0, F(x,w)>0, x'F(x,0)=0, weg, (1)
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where w € Q € R™ is a random vector with given probability distribution P and
F:R" x Q — R" is a given vector-valued function. We denote problem (1) by
SNCP(F (x, w)).

If Q@ is a singleton, SNCP(F (x, w)) reduces to the intensively studied nonlinear
complementarity problem; see the comprehensive books ([1] and [2]) for theoretical
analysis, numerical algorithms and applications especially in economics and engi-
neering. In reality, due to stochastic factors, the function value of F' depends not only
on the variables x, but also on random vectors. The SNCP provides a framework for
modeling of equilibria under uncertainty as a special case of stochastic variational
inequalities. Recently, Lin and Fukushima [3] reformulated the SNCP as a stochas-
tic mathematical programming problem with equilibrium constraints. When F is an
affine function of x for any w € 2,

Fx,w)=Mw)x +q(w), wel2, 2

where M (w) € R"*" and g(w) € R", the SNCP(F (x, w)) reduces to the stochastic
linear complementarity problem (SLCP), denoted by SLCP(M (), g (w)), which has
been studied recently in [4-6].

The expected value (EV) formulation introduced in [7] and the expected resid-
ual minimization (ERM) introduced in [4] are two deterministic formulations for the
SNCP. The EV formulation is to solve a single nonlinear complementarity problem
NCP(E[F (x, w)]). The ERM formulation is to minimize the expected residual of the
NCP(F'(x, w)) for all w € Q. A version of the ERM formulation using NCP functions
is to find an optimal solution of

min f(x) = E[|®(x, )], 3)

where

O (x,w) = (P(Fi(x,w),x1), ..., p(Fp(x, ®), Xn)),
and ¢ : R?> — R is an NCP function, which satisfies

#(a,b)=0 < a>0,b>0, ab=0.

Many NCP functions have been studied for solving nonlinear complementarity prob-
lems [2]. In this paper, we study the ERM formulation (3) for SNCP with the follow-
ing three NCP functions:

(i) The min function ¢1(a, b) = min(a, b).

(ii) The FB function ¢ (a, b) = a + b—~/a? + b2.
(iii) The penalized FB function ¢3(a, b) = A¢z(a,b) + (1 — A)aybi, L € (0, 1).

It is known ([5] and [8]) that there exist positive constants c1, ¢, ¢3 such that

cilpi(a, b)| = calga(a, b)| < c3loi(a, b)| < |¢3(a, D)|. “

The above relation indicates that ¢; and ¢, have the same growth rate, and the growth
rate of ¢3 is no less than that of ¢; and ¢»,. In the following, we use f; to distinct f
defined by ¢; fori =1, 2, 3, and f when we study their common properties.
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In this paper, we study the solution set of the ERM formulation (3) for the SNCP.
In particular, we define a stochastic Ry function and show that F is a stochastic Ry
function if and only if the objective function fj in the ERM formulation (3) for the
SNCP(F (x, w)) is coercive, i.e., fi(x) — oo as ||x|| — oo, under a mild assump-
tion. Moreover, we model the traffic equilibrium problem (TEP) under uncertainty as
SNCP and show that the involved function F is a stochastic Rg function. Our numer-
ical experiments show that a solution of the ERM formulation has high reliability and
delivered rate.

The NCP model with effective algorithms for static TEP based on the Wardrop
equilibrium principle [9] has been widely studied ([2] and [10-12]). On the other
hand, disruptive events such as uncertain demands, adverse weather, road construc-
tion, traffic accidents, landslides, earthquakes, may disrupt greatly one static equi-
librium of a network. Recently, Fernando and Nichlas [13] address this problem and
extend the Wardrop equilibrium principle to TEP under uncertainty by defining a ro-
bust Wardrop equilibrium (RWE). Their equilibria is supposed to be robust in the
sense that it has optimal worst-case cost, which is different with the robustness of
SNCP c.f. [5].

The remainder of this paper is organized as follows: In Sect. 2, we introduce the
concepts of a stochastic Ry function, and equicoercivity. We show that under the
assumption that F is equicoercive, F' being a stochastic Ry function is a necessary
and sufficient condition for the coercivity of fi in the ERM formulation. In Sect. 3,
we model the TEP under uncertainty as a stochastic Ry function NCP. In Sect. 4, we
report numerical results of the ERM formulation and the EV formulation for TEP
under uncertainty.

We will use the following notations. (/, u) represents the set {/,/ 4+ 1,...,u} for
natural numbers / and u with [ < u, z4 = max(z, 0) for any given vector z, |S| de-
notes the cardinality of a given finite set S, and || - || refers to the Euclidean norm.

Given a set Q C R™ of random vectors, let supp$2 be the support set of 2. For
a given subset 2 € Q and a function s : 2 — R4, we use Eg [s(w)] to represent

E [s(a))l{w efz}] for simplicity, where l{w ) is the indicator function of the set Q,

whichisequalto 1 if w € Qand 0if w € Q \ Q. Throughout the paper, we suppose
the following assumption holds:

Assumption A1 F (-, ®) is a continuous function for w € Q a.e. and E[| F (x, ®) ||2]
<ooatany x € R}

Remark 1.1 Note that || min(x, F(x, w))|| < | F(x, )| for any x € R'}. It is easy to
verify that E[||F (x, w)|*] < co atany x € R’} implies that f(x) < ocoatany x € R}.
Moreover, from Proposition 1 in Chap. 2 [14], if there exists a function z(w) such
that || F (x, w)||> < z(w) a.e. for all x in a neighborhood of %, and E[z(w)] < oo, then
f is continuous at x under Assumption Al.

2 Solution Set of ERM for SNCP

In this section we investigate solvability of the ERM formulation for the SNCP. We
define a stochastic Ry function. Under the assumption that F is equicoercive, we

@ Springer



280 J Optim Theory Appl (2008) 137: 277-295

prove that the involved function being a stochastic Ry function is a necessary and suf-
ficient condition for the coercivity of the objective function in the ERM formulation.
The solution set of the ERM formulation for the SLCP has been studied in [4-6].
Some results depending on the special affine construction of F(x, ®) in the SLCP
cannot be simply generalized to the SNCP. For instance, Lemma 2.2 in [5] states
that the ERM formulation for the SLCP(M (w), ¢ (w)) defined by the ‘min’ function
always has a solution when €2 is composed of finite elements. However, the following
example tells us that we do not have the same result for the SNCP(F (x, w)).

Example 2.1 Let F(x,w) = (% — %a))e_%x — » where o € Q = {0', w?}. Here,
o' =0, 0> =1, and P{w'} = P{w?} = 1. Then the objective function in the ERM
formulation for SNCP(F'(x, w)) defined by ¢y is

(x3)
min| x, =
2

24 b +1+2e72) xe0, 4],

2
. _x 2
+§II min(x, —e~ 2 — 1)||

7 _1
1(x)—5‘

T+l +142e72)  xe(d,00).

It is easy to find that, for x € [0, %],

1 1 1 1 1 5

> (e 24142 3)= -+ —— “is =

f](x)_z(e +142e7%) 2+2/E+e g

and for x € (%, 00), f1(x) is strictly decreasing and tending to % as x tends to oo.

Hence, the ERM formulation defined by the ‘min’ function has no solution. More-

over, we have E[F(x,w)] = —% — %e"? < 0 for any x. Thus, the EV formulation
NCP(E[F (x, w)]) has no solution.

However, for any A € (0, 1) and x € R,

f()>1x Jrl—,/2+l +l(1—x) 2>1(1—,\)22
3x_2 X 3 X 1 3 X =3 x°,

which is coercive, and hence ERM formulation defined by ¢3 has a nonempty and
bounded solution set.

2.1 Stochastic Ry Function

The Ry property relates closely to the boundedness of level sets in the literature of
the complementarity problem. For NCP(G), G : R" — R" is an Ry function if and
only if the function || min(x, G (x))||? is coercive.

Definition 2.1 (See [2]) The function G : R" — R" is called an Ry function on a set
D C R™ if, for every infinite sequence {x*} C D satisfying

lim [x*| =00,  limsup||(—x*);ll <oco,  limsup||(=G (X)Ll < oo, (5)
k—00 k— 00 k—o00

there exists i € (1, n) such that lim supk_momin(xik, G; (x%)) = c0.
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Now, we define a stochastic Rg function.

Definition 2.2 F : R" x 2 — R" is called a stochastic R function on a set D C R"
if, for every infinite sequence {x¥} C D satisfying

lim [|x*| =00,  limsup [(—x")4[ < oo,

k—o0 k— 00 (©6)
limsup || (—F(x*, w))+ || <oo ae.

k—o00

there exists i € (1, n) such that P{w : limsup;_, -, min(x{‘, Fi(x*, w)) = oo} > 0.
If Q is a singleton, Definition 2.2 reduces to Definition 2.1.

Definition 2.3 We say F : R" x Q — R" is equicoercive on D C R" if, for any
(xky ¢ D satisfying x| — oo, the existence of {w} C supp2  with
limg_, o0 Fi (X%, %) = 00 (limg— o0 (— F; (x*, wk))+ = 00) for some i € (1, n) implies
that there exists {x*/} C {x*} such that

Plo: lim F (", 0) =00} > 0(Plo: lim (—F;x*, )} =00} > 0).
kj—o00 kj—o00

Proposition 2.1 F : R" x Q — R" is equicoercive if Q is a compact set and there
exist constants L > 0 and 8 > 0 such that, if | o' — »?|| < 8, then

1 2
|F(x,0') = F(x,w")| <L, foranyxeR'.

Proof We only consider the case that {x¥} € D with ||x¥|| = o0, and {0*} C supp2
satisfy limy_, o0 F; (x*, @*) = 00. For the case limg_, oo (— F; (x¥, 0%)) 1 = 00, it can
be proved in the similar way.

Since Q is a compact set and suppS2 is a closed set, {®*} has an accumulation
point & € supp<2. Let {w*i} C {0k} be a subsequence converging to @. It is clear that
there is K > 0 such that || "/ — @|| < & for any kj > K. Thus, for any ||o — ol <§
and k; > K,

|Fi(M, ) = Fi (Y, o)) < [F(M, ) = FM, o))
< |F(", ) = F&M, @)
+IF(M, @) = F&, o))
< 2L,

which implies limy;; _, o0 Fj (x*/, w) = c0. Hence,

P{a):klim Fi(xkf,a)) =0} >Plwe: ||w—o| <8} >0.
j—00

Therefore, F is equicoercive. U
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Remark 2.1 If Q has only finite elements, or F is uniformly continuous with respect
tow € Q on Ri, the condition of Proposition 2.1 holds.

From Definitions 2.1-2.3, we can easily get the following proposition.

Proposition 2.2 Suppose that F(-,®) is an Ro function on a set D for some @ €
supp$2, and F is equicoercive on D, then F is a stochastic Ry function on D.

Proof Suppose that {xK} € D satisfies (6). If limsup;_, o |(—F (x*, @) 4|l = oo,
then there exist i € (1,n) and {x*i} C {x*} such that 1im,;j%0(—F,»(xkf , @) 4 = 00.

By using the assumption that F is equicoercive, there exists {x*i} C {x*/} such that

Plo: lim (—F;(x", w)) =00} > 0,
kj—o00

which contradicts to the fact that limsup;_, o, ||(—F(xk,a)))+|| < o0 a.e. in (6).
Hence limsup,_, o, | (—F(x*, ®))4 || < oo. Since F(-,®) is an Ry function, there
exists i € (1, n) such that

lim sup min(xf‘, F;(x*, @) = o0.
k— 00

Using the assumption that F' is equicoercive again, we obtain that

Pl{w : lim supmin(xf, F; (xk, w)) =00} > 0.
k—o00

Therefore, F is a stochastic Ry function on the set D. O

We use Example 3.2 in [15] to show that the assumption of equicoercivity in
Proposition 2.2 cannot be omitted.

Example 2.2 Let w € Q = [—2, 2], where w is uniformly distributed on 2. Consider
the function F : Ry x 2 — R defined by

24w wel-2.0]
F(x,w):= {2_(1), w € (0,2],
for x € [0, 1] and
2x + x3o, “)E[_x%’_xl_z]’

x+x3+x°0, we (—XLZ,O],

Fx,0):=x+x3—x0, a)e(O,xl—z],
2x — xw, a)e(x%,x%],
0, wel-2,-3)U (3,2,
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for x € (1, 00). The function F is continuous on Ry x € and Assumption A1l holds.
It is easy to check that F (-, 0) is an Ro function on R, but F is not a stochastic Ry
function on R, . Moreover, F is not equicoercive on R, as lim «_, . F (x*,0) = oo,
and P{w : limsup,x_, o F; (x*, w) = 00} =0.

The following example shows that the inverse of Proposition 2.2 does not hold. For
a stochastic Ry function F, even if F is equicoercive, it is not necessary to have that
F (-, ®) is an Ry function for some @ € suppS2. Moreover, E[F (-, w)] is not necessary
to be an Ry function.

Example 2.3 Consider the function
F(x,w)= ((—a))+ex’, wie?, sign(a))x3),

where x = (x1, x2, x3) and w is uniformly distributed on = [—1, 1]. It is not diffi-
cult to show that Assumption A1l holds and F is equicoercive. For a fixed @ < 0 and
a sequence {xk}, where x* = (0,k,0) for k=1,2,..., it is easy to verify that {xk}
satisfies (5) with G(x*) = F (x¥, &) = (=@, 0, 0) and

limsupmin(xlk, G[(xk)) =0, fori=1,2,3.

k—o00

Similarly, for a fixed @ > 0 and a sequence {x¥} defined by xk = (k,0,0) for k =
1,2,...,(5) holds with G(x*) = F(x*, &) = (0, @, 0), and

limsupmin(xf, G[(xk)) =0, fori=1,2,3.

k—o00

Thus, F(-,w) is not an R function for any fixed w € [—1, 1]. Moreover, we can
show that E[F (x, w)] = (¢*1/4, ¢*2/4, 0) is not an R( function by using a sequence
{xk} where x¥ = (0,0,k) fork=1,2,.... However, for every infinite sequence {xk}
satisfying (6), if limsup_, xll‘ = 00, we have

Plw: limsupmin(xlf, Fi(x*, 0) =00} =Plw:we[-1,0)} = %
k—o00

If lim sup_, o, x{‘ = oo where i € (2, 3), we have

Plow: limsupmin(xik, Fi(x* w) =oc0}=Plo:we (0,1} = %
k— 00

Therefore, F is a stochastic Ry function.
We call A € R"*" an Ry matrix [1] if
x>0, Ax>0, x"Ax=0 = x=0.
We call M(-) : @ — R™ " a stochastic Ry matrix [6] if

x>0, M(w)x=>0, xTM(a))x:O, ae. — x=0.
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If ©Q is a singleton, then M(w) is an Rp matrix. It is known that the Ry function
is a generalization of Ax + b with A being an Ry matrix [16]. Here we show that
the stochastic Rg function is a generalization of M (w)x + g(w) with M(-) being a
stochastic Ry matrix.

Proposition 2.3 Let F be an affine function of x for any w € 2 defined by (2). Then,
F is a stochastic Ry function on R’} if and only if M(-) is a stochastic Ry matrix.

Proof (‘If” part) Suppose on the contrary that F is not a stochastic Ry function on
R'{ , then there exists a sequence (xky R’} satisfying (6) in Definition 2.2, such that

Plw : limsupmin(x’, F; (x*, w)) =00} =0, foralli € (1,n).
k—00

Let x be any accumulation point of the bounded sequence {ﬁ}. Notice that
F(x*, w) = M(w)x* + g(w) for all w € Q. We have
Ixll=1, x>0, M(@x>0, x'M@x=0, ae.

This contradicts M (-) being a stochastic Ry matrix.
(‘Only if” part) Suppose on the contrary that M (-) is not a stochastic Ry matrix,
then there exists a vector x € R”" satisfying

0£x>0, M@x>0, x'Mx=0 ae.

Note that ¢; (w) < 0o a.e. by using Assumption Al that E[|| F (0, w) ||2] = E[|lqg(w) ||2]
< 0o. Define a sequence {xk} where x¥ = kx for k= 1,2, .... From M(w)xk >0,
we have that —F (x¥, w) = —(M (0)x* + g (w)) < —¢(w) for any k and

1ikmSllP||(—F(xk,w))+|| < [(=g(@)+] = llg(@)] < oo, ae.

Hence, {x¥} c R’} satisfies condition (6).
For an index i € (1, n) such that x; = 0, we have

min(x¥, F; (x*, w)) = min(0, F; (x*, w)) <0, weQ.

For an index i € (1, n) such that x; > 0, we have (M (w)x); = 0 a.e., which implies
Fi(x*, w) = k(M (w)x); + ¢i (w) = g; (») a.e. Therefore,

P{w : limsupmin(x¥, F; (x*, )) = 00} =0,
k—00

which contradicts F being a stochastic Ry function. U

Now, we investigate the relation between F being a stochastic R function and the
coercivity of the objective function fj in the ERM formulation.

Theorem 2.1 Suppose that F is equicoercive on R'}. Then, fi is coercive on R’} if
and only if F is a stochastic Ry function on R’} .
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Proof (‘If’ part) Suppose on the contrary that f] is not coercive on R’ . Thus, there
exists a sequence (xky R’} with lx¥|| = oo and a constant a € R such that

ity <a, Vk.

First, consider the case that {xk} does not satisfy (6). Thus, there exists i € (1, n)
such that P{w : limsupk_)oo(—F,-(xk,a)))+ = oo} > 0, and hence there are w €

supp2 and a subsequence {x*i} C {x*} such that lim,;jaoo(—Fi (x’;/',c?)))Jr = o00. By

the assumption that F is equicoercive on R", there exists {x*i} C {x*i} such that
Pl : limg; - oo (— F; (x*7, @)) 1 = 00} > 0. Let

Q:={w: lim min(xfj, Fi(x", w)) = —o00}.
kj—o00

Then, P{21} > 0. By the Fatou lemma [17],

Eg, lliminf(min(x.”, F; (x*, )))?] < liminf Eg, [(min(x”, F;(x%, ©)))2].
kj— o0 kj— o0

Since liminfkjﬁoo(min(xf"‘, F;(x%i, w)))* = 0o on Q1 and P{$2;} > 0, the left-hand
side of the above inequality is infinite. Hence,

liminf Eq, [(min(x\, F; (x", 0)))?] = cc.
kj—o00

Moreover, it is easy to find

AGH) = EN@GY, F(b, o))
> Eg, [(min(x}’, F;(xY, ©))2] > 00, ask; — 0o,
This contradicts to the fact that f(x¥) < a for Vk. Thus {x¥} C R’} must sat-

isfy (6). According to Definition 2.2, we choose an index i € (l,n) such that
Plow :limsup;_, o, min(xf‘, Fi(x*, w)) = oo} > 0. Since F is equicoercive on R’} , we
get that there exists {xki} € {x*} such that P{w : limg; — 00 min(xfj, Fi(x%i, w)) =
00} > 0. Let

Q) :={w: lim min(xf"f, F; (xkf,a))) = 00}.
kj—o00

Then P{€2,} > 0. Again by using the Fatou lemma,
fiab) = Egylmin(x;”, Fy (2, 0))*] > o0, askj — oo,
which is a contradiction to f; (xk ) <a for Vk.
(‘Only if” part) Suppose on the contrary that F is not a stochastic Ry function

on R'}, then there exists a sequence (xk} c R’} satisfying (6), such that
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Pl{w:lim supmin(xlk, F; (xk, w)) =00} =0, foranyi e (l,n). @)

k— 00

We then declare that there must exist constants ¢ and ¢ such that, for any i € (1, n),
¢ <min(xf, Fi(x*, )) <€, Vo € suppQ. ®)

Suppose on the contrary that (8) is not true; then, there exist {w*} C supp$2 and ie
(1, n) such that

lim sup(—Flc(xk, a)k))+ =00 or lim supmin(xf‘, Fg(xk, wk)) = 00.
k—00 k— o0 !

Hence there must exist a subsequence {xkf} - {xk } such that limg _, CXJ(—Flf(xkf',
J

i . .k iR .
ki), = oo; or 11m,;jﬁoo mm(xl?’, F;(xk!,wk!)) = 00. By the assumption that F
is equicoercive on R, for the first case we know that there exists a subsequence
{xki} < {xki} such that P{w : limkjﬁoo(—F;(xkf,a)))+ = 00} > 0, which contra-
dicts to (6); For the second case, we know that P{w : limkj_mo F;(xki ,w) =00} >0,
which implies that

Plw: limsupmin(xlf‘, Flc(xk, w)) =00} > 0.
k—o00

This contradicts (7). Therefore, (8) holds and we get

AGH =) El(min(xf, F;(x*, 0)))°]

i=1
=Y Eappel(min(xf, Fi (x*, 0)))*] < n(max{fel. |c/})*.
i=1

Notice that the sequence (xky ¢ R’ satisfies (6) and the sequence {f} ")} is
bounded. This contradicts to the coercivity of fi on R}. O

Remark 2.2 Following the proof of Theorem 2.1, we can see that if for every se-
quence {x*} C R} satistying limy ., o0 lxk|| = oo, there exists i € (1,n) and a subse-
quence {xki} such that

Plw: lim (—F; (xkf',a)))+ =00} >0, or
kj—)OO

Plo: lim min(x,’, F;(xY, @) = 00} > 0,
kj—>oo

then F' is a stochastic Ry function and f; is coercive on R’} .
Similar results for the coercivity of f defined by other NCP functions can be

obtained by noticing their relations with ¢;. In particular, from (4), we have the fol-
lowing corollary.
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Corollary 2.1

(i) Suppose that F is equicoercive on R'}. Then, f> is coercive on R’} if and only if
F is a stochastic Ry function on R}

(ii) If F is a stochastic Ry function and equicoercive on R}, then f3 is coercive
on R}

From Theorem 2.1 and Corollary 2.1, we obtain immediately the following corol-
lary.

Corollary 2.2 If F is a stochastic Ry function and equicoercive on R'!, then the
solution set of (3) defined by ¢;,i = 1,2, 3 is nonempty and bounded.

3 ERM-SNCP Model for TEP under Uncertainty

Let [V, A] represent a given transportation network, where N is the set of nodes,
and A is the set of links. We use 2 € R™ to represent a set of random vectors. Each
vector w € 2, corresponding to one realization of stochastic factors such as weather,
accidents, etc., is of given probability P. For any realization w € 2, let us denote

A the set of origin-destination (OD) pairs,

Ri the set of “available” routes, connecting OD pair i (which
might, but not necessarily be all paths joining the OD pair),

hy(w) the flow on route r,

A the link-route incidence matrix of the network,

r the OD pair-route incidence matrix of the network,

u;(w) the shortest travel cost function for OD pair i,

di(w) the demand function for OD pair i,

C,(h(w), w) the travel cost function for route r.

Moreover, let R = ;o7 Ri and u(w), d(w), h(w), C(h(w), ®) represent the vector
composed of u;(w), d;i (w), hy(w), Cr(h(w),w) for i € Z,r € R, respectively. It is
clear that

w,d: Q- R - rT® R o RF

Here, we suppose that the uncertain demand d(w) is bounded for almost all w € 2.
We say that the network [\, A] is strongly connected if for any OD pair i € T there
is at least one route joining the origin to the destination. Then each row of I' is a
nonzero vector. Moreover, since one route connects only one OD pair, " has full
row-rank. The link-route incidence matrix A is deterministic for the given network.
In a congested network, drivers have the incentive to compete with each other for
selecting the route with minimal travel cost, at a certain level of travel demand. The
traffic equilibrium problem (TEP) has been used for transportation planning, which
seeks for flow pattern with the equilibrium property that no driver may decrease his
travel cost by unilaterally changing his route. It is the interaction between drivers that
forms the stable flow pattern in the equilibrium state and such flow pattern is used by
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the administrator for predicting the traffic flow. For more details about TEP, we refer
to [18].

The Wardrop equilibrium principle [9] for the genesis of the TEP states that in the
equilibrium state, for any OD pair the travel cost on every used routes equals and any
route needs higher travel cost will have no traffic flow. Application of the Wardrop
equilibrium for the realization w € 2 gives

Cr(h(w),w) —uij(@) >0, hy(w)>0,

©))
(Cr(h(w), 0) —uj(@)h () =0, i€Z,reR,.
Moreover, according to the demand conservation, we have
Y (@) —diw) =0,
rGR,'
which is equivalent to
D h(@) —di(@) >0, ui(@) >0,
Ri
re (10)
(Z (@) —dmw))u,-(w) =0, ielreR,

rGR,'

under some mild assumptions that would be expected to meet always in practice [10].
(9)—(10) is the NCP formulation of static TEP ([10] and [19]) for each fixed w € Q.
In particular, we can write (9)—(10) as

X9 >0, F(xp,®)>0, xI'F(x,,0)=0, 0eQ, (11)

where

_ (h(w) _( C(h(w), ®) = TTu(w)
x‘°_<u(w)>’ F(x“’"‘))_< Th(w) — d(w) )

The solution x,, of (11) depends on an unknown realization w, which can only be
predicted such as weather. It is interesting for the administrator to find a reliable flow
pattern that is not far from optimal flow pattern x,, given by (11). Such flow pattern
may help for future planning. In other words, we wish that there was a deterministic
vector x € RRITZI satisfying the SNCP

x>0, Fx,w)>0, xTF(x,a)):O, w e Q, (12)

_(h _(Ch,w) =TTy
x_(u), F(x,w)_( T — d(w) . (13)
However, in general, we can not find such vector x that is the equilibria for any

random vector w € 2. We have to consider a deterministic formulation of (12) such
as the EV formulation NCP(E[F (x, w)]) and the ERM formulation (3). The ERM

where
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formulation provides a solution x* = (h*, u*) that minimizes expected violation of
the equilibrium (9)—(10), and represents the most likely equilibrium flow pattern i*
and travel cost u* before we know the realization of uncertain factors. In general, we
do not have x* = x,, for all w € Q. The violation of x* to (9)—(10) is natural, which
means x* has error to x,, for some w € 2.

In what follows, we let v, be the travel flow on link a, and v be the link travel flow
vector with components v,, a € A. We use the function 7, (v, ®) to denote the travel
time on link a, and (v, w) for the link travel time vector with components 7, (v, ®),
a € A. Clearly, the link travel flow vector v and the route travel flow vector & have
the following relationship:

v = Ah.

It is pointed out in [19] that in many cases the travel cost function is nonadditive,
which may rise from a variety of transportation polices, nonlinear valuation of travel
time, etc. In this paper, we add random factors w to the general nonadditive travel
cost function suggested in [19] as

C(h,w) = ATt(Ah, 0) + g(ATt(Ah, 0) + A(h, w), (14)

where 71 > 0 is the time-based operating costs factor, g : RT' — RT‘ is the trans-
lation function converting time ¢ to money, and A is the perturbed financial cost
function (e.g., distance-based operating costs such as maintenance). We call (14) the
perturbed general nonadditive travel cost function. We suppose the following assump-
tion on the travel time function and the travel cost function holds.

Assumption A2 There exists a subset Q C Q with P{Q} > 0, such that, for any
weQ,

(i) the travel cost function C,(h, w) on each route is a nondecreasing function of
flow £, and finite for any fixed #;

(i1) the travel time function #,(v, w) on each link is a nondecreasing function of
flow v, finite for any fixed v, and coercive with flow on the link v,, i.e.,
t,(v, w) = o0 if v, — oo.

Assumption A2 holds in various perturbed travel cost and travel time functions
used in practice. For instance, let the perturbed travel cost function be

C(h,w) = (ATt(Ah, w))?,
and let the travel time function ¢ be
ta(v, w) == (K(@)v+k(@)g, acA,
where K (w) € lel‘ <Ml has positive diagonal elements and k(w) € letl for any w €

Q. For a fixed w, this is the simple affine travel time function used in [11], where it
is said that K () is in general a positive semi-definite matrix.
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Proposition 3.1 Suppose that the network [N, A] is strongly connected and that
Assumption A2 holds; then, F in (13) is a stochastic Ry function on R} .

Proof For any infinite sequence {x¥} C R’} satisfying (6), let us choose a subse-
quence {xkf'} - {xk} such that xlkf — 00 as k; — oo for some [ € (1, n). Recall that
n=|R|+|Z|. )

If I € (1, |R|), we have h;” — oo as k;j — co. Notice that Ay = 1 for any link a
on route /, thus (AhKi), > hfj — 00 as k; — oo. This indicates that t.(ARKI | @) —
00 as kj — oo for Q € Q with P{Q} > 0 by (ii) of Assumption A2. Hence, for any
wel,

Clh, @) = m(ATHARY @) = m Aita(ARY ) = i1, (AR, @) — o0,

ask; — oo. If {(I'Tu*i);} is bounded, then Fj(x*/, w) = (C(h*i, w) —=TTuki); — oo
ask; — ooforw e Q. From Definition 2.2, we find that F is a stochastic Ry function,
since

Plow: klim min(xlkj, Fi (ki w) = oo} > P{Q} > 0.
j—)OO

Otherwise, we have (FTuk/' )i — 00 as kj — oc. This implies the existence of i € 7

k; N
such that I';; = 1 and ui’ — 00. Thus, for any w € €,

(Thk — d(w)); > r‘ilhf" —di(w) — 00, ask; — oo.

Hence, F is a stochastic Rg function by noticing the expression of F' in (13) and

Plo: lim min@,’, (ThY — d(w));) = 0o} > P{$2} > 0.

kj—o00

. o k;
Now, we consider [ € (|R| + 1, n) and {h*i} is bounded. Then, we have u;’ — o0
as kj — oo for some i € 7. Since the network is strongly connected, there exists
[';; = 1 for any route r connecting OD pair i. Thus, we get

. k; k
(FTuk/), >Tiu;’ =u;’ - 00 ask;— oo.

Moreover, {C,(h*i, )} is bounded for w € Q by using (i) of Assumption A2 and
the fact that {#%} is bounded. Hence (C (h*i, w) — T'Tuki), — —oc0 as kj — oo for
w € Q. From the expression of F in (13), we get

lim [[(—FG&N, )= lim | = (CHY,0) —TTuki), =00 forweQ,
kj—o0 kj—o00

where P{Q} > 0. This is impossible, since {x*} satisfies (6).
Hence, F is a stochastic Ry function on R} . O

Remark 3.1 Tt is easy to see that F in fact satisfies the condition in Remark 2.2.

Hence the objective function f] is coercive on R’ , and the solution set of the ERM
formulation for SNCP(F (x, w)) is nonempty and bounded.
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4 Evaluation of the ERM-SNCP Model for TEP under Uncertainty

In this section, we report computational experiments that compare the proposed
ERM-SNCP model with EV-SNCP model through a simple example of TEP under
uncertainty. We begin with definitions of performance measure which evaluate the
quality for a flow pattern such as reliability, unfairness, and total travel cost.

The reliability ([4-6] and [20]) concerns the safety of a flow pattern, that is, the
probability to be feasible. For a flow pattern #, its reliability is defined by

rel(h) := P{w: (Th —d(®)); =0, i = |R|+1,...,n). (15)

Notice that (I'h — d(w)); > 0 manifests that the demand for OD pairi € Z and w € Q2
can be delivered in the traffic flow pattern /.

For a flow pattern &, the expected ratio of the delivered demand to the total demand
of the system is defined by

1 Z min((I"A);, d; (0)))]

dr(h) := E|:— & @)

16
7| (16)

ieZ

Clearly 0 < dr(h) <1 and the nearer dr(h) is to 1, the more feasibility the solution
earns in practice.

For each fixed w € 2, the Wardrop equilibria reflects the fairness to all users with
the same OD pair, since the travel cost for each used route connecting the same OD
pair is equal and less than any unused route. However, for the uncertain case, the
travel cost for any flow pattern connecting the same OD pair is not necessarily the
same. For a fixed w € €2, the unfairness of a feasible flow pattern for an OD pairi € 7

[21] is measured by
iy o) — Cl-m‘.’x(h,w)
' ’ CMiN(h, w)’

where C"*(h, ®) and Cl.mi“(h, w) are the largest and smallest travel cost of routes
being used, which connect OD pair i. Thus, the expected unfairness of the decision
for the whole system under uncertainty is defined by

1 . 1 C"™(h, »)
th) = E| = S cunfair h. ]:E|:— ’7] 17

For a flow pattern %, the corresponding expected travel cost is defined by
te(h) := E[hT C(h, w)). (18)

We use a simple example to illustrate the ERM-SNCP model for the traffic equilib-
rium under uncertainty.

Example 4.1 The transportation network shown in Fig. 1 is adopted from [22], which

has 13 nodes, 19 links and 4 OD pairs (1 - 2, 1 — 3, 4 — 2, 4 — 3), with the
network characters 0 and c¥.
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Fig. 1 An example network @ 2 @
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We suppose that the perturbed travel cost function is defined as
Ch,w)=ATt(Ah, ), weQ,

where the perturbed travel time function, derived from the Bureau of Public Road
link travel time function (1964), can be written as

4
ta(v,w)::t3<1+0.15< Va )), ac A
Cq(w)

Here IL? > 0 is the travel time in the network without congestion, and c,(w) > 0
represents perturbed link capacity with P{w : ¢,(w) > 0} > 0 for all a € A. For any
fixed w, it is a separable function, i.e., for each link, the travel time depends only on
the travel flow and capacity of this link.

Case 1. Suppose that c(w) = c® and d(w) == (w1, wy, w3, ws), Where wy, wy, w3,
w4 follow the independent truncated normal distributions, respectively,

w1 ~ 300 < N (400, 2500) < 500, wy ~ 600 < N (800, 2500) < 1000,
w3 ~ 400 < N (600, 2500) < 800, w4 ~ 100 < N (200, 900) < 300.

Case 2. Based on case 1, we suppose that some great changes of capacity of the link
a =5 may happen due to the weather and road condition, as
Ploceso =1l =1, Plotes)=c) =3
w:ics(@)= s =7, w:cs(@)=csh= 5.
Case 3. Based on case 1, we extend the range of w1, > as
w1 ~ 200 < N (400, 2500) < 600, wy ~ 400 < N (800, 2500) < 1200.

Let xgy and xgrm be the solutions of the EV and the ERM formulations of the
SNCP (12), respectively. In Table 1, we report the computation results for the perfor-
mance measure (15)—(18) as well as the number of used routes nr(%). Here, a used
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Table 1 Reliability, unfairness and total travel cost of xgy and xgrm

XEV Case 1 Case 2 Case 3
Reliability rel(h) 0.0623 0.0623 0.0626
Delivered rate dr(h) 93.24% 93.24% 91.22%
Unfairness unf(h) 1.25 1.56 1.25
Total travel cost tc(h) 793¢+ 4 8.47e +4 793¢ +4
Num. of used routes nr(%) 7 7 7

XERM Case 1 Case 2 Case 3
Reliability rel(k) 0.5285 0.4586 0.5405
Delivered rate dr(k) 99.41% 99.14% 99.25%
Unfairness unf(h) 1.38 1.73 1.45
Total travel cost tc(h) 1.10e + 5 1.21e+5 1.39¢ +5
Num. of used routes nr(4) 19 16 19

Fig. 2 Travel flow pattern of

2
ERM-SNCP in case 1 > @

l” 15

©)
T
©)

1
6

T
@—3>Ci)
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route refers to the route that has flow 4, > 0.0001. The results are the average of 100
simulations for Q = {w!, ®?, ..., »'%°}. The sample points were obtained by the
Monte-Carlo method. Figures 2—4 show the travel flow pattern of the ERM-SNCP
model for the three cases, respectively. Notice that the width of each link in Figs. 2—4
is proportional to the amount of travel flow on this link.

Preliminary numerical results of traffic equilibrium problems under uncertainty
show that the flow pattern drawing from a solution xgry of the ERM formulation has
higher reliability and delivered rate than the EV formulation. On the other hand, the
EV-SNCP formulation has lower unfairness and total travel cost than the ERM for-
mulation. This phenomenon can be explained as follows. The EV formulation seeks
equilibria with the expected value of the travel cost function and travel demand. The
ERM formulation minimizes the violation (residual) of the equilibrium for all ® € 2.
Hence the ERM formulation has higher reliability and delivered rate than the EV for-

@ Springer



294 J Optim Theory Appl (2008) 137: 277-295

Fig. 3 Travel flow pattern of 2
ERM-SNCP in case 2 ®_.-®
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Fig. 4 Travel flow pattern of 2
ERM-SNCP in case 3 ®_"®
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mulation. Since the ERM flow pattern delivers much more vehicles, its cost is higher
than the EV flow pattern. Moreover, the unfairness of each flow pattern is defined on
the routes being used, and the ERM flow pattern uses more routes than the EV one.
This makes ERM flow pattern has higher unfairness than the EV formulation. There-
fore, the EV formulation is recommended to administrators who prefer low cost, and
the ERM formulation is recommended to administrators who want a reliable travel
flow pattern which minimizes the expected violation of the equilibrium.

References

1. Cottle, R.W., Pang, J.S., Stone, R.E.: The Linear Complementarity Problem. Academic Press, Boston
(1992)

2. Facchinei, F.,, Pang, J.S.: Finite-Dimensional Variational Inequalities and Complementarity Problem, I
and II. Springer, New York (2003)

3. Lin, G.H., Fukushima, M.: New reformulations for stochastic nonlinear complementarity problems.
Optim. Methods Softw. 21, 551-564 (2006)

@ Springer



J Optim Theory Appl (2008) 137: 277-295 295

17.
. Patriksson, M.: Traffic Assignment Problems—Models and Methods. VSP, Utrecht (1994)
19.

20.
21.

22.

Chen, X., Fukushima, M.: Expected residual minimization method for stochastic linear complemen-
tarity problems. Math. Oper. Res. 30, 1022—-1038 (2005)

Chen, X., Zhang, C., Fukushima, M.: Robust solution of monotone stochastic linear complementarity
problems. Math. Program. (2007) online

Fang, H., Chen, X., Fukushima, M.: Stochastic Ry matrix linear complementarity problems. SIAM J.
Optim. 18, 482-506 (2007)

Giirkan, G., nge, A.Y., Robinson, S.M.: Sample-path solution of stochastic variational inequalities.
Math. Program. 84, 313-333 (1999)

Tseng, P.: Growth behavior of a class of merit functions for the nonlinear complementarity problem.
J. Optim. Theory Appl. 89, 17-37 (1996)

Wardrop, J.G.: Some theoretical aspects of road traffic research. Proc. ICE Part II 1, 325-378 (1952)
Aashtiant, H.Z., Magnanti, T.L.: Equilibria on a congested transportation network. SIAM J. Algebr.
Discrete Methods 2, 213-226 (1981)

. Daffermos, S.: Traffic equilibrium and variational inequalities. Transp. Sci. 14, 42-54 (1980)

Fukushima, M.: The primal Douglas-Rachford splitting algorithm for a class of monotone mapping
with application to the traffic equilibrium problem. Math. Program. 72, 1-15 (1996)

. Fernando, O., Nichlas, E.S.: Robust Wardrop equilibrium. Technical Report (2006). See website http:

/fillposed.usc.edu./~fordon/docs/rwe.pdf

. Ruszcynski, A., Shapiro, A. (eds.): Stochastic Programming. Handbooks in OR & MS, vol. 10. North-

Holland, Amsterdam (2003)

. Lin, G.H., Chen, X., Fukushima, M.: New restricted NCP functions and their applications to stochastic

NCP and stochastic MPEC. Optimization 15, 641-653 (2007)

. Chen, B.: Error bounds for Ry-type and monotone nonlinear complementarity problems. J. Optim.

Theory Appl. 108, 297-316 (2001)
Chung, K.L.: A Course in Probability Theory, 2nd edn. Academic Press, New York (1974)

Gabriel, S.A., Bernstein, D.: The traffic equilibrium problem with nonadditive path costs. Trans. Sci.
31, 337-348 (1997)

Kall, P, Wallace, S.W.: Stochastic Programming. Wiley, New York (1994)

Jahn, O., Mohring, R.H., Schulz, A.S., Stier-Moses, N.E.: System-optimal routing of traffic flows with
user constraints in networks with congestion. Oper. Res. 53, 600-616 (2005)

Yin, Y.F.,, Madanat, S.M., Lu, X.Y., Kuhn, K.D.: Robust improvement schemes for road networks
under demand uncertainty. In: Proceedings of TRB 84th Annual Meeting, Washington (2005)

@ Springer


http://http://illposed.usc.edu./~fordon/docs/rwe.pdf
http://http://illposed.usc.edu./~fordon/docs/rwe.pdf

	Stochastic Nonlinear Complementarity Problem and Applications to Traffic Equilibrium under Uncertainty
	Abstract
	Introduction
	Solution Set of ERM for SNCP
	Stochastic R0 Function

	ERM-SNCP Model for TEP under Uncertainty
	Evaluation of the ERM-SNCP Model for TEP under Uncertainty
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


