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Abstract. The article considers a particular class of optimization problems involving set-valued
stochastic equilibrium constraints. A solution procedure is developed by relying on an approximation
scheme for the equilibrium constraints, based on regularization, that replaces them by equilibrium
constraints involving only single-valued Lipschitz continuous functions. In addition, sampling has the
further effect of replacing the ‘simplified’ equilibrium constraints by more manageable ones obtained
by implicitly discretizing the (given) probability measure so as to render the problem computationally
tractable. Convergence is obtained by relying, in particular, on the graphical convergence of the
approximated equilibrium constraints. The problem of estimating the characteristics of a demand
model, a widely studied problem in micro-economics, serves both as motivation and illustration of
the regularization and sampling procedure.
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1. Introduction. Solving mathematical optimization involving equilibrium con-
straints is generally challenging and the design of solutions procedures to deal with
such problems when the equilibrium constraints involve set-valued stochastic map-
pings brings along a new level of difficulty. This article, considers a particular case
which enables us to deal with a specific instance, see §4, of the ‘inverse’ problem in
micro-economics: given that prices and the decisions of the agents can be observed,
is it possible to infer their utility functions?

Specifically, we consider the following mathematical program with stochastic equi-
librium constraints (MPSEC):

min zex  3(z, Hz) + (¢, z)

(1.1) subject to  A:E[S¢(&,2)] Dby, t=1,...,T,

where ¢ € RY, A, € R™*", b, € R™, H is a positive semi-definite v x v-matrix,
X C IR is a compact set and &€ : Q — Z C IR’ is a random vector with realizations
as ¢ (without boldface) and (=, F, P) the induced probability space,

(1.2) Si(&,x) = argmax, { (y, w(,2)) [{e,y) <1, y 20} SR,
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ug : 2 x RY = IR" is a given continuous function, and e = (1,...,1) € R", and
E[S:(&,x)] = {E[s(&, )] | s(€,x) € Se(€,x), s(-,z) P-summable selection of Si(-, )}

is Aumann’s expected value [1] with respect to €.

This problem-type (1.1) is part of an important family of problems in economics
which, in particular, includes the pure characteristics demand model which seeks to
estimate the parameters in the consumers’ utility function [3, 10, 14]. In such a
model, the constraint A;E[S:(&,z)] 2 by, with A; the identity matrix, represents the
market share equations, u; determines the consumer’s utility in market ‘¢’ and the jth
component(s) of the solution(s) in S (&, z) of (1.2) is the probability that the consumer
purchases product j in market ¢ given the observed environment . The linear program
(1.2) models the consumer’s decision choice, in market ¢, to acquire the product
or products, that yields the highest utility given environment £. The variable x
consists of two parts z' € IR** and 22 € IR"?: 2! describes the product characteristics
or demand shock that is observed by the providers (firms) and consumers, but not
explicitly available in the data, and 22 models the consumer’s preferences or taste for
the observed product characteristics and its price. The pure characteristics demand
model is to estimate z? and minimize the demand shock or error #'. The objective
function in this model has H = diag(H;, H2) and ¢ = 0, where H; is a v1 X v; positive
definite matrix and Hy is the vy X 9 zero matrix.

There are quite a number of challenges one has to deal with to solve such a
problem. To begin with the solution of (1.2), for any fixed (§,z) is not necessarily
unique, in fact, in general, it’s set-valued. Consider a simple example with u; (€, z) =
(14 x,&) € IR?, where & € R and & > 0. The solution set has the form

(1,0) x> & — &1,
St(gax): {(a,l—a)|a€ [071]} x:€2_§1u
(0,1) T < & — &

One cannot find a single-valued function s(§, z) € S;(&, ) which is continuous with re-
spect to . The use of a sample average approximation (SAA) scheme to approximate
the market share equations as proposed in the existing literature becomes intractable.
Another major difficulty comes from the fact that all solution sets S¢(§,z), t =1,...,T
also share the same x-variables.

Market share equations play an important role in economics [3, 10, 14]. The ‘in-
verse’ problem, from consumers choices evince their utility functions is a fundamental
issue in economics. In the pure characteristics demand model, even when approximat-
ing, the market share equations for the unobserved product characteristics, finding
best estimates by relying on a nested fixed-point approach has been proposed in the
existing econometrics literature but it is known that such an approach is computa-
tionally ineffective. Recently, Pang et al. [14] proposed a mathematical programming
with linear complementarity constraints (MPLCC) approach for the pure character-
istics demand model with a finite number of observations &%, i = 1,..., N. Their
approach provides a promising computational method to estimate the consumer util-
ity under the additional condition that in any market ¢, the optimal choice of each
individual consumer is guaranteed to purchase just one single product in each &-
environment. They rely extensively on this property of the (basic) optimal solution of
(1.2) in their development. This condition and the use of such basic solution with a
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finite number of observations &%, i = 1,..., N for (1.1)-(1.2) can be expresses in terms
of the following mathematical program with linear equilibrium constraints
(1.3)
min e x %(x, Hzx) + {c,z)
subject to A SN Sy (€l x) b, t=1,...,T, €& i=1,...,N,

where

Si(€,x) = {argmin]|s]o| s € S¢(&,2)},

here ||s||p denotes the number of nonzero entries of s. With the constraints (e, y) <1
and y > 0, clearly, the linear program (1.2) has always a basic optimal solution
s(§,x) and it’s taken for granted that any basic optimal solution has just a single
variable taking on the value 1 while all others are 0 when max;<;<n u;(§,2) > 0.
One could refer to a solution of this type, s(¢,z) € S4(&,x) as a ‘sparse solution’ of
(1.2). However, the use of such ‘sparse solutions’ raises questions when there is, in
fact, a multiplicity of solutions. For example, when (u: (€, x)); = maxy<;<n (u(§, z))s,
7 = 1,2,3, why would the probability that a consumer purchases one of the three
products be 1 and 0 for the two others? Should the choice probability not be 1/3,
for example, for each one of the three products? Other question arise about the
consistency of the solutions of the MPLCC problem (1.3) to the given problem (1.1)
as the sample size N goes to infinity.

Motivated by the MPLCC approach [14] and the preceding questions, we refor-
mulate problem (1.1) as the following mathematical program with stochastic linear
complementarity constraints (MPSLCC)

min zex  3(z, Hz) + (¢, z)

(1.4) subject to  AE[Sy(&,x)] Db, t=1,...,T,

where S¢(&, z) consists of all the solutions to

(Eax) 1 7ut(£ax) +’Y(§,f£)€ Z 0
(f,(E) 1 1—<€,y(£7$)> >0

for some (¢, z) € IR or, equivalently, the linear complementarity problem (LCP):

e (1) () ()

with the positive semidefinite matrix

M = < 0 e ) c IR(”JFl)X(nJFl).
—e 0

0 <
(1.5) 0 <

For fixed (¢,&,z) and with ¢, (¢, ) = (—us(€,x),1) € R™! let’s denote the comple-
mentarity problem (1.6) by LCP(q:(&, x), M) and by

S(qe, M) = {s € R" | for some > 0, (s,7) solves LCP(q:(¢,2), M)},
i.e., the solution set projected on the s-space!.

ITo lighten up the notation, when no confusion is possible, we usually simply write ¢¢ instead of
the more precise, but cumbersome, g; (&, x).
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It will be shown that, cf. proof of Theorem 2.3, the solution set S(q;, M) is
bounded. With M¢ = M + el,e > 0, it also implies that the LCP(¢: (&, x), M*) has
a unique solution, which is then denoted by zf = (sf,7f). It converges to the least
norm solution of the LCP(¢:(&,z), M) as e | 0 [8, Theorem 5.6.2]. Moreover, for any
fixed € > 0, the function ¢; — 2§ is globally Lipschitz continuous (with ¢ = ¢:(§, z))
and continuously differentiable at ¢, if and only if for no j, (2§); =0 = (M2 + ¢:);
[6],[7, Lemma 2.1]; a nondegenerary condition. These engaging properties motivate
us to consider a regularized version of MPSLCC: with z{ the unique solution of the
regularized LCP(q.(&, ), M)

(L7 0<zLM°z+q(€x) >0, where qt@,x):(“f(f“)),

the formulation of our problem becomes,

(1.8) min gex  3(z, Hz) + (¢, z)
’ subject to || A:E[s (&, x)] — be]| < r(e), t=1,...,T,

and the SAA-version of the regularized MPSLCC

(19) min zex 3z, Hz) + (¢, x)
' subject to [ Ai& SON | s5(€%,2) —by|| < 7(e,N), t=1,...,T,

where r(e) L 0 ase | 0, #(e, N) — r(e) as N — oo for any fixed £ > 0.

The advantage of working with (1.8) and (1.9) is that one can replace the set-
valued mapping by a single valued function. Problem (1.9) is a mathematical program
with a convex quadratic objective function and globally Lipschitz continuous inequal-
ity constraints. Moreover, we can have a closed form for z;, see Lemma 2.2. The main
contribution of this paper is to propose an efficient approach, via the SAA-version of
the regularized MPSLCC, to find a solution of the mathematical program with sto-
chastic equilibrium constraints (1.4) and to show that a sequence of solutions {z5 } of
the SAA regularized stochastic MPSLCC (1.9) converges to a solution of the (given)
problem (1.4) as N — oo and ¢ | 0.

In Section 2, we derive various properties of the solution functions si and their
convergence to the solution set S¢(¢,Z) as e | 0 and  — Z. In particular, we provide a
closed form of the solution functions which is used to prove the graphical convergence
of the real-valued function s§ to the set-valued mapping S;(+). In Section 3, we prove
the existence of solutions to the MPSLCC (1.4) and the SAA regularized MPSLCC
(1.9). We show that any sequence of solutions of (1.9) has a cluster point as € | 0 and
N — o0, and that any such cluster point is a solution of the MPSLCC (1.4) (a.s.). In
Section 4, we use the pure characteristics demand model to illustrate the MPSLCC
(1.4) and the SAA regularized method.

Throughout the paper, || - || stands for the ¢ norm, e denotes the vector whose
elements are all 1, | 7| is the cardinality of a set J and u, denotes the vector whose
components (u4); = max(0,u;), i =1,--+ ,n.

2. Solution function of the regularized LCP. Let’s now concern ourselves
with the properties of the function s§ generated from the solution of LCP (¢ (&, z), M®).

LEMMA 2.1. Problems (1.1) and (1.4) are equivalent.
4



Proof. The LCP (1.5) consists exactly of the KKT-conditions for (1.2) with
solution s§ if and only if 2§ = (s§,~§) is a solution of (1.5) for some v§ > 0. O

For simplicity’s sake, in the remainder of this section, we concentrate on the
‘solution’ function 2° = (s°,~°) generated by the regularized linear complementarity
problem LCP(g, M¢) with ¢, := (—uy(€,x),1) € R™! for fized t, £ and z; in this
section, we drop making reference to these quantities to simplify notations and the
presentation. Our first aim will be to show that for given w, s°(¢) and 2°(q) are
uniquely determined and even comes with a closed form expression. Note that u; =

—qi,i=1,---,n and ¢g,+1 = 1, and we have
=)l == ai= > ui=luglh
q;<0 u; 20

LEMMA 2.2. Given € > 0, the function z° is uniquely determined by the solution
of the reqularized LCP(q, M¢) and is completely described as follows:
Let qr, < qr, <+ < qx,, set

N\ S22 _ .
aj_ Zl=1le+(J+E )qk)J 57 ]—1,...777/
J
and J ={jla; <0,5=1,...,n}, J=1J|, J:qui’
() I (=)l > &, the solution (s*,%) of the LCP(q, M?) has the form

o—(J+e¥)qp, + . .
oo if j¢J, J+e?

(b) If |(—q)L|l1 < e, the solution takes the form

—qk. ) <0
(2.2) forj=1,... n, B a; /€ Zf ak; ’ ~¢ =0.
! 0 Zf qk; >0,
() I l(=q)illh =&, 0= =[[(=q) |l and T = {j|qr; <0,j =1,...,n}, that is,

formulas (2.1) and (2.2) are consistent.
Moreover, in all cases, Z 185 <1+ell(=q)l-

Proof. Let z° = (s°,7%), i.e., the solution (vector) of LCP(g, M¢). Without loss
of generality, assume ¢; < g2 < --- < gy, i€, kj = 7.

(@) [[(=q)+ll1 > e: We show, first, that for j € J: s > 0 and (M°2°); + ¢; =

ess+7°+¢; =0. From a; <0, 5 <J, g —¢; 20, and ay <0, we have
(Je+e¥)ss=0—(J+eP)g+e+as—a;=(J+*)(qs—q) —a; >0
(J+52)(ss +9°+q)=0—(J+e¥g +e—0c—e+(J+e)g =0.

The next step is to show that (M°2°); +¢; = v* +¢; > 0 when j ¢ J. By the
definition of J and J, one has aj41 >0, j > J+ 1 and ¢; > ¢y41. Hence,

(2.3) (J+E)F +q)=—-0—c+ (J+)q — asp1 +asp
=—0—c+(J+)G+ (0+q1— (J+1+)q1+e) +asp
=(J+ 52)(%’ —qy41) + e > 0.
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Finally, we show that v¢ > 0 and (M®2%),41 +1 =1+ — > | s5 = 0. Let
jo = max{j|g; < 0}; such an index is guaranteed to exist since |[(—q),[1 > e.
Actually, we are going to establish that ¢; < 0 for all j € J. Assume for contradiction
purposes that g; > 0 for some j € J. Of course, then j > jo and

OZj:_ZQZ_€+ Z 30"_5)(]

i=jo+1

= llg:llh —e+ Z — (jo+¢%)g; >0,
i=jo+1

which contradicts the definition of J. Hence, ¢; < 0 for j € J, which together with
[(=q)+ll1 > & implies 0 < —o < [|(=q) 41

Let’s now show that —o > €. Notethat ¢; <0,j=1,...,Jand J < jo. If jo = J,
then by definition of jo, one has —o = ||(—¢),|l1 > . If jo > J, from ¢;+1 < 0 and

J
ajp1 = =Y i G —€—qiy1 T q +(J+ e2)qs41
= —o—¢c+(J+e%)q1 >0,

and, thus, —o > e. Moreover, ZZ L ¢ = o yields i ¢ = (J —¢e0)/(J +¢€%) and

(J5+53)(1+575—Zsf) =Jet+et+e¥(—o—¢)+e?o—Je=0.

i=1

Hence, the solution has the explicit form (2.1).

d) (=)l < e I ||(—=¢)L|l1 = 0, then ¢ > 0 and (2.2) holds with z¢ = 0. If
[(=q)+ll1 > 0, then jo > 1. For j < jo, 85 = —¢q;/e > 0,7 =0 and

(M2%); +qj = esj+9° +¢; = —¢; +¢; = 0.

For j > jo, one has ¢; > 0, s5 =0, 7° =0 and (M*®2%); +¢; =es5 +7° +¢; > 0, and
forj=n+1,~+* =0 and

n Jo
(M2 )1 +1=14ey =) si =14 (=Y a)/c>0.

i=1

(©) [[(=@)+ Il = &: For j > jo,

Z%—€+ Z g+ (j +€%)g; >0,

i=jo+1
and for j < jo, a; = —Zgzl ¢ —c+(j+¢e%)g; <0. Hence 0 = —||(—q), |1 and
J =1 ‘ ¢; < 0}. Moreover, in this case
o (o= (J+e¥)g+e)/(Je+e¥)=—qj/e if jeUT, . —o0—¢
7o it jeg, T Tte 7



which implies that formulas (2.1) and (2.2) coincide.

Moreover, in case (a),

Y osi <1+ (/NDI=a)dh <1 +ell(=a):lh
=1

and Y7 . s¢ <1 for (b) and (c) which completes the proof. O
=1

The following theorem shows that the unique solution 2°(g) of the regularized

LCP(q, M*?) is componentwise monotonically convergent to the least norm solution of
the LCP(q, M) with O(e).

THEOREM 2.3. Let 2°(q) = (s°(q),v°(q)) be the unique solution of the LCP(q, M®)
and z(q) = (s(q),7(q)) be the least norm solution of the LCP (q, M). Then for fized
q, we have limg g ||2%(q) — 2(q)|| = 0. Moreover, there are positive constants &, k1, ka,
such that for any e € (0,&),

(2.4) 0<s%(q) —s(qg) <re and 0<v(q) —7°(q) < koe.

Proof. From (e, s(q)) < 1 and s(q) > 0, we know that s(q) is bounded. When
v(q) > 0 from the complementarity conditions one must have 1 — (e, s(¢)) = 0 which
implies that there has to be an entry s;(¢) > 0 and v(q) +g¢; = 0. Hence, the solution
set SOL(g, M) is bounded.

By [8, Theorem 3.1.8], we know that z°(g) converges to the least norm solution
z(q) of LCP(q, M) as € | 0 since the matrix M is positive semi-definite.

If |(—q)4|l1 = 0, then 2¢(q) = 2(¢q) = 0 for any € > 0. Hence (2.4) holds for any
e>0.

When [|(=g)+ 1 > 0, let

. . . _ . —01+ 02
(2.5) o1= 1I§nj1£n aj, o9 = min{0, 11%1%1 ¢;} and &:= mm{l_i@, 1}.
q;#01

From [[(—q),||1 > 0, there is &g > 0 such that ||(—q),|1 > —o1 > 9. Thus, for
any ¢ € (0,8), [[(—q)+||1 > ¢ and the solution 2°(¢) has the explicit form (2.1) from
Lemma 2.2 and (—o1 + 02)/(1 — 02) < &9. Our next step is to show that a; < 0 if
and only if ¢; = oy for € € (0,£) which implies J = {j | gj=o01,j=1,...,n} and
o=Jo.

Without loss of generality assume that ¢; < g2 < --- < gp,. If ¢j = 09, then
aj =e?01 —e < 0. Conversely, when «; < 0, from the definition of {c;}, one has

(26) ajy1—j= =g+ (G +1+%)g1 — (G +%)g = (G +€°)(gj41 — ) > 0.
Hence, it suffices to show that a; > 0 for g¢; > 02. If ¢ < 1 < (=01 + 02)/(1 — 02),
then —o1 > 1 — 203. For q; > 09, recalling oo <0,

J
(27) Q; > Z(O'Q—Qi)+€20'2 —€e2> 0'2—0'1—|—E20'2 —&e>—01—1+209>0.

i=1
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If e < (=01 +02)/(1 —02) <1, then

J
2 02 — 01,9 09 — 01
ajZ;(UQ_Qi)‘Fg 0'2—6>0'2—0'1—|—(1_02)0'2— 1— o
(2.8) =270 e+ 270, 1) >0,
1—0’2 ].—0'2

Hence, a; < 0 if and only if ¢; = o1 for any € € (0,¢). By Lemma 2.2, for ¢ € (0, £),
the solution 2%(¢q) of LCP(g, M*) has the form

¥¥(q) = (=Jor =€) /(J +€2).

—E&01 2 i ] )
2.9 s§<q>{él B

The least norm solution of the LCP(g, M) is the minimizer of the quadratic program
min.>o gl|2[* subject to D z=1, 2 =0,j €T, zn1=7=—01
This least norm solution has the form (cf. the first order optimality conditions):
J7Hif jed,
2.10 i(q) = — —qgy.
(2.10) 55(9) {o i e 1(g) = —on
From (2.9) and (2.10), we easily see that
0 < s5(q) —s5(q) < (—o16)/J?, forj=1,...,n,
and
0<7(q) =7 (q) < (1 —ea)(e/]) < (1 —a1)(e/ ).
Hence (2.4) holds with 1 = (—0y)/J? and kg = (1 —01)/J. O

THEOREM 2.4. For any fized q, if ||(—q),|l1 > O then there is € > 0 such that for
any € € (0,8), z° is differentiable at q. Moreover, if mini<i<n, ¢; = ¢i, s unique then
there exists € > 0 and a neighborhood Ny of q such that for any e € (0,€), ¢ — 2°(q)
is linear on Ny. When z° is differentiable at q, one has

(2.11) V2¢(q) = —(I — D+ DM*®)"'D,
where D is a n X n diagonal matriz with diagonal entries

g — 1 if28(q) > 0,
"7 1 0 otherwise.

Proof. ||(—¢)+||1 > 0 means there is an g9 > 0 such that ||[(—¢).|l1 > —o1 > €o.
Consider € € (0,&) with € as defined by (2.5). From (2.9),

z5(q) >0, for jeJU{n+1}
and from (2.3),

(M¢2°(q)); +q; =7"(q) +¢; >0, for jg&J.
8



Hence the strictly complementarity condition holds at 2¢(q), that is, there is no j such
that 25(q) = (M®2°(q)); + ¢; = 0. Differentiability of 2° at ¢ follows from [7, Lemma
2.1].

If there is a unique entry ¢;, = minj<;<y g;, then there is a neighborhood N of
¢ such that for any p € Ny, {i|p; = mini<j<, p;} = {i]¢; = mini<;<, ¢;}. Let

. . . . . . . . . =01+ 02
61 = min min p;, 6o = min{0, min min p;} and &= min{——F,1}.
PEN, 1<j<n PEN, 1<i<n 1—09
pj#o

Then for any ¢ € (0,€), the strictly complementarity condition holds at 2¢(p) for any
p € Ny. Using [7, Lemma 2.1] again, we find that z° is differentiable at p and the
derivative V2z¢ in (2.11). Hence, 2° is a linear mapping on N. O

Remark. For any fixed ¢ > 0, M® is positive definite. Hence for any ¢, the
LCP(q, M?) has a unique solution z°(q) which defines a globally Lipschitz contin-
uous function z° on R™™' [6, 8]. Moreover, by [7, Theorem 2.1], we know that 1/
is a Lipschitz constant of the solution function z¢. The solution function s°(g) can
be considered as a smoothing function of the indicator function 1y )(u) for any
q = (—u,1). To illustrate this, we consider the LCP (1.6) with n = 1. Then, the
(first) s© component of the solution of LCP(g, M*) is

(1+eu)/(1+¢€?) ifu>e,
s5(q) =< ufe ifu € (0, €],
0 ifu <0.

It is worth noting that for any fixed u

. 1 ifu >0,
L(0,00) (1) = lime0 5%(q) = { 0 otherwise.

Moreover, the solution 2°(q) of the regularized LCP can be used for the set-valued
constraints. In particular, when n = 1,

1 ife=o(|u]),

(2.12) Lim, 0.0 5°(g) = [0,1] and  limy,jo.p05°(q) = { 0 if |u] = o(e).

Continuous approximation functions have been used to approximate the indicator
function in the study of chance constraints [11, 12, 16]

PTOb{C({,iU) < 0} = [E[]]-(—oo,O)c(ga (E)] < a,

where ¢ : 2 x IRY — IR and « € (0,1]. However, these continuous approximation
functions cannot easily be implemented to the vector-valued constraints case [10, 14],

Prob{c;(§,2) = max ¢;(§, z)} = [[ﬂ{maX1§i§n Ci(&z)}cj(f,x)] =b;, j=1,...,n,

1<i<n

¢; tExIRY - R and b; € (0,1], j =1,...,n. The LCP approach and its solution
2°(q) of the regularized LCP has the ability to deal with vector-valued constraints.

3. Convergence analysis of the SAA regularized problem. In this section,
we study the convergence of the SAA regularized method. The objective function of
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all three problems (1.4), (1.8) and (1.9) is f(z) = 3 (x, Hz)+ (c, z), their feasible sets,

D:{xeXlAt[E[St(va)]abtv t:]-v"'?T}v
D" ={z e X | |Ak[s; (& x)] = bel| <7(e), t=1,....T},

£ 1 N I3 7 A~
Dy ={reX ||Ag D  si(€x) bl <ieN), t=1..T}
and their solution sets,
X* = argming, f, X¢ = argminp. f, X5y = argmin e I

B2 = {y||ly|l < e} will always denote an open ball centered at 0 with radius e (in IR"
or IR”) and B, the corresponding closed ball.

In Subsection 3.1, we derive the convergence of X¢ to X* as e | 0, in Subsection
3.2 we obtain the convergence of X3, to X° for any fixed ¢ > 0 as N — oo and
proceed to deduce the convergence of the solutions of the SAA regularized problems
by showing the convergence of X3, to X* as ¢ ] 0 and N — oo.

Denote by d(v,U) = inf,ev ||v — u|| the distance from v to a set U C IR™ and
for U,V C IR", the excess distance of the set U on V and the Pompeiu-Hausdorff
distance between U and V by

¢(V,U) = sup,cy d(v,U) and h(U, V) = max (e(V,U),e(U,V)).

3.1. Problems (1.4) and (1.8). Here, we show the convergence of X< to X* as
€ J 0. For simplicity’s sake, in this section and next one, we drop the index ¢ and set
A= A, S = 5S; and so on. Moreover, we use z°(¢q) and 2¢(§, z) to denote z°(q(&, x))
as well as their components s° and ~°.

Remember that the solution set {z°(&, z)} = SOL(q(&,x), M*) is a singleton and
the solution set Z%(¢, ) = SOL(q(&, z), M) is convex and bounded for any (£, ). By
Theorem 2.3, for every (&, z), one has

tim (6. 2) = °(6.)]| = 0,

where z°(¢, ) is the least-norm solution of the LCP(q(&, z), M), implying the point-
wise convergence

(3.1) lime o d(2°(¢, ), Z°(&,2)) = 0.

However, from our Remark at the end of the previous section, we already know that
for some particular choices of g | 0, 2% — x, 25+ (£, %) may not converge to z°, the
least-norm solution of LCP(¢(&,x), M). Our predominant motivation, however, is to
show that the solutions of the approximating problems converge to the solutions of
the given problem and, in the process, establish the convergence of the feasible sets
D* and solution sets X° to D and X*. To do this, we are naturally led to study
of the graphical convergence of the functions z° as € | 0 rather than their pointwise
convergence.

In first part of the arguments that follow, £ remains fixed and thus it will be
convenient to usually ignore the dependence, on &, of the functions u, ¢ and the asso-
ciated solutions functions 2° = (s%,~°) and the solution set Z°, only the dependence
on the pair (z,¢) is relevant.
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First, we review the definition of graphical convergence [15, Definition 5.32] of
the function 2° as ¢ | 0. Let N = {1,2...} be the set of natural numbers, NZE =
{all subsequences of N } and N, = {all indexes > some k}. We use (z*,¢y) -

(z,0) to denote ¢i, | 0 and ¥ — 2 when k € N.
DEFINITION 3.1. For the mappings z¢ : X — IR"™', the graphical outer limit,

denoted by g-limsup, 2 : X = R™ is the mapping having as its graph the set
Limsup, gph 2°:

g-limsup, 2°(x) = {z|IN € NZ, (z*, &) — (2,0), 2 (%) —z}.

The graphical inner limit, denoted by g-liminf, 2° is the mapping having as its graph
the set Liminf, gph z¢:

g-liminf, 25(z) = {z| 3N € N, (zF,e1) — (x,0), 25 (z*) —z}.

~
If the outer and inner limits coincide, the graphical limit g-lim, 2° exists and, thus,
70 = g-lim, 2¢ if and only if

g-limsup, 2° C Z° C g-liminf 2°
€

and one writes 2° 2 Z°; the mappings z° are said to converge graphically to Z9.

THEOREM 3.2. If, given &, x — u(&,x) is continuous on X then, g-limsup, s¢ C
SY as well as g-limsup, 2° C Z°. If u(¢,-) is also surjective, then the functions s
converge graphically to S°, that is,

(3.2) s° 25 80 as well as 25 25 Z2°.

Proof. Remember, throughout the proof, £ € = remains fixed. For a subsequence
N € NZ, let (2%, ep) — (x,0) with e, | 0, uf = (g, 2%), ¢F = (—u) 1), 2F = 25 (¢)
and suppose z* ~ 20 for any pair (£, 2%), the vector 2* is uniquely defined, cf. Lemma
2.2. Moreover, for any ¢, > 0, LCP(¢*, M**) has a unique solution z*(¢, z%) =
(s¥,4%*) that is also a unique solution of the system of (continuous) equations:

Min [z, Mz +¢*] =0,
where “Min” has to be understood componentwise. Hence, with A% = M¢*, one has
0 = limg Min [2¥, M*2*+¢*] = Min [limy, 2%, limy M*2*+¢"*] = Min [2°, M2%4q(¢, z)]

which means z° € Z° and consequently g-limsup;, z¥ C Z° and, in particular, the

same applies to the first n-entries of the z* and 2°, i.e., s° € S D g-limsup, {s*}.
We now concern ourselves with the second assertion of the lemma. For z € X,
let (%) = (s(2),7(2)) € Z°(&, ). We need to show that z(Z) € g-liminf_{z°}. The
surjective property of u(¢,-) : X — IR™ implies that for any ¢* = (—u*, 1), there is
z* € X such that ¢F = (— u(@xk), 1). Let ¢ = (—u(&,z),1), Z = 2(¢) and show that

(3.3) IN € N, (¢F,28) = (§,0), 2(¢F) = 2% = 2 = 2(g).

Let no = maxi<i<n(ui(§,z) = —§;). To prove (3.3), we examine all three cases:
79 > 0, o = 0 and ny < 0.
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Case 1. 19 > 0. Without loss of generality, assume

(3.4) GhL==q4; <G, i=J+1,....,n, and s1(q) >...>ss(q)
which implies

Y osil@) =1, 5i(4) >0, i=1,....J, s(§)=0, i=J+1,....n,

i=1
and v(q) = ¢1. Choose a sequence ¢y, | 0. Then, for some k,
(3.5) Vk>k, J(Gr41—G1) +e2Grp1 —er > 0and — G > e,
which implies 19 > €. Let

af = @ — Niew, with X, = (Jsi(@) —1)/J, i=1,...,J,
@& =g,i=J+1,...,n.

From (3.4) and ¢¥ = §; — ik, one obtains
<. < <qted V< —moter<0.
Note that, since Zfi]:l A =0,
J J
I(=a")+1h = > —aF = =Ta +e > A =—=J@ > o > ey,
i=1 i=1
Now, apply Lemma 2.2(a) to obtain the solution z°*(¢*) for k > k.
Since ¢ = -+ = ¢y = —n), from g < 1o, E;}:l)\i =0and —J ! <A; <0,
045 = 5%(@1 — )\']Ek) — J)\J&?k — &k S 0.
Moreover, from (3.5), we obtain
oy =J(@r1 — @) +erqui1 — ek > 0.

Using of < ... < aF for k > Fk, yields

J J
=" =T = New=Ja, k>k
i=1 =1

and for k > l;:,
J1 — 2) (G -\ JN\; d1 — \; 1
sfk(qk) _ Ji — (J + €)@ - €k) + ek _ + k(@ . €k) + i=1,...,J
' Jey + &3 J+ej
and

8?"((1’“) =0, i=J+1,...,n.
12



When k& — oo, si*(¢") — N+ J71 = si(q), for i = 1,...,J s5*(¢*) — 0, for
i=J+1...,n and 77 (¢") = (0" — &) /(T +€}) = @ = 7(q) e, s7(¢") — s(q)
and 2% (¢*) — 2(q).

Case 2. 19 = 0. Without loss of generality, assume
(3.6) 0= =..=G;<Gg,i=J+1,....,n, and s1(q) >...>s5(q)

which implies that

J
Z_flsi(q)gl,si(q)zo, i=1,...,J and s;(§)=0, i=J+1,...,n.
Choose ¢ | 0 and let
@ = —si(@)ex, i=1,...,J and ¢"=¢G, i=J+1,...,n.

Since Z;']=1 si(¢) <1, one has ijl(qu) =&k Z%]=1 5;(q) <epand ¢f =G > 0,i =
J+1,...,n. Now, apply Lemma 2.2(b) to obtain the solution

s(q") = (si(@er)/ex, i=1,...,J and s;(q) =0, i=J+1,...,n.
Obviously, when k& — oo, s5%(¢*) — si(g), i = 1,...,n, and ¥ = 0, entailing
2 (q%) — 2(Q)-

Case 3. 19 < 0. In this case 2(§) = 2°*(¢*) = 0 for ¢* = § and &5 > 0.
Together, cases 1-3 in the second part of the proof, yield Z° C g — limsup, 2°.
Combining the two parts of the proof, yields z°¢ 25 7% and ¢ -5 5°. 0O

Note that when the set {j | u; (&, ) = maxi<i<, ui (€, x))} is a singleton, then both sets
{s5(&,2)} and SO(&, x) are singletons. In such a case, g-limsup, s°(£,z) = S°(¢, x).

THEOREM 3.3. Assume u : = x X — IR" is continuous and bounded, then
e(D?,D) -0 aselO.

Proof. Let z¢ : 2 x X — IR"™ be the single valued function and Z : Z x
X = R™*! be the set-valued function such that for any (¢, ), 2°(&,z) is the unique
solution of LCP(¢q(§,x), M) and Z(&,x) is the solution set of LCP(q(&,x), M). By
Theorem 3.2, g-limsup, 2¢ C Z°.

Let &1, | 0 and 2% € D®*. We establish that any cluster point, say Z, of {z*}, is in
D. From the boundedness of ¢ and Lemma 2.2, we know that s+ (¢, z¥) is bounded.
Hence,

(3.7) lim E[s% (&, 2%)) = E[lim 5% (€, 2°)] € E[S(&, 7)),

where the equality comes from the Dominated Convergence Theorem and the inclusion
from Theorem 3.2. The sequence {e;} being arbitrary, (3.7) implies

g_hmsups E[Sg(éa I)] g [E[S(£7 l’)]
From z¥F € De*, 2% € X, AE[s% (&, 2%)] + BY(,) 2 b, X compact and [15, Theorem
5.37], one has Z € X and AE[S(&,Z)] 2 b, i.e.,Z € D and e(D*,D) - 0ase 0.0

ASSUMPTION 1. For any ¢ > 0, there exists an € > 0 such that for any € € [0, ],
DN (X* +Bs) #0.
13



THEOREM 3.4. Suppose Assumption 1 holds and q is bounded. Then we have

(3.8) lim, o mingepe f(z) = néig f(z)
(3.9) Limsup argmin f(z) C argminf(z)
el0  zeDs zeD

Proof. The objective function f is a quadratic convex function and independent
of . We need only consider the limiting behavior of the feasible set D¢ as € | 0.

Define a set-valued mapping D : [0,&] = IR"™ with D(¢) = D® and D(0) =
D. Since for every ¢ € [0,&], D and D are closed, D is a closed-valued mapping.
Moreover, by Theorem 3.3, D is outer semicontinuous or, equivalently [15, Theorem
5.7], gphD is closed.

Note that D¢ C X for all € > 0 and X is compact. Hence, from Assumption 1,
we obtain the assertions (3.8) and (3.9) from [5, Proposition 4.4]. O

Theorem 3.4 means that under Assumption 1, the optimal value function v, :=
mingecp- f(x) is continuous at € = 0 and the optimal solution set X¢ is outer semi-
continuous at € = 0. Assumption 1 is related to Robinson’s constraint qualification
and often used in perturbation analysis of optimization problem [5]. In the following,
we present a sufficient condition for Assumption 1, and the existence of solutions of
the MPSLCC (1.4), the regularized problem (1.8) and its associated SAA problem
(1.9).

For a fixed feasible solution & of problem (1.4), let’s define

o1(§) := min ¢;(§, 2), o2(&) := min{0, min  ¢;(§,2)},

1sisn 06330 ()
and
Ee i ={{ €E|02(§) —01(§) 2 (1 +70) or o1(§) =0},
where 7y := —minge={01(£),0}. By the continuity of u, the functions oy, o2 and

o9 — o1 are continuous on =Z. Note that the measure P(Zy) = P(E) and P(Z.) is
continuous at € = 0 when the density function is continuous or the support of & is
finite, i.e., |Z| is finite. Hence there is a continuous function 7 on the interval [0, £] for
sufficiently small £ > 0 such that

(3.10) P(E:) 2 1-7(e), with limi(e)=0.
THEOREM 3.5. Assume that there exists a feasible solution & of problem (1.4)
such that AE[s(€,2)] = b and z(&,2) = (s(&,2),7(&,®)) is the least norm solution

of the LCP(q(&,%),M). Then problems (1.4) and (1.8) are solvable with r(e) >
n||Al|(roe + 27(¢)), where 1o = —minge={01(§),0}. Moreover,

(3.11) mingep f(z) < lirri%nfminmeps fx).

If the feasible solution & is an optimal solution, then Assumption 1 holds.
14



Proof. For any & € Z, the solution set of the LCP(¢(&, %), M) is bounded. From
Theorem 3.1.8 in [8], the solution 2°(&, %) of the LCP(¢(&, ), M*®) converges to the
least norm solution of LCP(¢(¢, %), M) as € | 0.

To show & € D¢, we first prove that for any ¢ € (0,1),
(3.12) 0<s°(2)—5(&2) < (roe)e, for VEe€E..
We prove (3.12) by consider two cases: 01(§) < 0 and o1(£) > 0.
Case 1. 01(€) < 0.
Since 01(€) < 0, by definition of 1 (§) and o2(§) above, we know that

02(§) —01(§) _ 02(§) —01(§)

e < ,
1+T0 - 170'2(5)

V€ € E..

Let us define

J(€) ={jlg;(&#) =01(§),7=1,...,n} and J(&) =[T ()]

Following the proof of Theorem 2.3 (See (2.5) and (2.9)), we can show that the solution
z5(&,2) of LCP(q(&, &), M®) has the following form

Len@ i e g(),

(3.13) 85(57:%)={ Joit L7l —J(E)oi(§) — e

75(57‘%) = J(é) +€2

The least norm solution 3(§, #) = argmin,cg(¢ 7 [|yl|2 is the first n-components of the
least norm solution of LCP(¢(&, &), M¢), which has the form

N B > S Y NIV A (SN
sj(g’x)‘{ 0 i e e

Hence, for £ € =., we derive

V(& &) = —01(§).

(e B) — 5 (€. l—ceoi(§) 1 —eo1(§)
I O E A GG

< —60’1(&) < TOE.-

For case 2, it is easy to show that the solution 2°(¢, &) of LCP(q(&,Z), M€) has
the following form

zj(f,:fs) =0,j=1,...,n+1,
and it is just the least norm solution of LCP(q(&, %), M), which means s5(&, %) —
5:(&,2)=0.
Combining cases 1 and 2, we have (3.12).
Now, for sufficiently small ¢, we consider the expected value
|E[s°(&, %) — (&, 2)]|
B[l gen, (576 3) — 5(6.8)] + EL g e, (5°(6,2) — 5(€,2)]
< (10e + 27(2))e,
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where the last inequality uses the explicit form s¢(£, ) in Lemma 2.2, and (3.10) with
0<s%(,2) <2e0<5(& 1) <eand

|SE(€7§3) - §(§7;ﬁ)| < max{sg(f,:%), 5(67‘%)} < 2Ze.
Hence, we have
| AE[s*(&, 2)] — bl| = |AE[s"(&, 2) — 5(&, 2)][| < [|Alllle]|(roe + 27(€)) < r(e),

which implies that & € D®.

Since problems (1.4) and (1.8) have the same objective function that is continuous,
the feasibility of the two problems implies their solvability.

If £ € X*, then Assumption 1 holds from € D®. O

Remark. The set-valued constraints in (1.2) can also be approximated by a sequence
of equality constraints via regularized quadratic programs with unique solutions for
fixed € > 0:

max, (Y, u) + ey, y) subject to (e,y) <1, y > 0.

However, the solution of the KKT-conditions is not unique and the peremptory results
can’t be derived from the ‘regularized’ system

Min [z, Mez + q(&,z)] =0,

el e
—e 0
novel idea in Theorem 3.2 is that we use the well-established theory for monotone LCP
to derive the required properties of the regularized solution of 2z° and, in particular,
its first n-components s°.

where M¢ = is positive semi-definite and [ is n X n identity matrix. The

3.2. Problems (1.4) and (1.9). In this subsection, we consider the convergence
of the solution set X% of (1.9) to the solution set X* of problem (1.4) as ¢ | 0 and
N — oo. First, we consider the convergence of the solution set X%, of problem (1.9)
to the solution set X< of problem (1.8) as N — oo for a fixed ¢ > 0. Next, we use
this convergence result with Theorem 3.4 to derive the convergence of X5, to X* as
el 0and N — oo.

Let v, and v be the optimal values of problems (1.8) and (1.9).

ASSUMPTION 2. There exists a measurable function C : Z — (0,+00) such that
E[C(€)?] < oo and

[u(€, ) —u(& D)|| < CE)llx — 2|

for all x,;x € X and P-almost every £ € =.

PROPOSITION 3.6. Let #(g, N) :=r(e)+cN ", where 7 € (0, %) and c is a positive
constant. Suppose that the samples are iid and Assumption 2 holds. Moreover, there
is n such that ||(u(&,2))+]1 < n forx € X, € E. Then there exists an £ > 0 such

that the following statements hold for any e € (0, &].

(i) For N sufficiently large, D¢ C D%;;
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(i1) For any A > 0 there exists a sufficiently large Na such that h(D®, D3) < A
holds w.p.1 for N > Na;
(iii) v5y — ve and e(X5, X¢) = 0 w.p.1 as N — oo.
Proof. (i) Since X is a compact subset of IR”, by the continuity of u(, ), 2°(&, -) is
globally Lipschitz continuous on X for almost every £ € =. Moreover, by Lemma 2.2,
|22 (-, )|l < 14en. Then by the classical uniform law of large numbers ([17, Proposition

7, Section 6]), we have % Zf\;l s°(€', z) — E[s°(€, x)] uniformly w.p.1 as N — oc.

By the Remark following Theorem 2.4 and Assumption 2,

(6 ) ~ (6. D) < 1 (6, 2) — u(6, 2] < 2C(©lz 2l

and E[C(£)?] < oo. Moreover, for all £ € Z, s°(£, ) is uniformly bounded. Then
the mean and variance of random variables s¢(§, x) are finite for all z € X. By [17,
Chapter 6] and the functional central limit theorem [2, Corollary 7.17],

b
VN

By Assumption 1, D? # (. Then for all x € D?, there exists sufficiently large Ny,
such that, when N > N,
(3.14)

).

1L
N L)~ Bl € 0) ‘ = 0

|FAst s —p < | AT (€ 0) - AE(6 )] + A (6,2)] —
< | FADL 5 (€ 2) - AB[sE (€ )] +(e)
< eN77+r(e)
= #(g,N)

w.p.1, which implies that x € D%, w.p.1.
(ii) Let A > 0 and

6) = nt (BT (€ @) b~ ()

By the compactness of X and the continuity of s°(&, -), we have 6(A) > 0.
Let Na be sufficiently large such that

L 0)

sup 5

zeX

1 s .

and cN77 < @. For any point € X with d(z, D¢) > A, we have
| AE[s*(§, )] — bll = r(e) +6(A),
which implies

1EAYN, s (€, x) — bl

> |AE[ (€ 2)] — bl| - | F ALY, 5°(6',0) — AE[ (€, )]
(319) > () +0(a) - 2

> r(e)+cN™T

= #(g,N).
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This shows that = ¢ D%,. Hence for any x € DY, d(z, D?) < A, which implies
e(Dy, D%) < A.
Combining the above result with Part (i), we have h(D?, D%;) < A w.p.1 for N > N.

(iii) We apply [5, Proposition 4.4] to prove this part.

Since problems (1.8) and (1.9) have the same convex quadratic objective function
which is independent of € and £, we only need to consider the limit behavior of the
feasible set D5 as N — oo. Let

N
G.(z,N) Z z)—b||—r(e) =N

Z\H

Since %Zi\; s°(&%, x) — E[s°(&,2)] uniformly on X w.p.1 as N — oo, G.(z,N) —
|AE[s®(&,x)] — b|| — r(¢) as N — oo uniformly on X w.p.1 and continuous w.r.t.
x € X. Hence for any = € X,

Impy_ oo zmz Ge (2, N) = ||AE[s°(€, )] — b]| — r(e),

which implies that the feasible set map D3 with respect to N is closed P-a.s.for
sufficiently large N. By part (i) of this proposition, D* C X and D5, C X are
nonempty for sufficiently large N. Moreover, from part (ii) of this proposition, we
have h(D=, D%;) — 0 which implies that for any neighborhood Vx- of X¢, there exists
a sufficiently large Ny such that for all N > Ng, Vx- N D5, # (). Hence all conditions
of [5, Prpposition 4.4] are satisfied, and thus we derive v5, — v, and e(X%, X¢) — 0.
0

The proof of part (ii) of Proposition 3.6 is motivated by the proof of [18, Lemma
4.2 (1)].
Now, we are ready to present the convergence of X3, to X* ase | 0 and N — oo.

THEOREM 3.7. Suppose the conditions of Theorem 8.4 and Proposition 3.6 hold.
If the feasible set D is nonempty, then X5, is nonempty and

1 lim 1 X5, X*) = p.1.
(3.16) ;ﬁlegnooe( N XT)=0 wp

Proof. Since,
0 I SR AT < g i oK X g i el X0
=1im0 + lime(X., X*) w.p.1
lim +Elﬁr)1®( & X") wp

=0 w.p.l,
the assertion now follows directly from Theorem 3.4 and Proposition 3.6. O

4. The pure characteristics demand model. One important application of
problem (1.1) is to estimate the parameters of the pure characteristics demand model
proposed by Berry and Pakes [3]. Although the model has several advantages in
describing markets, it faces serious challenges and difficulties in estimating some key
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parameters when relying on the generalized method of moments (GMM). Pang, Su and
Lee [14] reformulated the GMM estimation problem of the pure characteristics demand
model as a computationally tractable quadratic program with linear complementarity
constraints; the reformulated GMM estimation problem can be thought as a special
case of problem (1.1). To illustrate our SAA regularized approach and the convergence
results established in §2 and §3, we consider an example of the pure characteristics
demand model:

e T is the number of markets and n the number of products in each market.
e The utility function of product j in market ¢ is:

(4.1) us(§,x) = (&1, 21, 12) — (€2, 13)ps + Tat,
where ¢;j; € R™, ¢, = (c1yy ..., cnr) € RVE ) 2y, € R™,
1= (2T, ..., 2T) e R xp, 03 e RE 2y € R, 2 = (21,...,24) € R,

Here & = (£,,&,) : @ — E C IR’ represents a consumer (or, more precisely, a
consumer’s behavior), which is described as a random vector and &, &, are
independent and satisfy standard normal distribution as in [14].

B(€1, w2, 73) = x2 + 2361 and (b2, z4) = exp(w4é2).

For product j in market ¢, we use c;; € IR” to denote the K observed product
characteristics, p;; € IR denotes the observed price, and (z1;); € IR denotes
the demand shock or errors which is not available in the data. We assume
that X :={z: 2z <z <z} for given z, € R” and v = 2K + nT + 1.

e Consumer £ chooses to purchase product j in market ¢ if and only if

ujt(fv 517) Z 121%L{uit(£7 il'), 0}

e b; = (bjt)}—; with bj; the observed market share of product j in market ¢.

The GMM estimation problem is aimed at finding optimal parameters by minimizing
the model error, ||z subject to the generalized market share equations

[[Sf(f,x)] Bbt, t:].,...,T,

which can be expressed as a quadratic program with stochastic equilibrium set-valued
constraints in the following form

mingex 3(x1,21)

1
2
(4.2) subject to E[S:(&,2)] Db, t=1,...,T,

where Sy (€, x) consists of all the solutions of the linear program:
max { {y, ue(€,@)) | (e,y) < 1,y 2 0}

Obviously, the GMM estimation problem (4.2) is a special case of problem (1.4).
We can apply the SAA regularized method to handle the problem. The convergence
results established in §3 are applicable. Specifically, the regularized problem of (4.2)
is:

(4 3) minzeX %<$17‘/L’1>
' subject to  ||E[s§(&,2)] — be|| < 7r(e), t=1,...,T.
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Let {(&,€5),i = 1,...,N} be iid observations of (£&;,€,). The SAA regularized
problem then reads,

mingex 3 (w1, 21)
(44) . 1 N i ~
SubJeCt to ||ﬁ Zi:l 5?(&17x)*bt” Sr(ng)a t=1,...,T,

where (sf (& )75 (&, a:)) is the unique solution of LCP(¢:(&, z), M*):

(4.5) 0 < (Z/)J_ M€<z>+(_“t(f’x)> >0

for some 7§ (£,xz) € IR. Let us consider a particular case with T'=1, n = 2, K = 1,
v = 5. For simplicity’s sake, we omit ¢ in what follows. Set b = (%7 %), c=(2,3),
p=(1,2), 70 =1, r(e) = 2rpe, #(e, N) = r(e)+N~3, £ = 2, £, and &, are independent
and satisfy standard normal distribution. We choose z;, = —1,7; =8, =1,...,5 and
initial point xg = (1,1,1,1,1). It is easy to observe that there is an optimal solution
z* =1(0,1,0,0,0) at which the optimal value is 0, since

B(flax;wx;) = ZL’; + x;fl = 17 a(§27xz) = EXp(xZ§2) = 13

and

U(f,l‘*) = Cﬁ(fl,.ﬁ;,l‘;) - O‘(§2’$Z)p + T4 = (17 1)’

which implies the solution set of (1.5) is S(&,2*) = {(A\,1 = X)|[0 < X < 1} for all
¢ € E. Especially, the constraint E[5(€,z*)] = b holds with the least norm solution

2(&,2%) = (5(5,27), v(&,27)) = (1/2,1/2,1).

Moreover, using this optimal solution z* as a feasible solution for defining 7(¢) in
(3.10), we obtain 7(¢) = 0 and r(¢) = 2¢ in Theorem 3.5. Hence, by Theorem 3.5 and
Proposition 3.6, problems (4.3) and (4.4) are solvable and Assumption 1 holds at z*.
The conditions of Theorem 3.7 are satisfied which means our convergence results hold
for this problem.

The tests were carried out in MATLAB 8.0 installed on a IBM Notebook PC
with Windows 7 operating system, Intel Core i5 processor. We used the Matlab
solver ”fmincon” to solve problem (4.4) with different values of ¢ and N, where the
closed form of s¢(¢% x) derived in Lemma 2.2 has been used in our calculations.
We report numerical result for ¢ = 0.2,0.1,0.05 and N = 500,800, 1100, 1400. For
each combination of ¢ and N, 35 independent test cases were carried out, each of
which solves the SAA regularized problem and yields an approximating solution z%;.
Moreover, we use

1 &,
error(zy) = Hﬁo Z s*(§" z) — bl
i=1

to measure the infeasibility of %, with a large sample size Ny = 10000 > N, where
24 (&, x2%) = (s*(&,2%), 7" (&, 2% )) is the least norm solution of the LCP (1.5). Table
4.1 presents the means of errors of the approximation solutions and the means of
the optimal values of problem (4.4). The table shows the downward trend of the
errors when the value of € gets smaller and the sample size N increases and that the
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approximation optimal values are almost 0. In Figures 4.1-4.3, we use "boxplot” in
Matlab to show the convergence trend of the error when the sample size N increases.
Each box in the figures displays the range of errors of the computed solutions generated
from 35 independent tests, where the central mark is the median and the edges of the
box are the 25th and 75th percentiles.

TABLE 4.1
The means of errors and optimal values with different ¢ and sample size

N 500 800 1100 1400
5 error fval error fval error fval error fval
0.2 0.0418 | 0.0005 | 0.0327 | 0.0000 | 0.0319 | 0.0000 | 0.0273 | 0.0003
0.1 0.0349 | 0.0004 | 0.0291 | 0.0005 | 0.0278 | 0.0002 | 0.0244 | 0.0010
0.05 0.0342 | 0.0012 | 0.0248 | 0.0008 | 0.0255 | 0.0007 | 0.0234 | 0.0007

Error

| .
% w0 T
Sample Size N

F1G. 4.1. error(z%;) when € = 0.2.

Error

— .

50 a0 100 Ta00
Sample Size N

F1G. 4.2. error(z%;) when € = 0.1.

5. Concluding remarks. Mathematical programs with set-valued stochastic
equilibrium constraints (1.1) provide a powerful modeling paradigm for many impor-
tant applications, in particular, in economics. For example, for the estimation of pure
characteristics demand models with pricing. However, existing optimization methods
with the sample average approximation become intractable for solving such problems.
Recently, Pang et al. [14] proposed a mathematical programming with linear comple-
mentarity constraints (MPLCC) approach for the pure characteristics demand model
with a finite number of observations. Their approach provides a promising computa-
tional method to estimate the consumer utility under the following condition:

21



Error

- !
- —

| . | . | \
% w0 o0 o
Sample Size N

FIG. 4.3. error(z%;) when e = 0.05.

Condition 1 In any market ¢, the optimal choice of each individual consumer is
guaranteed to purchase just one single product in each &-environment.

Condition 1 and the use of a corresponding basic solution with a finite num-
ber of observations can be expresses in terms of mathematical program with linear
equilibrium constraints (1.3). This paper is motivated by the MPLCC reformulation
proposed by Pang et al [14]. Our main contributions are as follows.

(i) Remove Condition 1. We believe removing Condition 1 is important for real
applications in economic. Consider just a simple case with one market and two prod-
ucts. If the value of utility function of the consumer for the two products satisfy
u1(€,x) = ug(&,2) > 0, the probability that the consumer buy the two products
described as a solution s1(&,z) and s2(§,x) of (1.2) satisfy s1(§,x),s2(&,2) > 0,
s1(&, ) + s2(&, ) = 1. Under Condition 1, the consumer should buy just one single
product. Which solution should the consumer choose with probability one? If we
consider s1(&,x) and s2(€, z) as the probability that the consumer buy the products,
then the answer is most likely s1(&, ) = s2(&, @) = 3, which is the least norm solu-
tion of (1.5). Using graphical convergence for set-valued mappings [15], we can remove
Condition 1.

(ii) Develop the SAA regularized method. To handle the set-valued mapping in
(1.1), we develop an efficient SAA regularized method using (1.8) and (1.9) which
replaces the set-valued mapping by a single valued function. Problem (1.9) is a math-
ematical program with a convex quadratic objective function and globally Lipschitz
continuous inequality constraints. Moreover, we derive a closed form of the solution of
the regularized LCP (g, M¢), which is useful for numerical computation and theoretical
analysis. We show that a sequence of solutions {z5 } of the SAA regularized stochastic
MPSLCC (1.9) converges to a solution of problem (1.4) as ¢ | 0 and N — oo.
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