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Abstract—Nonsmooth nonconvex regularization has remark-
able advantages for the restoration of piecewise constantiages.
Constrained optimization can improve the image restoratio
using a priori information. In this paper, we study regulari zed
nonsmooth nonconvex minimization with box constraints for
image restoration. We present a computable positive consta
0 for using nonconvex nonsmooth regularization, and show tha
the difference between each pixel and its four adjacent nefthors
is either O or larger than 6 in the recovered image. Moreover,
we give an explicit form of 6 for the box constrained image
restoration model with the non-Lipschitz nonconvex ¢,-norm
(0 < p < 1) regularization. Our theoretical results show that any
local minimizer of this imaging restoration problem is composed
of constant regions surrounded by closed contours and edges
Numerical examples are presented to validate the theoretit
results and show that the proposed model can recover image
restoration results very well.

Index Terms—Image restoration, regularization, nonsmooth
and nonconvex, non-Lipschitz, box constraints

I. INTRODUCTION

In this paper, we focus on the most common data produc-
tion model for image restoration or reconstruction wherme th

observed datgy € R™ are related to the underlying x n
image, rearranged into a vectfrc R™ (m = n?), according
to

g=Hf+¢, (1)
where ¢ € R™ represents the noise andd =
[h1,hay ..o hyn] € R™ ™ represents a system matrix. For

instance, when a blur is modeled by a point spread function,e

the matrix H is a block-Toeplitz-Toeplitz-block type matrix,
see [1]. It is well-known that the matrix{ is typically

ill-conditioned. A regularization method should be used in
the image restoration and reconstruction process. Ond usua
approach is to determine the recovered image by minimizing
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a cost functionz consisting of a data-fitting term and a
regularization term:

min z(f) := |Hf — g||° +)\Z<P(din)a

i=1

)

where the superscrigt stands for transpose,= 2(n — 1)n,

|| - || is the £ norm in R™, A is a positive regularization

parameteryp : R — R is a potential function, and! € R™

is theith-row of the first-order difference matrix in (7) which

is used to define the difference between each pixel and its fou

adjacent neighbors.

Numerous expressions for potential functiopét) have
been used in the literature:

« Smooth, convex regularization: e.g. Tikhonov regulariza-
tion [2], ¢(t) = t2. It has been shown in [1] that an
efficient image restoration method based on fast trans-
forms can be developed, and the computational cost is
O(mlogm) operations. However, the drawback of the
Tikhonov regularization is that image edges cannot be
preserved in the restoration process.

o Nonsmooth, convex regularization: e.g. total variation

(TV) regularization [3](t) = |t|. The distinctive feature

of TV regularization is that image edges can be preserved.

Thus TV regularization is in general more suitable than

the Tikhonov regularization for image restoration pur-

pose. We refer readers to [4] for recent developments
of TV image restoration.

Nonsmooth nonconvex regularization [5]-[8}(¢) is a

nonsmooth and nonconvex function, e.g(t) = [t/?

(0 < p < 1) which is a non-Lipschitz function,

e(t) = alt|/(1 + aft|) (a« > 0) which is a Lipschitz

function. Nonsmooth nonconvex regularization offers a

restored image composing of constant regions surrounded

by closed contours and neat edges [8]-[10].

In this paper, we use a class of nonsmooth nonconvex
potential functionsp, which satisfy the following assumption

(8], [9].
Assumption I:
(@) ¢ is continuous, symmetric oft-co, co), C? on (0, 0o)
andp(0) = 0 is a strict minimum;
(b) ¢'(07)>0andy'(t) >0 forall t > 0;
(c) " is increasing on(0,00) with " (%)
lim; o0 " (t) = 0.

< 0 and

Various existing nhonsmooth nonconvexsatisfy Assump-

tion |, e.g.,o(t) = [t|” (0 < p < 1), andy(t) = alt|/(1+«|t])

(a > 0).
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In [9], Nikolova has proved that there exists constant>- 0  for any A > 0.

such that if A > )\, then any local minimizerf* of the (iii) We propose the smoothing projected gradient (SPG)
unconstrained optimization problem (2) with a nonsmoothnethod [21] to solve the model (5), which is very easy
nonconvex potential functiop satisfying Assumption | offers to implement and efficient to solve large-scale nonconvex
recovery of neat edges, since the differenégg* are either nonsmooth constrained minimization problem.

shrunk and form homogeneous regions, or enhanced and forrthese theoretical results show that the solution of imaging
edges. That is, there exist constaits> 0 and# > 0, such restoration problems using nonconvex nonsmooth regalariz
that if A > )\, then every local minimizef* satisfies tion is composed of constant regions surrounded by closed
contours and neat edges. Moreover, these theoreticaltsesul
can be extended to the following general box constrained

In [8], [10], Nikolova et al. studied nonconvex nonsmootiRroblem

either|d? f*| =0 or [d] f*| >0, Vic {1,2,...,r}. (3)

minimization methods for image restoration and reconstruc ) ) r -
tion, and developed fast minimization algorithms to solve min |[Hf — 4| +)‘i; (di f) (6)
the nonconvex nonsmooth minimization problem (2). Their st. ke < f < ke,

experimental results showed the effectiveness and eftigieh

their proposed algorithms. However, the constagtandd in  Wheres; € RU {—oo}, ry € R U {oo} and ry < o.

[9] are minimizers of two constrained optimization probemProblem (6) includes the unconstrained optimization pwbl

which are very difficult to compute. In practice, the valugs gonsidered by Nikolova [9] as a special case.

\o and# are not known for image restoration problems. _The optllne of the paper is as follows. In Section Il, we
Further adding pertinent constraints fovhen minimizing 9ive €asily computable constarit@ind A, such that any local

the cost functionz(f) can help to restore the image from dninimizer of (4) withA > A, satisfies (3). In Section III, we

priori information. The original image is comprised of nega Provide an explicit form off such that any local minimizer

ative entries [11], [12]. For example, in image restoratiie O (5) satisfies (3). We propose the SPG method to solve

pixels of the original image represent light intensitiesgan e proposed nonsmooth nonconvex minimization model in

PET, the pixels of the original image represent the number gection V. Our.numencal experimental results in this isect

photon pairs detected by the scanning device. This constrainoW the effectiveness of the proposed model as well as the

and other ways of incorporating a priori information havembe SPG algorithm for solving the model.

suggested in various applications, and can lead to sutatant Notation: Throughout this papeff; || denotes the’; norm.

improvements in the image restoration and reconstructibR’ @y setS, S| denotes the cardinality of. Any vector
[13]-[17]. u € R"™ is considered as a column vector and € RI°!

This paper has the following two new contributions: denotes the subvector af whose entries lie in, indexed by

(i) We will incorporate with box constraints for imageS'
restoration process, and provide edge-preserving pliepert

a local minimizer f* of the general box-constrained nons- Il. GENERAL BOX-CONSTRAINED NONSMOOTH
mooth nonconvex optimization problem NONCONVEX REGULARIZATION
_ ) r . In this section, we consider box-constrained nonsmooth
min [[Hf —g|*+ A 2%(% f) (4) nonconvex minimization problem (4) with a general regular-
st. 0<f< ke, - ization term which satisfies Assumption I. We show that all

) N local minimizers f* of (4) have edge-preserving properties,
where T|s a lposmve _upper bounq parameter aad = which are of both theoretical and practical importance.
(1,...,1)7 € R™. We will present easily computable positive Note that the vectors? ..., d” are the rows of the first-

constants) and \o such that any local minimizef™ of (4) order difference matrix> € R"*™ defined as follows.
with A > \q satisfies (3), i.e., the difference between each
pixel and its four adjacent neighbors is either 0 or larganth D= ( D1 ® Do ) , 7
6 in the recovered image. Do ® D1
(i) We show that the nonsmooth nonconvex and noRvhere D, € R™*" is the identity matrix,
Lipschitz regularization term ) )
@(t) = |f/|p7 0<p<l, D, = . . c R(nfl)xn’

commonly used in image processing [18]-[20], can provide 1 -1
valuable edge-preserving properties of local minimigérIn
particular, we give an explicit form df for the box constrained
image restoration model (4) with the non-Lipschitz noneaav
potential function,

and® is the Kronecker product [8]. Each row & has only
two nonzero entries and each columni@fhas at most four
nonzero entries. The nonzero entries are either 1 or -1.

Let 7* be the set of all local minimizers of problem (4). It

) r is clear that7* is nonempty and bounded, since the feasible

st. 0< f<ke F=A{f]10<f <ke}
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is bounded, and the objective function of (4) is continuoys bminimization problem. In general, the lower bound in [9] has

Assumption | (a). no explicit form.

Theorem 1:There exist constants, > 0 andé > 0 such
that if A > \o, then every local minimizef* € F* of (4) I1l. THE £,-REGULARIZATION WITH BOX-CONSTRAINTS
satisfies In this section, we will focus on (5) which has a regulariza-

. T x| _ T ex) > oo ; tion terme(t) = |t|P. Using special properties @f(t) = |¢|?,
either |d; f| = 0or [d 7] 2 min(9, x), Vi € {1,2,....7}. we give an explicit form of the lower bourtdwhich is bigger

) _(8) than the bound given in Theorem 2.
The proof of Theorem 1 can be found in Appendix. The For . — 1.9 1 we set the index sets

purpose of Theorem 1 is to show the existence\gfand

9 such that (8) holds. Theorem 1 extends Theorem 3.3 of Je={i€{l,...,r}| Dy # 0},

[9] by Nikolova for the unconstrained model (2) to the boxC _lieq1 C Lk D.. =0 for somei €
constrained model (4). In general the constakisand 6 in k=il ombli#k Dy # i€ Tk
Theorem 1 are difficult to compute. Now we provide easilwhereD,; refers the(i, j)th entry of the first-order difference
computable constants, andé in the following theorem. The matrix D. We note thatJ, indicates the rows which have

proof of Theorem 2 can be found in Appendix. nonzero entries at theth column of D and(j, indicates the
Theorem 2:Let f* € F* be a local minimizer of (4), with columns which have nonzero entries in such rows except the
A> A = 20HTH|lm | ot kth column. Both7,, andC, have at most four index numbers.
I ()] Moreover, by the structure of the matri, it is easy to find
T
0 = inf {t >0 | ¢'(t)= —w} . 9) that
Ch={k-1k+1,k—nk+n}n{1,2,...,m},

Then for anyi € {1,2,...,7}, which has indexes within the four adjacent neighbors of the

either dl f* =0 or |d} f*| > min(0, x). (10)  kth pixel.
Let us denote the objective function of (5) by
Remark 1:If the potential functiony(t), e.g.,o(t) = |t|?, ,

(0 < p < 1), satisfying|¢”(07)| = +oc, then (10) holds for Af) = |Hf —g|? + )‘Z a2 fIP.
any A > 0. Moreover, following the proof of Theorem 2, we Pl !
know that for a given local minimizef* € F*, Theorem 2
still holds if we replace)\, andd by A\, andd respectively,
where 2() = |1HS = g + MDS .

By the definition of| - |7, z(f) can be written as

T
Mo i= w and Recall thath; represents theéith column of H. In the
o (0+T)| following, we provide lower bounds ofd” f*| for certain
i o HTH|| |1 indicesi. whi :
b inf{t> 0| o"(t) = — [ ! Il |}. indicesi, which are defined by constants

inactive set off, whose explanation in detail can be found at~ m ShT T
the beginning of Appendix. This enlarges the lower bound f%r al k-1 .
0 in Theorem 1 in the casg| << m. =L...,m

. 0 i ; i ;
_ Theorems 1 and 2 _proyide interesting theoretic_al justificg—O 'il'nkl,e(;e dn}*gbl_ee;j;ocz ﬁin?r?]i?gr 2;b(|g)a gg{igf;/iig(;ia;sgle
tion that any local minimizer of the box-constrained non (F0). If
mooth nonconvex minimization model offers better possibi '
ities of restoring images with neat edges. Using this result f; < min{f,i € Cx} or fi >max{f,i€Cs}, (11)
we can consider the restoration of piecewise constant image . - . .
where the number of the regions IOand their values are r?an either there existse Cy, such thatf — f¢ =0 or
fixed in advance from noisy data obtained at the output of Iff = fil 2o forall iecCy.
a linear operator. Moreover, the constédnh Theorem 2 can
be given by solving a single equation if in additigs’ is Remark 2: Assume thaif’ € F is a good estimation of the
strictly increasing. For example, i(t) = |t|?, (0 < p < 1), original image, which, for example, may be the observed im-

HereI = {i € {1,2,...,m} | 0 < f; < s} denotes the ,, :< Ap >1p and By = <>\P(1P)>“

thend is the solution of2m| HTH|| + Ap(p — 1)|t|P~2 = 0, ageoran acceptable guess after a certain degree of réestorat
that is, 6 has an explicit form as Most minimization methods start from sugf and reduce
e the function valuez(f) at each step to find a good restored
_ ( Ap(1 —p) >2P image. Although (5) has many local minimizers, one may
2m||HTH|| ' be only interested in these local minimizef$ satisfying

Nikolova [9] first proved the existence of lower bounds of (f*) < 2(f°).
|dT f*| for unconstrained minimization problem (2). However, Theorem 4:Let f° € F be an arbitrarily given feasible
to get the lower bound in [9], one has to solve a difficupoint, andf* be a local minimizer of (5) satisfying(f*) <
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z(f°). Then for any entryf; of f*, either there exists € In the comparison, we consider minimizing f) in (2)
Ci such thatf* — f¥ = 0, or for all i € Cy, |fi — f| > without constraints, with one-side constrairfts> 0 and two-
min{ g, Sx}. In particular, we have side constraint® < f < e, respectively. For the first two
] cases, we further truncate the solutions onto the feasgiemn
[fe = fi1=Br I 0<fi <k [0, €] to justify the usefulness of the box constraints.
lfo—=fil>ar if fi=0, orf;=x. The SPG method deals with nonsmooth nonconvex con-

strained minimization problem, which combines the smooth-
The proofs of Theorem 3 and Theorem 4 can be found ing strategy and the classic projected gradient methods It i

Appendix. especially attractive for solving large-scale box-caaisied
Remark 3:In [22], Chen et al. presented a lower boun@roblems. To implement the SPG method, we need construct
theory for the unconstraine@-¢, minimization problem: the smoothing function of the nonsmooth objective function
In numerical experiments, we use the two potential func-
min || H f — g[|* + Al f]I?- tions ¢ defined by
In this_paper, we _de_rive_ new lower bounds for the box o(t) = 0.5[¢] and  o(t) = [t]?, 0 <p < 1.
constrained»-£,, minimization problem (5) where the regular- 14 0.5/t

ization term iSA[[Df][2. Our new results can be considered aS The nonsmooth nonconvex regularization testn)
an extension of the lower bound theory in [22]. Such extensi
is interesting as the box constrainéd?,, minimization prob-
lem (5) has important applications in image restoratione Th [t] if [t]>p
employing of box constraints has been suggested in various su(t) = { 2oyn It| < p,

image restoration applications, and it can lead to subiatant ez B

improvements in image restoration [13], [16], [17]. Moregv With a smoothing parameter > 0. It is easy to check that
deriving new lower bounds for (5) is not trivial, since we bhav
to consider the constraints and the relation among comgenen
of any local minimizer.

involves
?:|. We first provide a smooth approximatiep(t) for |¢| by

0<sut) -l <5,

and hencdim,, o s,(t) = |t|. The smoothing functior®,, (f)
of z(f) can then be defined by replacingt) by ¢(s,(t)).
IV. NUMERICAL RESULTS For instance, whep(t) = ||’ is employed, we set

In this section, we present the numerical results on seven ~ ) T T rp
experiments to validate the theoretical results and shaw th Zu(f) = 1Hf = glI” + )‘Z(S#(di P
the proposed model can recover the original image from its =1
degraded image well, especially for piecewise constangé@sa It is easy to see that the maximum difference betweg()
We first give a simulation experiment on images of onlgnd|t| is at¢ = 0. Hence
two pixels to demonstrate the theoretical results in Sastio r
Il and lll. We then employ the smoothing projected gradient 0<z,(f)—=2(f) < AZ(E)P < Ar(ﬁ)l),
(SPG) method [21] to solve the nonsmooth nonconvex con- o 2 2
strained minimization problems. We perform three numericgich implies
experiments on the restorations of blurred and noisy images
including both synthetic and true images which are (nearly) lim z,,(f) = 2(f).
piecewise constant. o
While many natural images are not piecewise constant!he parameters of the SPG method are chosen to be
.reglions surrounded by edges. Theoretical results of trperpa o =05 01 =09 =10% ps = 0.25; ps = 10°,
indicate that the restoration results on gradual changgidme
would create piecewise constant image. Hence we also tastlp = 10% or 10°. We stop the SPG method if it reaches a
our model on two often used images: Cameraman image anedximum iterationk, ., or u < 107°.
Barbara image, as well as the Books image with gradual
shading gaus_ed by illumination. _ A. Test of simulated image
_ All t_estlng images are transformed to gray level images of Let f = (f1,£,) be a nonnegative image of two pixels
intensity values ranging from to 1. Each observed |mager% — (1,-1), H = I andg(t) — [1]". We generate 1000

is then blurred by a two-dimensional Gaussian function, a _ 4 . L :
then added a Gaussian noise with the zero mean and the gi %Wples off independently, which are uniformly distributed in

standard derivation. In the numerical experiments, the- twi , 110, 1]. T_hen we generate the obsgrv_ed Image fite
dimensional Gaussian function is set to be: where the noise following the normal distribution with mean

zero and standard deviations, i.e., e ~ Normal(0, 0.5). We
h(i,j) = e*Z(i/3>2*2(j/3>2, obtain the global optimal solutioffi* = (f;, f5) of

which is truncated such that the function has a supportaf, —™min 2(fi, f2) = (fr = 91)* + (fo = 92)* + AL 1 = fof?
and is normalized to be equal to 1. s.t. 0< f1,fo < 1.
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TABLE I: Parameters and Results for Fig. 1.

Subfigure| p A 0 6
(a) 0.5 | 0.2 | 0.0855 | 0.22
(b 0.5 | 0.1 0.0539 | 0.14

)

) 0.5 | 0.02 | 0.0184 | 0.05
d) 0.2 | 0.1 | 0.0684 | 0.25

)

)

20 30 40

04| 0.1 | 0.0630 | 0.17
0.8 | 0.1 | 0.0179 | 0.05

(a) original (b) observed (PSNR = 15.50dB)

Fig. 2: The Circles image of sizé4 x 64.
The optimal solution is found by exhaustive search ovr-

[0,1] x [0,1] with the step size 0.01 in each direction. By § ’

Theorem 4, any local minimizef* satisfies . o@ . G@ . o@
1-p)\ =7 . . .

cither f; — f3 =0, or |ff — f3| > 0 = (L( p)) . I N

2
(@ ferm (b)f=0 ©0<f<e

Fig. 3: Image restoration results usingt) = |¢|°-°, and\ = 0.003.
For reference, the PSNRs with / without projection offxol]| are (a)
18.45dB / 18.16dB; and (b) 19.24dB / 19.13dB; and (c) 19.97dB

B8 8 5§ ¢

B8 8 8 § ¢

We use p(t) = [t|°5, the initial smoothing parameter
1o = 1, and the maximum number of iteratiép,... = 5000 in
SPG for this experiment. Figure 3 shows that restored images
without constraints { € R™), with one-sided constraints
(f > 0) and with box constraintsO(< f < e). Here we
apply the projection of the restored image pixel value§1a].
We display the restored image by selecting a suitable value
of regularization parametek such that the corresponding
() ©) @ PSNR is the highest. Visually, we see that the quality of the
restored image with box constraint is better than the other t
restored images. Also the PSNR of the restored image with

In Fig. 1, we show the histograms pf; — f;| for the 1000 bOX constraints is higher than those of the other two redtore
generated samples using differenand \. Their correspond- images. We also observe that the PSNRs of the restored images
ing parameterg and \, as well as the predicted threshald with the projection onto the box feasible region are slightl

by Theorem 4, and the smallest nonzero absolute differend@rger than those Wiﬂ_‘OUt the projeqiony see Figs- 3 (aXnd
However, the PSNR improvement is more significant when we

» gﬂnwoo L5 (e — f5 (€Y employ the box constraints in the proposed model.
o By Theorem 2, the thresholél corresponding t = 0.5
can be computed by

@ (b) ©

Fig. 1: Histograms for absolute difference betweghand f;.

5=

in the 6 cases are displayed in Table I.

Those nonzeros are larger thaas predicted by Theorem 4.
We observe that whek decreases gr increases, the number A\ 2
of zero absolute differences decreases and the smalleatimon 0= (7T) ’
entry tends nearer to zero at the same time. Since the effect o 512||HTH]|
clear distinction of zero and nonzero differences is weaken

as\ | 0, orp1 1, it might not be a good choice of very smallln our case,A = 0.003 and U;HH = 1, therefore the value
A or very bigp for recovering the piecewise constant imagéf ¢ is equal t03.25 x 10~%. We check all the absolute

computed solution obtained by the SPG method using box

constraints. We find that 6615 entries |d? f|, i.e., 82.03%

of the absolute differences are close to 0, with the average t
The Circles image is of sizé4 x 64. The original Circles be 5.95 x 1079, as predicted by our theoretical results. The

image and the observed image are shown in Fig. 2, which aemaining nonzeros are, in fact, much larger than the tiotdsh

used in [8]. The standard derivation of a Gaussian noisecadde25x 104, where the minimal entry is 0.0023 and the average

to the blurred image is 0.05 in this experiment. is 0.2645.

B. Test of Circles image



IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. **, NO. **, #** %k* 6

C. Test of modified Shepp-Logan image

We use a modified Shepp-Logan image of 256 x 256
shown in Fig. 4 to test the performance of the two potenti
nonsmooth nonconvex functiogs as well as the nonsmooth
convex functionp(t) = |t| which is used in TV regularization.
The standard derivation of a Gaussian noise added to -
blurred image is 0.05 in this experiment. We also compa
the SPG method with the graduated nonconvexity (GNC,
algorithm in [8], which is proposed for nonsmooth nonconvex
minimization arising from image restoration.

50 100 150 200 250

@ f €R™, o(t) =t|”° (b) >0, o(t) = [t|*®

T B ©0<f<e o) =t @O0<f<e ot)=]t
@ ®) Fig. 6: Image restoration results using SPG with= 0.012: (a)
. . . . PSNR = 26.65dB (26.60dB without projection); (b) PSNR = 2@dB
Fig. 4:The Shepp-Logan image of si256 x 256. (26.96dB without projection); (c) PSNR = 27.73dB; and (d)\NRS
= 27.79dB;

The initial smoothing parametey = 10, and the maximum
number of iterationk,,»x = 5000 for this experiment. The
restored images are shown in Figs. 5 and 6. According to then order to see the edge-preserving property by the two
figures, we find that the use of box constraifts< f < e different nonsmooth nonconvex potential functions and the
can provide a better image restoration with a higher PSNRonsmooth convex potential functierit) = |¢|, we display in
Similarly as the Circles image, the projection of the solng Figs. 7 and 8 the 126th and 255th lines of the restored images
in the cases of without constraints and with only nonnegatiin Fig. 5 (d) and Fig. 6 (c), (d). For a comparison, the origina
constraints do help to improve the PSNR. However, the useatd blurred noisy lines are also displayed in Figs. 7 and 8

the box constraints provides the highest PSNR in the imaf® and (b). We observe from the figures that both choices
restoration. of nonsmooth nonconvex potential functiop&t) lead to the
restored images with neat edges and correct amplitude. The
restored image by using(t) = % which is Lipschitzian

at zero, has a few slightly blurred edges. While the restored
image usingp(t) = [t/°5, which is non-Lipschitzian at
zero, fits the original section quite well. It is easy to see
that the restored image using the nonsmooth convex function

(t) = |t| has more blurred edges.

50 100 150 200 250 50 100 150 200 250

D. Test of MRI images

The experiment in this subsection is based on real data
where they are 15 two-dimensional (2D) slicesba® x 512
magnetic resonance imaging (MRI) scans for diagnosis of
abdominal aortic aneurysm. In this experiment, we use 0.2
for the standard derivations of the Gaussian noise. Thilinit
smoothing parameter of the SPG methoduis = 10, and
the maximum number of iteratiok,,., = 1000 for this
experiment.

We show image restoration results for such fifteen MRI
slices. The test was carried out on a Dell PC (3.00GHz,
2.00GB of RAM) with the use of Red Flag Linux Desktop 6.0
Fig. 5: Image restoration results using(t) = 13;\;‘% ,and) = and Matlab R2009a (Version 7.8.0.347). We draw the highest
0.05: (a) PSNR = 27.25dB; (27.21dB without projection); (b) PSNFPSNRs that can be obtained during the recovery process of
= 27.64dB; (27.63dB without projection); (c) PSNR = 26.88@Bd the fifteen MRI slices by different methods in Fig. 9.

(d) PSNR = 28.04dB. From the figure, we see that the use of box constraints
in the proposed model provides better PSNRs than the other

(@) f € R™ (SPG) (b) f >0 (SPG)

50 100 150 200 250 50 100 150 200 250

(c) f > 0 (nonsmooth GNC) (d) o< f<e(SPG)
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02

100 150 200 250 300

(a) original (b) observed (a) original (b) observed
1 1 015 015
1 1 01 01
0.8] 08 0.05
0.05
06 0.6 o
o
0.4 04
02 009 -0.05
0
0] o o1 -0.1
- 0 50 100 150 200 250 300 —DZU %0 00 50 200 20 200 s [ 50 100 150 200 250 300 -0.15 50 00 50 200 250 300
0.5t _ _0.5]t
© @(t) = 5550 (A (t) = [0 © ¢(®) = o517 (A (t) = [

(©) »(t) = It

Fig. 7: The original, observed and restored 126th lines.

TABLE II: Average computational results of the 15 slicestwit

o=0.2. 212 p —
211 o 3 o :I‘ [ ]
Models aver-PSNR aver-cpu al ) ;n; ‘,f’ ‘—[ H
feR™ |19.63 /20.63 (without / with projection) 1130sec. 00 - ri e Y
f>0 20.59 /20.82 (without / with projection) 1020sec. 2 208
0<f<e 20.95 886sec. 2 0.7

() »(t) = It

Fig. 8: The original, observed and restored 255th lines.

~—#%— no constraints
—@— ' nonnegative constraints| -
B box constraints

methods. We also provide in Table Il the information for the
average PSNR (aver-PSNR), and the average computational
time (aver-cputime) in seconds in order to obtain the restor
MRI slices. We see in Table Il that the proposed method FHg. 9: PSNRs of the restored 15 MRI slices with= 0.2 for the
faster than the other methods in order to obtain about the sapussian noise.
aver-PSNR of restored slices.

As an example, we show the original, the observed and the
restored image of one MRI slice in Fig. 10. The restored imal
using p(t) = [t|°5 by SPG method.

20.3
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
Slices

% st our model on two common used images and an image

with gradual change region that are not piecewise constant t
In subsections A-D, we perform numerical experimengge its performance.

on images that are (nearly) piecewise constant and obtaimThe SPG method is employed to solve the minimization

good recovery results using our box constrained nonsmog@iibblem using the two nonsmooth nonconvex potential func-

nonconvex model. This validates the theoretical resultergi tions as well as the nonsmooth nonconvex functigt) = |¢|.

in this paper. The initial smoothing parameter is set to pg = 10 in the
While many natural images are not piecewise constaBPG method and the maximum number of iteration is set to

images surrounded by edges. In the following subsectioas, e k... = 2000.
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0.5[t]
T70.5¢]

] functionp(t) provides higher PSNR than that using

(b) Observed

(a) Original (c) Restored

Fig. 10:lmage restoration results usingt) = |¢|°-° and\ = 0.035;
The PSNRs are (b) 13.80dB and (c) 21.03dB.

50 100 150 200 250 300 350 400 450 500 50 100 150 200 250 300 350 400 450 500

E. Test of Cameraman image

The Cameraman image of sizZ&56 x 256, which has
more edges. In this experiment, we use 0.05 for the stand:
deviation of the Gaussian noise.

We employ the potential functian(t) 12’3‘;"“, as well as
the potential functiorp(¢) = |¢| that used in TV regularization.
We see from Fig. 11 (c)-(d) that the piecewise consta

(a) original (b) observed

regions appear in the restoration results. The restorasary
the nonsmooth nonconvex potential functipfy) %
provides higher PSNR than that usipgt) = |¢|.

(a) original (b) observed

50

(©) »(t) =

50 100

0.5]t|

Trosi A =012

(d) ¢(t) = [t A =0.05

Fig. 11: The Cameraman image of si286 x 256. Image restoration
results are shown in (c¢) and (d) using SPG. The PSNRs are
PSNR=20.12; (c) PSNR= 21.48dB; and (d) PSNR=21.46dB.

F. Test of Barbara image

We test our proposed nonsmooth nonconvex regularization

model on the Barbara image of siz@2 x 512. This image

50 100 150 200 250 300 350 400 450 500

(©) »(t)

50 100 150 200 250 300 350 400 450 500

0.5[t|
T+0.5[¢"

A=0.24

(d) @(t) = |t], A = 0.065

Fig. 12: The Barbara image of siz&l2 x 512. Image restoration
results are shown in (¢) and (d) using SPG. The PSNRs are (b)
PSNR= 18.58dB; (c) PSNR=23.40dB; and (d) PSNR=23.37.

G. Test of Books image

The original Books image of siZg/6 x 704 is obtained from
website http://www.math.cuhk.edu.hk/ rchan/paper/egxch
looks like piecewise constant, but has some gradual shading
due to illumination.

The standard deviation of a Gaussian noise added to the
blurred image is 0.1 in this experiment. We fsy= 0.8 and
p = 1 in the regularization model and obtain the restoration
results in Fig. 13 (c)-(d), respectively. Both the restaredges
improve the PSNR from the observed image a lot. And the
restored image using = 0.8 provides higher PSNR than that
usingp = 1.

It is usually hard to find the global solutions for nonconvex
model. There is no guarantee that the SPG method can find
the global solutions for the proposed nonsmooth nonconvex
fByularization model. From numerical experiments in sobse
tions E-G, by comparing with the restoration results ushmey t
convex TV regularization, we may say that the SPG method
performs stable to avoid being trapped in bad local solstion
for the nonsmooth nonconvex model.

V. CONCLUDING REMARKS

has gradual changed pixel values, and is very different fromThis paper studies a new box constrained minimization

piecewise constant image.

model with nonsmooth, concave regularization (4) for imagi

The observed image is constructed by adding a Gaussiastoration. We derive an easily computable constarfior
noise with standard deviation 0.1 to the blurred image fdren t characterizing the sparsity of all local minimizers of (We
original image. We see from Fig. 12 (c)-(d) that the piecewishow that every local minimizey* of (4) satisfies either
constant regions appear in the restoration results. We ffiad td? f* = 0 or |d! f*| > min(x,6). Moreover, we give an
the restoration result using the nonsmooth nonconvex fiatenexplicit form of  for the box constrained image restoration
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® ® ®
1 2 3
@————>0————0
4 5 6
@ 11 12 @

Fig. 14:illustration of the first-order difference matrix 8t 3 pixels

The first-order difference matrik € R'2*Y corresponding
to the above figure has the following form

(©) p(t) = |t|98, X = 0.044 d) o(t) = |t|, A =0.05 1 0 0 -1 0 0 0 0 0
Fig. 13:The Books image of siz&76 x 704. Image restoration results 01 0 0 -1 0 0 0 0
are shown in (c) and (d) using SPG. The PSNRs are (b) PSNR= 0 0 1 0 0 -1 0 0 0
18.69dB; (c) PSNR=23.83dB; and (d) PSNR=23.80dB. oo o0 1 o 0 -1 0 O

0 O 0 0 1 0 0 -1 0

D= 0 0 0 0 0 1 0 0 -1

model with the non-Lipschitz nonconvéy-norm (0 < p < 1 -10 0 0 0 0 0 0
1) potential function in the regularization. Our numerical o 1 -1 0 0 0 0 0 0
experiments validate the important characterization atllo oo o0 1 -1 0 0 0 0
minimizers of (4) with?,-norm regularization. Moreover, the o o0 o0 o0 1 -1 0 0 0
smoothing projected gradient method is shown very efficient oo o0 0 0 0 1 -1 0
0 0 0 0 0 0 0 1 -1

to solve our proposed model. Our theoretical results, the
box constrained minimization model with nonsmooth, non- | ot .. — 1 and f = (0.5,0.5,0.5,0.5,1,0,0,0,0)". By
Lipschitz regularization, and the SPG method contribute @ computation, we get
the study of image processing.

Df =(0,-0.5,0.5,0.5,1,0,0,0,—0.5,1,0,0)7.

APPENDIX Then we obtain the index sets with respectftas
In order to show Theorems 1 and 2, we will use several I'=1{1,2,3,4}, I'=1{56,7,8,9},
index sets to prove these two theorems. For Ay F, define L=1{1,6,7,8,11,12}, L=1{2,3,4,5,9,10},

« inactive and active sets of Lo = {1,7,8) i (2.3,4,0)
0= s by ) 0= 3 9y Xy .

F={ietl o omp [0< ficnh T={L.ompNTQA2) e g o Lo = 0, then eitherd” f = 0 or |dT f| = &
fori=1,...,r. Hence in the rest of this section, we assume
I# 0 and ]30 #0,

L={ic{l,...;r} |d'f=0}, L={1,....,7}\ L (13) Lemma 1:For a given vectorf € F, let I,I, L, L, Ly, Lo

be the index sets defined by (12)-(14). Then the following

« subset ofL and subset of. in regard to the inactive set. statements hold.

(i) eitherd;; =0 or d,; =0 for anyi € L;
Lo={i€L|ds#0}, Lo={i€ L|0<|d]f| <k} (14) (i) d,;; = 0 for anyi € Lo;
(i) d;y =0foranyie L\ Lo;

The following simple example is used to explain these indg¥) ¢,; £ 0 for anyi € Lj.
sets.

Example 1:Let us consider an image gfx 3 pixels. The | d.
first-order difference matrix can be illustrated by the dieel /, °
graph drawn in Fig. 14, where each vertex represents a plé%%t
and each directed edge corresponds to a difference operator
between two neighboring pixels. df f =dj; fr + dl;fr,

« index sets of zero and nonzero first-order differences

Proof: Recall the notation introduced at the end of Section
r € Rl d; € RII are the subvectors of; with
;,j € Tand(d;;);,7 € I, respectively. Note that each
ains only two nonzero entries,and —1, and
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where fr = (f;)icr € Rl and f; = (fi);er € R 1 (iii), and Assumption | (a). Thus we find € N'(f*) N F,
(i) If on the contrary for some < L, each ofd;; and and
d;; contains one nonzero entry, thén< |}, f;| < x, and 2(f) = r(w) < r(w*) = 2(f*),
|d- 1| € {0, x}, which impliesd] f # 0. This contradicts to )
icL. which contradicts (17).
(i) Sinced;; # 0 for anyi € Ly C L, we immediately get .H_en_ceu.;* is a local minimizer of the eq.ual?ty constrained
from (i) thatd,; = 0 for anyi € Ly. m|n|m|zat|9n problem (.16), wherg the opjectlve function
(iii) This is directly from the definition ofL,. Rl 5 R is twice contlnuousl_y_ differentiable ab*._ By _the
(iv) Suppose on the contrary thd; = 0 for somei € Lo. second-order necessary condition for the local minimizéer
Then|d] f| = |d]7f;] € {0,x}, which contradicts ta € Lo. T2\, 2 1 T pxy (T )2
This completes the proof. m V(o =2|Buj +>\%<p (di f7)(div)” 2 0,
Proof of Theorem dLet f* € F* be a local minimizer, and for all v € A(w") (18)
I,1,L, L, Loy, Lo be the index sets with respect f6. Recall
that hy, is the kth column of H. Let B = (hy)kes and B =
(hi)rer be the submatrices off, whose entries lie in the Aw*) ={v | djv=0, Vi € Lo}.
columns of H indexed byl and I, respectively. Denote

where

- For anyi € Lo, di; # 0 according to (iv) of Lemma 1.
b=g—Bff, and a;=dff fori=1,2,....r Moreover, we can deduce thafw* # 0 since0 < |df f*| <
x for any i € Lo. Let v*(i) € RIl be a solution to the

It is easy to verify that quadratic programming

a; =0 forall ieL, (15) min [[v]2
since ifi € Lo, thena; = d’. f; = 0 by (i) of Lemma 1; and s.t. v e Aw") (19)
if i€ L\ Lo, then djv =1,
=djifi =d f7 +dipf; =di f* =0, wherei € Lo. The existence ob*(i) is guaranteed by the

Frank-Wolfe theorem, by noting thét||? > 0 and the feasible
set is a polyhedron which is nonempty singée=
Belongs to it. Define

by employing (iii) of Lemma 1.
We then consider the following constrained optimizatio

w
T~
di;w

problem
m}i%?‘ r(w) = ||Bw—b||2+AZg0(diTIw+ai) w(f7) :Eﬁ{uv @I}
wenl! iel 16
ot dhw =0, Vie L. ek (16) Note that the minimizer of (19) is in fact determined by the

index setsl, L, Lo, Lo with respect tof*. Taking all possible
Let us denotav* = f; and Sy = {w | 0 < w < kes}. Since index setsl, L, Ly, Lo with respect tof* € F*, which are
f* € F*, there exists a neighborhood(f*) := {f | ||f — finite, we can define
|| < 8} of f* such thatV'(f*) N F # 0 and

p= max pu(f*).

r(w") = 2(f*) = min{z(f) | fEN(F)NF}.  (17) e
_ 2P HTH|| o 2u* || HT H|
DenoteN (w*) := {w | ||lw—w*|| < ¢} for a neighborhood Hsetj‘O = S SinceA > Ao, we have=- X <
of w*. We now claim thatv* is a global minimizer of-(w) |#”(07)[. Then we can define the finite constangiven by
in the region 72M2||HTHH }
—

We now prove that for\g and @ defined above, statement

Otherwise there exists < (2, such that(«w) < r(w”). Define gy ho|ds for the given local minimizef*. Suppose on the
feN(f*)NF by letting fr = @ and f; = f;. We have contrary that there ig € L, such that

. ‘ . H:inf{t>0 | () =
O = {w | ddw:() fOfa“ZGL(), ’LUGN(UJ )QS]}

2f) = r@)+AY eldhi + ai) 0 < |d7f*| < 6.
€L
— () +)‘Z¢ dT ) Conse_quently, we know thap”(d] f*) < ¢”(#) from As-
= sumption | (c), and
= (@) +A D eldid) +x D p(dib) vt () V2r(w*)v*(5)
) ko el Lo =2|[Bv*(j)[I* + A Y @ (d] f)(dfv* ()
= r(w), iel

2 T T rx
where the second equality comes from (15), and the last <2p7||HTH| +)“P”(dj /)
equality can be obtained easily by employings €2;, Lemma < 20 |HTH| + X" (0) = 0,
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which contradicts (18). The fact that and consequently, are either 0 or 1, we find thdti/,;5(¢))* = 1 and ||o(¢)||* <
and#, do not vary with anyf* € F* will yield that (8) holds |I| < m. From (18) we have
for any local minimizerf* € F*. This completes the proof. . . N

Y ! P P 0 < 2Ba(O)|” + Xg"(dF 1) (dFyo(0))

]
_ , 21| ||HTH| + A" (d] 1)

Proof of Theorem 2The proof of this theorem is based 2m||HTH|| + A" (dL §7),
on Theorem 1 and its proof. The difference between these _ _ _ o
two theorems is that instead of using a solution to (19), thighich, combined with Assumption 1 (c), implies
theorem uses a feasible point g@f{w*) to give computable ) 2[HT H||m
constants\, andé. d} f*| > inf{t >0 | ¢"(t) = *f} =0.

By Assumption | (c), the constartin (9) is well-defined
and finite, since

IN AN IA

We complete the proofa

B QHHTHHm N QHHTHHm Proof of Theorem 3First we consider

10+
" (07)] o \ fi < min{f7 i€ Cp}. (22)
We only need to showd} f*| > 0 for any ¢ € Lo. We will If fi =, then from (22) we havgy — f; = 0 for all i € Cy.
fulfill this by analyzing two possible cases. Suppose) < fi < and ff — fi > 0 for all i € Cy, which

Case 1.Ly = 0. In this caseA(w*) = RV|. For a fixed implies|d] f*| >0 forall j € J;. Let

¢ € Lo, dog # 0 according to (iv) of Lemma 1. Assume ) = *Lter) = LH(F* Lten) —all2 NID(F* ¢ p
Dy, # 0 for somek € I. Let us defined € RII such that B L ekzg?)

Uﬁ =1 an2d 0 =0foranyi#k, i€l It isheasy to check yheree, is the kth column of them x m identity matrix. We
that (d;;v)® = 1 and||o]| = 1. From (18) we have consider the following constrained minimization problem

0 <2 Bo||* + A" (d] f*)(div)* < 2([HTH|| + A" (df [*), min (1), (24)
T we know thatt* = 0 is a local minimizer of (24). Moreover,
T px* 3 " 2||H HH . . .
|d; f*| > inf{t >0 ¢"(t) = 7f} > 0. we deduce that) is differentiable at* = 0 from the facts
-
Case 2.Lg # (). Let us consider the homogeneous systemz |djT(f* +teg)|P = Z |djT(f* + teg)|? + Z |dij*|l’
i=1 i€ Tk i T
DLOI’U —0, (20) J JE€ETk JE Tk
and
where Dy, € RIZolxI1l is the submatrix ofD whose rows ] f*| >0, forall j € J.

ared};, k € Lo. It is easy to see thati(w*) coincides to the

null space ofDy,;, i.e., A(w*) — null(Dy,;). Denotev for Hence the first order optimal condition of (24) holdg’at= 0,

the rank ofDy, ;. Since0 # w* € A(w*), we have that is,
. 2Hf* — ) hy + Ap Z |dT £ [P~ tsign(d? f*)Djx > 0.
v =rank(Dr,r) < min{|Lo|, |I| — 1}. i<, J J

According to (i) and (ii) of Lemma 1, each ro#f,, k € Lo, ~ We have by (22) that
has exactly two nonzero gntriei;,and —1. B_y performing . sign(djrf*)Djk — _1, forallje
the elementary row operations and rearranging the columns i
necessary, we can get the equivalent system of (20) as follolherefore,

vs — Nvg = 0. (1)  2(HS =) The > Xp Y |dff* P = Apld] £
JETk

Herevs € R¥ andv, € R!!I= are the basic and nonbasic for all j € J.
variables respectively. Entries of the matik are either O or ) . 0 )
1, and each row ofV has a single nonzero entry 1. By the assumption(f*) < z(f"), we obtain

Let v, (k) be the kth column of the identify matrix in (Hf* = ) he? < |ha PN Hf* = g]|? <

RUI=v)x(T=) “andwg (k) = Nve(k). Then we find|I| — v .
solutionsv(k) € R/ to the linear system (20), which form Bell2OLE £ — all2 + XS 1dT £1P) < [[Rel2( £
the basis ofd(w*). For a fixedl € Lo, we set RICE S = gl Z' i f ") < lIhel"=()

j=1
0(¢) = argmax{(dv(k))?, k=1,...,|[I| —v}. This implies
_ Ap Ap
Note thatw* espar{v(k),k = 1,...,|I| —v} andd;w* # 0. d] fH' P > > ;
We can claim thatil,v(k) # 0 for somew(k). Sinced,; has 2ACHf* = 9) hel = 2|1l v/2(F0)

only two nonzero elementg, and —1, and elements ob(k) for all j € Jj.
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From the definition oy, for anyi € Ci, there isj € J; such
that|f; — f| = |d] f*|. Hence we obtain

1
1-p

12
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Ap
lff=fi> | ——— , foralliec,.
2|[hxllv/2(f°)
The case
fi = max{f],i € Cy} (25)

[1]
can be proved similarly by employing the constrained mini-

mization problem 2]
3]
[4
(5]

miny(t), (26)

t<0
and the fact that in this case

sign(d] f*)Djr =1, forall j € Jj.
[ |

Proof of Theorem 4Suppose (6]

0<fi<r, and |dlf >0 foralljec J.

(7]

Since f* is a local minimizer of (5), we know that = 0 is 8]

a local minimizer of the unconstrained minimization praoble

min ¥(t), (27)

where(t) is given in (23). Moreover, we deduce thatis
differentiable att* = 0 by noting

El

[20]

SO (f te)P =D 1d] (f +te) P+ D |d] P [
j=1 JETk JETk [12]
and

df f*| >0, forallje . [13]

The second order optimal condition of (27) yields (14]

2hi i + Ap(p — 1) D |d] f*[P72 > 0.
JETk

[15]

Since0 < p < 1, we find

2hif bk > Ap(1—p) D |d] £*[P72 > Mp(1 = p)|d] P2,

[16]

JETk [17]
for all j € Jx.
L [18]
This implies
. [19]
Ap(1—p) > v ,

dT*Z<7 =B, foralljeJp. (28
|d; 20T Bk J€ Tk (28) 20

From the definition o, for anyi € Ci, there isj € 7, such
that|f; — f| = |d] f*|. Hence we obtainf; — fx| > B for [21

all i € Cg.
Now let us consider the cagg reaches the boundary, i.e.,[22]
fe=0or fi = k. Itis clear that

fi=0 = fi<min{f}, ieCG} and fi=r =
fi > max{f, i € Cx}.

From Lemma 3, we obtain immediately that
lfe—frl>ar, it fi=0,orf=k.

We complete the proof

comments.
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