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Abstract

Image restoration problems are often converted into large-scale, nonsmooth and non-
convex optimization problems. Most existing minimization methods are not efficient for
solving such problems. It is well-known that nonlinear conjugate gradient methods are
preferred to solve large-scale smooth optimization problems due to their simplicity, low
storage, practical computation efficiency and nice convergence properties. In this paper,
we propose a smoothing nonlinear conjugate gradient method where an intelligent scheme
is used to update the smoothing parameter at each iteration and guarantees that any accu-
mulation point of a sequence generated by this method is a Clarke stationary point of the
nonsmooth and nonconvex optimization problem. Moreover, we present a class of smooth-
ing functions and show their approximation properties. This method is easy to implement
without adding any new variables. Three image restoration problems with different pixels
and different regularization terms are used in numerical tests. Experimental results and
comparison with the continuation method in [M.Nikolova et al, STAM J. Imaging Sciences,
1(2008), pp.2-25] show the efficiency of the proposed method.

Keywords. Image restoration, regularization, nonsmooth and nonconvex optimization,
nonlinear conjugate gradient method, smooth approximation, potential function

AMS subject classification. 65F22, 65F10, 65K05

1 Introduction

The image restoration problem is that of reconstructing an image of an unknown scene from an
observed image. This problem plays an important role in medical sciences, biological engineer-
ing and other areas of science and engineering [1, 4, 31]. The most common image degradation
model can be represented by the following system:

b= Az +n, (1.1)

where 7 € R™ represents the noise, A is an m x n blurring matrix, z € R"™ and b € R™
are the underlying and observed images respectively. In many cases, A is a matrix of block
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Toeplitz with Toeplitz blocks (BTTB) when zero boundary conditions are applied and block
Toeplitz-plus-Hankel with Toeplitz-plus-Hankel blocks (BTHTHB) when Neumann boundary
conditions are used [22].
Technically we are not solving (1.1) since 7 is unknown. We are instead solving
min ||b— Az|.
zeR?
Solving this problem alone will not get a satisfactory solution since the system is very sensitive
to the noise and lack of imformation. The following smooth least square problem:
in ||b— Ax|3 Dz|3
min [|b— Azl + || D]z,
is often used, where D is an operator and [ is the regularization parameter that controls the
trade-off between the data-fitting term and the regularization term. For the regularization
term, there has been a growing interest in using /; norm [6, 15, 23]. The I; solution tends to

have better statistical properties than the ls solution. In [13], Fu et al considered the mixed
{9 — l1 norm form:

min b~ Az + 5 Dol (12)
and the [ — {1 norm form:
min [|b— Az|jy + B]| Dall1. (1.3)

These two minimization problems are convex but nonsmooth. In [24], Nikolova et al considered
the following more general form:
min O(b — Azx) + fP(z), (1.4)
TER™
where O forces closeness to data and ® embodies the priors. The mixed ls — I3 norm form
(1.2) and the I3 — I3 norm form (1.3) are special forms of (1.4). Minimization methods for
these forms were proposed in [13]. However, (1.4) can be nonconvex and nonsmooth. A class
of regularization functions is of the form

o(x) = 3 p(dl ),
=1

where ¢ is called a potential function and {d;,--- ,d,} is a set of vectors of R™. The role of ®
is to push the solution to exhibit some priori expected features, such as the presence of edges,
smooth regions, and textures. As proven in [23], although convex potential functions such as

©(t) = [t| are often used for the regularization term, nonconvex regularization functions such
altl

as p(t) = ———
#) = T o

For this reason, many image restoration problems are often converted into nonsmooth, non-

with o > 0 provides better possibilities for restoring images with neat edges.

convex optimization problems. Moreover, the optimization problems are large-scale because
the discretized scenes usually have a large number n = [ x [ of pixels. Several efficient algo-
rithms for image restoration problems are proposed in [13, 24], which use linear or quadratic
programming reformulation and interior point methods. Fu et al [13] considered nonsmooth
and convex problems, and Nikolova et al [24] considered a continuation method for nonsmooth



and nonconvex problems for arbitrary A in (1.4). The continuation method proposed in [24]
is to approximate the minimizer of the objective function. However, there is no guarantee
for the convergence of the continuation method. A drawback of these methods is the use of
4n + 2m additional variables, which makes these methods impractical for solving large-scale
problems. The aim of this paper is to present an efficient optimization method for large-scale
nonsmooth, nonconvex image restoration problems. This method ensures that from any start-
ing point in R™, any accumulation point of the sequence generated by the method is a Clarke
stationary point. Moreover, this method does not increase the dimension, which is important
for large-scale problems.

For convenience, in this paper, we first consider the following nonsmooth and nonconvex
optimization problem in an abstract form:

min f(z). (1.5)

Although large-scale nonsmooth and nonconvex optimization problems occur frequently in
practice [3, 20, 32], efficient existing methods are rare. Burke et al [3] introduced a robust
gradient sampling algorithm for solving nonsmooth, nonconvex unconstrained minimization
problem. Kiwiel [19] slightly revised this algorithm and showed that any accumulation point
generated by the algorithm is a Clarke stationary point with probability one. Encouraging
numerical results for some small problems are reported in [3, 19].

It is well-known that nonlinear conjugate gradient methods such as the Polak-Ribiere-Polyak
(PRP) method [26, 27] are very efficient for large-scale smooth optimization problems due to
their simplicity and low storage. Moreover, nonlinear conjugate gradient methods such as the
PRP+ method [17], and conjugate gradient methods with suitable line search [16, 35, 36] are
proposed, for nonconvex minimization problems which ensure any accumulation point gener-
ated by the algorithm is a stationary point. However, nonlinear conjugate gradient methods
for solving nonsmooth optimization have not been studied. Moreover, we notice that most
models of image restoration have some symmetric character in the Hessian matrix at points
where the objective function is differentiable. The methods in [16, 35, 36] do not have the
symmetric feature. To develop an efficient optimization method for nonsmooth and nonconvex
minimization problems arising from image restoration, we first present a globally convergent
nonlinear conjugate gradient method for smooth nonconvex minimization problems where the
search direction can be presented by the gradient with a symmetric and uniformly positive
definite matrix. Next, we extend the method to solve nonsmooth and nonconvex optimization
by adopting smoothing functions.

This paper is organized as follows. In the next section, we present a globally convergent
smoothing method for nonsmooth and nonconvex minimization problems. To present our
approach clearly, we first give a smooth version of this method and prove the convergence for
the case where f is differentiable. In Section 3, we present a class of smoothing functions and
show their nice approximation properties for image restoration. Moreover, we show that all
assumptions for the convergence of the smoothing conjugate gradient method hold and any
accumulation point generated by the method is a Clarke stationary point, when the method
is applied to several common models of image restoration. In section 4, we present numerical
results for three images with n x n (n = 128 x 128 to 256 x 256) blurring matrices to show
the effectiveness and the efficiency of the proposed method. Moreover, comparison with the



continuation method in [24] is reported. Numerical results show that the continuation method
in [24] can find smaller function values, and our method can obtain better psnr values with less
CPU time.

Throughout the paper, | - || denotes the lo norm and || - ||; denotes the I; norm. R denotes
the set of all nonnegative real numbers. R4 denotes the set of all positive real numbers.

2 Algorithms description
In this paper, we consider the general iterative scheme for solving (1.5):
Tht1 = T +ogpdy, k=0,1--- (2.1)

where stepsize «y, is a positive scalar and dj, is a search direction given by some formula. In
order to describe our algorithms conveniently, we divide this section into two subsections for
two cases: (a) f is smooth and nonconvex; (b) f is nonsmooth and nonconvex.

2.1 Smooth case

Based on the CG-Descent method in [16], the three-term descent method in [35], the symmetry
of the limited memory BFGS method (L-BFGS) [25, 30] and the modified BFGS method [21],
we propose a new symmetric descent nonlinear conjugate gradient method which converges to
a stationary point from any starting point for nonconvex minimization problems. We consider
the search direction

dp=4{ P i k=0, (2.2)
— gk + Brdip—1 + Opzi—1, if k>0,

where g = V f(z) is the gradient of f at xj and

8 = ghae-1 2)zallPeg i 6, — 9 dik—1 (2.3)
dg—lzk—l (df—lzk—l)z 7 dg—ﬂk—l,
T
Sk—1Yk—1
fer = vt esn, = ol +max {0, -G (24)
with
Yk—1 = gk — Gk—1, Sk—1 = Tk — Tp—1 = Q_1dg_1,

and for some constants €y > 0 and r > 0.
We can claim that (2.2) is well-defined, that is, di is finite-valued for g;_1 # 0 and ay > 0.
Indeed, since we have from (2.4) that

T T T
Sk—1%k—1 r o, Sk—1Yk—1 Sk—1Yk—1 r
S — egllgell” + T max {0, - S L > s gi > 0 (2.5)

[[sk—1]? l[sk—11]? C lIsk-1ll? ’
which implies
T Sh_1%k-1
dl oz =2 S,
Q-1

Hence G, and 6, are finite-valued and thus dj, is finite-valued.



It is worth noticing that (2.1)-(2.2) can be written as a Newton-like method

Tp41 = T — o Hygy,
where Hy = I and for kK > 1

dg—12E |+ zp_1dE N 2(| 21 |2

Hy=1-
dl zi—1 (df_ zp—1)

dp_1di ;. (2.6)

2

This means that the search direction dj defined in (2.2) can be given as
di, = —Hygx. (2.7)
This can be verified as follows. It is obviously true for kK = 0. For k& > 0, we have

di—128 19k + 2k—1d}_ gk 2|21 ||?
d;;F_le—l B (d{_lzk_l)
ziagk  2lzallPdl gk di_ 19k
i 2p-1 - (df_21-1)? m
= —gk + Brdr—1 + Okzg—1

1
E o (Tps1 — k)

—Hyge = —gr+ 5 A1 di_19n

= —gr+ ( )dk—l + Zk—1

Remark 2.1 If f is strictly convex, we can choose €9 = 0. Then from s{_lyk,l = (z —
xk,l)T(gk — gr—1) > 0, we have that ¢t = 0, and Hj, has the following well-defined version

_dk—lyﬁl*l/k—ldfq n 2|lye—1|? d

H,=1
dgflykfl (d£71yk71)2

po1di . (2.8)

Moreover, the following equality holds

Y10k QIka—1\2df_19k) g
- k=1 7T 77— Yk-1-

—Hygr = —gr + (
di_ Yk (dT yk—1)? dl yk—1

In this case, if the exact line search (ap_1 =argmingsof(xx_1 + adk_1)) is used, then we have
Vaf(zp-1 + ady_1) = gl dr—y = 0, and thus

YL 19k

di—1.
dg_lykfl

—Hygr = —grx +
This is the well-known Hestenes-Stiefel conjugate gradient method and satisfies the conjugacy
condition dl yx—1 = (—Hygr)Tyr—1 = 0, see [17]. Therefore, we call this method (2.1)-(2.2) a
nonlinear conjugate gradient method as it reduces to the standard conjugate gradient method
when f is strictly convex and the exact line search is used. However, for nonconvex functions,
(2.8) is not well-defined, because dg_lyk,l = 0 can happen. It is significate to introduce the
additional term #ps;_1 in zx_; and use df_lzk,l instead of df_lyk,l, which not only ensures
that Hj, is well-defined but also possesses the property (2.5).

The next lemma lists an important property of Hy, defined by (2.6).



Lemma 2.1. Matrices Hy are symmetric positive definite and satisfy
IH3 <2, k>1 (2.9)
Proof Obviously Hj, is symmetric. Moreover for any k > 1 and any x € R", we have

2a"di1) (%) | 2z [P (@7 dy)?
dg;lzk—l (dz;lzk—l)Z
T T 2(,.T 2
— xTx_Q(\/WZ 71> (i ) 2”%—;“ (z dk2—1)
dk‘—lzk_l (dk_lzk_l)

xTHka: = 2lx—

ﬂx

T (V2 oy 2 1oy 2l e d)?
T k—1 +H x” + T 2
dk_lzk_l \/§ (dk_lzk—l)

v

= zlz— leaz = 1”1’\\2
2 2
Hence Hj, is positive definite and its smallest eigenvalue is greater than %, which gives (2.9). O
Lemma 2.1 ensures that Hj are symmetric positive definite and satisfy ||Hygr|| > 3(lgx|-
Existing nonlinear conjugate gradient methods [16, 21, 25, 30, 35] have no such nice property.
For instance, in the conjugate gradient method proposed in [16], the search direction is given

by

2]l yk—1]?

Al uk 1dk_1dz_l.
f—1Yk—

1
di = —HH 7, 9k, where  Hrpiz, =1 — dTidk—lyg—l +
k—1Yk—1

Obviously, Hpz, is not symmetric.
Following directly from the above lemma and (2.7), we find that the search direction is a
descent direction.

Lemma 2.2. Let {x} and {di} be generated by the method (2.1) and (2.2). We have
1
dige < =5 llgxl®, k>0 (2.10)

Now we present an algorithm for smooth and noncovex minimization problems.
Algorithm 2.1.

Step 0. Choose constants €9 > 0, r > 0. Choose ¢ € (0,0),0 € (4,1),p € (0,1) and
initial point g € R"™. Let k := 0.

Step 1. Compute dj, by (2.2)—(2.4) with the chosen parameters 9 > 0, r > 0.
Step 2. Determine oy, by the Armijo line search, that is, ap = max{p°, p!,- -} satisfying

flak + p'de) < flax) + 0p' gl di; (2.11)

or the Wolfe line search, that is, oy satisfying

{ Flan + awdy) < flag) + dong] di, (2.12)

dl g(zg + ardy) > odl gg.



Step 3. Set xpy1 = xp + apdy.
Step 4. Set k:=k+ 1. Go to Step 1.

Remark 2.2 The Armijo line search and the Wolfe line search in Algorithm 2.1 are well-
defined, since the search directions are descent from Lemma 2.2.

To ensure the convergence of Algorithm 2.1, we need the following standard assumption.
Assumption A.

(i) For any & € R", the level set
S(#) ={x € R"|f(z) < f()}
is bounded.

(ii) f is continuously differentiable and there exists a constant L > 0 such that for any & € R",
the gradient of f satisfies

lg(z) =gl < Lllz —yl, =,y €S5(&). (2.13)

Assumption A is often used in analysis of convergence of conjugate gradient methods. In
the next section, we give some functions which satisfies Assumption A.

Throughout this subsection, we always suppose that Assumption A holds. We can get from
Assumption A that there exists a constant v > 0 such that all z in the level set S(z") satisfy

lg(@)[| <. (2.14)

Hence, we have

lze—1ll < lyk—1ll + trllsp—1l]
< 2llyk—1ll + collgrl" k-1l
< (2L +eollgell")Ise—1ll < (2L +€07")lIse—11l, (2.15)

where the first and second inequalities use (2.4), the third inequality uses (2.13) and the last
inequality uses (2.14).
The next result shows that dj, is bounded.

Lemma 2.3. Let {x} be generated by Algorithm 2.1. If there exists a positive constant € such
that for all k > 0,
gkl = e, (2.16)

then there exists a constant cy > 0 such that

ldi|l < collgkll, & >0. (2.17)



Proof By the definition (2.6) for Hj, we have

Az +zadi_y | 2|z ? T
AR leel™ g ar )
dip—12k—1 (dy,_12k—1)
< 2\l dp-1llzr-1ll  2llzr—1l*lldp-1]?
= lHLS
dy_12k-1 (dj,_12K-1)
< ”IH+2(2L+607’")Hdk—1\|||8k—1H Jr2(213+6077”)2||S/~c—1||2Hdk—1\|2
- eollgr—1]I"dE_ sk—1 (eollgk—1I"dE_ sk—1)?
2(2L +e07")  2(2L + 9")?
< g4 22iten) | 20t
€0€ (€0e™)

where the second inequality uses (2.15), (2.5) and sx_1 = ag_1dg_1, and the third inequality
uses d{_lsk_l = ap_1||dip_1]]?.
It follows from the above inequality and (2.7) that ||dg| < col|gk]|- O
The following theorem shows that the convergence of Algorithm 2.1 when the objective
function f is smooth and nonconvex.

Theorem 2.4. Let {x} be generated by Algorithm 2.1. If all stepsize oy, are computed by a
single type line search either the Armijo line search (2.11) or the Wolfe line search (2.12), then
we have
liminf |V f(xy)|| = 0. (2.18)
k—o0

Proof (i) If all stepsize ay, are computed by the Armijo line search (2.11), then the conclusion
follows directly from Theorem 3.1 of [14] and Lemma 2.2.

(ii) If all stepsize oy are computed by the Wolfe line search, then we have from Assumption
A and the first inequality in (2.12) and (2.10) that

lim aggxl® = 0. (2.19)
k—o00

Now if (2.18) does not hold, then there exists a positive constant € such that (2.16) holds
for all k£ > 0. It follows from the second inequality in (2.12) that

Lag||di)l* = (ger1 — ) di > (1 — 0) (=g}, d).
This together with (2.10), (2.14) and (2.17) implies that

(1= 0)(=gfd) _ (1= )lgell® _ (1= 0)e?

ag = > > > 0.
L|d|? 2L||dy[|? 2Lcgy”
Hence from (2.19), we obtain
li =0
dim gkl =0,
which leads to a contradiction. This shows (2.18) holds. O

Remark 2.3 Theorem 2.4 shows that from any initial point g € R", Algorithm 2.1 converges
to a stationary point x* of f. If f is strongly pseudo convex at z*, then z* is a local minimizer
of f. A function f is said to be strongly pseudo convex at x* if there is a neighborhood 2 of
x* such that for every ¢ € df(z*) and every y € Q, ¢7'(y — 2*) > 0 = f(y) > f(z*). Pseudo

convexity is weaker than convexity. For example, ¢1(t) = 1j‘fl§|t|

is strongly pseudo convex at
all ¢ € R, but it is not convex.



2.2 Nonsmooth case

From now on, throughout the paper, we assume that f is locally Lipschitz continuous but not
necessarily differentiable. According to the Rademacher theorem [11], f is differentiable almost
everywhere in R"™. The subdifferential Jf(x), called the generalized gradient of f at x is defined
by
Of(x) = conv{ 111_1}11 Vf(x)},
@, €D

where "conv” denotes the convex hull of a set and Dy is the set of points at which f is
differentiable [10].

Based on the idea of the smoothing Newton method for nonsmooth equations in [7, 8],
Zhang and Chen [34] proposed a smoothing projected gradient(SPG) method for nonsmooth
and nonconvex optimization problems on a closed convex set. The SPG method is very simple
and suitable for large-scale problems. To accelerate the convergence rate, in this subsection, we
extend Algorithm 2.1 to the nonsmooth case by using the conjugate gradient of the smoothing
function as the search direction. Firstly we define a class of smoothing functions of f, which are
more general than that used for nonsmooth equations in [5, 9, 7, 8]. A smoothing function can
be considered as a special smooth approximation of f, which uses a scalar smoothing parameter
to play a key role in convergence analysis of the smoothing method.

Definition 2.5. Let f : R® — R be a locally Lipschitz continuous function. We call f :
R" x Ry — R a smoothing function of f, if f(-, 1) is continuously differentiable in R™ for any
fized p € Ry, and

lim f(z, 1) = f(x)
w110
for any fived x € R™.
Now we denote Vf(ac, W) = fo(:p, w), gx = Vf(a:k, k), then we can present the following

smoothing conjugate gradient method for nonsmooth and nonconvex optimization.
Algorithm 2.2: (Smoothing conjugate gradient method)

Step 0. Choose constants g9 > 0, r > 0. Choose ¢ € (0,1), p,7 € (0,1), po > 0, v > 0,
and initial point xg € R™.
Let do = —570. Set k£ :=0.
Step 1. Compute the stepsize aj by the Armijo line search, o = max{p’, p!,---}
satisfying

F@p+ p"diy ) < Fg, ) + 0p™ G d,
set

Tht1 = Tk + apdy.

Step 2. If |V f(zps1, pn)| = Vi, then set pyq = jup; otherwise, choose 1 = V1 k-

Step 3. Compute di,1 by the following formula

Wi 2||zku2§,a1dk> il di

dg+1 = —Gk4+1 + ( ~ = — 2k,
dl'z (dT z)? dlz

TN
Sk Yk
T

%S

where z = g5, + (50H§k+1‘|r + max{0, —- . }>8k, Uk = Jk+1 — Gk and S = Tgy1 — Tk

9



Step 4. Set k:=k + 1. Go to Step 1.

Theorem 2.6. Suppose that f(-,u) is a smoothing function of f. If for every fixred u > 0,
f(-, ) satisfies Assumption A, then a sequence {x*} generated by Algorithm 2.2 satisfies

klim pr =0 and ligninf IV f(xk, pre—1)|| = 0.

Proof Denote K = {k |11 = yiur}. If K is finite, then there exists an integer k such that
for all k > k

IV F (ks 1) | = Ypp (2.20)

and py, = p =: @t in Step 2 of Algorithm 2.2. Since f(, @) is a smooth function, Algorithm 2.2
reduces to Algorithm 2.1 for solving

min f(z, ).

Hence, by Assumption A on f (-, 1), we have from Theorem 2.4 that
lim inf ||V f (zx, 7)|| = 0
k—o0

which contradicts with (2.20). This shows that K must be infinite and limy_, oo 1 = 0.
Since K is infinite, we can assume that K = {ko, k1, - } with kg < k1 < ---. Then we have

lim va(xkﬂrhlu’kz)u <7 lim pi; = 0.
i—o0 i—o0

O
Remark 2.4 We can replace the Armijo line search in Algorithm 2.2 by the Wolfe line search
to have Theorem 2.6. In the next section, we give a class of smoothing functions which satisfy
Assumption A for every fixed p > 0. Note that Theorem 2.6 does not need that the limit of the
Lipschitz constant for V f (v, p) exists. This is the novelty of the smoothing nonlinear conjugate
gradient method.
Smoothing functions of f can be defined in many ways. We present a class of smoothing
functions for image restoration in the next section. In general, we can use a kernel function
p: R" — R, to define a sequence of mollifiers which are bounded and continuous, and satisfy

pu(®) = " p(p, ), p>0.

Using it, we define a smoothing function of f

fap) = [ fe=yeu)dy = | Fu)pu@=y)dy (2.21)
(See [28] and Example 7.19 [29]). By Theorem 9.67 in [29], we have
G(«") € Of(z7)

with
G(a*) = {v|v = lim Vo f(wi p), 2 — 2*, p; | 0},
i€K
where K is a subset of the set of all natural numbers.
By Theorem 2.6, any accumulation point x* of {z\} generated by Algorithm 2.2 with a
smoothing function defined by mollifiers satisfies 0 € df(x*), that is, x* is a Clarke stationary
point of f [10].

10



3 Smoothing functions

Many potential functions ¢(t) in image restoration are continuously differentiable on R except
at the origin. For instance, the following potential functions [12, 24]

or(t) = 11

= Ty PO =lstalt), est)=(t+a), a>0pe(1). (@1

It is clear that these functions are nonsmooth and nonconvex. In this paper, we consider the
following class of nonsmooth potential functions.
Assumptions on p: We assume that ¢ : R — R is a continuous function and satisfies

(i) ¢(t) > 0, p(t) = @(—t), that is, ¢ is nonnegative and symmetric.
(ii) ¢ is continuously differentiable on R except at 0, and

lim /(1) = ¢'(07) = ~lim /(1) = —¢'(07) € (0, 00). (3.2)

(iii) ¢ is twice differentiable on R except at 0 and there is a constant vy such that |¢”(¢)] < vy,
for t # 0.

It is easy to see that ;, i = 1,2, 3 satisfy Assumptions on ¢. Now we present a class of
smoothing potential functions which combines the splitting of ¢ in [24] and the integration
convolution smoothing technique [5, 28, 29].

Nikolova et al [24] split the function ¢ into a smooth term and a nonsmooth convex term
as

o(t) = 1p(t) + ' (07)[t]. (3.3)
Consider the function

P(t) = @(t) — ' (07)[t]. (3.4)

Since the derivative of v satisfies
P'(07) =0=1¢'(07),

by (iii) of Assumption on ¢, 9 is continuously differentiable at 0 and thus on R. We can built a
smoothing function of |¢| by integration convolution. Let p € [0, 00) be a piecewise continuous
density function with a finite number of pieces satisfying

o0
p(t) =p(—7) and k:= / |7|p(T)dT < 0. (3.5)
—00
The integration convolution smoothing function of |¢| is defined as
[e.e]
su(t) = / |t — pr|p(T)dr. (3.6)
—0oQ
For instance, if we choose the density function

0 if|r| > 0.5,
p<¢>—{ i

1 othersise,

11



then we obtain a smoothing function of |¢|

t it i) > 2,

sul) =9 2 o L (3.7)
— 4+ = if |t <=
p + 1 if |t < 5

This function is also known as Huber potential function [18, 2] which is very often used in
robust statistics. It is worth noticing that p is not necessarily continuous. From our numerical
experiment, a piecewise continuous density function performs better than a continuous one.
However, smoothing functions defined by (2.21) require the mollifier to be continuous in [28, 29].

Combining (3.3) and (3.6), we define a class of smoothing functions for a potential function

© as
ou(t) = () +¢'(07)su(t). (3-8)

The following proposition shows that ¢, has nice smooth approximation properties.

Proposition 3.1. A function ¢, defined by (3.8) with s, defined by (3.5) and (3.6) has the
following properties.

(1) pu(t) = @u(=t) fort € R, that is, ¢, is symmetric.

(i) @, is continuously differentiable on R, and its derivative can be given as

(1) = ¥/(1) + 20/ (0) / ! p(r)dr. (3.9)

0

(iii) o, converges uniformly to ¢ on R with
|ou(t) — ()] < ¢'(07)rp.
(i) The set of limits of gradient ¢ (t) coincides to the Clarke generalized gradient, that is,

o (1)) — I L) = O (), 0. 1
{#l3g0¢u(t)} d¢(0), and Moggt*cpu(t) ¢'t"), t#0 (3.10)

Moreover, we have

lim ¢, (t) = (3.11)

w0

¢'(t) if t#0,
0 if t=0.

(v) For any fized p > 0, gpL is Lipschitz continuous on R, that is, there is a constant v, > 0
such that

|0l (t1) — @ (t2)] < vults — ta. (3.12)
Proof (i) We have from (3.8) that
ou(t) = U(t) +¢'(07)su(t) = p(t) + ¢ (07) (s, (t) = I1]).

By variable transformation v = —7, we have from p(7) = p(—7) that

sp(—t) = /Oo |—t — prlp(r)dr = /oo 1t — ol p(u)du = 5,4(¢), (3.13)

—c0 —00

12



which shows that s, is symmetric in R. This, together with (i) of Definition 3.1, implies that

@y is symmetric.

(ii) From the definition of s,(t), we have

su(t)

/Jroo
—00
t
/u
—00

(t = ur)p(rydr |
t(/_oo p(r)dr — /foo p(T)dT) + u</+oo

21 /0 ey + nl |, )

where the last equality uses p(7) = p(—7). Note that p(7) > 0 and /

[t — pr|p(T)dr

+o0o
(t — pr)p()dr

i3

|

Tp(T)dT — /_ ;

Tp(T)dT),

Tp(T)dT>

T+ ==

U
\]
|

/

o0

o0

|7|p(T)dT < 00. By

—0o0

the integral mean value theorem, we obtain

sult + A1) — 5,(0)

/ o .
wlt) = TR
t+At t+AL
AL 2t [, " p(r)dr —2p [, " Tp(T)dr
—  lim 2 I Z “
A2 fy o Pt At
t+AL
. Jor (L= 7)p(r)ar
= 2 d lim 2p—*~
| ot gim 2 Al
t t_g
B " . m H
= 2/0 p(T)dT—FAl%r_r)lOZu A7 /g p(T)dr
. n
= 2/” p(7)dr, (3.14)
0
where £ € [ﬁ, %] This gives (3.9).

(iii) By (3.8), we have

lou(t) — ()]

where & is specified by (3.5).

' (07)]su(t) — [¢l

+oo
SO [t el = ehp(rar

+oo
< Y0 / |t — 7 — tlp(r)dr
/ 7+OO
— 0 / ulrlp(r)dr
= ¢'(07)kp,

(iv) It follows from (3.14) and p(7) = p(—7) that

lim s;
110,t—t*

(t)

g p(T)dr.

t
w

lim
pl0t—t J_

lim 2
10,8 —t*

/Oli p(T)dr

13



Then for |t*| # 0, we have

. (1) 1 if ¢t >0,
im s =
nl0,t—t* # —1 if t* <0.
For t* = 0, we have
. t
{1} if — — 400,
7
t
li " (t o if lim |—] < +oo,
,ulOl,trn—>0 S“( ) € {a} le,tH0|u|
{—1} if — — —o0.
W

where o € [~1,1]. This shows that lim,|o¢—05,(t) C [~1,1]. Define a()) = 2f0)‘ p(T)dr,
then a(A) € [—1,1] is continuous in R since p is piecewise continuous. Therefore, for any
ap € (—1,1), there exists A\g such that ag = a(Ng). If we choose e — \o and py, | 0, then we

k
have
= 1 ! .
0= g0
This shows that
—1,1] C i " (t).
FLIC tm )
Therefore, we have lim, |90 5),(t) = [~1,1]. By the continuity of ¢'(¢), (3.14) and (3.9), we

obtain (3.10). From ¢},(0) = 0, we get (3.11).

(v) We first show sL is Lipschitz continuous. Since p is piecewise continuous with a finite
number of pieces, there exists a constant kg such that p(t) < ko for any ¢ € R. For any
t1,t2 € R, we have

31 t2 3]
W W W 2K
sut) = sutta)l =2| [ “ oterar = |7 ployar| =2 [ ptrrar] < 204 .
0 0 -
m

Now we show 1’ is Lipschitz continuous. Since 1(t) = p(t) — ¢'(07)]t|, then we have from (iii)
in Assumptions on ¢ that for t1to > 0,

' (t1) — P (t2)| = | (t1) — @' (t2)| < wolts — taf-

If t1 # 0,t2 = 0, then we have from v/(0) = 0 that

¥/ (t1) = ¢'(0)] = ¢ (t2) — ¢'(07)] < volts — 0.

If t1t5 < 0, we may assume ty < 0 < t1, then we have ¢/(t2) = —¢'(—t2) by (i) in Assumptions
on . Hence we have

W' (1) =9 (t2)] = (¢ (1) = ¢'(07)) = (¢(t2) + ¢'(07))]

= (@' (t1) = ¢'(07)) + (¢ (—t2) — ¢'(07))]
¢/ (t1) = ' (07)] + [ (—t2) — ¢/ (07)]
vot1 + I/o(—tg)

V()’tl —t2|.

IN A
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Let v, = v + W, we obtain (3.12). O
Now we are ready to define a class of smoothing functions and use the smoothing conjugate
gradient method (Algorithm 2.2) for nonsmooth and nonconvex image restoration problems.
In the remain part of this section as well as in the next section, we consider the minimization
problem (1.5) with the objective function

flx) = ||Az = bl + 8 p(d ), (3.15)

i=1

where A € R™*™ is a blurring matrix, b € R™ is a vector containing observed data, ¢ is a
potential function satisfying Assumptions on ¢, 8 > 0 is a constant and d; € R", i =1,...,r
are the row vectors of a difference matrix.

Using the smoothing function ¢,, for ¢, we define a class of smoothing functions for f as
follows

,
Flo.p) = [b— Az + 8 pu(d] ). (3.16)
i=1

To show the smoothing function f has nice approximation properties and any accumulation
point of a sequence generated by Algorithm 2.2 with f is a Clarke stationary point, we need the
definition of a regular function [10, Definition 2.3.4] and some results from Proposition 2.3.3,
Proposition 2.3.6, Theorem 2.3.9 and Corollary 3 in [10, Chapter 2]. We give the definition of
a regular function and summarize these results as follows.

Definition 3.2. [10] A function f is said to be regular at x provided

(i) For all v, the usual one-sided directional derivative f'(x;v) exists.

fly+to) = fy)
t

(i1) For all v, f'(x;v) =lim SUp s
Lemma 3.3. [10/

(i) Suppose that g; : R" — R, i = 1,...,m are Lipschitz continuous near x. Then their sum
m

g = Z g; s also Lipschitz continuous near x and
i=1

m

09(z) = (3 01) (@) € 3 0la).
=1

i=1
If each g; is reqular at x, equality holds.

(ii) Let g(x) = h(F(x)), where F' : R" — R™ is Lipschitz continuous near x and where
h : R™ — R is Lipschitz continuous near F(x). Then g is Lipschitz continuous near x
and

dg(x) C m{ Y iGilG € OF (x),a = (a1, ,am)" € 8h(F(:n))}.

If h is regular at F(x) and F is continuously differentiable at x (in this case the conv is
superfluous), equality holds.

15



(i1i) A Lipschitz continuous function g : R"™ — R is regular at x if g is convex or g is
continuously differentiable at x.

Theorem 3.4. Let f and f(-, 1) be defined by (3.15) and (3.16) respectively. Then

(i) f(-, 1) is continuously differentiable for any fized p > 0, and there exists a constant k1 > 0
satisfying

[f (@, 1) = f(@)] < Kape.

(i) f(-,p) satisfies the gradient consistent property, that is,

{ lim  Vf(x,u)}=0f(z").

pl0@—a*

(iii) If A has full column rank, then for any & € R", the level set S,.(2) = {x € R"|f(x,p) <
f(&, 1)} is bounded.

(w) For any fired jn > 0, the gradient of f(x, ) is Lipschitz continuous, that is, for any
x,y € S,(Z), there exists a constant L, such that

IV F (2, 1) = V Iy, wll < Lullz = y]|-

Proof  From the definitions of ¢ and ¢, we can write f and f as the following

f@) = b= Az|* + 8 w(df x) + B (0M) D _|d] ], (3.17)
i=1 i=1
and . .
Fla,p) = b= Az|® + B8 o(d] ) + B (07) D s,u(d] x). (3.18)
i=1 i=1

(i) It follows from (3.17) and (3.18) and Proposition 3.1 that f(-, ) is continuously
differentiable for any fixed p > 0, and

f(x, 1) — f(2)] < Bre’ (07)kp.

Set k1 = Br¢’(07)ku, then (i) holds.
(ii) Set h(t) = |t| and F(z) = d¥x. Then by (ii) in Lemma 3.3, g(x) = |d z| is regular at =
and dg(z) = 0|dT x|d. Using Lemma 3.3 again, we have

0f () = 24T (Az —b) + 8> _(¢'(d] x))d; + B¢/ (01) > 0(|d] =[)d;.
i=1 =1

The gradient of the smoothing function f (-, p) is given by

r

Vi(z,p) = 24T (Az —b) + 8/ (d] 2)d; + B’ (07) > s}, (d] x)d;.

i=1 =1

16



By (iv) of Proposition 3.1 and Lemma 3.3, we have

{ lim Vf(x,u)}

nl0,x—ax*
= < lim [24T(Az —b) + "(dl'z)d; | + By (0T lim s, (d}z)d;
{H< (Az — ) ﬁ;w )d; | + ¢/ );WOH* u(di )

= 2AT(Ax" —b)+ B /(] 2*)d; + B/ (07) ) Old] a*|d; = Of («¥).
=1 =1

This shows that the gradient consistent property holds for the smoothing function f.
(iii) If S, (2) is unbounded, then there exists a sequence {x} C S, (&) such that ||z| — oo.
We have from (i) in Assumptions on ¢ and (iii) in Proposition 3.1 that

fle,n) = 2T AT Aw = 2(A2)"b+ Bl + 8 pu(d] )

=1

> 2T AT Az = 2(40) b+ b + 8 (w(dlw) — [p(dlw) - pu(d] )]
=1

> 2T AT Az — 2(Ax)"b + [bl|* + B (p(d] z) — &' (0")kp). (3.19)
i=1

Since AT A is symmetric positive definite, |z|| — oo implies f(xx, 1) — +oo. Hence (iii) is
true.
(iv) Using the expression

i=1
we have from (v) of Proposition 3.1 that
IV, ) = Vi, wll < 20[A7Alllz -yl + 8 dillll @, (d] z) — o), (d] y)]
i=1

< 20 AT Az =yl + 8 ldillvalld] = — d yl|

=1
< QUATAI+ 8D lldillPv) lz - yll.
=1
Set L, =2|ATA|| + BY_1_; ||di||*vy, then (iv) holds. O

Remark 3.1 Theorem 3.4 shows that the smoothing function f has very nice approxima-
tion properties and satisfies all assumptions of the convergence theorem (Theorem 2.6) for the
smoothing conjugate gradient method (Algorithm 2.2). The most significant one is the gradi-
ent consistent property, which ensures that any accumulation point of a sequence generated by
Algorithm 2.2 is a Clarke stationary point. Using smooth approximations to solve nonsmooth
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Table 1: Test results with 5 = 0.001,a = 1, and f(zorig) = 1.0849. We stopped the iteration
if ||zr — Zorigl|/||zk|| < 0.06 or the number of iterations exceeds 120.

CM SCG

Initial point time psnor f(zg) time psnr flxg)
0.0001 120.2273 | 28.4635 | 0.6734 || 64.6418 | 29.8679 | 0.7551
0.001 119.2405 | 28.4635 | 0.6734 || 69.2970 | 29.8726 | 0.7529
0.01 120.0629 | 28.4635 | 0.6734 || 64.7127 | 29.8564 | 0.7517
0.1 118.6640 | 28.4635 | 0.6734 || 62.0299 | 29.8333 | 0.7513
0.2 119.1084 | 28.4635 | 0.6734 || 87.2522 | 29.8317 | 0.7545
0.4 119.6038 | 28.4635 | 0.6734 || 52.1802 | 29.8424 | 0.7544
0.6 123.0495 | 28.4635 | 0.6734 || 94.9425 | 29.8630 | 0.7500
0.8 119.5355 | 28.4635 | 0.6734 || 89.9128 | 29.8450 | 0.7547
observed 121.2054 | 28.4635 | 0.6734 || 49.4008 | 29.8413 | 0.7583
random 120.4385 | 28.4635 | 0.6734 || 109.0128 | 29.8350 | 0.7517

average 120.1135 74.3383

optimization problems have been studied in many papers [23, 24]. However, there is no guaran-
tee for convergence to a generalized stationary point of the nonsmooth optimization problems
in (23, 24].

Remark 3.2 The smoothing functions studied in this section can be applied to other nons-
mooth image restoration models. For example, approximating |t| by s,(t) in the Iy — {1 model
(1.3) and potential functions (3.1). From (3.19), it is not difficult to see that the assumption
that A has full column rank in (iii) of Theorem 3.4 can be replaced by N (A4) N N (D) = {0}
and ¢ is coercive, that is, t — co = p(t) — oo, where N (A) and N (D) are null spaces of A
and D, respectively. See Assumption 1 in [33]

4 Numerical results

In this section, we present numerical results to show the efficiency of the smoothing conjugate
gradient method(Algorithm 2.2, abbreviated by SCG). The numerical testing was carried out
on a Lenovo PC (3.00GHz, 2.00GB of RAM) with the use of Matlab 7.4.

In our numerical experiment, the objective function has the form (3.15) and its smoothing
function is defined by (3.16) and (3.7). We test three often used images: Lena image, Camera-
man image and Phantom image, which are all gray level images with intensity values ranging
from 0 to 1. The Lena and Cameraman images are of size n = 128 x 128. The Phantom
image is of size from n = 128 x 128 to n = 256 x 256. The pixels of the observed images are
contaminated by Gaussian white noise with signal-to-noise ratios of 45 dB for Table 1 and 60
dB for the other tables with blurring. The blurring function is chosen to be a two-dimensional
Gaussian,

a(i,j) = 6—2(2'/3)2—2(3'/3)2’
truncated such that the function has a support of 7 x 7.
For the regularization term, we use different potential functions ; for i = 1,2,3. We choose
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Table 2: Test results with 8 = 0.02,« = 0.5, and f(xopig) = 11.22.

CM SCG
Initial point || time | psnr | f(x) || time | psnr | f(zk)
0.0001 371.95 | 26.53 | 6.05 || 272.23 | 27.01 | 6.27

0.001 383.56 | 26.53 | 6.05 | 273.68 | 27.03 | 6.28
0.01 379.69 | 26.53 | 6.05 | 287.85 | 27.06 | 6.28
0.1 377.07 | 26.53 | 6.05 | 325.01 | 27.04 | 6.28
0.2 380.21 | 26.53 | 6.05 | 312.39 | 27.17 | 6.30
0.4 372.64 | 26.53 | 6.05 | 291.19 | 27.04 | 6.28
0.6 397.50 | 26.53 | 6.05 | 354.22 | 27.11 | 6.29
0.8 398.92 | 26.53 | 6.05 | 451.35 | 27.04 | 6.28

observe 426.33 | 26.53 | 6.05 || 271.22 | 27.11 | 6.29
random 400.08 | 26.53 | 6.05 || 462.94 | 27.07 | 6.28
average 388.80 330.21

D to be the identity matrix Dy = I, or a matrix of a first-order difference operator:

1 -1
Lol 1 -1
Dy = ith L, =
1 -1

or a matrix of a second-order difference operator with the Neumann boundary condition

Lo® 1
Dy = 2® with Ly =
I® Ly

4.1 Comparison with the continuation method in [24]

In this subsection, we make a comparison between the smoothing conjugate gradient method
(Algorithm 2.2) and the continuation method [24] for the Lena image. Tables 1-2 list the
numerical results for the Lena image restoration problems with different regularization param-
eters, where we choose 1 and D; as the potential function and the difference operator, and
set B = 0.001, = 1 in Table 1, and B = 0.02, a = 0.5 in Table 2. In Table 1, we stop the
iteration if ||z — Zorigl|/||zx]| < 0.06 or the number of iterations exceeds 120. In Table 2, for
the CM method, we stop after computing 21 exterior iterations J,,,- - ,Js,, and 15 interior
iterations for every Je,,k = 0,---,20; for the SCG method we stop the iteration if the total
number of iterations exceeds 120 or the inequality ||V f(x, pr—1)|| < 0.05 holds.

e CM: the continuation method proposed by Nikolova et al. in [24].

e SCG: Algorithm 2.2, in which we set parameters p = 0.4, v = 2, 71 = 0.5, gg = 10710,
Ho = 1, 6=0.1.
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e Initial point: In both methods, we use 10 different initial points. The first 8 initial guesses
are flat image (for example: 0.1 means all the pixel values are 0.1), and the ninth initial
guess is the observed image and the last one is a random image.

e time: the CPU time in second.

o f(xorig) and f(xy): the function values of f at the original image and the stopping point,
respectively.

Original Observed

&

Figure 1: The left and the right are the original Lena image and the observed Lena image,

respectively.

e psnr: peak signal-to-noise ratios of the restored images, which is defined by

_ 1|12
psnr = —10 * logy, M,
mn

where x4 is the original image, and || - || is the I3 norm.

Figures 1-2 show the original, observed and restored Lena images by these two methods.
We can see that the SCG method performs better than the CM method in the sense that the
SCG method obtains higher psnr of the restored image and needs less CPU time. On the other
hand, the CM method has less function value at the terminated point. The ultimate value of
i, at the stopping point for the SCG method is about 0.0313.

4.2 Test results for Algorithm 2.2 with different potential functions and
difference operators

In this subsection, we test the Cameraman image and the Phantom image by using the smooth-
ing conjugate gradient method (SCG) with different potential functions and difference opera-
tors. We summarize numerical results in Tables 3-5, where

e SCG: We set parameters p = 0.4, v =2,v; = 0.5, 0 = 10719, g =1, 6 = 0.1, 3 = 0.001,
a = 1. We stop the iteration if the inequality |V f(xg, ux—1)|| < 0.1 holds. The observed
image is used as the initial guess.

e iter: the number of iterations.
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Restored by SCG Restored by CM

(c) Restored by SCG (d) Restored by CM

T

Figure 2: Lena image: (a) and (b) are the restoration images by SCG and CM methods with

B =0.001 and @ = 1 and the observed image as the initial point; (c¢) and (d) are the restoration
images by SCG and CM methods with § = 0.02 and o = 0.5 and the observed image as the
initial point.

e f(zx) and ||V fg|: the function value f(x) and the I norm of Vf(xg, pux_1) at the
stopping point, respectively.

Figures 3-5 show the original, observed and restored images with different pixels, different
potential functions and different linear operators D. We only list some restored images since
the quality of the other restored images is very similar. The detailed numerical results are
reported in Tables 3-5.

Numerical results show that the SCG method can efficiently reduce objective function
values, improve peak signal-to-noise ratios of the image restorations and produce piecewise
constant images. We can see from Figures 3-5 that the SCG method can preserve neat edge of
the image. This effect is especially clear in Figures 4-5. Moreover, the SCG method can deal
with large-scale image problems with n = 256 x 256 = 65536 pixels.
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Table 3: Test results for Cameraman image with n = 128 x 128.

¥ D iter time f(xorig) f(mk) ”ka” psnr
V1 Dy 214 53.04 2.97 3.08 0.0930 26.53
V2 Dy 217 53.24 3.36 3.43 0.0805 26.94
©3 Dy 224 59.30 15.97 16.05 0.0970 26.86
V1 D, 292 539.39 1.94 1.97 0.0976 26.42
P2 D, 255 446.97 2.36 2.32 0.0817 26.70
3 D, 245 459.78 8.81 8.77 0.0808 26.51
©1 Dy 217 398.30 1.94 1.96 0.0893 26.46
P2 Dy 232 411.85 2.36 2.33 0.0806 26.59
©3 Dy 236 440.84 8.81 8.78 0.0969 26.46
Original Observed

Figure 3: Cameraman image: the first row contains the original image(left) and the observed
image(right); the second row contains the restoration images(left: psnr=26.42dB with ¢; and

Restored by SCG with (1,1)

Dy, and right: psnr=26.70dB with 9 and D).
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Table 4: Test results for Phantom image with n = 128 x 128.

® D iter time f(@orig) f(zg) IV fll psnr
P1 Dy 217 53.10 0.83 0.94 0.0845 26.00
©9 Dy 211 49.99 0.91 1.05 0.0924 25.77
©3 Dy 198 52.09 12.80 12.95 0.0980 25.82
p1 D, 289 179.85 0.87 0.92 0.0853 25.79
P D, 265 164.68 1.04 1.08 0.0904 25.74
3 D, 294 188.42 7.14 7.18 0.0849 25.65
v1 Dy 318 215.90 0.87 0.91 0.0896 25.85
P2 Dy 273 169.39 1.04 1.08 0.0931 25.76
©3 Dy 250 157.91 7.14 7.17 0.0911 25.72
Original Observed

Figure 4: Phantom image with 128 x 128 pixels: the first row contains the original im-
age(left) and the observed image(right); the second row contains the restoration images(left:
psnr=25.76dB with 2 and Dy, and right: psnr=25.72dB with ¢3 and Ds).

Restored by SCG with (2,2)
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Table 5: Test results for Phantom image with n = 256 x 256.

© D iter time f(orig) flxg) IV fell psor
V1 Dy 275 267.32 3.36 3.54 0.0857 28.80
P2 Dy 228 220.75 3.69 3.86 0.0960 28.83
©3 Dy 319 336.79 51.23 51.40 0.0696 29.03
V1 D, 316 8627.62 3.32 3.37 0.0986 28.56
2 D1 283 7721.57 3.99 4.03 0.0975 28.45
©3 D1 341 9420.75 28.32 28.31 0.0936 28.52
V1 D, 376 10277.73 3.32 3.37 0.0939 28.56
2 Do 364 9831.85 3.99 3.98 0.0943 28.59
3 Do 302 8173.62 28.32 28.30 0.0967 28.54
Original Observed

Restored by SCG with (2,0) Restored by SCG with (3,0)

Figure 5: Phantom image with 256 x 256 pixels: the first row contains the original im-
age(left) and the observed image(right); the second row contains the restoration images(left:
psnr=28.83dB with 92 and Dy, and right: psnr=29.03dB with ¢3 and Dy).



5 Conclusions

Nonsmooth and nonconvex minimization problem has been widely used in image restoration.

However, existing minimization algorithms are not efficient for solving such problem. In this

paper, we present an efficient smoothing nonlinear conjugate gradient method for large-scale,

nonsmooth and nonconvex image restoration problems. This method is very easy to implement

without adding any new variables, and ensures that any accumulation point of a sequence

generated by this method is a Clarke stationary point.
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